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1 Introduction and summary

The main idea behind ‘higher spins’ is to switch on a consistent interaction with or between
the fields of spin s > 2. For massive higher spin fields effective field theories with a single field
of spin-s are known to be possible and find their applications, for instance, in the gravitational
wave physics, see e.g. [1] and references therein. Theories with massless higher-spin fields,
called higher spin gravities (HiSGRA) [2], aim at constructing viable models of quantum
gravity. Each HiSGRA is strongly constrained by a certain higher spin symmetry and
incorporates the graviton as a part of the (usually infinite) symmetry multiplet. Quantum
gravity models still are not easy to construct along these lines: the masslessness, which
simulates some features of the UV-regime already classically and higher spins in the spectrum
usually come in tension with the conventional field theory paradigm, e.g. with the requirement
of locality [3–6].

As a result, there are very few perturbatively local theories with massless higher-spin fields:
topological 3d models [7–14], conformal higher spin gravity [15–18], Chiral Theory [19–23] and
its contractions [24, 25] (see also [26–28]). Very close to them is the higher spin IKKT-model,
see e.g. [26, 29–31], which is also a noncommutative field theory.1 There are also incomplete
(formal) theories [34–39] that can only be constructed at the formal level of L∞-algebras
with the associated field equations suffering from nonlocality [40].2 The general problem of
constructing formal theories, i.e., L∞-algebras from any higher spin algebra, was solved in [46].

1Another direction in the context of holographic theories is to derive the bulk dual by massaging the
CFT partition function, see e.g. [32, 33], which, however, leads to higher derivative free equations, has a
slightly different spectrum and nonlocal interactions, the strong point being in that it does reproduce the
CFT correlation functions by construction.

2It should be noted that while every classical field theory (PDE) is defined by some L∞-algebra, e.g. [41],
not every L∞-algebra leads to a well-defined theory. Firstly, one problem is in that any L∞-algebra is defined
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The Chiral Theory was first found in the light-cone gauge in flat space [19–21] and later
covariantized at the level of equations of motion and extended to (anti-)de Sitter space in [47–
51]. The perturbatively local equations of motion have the form of a nonlinear sigma-model

dΦ = Q(Φ) , d = dxµ ∂µ , (1.1)

where the fields Φ are maps from the spacetime Q-manifold (Ω(X ), d) (the differential graded
algebra of forms on X ) to another Q-manifold (M, Q), Q2 = 0. Perturbatively around a
stationary point, Q determines a flat L∞-algebra. Chiral HiSGRA is a happy occasion where
the structure maps of the L∞-algebra can be fine-tuned to maintain locality of (1.1). In
this case, the formal approach yields a real field theory.

It was found that the L∞-algebra underlying Chiral HiSGRA originates from an A∞-
algebra through symmetrization. The A∞-algebra is a very special one [50, 51]: it is given by
the tensor product of a pre-Calabi-Yau algebra of degree 2 and an associative algebra. The
former can be viewed as a noncommutative counterpart of a Poisson structure.

It was also known [42, 52] that the first two ‘floors’ of the A∞-algebra are related to
the (Shoikhet-Tsygan-)Kontsevich formality theorem [53–55]. All vertices of the theory can
be represented [50, 51] as sums over certain graphs Γ,

mn(f1, . . . , fn) =
∑
Γ

wΓWΓ(f1 ⊗ · · · ⊗ fn) , (1.2)

where wΓ are certain weights and WΓ are poly-differential operators acting on the fields fi.
The maps mn define the vertices in (1.1) via the symmetrization. The graphs are not much
different from the (Shoikhet-)Kontsevich graphs, but the weights are given by the integrals
over the configuration space CΓ of compact concave polygons. The graphs can be summed up
into simple exp-like generating functions, the Moyal-Weyl product being the trivial example.

In this paper, we prove the A∞-relations (aka Stasheff’s identities) the way it is usually
done for the formality theorems [53, 55]. This gives a further evidence that there might be
a bigger formality behind Chiral Theories. The A∞-relations have the form∑

i,j

±mi(•, . . . , mj(•, . . . , •), . . . , •) = 0 (1.3)

and are thus given by the ‘products’ of the vertices. To verify the A∞-relations, for each
number of arguments in (1.3), we construct a configuration space C and a closed form Ω
on C such that the boundary

∂C =
∑
Γ,Γ′

CΓ × CΓ′

reproduces the various products of the configuration spaces of (1.2) and Ω restricted to the
boundary gives all summands in (1.3):

0 =
∫

C
dΩ =

∫
∂C

Ω ⇐⇒ A∞-relations . (1.4)

up to canonical automorphisms and the latter correspond to very non-local field redefinitions, in general, which
are not admissible. Secondly, it is not clear how to treat genuinely nonlocal field theories in this language, for
a generic HiSGRA a way out would be to define a set of observables in a more algebraic terms at the level of
the given L∞-algebra, e.g. [42], or to resort to even more general ideas, e.g. [37, 43–45], that operate with a
differential graded Lie algebra of which a given L∞ is the minimal model.
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The earlier papers [48–51] rely on homological perturbation theory based on a certain
multiplicative resolution of the higher spin algebra. While giving the interaction vertices
in some form for this specific case, the resolution does not have any invariant meaning in
itself. It is also not clear how to construct such resolutions in general. After certain nontrivial
transformations the vertices were found to have a form reminiscent of formality theorems,
to which the first two structure maps are directly related. This raises several questions. (i)
What are the constructs in the deformation quantization and noncommutative geometry that
can explain the vertices of Chiral Theory without invoking ad hoc resolutions? (ii) Is there a
more general structure (formality) of which (Shoikhet-Tsygan-)Kontsevich ones are particular
cases and that gives the vertices of Chiral Theory? As a step towards the answers we show
in this paper that the A∞-relations can be proved via Stokes theorem.

The outline of the paper is as follows. Section 2 contains some algebraic background
on A∞-, L∞-, and pre-Calabi-Yau algebras. In section 3, we recall the basics of Chiral
HiSGRA. In section 4, we reformulate the vertices of [50, 51] in a more pre-Calabi-Yau
friendly way. The proof via Stokes’ theorem is confined to section 5. Conclusions and
discussion can be found in section 6.

2 Pre-Calabi-Yau algebras

One can think of a pre-Calabi-Yau (pre-CY) algebra of degree 2 as a noncommutative analogue
of a (formal) Poisson structure [56–58]. With the hope that the algebraic structures described
below may also be relevant to other HiSGRA-type models and beyond we keep our discussion
as general as possible. For their string-theoretic motivations and interpretations, see [59].

We fix C as the ground field so that all unadorned Hom’s and ⊗ would be over C. Let V

be a complex vector space regarded as a Z-graded space concentrated in degree zero. Define
the direct sum W = V [−1]⊕ V ∗ where V ∗ is the vector space dual to V and [−1] stands for
the degree shift. In other words, W = W1 ⊕ W0 with W1 = V [−1] and W0 = V ∗. We will
denote the degree of a homogeneous element a ∈ W by |a|. The natural pairing between
V and V ∗ gives rise to a symplectic structure of degree-one on W :

⟨a, a′⟩ = 0 = ⟨b, b′⟩ , ⟨a, b⟩ = a(b) = −⟨b, a⟩ (2.1)

for all a, a′ ∈ V ∗ and b, b′ ∈ V [−1]. Let TW =⊕
n>0 T nW be the (restricted) tensor algebra

of the space W with T nW = W⊗n. Besides the tensor degree, the algebra TW inherits the
Z-grading from W , so that TW =⊕

n≥0(TW )n. To simplify exposition, we will assume the
vector space V to be finite-dimensional. It should be noted, however, that all the constructions
below extend to the infinite-dimensional case with appropriate modifications, see [56].

We define the space of p-cochains Cp as the dual to the space T p+1W , that is,

Cp = (T p+1W )∗ = Hom(T p+1W,C) . (2.2)

The direct product C• = ∏
p≥0 Cp contains the subspace of cyclic cochains C•

cyc satisfying
the cyclicity condition

f(a0, a1, . . . , ap) = (−1)|a0|(|a1|+···+|ap|)f(a1, . . . , ap, a0) (2.3)

– 3 –
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for all ai ∈ W and p ≥ 0. Using the symplectic structure (2.1), we can write

f(a0, . . . , ap) = ⟨a0, f̂(a1, . . . , ap)⟩ (2.4)

for some homomorphism f̂ ∈ Hom(T pW, W ). Since the symplectic structure is nondegenerate,
the last relation determines f̂ unambiguously.

Now we can endow the space C•
cyc[1] with the structure of a graded Lie algebra. The

commutator of two homogeneous cochains f ∈ Cp
cyc[1] and g ∈ Cn−p

cyc [1] is given by the
necklace bracket

[f, g](a0, . . . , an) =
n∑

i=0
(−1)κig(f̂(ai+1, . . .), . . . , ai) (2.5)

=
n∑

i=0
(−1)κi⟨f̂(ai+1, . . .), ĝ(. . . , ai)⟩ .

Here summation is over all cyclic permutations of a’s and the Koszul sign is determined by

κi = (|a0|+ · · ·+ |ai|)(|ai+1|+ · · ·+ |an|) .

By construction, the n-cochain [f, g] satisfies the cyclicity condition (2.3) and graded skew-
symmetry,

[f, g] = (−1)f̄ ḡ[g, f ] . (2.6)

Here f̄ = |f | − 1 is the degree of f as an element of the Lie algebra C•
cyc[1].

A pre-CY structure on W is given now by any Maurer-Cartan element S of the graded
Lie algebra C•

cyc[1]. By definition,

[S, S] = 0 . (2.7)

As an element of C•
cyc, S has degree −2. Therefore, one usually refers to the pair (W, S) as a

pre-CY algebra of degree 2. It also follows from the definition that Ŝ defines the structure of
a cyclic A∞-algebra on W with the cyclic structure given by the symplectic form (2.1).

By degree reasons and cyclicity, each pre-CY structure of degree 2 defines and is defined
by a sequence of multilinear maps

Sn,m : V [−1]⊗ T nV ∗ ⊗ V [−1]⊗ T mV ∗ → C , (2.8)

with n ≥ m. Then S =∑
n≥m Sn,m. We say that the pre-CY algebra is minimal if S0,0 = 0.

It is clear that minimal pre-CY algebras correspond to minimal A∞-algebras, hence the
name. Geometrically, one can think of the A∞-structure Ŝ as a homological vector field on
a noncommutative manifold N associated with W , see [58].

Each multilinear map Ŝn,m has two components Ŝ
(0)
n,m and Ŝ

(1)
n,m taking values in W0 and

W1, respectively. It follows from the MC equation (2.7) that the map Ŝ
(1)
1,0 of the minimal

pre-CY algebra gives rise to an associative product on V , namely,

b1 · b2 = Ŝ
(1)
1,0(b1, b2) , ∀b1, b2 ∈ V [−1] . (2.9)

– 4 –
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Moreover, the map Ŝ
(0)
1,0 makes V ∗ into a bimodule over the associative algebra V :

b · a = Ŝ
(0)
1,0(b, a) , a · b = −Ŝ

(0)
1,0(a, b) , ∀b ∈ V [−1], ∀a ∈ V ∗ . (2.10)

Regarding the elements of W as ‘coordinates’ on a noncommutative manifold N and C•
cyc

as a ring of ‘functions’ on N , one can define a graded-commutative submanifold C ⊂ N
by imposing graded-commutativity conditions. Technically, this implies factorization of the
tensor algebra TW by the two-sided ideal I generated by the commutators:

a ⊗ b − (−1)|a||b|b ⊗ a , ∀a, b ∈ W . (2.11)

This results in the symmetric tensor algebra SW = TW/I of the graded vector space W .
The formula

fsym(a0, a1, . . . , ap) =
1
p!
∑

σ∈Sp

(−1)|σ|f(a0, aσ(1), . . . , aσ(p)) , (2.12)

where (−1)|σ| is the Koszul sign associated with the permutations of a’s, defines then a map
from Cp

cyc to Hom(SpW,C). Identifying ∏p>0Hom(SpW,C) with the ring of functions on C,
one can think of fsym as the restriction to C of the function f on N . Writing (2.12) as

fsym(a0, a1, . . . , ap) = ⟨a0, f̂sym(a1, . . . , ap)⟩ , (2.13)

we define the map f̂sym : SpW → W by

f̂sym(a1, . . . , ap) =
1
p!
∑

σ∈Sp

(−1)|σ|f̂(aσ(1), . . . , aσ(p)) . (2.14)

The multilinear maps (2.12) and (2.14), being totally symmetric, are completely determined
through polarization by their restriction on the diagonal, that is, by the nonlinear maps
from W to itself defined as

f(a) = fsym(a, . . . , a) = f(a, . . . , a) ,

f̂(a) = f̂sym(a, . . . , a) = f̂(a, . . . , a) .
(2.15)

Geometrically, we can treat f and f̂ , respectively, as a function and a vector field on the
(formal) graded-commutative manifold C associated with W .

It is known that the symmetrization of an A∞-structure gives an L∞-algebra structure on
the same vector space, see e.g. [60]. In particular, Ŝsym makes W into a cyclic L∞-algebra, with
the cyclic structure being given by the natural pairing (2.1). The direct sum decomposition
W = V [−1] ⊕ V ∗ allows for more refined geometric interpretation, namely, one can think
of C as the total space of the shifted cotangent bundle T ∗[−1]V ∗ of the formal manifold
M associated with the space V ∗. Then each function f , defined by (2.14), gives rise to a
polyvector field on M. Upon the degree shift, the space of polyvector fields is known to carry
the structure of graded Lie algebra w.r.t. the Schouten-Nijenhuis bracket. Let us denote this
Lie algebra by P . The assignment f 7→ f defines then a homomorphism from C•

cyc[1] to P , i.e.,

[f , g]SN = [f, g](a, . . . , a) (2.16)

– 5 –
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Here, the l.h.s. is given by the SN bracket of the poly-vector fields f and g, while the r.h.s.
is obtained by the restriction on C of the necklace bracket of their preimages.

The function S corresponding to the minimal pre-CY structure S has the form

S(a, b) =
∞∑

n=1
Sn(b, b, a, . . . , a) =

∑
n≥m

Sn,m(b,
n︷ ︸︸ ︷

a, . . . , a, b,
m︷ ︸︸ ︷

a, . . . , a) (2.17)

for all a ∈ V ∗ and b ∈ V [−1]. Being quadratic in b’s, the function S can be considered
as a bivector field on M. Moreover, the Maurer-Cartan equation (2.7) implies that the
bivector S is Poisson.

We thus see that every pre-CY structure on W = V [−1] ⊗ V ∗ gives rise to a Poisson
bivector on the formal manifold associated with V ∗. From this perspective, pre-CY structures
of degree 2 extend the notion of a Poisson structure to noncommutative setting.

Finally, let us mention that given any A∞-algebra A on a graded vector space W and
any associative algebra B, one can construct a new A∞-algebra given by the tensor product
A⊗ B. Its vector space is the tensor product W ⊗ B and the structure maps read

mn(a1 ⊗ b1, . . . , an ⊗ bn) = mn(a1, . . . , an)⊗ (b1 · · · bn) , (2.18)

where ai ∈ W , bi ∈ B, and (b1 · · · bn) is the product of bi in B. This construction will be
used below for Chiral Theory where A is a pre-CY algebra.

3 Chiral HiSGRA: preliminaries

The discussion above has been quite general. Starting from this section we narrow it down
to a specific class of models — Chiral HiSGRA — where all these structures are realized.
The spectrum of Chiral HiSGRA corresponds, roughly speaking, to massless particles of all
spins s = 0, 1, 2, 3, . . . each appearing in one copy. There are simple extensions obtained
with the help of appropriate matrix factors, e.g. with supersymmetry [61, 62] or Yang-Mills
gaugings [23] and the truncation to even spins only. A simple way to introduce the dynamical
fields is to start with the free action [25]

S =
∫

ΨA(2s) ∧ eAB′ ∧ eA
B′ ∧∇wA(2s−2) , (3.1)

which employs the field variables originating from the twistor approach [63–66]. Here, eAA′

is the vierbein one-form and ∇ is the Lorentz-covariant derivative such that ∇eAA′ = 0;
ΨA(2s) is a zero-form in (2s, 0) of the Lorentz algebra sl(2,C); wA(2s−2) is a one-form in
(2s − 2, 0) of sl(2,C). On any self-dual background (∇2χA ≡ 0, ∀χA) the action is invariant
under the gauge transformations

δwA(2s−2) = ∇ξA(2s−2) + eA
C′ ηA(2s−3),C′

, δΨA(2s) = 0 , (3.2)

where the gauge parameters ξ’s and η’s are zero-forms. There is also a massless scalar field
ϕ(x), which is described in the usual way. The fields ΨA(2s) and wA(2s−2) describe, by virtue
of their equations of motion, free helicity −s and +s particles, s ≥ 1.

– 6 –



J
H
E
P
0
6
(
2
0
2
4
)
1
8
6

Chiral HiSGRA is a unique completion of the free theory introduced above under the
assumptions of locality and Lorentz invariance, provided at least one nontrivial cubic higher-
spin interaction vertex is turned on. The equations of motion for Chiral HiSGRA have
the general form

dΦ = Q(Φ) =
∞∑

n≥2
ln(

n︷ ︸︸ ︷
Φ, . . . ,Φ) , (3.3)

where the field content Φ(x) = {ω(x), C(x)} is given by infinite sets of one- and zero-forms ω

and C. By abuse of notation Φ = {ω, C} are also the coordinates on the associated graded
manifold. The homological vector field Q determines an L∞-algebra with structure maps
ln. The set Φ contains the dynamical fields, ΨA(2s), wA(2s−2), ϕ(x) as well as auxiliary fields
required to write down (3.3). Both ω and C can be efficiently grouped together with the
help of the generating functions

ω ≡
∑

m+n=even
ωA(n),A′(m) yA . . . yA ȳA′

. . . ȳA′

and

C ≡
∑

m+n=even
CA(n),A′(m) yA . . . yA ȳA′

. . . ȳA′
.

Here, yA and ȳA′ are two-component auxiliary vectors, A, B, . . . = 1, 2, A′, B′, . . . = 1, 2, in
the (anti-)fundamental representation of the Lorentz algebra sl(2,C). The physical fields
are recovered in the y-Taylor expansion for w(y) = ω(y, 0) and Ψ(y) = C(y, 0), in particular,
ϕ = C(0, 0). The set of auxiliary fields is the same as in [67, 68] since it is fixed by the
free theory.3 However, the identification of the dynamical fields and even the free equations
themselves are different from [67, 68], see [47, 48]. It is also useful to omit the restriction
m + n = even and consider all powers in y and ȳ for the time being.

As it was already mentioned, the L∞-algebra underlying Chiral HiSGRA originates
as the symmetrization of a certain A∞-algebra. Let us denote the latter by Â. Given the
degrees of ω and C, for the L∞-algebra we have two groups of maps: ln(ω, ω, C, . . . , C)
and ln(ω, C, . . . , C). The A∞ structure maps will be denoted by mn(•, . . . , •). As with the
L∞-algebra, it is convenient to split the mn’s into two sets V(C, . . . , C, ω, . . . , ω, . . . , C) and
U(C, . . . , C, ω, C, . . . , C) according to the number of arguments ω of degree 1 they involve.
The symmetrization is automatically implemented upon plugging in the fields ω and C.
Nevertheless, it is convenient to keep track of various A∞ structure maps by the position
of the arguments,

dω = V(ω, ω) + V(ω, ω, C) + V(ω, C, ω) + V(C, ω, ω) + . . . , (3.4a)
dC = U(ω, C) + U(C, ω) + . . . . (3.4b)

3To be more precise, Chiral theory has the standard set of degrees of freedom — massless fields of all
spins, and, hence, the zero-forms have to be the same as in [67, 68]. The one-forms are just connections of the
higher-spin algebra, which, as a vector space, is the same for all values of λ (introduced below).

– 7 –
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For example, l2(ω, C) = U(ω, C) + U(C, ω) and l3(ω, ω, C) has the last three terms in the
first line above.

Let us define Weyl algebra Aλ[y] as an associative algebra of polynomial functions
f(y) ∈ C[yA] equipped with the Moyal-Weyl star-product

(f ⋆ g)(y) = exp[yA(∂1
A + ∂2

A) + λ ϵAB∂1
A∂2

B] f(y1)g(y2)
∣∣∣
y1,2=0

, (3.5)

where ∂AyB = ϵAB and λ is a parameter. Here the Levi-Civita symbol is defined by4

ϵAB =
(

0 1
−1 0

)
.

For λ = 0 we have just the commutative algebra of f(y) under the point-wise product. For
Chiral Theory λ is related to the cosmological constant and λ = 0 means it vanishes. We
define a pairing ⟨f, g⟩ between Weyl algebra element f ∈ Aλ[y] and its dual g ∈ A∗

λ[y] as

⟨f, g⟩ = exp[ϵAB∂1
A∂2

B]f(y1)g(y2)
∣∣∣
y1=y2=0

. (3.6)

The A∞-algebra Â is a tensor product Â = A⊗ B of a nontrivial A∞-algebra A and an
associative algebra B that absorbs the dependence of ȳ and of the matrix factors (Yang-Mills
gaugings and supersymmetry). More explicitly, B = A1[ȳ] ⊗MatN . The A∞-algebra A is
a pre-CY algebra built on Aλ[y]; in the notation of section 2, V = C[yA] is the space of
complex polynomials in yA and V ∗ = C[[yA]] is given by formal power series. Thus, the
decomposable elements of Â have the form

ω(y, ȳ) = ω′(y)⊗ ω′′(ȳ)⊗ ω′′′ , ω′ ∈ Aλ[y] , ω′′ ∈ A1[ȳ] , ω′′′ ∈ MatN , (3.7a)
C(y, ȳ) = C ′(y)⊗ C ′′(ȳ)⊗ C ′′′ , C ′ ∈ A∗

λ[y] , C ′′ ∈ A1[ȳ] , C ′′′ ∈ MatN . (3.7b)

Finally, the structure maps mn of Â are defined by the tensor product rule (2.18). For example,
the bilinear maps m2: V(ω, ω) is just the Moyal-Weyl product (3.5) on Aλ[y] combined with
the product on B; U(ω, C) and U(C, ω) are given by the dual bimodule structure on A∗

λ[y]
and by the product on B. The B-factor will be omitted below.

4 Vertices

As explained in section 2, every pre-CY structure of degree 2 is defined by a sequence (2.8)
of maps5

SN (α1, . . . , αk, a, αk+1, . . . , αk+m, b, αk+m+1, . . . , αk+m+n+1) , (4.1)

where the α’s are elements of V ∗, while the arguments a and b live in V [−1] and k + m + n +
1 = N . We recall that the graded space of a pre-CY algebra associated with Chiral HiSGRA

4We follow the usual Penrose-Rindler rules to raise and lower indices, i.e. yAϵAB = yB , ϵAByB = yA, etc.
5It is convenient to define a slightly over-complete set of maps that are related to each other via cyclic

symmetry. For example, with the help of the cyclic symmetry we can reach k = 0 and further impose m ≥ n,
cf. discussion around (2.8).
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is given by W = V [−1]⊕ V ∗, where V = C[yA] is the space of complex polynomials in yA.
Correspondingly, the dual space V ∗ = C[[yA]] is given by formal power series in the same
formal variables. Note that in this section we ignore other factors such as the dependence on
ȳA′ and matrix factors since they enter simply via the tensor product.

One can encode each map SN by disk diagrams as depicted in figure 1. Our disk diagrams
are specific planar graphs with trivalent vertices. By definition, each disk diagram consists of
a circle with a diameter, a set of (nonintersecting) lines connecting vertices on the diameter
to vertices on the circle and an arrow pointing outwards from one of the α’s in the northern
semicircle, or towards the vertices a or b, i.e. one of the points on the boundary is marked
by an arrow and the direction of the arrow depends on whether the argument is in V ∗ or in
V [−1]. The direction of an arrow is to indicate the symplectic structure (2.1). No other links
or vertices are allowed. As a result, each diagram is characterized by the number of vertices
on the northern semicircle of the circle to the left and right of the arrow, k and n, respectively,
and the number of vertices on the southern semicircle, m. To avoid ambiguity we denote the
set of all such diagrams by Ok,m,n. The boundary vertices are decorated either by a and b

or by the arguments α’s. The arguments of SN are written in the order the vertices appear
on the boundary of the disk diagram in the counterclockwise direction. The starting point
is taken to be to the left of the arrow. This is called the boundary ordering. Moreover, we
will always consider the semicircle that one finds when traversing from a to b clockwise to
be the northern semicircle and its complement the southern semicircle.

To write down an analytical expression for SN we also need to decorate the red lines
with 2-vectors q⃗i = (ui, vi), one for each line. The label i increases from b to a along the
diameter. This is referred to as the bulk ordering. The structure map SN is given then
by an integral over a bounded domain VN−1 ⊂ R2(N−1) parameterized by the u’s and v’s.
The definition of the integration domain involves the bulk ordering, while the definition
of the integrand uses the boundary ordering. Figure 1 shows how labels αi and vectors q⃗i

are assigned to a disk diagram. The straight arrow illustrates the bulk ordering, while the
curved arrow displays the boundary ordering.

Integration domains. To associate an integration domain to a decorated disk diagram of
Ok,m,n, we treat the pairs (ui, vi) as the coordinates of vectors q⃗i on an affine plane. We also
add the pair of vectors q⃗a = (−1, 0) and q⃗b = (0,−1) associated with the boundary vertices a

and b. The vectors are assumed to form a closed polygon chain, that is,

q⃗1 + · · ·+ q⃗N + q⃗a + q⃗b = 0 , (4.2)

or equivalently,

u1 + · · ·+ uN = 1 = v1 + · · ·+ vN . (4.3)

We also require that

ui ≥ 0 and vi ≥ 0 , i = 1, . . . , N . (4.4)

Suppose that, moving along the diameter from b to a (bulk ordering) we pass through
the i-th vertex at time ti = ui/vi. Then the chronological ordering implies the following
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b

⇒ S5(α1, α2, a, α3, α4, b, α5)

a

α2

α1

α5

α4

α3

q⃗1

q⃗2

q⃗3

q⃗4

q⃗5

b ⇒ S5(α1, α2, α3, a, α4, α5, b)a

α3

α2 α1

α5

α4

q⃗1

q⃗2

q⃗3

q⃗4

q⃗5

Figure 1. Two disk diagrams that contribute to S5.

chain of inequalities:

0 ≤ u1
v1

≤ u2
v2

≤ · · · ≤ uN

vN
≤ ∞ . (4.5)

This, in turn, implies6

u1 ≤ v1 , vN ≤ uN . (4.6)

Together, eqs. (4.3), (4.4) (4.5), and (4.6) define a bounded domain VN−1 ⊂ R2(N−1) for
N ≥ 1. In the special case that N = 0, the domain is empty and there is no integration
taking place. The integration domain admits a nice visualization on the plane. The vectors
q⃗i form a maximally concave polygon inscribed into a unit square, see the left panel of
figure 2. The two acute angles and the right angle correspond to the fixed unit vectors q⃗a

and q⃗b; the other interior angles of the polygon are concave. In [50, 51], such polygons were
called ‘swallowtails’. We note that VN−1 admits a Z2-symmetry by swapping the variables
ui ↔ vi and reversing their labels.

Integrands. The integrand associated with a disk diagram of Ok,m,n is given by a family of
polydifferential operators with N + 2 arguments since W = V [−1]⊕ V ∗, where V = C[yA]

6To illustrate this, assume u1 > v1. Then, (4.5) implies that ui > vi for i = 1, . . . , N , while the closure
constraint (4.3) requires

∑N

i=1 ui =
∑N

i=1 vi = 1, which leads to a contradiction. The same logic can be
applied to the last time in the chain.
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q⃗a

q⃗b
0 1

1

u

v

q⃗1
q⃗2

q⃗3

q⃗4

+

q⃗a

q⃗b

1
0

u

v

q⃗1
q⃗2

q⃗3

q⃗4

+

−

Figure 2. Left panel: a swallowtail associated with the disk diagram in figure 1. The number
1
2 |q⃗a, q⃗b, q⃗1, q⃗2, q⃗3, q⃗4| is the area enclosed by the swallowtail. Right panel: a self-intersecting polygon
(q⃗1, q⃗2, q⃗a, q⃗3, q⃗4, q⃗b) and its oriented area 1

2 |q⃗1, q⃗2, q⃗a, q⃗3, q⃗4, q⃗b|.

and V ∗ = C[[yA]]. The family is parameterized by the points of the integration domain VN−1.
The poly-differential operators in question are defined through compositions of elementary
endomorphisms of TW :

pij(w1 ⊗ · · · ⊗ wi ⊗ · · · ⊗ wj ⊗ · · · ⊗ wn)

= ϵAB w1 ⊗ · · · ⊗ ∂wi

∂yA
⊗ · · · ⊗ ∂wj

∂yB
⊗ · · · ⊗ wn

(4.7)

for all wi ∈ W and n > 1. By definition, pij = −pji. The operators pij act by partial
derivatives on the tensor factors labelled by i and j. Most often we will use the individual
notation for the elements of V [−1] and write e.g.

pa,2(a ⊗ α1 ⊗ b ⊗ α2) = ϵAB ∂a

∂yA
⊗ α1 ⊗ b ⊗ ∂α2

∂yB
, (4.8)

where a, b ∈ V [−1] and α1, α2 ∈ V ∗. Finally, we let µ : TW → C denote the multilinear
map that takes each homogeneous element w1 ⊗ w2 ⊗ · · · ⊗ wn to the complex number
w1(0)w2(0) · · ·wn(0), where w(0) is the constant term of the power series w(y). The poly-
differential operators associated with disk diagrams of Ok,m,n have the following general
structure:

Fuv(α1, . . . ,αk,a,αk+1, . . . ,αk+m, b,αk+m+1, . . . ,αk+m+n+1)=
µ◦I(pa,b,pa,i,pb,j)(α1⊗·· ·⊗αn⊗a⊗αn+1⊗·· ·⊗αn+m⊗b⊗αk+m+1⊗αk+m+n+1) .

Here I is a power series in the p’s, u’s, and v’s. Since the operators (4.7) pairwise commute,
there is no ordering ambiguity. Notice that the operator I does not involve elementary
operators pij that hit the pairs of elements αi, αj ∈ V ∗. Otherwise, the operator I would be
ill-defined on the elements of W .7 It remains to describe the construction of the operator
I by a given disk diagram. The construction goes as follows.

7It may be ill-defined if I depends on pi,j because I is a power series and elements from V ∗ are series as
well. That I does not depend on pi,j implies the perturbative locality of Chiral HiSGRA.
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It is convenient to organize all the vectors in a single 2 × (N + 2) array, QD, for a
disk diagram D ∈ Ok,m,n. The order of column vectors in the array corresponds to the
boundary ordering. This reads

QD = (q⃗i1 , . . . , q⃗iN+2) , (4.9)

with the labels on the vectors assigned according to the boundary ordering. We will
often provide the matrix Q that corresponds to the canonical ordering associated with
SN (a, b, α1, . . . , αN ), given by

Q =
(
−1 0 u1 . . . uN

0 −1 v1 . . . vN

)
= (q⃗a, q⃗b, q⃗1, . . . , q⃗N ) . (4.10)

From this, one can construct the matrix QD for a particular diagram.
Together with QD, we assign the 2 × (N + 2) array

PD = (r⃗1, . . . , r⃗k, r⃗a, r⃗k+1, . . . , r⃗k+m, r⃗b, r⃗k+m+1, . . . , r⃗k+m+n+1) (4.11)

to the diagram D ∈ Ok,m,n. Here the r-vectors are assigned according to the boundary
ordering. Whenever one encounters the vertices a and b, one fills up PD with r⃗a = (0, 0)
and r⃗b = (0, 0), respectively. For the α’s one inserts the vectors r⃗i = (pa,i, pb,i), with i

increasing counterclockwise. Finally, to each matrix QD we assign a quadratic polynomial
in the u’s and v’s defined by the formula

|QD| =
∑
k<l

det(q⃗ik
, q⃗il

) . (4.12)

In other words, |QD| is the sum of all 2× 2 minors of the matrix QD. Like the integration
domain VN−1, the number |QD| admits a simple visualisation. The column vectors of QD,
ordered from left to right, define a closed polygon chain on the affine plane. In general, the
polygon is self-intersecting and splits into two regions with opposite orientations, see figure 2.
Then |QD| is nothing but two times the oriented area of the polygon.

With the data above, we define the operator ID as

ID = sD(pa,b)N−1 exp
(
Tr(PDQT

D) + λ|QD|pa,b

)
, (4.13)

where λ a free parameter, which is related to the cosmological constant; sD = (−1)m, with m

the number of elements αi found in the southern semicircle of the corresponding disk diagram.
A structure map S(. . .) of the pre-CY algebra with a given ordering of the arguments is
defined by summing operators ID over all disk diagrams with this order of the arguments:

SN (α1, . . . , αk, a, αk+1, . . . , αk+m, b, αk+m+1, . . . , αk+m+n+1) =
∑

D∈Ok,m,n

ID , (4.14)

where the arguments a, b and αi are implicit on the right. The argument to the left of the
one marked with an arrow becomes the first argument of S.

Vertices. In order to write the equations of motion we need the expression for the components
of the structure maps Ŝ = (V,U) defined by eq. (2.4), using the natural pairing

⟨•, •⟩ : V [−1]⊗ V ∗ → C ,
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which is given by

⟨f(y1), g(y2)⟩ = −⟨g(y2), f(y1)⟩ = exp[p1,2]f(y1)g(y2)|y1=y2=0 , (4.15)

for f(y1) ∈ V [−1] and g(y2) ∈ V ∗. The argument on the boundary marked with an arrow is
the one to be removed via the nondegenerate symplectic structure. We then find

− SN−1(α1, . . . , αm, b, αm+1, . . . , αm+n, a) =
= −⟨U(α1, . . . , αm, b, αm+1, . . . , αm+n), a⟩ = ⟨a,U(α1, . . . , αm, b, αm+1, . . . , αm+n)⟩ ,

SN−1(α1, . . . , αk, a, αk+1, . . . , αk+m, b) =
= ⟨U(α1, . . . , αk, a, αk+1, . . . , αk+m), b⟩ = −⟨b,U(α1, . . . , αk, a, αk+1, . . . , αk+m)⟩ ,

SN (α1, . . . , αk, a, αn+1, . . . , αk+m, b, αk+m+1, . . . , αk+m+n+1) =
= ⟨V(α1 . . . , αk, a, αk+1, . . . , αk+m, b, αk+m+1, . . . , αk+m+n), αk+m+n+1⟩ ,

(4.16)

where we suppressed the y-dependence of the vertices. Notice that the minus sign was added
in the first line, as to compensate for the swapping of a and b. Using these relations, the
U-vertex and V-vertex can be extracted by replacing

pa → p0 or pb → p0 and pk+m+n+1 → −p0 ,

respectively, where pA
0 ≡ yA is the output argument. This yields

U(α1 . . . ,αm, b,αm+1, . . . ,αm+n)∋ sD

∫
Vm+n−1

pm+n−1
0,b exp

(
Tr(PDQT

D)+λ|QD|p0,b

)
,

U(α1 . . . ,αm,a,αm+1, . . . ,αm+n)∋ (−1)m+nsD

∫
Vm+n−1

pm+n−1
0,a exp

(
Tr(PDQT

D)+λ|QD|p0,a

)
,

V(α1 . . . ,αk,a,αk+1, . . . ,αk+m, b,αk+m+1, . . . ,αk+m+n)∋

∋ sD

∫
Vk+m+n

pk+m+n
a,b exp

(
Tr(PDQT

D)+λ|QD|pa,b

)
, (4.17)

where we relabeled the α’s in the U -vertices for convenience. Note that we used ∋ instead of
= to indicate that what is on the r.h.s. is a specific contribution to a given vertex, while the
vertex is a sum over all contributions with the same order of the arguments. The matrices
PD for the U- and V-vertices are constructed according to the boundary ordering of the
corresponding diagram from the P matrices(

0 0 p0,1 . . . p0,n+m

0 0 pb,1 . . . pb,n+m

)
and

(
0 0 pa,1 . . . pa,k+n+m p0,a

0 0 pb,1 . . . pb,k+n+m p0,b

)
,

respectively, and QD constructed from

Q = (q⃗a, q⃗b, q⃗1, . . . , q⃗N ) ,

for N = n + m and N = k + n + m + 1, respectively. Notice that we provided two ways
to extract a U-vertex. Obviously, they should be identical, while at first sight they seem
different. For instance, the matrix QD is constructed differently in both cases, as the arrow is
placed in a different position and therefore they have a different boundary ordering. However,
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if we find two diagrams that produce the same U -vertex, while using the different methods, it
is easy to see that they are just the reversed versions of each other. After renaming b → a,
we see that the matrix PD only differs by swapping the rows. The Z2-transformation on the
domain allows one to exactly identify both realizations, as this is equivalent to swapping
the rows in PD and reversing the order of the entries in QD. However, when N = 1, there
is no integration domain and this identification fails. Therefore, the vertices U(a, α) and
U(α, a) are in fact different, see the examples below. This procedure of extracting vertices
can also be represented diagrammatically as in figures 5 and 6, where an element α or a,
corresponding to the vertex the arrow is attached to, is removed. We refer to this arrow as
the output arrow, as it is now related to the output variables p0 = y. Although not necessary
for most considerations, we will implicitly assume that the closure constraint is solved for
the variables assigned to the output arrow. Note that while SN is a scalar, the U- and
V-vertices are valued in V ∗ and V [−1], respectively.

Remark. The vertices have an interesting property. If we symmetrize the vertices, i.e. we
ignore additional tensor factors responsible for ȳA′-dependence and for matrix extensions,
and bring them to the same ordering, they satisfy

∑
k+m+n=N

V(α1 . . . , αk, b, αk+1, . . . , αk+m, a, αk+m+1, . . . , αk+m+n) = 0 ,

∑
m+n=N

U(α1 . . . , αm, b, αm+1, . . . , αm+n) = 0 ,

for λ = 0. Here, the sum is over all vertices that take the same total number of arguments. In
other words, if the pre-CY algebra of this section is A and B is any associative commutative
algebra then for λ = 0 the L∞-algebra obtained from A ⊗ B via the symmetrization map
is trivial (all maps vanish).

It is easy to see why this is the case for V-vertices: after symmetrizing, the expression for
zero cosmological constant changes only by a sign when flipping a red line from the northern
to the southern hemisphere and vice versa. As each red line connected to an element of V ∗

can be flipped, there are as many positive as negative equal contributions, which proves the
above relation. Since the U -vertices can be derived from the V-vertices through (4.16) using
the cyclic property of S, the relation is easily seen to hold for them too.

Examples. Let us illustrate the general recipe above with a few examples. We start with
some lowest order vertices that will be used in section 5.2 to prove the A∞-relations with
zero or one α. Figure 3 shows the disk diagrams contributing to the expressions

V(a, b) = exp[p0,a + p0,b + λpa,b] ,
U(b, α) = exp[p0,1 + pb,1 + λp0,b] ,
U(α, a) = − exp[pa,1 + p0,1 − λp0,a] .

(4.18)
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a b

α

b a

α

Figure 3. Disk diagrams contributing to V(a, b), U(b, α) and U(α, a), from left to right.

In order to write these vertices as in (4.17), one associates to them the matrices

QD =
(
−1 0 1
0 −1 1

)
, PD =

(
0 0 p0,a

0 0 p0,b

)
,

QD =
(

0 1 −1
−1 1 0

)
, PD =

(
0 p0,1 0
0 pb,1 0

)
,

QD =
(
1 −1 0
1 0 −1

)
, PD =

(
pa,1 0 0
p0,1 0 0

)
,

respectively. The sign in the formula for U(α, a) consists of two factors: (−)m+n = −1,
where m = 1, n = 0, see the second line of (4.17); sD = 1, which is the number of red
lines in the southern semicircle (none).

The disk diagram relevant for the V-vertices at the next order are given in figure 4
and correspond to the expressions

V(a, b, α) =
∫
V1

pa,b exp[u2p0,a + v2p0,b + u1pa,1 + v1pb,1 + λA1pa,b] ,

V(a, α, b) = −
∫
V1

pa,b exp[u2p0,a + v2p0,b + u1pa,1 + v1pb,1 + λA2pa,b]+

−
∫
V1

pa,b exp[u1p0,a + v1p0,b + u2pa,1 + v2pb,1 + λA3pa,b] ,

V(α, a, b) =
∫
V1

pa,b exp[u1p0,a + v1p0,b + u2pa,1 + v2pb,1 + λA4pa,b] ,

(4.19)

with

A1 = 1 + u1 + u2 − v1 − v2 + u1v2 − u2v1 , A2 = 1− u1 + u2 − v1 − v2 + u1v2 − u2v1 ,

A3 = 1 + u1 − u2 − v1 − v2 − u1v2 + u2v1 , A4 = 1 + u1 − u2 − v1 + v2 − u1v2 + u2v1 .
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a b

α

a b

α

a b

α

a b

α

Figure 4. Disk diagrams contributing to V(a, b, α), V(a, α, b) and V(α, a, b), from left to right.

To these vertices one associates the matrices

QD =
(
−1 0 u1 u2
0 −1 v1 v2

)
, PD =

(
0 0 pa,1 p0,a

0 0 pb,1 p0,b

)
,

QD =
(
−1 u1 0 u2
0 v1 −1 v2

)
, PD =

(
0 pa,1 0 p0,a

0 pb,1 0 p0,b

)
,

QD =
(
−1 u2 0 u1
0 v2 −1 v1

)
, PD =

(
0 pa,1 0 p0,a

0 pb,1 0 p0,b

)
,

QD =
(

u2 −1 0 u1
v2 0 −1 v1

)
, PD =

(
pa,1 0 0 p0,a

pb,1 0 0 p0,b

)
,

respectively. Here, the second and third line contribute to V(a, α, b). The integration domain,
V1, is the 2-simplex, which is described by

0 ≤ u1, u2, v1, v2 ≤ 1 , 0 ≤ u1
v1

≤ u2
v2

≤ ∞ , u1 + u2 = 1 = v1 + v2 .

The ‘hidden constraints’ are

0 ≤ u1 ≤ v1 ≤ 1 , 0 ≤ v2 ≤ u2 ≤ 1 (4.20)

and can be equivalently used to describe the domain V1.
Figures 5 and 6 show some more involved examples, yielding the expressions

U(α1, α2, b, α3, α4, α5) ∋
∫
V4

p40,b exp[Tr[PDQT
D] + λp0,b|QD|] ,

with

PD =
(

p0,1 p0,2 0 p0,3 p0,4 p0,5 0
pb,1 pb,2 0 pb,3 pb,4 pb,5 0

)
, QD =

(
u3 u1 0 u2 u4 u5 −1
v3 v1 −1 v2 v4 v5 0

)
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⇒ U(α1, α2, b, α3, α4, α5)

α5

α4 α3

α2

α1

b

Figure 5. A disk diagram that contributes to U .

a

b

α1

α4

α3α2

⇒ V(α1, a, α2, α3, b, α4)

Figure 6. A disk diagram for V.

and

V(α1, a, α2, α3, b, α4) ∋
∫
V4

p4a,b exp[Tr[PDQT
D] + λpa,b|QD|] ,

with

PD =
(

pa,1 0 pa,2 pa,3 0 pa,4 p0,a

pb,1 0 pb,2 pb,3 0 pb,4 p0,b

)
and QD =

(
u5 −1 u3 u1 0 u2 u4
v5 0 v3 v1 −1 v2 v4

)
.

The integration domain V4 is described by

0 ≤ ui, vi ≤ 1 , 0 ≤ u1
v1

≤ u2
v2

≤ u3
v3

≤ u4
v4

≤ 1 ,
4∑

i=1
ui =

4∑
i=1

vi = 1 .

A more general formality? The above construction of interaction vertices is a piece of
clear evidence that (Shoikhet-Tsygan-)Kontsevich’s formality can be extended further. We
could only see a small piece of this hypothetical extension because our Poisson structure
ϵAB is constant, nondegenerate and two-dimensional. Therefore, genuine bulk vertices of
Kontsevich-like graphs are absent and all vertices have legs on the boundary. In addition,
the graphs can be resumed into simple exp-like generating functions V and U defined above.
A generic A∞-map mn, i.e. V or U , can be Taylor-expanded to reveal

mn(f1, . . . , fn) =
∑
Γ

wΓWΓ(f1 ⊗ · · · ⊗ fn) , fi ∈ W , (4.21)
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∂D
α3α2α1ba

pa,3 pb,3

pa,b

Figure 7. A typical Kontsevich-like graph contributing to S(a, b, α1, α2, α3). D is the upper half-plane
and ∂D is its boundary.

[S, S] = 0 ⇔ Σ Un Vm = 0

Figure 8. Graphical representation for the master equation.

where the sum is over certain graphs Γ, wΓ are weights associated to Γ and WΓ are certain
poly-differential operators (Taylor coefficients of various ID, (4.13)). Similar to the Moyal-
Weyl case, the graphs Γ are built from simple ‘wedges’ that represent p•,•, see figure 7. What
is different from the Moyal-Weyl case are the weights that are given by the integrals over
the configuration space of concave polygons. The integrands are polynomials in ui and vi.
Also, there are no contractions between α’s.

5 A proof via Stokes’ theorem

With the tools introduced in the previous section, the master equation (2.7) can be depicted
as in figure 8. Here, the blue (red) vertices represent the blue (red) lines from the previous
diagrams. The summation symbol accounts for collecting contributions from cyclic permuta-
tions of both disk diagrams, where we only allow a red and blue vertex to be connected to
each other by the arrow between the disks. It also sums over the number of elements of red
vertices in the disk diagrams. The master equation [S, S] = 0 looks as figure 8 and

[S, S](a, . . . , b, . . . , c, . . .) =
∑

±S(. . . ,U , . . .)± S(. . . ,V, . . .) . (5.1)

Using the natural pairing (4.15), one can extract the A∞-relations that describe Chiral
HiSGRA as

[S, S](w, . . .) = ⟨w, J(. . .)⟩ = 0 ⇒ J(. . .) = 0 . (5.2)
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Choosing w to be an element of V , we get an infinite set of A∞-relations of the form:

JN+3(•, . . . , •, a, •, . . . , •, b, •, . . . , •, c, •, . . . , •) =
=
∑

V(•, . . . , •,V(•, . . . , •, a, •, . . . , •, b, •, . . . , •), •, . . . , •, c, •, . . . , •)+

−
∑

V(•, . . . , •, a, •, . . . , •,V(•, . . . , •, b, •, . . . , •, c, •, . . . , •), •, . . . , •)+

+
∑

V(•, . . . , •,U(•, . . . , •, a, •, . . . , •), •, . . . , •, b, •, . . . , •, c, •, . . . , •)+

−
∑

V(•, . . . , •, a, •, . . . , •,U(•, . . . , •, b, •, . . . , •), •, . . . , •, c, •, . . . , •)+

+
∑

V(•, . . . , •, a, •, . . . , •, b, •, . . . , •,U(•, . . . , •, c, •, . . . , •), •, . . . , •) = 0 .

(5.3)

Here a, b, c ∈ V [−1] and bullets stand for N elements αi ∈ V ∗. The summations are over all
possible combinations of vertices in each term, i.e., all ordered distributions of the α’s in the
arguments and contributions from all corresponding disk diagrams. A single A∞-relation
consists of all terms with the same number of elements α before, between and behind a, b, c,
i.e., with the same ordering and same total number of the α’s, N . For w ∈ V [−1], the same
eq. (5.2) yields one more set of A∞-relations:

JN+2(•, . . . , •, a, •, . . . , •, b, •, . . . , •) =
=
∑

U(•, . . . , •,U(•, . . . , •, a, •, . . . , •), •, . . . , •, b, •, . . . , •)+

+
∑

U(•, . . . , •,V(•, . . . , •, a, •, . . . , •, b, •, . . . , •), •, . . . , •)+

+
∑

U(•, . . . , •, a, •, . . . , •,U(•, . . . , •, b, •, . . . , •), •, . . . , •) = 0 .

(5.4)

The A∞-relations for V-vertices (5.3) will be proven via Stokes’ theorem in the next section,
which also implies the A∞-relations for the U -vertices (5.4) through the master equation (5.1).
Therefore, we will only focus on the former from now on. The proof will follow the scheme

0 =
∑∫

Wk,l,m,n

dΩa
k,l,m,n(y) + dΩc

k,l,m,n(y) =
∑∫

∂Wk,l,m,n

Ωa
k,l,m,n(y) + Ωc

k,l,m,n(y)

⇕
A∞-relations

(5.5)

where k + m + l + n = N . Ωa
k,l,m,n(y) and Ωc

k,l,m,n(y) are closed differential forms, called
potentials, with values in multilinear maps

Ωa,c
k,l,m,n(y) : T kV ∗ ⊗ V [−1]⊗ T lV ∗ ⊗ V [−1]⊗ T mV ∗ ⊗ V [−1]⊗ T nV ∗ → V [−1] .

In what follows, we will suppress the y-dependence of the potentials. Similar to the A∞-
relation, the summation in (5.5) is over the total number of elements of V ∗ and ways of
distributing them, as we will see shortly. Apart from the potentials Ωa

k,l,m,n and Ωc
k,l,m,n,

we must consider bounded domains Wk,l,m,n ⊂ R2N+1 with dim(Wk,l,m,n) = 2N + 1. In
section 5.1, we will explain how the potentials and domains can be constructed from disk
diagrams and how to evaluate the potentials on the boundary of the domains. We will
also present expressions and disk diagrams for the A∞-relations. A couple of lowest order
examples of (5.5) follow in section 5.2, while in section 5.3 we provide a proof for all orders in
a particular ordering, the so-called left-ordered case. Left-ordered means that the arguments,
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e.g. in a disk diagram or in an A∞-relation are ordered as a, b, c, α1, . . . , αN , a, b, c ∈ V [−1],
αi ∈ V ∗. Section 5.4 contains the proof for a generic ordering.

The idea of the proof follows the formality theorems: since the potentials Ω are closed
forms, the l.h.s. of (5.5) obviously vanishes. At the same time, the r.h.s. of (5.5) is given by
the sum of potentials evaluated at the boundaries of Wk,l,m,n. Domain Wk,l,m,n and potentials
Ω are carefully designed in such a way that this sum gives the A∞-terms plus certain other
terms that vanish by themselves. The genuine A∞-terms contain vertices nested into each
other. Therefore, some boundaries of Wk,l,m,n reduce to the products of two configuration
spaces that define vertices and Ω evaluated on such boundaries give exactly the nested vertices.

5.1 Recipe

The data Ωa
k,l,m,n, Ωc

k,l,m,n, and Wk,l,m,n, entering (5.5), can all be encoded by disk diagrams
decorated by the variables ui, vi, and wi that coordinatize Wk,l,m,n. To understand these
disk diagrams and their properties, let us first consider disk diagrams for the scalars

⟨Ωa
k,l,m,n, αk+1⟩ and ⟨Ωc

k,l,m,n, γm+1⟩ , (5.6)

with αk+1, γm+1 ∈ V ∗ and the natural pairing defined in (4.15). From here the disk diagrams
for the potentials can be extracted in a similar fashion as before. These disk diagrams
are constructed as follows:

• Consider a circle. The interior will be referred to as the bulk and the circle as the
boundary.

• Choose three distinct points on the boundary and label them a, b, c counterclockwise.
Consider the point at the center of the bulk, now called junction, and connect this to
each of the points a, b, c. These points correspond to elements of V [−1]. The lines are
called a-leg, b-leg and c-leg, correspondingly.

• Draw any number of lines connecting these legs to the boundary at either side of the
legs. Lines are not allowed to intersect. Their endpoints at the boundary correspond to
elements of V ∗.

• Connect an arrow to one of the vertices on the boundary of the disk between a and c,
pointing away from the disk, i.e. there has to be one marked point on the boundary. If
the arrow is connected to a vertex connected to the a-leg by a red line, the potential
that can be extracted using (5.6) is Ωa

k,l,m,n, while Ωc
k,l,m,n can be found when it is

connected to the c-leg.

• Label the points at the boundary that are connected to red lines αi, βi, γi, δi if the lines
emanate from the a-leg, b-leg, c-leg or are in between the red line connected to the
arrow and the junction, respectively, and i increases from the boundary to the junction.
This way if the arrow is attached to an argument belonging to the a-leg, the arguments
after the arrow are labelled δi and those in between a and including the arrow are
named αi. The subscripts k, l, m, n on the potentials count the number of points with
labels αi, βi, γi, δi, respectively, disregarding the label associated with the arrow.
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a c

b

δ1
γ3

γ1

γ2

β1

α1

β2

α2

a

c

b

α1

δ1

γ1

γ2

β1α1

β2

α3

Figure 9. The disk diagrams for ⟨Ωa
1,2,3,1(a, α1, δ1, β2, b, β1, γ3, γ1, c, γ2), α2⟩ and

⟨Ωc
3,2,1,1(α3, α1, a, α2, β2, b, β1, δ1, γ1, c), γ2⟩ on the left and right, respectively.

• The diagram must contain at least one element of V ∗, connected to the piece of the
boundary between a and c, which can be attached to either the a-leg or the c-leg. If
the diagram contains more than one element of V ∗, they have to be attached to at least
two different legs.

Figure 9 shows two examples of such disk diagrams. The disk diagrams corresponding
to the potentials Ωa

k,l,m,n and Ωc
k,l,m,n are now obtained by removing the element αk+1 or

γm+1 in (5.6). This is visualized in the disk diagrams by removing the corresponding label,
see figure 10.

The arrow also induces an ordering on the elements of W , which is counterclockwise
around the circle starting from to the left of the arrow. Again, we will refer to this as the
boundary ordering. The potentials Ωa,c

k,l,m,n are poly-differential operators acting on elements
of W . These should be read off according to the boundary ordering. Moreover, the elements
of W are generated by the yi’s. For a, b, c we write ya, yb, yc, respectively and for elements
of V ∗ they are just yi with i = 1, . . . , N , assigned counterclockwise. Lastly, while it is
cumbersome to specify the ordering of the elements of W for generic potentials Ωa,c

k,l,m,n, we
do specify the ordering with respect to the boundary ordering when we consider a particular
potential. For general potentials we prefer to use canonical ordering, see below. The examples
in figure 10 correspond to poly-differential operators Ωa

1,2,3,1(a, α1, δ1, β2, b, β1, γ3, γ1, c, γ2)
and Ωc

3,2,1,1(α3, α1, a, α2, β2, b, β1, δ1, γ1, c) acting on

a(ya)α1(y1)δ1(y2)β2(y3)b(yb)β1(y4)γ3(y5)γ1(y6)c(yc)γ2(y7)|y•=0 ,

α3(y1)α1(y2)a(ya)α2(y3)β2(y4)b(yb)β1(y5)δ1(y6)γ1(y7)c(yc)|y•=0

for the left and right disk diagrams, respectively. The A∞-relations also consist of poly-
differential operators acting on elements of W . The names and labels we assigned to elements
of V ∗ here are not the same as for the A∞-terms. This was done simply because it will
be useful to keep track of what leg an element is attached to in the potentials. To relate
the potentials to A∞-terms, one should rename and relabel the elements of V ∗ accordingly.
We now claim that an A∞-relation of a particular ordering can be rewritten as (5.5) by
considering contributions from all potentials of the same ordering, i.e. the same number
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a c

b

δ1
γ3

γ1

γ2

β1

α1

β2

a

c

b

α1

γ3

γ1

β1α2

β2

α3

Figure 10. On the left a disk diagrams corresponding to Ωa
1,2,3,1(a, α1, δ1, β2, b, β1, γ3, γ1, c, γ2) and

on the right a disk diagram corresponding to Ωc
3,2,1,1(α3, α1, a, α2, β2, b, β1, δ1, γ1, c).

of elements of V ∗ before, between and after a, b, c. Therefore, we will no longer write the
elements of W as part of the expressions; they will be implied.

The procedure laid out in this section leads to two different types of disk diagrams: the
arrow can be attached to the a-leg or c-leg, given rise to the disk diagrams for Ωa

k,l,m,n or
Ωc

k,l,m,n, respectively, and we refer to the diagrams as a-diagrams and c-diagrams. It is easy
to see that following an a-diagram in the opposite boundary ordering, i.e. clockwise, and
relabeling a ↔ c yields a c-diagram. We may write

Ωa
k,l,m,n ↔ Ωc

m,l,k,n , with a ↔ c (5.7)

and consequently, the potential Ωc
m,l,k,n is accompanied by the same integration domain

Wk,l,m,n as Ωa
k,l,m,n. A proper relabeling of the elements of V ∗ according to which leg they

are attached is also implied. Due to this relation between the diagrams, it will be possible
to extract c-diagrams from a-diagrams and therefore we will focus mainly on the latter in
the remainder of the text. We will make the above transformation more concrete, when
we have all the necessary tools.

We will sometimes refer a special class of potentials as left/right-ordered. These are the
potentials with all elements of V [−1] appearing before/after the elements of V ∗ and they are
given by Ωa

0,0,m,n and Ωc
k,0,0,n with the appropriate ordering, respectively. Eq. (5.5) relates

these potentials to left/right ordered A∞-terms, which are similarly defined as A∞-terms
with all elements of V [−1] appearing before/after the elements of V ∗.

Domain. When k + l + m + n = N > 0, the domain Wk,l,m,n ⊂ R2N+1 can be read off
from the disk diagrams, e.g. figure 10. For this purpose, one assigns a vector of variables
q⃗a,i = (ua

i , va
i , wa

i ), q⃗b,i = (ub
i , vb

i , wb
i ) and q⃗c,i = (uc

i , vc
i , wc

i ) to the red lines connected to
the a-, b- and c-leg, respectively, and to the arrow, with i increasing from boundary to
junction. Additionally, we assign vectors q⃗a = (−1, 0, 0), q⃗b = (0,−1, 0), q⃗c = (0, 0,−1) to
a, b, c accordingly. Then one introduces the times tuv

i = u•
i /v•i , tuw

i = u•
i /w•

i and tvw
i = v•i /w•

i

and imposes chronological orderings along three different paths in the bulk to formulate
the domain.

• Path 1: one starts at b and moves to c and then from c to a. This imposes a chronological
ordering on the times tuv

i .
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a

b

c a

b

c a

b

c

Figure 11. Paths 1 - 3 from left to right, leading to the time ordering of times tuv
i , tuw

i and tvw
i ,

respectively.

• Path 2: one starts at c and moves to b and then from b to a. This imposes a chronological
ordering on the times tuw

i .

• Path 3: one starts at c and moves to a and then from a to b. This imposes a chronological
ordering on the times tvw

i .

As an additional condition, all u-, v- and w-variables take values between 0 and 1. The
domain Wk,l,m,n is then described by

0 ≤ u•
i , v•i , w•

i ≤ 1 ,
∑

(u•
i , v•i , w•

i ) = (1, 1, 1) ,
va

i

wa
i

wb
i

ub
i

uc
i

vc
i

= 1 ,

0 ≤ ub
1

vb
1
≤ · · · ≤ ub

l

vb
l

≤ uc
m

vc
m

= · · · = uc
1

vc
1
≤

ua
k+n+1

va
k+n+1

≤ · · · ≤ ua
1

va
1
≤ ∞ ,

0 ≤ uc
1

wc
1
≤ · · · ≤ uc

m

wc
m

≤ ub
l

wb
l

= · · · = ub
1

wb
1
≤

ua
k+n+1

wa
k+n+1

≤ · · · ≤ ua
1

wa
1
≤ ∞ ,

0 ≤ vc
1

wc
1
≤ · · · ≤ vc

m

wc
m

≤
va

k+n+1
wa

k+n+1
= · · · = va

1
wa
1
≤ vb

l

wb
l

≤ · · · ≤ vb
1

wb
1
≤ ∞ .

(5.8)

Note that the paths described above run over some legs twice. This leads to the equalities
in (5.8), since for example

uc
m

vc
m

≤ · · · ≤ uc
1

vc
1
≤ uc

1
vc
1
≤ · · · ≤ uc

m

vc
m

⇒ uc
m

vc
m

= · · · = uc
1

vc
1

.

The second equation in the first line of (5.8) is called the closure constraint and explic-
itly it reads

k+n+1∑
i=1

q⃗a,i +
l∑

i=1
q⃗b,i +

m∑
i=1

q⃗c,i + q⃗a + q⃗b + q⃗c = (0, 0, 0) .

This condition allows one to solve for one vector q⃗•,i in terms of the other vectors. The
third equation in the first line deserves some further explanation. To the equalities in the
chains of (in)equalities one can ascribe

α = uc
i

vc
i

,
1
β

= va
i

wa
i

, γ = ub
i

wb
i

.
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The vectors q⃗a,i, q⃗b,i, q⃗c,i ∈ R3 are then restricted to planes characterized by α, 1
β , γ, as for

example one may write q⃗c,i = (αvc
i , vc

i , wc
i ) for i = 1, . . . , m. The constraint in (5.8) tells

us that the planes are related by

γ = α

β
. (5.9)

However, this relation is only valid when m, l, k + n ̸= 0. Otherwise, α, β, γ are independent.
In practice, we will have

α = uc
1

vc
1

, β = 1−∑l
i=1 wb

i −
∑m

i=1 wc
i

1−∑l
i=1 vb

i −
∑m

i=1 vc
i

, γ = ub
1

wb
1

.

The second relation is obtained from the closure constraint for the v and w coordinates:

∑
v•i =1 ⇒

k+n+1∑
i=1

va
i =1−

l∑
i=1

vb
i −

m∑
i=1

vc
i ,

k+n+1∑
i=1

βva
i +

l∑
i=1

wb
i +

m∑
i=1

wc
i =1 ⇒ β = 1−∑l

i=1wb
i −
∑m

i=1wc
i∑k+n+1

i=1 va
i

= 1−∑l
i=1wb

i −
∑m

i=1wc
i

1−∑l
i=1 vb

i −
∑m

i=1 vc
i

.

The domain (5.8) contains a couple of ‘hidden’ constraints on the variables. To illustrate
this, suppose ub

1/vb
1 > 1 and consider the first chain of (in)equalities, the uv-chain. This

implies that u•
i > v•i . Then, the closure constraint requires ∑ v•i = 1 and we find ∑u•

i > 1,
so the closure constraint cannot be satisfied for the u-variables. The same logic applied to
the start and to the end of all three chains of (in)equalities leads to the additional constraints

0 ≤ ub
1 ≤ vb

1 ≤ 1 , 0 ≤ uc
1 ≤ wc

1 ≤ 1 , 0 ≤ vc
1 ≤ wc

1 ≤ 1 ,

0 ≤ va
1 ≤ ua

1 ≤ 1 , 0 ≤ wa
1 ≤ ua

1 ≤ 1 , 0 ≤ wb
1 ≤ vb

1 ≤ 1 .
(5.10)

However, one must be careful, as the domain changes significantly whenever l = 0, in which
case the first and last inequality are replaced by

0 ≤ uc
1 ≤ vc

1 ≤ 1 , 0 ≤ wa
1 ≤ va

1 ≤ 1 ,

where in the latter we had some freedom to choose in which variables we express the
inequalities. It turns out that the domain takes this form for left/right ordered A∞-relations,
although not exclusively for this class. Since the start and end of the chains of (in)equalities
yields constraints, the domain also takes a different form when m = 0, in which case the
second and third inequality in (5.10) are replaced by

0 ≤ub
l ≤ wb

l ≤ 1 , 0 ≤ va
k+n+1 ≤ wa

k+n+1 ≤ 1 . (5.11)

In the special case N = 0, the disk diagrams corresponding to Ωa,c
0,0,0,0(a, b, c) contain

no elements of V ∗ and the above prescription for the domain breaks down. We manually
define the domain W0,0,0,0 ⊂ R to be described by

0 ≤ t ≤ 1 .
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Furthermore, we note that the integration domain has a Z2-symmetry under swapping
the v and w variables together with the labels b and c on all variables. Graphically, this
means that swapping the b- and c-leg, together with all the lines attached to them, and
renaming the elements, again yields a disk diagram to which a domain can be ascribed. This
relates integration domains Wk,l,m,n and Wk,m,l,n by a coordinate transformation.

A quick check shows that dim(Wk,l,m,n) = 2N + 1. The domain is described in (5.8)
by a total of 3N + 3 coordinates. Not all coordinates are independent, as the description
consists of some equalities; the chains of (in)equalities contain in total N − 2 equalities, the
closure constraint subtracts 3 variables and, lastly, (5.9) adds 1 more equality, which justifies
the dimension. In case m = 0 or l = 0, the chains of (in)equalities yield N − 1 equalities,
the closure constraint adds 3 and (5.9) is absent and again the right dimension is found. As
the last remark, we note that the integration domain has a nice visual representation in the
left-ordered case. This will be explained in section 5.3.

Potential. The potentials Ωa,c
k,l,m,n are most conveniently defined through a slight detour.

It is natural to define them first on a higher dimensional space and then get the actual
potentials upon restricting them to Wk,l,m,n. Let us first focus on the potentials Ωa

k,l,m,n.
Consider a subspace UN ⊂ R3N that is defined by

0 ≤ ui, vi, wi ≤ 1 ,
N+1∑
i=1

(ui, vi, wi) = (1, 1, 1) . (5.12)

In principle, any subspace that contains all Wk,l,m,n with dimension 2N + 1 fixed would
work. We define the potential Ωa

N on UN by

Ωa
N = µID ,

where µ is the measure and ID is the integrand. The measure reads

µ = µ1 ∧ · · · ∧ µN ,

µi = pa,bdui ∧ dvi + pa,cdui ∧ dwi + pb,cdvi ∧ dwi ,
(5.13)

and the integrand is given by

ID = sD exp[Tr[PDQT
D] + λ(pa,b|Q12

D |+ pa,c|Q13
D |+ pb,c|Q23

D |)] . (5.14)

Here, sD is a sign that will be discussed at the end of this section. The matrix QD is an
array filled with the q-vectors according to the boundary ordering of the disk diagram. For
example, the matrix QD corresponding to the left disk diagram in figure 10 reads

QD = (q⃗a, q⃗8, q⃗6, q⃗5, q⃗b, q⃗4, q⃗3, q⃗1, q⃗c, q⃗2, q⃗7) .

|Qij
D| denotes the sum of all 2× 2 minors composed of the i-th and j-th row of the matrix
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a

b

c a

b

c

Figure 12. Canonical ordering for a potentials Ωa
k,l,m,n and Ωc

k,l,m,n on the left and right, respectively.

QD. A more explicit expression yields

|Q12
D | = 1 +

N+1∑
i=1

σb,iui − σa,ivi +
N+1∑
j=1

σi,juivj

 ,

|Q13
D | = 1 +

N+1∑
i=1

σc,iui − σa,iwi +
N+1∑
j=1

σi,juiwj

 ,

|Q23
D | = 1 +

N+1∑
i=1

σc,ivi − σb,iwi +
N+1∑
j=1

σi,jviwj

 .

(5.15)

Here, σI,J = +1 when the J-th element of W appears before the I-th element in the boundary
ordering and σI,J = −1 otherwise, for I, J ∈ {a, b, c, 1, . . . , N +1}. The matrix PD is an array
composed of the r-vectors in the following manner: going around the circle counterclockwise,
starting to the left of the arrow, one fills PD with r⃗i for every element of V ∗ or the arrow,
with i increasing counterclockwise, or with r⃗a = (−1, 0, 0), r⃗b = (0,−1, 0), r⃗c = (0, 0,−1)
for the corresponding element of V [−1]. For example, the matrix PD corresponding to the
left diagram in figure 10 reads

PD = (r⃗a, r⃗1, r⃗2, r⃗3, r⃗b, r⃗4, r⃗5, r⃗6, r⃗c, r⃗7, r⃗8) .

We will often present a matrix Q when considering potentials with an unspecified ordering.
We say that the entries of the matrix Q are in the canonical ordering. This means that the
first three entries are the vectors q⃗a, q⃗b, q⃗c, and then we insert the vectors q⃗i in the order
visualized in figure 12. The matrix reads

Q = (q⃗a, q⃗b, q⃗c, q⃗1, . . . , q⃗N ) .

This canonical ordering has the advantage to reduce to the matrix QD for D being a left
ordered disk diagram with k = l = 0. From Q any matrix QD may be constructed when
the ordering is specified.

The potential Ωa
k,l,m,n is now found by restricting Ωa

N to Wk,l,m,n ⊆ UN , i.e.,

Ωa
k,l,m,n = Ωa

N

∣∣∣
Wk,l,m,n

.
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Explicitly, this is achieved by renaming

u1, . . . , um → uc
1, . . . , uc

m , um+1, . . . , um+l → ub
l , . . . , ub

1 ,

um+l+1, . . . , uk+l+m+n+1 → ua
k+n+1, . . . , ua

1 ,

and similarly for the v- and w-coordinates, and setting

uc
1

vc
1
= · · · = uc

m

vc
m

= α ,
ub
1

wb
1
= · · · = ub

l

wb
l

= γ ,

va
1

wa
1
= · · · =

va
k+n+1

wa
k+n+1

= 1
β

.

(5.16)

Thus, for a potential Ωa
k,l,m,n the matrix Q reads

Q = (q⃗a, q⃗b, q⃗c, q⃗c,1, . . . , q⃗c,m, q⃗b,l, . . . , q⃗b,1, q⃗a,k+n+1, . . . , q⃗a,1) ,

with the variables satisfying (5.16). As an example, the left diagram in figure 10 yields a
potential described by the matrix

QD = (q⃗a, q⃗a,1, q⃗a,3, q⃗b,2, q⃗b, q⃗b,1, q⃗c,3, q⃗c,1, q⃗c, q⃗c,2, q⃗a,2) ,

again with variables satisfying (5.16). Using (5.15) and the anti-symmetric property

σi,j = −σj,i ,

together with the closure constraint and the Fierz identity, the potential Ωa
N can easily be

shown to be closed on UN , thus Ωa
k,l,m,n is automatically closed too:

dΩa
N = 0 =⇒ dΩa

k,l,m,n = 0 , dΩc
k,l,m,n = 0 . (5.17)

As was briefly mentioned in (5.7), one can extract Ωc
m,l,k,n from Ωa

k,l,m,n by reversing
the boundary ordering and swapping a ↔ c on a disk diagram that is associated to Ωa

k,l,m,n.
The latter implies that one has to swap pa ↔ pc and q⃗a ↔ q⃗c too. Reversing the boundary
ordering negates the effect of swapping q⃗a and q⃗c, while swapping pa and pc can be replaced by
swapping the u and w coordinates. This tells us all we need to know to construct potentials
Ωc

m,l,k,n from their disk diagrams: the only difference is that the vectors

q⃗a,i → q⃗
′

c,i = (wc
i , vc

i , uc
i ) , q⃗b,i → q⃗

′
b,i = (wb

i , vb
i , ub

i) , q⃗c,i → q⃗
′

a,i = (wa
i , va

i , ua
i )

and that the canonical ordering for the matrix Q is reversed, as can be seen in figure 12, but
we keep q⃗a, q⃗b, q⃗c as its first entries. Thus, for Ωc

m,l,k,n the matrix reads

Q′ = (q⃗a, q⃗b, q⃗c, q⃗
′

c,1, . . . , q⃗
′

c,m, q⃗
′

b,l, . . . , q⃗
′

b,1, q⃗
′

a,k+n+1, . . . , q⃗
′

a,1, ) (5.18)

and the matrix Q′
D for the right disk diagram in figure 10 is

Q′
D = (q⃗ ′

c,3, q⃗
′

c,1, q⃗a, q⃗
′

c,2, q⃗
′

b,2, q⃗b, q⃗
′

b,1, q⃗
′

a,3, q⃗
′

a,1, q⃗c, q⃗
′

a,2) .
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Then, the expression for the potentials Ωc
N becomes

Ωc
N = µ′I ′D ,

with

µ′ = µ′
1 ∧ · · · ∧ µ′

N ,

µ′
i = pb,cdui ∧ dvi + pa,cdui ∧ dwi + pa,bdvi ∧ dwi ,

and

I ′D = s′D exp[Tr[PDQ′T
D ] + λ(pa,b|Q′ 12

D |+ pa,c|Q′ 13
D |+ pb,c|Q′ 23

D |)] . (5.19)

One obtains a potential Ωc
m,l,k,n through

Ωc
m,l,k,n = Ωc

N |Wk,l,m,n
.

Signs. The signs sD and s′D in the expression for the potentials (5.14) and (5.19) are
determined by the orientations of the red lines, like for the vertices, where we counted the
number of red lines in the southern semicircle. Here the counting rule is a bit more involved:
for potentials Ωa

k,l,m,n, one sums the number of red lines attached to b- and c-leg in the
clockwise direction and to the a-leg in the anticlockwise direction, see figure 13. For potentials
Ωc

k,l,m,n this is mirrored. We call the sum M and the sign is

sD = (−1)M and s′D = (−1)M+1

for the potentials Ωa
k,l,m,n and Ωc

k,l,m,n, respectively. Note that throughout the text the red
lines of diagrams are not always drawn precisely in the shaded regions as in figure 13 for the
sake of convenience, but it should be clear from the context which region they belong to. To
avoid cluttering the text with minus signs, we will discuss the proof of the A∞-relations up
to a sign. However, with the conventions discussed here, (5.5) yields the correct signs.

Boundaries. Stokes’ theorem requires one to evaluate the potentials at the codimension-one
boundary (just the boundary) of the domain Wk,l,m,n. This boundary, ∂Wk,l,m,n is the union
of many boundary components Pi, i.e., ∂Wk,l,m,n = ∪iPi. Each Pi is obtained by saturating
an inequality in (5.8)–(5.11). However, sometimes saturating an inequality results in a higher
codimension component. By abuse of nomenclature we also refer to these as boundaries and
include them into the set of Pi. Each boundary may have interesting characteristics, together
with the potential evaluated on the boundary. In the subsequent section, we will categorize
the various types of boundaries. They belong to the following classes:

• At some boundaries one finds, after a change of variables, A∞-terms contributing to
the proof of (5.5). The change of variables is necessary to recognize the vertices as
described in section 4.
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a c

b

a c

b

Figure 13. The sign sD of Ωa
k,l,m,n and Ωc

k,l,m,n is determined by the number of red lines in the
shaded regions in the left and right diagram, respectively.

• The potentials may also yield nonzero results at certain boundaries, without contributing
to A∞-relations. Fortunately, this does not spoil the proof, as these terms always come
in pairs and consequently cancel each other. The pairs are always formed by terms
arising from different potentials and the terms are therefore called gluing terms as they
‘glue’ together different potentials.

• Since potentials are differential forms, they consist of a measure and an integrand.
When the measure evaluates to zero at a boundary, we refer to this as a zero measure
term.

• As mentioned above, we describe boundaries of Wk,l,m,n simply by saturating inequalities
in (5.8). However, this will sometimes give rise to a higher codimension boundary, as
saturating one inequality requires other inequalities to be saturated at the same time.
This yields a boundary that is parameterized by less than 2N variables. As Stokes’
theorem only requires codimension-one boundaries, higher codimension boundaries do
not contribute to the proof.

So far we have established a visual representation for the potentials and their correspond-
ing domains through disk diagrams. With some amount of hindsight, we will provide a way
to visualize the evaluation of the potentials on the boundaries throughout the later sections.
It is known from earlier work [51] that a parameter is associated with all line segments in
the disk diagrams, except the line connected to the arrow and the segments of the legs that
are directly connected to the points a, b, c. These parameters are coordinates of a hypercube
and are related to the u, v, w coordinatizing Wk,l,m,n by a smooth coordinate transformation.
In fact, Wk,l,m,n is a subspace of the hypercube. We will not use the exact coordinate
transformations. Still, we borrow this knowledge to realize that evaluating potentials at
a boundary of Wk,l,m,n coincides with evaluating them at the upper and lower bound of
these parameters. We will visualize this by drawing a green/red region on the line under
evaluation for the upper/lower bound.

The final result is easy to formulate. Figure 14 shows on which lines in disk diagrams
a boundary leads to a non-vanishing expression. These are the line segments connected to
the junction and the bulk-to-boundary lines closest to the junction on the legs that are not
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a c

b

δ1
γ3

γ1

γ2

β1

α1

β2

++
−
−

−
a

c

b

α1

δ1

γ1

β1α2

β2

α3

+

+

− −
−

Figure 14. Disk diagrams that show which line segments correspond to boundaries that yield
non-zero expressions for potentials of the type Ωa

k,l,m,n and Ωc
k,l,m,n on the left and right, respectively.

The diagrams also show the signs that the boundaries are accompanied with.

a

b

α1

α2

α3

c

α4

α5

Figure 15. The nested boundary ordering for the diagram corresponding to the A∞-term
V(V(α1, a, α2, α3, b), α4, c, α5). One follows the arrow, starting from the ouput arrow. When the
nesting arrow is reached, one follows the arrows around the nested vertex and when the nesting arrow
is reached again, the path around the outer disk diagram is continued.

connected to output arrow. The color of the line refers to type of boundary that yields
this result and each line is accompanied by a sign that should be taken into account when
considering the boundary. Throughout the following sections, we will show how these disk
diagrams can be understood as A∞-terms or other terms.

Let us note that the pictures below are to display which part of the analytical expression
for potential Ω is being affected by evaluating it at a certain boundary, i.e. the pictures are
only to help visualize certain analytical manipulations. Given a disk diagram, there are,
roughly speaking, two boundaries per each line.

A∞-terms. So far we have sketched the picture of how to employ Stokes’ theorem to prove
the A∞-relations. It only remains to provide a recipe for constructing the A∞-terms. As
can be seen from (5.3), the A∞-terms are nested vertices, so they can be visualized using
the disk diagrams for vertices introduced in section 4. Examples of the different types of
A∞-terms found in (5.3) are given in figure 16. Here we visualize the nesting of vertices by
inserting one vertex into the other through a nesting arrow.
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To relate an expression with a nested disk diagram, one assigns vectors q⃗a = (−1, 0, 0), q⃗b =
(0,−1, 0), q⃗c = (0, 0,−1) to a, b, c ∈ V [−1], q⃗ 1

i = (u1
i , v1i , w1

i ) to αi ∈ V ∗ in the inner vertex
and q⃗ 2

i = (u2
i , v2i , w2

i ) to αj ∈ V ∗ in the outer vertex and to the output arrow according to the
bulk ordering for the two vertices separately, as was explained in section 4. For the moment,
we leave the values of these vectors undefined. One also assigns vectors r⃗a = r⃗b = r⃗c = (0, 0, 0)
to the elements a, b, c and r⃗i = (pa,i, pb,i, pc,i) to αi ∈ V ∗ and to the output arrow. This
is done according to the nested boundary ordering, just like the labeling of the α’s. This
ordering starts to the left of the output arrow, follows around the circle counterclockwise
until it hits the nesting arrow. It then follows the nested circle counterclockwise, after which
it completes the counterclockwise path around the outer circle, see figure 15 for an example.
We then construct the 3× (N + 4) matrices QD and PD by filling it up with the vectors q-
and r-vectors, respectively, according to the nested boundary ordering. Like before, for the
matrix PD this means that one enters the vectors r⃗i in increasing order, while one inserts
r⃗a, r⃗b, r⃗c for the elements a, b, c, respectively.

To determine the vectors q⃗ 1
i and q⃗ 2

i , let us demonstrate how to insert vertices into each
other at the level of expressions. Remember that V(•, . . . , •, a, •, . . . , •, b, •, . . . , •) ∈ V [−1]
and U(•, . . . , •, a, •, . . . , •) ∈ V ∗. This means that an element of V [−1] or V ∗ can be replaced
by a V- or U-vertex. For example, one can use the vertices in (4.18) and (4.19) to compute

V(V(a, b), c) = exp[p0,d + p0,c + λpd,c] exp[ydpa + ydpb + λpa,b] =
= exp[p0,a + p0,b + p0,c + λ(pa,b + pa,c + pb,c)]

and (here and below, yd is an auxiliary variable to deal with the insertion of one vertex into
another one, which is set to zero in the end)

V(a,V(b,c,α1),α2)=
∫
V1

pa,d exp[u2
2p0,a+v22p0,d+u2

1pa,2+v21pd,2+λpa,dA2]×

×
∫
V1

pb,c exp[u1
2ydpb+v12ydpc+u1

1pb,1+v11pc,1+λpb,cA1] =

=
∫
V1

∫
V1
(u1

2pa,b+v12pa,c)pb,c exp[u2
2p0,a+v22u1

2p0,b+v22v12p0,c+u2
1pa,2+

+u1
1pb,1+u1

2v
2
1pb,2+v11pc,1+v12v21pc,2+λ(u1

2A2pa,b+v12A2pa,c+A1pb,c)] ,
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with Ai = 1+ui
1+ui

2−vi
1−vi

2+ui
1v

i
2−ui

2v
i
1. The five different types of A∞-terms are given by

V(•, . . . , •,V(•, . . . , •, a, •, . . . , •, b, •, . . . , •), •, . . . , •, c, •, . . . , •) =

= sD1sD2

∫
Vs

∫
Vr

pr
a,b(u1

t pa,c + v1t pb,c)sI1 ,

V(•, . . . , •, a, •, . . . , •,V(•, . . . , •, b, •, . . . , •, c, •, . . . , •), •, . . . , •) =

= sD1sD2

∫
Vs

∫
Vr

(u1
t pa,b + v1t pa,c)spr

b,cI2 ,

V(•, . . . , •,U(•, . . . , •, a, •, . . . , •), •, . . . , •, b, •, . . . , •, c, •, . . . , •) =

= (−1)r−1sD1sD2

∫
Vs+1

∫
Vr−1

(u2
t pa,b + v2t pa,c)r−1ps+1

b,c I3 ,

V(•, . . . , •, a, •, . . . , •,U(•, . . . , •, b, •, . . . , •), •, . . . , •, c, •, . . . , •) =

= sD1sD2

∫
Vs+1

∫
Vr−1

ps+1
a,c (u2

t pa,b − v2t pb,c)r−1I4 ,

V(•, . . . , •, a, •, . . . , •, b, •, . . . , •,U(•, . . . , •, c, •, . . . , •), •, . . . , •) =

= sD1sD2

∫
Vs+1

∫
Vr−1

ps+1
a,b (u2

t pa,c + v2t pb,c)r−1I5 ,

(5.20)

where r and s are the total number of elements of V ∗ in the inner and outer vertex, respectively,
and t is the label of the q-vector corresponding to the line connected to the nesting arrow.
sD1 and sD2 are the signs associated to the inner and outer vertex, respectively. The
functions Ii read

Ii = exp[Tr[PD(Qi
D)T ] + λ(pa,b|(Qi

D)12|+ pa,c|(Qi
D)13|+ pb,c|(Qi

D)23|)] .

Like for the potentials, we provide matrices

Qi = (q⃗a, q⃗b, q⃗c, q⃗ 1
1 , . . . , q⃗ 1

r , q⃗ 2
1 , . . . , q⃗ 2

s )

that are said to be in the canonical ordering. For diagrams that admit a left-ordering,
the matrices Qi reduce to the matrices Qi

D for left-ordered diagrams D. These matrices

– 32 –



J
H
E
P
0
6
(
2
0
2
4
)
1
8
6

Q are given by

Q1 =

−1 0 0 u1
1 . . . u1

t−1 u1
t+1 . . . u1

r+1 u1
t u2

1 . . . u1
t u2

s+1
0 −1 0 v11 . . . v1t−1 v1t+1 . . . v1r+1 v1t u2

1 . . . v1t u2
s+1

0 0 −1 0 . . . 0 0 . . . 0 v21 . . . v2s+1

 ,

Q2 =

−1 0 0 0 . . . 0 0 . . . 0 u2
1 . . . u2

s+1
0 −1 0 u1

1 . . . u1
t−1 u1

t+1 . . . u1
r+1 u1

t v21 . . . u1
t v2s+1

0 0 −1 v11 . . . v1t−1 v1t+1 . . . v1r+1 v1t v21 . . . v1t v2s+1

 ,

Q3 =

−1 0 0 u1
1 . . . u1

r 0 . . . 0 0 . . . 0
0 −1 0 u2

t v11 . . . u2
t v1r u2

1 . . . u2
t−1 u2

t+1 . . . u2
s+2

0 0 −1 v2t v11 . . . v2t v1r v21 . . . v2t−1 v2t+1 . . . v2s+2

 ,

Q4 =

−1 0 0 u2
t u1

1 . . . u2
t u1

r u2
1 . . . u2

t−1 u2
t+1 . . . u2

s+2
0 −1 0 v11 . . . v1r 0 . . . 0 0 . . . 0
0 0 −1 v2t u1

1 . . . v2t u1
r v21 . . . v2t−1 v2t+1 . . . v2s+2

 ,

Q5 =

−1 0 0 u2
t u1

1 . . . u2
t u1

r u2
1 . . . u2

t−1 u2
t+1 . . . u2

s+2
0 −1 0 v2t u1

1 . . . v2t u1
r v21 . . . v2t−1 v2t+1 . . . v2s+2

0 0 −1 v11 . . . v1r 0 . . . 0 0 . . . 0

 .

(5.21)

5.2 First examples

To get acquainted with the methods used in the proof that is going to follow, let us start
with the lowest order examples, i.e., N = 0 and N = 1.

N = 0. This first example is perhaps a bit too simple, but it allows us to get a feel for some
of the methods used for higher orders. The A∞-relation reads

V(V(a, b), c)− V(a,V(b, c)) = 0

and the only relevant vertex is the star-product V(a, b) ≡ a ⋆ b, given by

V(a, b) = exp[p0,a + p0,b + λpa,b] .

The A∞-relation is diagrammatically represented in figure 17. The relevant potentials are

Ωa
0,0,0,0(a, b, c) = −Ωc

0,0,0,0(a, b, c) = exp[p0,a + p0,b + p0,c + λ(pa,b + pa,c + pb,c)] (5.22)

and their disk diagrams are shown in figure 18. The forms are closed, as they are constants.
By definition, W0,0,0,0 = [0, 1] and the boundary ∂W0,0,0,0 = {0, 1} consists of the pair of
points. This can also be written as

∂W0,0,0,0 = (V0 × V0) ∪ (V0 × V0) ,

V0 being a one-point set. We stressed that the boundary components are the products of
the configuration spaces of vertices involved. The A∞-relation can now be recast in terms
of Stokes’ theorem (5.5) through

0 =
∫ 1

0
(dΩa

0,0,0,0(a, b, c) + dΩc
0,0,0,0(a, b, c)) = [Ωa

0,0,0,0(a, b, c) + Ωc
0,0,0,0(a, b, c)]10 . (5.23)
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a

b

α1

α2

α3

c

α5

α4

V(V(α1, a, α2, α3, b), α4, c, α5) ∋

a

α5

α1

c

b

α4

α2

α3

V(a, α1,V(b, α2, α3, c, α4), α5) ∋

a

α1

α2

V(U(α1, a, α2), b, α3, α4, c, α5) ∋

c

b

α5

α3

α4

c

a

α4

α1

α3

α2

b

V(a, α1,U(α2, b, α3), c, α4) ∋

a

b

α1

α2

α3

α5

α4

c

V(α1, a, α2, α3, b,U(α4, c, α5)) ∋

Figure 16. Examples of nested disk diagrams for each type of A∞-terms.

a

b

c − a

b

c

= 0

Figure 17. The disk diagram representation of the A∞-relation for N = 0.

a

b

c a

b

c

Figure 18. On the left the disk diagram corresponding to the potential Ωa
0,0,0,0(a, b, c) and on the

right the one that corresponds to Ωc
0,0,0,0(a, b, c).
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a

b

c

−→

a

b

c

=⇒ Ωa
0,0,0,0(a, b, c)|t=1

a

b

c

−→ a

b

c

=⇒ Ωa
0,0,0,0(a, b, c)|t=0

Figure 19. Ωa
0,0,0,0(a, b, c) evaluated at its boundaries. The green region highlights the boundary

t = 1, while the red region exhibits the boundary t = 0.

a

b

c

−→

a

b

c

=⇒ Ωc
0,0,0,0(a, b, c)|t=1

a

b

c

−→

a

b

c =⇒ Ωc
0,0,0,0(a, b, c)|t=0

Figure 20. Ωc
0,0,0,0(a, b, c) evaluated at its boundaries. The green region highlights the boundary

t = 1, while the red region exhibits the boundary t = 0.

This ‘too simple’ example may look confusing since identical contributions are assigned
different meaning and the integrand vanishes identically. Nevertheless, it showcases various
features of the general proof. For instance, the last expression in (5.23) consists of four terms,
while the A∞-relation contains only two terms. It turns out that whenever the proof requires
contributions from multiple potentials, in this case Ωa

0,0,0,0 and Ωc
0,0,0,0, we find more terms

than one would expect from the A∞-relation, but the extra terms from different potentials
cancel each other. These are the gluing terms that were mentioned above.
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Although the analytic expression (5.23) still looks manageable, the proof becomes
increasingly more complicated at higher orders. It will be invaluable to have a visual
representation of what happens to the disk diagram when the potentials are evaluated at
a boundary. This will provide a quick way of identifying which A∞-term or gluing term is
generated. Figures 19 and 20 display how the disk diagrams can be interpreted as A∞-terms
or gluing terms. The green boundary on the blue line shrinks the line to a point, giving rise
to a disk diagram with a four-point vertex. This is a gluing term. The red boundary on
the blue line separates the disk diagram in two disk diagrams with the blue line replaced
by the nesting arrow. This is recognized as an A∞-term. Figures 19 and 20 allow one to
immediately observe that the gluing terms are identical and they will cancel each other. The
remaining terms are easily read off to be the A∞-terms V(a,V(b, c)) and V(V(a, b), c).

N = 1. At this order there are four A∞-relations: one for each ordering of the elements
of V [−1] and V ∗. However, some of these are related by the natural pairing and only two
orderings are independent, i.e., the left-ordered case a, b, c, α and the almost-left-ordered case
a, b, α, c. The vertices relevant to the A∞-relations for N = 1 are given in (4.18) and (4.19),
while the domain is described in (4.20). The recipe of section 5.1 tells us to use the vectors
q⃗a,1, q⃗b,1 and/or q⃗c,1 to construct expressions for the potentials. However, for notational
simplicity, we will replace

q⃗b,1, q⃗c,1 → q⃗1 = (u1, v1, w1) , q⃗a,1 → q⃗2 = (u2, v2, w2) .

The former makes sense, since every potential contains q⃗b,1 or q⃗c,1 and not both. Also note
that this example will not show the full behaviour of (5.21), as either the inner or the outer
vertex has no integration domain for N = 1, such that u1

1 = v11 = 1 or u2
1 = v21 = 1. As a

result, the fact that some entries of the Q-matrices are composed of products of variables,
is not visible in this example.

Left-ordering. The A∞-relation for this ordering reads

V(V(a, b), c, α)− V(a,V(b, c), α)− V(a,V(b, c, α)) + V(a, b,U(c, α)) = 0 . (5.24)

This is an example of a left-ordered A∞-relation, i.e., all elements of V [−1] appear before
the element of V ∗. A visualization in terms of disk diagrams is given in figure 21. The order
in which the elements of W appear in the A∞-terms coincides with the nested boundary
ordering in the disk diagram. The left-ordered disk diagram for a potential with N = 1 is
shown in figure 22. The potential Ωa

0,0,1,0(a, b, c, γ) and domain W0,0,1,0 can be constructed
from this diagram. We introduce the 3 × 5 matrices

Q =

−1 0 0 u1 u2
0 −1 0 v1 v2
0 0 −1 w1 w2

 , P =

0 0 0 pa,1 p0,a

0 0 0 pb,1 p0,b

0 0 0 pc,1 p0,c


according to the recipe in section 5.1. We also define the integrand

I = exp[Tr[PQT ] + λ(pa,b|Q1,2|+ pa,c|Q1,3|+ pb,c|Q2,3|)]
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Figure 21. Graphical representation of the left-ordered A∞-relations for N = 1.

and the measure

µ = pa,bdu1 ∧ dv1 + pa,cdu1 ∧ dw1 + pb,cdv1 ∧ dw1 .

The potential Ωa
0,0,1,0(a, b, c, γ) is then given by

Ωa
0,0,1,0(a, b, c, γ) = [pa,bdu1 ∧ dv1 + pa,cdu1 ∧ dw1 + pb,cdv1 ∧ dw1]×

× exp[Tr[PQT ] + λ(pa,b|Q1,2|+ pa,c|Q1,3|+ pb,c|Q2,3|)] .

After solving the closure constraint for q⃗2, i.e., q⃗2 = 1 − q⃗1, we see that the potential is
a closed form, since

dΩa
0,0,1,0(a, b, c, γ) = (pa,bpc,1 − pa,cpb,1 + pb,cpa,1 − p0,cpa,b + p0,bpa,c − p0,apb,c)×

× du1 ∧ dv1 ∧ dw1I = 0 ,

where in the last step the Fierz identity is used twice:

pa,bpc,1 − pa,cpb,1 + pb,cpa,1 = 0 , p0,cpa,b − p0,bpa,c + p0,apb,c = 0 .

The terms in the A∞-relation (5.24) are now conveniently written as

V(V(a, b), c, α) =
∫
V1

(pa,c + pb,c)I|u•=v• , V(a,V(b, c), α) =
∫
V1

(pa,b + pa,c)I|v•=w• ,

V(a,V(b, c, α)) =
∫
V1

pb,cI|u1=0,u2=1 , V(a, b,U(c, α)) =
∫
V1

pa,bI|w1=1,w2=0 .
(5.25)

Here, u• = v• means that the equality holds for all u’s and v’s, i.e., u1 = v1 and u2 = v2.
The domain W0,0,1,0 is parameterized by the variables ui, vi, wi, for i = 1, 2, that satisfy

0 ≤ u1
v1

≤ u2
u2

≤ ∞ , 0 ≤ u1
w1

≤ u2
w2

≤ ∞ , 0 ≤ v1
w1

≤ v2
w2

≤ ∞ ,

0 ≤ u1, u2, v1, v2 ≤ 1 , u1 + u2 = v1 + v2 = w1 + w2 = 1 .
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Figure 22. Disk diagram corresponding to Ωa
0,0,1,0(a, b, c, γ).

This is a 3-simplex and can equivalently be described by its ‘hidden constraints’

0 ≤ u1 ≤ v1 ≤ w1 ≤ 1 , 0 ≤ w2 ≤ v2 ≤ u2 ≤ 1 , (5.26)

together with the closure constraint. The boundary of a 3-simplex is composed of four
2-simplices:

∂W0,0,1,0 ∼
4⋃

i=1
V1 × V0 . (5.27)

The boundaries of W0,0,1,0 are reached by saturating the inequalities in (5.26). Due to the
closure conditions, saturating an inequality in the first chain of inequalities forces an inequality
in the second chain to be saturated at the same time. Explicit evaluation shows∫

∂W0,0,1,0
Ωa
0,0,1,0(a, b, c, γ)|u1=0,u2=1 =

∫
V1

pb,cI|u1=0,u2=1 ∼ V(a,V(b, c, α)) ,∫
∂W0,0,1,0

Ωa
0,0,1,0(a, b, c, γ)|u•=v• =

∫
V1
(pa,c + pb,c)I|u•=v• ∼ V(V(a, b), c, α) ,∫

∂W0,0,1,0
Ωa
0,0,1,0(a, b, c, γ)|v•=w• =

∫
V1
(pa,b + pa,c)I|v•=w• ∼ V(a,V(b, c), α) ,∫

∂W0,0,1,0
Ωa
0,0,1,0(a, b, c, γ)|w1=1,w2=0 =

∫
V1

pa,bI|w1=1,w2=0 ∼ V(a, b,U(c, α)) .

For each term it is indicated which A∞-term it corresponds to, up to possible a change of
integration variables and a change of the elements of V ∗, as the labeling for potentials differs
from the labeling for A∞-terms. The latter means in this case that γ is replaced by α. This
proves that all A∞-terms (5.25) are correctly recovered using Stokes’ theorem (5.5).

The above evaluation has been visualized in figure 23. Please note that the labeling of
elements of V ∗ is different for potentials and A∞-terms. Therefore, we change the labeling
when considering a boundary, which in this case means that we replace the γ by an α. In the
first row we again observe that a red boundary on a blue line separates the disk diagram
into two disks, with the nesting arrow replacing this blue line. In the second row the green
boundary shrinks the blue line to a point, like before. However, we then observe that if two
legs with no red lines connected to them meet, they can be split off in a separate disk diagram.
This interpretation arises from the fact that the expression for the potential produces the
depicted A∞-term at this boundary. The same happens in the third row: the green boundary
shrinks the blue line to a point and the b- and c-leg split off in a separate disk diagram. The
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γ

−→
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c

α

=⇒ Ωa
0,0,1,0(a, b, c, γ)|u•=v•
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c
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−→
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=⇒ Ωa
0,0,1,0(a, b, c, γ)|v•=w•

a

b

c
γ

−→

a

b

α

c =⇒ Ωa
0,0,1,0(a, b, c, γ)|w1=1,w2=0

Figure 23. Visual representation of Ωa
0,0,1,0(a, b, c, γ) evaluated at the boundaries of W0,0,1,0.

red line connected to γ is connected to the junction in the intermediate diagram and then
migrates to the a-leg. As we will see more often, two legs with no red lines attached to them
will split off as its own disk diagram. In the last row we encounter a combination we have
not seen before: a green boundary on a red line. This splits off the entire leg to which this
red line is attached and creates two disk diagrams, with the nesting arrow at the end of the
leg in question. As turns out later, this may only happen to the last red line on a leg.

Almost-left-ordered. The A∞-relation for this ordering reads

V(V(a, b), α, c) + V(V(a, b, α), c)− V(a,V(b, α, c))− V(a,U(b, α), c) + V(a, b,U(α, c)) = 0
(5.28)
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Figure 24. Graphical representation of the almost-left-ordered A∞-relations for N = 1.

and are visualized in figure 24. We introduce the 3 × 5 matrices

Q1 =

−1 0 u1 0 u2
0 −1 v1 0 v2
0 0 w1 −1 w2

 , Q2 =

−1 0 w1 0 w2
0 −1 v1 0 v2
0 0 u1 −1 u2

 ,

P =

0 0 pa,1 0 p0,a

0 0 pb,1 0 p0,b

0 0 pc,1 0 p0,c



and define

Ii = exp[Tr[PQT
i ] + λ(pa,b|Q1,2

i |+ pa,c|Q1,3
i |+ pb,c|Q2,3

i |)] .
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The A∞-terms take the form

V(V(a,b),α,c)=−(pa,c+pb,c)
(∫ 1

0
dw1

∫ w1

0
du1I1|u•=v• +

∫ 1

0
dv1

∫ v1

0
du1I2|v•=w•

)
,

V(V(a,b,α), c)= pa,b

∫ 1

0
dv1

∫ v1

0
dw1I2|u1=0,u2=1 ,

V(a,V(b,α,c))=−pb,c

(∫ 1

0
dw1

∫ w1

0
dv1I1|u1=0,u2=1+

∫ 1

0
dv1

∫ v1

0
dw1I1|u1=0,u1=2

)
,

V(a,U(b,α), c)=−pa,c

(∫ 1

0
dw1

∫ w1

0
du1I1|v1=1,v2=0+

∫ 1

0
dw1

∫ w1

0
du1I2|v1=1,v2=0

)
,

V(a,b,U(α,c))=−pa,b

∫ 1

0
dv1

∫ v1

0
du1I1|w1=1,w2=0 .

(5.29)

Here, the Z2-symmetry of the domain Vn was used in several terms. The disk diagrams
corresponding to potentials with the almost-left-ordering are shown in figure 25. Please note
that only one disk diagram is included with the arrow connected to the c-leg. Indeed, diagrams
with all lines connected to a single leg are prohibited. The expressions corresponding to
the disk diagrams in figure 25 are∫

∂W0,0,1,0
Ωa
0,0,1,0(a,b,γ,c)=

∫
∂W0,0,1,0

(pa,bdu1∧dv1+pa,cdu1∧dw1+pb,cdv1∧dw1)I1 ,∫
∂W0,1,0,0

Ωa
0,1,0,0(a,b,β,c)=

∫
∂W0,1,0,0

(pa,bdu1∧dv1+pa,cdu1∧dw1+pb,cdv1∧dw1)I1 , (5.30)∫
∂W0,1,0,0

Ωc
0,1,0,0(a,b,β,c)=

∫
∂W0,1,0,0

(−pb,cdu1∧dv1−pa,cdu1∧dw1−pa,bdv1∧dw1)I2 ,

from left to right. The domain W0,0,1,0 is given in (5.26) and the closure constraint, while
W0,1,0,0 is described by

0 ≤ u1
v1

≤ u2
v2

≤ ∞ , 0 ≤ u1
w1

≤ u2
w2

≤ ∞ , 0 ≤ v2
w2

≤ v1
w1

≤ ∞ ,

0 ≤ u1, u2, v1, v2 ≤ 1 , u1 + u2 = v1 + v2 = w1 + w2 = 1 ,
(5.31)

which simplifies to

0 ≤ u1 ≤ w1 ≤ v1 ≤ 1 , 0 ≤ v2 ≤ w2 ≤ u2 ≤ 1 .

At this point, one has to be careful when describing the boundaries of W0,1,0,0. If one
considers the boundary u1 = 0, (5.31) reduces to

0 ≤ v2
w2

≤ v1
w1

≤ ∞ , u1 + u2 = v1 + v2 = w1 + w2 = 1 ,

which is not the 2-simplex in the way we usually describe it: one has to swap v1 ↔ v2
and w1 ↔ w2 to restore the correct description of the domain, which is with the labels in
increasing order from left to right in the chain of inequalities and with the numerator and
denominator in alphabetical order. This is related to the fact that the q-vectors were assigned
differently for potentials than for nested vertices. Moreover, the potentials can be checked
to be closed in a similar way as in the left-ordering.
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Figure 25. The disk diagrams corresponding to Ωa
0,0,1,0(a, b, γ, c), Ωa

0,1,0,0(a, b, β, c) and
Ωc

0,1,0,0(a, b, β, c), respectively.

Finally, evaluating Stokes’ theorem yields the A∞-terms through

∫
∂W0,0,1,0

Ωa
0,0,1,0(a,b,γ,c)|u1=0,u2=1= pb,c

∫ 1

0
dw1

∫ w1

0
dv1I1|u1=0,u2=1∼V(a,V(b,α,c)) ,∫

∂W0,0,1,0
Ωa
0,0,1,0(a,b,γ,c)|u•=v• =(pa,c+pb,c)

∫ 1

0
dw1

∫ w1

0
du1I1|u•=v• ∼V(V(a,b),α,c) ,∫

∂W0,0,1,0
Ωa
0,0,1,0(a,b,γ,c)|w1=1,w2=0= pa,b

∫ 1

0
dv1

∫ v1

0
du1I1|w1=1,w2=0∼V(a,b,U(α,c)) ,∫

∂W0,1,0,0
Ωa
0,1,0,0(a,b,β,c)|u1=0,u2=1= pb,c

∫ 1

0
dv1

∫ v1

0
dw1I1|u1=0,u2=1∼V(a,V(b,α,c)) ,∫

∂W0,1,0,0
Ωa
0,1,0,0(a,b,β,c)|v1=1,v2=0= pa,c

∫ 1

0
dw1

∫ w1

0
du1I1|v1=1,v2=0∼V(a,U(b,α), c) ,∫

∂W0,1,0,0
Ωc
0,1,0,0(a,b,β,c)|u1=0,u2=1=−pa,b

∫ 1

0
dv1

∫ v1

0
dw1I2|u1=0,u2=1∼V(V(a,b,α), c) ,∫

∂W0,1,0,0
Ωc
0,1,0,0(a,b,β,c)|v•=w• =−(pa,c+pb,c)

∫ 1

0
dv1

∫ v1

0
du1I2|v•=w• ∼V(V(a,b),α,c) ,∫

∂W0,1,0,0
Ωc
0,1,0,0(a,b,β,c)|v1=1,v2=0=−pa,c

∫ 1

0
dw1

∫ w1

0
du1I2|v1=1,v2=0∼V(a,U(b,α), c) .

On the remaining boundaries, one finds the gluing terms

∫
∂W0,0,1,0

Ωa
0,0,1,0(a, b, γ, c)|v•=w• = (pa,b + pa,c)

∫ 1

0
dw1

∫ w1

0
du1I1|v•=w• ∼

∼
∫

∂W0,1,0,0
Ωa
0,1,0,0(a, b, β, c)|v•=w• ,∫

∂W0,1,0,0
Ωa
0,1,0,0(a, b, β, c)|u•=w• = (pa,b − pb,c)

∫ 1

0
dv1

∫ v1

0
du1I1|u•=w• ∼

∼ (pa,b − pb,c)
∫ 1

0
dv1

∫ v1

0
du1I2|u•=w• =

∫
∂W0,1,0,0

Ωc
0,1,0,0(a, b, β, c)|u•=w• .

All boundaries are visualized in figures 26–28. It is easy to see that all A∞-terms in (5.29)
are produced, together with gluing terms that cancel each other.
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α

=⇒ Ωa
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b

c
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c =⇒ Ωa
0,0,1,0(a, b, γ, c)|w1=1,w2=0

Figure 26. The disk diagrams of Ωa
0,0,1,0(a, b, γ, c) evaluated at the boundaries of W0,0,1,0.

5.3 All order generalization: left-ordered

It was already mentioned that the left and right-ordered cases are special: the domain is
different and, in particular, for N = 1 there are no gluing terms. Although gluing terms will
appear for higher orders, there will be fewer for the left and right-ordered cases, making them
easier to evaluate. In this section, we prove the A∞-relations through Stokes’ theorem at all
orders in the left-ordered case, from which the right-ordered case can easily be inferred.

A∞-terms. The left-ordered A∞-relations for r + s = N ≥ 1 read

V(V(a, b), c, α1, . . . , αN )−
∑

r+s=N

V(a,V(b, c, α1, . . . , αr), αr+1, . . . , αr+s)+

+
∑

r+s=N

V(a, b,U(c, α1, . . . , αr), αr+1, . . . , αr+s) = 0 .
(5.32)
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α
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β
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0,1,0,0(a, b, β,c)|v1=1,v0=0

Figure 27. The disk diagrams of Ωa
0,1,0,0(a, b, β, c) evaluated at the boundaries of W0,1,0,0.

The individual A∞-terms then read

V(V(a, b), c, α1, . . . , αN ) =
∫
VN

(pa,c + pb,c)N I1 ,

V(a,V(b, c, α1, . . . , αr), αr+1, . . . , αr+s) =
∫
Vs

∫
Vr

(u1
t pa,b + v1t pa,c)spr

b,cI2 ,

V(a, b,U(c, α1, . . . , αr), αr+1, . . . , αr+s) =
∫
Vs+1

∫
Vr−1

ps+1
a,b (u2

t pa,c + v2t pb,c)r−1I3 ,

(5.33)

where

Ii = exp[Tr[PQT
i ] + λ(|Q12

i |pa,b + |Q13
i |pa,c + |Q23

i |pb,c)]
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0,1,0,0(a, b, β, c)|u1=0,u2=1

a

b

c

β

−→

a

b

c

α

=⇒ Ωc
0,1,0,0(a, b, β, c)|u•=w•

a

b

c

β

−→

a

b

c

α

−→

a

b

c

α
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Figure 28. The disk diagrams of Ωc
0,1,0,0(a, b, β, c) evaluated at the boundaries of W0,1,0,0.

and

Q1 =

−1 0 0 u2
1 . . . u2

N+1
0 −1 0 u2

1 . . . u2
N+1

0 0 −1 v21 . . . v2N+1

 ,

Q2 =

−1 0 0 0 . . . 0 u2
1 . . . u2

s+1
0 −1 0 u1

1 . . . u1
r u1

r+1v
2
1 . . . u1

r+1v
2
s+1

0 0 −1 v11 . . . v1r v1r+1v
2
1 . . . v1r+1v

2
s+1

 ,

Q3 =

−1 0 0 u2
1u

1
1 . . . u2

1u
1
r u2

2 . . . u2
s+2

0 −1 0 v21u1
1 . . . v21u1

r v22 . . . v2s+2
0 0 −1 v11 . . . v1r 0 . . . 0

 ,

P =

0 0 0 pa,1 . . . pa,N p0,a

0 0 0 pb,1 . . . pb,N p0,b

0 0 0 pc,1 . . . pc,N p0,c

 . (5.34)

Domain. An example of a disk diagram for a potential with a left-ordering is
shown in figure 29. The relevant potentials and domain for m + n = N are
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a

b

c

δ1
δ2

γ1

γ2

γ3

Figure 29. Disk diagram corresponding to Ωa
0,0,3,2(a, b, c, γ1, γ2, γ3, δ2, δ1).

Ωa
0,0,m,n(a, b, c, γ1, . . . , γm, δn, . . . , δ1) and W0,0,m,n, respectively. The domain W0,0,m,n is

described by

0 ≤ u•
i , v•i , w•

i ≤ 1 ,
∑

i

(u•
i , v•i , w•

i ) = (1, 1, 1) ,

0 ≤ uc
1 ≤ vc

1 ≤ wc
1 ≤ 1 , 0 ≤ wa

1 ≤ va
1 ≤ ua

1 ≤ 1 ,

0 ≤ uc
m

vc
m

= · · · = uc
1

vc
1
≤

ua
n+1

va
n+1

≤ · · · ≤ ua
1

va
1
≤ ∞ ,

0 ≤ uc
1

wc
1
≤ · · · ≤ uc

m

wc
m

≤
ua

n+1
wa

n+1
≤ · · · ≤ ua

1
wa
1
≤ ∞ ,

0 ≤ vc
1

wc
1
≤ · · · ≤ vc

m

wc
m

≤
va

n+1
wa

n+1
= · · · = va

1
wa
1
≤ ∞ .

(5.35)

and has a special visualization in R3 in terms of the vectors q⃗a, q⃗b, q⃗c and q⃗•,i. In figure 30
we see that they form a closed polygon in R3. The domain is described by three chains of
(in)equalities that obey the same chronological ordering, as the uv-chain starts with equalities.
Therefore, the projection of the closed polygon on the uv-, uw- and vw-plane are swallowtails,
each described by one of these chains, as shown in figure 30. We refer to these polygons
(q⃗a, q⃗b, q⃗c, q⃗c,1, . . . , q⃗c,m, q⃗a,n+1, . . . , q⃗a,1) in R3 as maximally concave polygons. The equalities
in the uv-plane ensure that the vectors q⃗c,i and q⃗c,j are coplanar, whereas the equalities in
the vw-chain imply that vectors q⃗a,i and q⃗a,j are coplanar. This is depicted in figure 31 for
the domain W0,0,2,2. The blue arrows q⃗c,1 and q⃗c,2 lie in the same plane, highlighted by the
blue shaded region, while the vectors q⃗a,1, q⃗a,2 and q⃗a,3 are coplanar in the red shaded plane.

Potential. Following the recipe in section 5.1, we construct a 2N -form

Ωa
m+n(a, b, c, γ1, . . . , γm, δn, . . . , δ1)

on the space Um+n ⊇ W0,0,m,n. We construct a potential that reads

Ωa
m+n(a, b, c, γ1, . . . , γm, δn, . . . , δ1) = µIm+n ,

with

Im+n = exp[Tr[PQT ] + λ(|Q12|pa,b + |Q13|pa,c + |Q23|pb,c)] (5.36)
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q⃗a

q⃗b

q⃗c

q⃗c,1

q⃗c,2

q⃗a,2

q⃗a,1

u

v

w

Figure 30. A visual representation of the left-ordered integration domain W0,0,2,1. The vectors
(q⃗a, q⃗b, q⃗c, q⃗c,1, q⃗c,2, q⃗a,2, q⃗a,1) form a maximally concave polygon.

q⃗a

q⃗b

q⃗c

q⃗c,1

q⃗c,2

q⃗a,3

q⃗a,2

q⃗a,1

q⃗a

q⃗b

q⃗c

q⃗c,1

q⃗c,2

q⃗a,3

q⃗a,2

q⃗a,1

Figure 31. On the left (right) the blue (red) shaded region depicts the plane in which the vectors q⃗c,i

(q⃗a,i) lie in W0,0,2,2. The scale in the v-direction was doubled to accentuate the details in the pictures.

and

Q = (q⃗a, q⃗b, q⃗c, q⃗c,1, . . . , q⃗c,m, q⃗a,n, . . . , q⃗a,1) . (5.37)

The measure µ is given in (5.13). The restriction of the potential to W0,0,m,n is effectuated
by requiring

u1, . . . , um → uc
1, . . . , uc

m , um+1, . . . , um+n+1 → ua
n+1, . . . , ua

1

and

α = uc
1

vc
1
= · · · = uc

m

vc
m

,
1
β

= va
n+1

wa
n+1

= · · · = va
1

wa
1

. (5.38)

Requiring that no obvious singularities arise,8 we choose

uc
i = αvc

i , wa
i = βva

i . (5.39)

Explicitly, we write

α = uc
1

vc
1

, β = 1−∑m
i=1 wc

i

1−∑m
i=1 vc

i

.

8As an example, W0,0,m,n contains the subspace attained by setting uc
1 = 0. We can solve (5.38) by

vc
i = vc

1
uc

1
uc

i , but this looks singular at uc
1 = 0, while uc

i = uc
1

vc
1

vc
i behaves nicely as 0 ≤ uc

1 ≤ vc
1 ≤ 1.
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Finally, the potential we are interested in reads

Ωa
0,0,m,n(a,b,c,γ1, . . . ,γm, δn, . . . , δ1)=Ωa

m+n(a,b,c,γ1, . . . ,γm, δn, . . . , δ1)
∣∣∣
W0,0,m,n

=µm,nIm,n ,

with

µm,n = µ
∣∣∣
W0,0,m,n

, Im,n = Im+n

∣∣∣
W0,0,m,n

.

Solving the closure constraint for q⃗a,1, i.e.

q⃗a,1 = 1−
m∑

i=1
q⃗c,i −

n∑
i=1

q⃗a,i ,

yields the measure

µm,n = (αpa,c + pb,c)m−1(pa,b + βpa,c)n
[ n+1∑

j=2

1− va
1

va
1vc

1
va

j

× (pa,cduc
1 ∧ dvc

1 ∧ dwc
1 ∧ · · · ∧ d̂vc

j ∧ . . . dvc
m ∧ dwc

m ∧ dua
2 ∧ dva

2 ∧ · · · ∧ dua
n+1 ∧ dva

n+1

+ pb,cduc
1 ∧ dvc

1 ∧ dwc
1 ∧ · · · ∧ d̂uc

j ∧ . . . dvc
m ∧ dwc

m ∧ dua
2 ∧ dva

2 ∧ · · · ∧ dua
n+1 ∧ dva

n+1)

+ pb,cdvc
1 ∧ dwc

1 ∧ . . . dvc
m ∧ dwc

m ∧ dua
2 ∧ dva

2 ∧ · · · ∧ dua
n+1 ∧ dva

n+1

]
,

where the symbol .̂ denotes omission and

Im,n = exp[Tr[PQT
m,n] + λ(|Q12

m,n|pa,b + |Q13
m,n|pa,c + |Q23

m,n|pb,c)] ,

for

Qm,n =

−1 0 0 αvc
1 . . . αvc

m ua
n+1 . . . ua

1
0 −1 0 vc

1 . . . vc
m va

n+1 . . . va
1

0 0 −1 wc
1 . . . wc

m βva
n+1 . . . βva

1

 (5.40)

and P as defined in (5.34). From now on we will omit the arguments of Ωa
0,0,m,n, as they

should be clear from the subscript.
The domain W0,0,m,n (5.35) is vastly more complicated than the domains discussed in

the lower order examples. In particular, the chains of (in)equalities introduce new types
of boundaries. In the following, we will categorize the boundaries according to whether
the differential form Ωa

0,0,m,n evaluates to an A∞-term, gluing term, zero, or the boundary
turns out to be a higher codimension boundary. Of course, the latter does not play a role in
Stokes’ theorem and therefore does not contribute to the proof. In principle, saturating any
inequality in (5.35) leads to a boundary, but some inequalities might seem to be missing in this
categorization. This is simply because they are already accounted for in some other boundary.
For example, the uw-chain can almost entirely be derived from the uv- and vw-chain.

A∞-terms. The same boundaries that were present in the left-ordered N = 1 example yield
A∞-terms, with the boundary wc

1 = 1 taking a more general form, see boundary 5.
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a

b

c

δ1
γ1

γ2

−→ a

α3 c

b

α1α2

Figure 32. An example of boundary 1 contributing to V(a,V(b, c, α1, α2), α3).

• Boundary 1: at this boundary

u•
i = 0 .

If ua
i = 0, the uv-chain becomes

0 ≤ uc
m

vc
m

≤ · · · ≤ uc
1

vc
1
≤

ua
n+1

va
n+1

≤ · · · ≤ 0
va

i

≤ · · · ≤ ua
1

va
1
≤ ∞ ,

which forces uc
j = 0 for j = 1, . . . , m and ua

j = 0 for j ≥ i. This leads to a higher
codimension boundary. However, if uc

i = 0 for i = 1, . . . , m, leading to α = 0, and the
other u-variables nonzero, we find an A∞-term. After the change of coordinates

vc
i → u1

i , wc
i → v1i , for i = 1, . . . , m ,

ua
i → u2

n+2−i , va
i → u1

m+1v
2
n+2−i , wa

i → v1m+1v
2
n+2−i , for i = 1, . . . , n + 1 ,

this boundary is identified as Vn × Vm and∫
∂W0,0,m,n

Ωa
0,0,m,n|uc

i=0 ∼ V(a,V(b, c, α1, . . . , αm), αm+1, . . . , αm+n)

on this boundary, with the exception of V(a,V(b, c), α1, . . . , αn), since the recipe required
at least one element of V ∗ to be attached to the c-leg. An example of a disk diagram
at this boundary is shown in figure 32.

• Boundary 2: at this boundary

uc
1 = vc

1 .

The uv-chain of (in)equalities then becomes

1 ≤
ua

n+1
va

n+1
≤ · · · ≤ ua

1
va
1
≤ ∞

and the closure constraint requires uc
i = vc

i for i = 1, . . . , m and ua
i = va

i for i =
1, . . . , n + 1. However, this describes a higher codimension boundary, except for n = 0.
In this case, we find, after the change of coordinates

vc
i → u2

i , wc
i → v2i , for i = 1, . . . , m ,

ua
1 → u2

m+1 , va
1 → u2

m+1 , wa
1 → v2m+1 ,
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a

b

c
γ1

γ2

−→

a

b

c
γ1

γ2

−→

a

b

c

α1

α2

Figure 33. An example of boundary 2 contributing to V(V(a, b), c, α1, α2).

that the boundary is identified as Vm × V0 and∫
∂W0,0,m,0

Ωa
0,0,m,0|uc

1=vc
1
∼ V(V(a, b), c, α1, . . . , αm)

on this boundary. An example of a disk diagram at this boundary is shown in figure 33.

• Boundary 3: at this boundary

vc
1 = wc

1 .

The vw-chain of (in)equalities then becomes

1 ≤ vc
2

wc
2
≤ · · · ≤ vc

m

wc
m

≤
va

n+1
wa

n+1
= · · · = va

1
wa
1
≤ ∞

and the closure constraint requires vc
i = wc

i for i = 1, . . . , m and va
i = wa

i for i =
1, . . . , n + 1. However, this describes a higher codimension boundary, except when
m = 1. In that case, we find after the change of coordinates

uc
1 → u2

1 , vc
1 → v21 , wc

1 → v21 ,

ua
i → u2

n+3−i , va
i → v2n+3−i , for i = 1, . . . , n + 1 ,

that the boundary is identified as Vn+1 × V0 and∫
∂W0,0,1,n

Ωa
0,0,1,n|vc

1=wc
1
∼ V(a,V(b, c), α1, . . . , αn+1)

on this boundary. An example of a disk diagram at this boundary is shown in figure 34.

• Boundary 4: at this boundary

w•
i = 1 .

If wa
i = 1, this requires both β = 1 and va

i = 1 and yields a higher codimension
boundary. Next, we consider wc

i = 1. Then, the closure condition requires all other w
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a

b

c

δ1
γ1

−→

a

b

c

δ1
γ1

−→ a

α1

α2 c

b

Figure 34. An example of boundary 3 contributing to V(a,V(b, c), α1, α2).

a

b

c

δ1
γ1

−→

a

b

α2

α1

c

Figure 35. An example of boundary 4 contributing to V(a, b,U(c, α1), α2).

variables to be zero, which leads to β = 0. This yields a higher codimension boundary,
except for m = 1. After the change of coordinates

uc
1 → u2

1 , vc
1 → v21 ,

ua
i → u2

n+3−i , va
i → v2n+3−i , for i = 1, . . . , n + 1 ,

the boundary is identified as Vn+1 × V0 and∫
∂W0,0,1,n

Ωa
0,0,1,n|wc

1=1 ∼ V(a, b,U(c, α1), α2, . . . , αn+1)

on this boundary. An example of a disk diagram at this boundary is shown in figure 35.

• Boundary 5: at this boundary

w•
i = 0 .

If wc
i = 0, the uw-chain is equivalent to

∞ ≥ wc
1

uc
1
≥ · · · ≥ 0+

uc
i

≥ · · · ≥ wc
m

uc
m

≥
wa

n+1
ua

n+1
≥ · · · ≥ wa

1
ua
1
≥ 0 ,

which forces wc
j = 0 for j ≤ i and wa

j = 0 for j = 1, . . . , n + 1. This leads to a higher
codimension boundary. Next we consider wa

i = 0, which leads to β = 0. For m = 1 this
is equivalent to boundary 4. After the change of coordinates

uc
1 → u2

1u
1
1 ,

vc
i → v21u1

i , wc
i → v1i , for i = 1, . . . , m ,

ua
i → u2

n+3−i , va
i → v2n+3−i , for i = 1, . . . , n + 1
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a

b

c

δ1
γ1

γ2

−→

a

b

α3 α1

α2

c

Figure 36. An example of boundary 5 contributing to V(a, b,U(c, α1, α2), α3).

a

b

c

δ1
γ1

γ2

−→

a

b

c

α3
α1

α2

Figure 37. An example of boundary 6 contributing to a gluing term.

the boundary is identified as Vn+1 × Vm−1 and∫
∂W0,0,m,n

Ωa
0,0,m,n|wa

i =0 ∼ V(a, b,U(c, α, . . . , αm), αm+1 . . . , αm+n)

on this boundary, with the exception of V(a, b,U(c, α1), α2, . . . , αn+1). An example of
a disk diagram at this boundary is shown in figure 36.

Gluing terms.

• Boundary 6: at this boundary

vc
m

wc
m

= va
n+1

wa
n+1

.

For m = 1 the vw-chain becomes

0 ≤ vc
1

wc
1
= va

n+1
wa

n+1
= · · · = va

1
wa
1
≤ ∞ .

The closure constraint then requires v•i = w•
i , so this boundary is equivalent to boundary

3 when m = 1. For m ̸= 1,
∫

∂W0,0,m,n
Ωa

0,0,m,n does not yield a familiar A∞-term and
it does not vanish either. An example of a disk diagram at this boundary is shown in
figure 37.

• Boundary 7: at this boundary

uc
1

vc
1
= ua

n+1
va

n+1
.
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a

b

c

δ1
γ1

γ2

−→

a

b

c

α3
α1

α2

Figure 38. An example of boundary 7 contributing to a gluing term.

For n = 0 the uv-chain becomes

0 ≤ uc
1

vc
1
= · · · = uc

m

vc
m

= ua
1

va
1
≤ ∞ .

The closure constraint then requires u•
i = v•i , so this boundary is equivalent to boundary

2 when n = 0. For n ̸= 0,
∫

∂W0,0,m,n
Ωa

0,0,m,n does not yield a familiar A∞-term and it
does not vanish either. An example of a disk diagram at this boundary is shown in
figure 38.

Fortunately, it turns out not to be necessary to explicitly evaluate Ωa
0,0,m,n on boundary

6 and 7, as the contributions can be seen to cancel each other by construction. Ωa
0,0,m,n on

boundary 6 is found by restricting Ωa
m+n to a submanifold by requiring

uc
1

vc
1
= · · · = uc

m

vc
m

,
vc

m

wc
m

= va
n+1

wa
n+1

= · · · = va
1

wa
1

,

while on boundary 7 one invokes

uc
1

vc
1
= · · · = uc

m

vc
m

= ua
n+1

va
n+1

,
va

n+1
wa

n+1
= · · · = va

1
wa
1

.

Clearly, boundary 6 is equivalent to boundary 7 after the shift m → m + 1 and n → n − 1
and relabeling of the variables. Since (5.5) sums over all m, n, such that m + n = N , all
gluing terms cancel pairwise.

Zero measure terms. Remember the definition q⃗•,i = (u•
i , v•i , w•

i ) for the vectors that fill
up the matrix QD. From (5.13) it is clear that if two q-vectors are colinear , e.g. q⃗c,i = ξq⃗c,j ,
with ξ ∈ R, then µc

i ∧ µc
j = 0.

• Boundary 8: at this boundary

vc
i

wc
i

=
vc

i+1
wc

i+1
, for i = 1, . . . , m − 1 ,

which makes the vectors q⃗c,i and q⃗c,i+1 colinear and the measure in Ωa
0,0,m,n vanishes on

this boundary.

• Boundary 9: at this boundary

ua
i

va
i

=
ua

i+1
va

i+1
for i = 1, . . . , n ,
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which makes the vectors q⃗a,i and q⃗a,i+1 colinear. As a result the measure in Ωa
0,0,m,n

vanishes on this boundary.

Higher codimension boundaries. Some types of boundaries are necessarily higher
codimension boundaries: saturating one inequality leads to saturation of more inequalities
and hence the resulting submanifold is parameterized by less than 2(m + n) independent
coordinates. We have seen examples of this for the boundaries that also produce A∞-terms
for specific values of m and n. Here we present the higher codimension boundaries that
are not discussed yet.

• Boundary 10: at this boundary

v•i = 0 .

The vw-chain becomes

0 ≤ vc
1

wc
1

≤ · · · ≤ 0
wc

i

≤ · · · ≤ vc
m

wc
m

≤ va
n+1

wa
n+1

= · · · = va
1

wa
1

≤ ∞ , or

0 ≤ vc
1

wc
1

≤ · · · ≤ vc
m

wc
m

≤ va
n+1

wa
n+1

= · · · = 0
wa

i

= · · · = va
1

wa
1

≤ ∞ ,

which implies vc
j = 0 for j < i or all v-variables zero, respectively. In both cases one

finds a higher codimension boundary. Only for vc
1 = 0, the vw-chain is not responsible

for a higher codimension boundary, but the condition

0 ≤ uc
1 ≤ vc

1 ≤ wc
1 ≤ 1

is, as it imposes uc
1 = vc

1 = 0.

• Boundary 11: at this boundary

u•
i = 1 .

The closure constraint implies that all other u-variables vanish. If m = 1 and n = 0
and the boundary is given by uc

1 = 1, the condition

0 ≤ uc
1 ≤ vc

1 ≤ wc
1 ≤ 1

implies uc
1 = vc

1 = wc
1 = 1.

• Boundary 12: at this boundary

v•i = 1 .

The closure constraint implies that all other v-variables vanish. If m = 1 and n = 0
and the boundary is given by vc

1 = 1, the condition

0 ≤ uc
1 ≤ vc

1 ≤ wc
1 ≤ 1

implies vc
1 = wc

1 = 1.

– 54 –



J
H
E
P
0
6
(
2
0
2
4
)
1
8
6

• Boundary 13: at this boundary

uc
m

wc
m

= ua
n+1

wa
n+1

.

Since

uc
m

vc
m

vc
m

wc
m

= uc
m

wc
m

≤
ua

n+1
wa

n+1
= ua

n+1
va

n+1

va
n+1

wa
n+1

and

uc
m

vc
m

≤
ua

n+1
va

n+1
,

vc
m

wc
m

≤
va

n+1
wa

n+1
,

this boundary implies uc
m

vc
m

= ua
n+1

va
n+1

and vc
m

wc
m

= va
n+1

wa
n+1

and thus yields a higher codimension
boundary.

With the above categorization of boundaries, we have established the equivalence of
Stokes’ theorem for Ωa

0,0,m,n on W0,0,m,n and the left-ordered A∞-relation, (5.5), that is,

0 =
∑

m+n=N

∫
W0,0,m,n

dΩa
0,0,m,n =

∑
m+n=N

∫
∂W0,0,m,n

Ωa
0,0,m,n ⇐⇒ A∞-relations . (5.41)

The same proof for the right-ordered A∞-relations can easily be inferred from (5.7), which
relates potentials of the type Ωa

k,l,m,n with Ωc
k,l,m,n. The disk diagram of the potential Ωc

m,0,0,n

is just the mirror image of the disk diagram for Ω0,0,m,n. It is easy to see from (5.20) that the
right-ordered A∞-terms can be obtained from the left-ordered ones by mirror symmetry as well.

5.4 All order generalization: arbitrary ordering

In the previous section, we considered the A∞-relations with a specific ordering. Now we
turn to the A∞-relations with arbitrary ordering. These A∞-relations are given in (5.3) and
the A∞-terms are presented in (5.20). The corresponding Q matrices are given in (5.21).
As we explained in section 5.1, there are two types of diagrams and potentials: the a- and
c- diagrams that correspond to potentials Ωa

k,l,m,n and Ωc
k,l,m,n, respectively. Two examples

of these types of diagrams are shown in figure 10. We also illustrated how the potentials
related to the latter type of diagram can be obtained from the former in (5.7). Hence, we will
thoroughly discuss the a-diagrams, after which we only state the results for the c-diagrams
that contribute to the proof.

We consider the potentials Ωa
k,l,m,n that we constructed in section 5.1. We note that the

restriction (5.16) to Wk,l,m,n ⊂ UN can be solved in a multitude of ways. It will be a matter
of convenience. In the left-ordered case, we required the coordinates to be nonsingular on
all of W0,0,m,n, but it turns out that there is not a single chart that covers all of Wk,l,m,n.
This is easy to see from the equalities in the uw-chain that allows one to solve, for instance,
ub

l = α
β wb

l or wb
l = β

αub
l , which both can become singular. Therefore, we will have to use
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Figure 39. A disk diagram that corresponds to Ωa
1,2,2,1(a, α1, δ1, β2, b, β1, γ1, c, γ2).

various charts to describe the boundaries. The charts are constructed by choosing

uc
i = αvc

i or vc
i = uc

i

α
, for i = 1, . . . , m ,

ub
i =

α

β
wb

i or wb
i = β

α
ub

i , for i = 1, . . . l ,

wa
i = βva

i or va
i = wa

i

β
, for i = 1, . . . , k + n + 1 .

It will be clear from the context which chart was chosen.
Like in the left-ordered case, here follows a categorization of the potentials evaluated on

all boundaries of Wk,l,m,n. Remember that for the left-ordered case k = l = 0. These cases
will be included in the following discussion, but not only as the left-ordered case: potentials
with no lines attached to the a- and b-leg can still contribute to different orderings. One
difference with the left-ordered case is that on the boundaries where we find A∞-terms, we
find gluing terms as well, depending on the orientation of the red lines in the diagrams.
Moreover, in the following categorization of a-diagrams we only consider potentials Ωa

k,l,m,n

and it is therefore not sufficient to prove (5.5). This categorization, however, is followed by a
recipe for extracting the same information for the potentials Ωc

k,l,m,n and a brief categorization
of the c-diagrams that contribute to Stokes’ theorem. This completes the proof.

a-diagrams. The boundaries that yield A∞-terms are a bit more subtle than before. Namely,
some boundaries that produce A∞-terms equally produce gluing terms, depending on the
orientation of a particular line attached to one of the legs. This happens for boundaries
where the green region is drawn on either one of the legs near the junction and for those
diagrams we will show both options.

• Boundary 1: at this boundary

u•
i = 0 .

If ua
i = 0, the uv-chain becomes

0 ≤ ub
1

vb
1
≤ · · · ≤ ub

l

vb
l

≤ uc
m

vc
m

= · · · = uc
1

vc
1
≤

ua
k+n+1

va
k+n+1

≤ · · · ≤ 0
va

i

≤ · · · ≤ ua
1

va
1
≤ ∞ ,
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Figure 40. An example of boundary 1 contributing to V(a, α1, α2,V(α3, b, α4, α5, c, α6)).

a

b

c
γ1

γ2

−→

a

b

c
γ1

γ2

−→

a

b

c

α1

α2

Figure 41. An example of boundary 2 contributing to V(V(a, b), α1, c, α2).

which leads to uc
j = 0 for j = 1, . . . , m, ub

j = 0 for j = 1, . . . , l and ua
j = 0 for j ≥ i.

This yields a higher codimension boundary. Next we consider uc
i = 0 for i = 1, . . . , m

and ub
i = 0 for i = 1, . . . , l, which leads to α = 0. After the change of coordinates

vc
i →u1

i , wc
i → v1i , for i=1, . . . ,m,

vb
i →u1

m+l+2−i , wb
i → v1m+l+2−i , for i=1, . . . , l ,

ua
i →u2

n+k+2−i , va
i →u1

m+1v
2
n+k+2−i , wa

i → v1m+1v
2
n+k+2−i , for i=1, . . . ,k+n+1 ,

the boundary is identified as Vk+n × Vm+l and∫
∂Wk,l,m,n

Ωa
k,l,m,n|uc

i=ub
i=0 ∼

∼ V(•, . . . , •, a, •, . . . , •,V(•, . . . , •, b, •, . . . , •, c, •, . . . , •), •, . . . , •)

on this boundary, with the exception of V(•, . . . , •, a, •, . . . , •,V(b, c), •, . . . , •). An
example of a disk diagram at this boundary is shown in figure 40.

• Boundary 2: at this boundary

uc
1 = vc

1 .

This is only a boundary if l = 0, in which case it is a higher codimension boundary
unless k = n = 0, like in the left-ordered case. The uv-chain then reads

1 = uc
m

vc
m

≤ · · · ≤ uc
1

vc
1
≤ ua

1
va
1

.
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c
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α1

δ1

−→

a

b

c
γ1

α1

δ1

−→ a

α2

α3

α1

c

b

Figure 42. An example of boundary 3 contributing to V(a, α1, α2,V(b, c), α3).

The closure constraint now forces u•
i = v•i . Then, after a change of coordinates

vc
i → u2

i , wc
i → v2i , for i = 1, . . . , m ,

ua
1 → u2

m+1 , wa
1 → v2m+1 ,

the boundary is identified as Vm × V0 and∫
∂W0,0,m,0

Ωa
0,0,m,0|uc

1=vc
1
∼ V(V(a, b), •, . . . , •, c, •, . . . , •)

on this boundary. Since the line connected to the output arrow can only have one
orientation, there is only one disk diagram at this boundary shown in figure 41.

• Boundary 3: at this boundary

vc
1 = wc

1 .

The vw-chain becomes

1 = vc
1

wc
1
≤ · · · ≤ vc

m

wc
m

≤
va

k+n+1
wa

k+n+1
= · · · = va

1
wa
1
≤ vb

l

wb
l

≤ · · · ≤ vb
1

wb
1
≤ ∞ .

and implies v•i ≥ w•
i . The closure constraint then leads to v•i = w•

i , which gives a higher
codimension boundary, except for l = 0, m = 1. Then after the change of coordinates

uc
1 → u2

1 , vc
1 → v21 ,

ua
i → u2

k+n+3−i , va
i → v2k+n+3−i , for i = 1, . . . , k + n + 1 ,

the boundary is identified as Vk+n+1 × V0 and∫
∂Wk,0,1,n

Ωa
k,0,1,n|vc

1=wc
1
∼ V(•, . . . , •, a, •, . . . , •,V(b, c), •, . . . , •)

on this boundary. An example of a disk diagram at this boundary contributing to the
A∞-term is shown in figure 42, while figure 43 shows a disk diagram contributing to a
gluing term.
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a

b

c
γ1α1

δ1

−→

a

b

c

α3

α1

α2

Figure 43. An example of boundary 3 contributing to a gluing term.

c

b

a

α1

δ1
β1

−→
c

b

a

α1

δ1
β1

−→ a

α2

α3
α1

c

b

Figure 44. An example of boundary 4 contributing to V(a, α1, α2, α3,V(b, c)).

• Boundary 4: at this boundary

vb
1 = wb

1 .

The vw-chain becomes

0 ≤ vc
1

wc
1
≤ · · · ≤ vc

m

wc
m

≤
va

k+n+1
wa

k+n+1
= · · · = va

1
wa
1
≤ vb

l

wb
l

≤ · · · ≤ vb
1

wb
1
= 1

and implies v•i ≤ w•
i for i = 1, . . . , N + 1. The closure constraint then leads to v•i = w•

i ,
which leads to a higher codimension boundary, except for l = 1, m = 0. Then, after the
change of coordinates

ub
1 → u2

1 , vb
1 → v21 ,

ua
i → u2

k+n+3−i , va
i → v2k+n+3−i , for i = 1, . . . , k + n + 1 ,

the boundary is identified as Vk+n+1 × V0 and∫
∂Wk,1,0,n

Ωa
k,1,0,n|vb

1=wb
1
∼ V(•, . . . , •, a, •, . . . , •,V(b, c), •, . . . , •)

on this boundary. An example of a disk diagram at this boundary contributing to the
A∞-term is shown in figure 44, while figure 45 shows a disk diagram contributing to a
gluing term.

• Boundary 5: at this boundary

w•
i = 1 .
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a

α1

α2
α3

Figure 45. An example of boundary 4 contributing to a gluing term.

c

b

a

α1

δ1 β1β2

γ1−→

a

b
α2

α1

α3

α4

α5

c

Figure 46. An example of boundary 5 contributing to V(a, α1, α2, α3, b, α4,U(α5, c)).

The closure constraint forces all other w-variables to be zero. This yields a higher
codimenion boundary, except for m = 1 and wc

1 = 1, which leads to β = 0. After the
change of coordinates

uc
1 → u2

l+1 , vc
1 → v2l+1 ,

ub
i → u2

i , vb
i → v2i , for i = 1, . . . , l ,

ua
i → u2

k+n+l+3−i , va
i → v2k+n+l+3−i , for i = 1, . . . , k + n + 1 .

the boundary is identified as Vk+l+n+1 ×V0. The canonical ordering of the q-vectors in
Q in the resulting nested disk diagram is different than the canonical ordering of the
corresponding A∞-term. We therefore rewrite the matrix Q as

Q = (q⃗a, q⃗b, q⃗c, q⃗c,1q⃗b,1 , . . . , q⃗b,l, q⃗a,k+n+1, . . . , q⃗a,1) .

It can now be seen that∫
∂Wk,l,1,n

Ωa
k,l,1,n|wc

1=1 ∼ V(•, . . . , •, a, •, . . . , •, b, •, . . . , •,U(c, •), •, . . . , •)

and ∫
∂Wk,l,1,n

Ωa
k,l,1,n|wc

1=1 ∼ V(•, . . . , •, a, •, . . . , •, b, •, . . . , •,U(•, c), •, . . . , •)

on this boundary. An example of a disk diagram at this boundary is shown in figure 46.

• Boundary 6: at this boundary

w•
i = 0 .
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Figure 47. An example of boundary 6 contributing to V(a, α1, α2, α3, b, α4,U(α5, c, α6)).

For m = 1 and wc
1 = 1, this is the same as boundary 5. Otherwise, if wc

i = 0, the
uw-chain is equivalent to

0 ≥ wa
1

ua
1
≥ · · · ≥

wa
k+n+1

ua
k+n+1

≥ wb
1

ub
1
= · · · = wb

l

ub
l

≥ wa
m

uc
m

≥ · · · ≥ 0+
uc

i

≥ · · · ≥ wc
1

uc
1
≥ ∞ ,

which forces wc
j = 0 for j > i and wa

k = wb
k = 0 for any k. This leads to a higher

codimension boundary. Only when we consider wa
i = 0 for i = 1, . . . , k + n + 1 and

wb
i = 0 for i = 1, . . . , l, we find an A∞-term. Then, after the change of coordinates

uc
1 → u2

l+1u
1
1 ,

vc
i → v2l+1u

1
i , wc

i → v1i , for i = 1, . . . , m

ub
i → u2

i , vi → v2i , for i = 1, . . . , l ,

ua
i → u2

k+l+n+3−i , va
i → v2k+l+n+3−i , for i = 1, . . . , k + n + 1

the boundary is identified as Vk+l+n+1 × Vm−1. We also change the matrix Q, such
that it corresponds to the canonical ordering for nested vertices. It then reads

Q = (q⃗a, q⃗b, q⃗c, q⃗c,1, . . . , q⃗c,m, q⃗b,1, . . . , q⃗b,l, q⃗a,k+n+1, . . . , q⃗a,1) .

It can now be seen that∫
∂Wk,l,m,n

Ωa
k,l,m,n|wa

i =wb
i=0∼V(•, . . . ,•,a,•, . . . ,•, b,•, . . . ,•,U(•, . . . ,•, c,•, . . . ,•),•, . . . ,•)

on this boundary, with the exception of V(•, . . . , •, a, •, . . . , •, b, •, . . . , •,U(c, •), •, . . . , •)
and V(•, . . . , •, a, •, . . . , •, b, •, . . . , •,U(•, c), •, . . . , •). An example of a disk diagram at
this boundary is shown in figure 47.

• Boundary 7: at this boundary

v•i = 1 .

The closure constraint forces all other v-variables to be zero. This yields a higher
codimension boundary, except for l = 1 and vb

1 = 1. Then, after the change of variables

uc
i → u2

i , wc
i → v2i , for i = 1, . . . , m ,

ub
1 → u2

m+1 , wb
1 → v2m+1 ,

ua
i → u2

k+m+n+3−i , wa
i → v2k+m+n+3−i , for i = 1, . . . , k + n + 1
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Figure 48. An example of boundary 7 contributing to V(a, α1, α2,U(b, α3), α4, c, α5).

c

b

a

α1

δ1 β1β2

γ1

γ2

−→

a

c

α1

α2

α5

α6

b

α3

α4

Figure 49. An example of boundary 8 contributing to V(a, α1, α2,U(α3, b, α4), α5, c, α6).

the boundary is identified as Vk+m+n+1 × V0. We also change the matrix Q, such that
it corresponds to the canonical ordering for nested vertices. It then reads

Q = (q⃗a, q⃗b, q⃗c, q⃗b,1, q⃗c,1, . . . , q⃗c,m, q⃗a,k+n+1, . . . , q⃗a,1) .

It can now be seen that∫
∂Wk,1,m,n

Ωa
k,1,m,n|vb

1=1 ∼ V(•, . . . , •, a, •, . . . , •,U(b, •), •, . . . , •, c, •, . . . , •)

and ∫
∂Wk,1,m,n

Ωa
k,1,m,n|vb

1=1 ∼ V(•, . . . , •, a, •, . . . , •,U(•, b), •, . . . , •, c, •, . . . , •)

on this boundary. An example of a disk diagram at this boundary is shown in figure 48.

• Boundary 8: at this boundary

v•i = 0 .

The vw-chain becomes

0 ≤ vc
1

wc
1
≤ · · · ≤ vc

m

wc
m

≤
va

k+n+1
wa

k+n+1
= · · · = 0+

wa
i

= · · · = va
1

wa
1
≤ vb

l

wb
l

≤ · · · ≤ vb
1

wb
1
≤ ∞ ,

0 ≤ vc
1

wc
1
≤ · · · ≤ vc

m

wc
m

≤
va

k+n+1
wa

k+n+1
= · · · = va

1
wa
1
≤ vb

l

wb
l

≤ · · · ≤ 0+
wb

i

· · · ≤ vb
1

wb
1
≤ ∞

if va
i = 0 and vb

i = 0, respectively. This forces all va
i = 0 and vc

i = 0 in both cases,
while in the latter we also have vb

j = 0 for j > i. This leads to a higher codimension
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Figure 50. Two examples of boundary 9 contributing to a gluing term, with both orientations of β2.

boundary. It is only when vc
i = 0 for i = 1, . . . , m and va

i = 0 for i = 1, . . . , k + n + 1,
that one finds an A∞-term. After the change of variables

uc
i → u2

i , wc
i → v2i , for i = 1, . . . , m ,

ub
i → u2

m+1u
1
i , vb

i → v1i , wb
i → v2m+1u

1
1 , for i = 1, . . . , l ,

ua
i → u2

k+m+n+3−i , wa
i → v2k+m+n+3−i , for i = 1, . . . , k + n + 1 ,

the boundary is identified as Vk+m+n+1 × Vl−1. We also change the matrix Q, such
that it corresponds to the canonical ordering for nested vertices. It then reads

Q = (q⃗a, q⃗b, q⃗c, q⃗b,1, . . . , q⃗b,l, q⃗c,1, . . . , q⃗c,m, q⃗a,k+n+1, . . . , q⃗a,1) .

It can now be seen that∫
∂Wk,l,m,n

Ωa
k,l,m,n ∼ V(•, . . . , •, a, •, . . . , •,U(•, . . . , •, b, •, . . . , •), •, . . . , •, c, •, . . . , •)

on this boundary, with the exception of V(•, . . . , •, a, •, . . . , •,U(b, •), •, . . . , •, c, •, . . . , •)
and V(•, . . . , •, a, •, . . . , •,U(•, b), •, . . . , •, c, •, . . . , •). An example of a disk diagram at
this boundary is shown in figure 49.

Gluing terms.

• Boundary 9: at this boundary

uc
m

vc
m

= ub
l

vb
l

.

∫
∂Wk,l,m,n

Ωa
k,l,m,n does not yield a familiar A∞-term on this boundary and it does not

vanish either. An example of a disk diagram at this boundary is shown in figure 50.

• Boundary 10: at this boundary

uc
1

vc
1
=

ua
k+n+1

va
k+n+1

.

For k = l = n = 0 the uv-chain becomes

0 ≤ uc
m

vc
m

= · · · = uc
1

vc
1
= ua

1
va
1
≤ ∞ .
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Figure 51. Two examples of boundary 10 contributing to a gluing term, with both orientations of δ1.

c

b

a

α1

β1β2

γ1

γ2

−→
c

b

a

α1

α3α2

α4

α5

Figure 52. Special case of a gluing term coming from boundary 10. This gluing term is cancelled by
a gluing term coming from a potential of the type Ωc

k,l,m,n.

The closure constraint then gives u•
i = v•i , so this boundary is equivalent to boundary

2 when k = l = n = 0 and does not yield a gluing term, but an A∞-term instead.
Otherwise,

∫
∂Wk,l,m,n

Ωa
k,l,m,n does not yield a familiar A∞-term on this boundary and

it does not vanish either. An example of a disk diagram at this boundary is shown in
figure 51. Gluing terms corresponding to the same type as the left diagram cancel with
gluing terms belonging to the type of diagrams on the left of figure 50. A special type
of gluing term with no elements between the junction and the output arrow, i.e. n = 0,
is shown in figure 52. This is the only type of gluing term that does not cancel with
any other gluing term from the potential Ωa

k,l,m,n, but rather from the type Ωc
k,l,m,n,

‘gluing’ them together.

• Boundary 11: at this boundary

vc
m

wc
m

=
va

k+n+1
wa

k+n+1
.

For l = 0, m = 1 the vw-chain reads

0 ≤ vc
1

wc
1
=

va
k+n+1

wa
k+n+1

= · · · = va
1

wa
1
≤ ∞ .

The closure constraint then gives v•i = w•
i , so this boundary is equivalent to boundary

3 when l = 0 and m = 1, producing either a gluing term or an A∞-term. Otherwise,∫
∂Wk,l,m,n

Ωa
k,l,m,n does not yield a familiar A∞-term on this boundary and it does not

vanish either. An example of a disk diagram at this boundary is shown in figure 53.
Gluing terms corresponding to the type of diagrams on the left cancel with gluing terms
belonging to the type of diagrams on the right of figure 51, while the type of diagrams
on the right cancel with the diagrams of the type on the right of figure 50.
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Figure 53. Two examples of boundary 11 contributing to a gluing term, with both orientations of γ2.

c

b

a

α1

δ1 β1β2

−→
c

b

a

α1

α2 α4α3

c

b

a

α1

δ1 β1
β2

−→
c

b

a

α1

α2 α3
α4

Figure 54. Two examples of boundary 12 contributing to a gluing term, with both orientations of β2.

• Boundary 12: at this boundary

va
1

wa
1
= vb

l

wb
l

.

This implies wb
l = βvb

l and from

ub
l

wb
l

= 1
β

ub
l

vb
l

= α

β

we get ub
l

vb
l

= α = uc
m

vc
m

, so we find that this boundary is equivalent to boundary 9. It
is only when m = 0 that boundary 9 does not exist and we have to consider this one.∫

∂Wk,l,m,n
Ωa

k,l,m,n does not yield a familiar A∞-term on this boundary and it does not
vanish either. The disk diagrams at this boundary resemble the ones in figure 50 when
there are no lines attached to the c-leg. An example of a disk diagram at this boundary
is shown in figure 54. Gluing terms corresponding to the type of diagrams on the right
cancel with gluing terms belonging to the type of diagrams on the right of figure 53.

• Boundary 13: at this boundary

ub
1

wb
1
=

ua
k+n+1

wa
k+n+1

.

This implies wa
k+n+1 =

β
αua

k+n+1 and from

va
k+n+1

wa
k+n+1

= α

β

va
k+n+1

ua
k+n+1

= 1
β
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c

b

a

α1

δ1 β1β2

−→
c

b

a

α1

α2
α4α3

c

b

a

α1

δ1

β1β2

−→
c

b

a

α1

α4

α3α2

Figure 55. Two examples of boundary 13 contributing to a gluing term, with both orientations of δ1.

we get ua
k+n+1

va
k+n+1

= α = uc
1

vc
1
, so we find that this boundary is equivalent to boundary 10. It

is only when m = 0 that boundary 10 does not exist and we have to consider this one.∫
∂Wk,l,m,n

Ωa
k,l,m,n does not yield a familiar A∞-term on this boundary and it does not

vanish either. The disk diagrams at this boundary resemble the ones in figure 51 when
there are no lines attached to the c-leg. An example of a disk diagram at this boundary
is shown in figure 55. Gluing terms corresponding to the type of diagrams on the left
cancel with gluing terms belonging to the type of diagrams on the left of figure 54,
while the type of diagrams on the right cancel with gluing terms corresponding to the
left of figure 53.

• Boundary 14: at this boundary

uc
m

wc
m

= ub
l

wb
l

.

This implies uc
m = α

β wc
m and from

uc
m

vc
m

= α

β

wc
m

vc
m

= α

we get vc
m

wc
m

= 1
β = va

k+n+1
wa

k+n+1
, so we find that this boundary is equivalent to boundary 11.

Boundary 11 does not exist when m = 0, but neither does this one. This means that
this boundary is always equivalent to boundary 11.

Zero measure terms.

• Boundary 15: at this boundary
vc

i

wc
i

=
vc

i+1
wc

i+1
, for i = 1, . . . , m − 1 ,

which makes the vectors q⃗c,i and q⃗c,i+1 colinear and the measure in Ωa
k,l,m,n vanishes on

this boundary.

• Boundary 16: at this boundary

vb
i

wb
i

=
vb

i+1
wb

i+1
, for i = 1, . . . , l − 1 ,

which makes the vectors q⃗b,i and q⃗b,i+1 colinear and the measure in Ωa
k,l,m,n vanishes on

this boundary.
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• Boundary 17: at this boundary

va
i

wa
i

=
va

i+1
wa

i+1
, for i = 1, . . . , k + n ,

which makes the vectors q⃗a,i and q⃗a,i+1 colinear and the measure in Ωa
k,l,m,n vanishes on

this boundary.

Higher codimension boundaries.

• Boundary 18: at this boundary

u•
i = 1 .

The closure constraint implies that all other u-variables are zero. If m = 1 and
k = l = n = 0, the boundary is given by uc

1 = 1, which implies vc
1 = wc

1 = 1 through

0 ≤ uc
1 ≤ vc

1 ≤ wc
1 ≤ 1 .

• Boundary 19: at this boundary

uc
1 = wc

1 .

The uw-chain becomes

1 = uc
1

wc
1
≤ · · · ≤ uc

m

wc
m

≤ ub
l

wb
l

= · · · = ub
1

wb
1
≤

ua
k+n+1

wa
k+n+1

≤ · · · ≤ ua
1

wa
1

.

The closure constraint implies that this is a higher codimension boundary, except when
m = 1 and k + n = 0, in which case u•

i = w•
i . The uv-chain and vw-chain then read

0 ≤ ub
1

vb
1
≤ · · · ≤ ub

l

vb
l

≤ uc
1

vc
1
≤ ua

1
va
1
≤ ∞ ,

0 ≤ vc
1

wc
1
≤ va

1
wa
1
≤ vb

l

wb
l

≤ · · · ≤ vb
1

wb
1
≤ ∞

and contradict each other when setting u•
i = w•

i , thus we find a higher codimension
boundary.

• Boundary 20: at this boundary

ub
l = wb

l .

This is only a boundary when m = 0. The uw-chain becomes

1 = ub
l

wb
l

= · · · = ub
1

wb
1
≤

ua
k+n+1

wa
k+n+1

≤ · · · ≤ ua
1

wa
1
≤ ∞ ,

This yields a higher codimension boundary, unless k = n = 0, in which case this
boundary is equivalent to boundary 13.
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• Boundary 21: at this boundary

ub
1 = vb

1 .

The uv-chain becomes

1 = ub
1

vb
1
= · · · = ub

l

vb
l

≤ uc
m

vc
m

= · · · = uc
1

vc
1
≤

ua
k+n+1

va
k+n+1

≤ · · · ≤ ua
1

va
1
≤ ∞ .

which implies u•
i ≥ v•i . The closure constraint leads to a higher codimension boundary,

except when l = 1, k = n = 0. However, in this case the uw-chain and vw-chain become

0 ≤ uc
1

wc
1
≤ · · · ≤ uc

m

wc
m

≤ ub
1

wb
1
≤ ua

1
wa
1
≤ ∞ ,

0 ≤ vc
1

wc
1
≤ · · · ≤ vc

m

wc
m

≤ va
1

wa
1
≤ vb

1
wb
1
≤ ∞

and contradict each other when setting u•
i = v•i . Thus, we find a higher codimension

boundary.

• Boundary 22: at this boundary
uc

m

wc
m

=
ua

k+n+1
wa

k+n+1
.

This is a boundary only if l = 0. Since
uc

m

vc
m

vc
m

wc
m

= uc
m

wc
m

≤
ua

k+n+1
wa

k+n+1
=

ua
k+n+1

va
k+n+1

va
k+n+1

wa
k+n+1

and
uc

m

vc
m

≤
ua

k+n+1
va

k+n+1
,

vc
m

wc
m

≤
va

k+n+1
wa

k+n+1
,

this implies uc
m

vc
m

= ua
k+n+1

va
k+n+1

and vc
m

wc
m

= va
k+n+1

wa
k+n+1

and thus yields a higher codimension
boundary.

• Boundary 23: at this boundary

ub
l

vb
l

=
ua

k+n+1
va

k+n+1
.

This is only a boundary for m = 0. Since

ub
l

wb
l

/
vb

l

wb
l

= ub
l

vb
l

≤
ua

k+n+1
va

k+n+1
=

ua
k+n+1

wa
k+n+1

/
va

k+n+1
wa

k+n+1

and
ub

l

wb
l

≤
ua

k+n+1
wa

k+n+1
,

va
k+n+1

wa
k+n+1

≤ vb
l

wb
l

,

this implies ub
l

wb
l

= ua
k+n+1

wa
k+n+1

and va
k+n+1

wa
k+n+1

= vb
l

wb
l

and thus yields a higher codimension
boundary.
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As can be seen from the disk diagrams for A∞-relations in figure 16 or in the corresponding
expression (5.20), (5.21),

V(•, . . . , •,V(•, . . . , •, a, •, . . . , •, b, •, . . . , •), •, . . . , •, c, •, . . . , •)

and

V(•, . . . , •, a, •, . . . , •,V(•, . . . , •, b, •, . . . , •, c, •, . . . , •), •, . . . , •)

are related to each other by reversing the nested boundary ordering and swapping a ↔ c

and so are

V(•, . . . , •, a, •, . . . , •, b, •, . . . , •,U(•, . . . , •, c, •, . . . , •), •, . . . , •)

and

V(•, . . . , •,U(•, . . . , •, a, •, . . . , •), •, . . . , •, b, •, . . . , •, c, •, . . . , •) .

One can take the vectors q⃗ 1
i = (q1u,i, q1v,i, q1w,i) and q⃗ 2

i = (q2u,i, q2v,i, q2w,i) from the first A∞-
term of both of the pairs mentioned and replace them by q⃗

′1
i = (q1w,1, q1v,i, q1u,i) and q⃗

′2 =
(q2w,i, q2v,i, q2u,i). The expressions for the entries of these vectors can be found in (5.21). Since,
after reversing the nested boundary ordering, the labeling of the vectors q⃗

′1 and q⃗
′2 does

not match the ordering of the corresponding A∞-terms in the matrix Q, the ordering needs
to be adjusted. The matrix becomes

Q = (q⃗a, q⃗b, q⃗c, q⃗
′1

r , . . . , q⃗
′1
1 , q⃗

′2
s , . . . , q⃗

′2
1 ) .

Lastly, one applies the Z2-transformation on both u1 and v1 and u2 and v2 variables in the first
pair, while in the second pair one only applies the transformation on the u2 and v2 variables.
One could say that the A∞-terms in these pairs are mirror images of each other. Similarly,

V(•, . . . , •, a, •, . . . , •,U(•, . . . , •, b, •, . . . , •), •, . . . , •, c, •, . . . , •)

simply returns to an A∞-term of the same type after applying these operations, so these
A∞-terms are mirror images of themselves.

The potentials Ωa
k,l,m,n and Ωc

m,l,k,n are related through almost the same operations: one
reverses the boundary ordering and swaps a ↔ c and q⃗a,i ↔ q⃗c,i. This is not yet the same
as for the A∞-terms, but after evaluating the potentials on the boundary, one can apply
a Z2-transformation on the variables u1, v1 and/or u2, v2. It is now easy to see that the
boundaries in the categorization above that gave A∞-terms, will give the A∞-terms related
by the above relation on the same boundaries, but for the potential Ωc

m,l,k,n. Moreover, the
gluing terms coming from Ωc

m,l,k,n can be related in a similar way and can be easily seen to
vanish among themselves or with the gluing terms from Ωa

k,l,m,n. The boundaries that yielded
zero measure terms and higher codimension boundary terms will do so again and they will
therefore not contribute. We will now list the boundaries that produce A∞-terms and gluing
terms for Ωc

m,l,k,n. For this, remember that the matrix Q is given by (5.18) for these potentials.

– 69 –



J
H
E
P
0
6
(
2
0
2
4
)
1
8
6

c

b

a

α1

α3
β1β2

γ1

α2

−→

a

b

α1

α2

α3

α4

α5

c

α6

Figure 56. An example of boundary 1 contributing to V(V(α1, a, α2, α3, α4, b, α5), α6, c).

c-diagrams.

• Boundary 1: at this boundary

u•
i = 0 .

This leads to a higher codimension boundary, except when uc
i = 0 for i = 1, . . . , m and

ub
i = 0 for i = 1, . . . , l, in which case it leads to α = 0. After the change of coordinates

vc
i →u1

i , wc
i →v1i , for i=1,...,m,

vb
i →u1

m+l+2−i , wb
i →v1m+l+2−i , for i=1,...,l,

ua
i →u2

n+k+2−i , va
i →u1

m+1v
2
n+k+2−i , wa

i →v1m+1v
2
n+k+2−i , for i=1,...,k+n+1,

and a Z2-transformation on both integration domains, the boundary is identified as
Vk+n × Vm+l. We also change the matrix Q,such that it corresponds to the canonical
ordering for nested vertices. It then reads

Q = (q⃗a, q⃗b, q⃗c, q⃗
′

b,1, . . . , q⃗
′

b,l, q⃗
′

c,m, . . . , q⃗
′

c,1, q⃗
′

a,1, . . . , q⃗
′

a,k+n+1) .

It can now be seen that∫
∂Wm,l,k,n

Ωc
m,l,k,n|uc

i=ub
i=0 ∼

∼ V(•, . . . , •,V(•, . . . , •, a, •, . . . , •, b, •, . . . , •), •, . . . , •, c, •, . . . , •)

on this boundary, with the exception of V(•, . . . , •,V(a, b), •, . . . , •, c, •, . . . , •). An
example of a disk diagram at this boundary is shown in figure 56.

• Boundary 2: at this boundary

uc
1 = vc

1 .

This is only a boundary if l = 0, in which case it is a higher codimension boundary
unless k = n = 0, like in the left-ordered case. The uv-chain then reads

1 = uc
m

vc
m

≤ · · · ≤ uc
1

vc
1
≤ ua

1
va
1

.
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a

b

c

γ1

α1

α2

−→

a

b

c

α1

α1

−→ a

α1

α2

c

b

Figure 57. An example of boundary 2 contributing to V(α1, a, α2,V(b, c)).

a

b

c

α1

γ1 −→

a

b

c

α1

α2−→

a

b

c

α2

α1

Figure 58. An example of boundary 3 contributing to V(α1,V(a, b), α2, c).

The closure constraint now forces u•
i = v•i . Then, after a change of coordinates

vc
i → u2

i , wc
i → v2i , for i = 1, . . . , m ,

ua
1 → u2

m+1 , wa
1 → v2m+1 ,

and a Z2-transformation on the remaining variables, the boundary is identified as
Vm × V0 . We also change the matrix Q, such that it corresponds to the canonical
ordering for nested vertices. It then reads

Q = (q⃗a, q⃗b, q⃗c, q⃗
′

a,1, q⃗
′

c,m, . . . , q⃗
′

c,1) .

It can now be seen that∫
∂W0,0,m,0

Ωc
m,0,0,0|uc

1=vc
1
∼ V(a, •, . . . , •,V(b, c), •, . . . , •)

on this boundary. Since the line connected to the output arrow can only have one
orientation, there is only one disk diagram at this boundary shown in figure 57.

• Boundary 3: at this boundary

vc
1 = wc

1 .

The vw-chain becomes

1 = vc
1

wc
1
≤ · · · ≤ vc

m

wc
m

≤
va

k+n+1
wa

k+n+1
= · · · = va

1
wa
1
≤ vb

l

wb
l

≤ · · · ≤ vb
1

wb
1
≤ ∞ .
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a

b

c

α1 α2−→

a

b

c

α1

α2

Figure 59. An example of boundary 3 contributing to a gluing term.

c

b

a

β1

γ1

δ1

−→
c

b

a

β1

γ1

δ1

−→

a

b

c

α3α2
α1

Figure 60. An example of boundary 4 contributing to V(V(a, b), α1, α2, α3).

and implies v•i ≥ w•
i . The closure constraint then leads to v•i = w•

i , which gives a higher
codimension boundary, except for l = 0, m = 1. Then after the change of coordinates

uc
1 → u2

1 , vc
1 → v21 ,

ua
i → u2

k+n+3−i , va
i → v2k+n+3−i , for i = 1, . . . , k + n + 1 ,

and a Z2-transformation on the remaining variables, the boundary is identified as
Vk+n+1 × V0. We also change the matrix Q, such that it corresponds to the canonical
ordering for nested vertices. It then reads

Q = (q⃗a, q⃗b, q⃗c, q⃗
′

a,1, . . . , q⃗
′

a,k+n+1, q⃗
′

c,1) .

It can now be seen that∫
∂W1,0,k,n

Ωc
1,0,k,n|vc

1=wc
1
∼ V(•, . . . , •,V(a, b), •, . . . , •, c, •, . . . , •)

on this boundary. An example of a disk diagram at this boundary contributing to the
A∞-term is shown in figure 58, while figure 59 shows a disk diagram contributing to a
gluing term.

• Boundary 4: at this boundary

vb
1 = wb

1 .

The vw-chain becomes

0 ≤ vc
1

wc
1
≤ · · · ≤ vc

m

wc
m

≤
va

k+n+1
wa

k+n+1
= · · · = va

1
wa
1
≤ vb

l

wb
l

≤ · · · ≤ vb
1

wb
1
= 1
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c

b

a

β1

γ1

δ1

−→
c

b

a

α1

α3

α2

Figure 61. An example of boundary 4 contributing to a gluing term.

and implies v•i ≤ w•
i . The closure constraint then leads to v•i = w•

i , which leads to
a higher codimension boundary, except for l = 1, m = 0. Then, after the change of
coordinates

ub
1 → u2

1 , vb
1 → v21 ,

ua
i → u2

k+n+3−i , va
i → v2k+n+3−i , for i = 1, . . . , k + n + 1 ,

and a Z2-transformation on the remainging coordinates, the boundary is identified as
Vk+n+1 × V0. We also change the matrix Q, such that it corresponds to the canonical
ordering for nested vertices. It then reads

Q = (q⃗a, q⃗b, q⃗c, q⃗
′

a,1, . . . , q⃗
′

a,k+n+1, q⃗
′

b,1) .

It can now be seen that∫
∂W0,1,k,n

Ωc
0,1,k,n|vb

1=wb
1
∼ V(•, . . . , •,V(a, b), •, . . . , •, c, •, . . . , •)

on this boundary. An example of a disk diagram at this boundary contributing to the
A∞-term is shown in figure 60, while figure 61 shows a disk diagram contributing to a
gluing term.

• Boundary 5: at this boundary

w•
i = 1 .

The closure constraint forces all other w-variables to be zero. This yields a higher
codimenion boundary, except for m = 1 and wc

1 = 1, which leads to β = 0. After the
change of coordinates

uc
1 → u2

l+1 , vc
1 → v2l+1 ,

ub
i → u2

i , vb
i → v2i , for i = 1, . . . , l ,

ua
i → u2

k+n+l+3−i , va
i → v2k+n+l+3−i , for i = 1, . . . , k + n + 1 .

and a Z2-transformation on both integration domains, the boundary is identified as
Vk+l+n+1×V0. We also change the matrix Q, such that it corresponds to the canonical
ordering for nested vertices. It then reads

Q = (q⃗a, q⃗b, q⃗c, q⃗
′

c,1, q⃗
′

a,1, . . . , q⃗
′

a,k+n+1, q⃗b,l, . . . , q⃗
′

b,1) .
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c

b

a

α1

β1β2

γ1−→ a

α1

c

b

α2

α3

α4

Figure 62. An example of boundary 5 contributing to V(U(a, α1), α2, b, α3, α4, c).

It can now be seen that∫
∂W1,l,k,n

Ωc
1,l,k,n|wc

1=1 ∼ V(•, . . . , •,U(a, •), •, . . . , •, b, •, . . . , •, c, •, . . . , •)

and ∫
∂W1,l,k,n

Ωc
1,l,k,n|wc

1=1 ∼ V(•, . . . , •,U(•, a), •, . . . , •, b, •, . . . , •, c, •, . . . , •)

on this boundary. An example of a disk diagram at this boundary is shown in figure 62.

• Boundary 6: at this boundary

w•
i = 0 .

For m = 1 and wc
1 = 1, this is the same as boundary 5. Otherwise, if wc

i = 0, the
uw-chain is equivalent to

0 ≥ wa
1

ua
1
≥ · · · ≥

wa
k+n+1

ua
k+n+1

≥ wb
1

ub
1
= · · · = wb

l

ub
l

≥ wa
m

uc
m

≥ · · · ≥ 0+
uc

i

≥ · · · ≥ wc
1

uc
1
≥ ∞ ,

which forces wc
j = 0 for j > i and wa

k = wb
k = 0 for any k. This leads to a higher

codimension boundary. Only when we consider wa
i = 0 for i = 1, . . . , k + n + 1 and

wb
i = 0 for i = 1, . . . , l, we find an A∞-term. Then, after the change of coordinates

uc
1 → u2

l+1u
1
1 ,

vc
i → v2l+1u

1
i , wc

i → v1i , for i = 1, . . . , m

ub
i → u2

i , vi → v2i , for i = 1, . . . , l ,

ua
i → u2

k+l+n+3−i , va
i → v2k+l+n+3−i , for i = 1, . . . , k + n + 1

and a Z2-transformation on the remaining variables, the boundary is identified as
Vk+l+n+1 × Vm−1. We also change the matrix Q, such that it corresponds to the
canonical ordering for nested vertices. It then reads

Q = (q⃗a, q⃗b, q⃗c, q⃗
′

c,m, . . . , q⃗
′

c,1, q⃗
′

a,1, . . . , q⃗
′

a,k+n+1, q⃗
′

b,l, . . . , q⃗
′

b,1) .

It can now be seen that∫
∂Wm,l,k,n

Ωc
m,l,k,n|wa

i =wb
i=0∼V(•, . . . ,•,U(•, . . . ,•,a,•, . . . ,•),•, . . . ,•, b,•, . . . ,•, c,•, . . . ,•)
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c

b

a

α1

α2
β1β2

γ1−→ a

α1 α2

c

b

α3

α4

α5

Figure 63. An example of boundary 6 contributing to V(V(a, α1, α2), α3, b, α4, α5, c).

c

b

a

α1

α2
β1

γ1

γ2

−→

a

c

α1 α2

α4
b

α3

Figure 64. An example of boundary 7 contributing to V(a, α1, α2,U(b, α3), α4, c).

on this boundary, with the exception of V(•, . . . , •,U(a, •), •, . . . , •, b, •, . . . , •, c, •, . . . , •)
and V(•, . . . , •,U(•, a), •, . . . , •, b, •, . . . , •, c, •, . . . , •). An example of a disk diagram at
this boundary is shown in figure 63.

• Boundary 7: at this boundary

v•i = 1 .

The closure constraint forces all other v-variables to be zero. This yields a higher
codimension boundary, except when l = 1 and vb

1 = 1. Then, after the change of
variables

uc
i → u2

i , wc
i → v2i , for i = 1, . . . , m ,

ub
1 → u2

m+1 , wb
1 → v2m+1 ,

ua
i → u2

k+m+n+3−i , wa
i → v2k+m+n+3−i , for i = 1, . . . , k + n + 1

and after a Z2-transformation on the remaining variables, the boundary is identified
as Vk+m+n+1 × V0. We also change the matrix Q, such that it corresponds to the
canonical ordering for nested vertices. It then reads

Q = (q⃗a, q⃗b, q⃗c, q⃗
′

b,1, q⃗
′

a,1, . . . , q⃗
′

a,k+n+1, q⃗
′

c,m, . . . , q⃗
′

c,1) .

It can now be seen that∫
∂Wm,1,k,n

Ωc
m,1,k,n|vb

1=1 ∼ V(•, . . . , •, a, •, . . . , •,U(b, •), •, . . . , •, c, •, . . . , •)
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c

b

a

α1

α2
β2β1

γ1

γ2

−→

a

c

α1 α2

α5
b

α4

α3

Figure 65. An example of boundary 8 contributing to V(a, α1, α2,V(α3, b, α4), α5, c).

and ∫
∂Wm,1,k,n

Ωc
m,1,k,n|vb

1=1 ∼ V(•, . . . , •, a, •, . . . , •,U(•, b), •, . . . , •, c, •, . . . , •)

on this boundary. An example of a disk diagram at this boundary is shown in figure 64.

• Boundary 8: at this boundary

v•i = 0 .

The vw-chain becomes

0 ≤ vc
1

wc
1
≤ · · · ≤ vc

m

wc
m

≤
va

k+n+1
wa

k+n+1
= · · · = 0+

wa
i

= · · · = va
1

wa
1
≤ vb

l

wb
l

≤ · · · ≤ vb
1

wb
1
≤ ∞ ,

0 ≤ vc
1

wc
1
≤ · · · ≤ vc

m

wc
m

≤
va

k+n+1
wa

k+n+1
= · · · = va

1
wa
1
≤ vb

l

wb
l

≤ · · · ≤ 0+
wb

i

· · · ≤ vb
1

wb
1
≤ ∞

if va
i = 0 and vb

i = 0, respectively. This forces all va
i = 0 and vc

i = 0 in both cases,
while in the latter we also have vb

j = 0 for j > i. This leads to a higher codimension
boundary. It is only when vc

i = 0 for i = 1, . . . , m and va
i = 0 for i = 1, . . . , k + n + 1,

that one finds an A∞-term. After the change of variables

uc
i → u2

i , wc
i → v2i , for i = 1, . . . , m ,

ub
i → u2

m+1u
1
i , vb

i → v1i , wb
i → v2m+1u

1
1 , for i = 1, . . . , l ,

ua
i → u2

k+m+n+3−i , wa
i → v2k+m+n+3−i , for i = 1, . . . , k + n + 1 ,

and a Z2-transformation on the u2- and v2-variables, the boundary is identified as
Vk+m+n+1 × Vl−1. We also change the matrix Q, such that it corresponds to the
canonical ordering for nested vertices. It then reads

Q = (q⃗a, q⃗b, q⃗c, q⃗
′

b,1, . . . , q⃗
′

b,l, q⃗
′

a,1, . . . , q⃗
′

a,k+n+1, q⃗
′

c,m, . . . , q⃗
′

c,1) .

It can now be seen that∫
∂Wm,l,k,n

Ωc
m,l,k,n ∼ V(•, . . . , •, a, •, . . . , •,U(•, . . . , •, b, •, . . . , •), •, . . . , •, c, •, . . . , •)

on this boundary, with the exception of V(•, . . . , •, a, •, . . . , •,U(b, •), •, . . . , •, c, •, . . . , •)
and V(•, . . . , •, a, •, . . . , •,U(•, b), •, . . . , •, c, •, . . . , •). An example of a disk diagram at
this boundary is shown in figure 65.
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c

b

a

α1

α3
β1β2

γ1

α2

−→
c

b

a

α2

α3 α5α4

α6

α1
c

b

a

α1

α3
β1

β2

γ1

α2

−→
c

b

a

α2

α3 α4
α5

α6

α1

Figure 66. Two examples of boundary 9 contributing to a gluing term, with both orientations of β2.

Gluing terms.

• Boundary 9: at this boundary

uc
m

vc
m

= ub
l

vb
l

.

∫
∂Wk,l,m,n

Ωc
k,l,m,n does not yield a familiar A∞-term on this boundary and it does not

vanish either. An example of a disk diagram at this boundary is shown in figure 66.

• Boundary 10: at this boundary

uc
1

vc
1
=

ua
k+n+1

va
k+n+1

.

For k = l = n = 0 the uv-chain becomes

0 ≤ uc
m

vc
m

= · · · = uc
1

vc
1
= ua

1
va
1
≤ ∞ .

The closure constraint then gives u•
1 = v•1, so this boundary is equivalent to boundary

2 when k = l = n = 0 and does not yield a gluing term, but an A∞-term instead.
Otherwise,

∫
∂Wm,l,k,n

Ωc
m,l,k,n does not yield a familiar A∞-term on this boundary and

it does not vanish either. An example of a disk diagram at this boundary is shown in
figure 67. Gluing terms corresponding to the type of diagrams on the right cancel with
gluing terms belonging to the type of diagrams on the right of figure 66. A special type
of gluing term with no elements between the junction and the output arrow, i.e. n = 0,
is shown in figure 68. This is the only type of gluing term that does not cancel with any
other gluing term from the potential Ωc

m,l,k,n, but rather from the type Ωa
k,l,m,n, ‘gluing’

them together. In particular, it cancels with the type of diagrams depicted in figure 52.

• Boundary 11: at this boundary

vc
m

wc
m

=
va

k+n+1
wa

k+n+1
.

For l = 0, m = 1 the vw-chain reads

0 ≤ vc
1

wc
1
=

va
k+n+1

wa
k+n+1

= · · · = va
1

wa
1
≤ ∞ .
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a

b

c

α6

α5
α3 α4

α2

α1

a

b

c

γ1

δ1β1 β2

α1

α2

−→
a

b

c

α6

α1

α4 α5

α3

α2

a

b

c

γ1

δ1

β1 β2

α1

α2

−→

Figure 67. Two examples of boundary 10 contributing to a gluing term, with both orientations of δ1.

a

b

c

α5

α3 α4

α2

α1

−→
a

b

c

γ1

β1 β2

α1

α2

Figure 68. Special case of a gluing term coming from boundary 10. This gluing term is cancelled by
a gluing term coming from a potential of the type Ωa

k,l,m,n.

c

b

a

α6

α5α3 α4

α2

α1

a

b

c

γ1

δ1β1 β2

α1

α2

−→
a

b

c

α6

α5α3 α4

α1

α2

a

b

c

γ1

δ1β1 β2

α1
α2

−→

Figure 69. Two examples of boundary 11 contributing to a gluing term, with both orientations of γ2.

The closure constraint then gives v•i = w•
i , so this boundary is equivalent to boundary

3 when l = 0 and m = 1, producing either a gluing term or an A∞-term. Otherwise,∫
∂Wm,l,k,n

Ωc
m,l,k,n does not yield a familiar A∞-term on this boundary and it does not

vanish either. An example of a disk diagram at this boundary is shown in figure 66.
Gluing terms corresponding to the type of diagrams on the left cancel with gluing
terms belonging to the type of diagrams on the left of figure 69, while gluing terms
corresponding to the type of diagrams on the right cancel with gluing terms belonging
to the type of diagrams on the left of figure 67.

• Boundary 12: at this boundary

va
1

wa
1
= vb

l

wb
l

.

This implies wb
l = βvb

l and from

ub
l

wb
l

= 1
β

ub
l

vb
l

= α

β

– 78 –



J
H
E
P
0
6
(
2
0
2
4
)
1
8
6

a

b

c

α4

α3α1 α2

a

b

c

γ1

δ1β1 β2

−→
a

b

c

α4

α3α2
α1

a

b

c

γ1

δ1β1
β2

−→

Figure 70. Two examples of boundary 12 contributing to a gluing term, with both orientations of β2.

we get ub
l

vb
l

= α = uc
m

vc
m

, so we find that this boundary is equivalent to boundary 9. It
is only when m = 0 that boundary 9 does not exist and we have to consider this one.∫

∂Wm,l,k,n
Ωc

m,l,k,n does not yield a familiar A∞-term on this boundary and it does not
vanish either. The disk diagrams at this boundary resemble the ones in figure 66 when
there are no lines attached to the c-leg. An example of a disk diagram at this boundary
is shown in figure 70. Gluing terms corresponding to the type of diagrams on the left
cancel with gluing terms belonging to the type of diagrams on the left of figure 69.

• Boundary 13: at this boundary

ub
1

wb
1
=

ua
k+n+1

wa
k+n+1

.

This implies wa
k+n+1 =

β
αua

k+n+1 and from

va
k+n+1

wa
k+n+1

= α

β

va
k+n+1

ua
k+n+1

= 1
β

we get ua
k+n+1

va
k+n+1

= α = uc
1

vc
1
, so we find that this boundary is equivalent to boundary 10.

It is only when m = 0 that boundary 10 does not exist and we have to consider this
one.

∫
∂Wm,l,k,n

Ωc
m,l,k,n does not yield a familiar A∞-term on this boundary and it does

not vanish either. The disk diagrams at this boundary resemble the ones in figure 67
when there are no lines attached to the c-leg. An example of a disk diagram at this
boundary is shown in figure 71. Gluing terms corresponding to the type of diagrams
on the left cancel with gluing terms belonging to the type of diagrams on the right of
figure 69, while gluing terms corresponding to the type of diagrams on the right cancel
with gluing terms belonging to the type of diagrams on the right of figure 70.

• Boundary 14: at this boundary

uc
m

wc
m

= ub
l

wb
l

.

This implies uc
m = α

β wc
m and from

uc
m

vc
m

= α

β

wc
m

vc
m

= α
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a

b

c

α4

α3
α1 α2

a

b

c

γ1

δ1β1 β2

−→
a

b

c

α4

α1

α2 α3

a

b

c

γ1

δ1

β1 β2

−→

Figure 71. Two examples of boundary 13 contributing to a gluing term, with both orientations of δ1.

we get vc
m

wc
m

= 1
β = va

k+n+1
wa

k+n+1
, so we find that this boundary is equivalent to boundary 11.

Boundary 11 does not exist when m = 0, but neither does this one. This means that
this boundary is always equivalent to boundary 11.

6 Conclusions and discussion

It has already been understood that there are tight links between higher spin gravities and de-
formation quantization. The first link is obvious: higher spin algebras are associative algebras
resulting from deformation quantization of coadjoint orbits that correspond to irreducible
representations of the space-time symmetry algebras (often-times, so(d, 2)). Therefore, the
product is given by the Kontsevich formula (in fact, Fedosov’s construction suffices since
the coadjoint orbits are symplectic manifolds).

The second link to deformation quantization is more subtle. Any higher spin algebra
determines the free equations of motion. The interactions are due to a certain Hochschild
cohomology group being nontrivial and the next one, which contains obstructions, being
trivial. In the simplest case of the Weyl algebra A1, it is the group HH2(A1, A∗

1) that leads to
Chiral Theory. The group HH2(A1, A∗

1) is one dimensional and the cocycle can be obtained
from Shoikhet-Tsygan-Kontsevich’s formality [53–55]. However, a nontrivial cocycle is not
yet a vertex, it only justifies its existence. There does not seem any simple way to generate
any vertices directly from the formality.9

Another link to formality is the very form of the vertices: they are represented by graphs
similar to Kontsevich’s ones with certain weights. Since the Poisson structure ϵAB is constant
for our case, there are no genuine bulk vertices and all the graphs have legs on the boundary.
These graphs can be re-summed to give the final result presented in section 4, see also [49–51].
Lastly, in this paper, we managed to prove the A∞-relations via the Stokes theorem, which
is a method typical for formality theorems thanks to Kontsevich.

The arguments here and above suggest that there is a bigger picture where (Shoikhet-
Tsygan-)Kontsevich formality occupies the first two floors. While this structure is yet to
be found, a more specific problem is to construct new theories (or recast the old ones,
e.g. conformal higher spin gravity) along the lines of this paper, i.e., to find appropriate
configuration spaces for vertices and A∞-relations.

9The cubic vertex can formally be written in a factorized form with the help of the cocycle [46], but this
form is forbidden by additional physical assumptions, e.g. the existence of the smooth flat limit.
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The observation [50, 51] that Chiral Theory is essentially a Poisson sigma-model10 —
determined by a (noncommutative) Poisson structure — may also lead to new insight into
the problem of higher spin theories. It is plausible that all of them are Poisson sigma-models
too, at least at the formal level. In this regard let us note that Poisson sigma-models of a
different kind have already appeared in the higher spin literature, see e.g. [69–71].

Thus, the main conclusions of the paper are: (i) there has to exist a formality that extends
(Shoikhet-Tsygan-)Kontsevich formality; (ii) Chiral Theory’s vertices are its elementary
consequences; (iii) there should exist a two-dimensional topological model that explains all of
the above at the physics’ level of rigour, similar to how the Poisson sigma-model is related
to the Kontsevich formality theorem [72]. It would be interesting to give these observations
more solid support in the future.
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