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Abstract

We elaborate on the recently proposed notion of a weak presymplectic gauge
PDE. It is a Z-graded bundle over the space-time manifold, equipped with a degree
1 vector field and a compatible graded presymplectic structure. This geometrical
data naturally defines a Lagrangian gauge field theory. Moreover, it encodes not
only the Lagrangian of the theory but also its full-scale Batalin-Vilkovisky (BV)
formulation. In particular, the respective field-antifield space arises as a symplectic
quotient of the super-jet bundle of the initial fiber bundle. A remarkable property
of this approach is that among the variety of presymplectic gauge PDEs encoding
a given gauge theory we can pick a minimal one that usually turns out to be finite-
dimensional, and unique in a certain sense. The approach can be considered as
an extension of the familiar AKSZ construction to not necessarily topological and
diffeomorphism-invariant theories. We present a variety of examples including p-
forms, chiral Yang-Mills theory, Holst gravity, and conformal gravity. We also
explain the explicit relation to the non-BV-BRST version of the formalism, which
happens to be closely related to the covariant phase space and the multisymplectic
approaches.

In memory of Igor Anatolievich Batalin

* Corresponding Author: grigoriev.max @gmail.com

t Supported by the ULYSSE Incentive Grant for Mobility in Scientific Research [MISU] F.6003.24, FR.S.-
FNRS, Belgium.

1 On leave of absence from Lebedev Physical Institute and Institute for Theoretical and Mathematical Physics,
Lomonosov MSU.



http://arxiv.org/abs/2402.03240v2

Contents

2

5

5

7

8

10

11

3 Weak presymplectic gPDEs 12
3.1 Svmplectic quotients of pre-Q manifolds . . . . . . . . .. ... 12
Presvmplectic local B tems . . 13

Weak presymplectic ePDES . . . . . . . . ... ... ... 15

4 Weak presymplectic PDEs and multisyvmplecti ems . . . . . 18

4 Examples 21
4.1 p-formsS . . . ... e 21
4.2 Freedman-Townsendmodel . . . . .. ... ........... 23
4.3 Chiral Yang-Millstheoryl . . . . . .. ... ... ........ 24
4.4 Holstgravityl . . . . . . . . . . 27
4.5 Plebansky gravityl . . . . . . . ... Lo 28
A.ﬁJ&nfmmal_gxaﬂd ......................... 31

1 Introduction

The Batalin-Vilkovisky (BV) [, 2] formalism is now considered to be the
most fundamental mathematical setup for studying gauge field theories. Be-
sides its original use as a quantization tool, it turned out to be extremely fruit-
ful in studying symmetries, consistent interactions, and renormalization, see
e.g. [3, 14, 15,16, [7, 8], as well as in constructing new models as BV systems
from the very start. The well-known examples of the latter are the String Field
Theory [9, 10, [11] and topological field theories. In the case of topological the-
ories, it is the so-called AKSZ construction [12] which encodes the BV formu-
lation of a topological model in terms of the space-time manifold and the finite-
dimensional super-geometrical object — () P-manifold, i.e. a graded manifold



equipped with a homological vector field and a compatible graded symplectic
structure.

The AKSZ construction has been successfully employed in describing vari-
ous topological models, see e.g. [[13, 14, 15,116, 17, 18,19, 20]. Moreover, it has
been shown [21] to relate the Lagrangian BV and the Hamiltonian BFV [22, 23]
24| formulations of constrained Hamiltonian systems. In this sense, the AKSZ
construction comprises both the BV and BFV formulations of the underlying
gauge system [25, 26, 27] (see also [28, 29] for a related approach to unification
of BV and BFV).

The AKSZ construction, as nice as it is, does not directly apply to non-
topological field theoried] which are of the main interest from the physics per-
spective. Of course, this is the case only if one insists on manifest locality and
keeps the target () P-manifold finite-dimensional.

A possible way out is to allow for infinite-dimensional target space. If we
limit ourselves to the non-Lagrangian (equations of motion) version [30] of the
AKSZ construction, the relevant generalization is known [31] (see also [32,33]]
for the simplified versions and [34] for a modern geometrical description) and
amounts to taking as target space the jet-bundle of the BV formulation of the
theory in question seen as a ()-manifold with () = s + d, i.e. the total BRST
differential [31, 27]. This naturally leads to a concept of a gauge PDE (gPDE
for short) [34]) which encodes a local gauge theory in the geometric data of
a ()-bundle [35]], i.e. an AKSZ-like fiber bundle equipped with a compatible
homological vector field. Let us also mention a somewhat related unfolded
formalism of higher spin gauge theories [36, 37/].

If one is after a full-scale AKSZ formulation of a given Lagrangian gauge
theory, the situation is more subtle. The required modification is much less triv-
ial and was put forward in [26, 27]. The crucial ingredient of the construction is
the descent-completion £ of the Lagrangian £,, to a cocycle of the total BRST
differential sy + dy, by adding a lower-degree horizontal forms £, 1, L, o, .. ..

An interesting alternative, initially proposed in [38, 39], is to consider in-
stead of a symplectic structure a possibly degenerate presymplectic one. It turns
out that in this case an AKSZ-like model with the finite-dimensional target-
space can describe non-topological systems. This phenomenon can be under-
stood as follows: given a Lagrangian BV system one can for the moment forget
about the Lagrangian and concentrate on the equations of motion and gauge
symmetries in order to equivalently reformulate it as a gauge PDE. Further-
more, among the equivalent gauge PDE formulations of the system one can
usually identify the minimal one. This can be obtained by eliminating the max-

'Note that reparameterization invariant mechanical systems are of AKSZ type [21 23]



imal amount of contractible pairs for the total BRST differential. In the next step
one finds that the Lagrangian and the BV symplectic structure can be encoded
in a compatible graded presymplectic structure defined on the gauge PDE. This
presymplectic structure is (an equivalent of) the descent-completion of the B V-
symplectic structure to a cocycle of the total BRST differential s 4+ dy,. The
crucial observation is that the AKSZ-like action determined by this data gives
an equivalent Lagrangian formulation of the system and moreover involves only
a finite number of fields because the presymplectic structure is a local form.
Furthermore, it turns out that not only the Lagrangian but also a full-scale BV
formulation can be reconstructed from this data by taking a symplectic quotient
of the space of AKSZ fields [40, 41] (see also [39]).

An additional observation is that all the coordinates along the kernel of the
presymplectic structure are passive in the construction, e.g. the Lagrangian
does not depend on them. This allows one to take the quotient with respect
to the corresponding subdistribution of the kernel distribution, resulting in a
finite-dimensional bundle equipped with a compatible presymplectic structure
and degree 1 vector field (). The price to be paid is that () is in general not
nilpotent but satisfies a presymplectic analog of the BV master equation, which,
eventually, ensures that the vector field induced on the symplectic quotient is
again nilpotent and the full-scale BV formulation is recovered therein. This
leads to the concept of weak presymplectic gPDEs [42].

In this work we perform a systematic study of weak presymplectic gPDEs.
More specifically, we propose a more useful set of the basic axioms and give a
detailed proof that, at least locally, a weak gPDE defines a complete BV formu-
lation. Because weak gPDEs arise as certain quotients of presymplectic gPDEs,
of a particular interest are weak presymplectic gPDEs associated to minimal
gPDEs. These are gPDEs where the maximal amount of contractible pairs have
been eliminated. In the formal case, a minimal gPDE corresponds to the mini-
mal models of the associated L., (recall that formal ()-manifolds are 1 : 1 with
L, algebras) and hence should be unique, under some technical conditions. It
follows, that weak gPDEs corresponding to minimal models are equally distin-
guished provided the entire regular part of the kernel distribution was factored
out. When applied to the standard examples of topological models, such as the
Chern-Simons theory, the procedure described above results in the usual AKSZ
formulations. In this sense,weak presymplectic gPDEs can be thought of as a
generaliztaions of AKSZ models to the case of not necessarily topological and
diffeomorphism-invariant local gauge theories.

In addition to general statements we present a variety of examples of weak
presymplectic gPDEs that describe some known local gauge theories. These



include chiral YM theory [43], conformal gravity, Friedman-Townsend theory,
Holst gravity [44], and Plebansky gravity [45]. We also discuss p-form gauge
theory as an illustration of how our machinery encodes a rather extended BV
field-antifield space of the model into a very concise super-geometrical object.

The paper is organized as follows: Section [2 contains a recap of graded geo-
metrical approaches to BV and related constructions. In Section 3/ we introduce
weak presymplectic gPDEs and prove that they define a BV theory. Sectiond]
consists of a variety of examples of weak presymplectic gPDEs.

2 Preliminaries

2.1 Local BV systems

BV formulation of local gauge theories is usually defined in terms of underlying
graded fiber bundles and their associated jet-bundles. Here we give a very brief
exposition with an accent on geometrical structures. The standard exposition
can be found in e.g. [7]].

Let £ be a graded fiber bundle over a real spacetime manifold X . Its sections
(strictly speaking supersections ) are to be identified as BV fields and antifields
with the degree as the ghost degree.

Definition 2.1. A local BV system with the underlying fiber bundle £ — X,
dim(X) = n, is determined by the following data:

(i) a degree-1, evolutionary vector field s defined on J*°(£) and satisfying s* =
0

(i) an (n, 2)-form & € NP (J®(&)) of ghost degree —1, which is a pullback
to J*(&) of a closed n + 2 form w® on &, such that

Law~+du(..)=0, 2.1)

&

In addition, w® is required not to have zero-vectors.

Note that in the adapted local coordinates %, 1“4, where 2 are base-space
coordinates, w’ satisfying the above conditions can be represented as

1
wf = (dz)"wsp (1, x)dp dup? (dz)" = —€ay.a,dz® . dxtt o (2.2)
n!
with w4p invertible. In this form it is clear why it defines a graded Poisson
bracket.

2Here and in what follows Ly = iy d + (71)‘W|diw denotes the Lie derivative along the vector field V.
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Let us recall how this data is related to a "more conventional” definition of
BV in terms of master action and antibracket. To simplify the discussion we
assume that the de Rham cohomology of X is empty in positive degree. Using
Lo = (1sdy — dvis)&l} = —d,i,w and equation (2.I)) one has dyiw = dn(...).
Using that d, mod dy, is empty in this degree, at least locally, one finds that there

exists Z’ such that .
i +de L =dp(...). (2.3)

n
In other words s isﬂ a Hamiltonian vector field and £ is its Hamiltonian. The

horizontal n-form L is usually called the BV Lagrangian.

Analogous considerations apply to any Hamiltonians vector field, i.e. satis-
fying Ly = dy(. . .), so that the analog of (Z.3)) defines the associated Hamilto-
nians Hy € A" (J(E)). This defines Hy only modulo the d;-exact contri-
butions. The odd Poisson bracket of a pair of such Hamiltonians can be defined
as

{Hv,, Hy,} = ivivw, (2.4)
and is well-defined on equivalence classes, i.e. on H%(d},). One can check
that the above bracket makes H (™" (.J>®(&)) a graded Lie algebra. Applying

these considerations to £ one finds,
{E, E} = iyisw = du(+) . (2.5)

1.e. a classical BV master equations written in terms of BV Lagrangian density.

Alternatively, restricting ourselves to objects of compact support or assum-
ing a suitable asymptotic/boundary conditions one can extend this bracket to
genuine functionals of fields. In this form it can be identified with the standard
BV antibracket. Of course these considerations are completely standard and
apply to generic symplectic/Poisson structures, not necessarily BV ones. For
more details see e.g. [46, 47, 48]].

The BV action functional can be written as:

Spv(3) = /X 54.(L)., 2.6)

where o is a supersection of £ and 0, denotes its infinite prolongation. As
usual, the underlying classical action is obtained by setting fields of non-vanishing
degree to zero, or, more geometrically, restricting Sy to sections.

The field-theoretical interpretation of a local BV system can be given en-
tirely in terms of the geometry of £ without resorting to the BV action. Indeed,
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a section o : X — £ is a solution if its prolongation o, satisfies 0,,. o s = 0,
i.e. that o), belongs to the zero locus of s. Gauge transformations are defined
in terms of a vertical evolutionary vector field £ of ghost degree —1, namely
the infinitesimal gauge transformation associated to £ is an evolutionary vector
field [s, £].

00, = 0,0 [s,¢]. (2.7)

In a similar way one defines the (higher order) gauge for gauge transformations.

2.2 Q-manifolds and gauge PDEs

Throughout the paper we extensively employ the language of graded geometry,
(?-manifolds (also known as dg-manifolds), and their associated fiber bundles.
By definition, a ()-manifold is a pair (M, ), where M is a Z-graded super-
manifold and @ an odd vector field of ghost degree 1 satisfying Q> = 0. In
all our examples the Grassmann degree is induced by Z-degree, i.e. |f| =
gh(f) mod 2, so for simplicity we do not write it explicitly. This can always be
reinstated.

An important example of a ()-manifold is 7'[1]X, the shifted tangent bun-
dle of a real manifold X. If 2 are local coordinates on X the induced local
coordinate system on 7'[1]X is given by z%, 0* with gh(z*) = 0, gh(0*) = 1.
Algebra of functions on 7'[1].X can be identified with the exterior algebra of the
underlying manifold X. Under this identification the de Rham differential on X
corresponds to a homological vector field dx on 7T'[1]X. In terms of the above

local coordinates dx reads as dx = 6“ -

A fiber bundle in the category of ()-manifolds is known as a ()-bundle [35].
Both total space and the base are ()-manifolds in this case and the ()-structures
are required to be compatible with the bundle projection, i.e. if 7 : (M, Q) —
(B, q) is a projection one has: 7* o g = ) o 7*.

A rather far-going generalization of BV formulation of local gauge theories
at the level of equations of motion can be cast into the geometric data of a )-
bundle. The following definition is a geometrical and refined version of the
formalism put forward in [31, 27]:

Definition 2.2. [34] (i) Gauge PDE (E,Q,T[1]X) is a Q bundle 7 : (E,Q) —
(T[1)X, dx), where X is a real manifold (independent variables). In addition it

is assumed that (E,Q,T[1]X) is locally equivalent to a nonnegatively graded
Q-bundle.
(ii) Sections of E are interpreted as field configurations. Moreover, o : T[1] X —



Eis a solution to (E,Q,T[1)X) if

dxoo"=0"0(Q). (2.8)
(iii) Infinitesimal gauge transformations of o are defined as

do"r =0"0[Q,Y], (2.9)

where Y is a vertical vector field of ghost degree —1 which is to be understood
as a gauge parameter. In a similar way one defines (higher order) gauge for
gauge symmetries.

It is easy to check that transformation (2.9) is indeed an infinitesimal sym-
metry of the equations of motion (2.8)). Note that the gauge transformations can
be also defined via

do*=dxo& +&0Q), (2.10)

where £ : C°(FE) — C*(T[1]X) is a gauge parameter map, which has degree
—1 and satisfies

&(fg) = (& (Ho*(g) + (=Y o*(fEx(g) 2.11)

as well as £ (m*a) = 0 for any o« € C*(T'[1]X). It is easy to see that taking
£, = o oY one indeed recovers (2.9) if o is a solution. Recall that only the
gauge transformations of solutions have invariant meaning.

2.3 AKSZ models

The celebrated AKSZ construction [12] has been initially found as an elegant
geometrical object which encodes a full-scale Lagrangian BV formulation, in-
cluding BV master action and BV antibracket. In the terminology of the previ-
ous subsection, the AKSZ construction is a (usually finite-dimensional) gauge
PDE which is globally trivial as a Q-bundle, i.e. (£, Q) = (T'[1] X, dx) X (F, q),
whose fiber F' is in addition equipped with a compatible symplectic structure
w!" of ghost degree n — 1, where n = dim(X). The compatibility condition
reads

Low=0. (2.12)

Here w is the symplectic structure on the total space E defined by the target
space symplectic structure w’". Note that in the adapted coordinates () = dx +
q, i.e. a product ()-structure. A natural generalization is to consider source
manifolds which are more general than (7'[1] X, dx), but we refrain from doing
this here.



The fields and antifields of the theory are supersections of E. Let 1) denote
local coordinates on F' and %, 6* on T[1]X. Their pullbacks to F' x T'[1]X
define coordinates on £/, which by some abuse of conventions we keep denoting
as 14, 2%, 0°. Coordinates on the space of supersections are then introduced as:

() = z(ZA(:c) + zlbz?(x)ea + ... (2.13)

k
Note that gh(¢4 (x)) = gh(y)4) — k.
The above geometrical data defines a BV master-action functional on the
space of super-sections. Namely, the BV action of the theory is then given by

Spe) = / T ) +7(0), 2.14)

where y denotes a symplectic potential, i.e. w = dy, L is defined through
iow + dL = 0, and 7*(x)(dx) denotes the evaluation of the 1-form o* () on
the vector field dx = 0“% ie. 0% (x)(dx) = 14, 0" (X)-

Moreover, the symplectic structure on /' determines in a standard way a
symplectic structure w on the space of super-sections. If 7 is a given supersec-
tion (a point in the space of super-sections) and d;0 and d»0 are two tangent
vectors at o then the value of @ evaluated at o on these tangent vectors is given
by:

@3(513, (52(/7\) = / w3(513, 626'\) s (215)
T[1)X
where o is seen as a map from 7'[1]X to £ while 6, 20 as maps from T'[1]X to
T5 E so that the integrand is indeed a function on 7T'[1] X.
It is instructive to give a concise representation for w in terms of coordinates.
To this end let us treat 6 as auxiliary coordinates and introduce generating
functions for coordinates on the space of supersections as:

0 1
U(z]0) = A (x) + b ()0 + .. (2.16)

k
and similarly for the basis differentials §1)4(z). Then
o= / "0 455 (0 (2]0))5UA (2]0)5 WP (2]6) 2.17)

Finally, let us spell out the explicit form of the equations of motion derived
from the action :

o (wap)(dxo* (W) — a*(Qy™)) = 0. (2.18)
9



Note that for a non-degenerate w45 these equations are equivalent to the con-
dition that o is a () morphism, i.e. solutions to (2.18) also solve the respective
gauge PDE (E,Q,T[1]X). Note also that for the value of index A such that
gh(yp4) = —1 equations dxo*(¢¥?) — 0 (Qy*) = 0 takes the form o*(Qy?) =
0, 1.e. 1s a constraint [30].

2.4 Presymplectic gauge PDEs

Although AKSZ sigma models give a very compact and elegant way to de-
scribe BV formulation of interesting gauge field theories in its traditional form
the approach is limited to topological (=no local degrees of freedom) and dif-
feomorphism invariant systems.

The analog of AKSZ construction in the general case can be arrived at as
follows: given a local BV system one can for the moment forget about the
Lagrangian and concentrate on the equations of motion and gauge symmetries.
It 1s known [31] that, at least locally, it can be equivalently represented as a
gauge PDE. Furthermore, it turns out that the Lagrangian and the BV symplectic
structure can be encoded in the graded presymplectic structure defined on the
gPDE. This procedure is formalised in the following definition:

Definition 2.3. A presymplectic gauge PDE is a gauge PDE (E,Q,T[1]X)
equipped with a presymplectic structure w such that

dw =0, Lowe T, (2.19)

where T C \°*(FE) denotes the ideal in \°*(F) generated by differential forms
of the form ().

This data defines a local BV system, provided w satisfies certain regularity
condition. In particular, it defines an action functional on the space of sections
of F, which generalizes the AKSZ action (2.14),

Slo] = / ) (e, (2.20)

where Y is a presymplectic potential w = d, £ is defined through igw+dL € Z
and (c*x)(dx) is the evaluation of ¢*(y) on the vector field dx = 9“%. It
is invariant under the algebraic gauge transformations generated by the kernel
distribution of w. Moreover, w is typically local (involves only finite number
of coordinates) and hence the above action depends on a finite number of fields
only. The extension of the action (2.20) to supersections determines the BV
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action of the theory. The respective BV field-antifield space can be obtained as
a symplectic quotient of the space of supersections [40, 41, 42].

In this approach all the information about the system can be encoded in
the geometry of a finite-dimensional quotient of the starting point presymplec-
tic gPDE. Indeed, among possible equivalent gPDE representations of a given
system one can pick a minimal one (in the formal setup it is simply the one as-
sociated to the minimal model of the respective L, algebra which is known to
be unique up to L., isomorphism). Furthermore, disregarding the coordinates
along the kernel distribution of the presymplectic structure leads to a finite-
dimensional geometrical object which knows everything about the local gauge
system in question but at the same time is minimal and unique in a certain
sense. We call such objects presymplectic minimal models. More generally,
even if one doesn’t require them to be minimal, objects of this sort are still
useful and can be regarded as the weak versions of presymplectic gPDEs. In
this work we perform a detailed study of such objects and the way they encode
gauge theories.

2.5 Local forms in terms of graded geometry

For our further considerations it is important to clarify the relation between
graded geometry language to describe vertical/horizontal forms on fiber bundles
and the standard language.

Definition 2.4. The algebra of vertical forms on a fiber bundle E = M is
the quotient \*(F)/Z where T C \°(F) is the ideal generated by the forms
™, € NO(M).

Let now E — X be a fiber bundle equipped with a flat connection so that
we have a decomposition of the de Rham differential on E into the horizontal
and the vertical parts d = dy, +d,. Let also E — T[1]X be alift of £ to T[1] X,
ie. E = II*F, where Il is a canonical projection I : T[1]X — X. In plain
terms this means that we extend E by the anti-commuting coordinates 6 which
are basis differentials dx® understood as auxiliary coordinates.

The algebra of vertical forms on F (in the sense of 2.4) is a differential alge-
bra with the differential induced by de Rham: d'[a] = [da], where [a]| denotes an
equivalence class of a € \*(E). This algebra is isomorphic to the algebra of all
forms on E equipped with the vertical differential. To see this let us first define

amap Y : A\°(E) — A°(E). If 2,44 is an adapted coordinate system on £
and 2%, §, 14 is the induced coordinate system on £, the map Y is determined

11



T(dy?) = vy,
T(6%) = dx*,
T(dx*) =0=7"(do"),

Note that T employs an additional structure on E — the flat connection. It is
easy to see that T(Z) = 0 and hence T is well defined on the equivalence
classes modulo Z. Moreover, the induced map is an isomorphism between the
differential algebras (A\*(E)/Z,d') and (A" (E), d,).

The above isomorphism allows one to define analogs of d, and dj, in terms
of the algebra of vertical forms (A°*(F)/Z). In particular, d, is represented by
d’ while for d;, we have:

(2.21)

dwY([a]) = T([Lpa]), D =6"Da, (2.22)

where D, are components of the covariant derivative, i.e. D, is a horizontal lift
of £a and dy, = dx®D,. It is easy to check that the expression in the right hand
side does not depend on the choice of the representative.

Finally, note that the construction can be generalized to the case where the
connection D is not flat. This is achieved by taking Ydiy4 = diypd — dz® D,
The map is still coordinate independent but the induced analog of d, is not
nilpotent.

3 Weak presymplectic gPDEs

In this section we define our main objects and show how they encode a full-scale
local BV system.

3.1 Symplectic quotients of pre-() manifolds

The following simple statement explains the idea of the construction:

Lemma 1. Let (M, w) be a presymplectic supermanifold equipped with an odd
vector field () satisfying:

w(@,Q) =0, Low=0. 3.1

Let A be a subalgebra of functions annihilated by the kernel distribution of w.
Then Q preserves A and moreover Q*f = 0 for any f € A.

12



If w is regular A is just an algebra of functions on the symplectic quotient,
at least locally. This gives a useful generating construction for symplectic ()-
manifolds. The statement and the proof were in [42] thought it was probably
known before. For completeness we sketch the proof here as well. Let K be a
kernel distribution of w, i.e. 1w = 0. It is involutive thanks to dw = 0. For any
feAand Z € Konehas ZQ f = [Z,Q]f = 0 because i|g zjw = Lgizw = 0
so that () preserves A. Finally, Q*f = 0 for all f € A because

dz’Qz’Qw = iQdiQw — LQiQw = iQide — 2iQLQw — i[Q,Q]w = 0, (3.2)
so that Q? € K.

3.2 Presymplectic local BV systems

In what follows we need the following statement, whose non-graded version is
known, see e.g. [49]:

Lemma 2. Let E = X be a graded bundle equipped with w € /\n+2(E),
a closed form, such that its kernel IC has constant rank and is m vertical, i.e.
ixw =0 — m K = 0. Then, at least locally, E/K is also a bundle over X
equipped with a non-degenerate form w.

The definition of a local BV system has a straightforward generalisation to
the case where the symplectic structure is replaced by the presymplectic one:

Definition 3.1. A presymplectic local BV system with the underlying fiber bun-
dle & — X is determined by the following data:

(i) a degree-1, evolutionary vertical vector field s defined on J> (&)

(i) an (n,2)-form && € N2 (J=(E)) of ghost degree —1, which is a pullback
to J*(&) of a closed n + 2 form w® on &, such that

i+ AL = (), (3.3)

for some L e A (J=(E)). In addition, the kernel distribution K of W€ is
required to be vertical, i.e. K C VE C TE.
(iii)

Sisisw = du(). (3.4)

Note that compared to the Definition the nilpotency condition is re-

placed by (3.4). At the same time, (3.3)) is equivalent to Ly + dp(...) =0, at
least locally. In the symplectic case these definitions are equivalent.
Note the following statement:
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Lemma 3. In the setting of Definition 3.1} s*> = l[s s] belongs to the kernel of

n . .on
w, Le. 12w = 0.

Proof. Let I denote the interior Euler projector defined through /? = I and
I(dpa) = 0 for any a € A" "(J®(E), s>1 see e.g. [50, 51] for further
details. Applying /d, to the equation one gets I (dyigizw) = I(dydy(+)) =
Idy(-) = 0. On the other hand rewriting the 1.h.s. one gets

I(—2isLy0 — s qw) = 0. (3.5)
Using (3.3)) the first term can be rewritten as:
I(—2isLyw) = I(2i,dedy(-) = I(dn(isdy(-))) =0, (3.6)

giving [1 [575]075 — (. Because w is a pullback of a form from £ it does not depend
on higher jets and therefore the Euler projector (see [S0] for details) acts on it

identically this equation implies i[S,S]Zf) = 0. []

It turns out that a presymplectic local BV system still defines a local BV
system on a jet-bundle of a symplectic quotient of £, at least locally. More
precisely:

Proposition 3.2. Given a presymplectic local BV system, assume in addition
that the kernel distribution is regular. Then, at least locally, this data natu-
rally induces a local BV system with the underlying bundle being the symplectic
quotient of £ by the kernel distribution K.

Proof. The proof is based on the explicit construction. At first step we employ
Lemma 2] to construct the respective quotient which is itself a new fiber bundle
G — X, which is well defined at least locally. This comes together with the
projection 7g : £ — G which is fiberwise. Restricting to the local analysis, we
can then realise G as a subbundle in £ which in turn induces the embedding of
J®(G) C J*°(&) as a subbundle. In particular, the pullback by the embedding
commutes with the horizontal differential d;,. Note, however, that the embed-
ding is not canonical.

The projection g : £ — G induces a projection J>*(E) — J*(G) of the
respective jet bundles. Together with the embedding it defines a projection s
of s to J*°(G). The projection is generally not evolutionary (because s is not
tangent to J°°(G), in general). By pulling back (3.4) to J>°(G) one finds:

izis(i*w) = du(-), (3.7)
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where i denotes the embedding J*(G) — J™(&). Indeed, is(i*w) = i*(i,w)
because projection can only add a vector from the kernel. Then i*(d,f) =
dp(i*f) for any f € A\*(J>®(E)). The same arguments show that the pull-back

of (3.3) gives:
isi*w + dyit L = dy(+) . (3.8)

Observe that Zng(Z*(Z) depends only on the action of s on zero jets because

w is itself a pullback to J>°(G) of the form on G. It follows, the equation is
also fulfilled if s is replaced by the evolutionary vector field s’ which acts on
zeroth jets just like s, i.e. if 1) are coordinates on the fibers of G pulled back to
J*°(G) then s is uniquely determined by s'¢)* = Sy and that s is evolution-
ary. Finally, Lemma [3 implies that an evolutionary vector field s’ of degree 1
satisfying (3.7) and (3.8) is nilpotent provided i*« is nondegenerate and hence
this data defines a local BV system. [

3.3 Weak presymplectic gPDEs

Definition 3.3. A weak presymplectic gauge PDE is a Z graded fiber bundle
E 5 T[1)X, dim(X) = n, equipped with a 2-form w of degree n — 1, a O-form
L of degree n and a vector field () of degree 1 satisfying () o 7* = 7* o dx and

1
dw =0, low + dL € T, 52@2@&) +QL=0. (3.9)

where T C N\°(E) is the ideal generated by elements of the form o, a €

AT X).

This version of the definition is a slight variation of that given in [42]. Note
that similar axioms originally appeared in [38]. This data still defines an action
functional (2.20) and, in fact, a presymplectic local BV system. It is important
to mention that at this level we do not ask w to be regular.

Solutions to this system can be defined as solutions of the Euler-Lagrange
equations determined by (2.20) and understood modulo the natural algebraic
gauge equivalence generated by the vector fields from the kernel of w. Of course
one can equally well say that the physical interpretation of the system is that of
the induced local BV system.

As an alternative one can define such objects by specifying, instead of w,
a presymplectric potential y so that w = dy. This fixes the boundary terms
in the action functional (2.20). Moreover, it is easy to check that in this case
adding to y a 1-form from Z accompanied by a suitable transformation of £
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is a symmetry of the equations (3.9) and also does not affect the action (2.20)
modulo a field-independent boundary term. To see this note that if w and () are
given, the ambiguity in £ satisfying the second condition from (3.9) is given by
functions of the form 7*(h), h € C*>(T[1]X) so that the integrand of (2.20) can
only change by 7*(h).

An important fact which justifies the above definition is that this geometrical
object naturally defines a local BV system provided certain regularity condition
1s imposed on w. The crucial step in the construction is the passage to the
super-jet bundle SJ*°(FE). This can be related with the jet-bundle of another
fiber bundle £ whose typical fiber I is the space of super-maps from 7},[1]X
to the typical fiber F' of E. More precisely, J*(E) can be understood as a
pullback of SJ*(E) — T[1]X to the zero section of T'[1]X. Note that I is
finite-dimensional provided F' is. General discussion of super jet-bundles can
be found [52], see also [34, 42] for precisely the present setup.

The prolongation of Q to SJ>(E) restricts to J*(E) C SJ*(E) and is a
vertical evolutionary vector field s. The presymplectic structure w on £ induces
a 2-form on each fiber of E. Indeed, for a given x € X let us consider the
fiber £, of E over x (here we treat £/ as a bundle over X). F, itself is a bundle
over T,[1]X. The fiber E, of E at z is by definition the space of supersections
of E, over T,[1]X. Furthermore, restriction of w to E, gives rise to a 2 form
on E, via the standard construction which is restricted to T,[1] E. If this
2-form is regular and its rank does not depend on x we say that w is quasi-
regular. Note that nonregular w may be quasi-regular and this is precisely what
happens in applications. As we are going to see if w is quasi-regular, one can
take a symplectic quotient (at least locally), resulting in a local BV system. The
construction is a more refined version of that originally presented in [42].

Having explained the idea of the construction let us formulate it as a theorem
and give a proof:

Theorem 3.1. Let (E,T[1]X,Q,w) be a weak presymplectic gPDE. If w is
quasi-regular this data determines a local BV system, at least locally.

Proof. Given a weak presymplectic gPDE (F, T[1] X, Q,w), the system
(SJ>®(E),T[1]X,Q,&, L) is also a weak presymplectic gauge PDE. Here Q)
is a unique prolongation of Q and & = (7¥)*w, £ = (7%)*L, where 7% is a
canonical projection SJ*(FE) — E. It follows, that conditions (3.9) imply:

_ 1 _ _
dw =0, igw+dL €T, 52@2'@@ +QL=0, (3.10)

where by abuse of notations we denote by Z the ideal in \*(SJ>(F)), gener-
ated by forms of positive degree on the base 7'[1].X.
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First two conditions from (3.10) imply & = dy and
igw+dL+T=0. (3.11)

Since () projects to dx the prolonged vector field @ can be decomposed as
() = D+ s with D = tot(dx) and s evolutionary. We have ipdx = Lpx+dipx
and hence can be rewritten as

is0 = —d(L+ipx) — Lp(X) +T. (3.12)

Now we recall that on a jet-bundle the projection to the vertical part is well-
defined. Taking the vertical part of the above equation we get:

i@ = —dy(£ +ipx) — Lp(x"). (3.13)

As it is clear from the structure of (3.13)), it has a chance to encode a con-
dition that s 1s the Hamiltonian vector field, which is one of the axioms of a
presymplectic local BV system. Another axiom is the pre-master equation. To
obtain it consider the following expression:

1l = iQ—DiQ—D@ = i@i@(ﬂ — 2iQiD@ +ipipw . (3.14)

Let us rewrite as i + dC +a = 0,a € Z. Applying ig on it we get
igigWw + QL +iga = 0. Since a € Z is a 1-form iga = ipa. Making use of
the third equation in (3.1Q) we get ipa :_—%iQiQ@ Then the second term on
the r.h.s. of is 2ip(dL + a) = 2D(L) + 2ipa = 2D(L) — igigw which
cancels the first term in (3.14). The third termisipipdy = ipLpX +ipdipX =
2D(ipx)- So all in all we have:

Sisisw = D(ipX + L). (3.15)

Let us introduce a special coordinate system on SJ*(E), where the total

derivative with respect to 6 is simply D? = aga’ see Appendix [A] for more
0

details. In this coordinate system evolutionary vector fields commute with 572

and hence we can expand our equations in powers of 6, i.e. in horizontal form

degree if we switch to the language of differential forms on J*°(E£). Introduce
ok R

notations w, X, £ for the horizontal form degree & components of T(@"), T(x"),

T (L"), respectively. In terms of the differential forms on J°°(£) the horizontal

form-degree n components of equations (3.13) and (3.13)) read as

n—1

i+ Loy = —dn X - (3.16)
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where Lz = T(L) + T(ipX) and

. n n—1

Ligisw = du(Lpy). (3.17)

These are precisely the defining relation of a presymplectic local BV system on
J>(E).
Finally, @ is a pullback to J*(E) of an (n + 2)-form on £ and because

n

w is proportional to the volume form (dz)", its kernel distribution is vertical.
n

The quasi-regularity of w means that w is regular, therefore all the conditions
from Definition [3.1 are satisfied and hence Proposition [3.2] implies that, at least
locally, a weak presymplectic gPDE determines a local BV system. []

3.4 Weak presymplectic PDEs and multisymplectic systems

Before switching to the examples of weak presymplectic gPDEs associated to
various gauge field theories let us consider the special case, where () does not
encode any gauge transformations. More specifically, consider a presymplectic
gPDE (F,Q,T[1]X,w) such that the only nonvanishing degree variables are
8¢, gh(8") = 1 or, in other words, Z-degree is horizontal. This means that the
underlying gPDE is actually a usual PDE. Indeed, in this case C*°(F) can be
identified with the algebra of horizontal differential forms on the underlying
bundle £ while () corresponds to the horizontal differential d;, on F, cf. (2.22).
Indeed, by the degree reasoning () is linear in #“ and can be seen as a flat covari-
ant differential on £ — X so that (F, d,) is a PDE defined in the geometrical
way, see e.g. [53]]. More detailed discussion of the above can be found in [34]].
In this case there are no nonvanishing gauge parameters (=vertical vector
fields on £ of degree —1) and hence the underlying (F, Q, T[1].X, w) does not
encode nontrivial gauge (as well as gauge for gauge) transformations. Note that
it does not mean that the underlying PDE does not admit gauge symmetries, it
only means that there are no gauge symmetries accounted by (). In this setup
gh(w) = n — 1 implies that in local coordinates %, §%, 1" the expression for w
has the following structure
w = wzdyAdyP(6)". (3.18)
Let us now reformulate the system in terms of the differential forms on E
which is a pullback of F to the zero section of T[1].X. Alternatively, £ can be
also understood as a submanifold in £ singled out by 8¢ = 0. Using the map T
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defined in (Z21)) from forms on F to forms on E we define

=T c N E),  v=r0c N\ B,

N o (3.19)
L="L)c \ (E).
Using the properties (2.22)) of T and Lgw C Z one then finds:
do=0, do=0, T=d7. (3.20)

In this way we have observed that w can be indeed identified with a com-
patible presymplectic current [54} 55, 56, 57]@ on E, 1.e. we are indeed dealing
with a PDE equipped with a compatible presymplectic current. Because coho-
mology of d, can only originates from the global geometry of the fibres, at least
locally there exists (n, 0)-form I such that & = d(x + 7) and there is a natural
action functional on the space of sections of E:

S0 = /a*(ig+7) . (3.21)

Of course, the functional is also defined locally, in general. In the PDE geometry
setup this action was proposed in [39, 58] as a way to encode the Lagrangian
formulation in terms of the geometry of the equation manifold, see also [59,
60]. Note that the action functionals analogous to are well known in
the context of multisymplectic systems, see e.g. [61, 162, 163] and the discussion
below.

Let us now show that (3.21)) is in fact the same as the AKSZ-like action (2.20).
To see this recall igw + dL € 7 can be rewritten as Lox + d(£ + igx) € Z,
giving

~

dux + dv(YT(igx) + £) =0, (3.22)
upon applying T to the both sides. It follows, w = d(x + 7’), where | =
T(igx) + L, so that one can assume [’ = [ and we have recovered all the

ingredients of the action from the presymplectic gPDE data.
Finally, introducing the coordinates x¢, 6%, 9" on E, action (2.20) can be
written as:

SUP o] = /T[l] X(J “(xa)dxo” () + 0" (1 = xaQv?)) =

/X (0" (Ra)do™ (1) + 0" (1) — o (Radut?)) . (3.23)

3We use the term presymplectic current to indicate that this is an n — 1 horizontal and 2-vertical form on the
equation manifold.
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where | € C*™°(FE) is a unique function such that Y (/) = [ and by some abuse
of notations we use o to denote a section X — F and its unique extension to a
section T'[1]X — E. At the same time, in terms of the coordinates %, §%, {4,
the action takes the following form

~

50" = /X o (Tadytt 1) = / o (Tald — dn)od +T) =

X

= / o (Xady?) + o* (I — Xadnto?)), (3.24)
X

so that indeed the actions coincide.

Let us also consider a weak presymplectic gauge PDE (F,Q,T[1]X,w)
such that gh(y?) = 0 and see what it corresponds to in terms of the ge-
ometry of the underlying fiber bundle E. In this case @ is still linear in 6°
but Q% is generally nonvanishing. From the point of view of E it is a co-
variant differential, which in contrast to the case considered above, is gener-
ally non-flat. Note that the third condition (3.9) is trivially satisfied because
gh(igigw) = gh(QL) = n + 1 and hence does not impose any constraints on
QQ. Nevertheless, all the above reformulations of the action can be repeated.
Namely, the action (2.20) can be rewritten as

S[a]:/ o(0),  ©=T(x+L+iox). (3.25)
X

Note that © is an n-form on E.

From the above discussion it is clear that we have arrived at a multisym-
plectic system, provided d© is nondegenerate. Recall, that a multisymplectic
system is a bundle £/ — X equipped with an n-form ©, n = dim X, such that
() = dO vanishes on any 3 vertical vectors, see e.g. [61}, 164, 65, 66, 62, 49]@.
The last condition is automatically satisfied in our case because © originates
from a sum of 1 and O-forms on E. Further details on multisymplectic systems
can be found in e.g. [35,167, 161, 68, 49].

It is important to stress, however, that the multisymplectic system deter-
mined by a weak presymplectic gPDE comes equipped with the additional
structure, the Ehresmann connection on £ encoded in (), which is not nec-
essarily flat. This system can be seen as the quotient of the respective PDE by
the maximal regular subdistribution of the vertical kernel distribution of w. The
differential induced by d;, on the quotient generally fails to be nilpotent and
hence its associated connection is not flat, in general.

“Note that there are various versions of the definition. For instance the multisymplectic bundle as defined
in [[61]] contains the above multisymplectic system as a subbundle defined by the Legendre transform.
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4 Examples

4.1 p-forms

The gauge field of the p-form theory is a spacetime p-form A subject to the
gauge transformation 4 = dB and the Lagrangian of the form (dA)?. For
p > 1 this is a reducible gauge theory and its proper BV formulation involves
p generation of ghosts (for ghosts) together with their conjugate antifields. It
turns out that the complete BV formulation of this system arises from a rather
concise weak presymplectic gPDE. In this section we use notation 7) to denote
a totally antisymmetric tensor 7% and T'*) . R to denote a contraction of
such tensors.

Consider a trivial bundle £ — T[1]X with X being the n-dimenisonal
Minskowski space and the fiber being the space with coordinates C, gh(C') = p
and FP+D) gh(F (p“)) = 0. It is convenient to introduce “generating function”
F = ﬁFalm% 0% 0%+ in terms of which the ()-structure is defined as:

QC =F, QFP+Y) = 0= QF . 4.1)

The presymplectic structure is given by
1
w=dy, X = 5(*F)dC, (4.2)

where * denotes the usual Hodge conjugation of functions in 8 seen as exterior
forms, i.e. (xF) = m% - (FPFDY=p=1))

It is easy to check that the axioms are indeed fulfilled and £ defined through
iqw + dL € 7 can be taken as

L= —iF(*F) . (4.3)

Note that in this case Q? = 0 = QL.

Introducing fields A,)(z) and F(,;)(z) to parameterize sections so that
o*(C) = Ay - 0% and 0*(F,.1)) = F(,41) the action functional (2.20) takes
the form

1
Sl PO = [ (@xA)(F) - FGE)
T)X 4

1 1
N /d%(ia[(l)A(p)] B - ZF(pH) Fpiy). (44
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p)g(p).
This action is equivalent to the standard (dA)? action through the elimination
of the auxiliary field F,, 1).

It is instructive to see how the formalism also generates the BV action for
this model. For simplicity let us restrict to the simplest case p = 2, n = 4. The
component expression for the symplectic structure is given by

1
W= 5eabcd(dz«mbced)dc. (4.5)

where we also introduced the following generating function A = %A(

Coordinates on the fibers of E are introduced as components of supersection
o:T,[1]X — E:

0 1 1 13
7 (C) = C + C.0" + §Aab€“€b + écabceaebec +

. 12 13 (4.6)
b\_*(Fabc> _ Fabc + Fabcded + §Fabcde€d96 + 6J{;vabcdefedeeef +
Presymplectic structure on E has the following form:
4 1
G = S (dCdC" — dCodC™ + dApdA*® — dF%, dF) (dx)?, (4.7)

0 3 1
where C' = C C* = Fabcabc, Ca — Caa Ore — Fabc bes A*ab _ 3Fabc
3
FY .. = Cuc and we have switched to the language of differential forms on E.
It follows that we have indeed recovered the fiber bundle F underlying the
standard BV formulation of the p-form theory, see e.g. [69]. Indeed, the sym-
plectic structure is canonical and the spectrum of ghost degrees is summarized

in the following table:

field [ Ay | A [FP [ Fr [C, [ C [ C ] C

gh()] 0 [ =1 0 | =11 ]-—=22]-3

4
All the remaining variables are in the kernel of w and are factored out. Finally,

in the above coordinates the BV-AKSZ action is given by
1
SBV — /d4 (2Fab0(a Abc + 8b ca T 0 Aab) - ZFachabc"i'
1 1
+ 5A*“b(aacb — 0Ca) +5C;0°C) (4.8)

and is indeed a standard BV action of the p-form theory.
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4.2 Freedman-Townsend model

In this section we present a weak presymplectic gPDE formulation of the Freedman-
Townsend model [[70]. Its first-order action has the following form:

1 1
S[BY A,] = / d4xTr(—Zeabch“b(ﬁcAd—ﬁdAc-i—[AC,Ad])-i—ZAaAa). (4.9)

Its gauge transformations can be written as
OB = 99N — 9PA 4+ [A%, \] — [A°, 7], GAT=0. (4.10)

To see that is indeed a consistent deformation of the 2-form theory
discussed in the previous Section, one can use the following field redefinition:
A, = €apea . Keeping only quadratic terms one indeed recovers with
p=2,n=4.

The weak presymplectic gPDE formulation of this model is constructed as
follows. The fiber of the underlying bundle £ — T[1]X is the space with
matrix-valued coordinates C', gh(C') = 2 and A,, gh(A,) = 0. Presymplectic
structure and ()-structure are given by:

1

w=dy, X = —iTr(CdAcﬂa) : (4.11)
1

QC = —EeabchGQbQCQd —2[C, A,)6, (4.12)

QA, = —[A4, A)0°. (4.13)

Hamiltonian £ defined defined by igw + d£ € Z can be taken as

11

L= §T7~(§A“Aa(9)4 + C[A,, Ap]0°0") . (4.14)

It is easy to check that the remaining conditions are satisfied igigw = QL = 0.
Introducing coordinates on the fibers of I via:

~k 0 ! a 1 anb 13 apnbpc
5'(C) = C 4 Ot + 5 Buf" + ~Cont0'6 + ...

. 12 13 (4.15)
/O_\*(Aa) — A + Aabeb + §Aab60bec + EAabcdebeced +...,
4 ~
the symplectic structure w on E takes the form:
il/ 1 1 * 1 a * 1 * 1 b * 4
W = §Tr (édC’dC’ + §dC’ dC; + édAadA“ + ZdB“ dB;,)(dx)*, (4.16)
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0 3 1 2 3

where now C' = Ca C* = Eab0d14abcda ¢ = Ca, C; = 6abccl14b0da AZ = 6abcdcvde
1

and B}, = Ag. It is of course not surprising that this is just a matrix version

of (4.7) because the interaction do not affect the symplectic structure.
Finally, the BV-AKSZ action is given by

1 1
Spy = / d%Tr(—Zeabch“b(@CAd — 9TAC + [A°, AY)) + A" A=
1

1
— ZGGdeCaa[bB:d] o anac&k) , (4.17)

so that we have indeed recovered the standard BV formulation of the Freedman-
Townsend theory [[71]].

4.3 Chiral Yang-Mills theory

The so called chiral and (anti-)selfdual theories are extensively studied in the
literature [43, (72, 73, (74, (75, [76, [7’], [78, [79, 80, 81]. A simple example of a
chiral (selfdual) theory can be constructed starting from the Yang-Mills theory.
Let us first give an overview of YM formulations in terms of the (anti-)selfdual
curvatures:

CFF)ay = FF5 . F)ab = 5€abeaF™. (4.18)

In Euclidean signature x> = 1 and therefore has eigenvalues 4-1. To avoid
complexification we will stick to Euclidean signature for this section. Note that

Fop = 1(Fopt+Fy).

The action of YM theory can be rewritten in terms of '~ as:
Syml[A] = /Tr(F ANxF) =
= / d*w Tr(Fy ) el g = / d*aTe((F)* 4+ (F7)%) (4.19)
In its turn, the action of the topological YM theory can be written as:
SyarlA] = / TH(F A F) = / A Tr((F)? — (F)?). 4.20)

Taking the sum of the actions and one arrives at the equivalent
(modulo boundary terms) action [(£)? which involves only selfdual part of
the curvature. It can be further rewritten using an additional field GG,; which is
selfdual,

SCYM[G, A] = /d41’TI‘(FabGab + %GabGab)- (4.21)
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Integrating out G gives (F'7)2. Finally, the Chalmers—Siegel action (£.29), is
obtained by omitting the GG, term in @.21) [43]].

Both the chiral form of YM theory and the Chalmers-Siegel admit con-
cise formulations in terms of weak presymplectic gPDEs. Let us start from the
graded fiber bundle £ — T[1].X underlying the respective formulation of the
standard YM theory [42]:

xa78a7 C? gh(c) - 1

(4.22)
Gab; gh(Gab) =0.
Here G, = —Gy,, and G, and C take values in some Lie algebra g which we
assume semisimple. Let () act as:
Q' = 0"
QC = —3[C, C + a(Ga)T0°6" + BG,0"0" (4.23)
QGab — [Gaba C] ’

where a, 5 € R are some coefficients and |-, -| denotes the graded commutator

in g tensored with C*(F). As a presymplectic structure we take:
w = Tr(d(GH00")dC + ~d(G.,0°0")dC) (4.24)

which is compatible with the differential:

ab9

iqw = —dL +T = Te(d(—GH 1[0, 0160 + %G;b(eab)m‘*—
— G 00" [C, C] + %Gab(G“b)e‘*)) +7Z (4.25)

Moreover, it is easy to check that igigw = 0 = (L so that the axioms are
fulfilled.
Let us parameterize the space of sections by

o*(C) = Ay(x)0",

4.26
" (Gap) = Gan() (4.26)

The corresponding action takes the following form:

SIGA = Tr [ ((G)" +(G™) ) (Fau4))-

X
1
= S(GN Gl = S(BNGH(G™) . @27)
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Varying with respect to G one gets:

Fi(A)— oG, =0
TF(A) = BG,) =

Let us see what does the above system describe at different values of param-
eters «, 3, 7:

1. v =1, a = B. The induced action is that of the topological YM (4.20).

2. v = —1, a = (. This reproduces the conventional weak presymplectic
gPDE formulation [41], 42]], giving the usual action (4.19). In this case the
symplectic structure can be written as w = Tr d (€4 G</0°0°)dC.

3. «, 3,7 generic. One can express GGy in terms of F;(A). Then inserting
G back into the action gives a sum of YM and topological YM
actions with some coefficients depending on «, 3, .

4. v = 0, a, B — generic, gives chiral formulation of YM theory, i.e. ac-
tion (4.21)) up to a numerical factor. Note that in this case aGL* 1s in the kernel
and can be set to 0, resulting in the subbundle of £. In partlcular, coefficient 3
1s irreleveant.

5. v =0, a = 0 results in the Chalmers-Siegel action functional:

(4.28)

Saruld G = [ TG A@A+}AAY),  429)

The analysis of the BV spectrum of these theories with v # 0 is pretty
much the same as in [41]] whilst in the case v = 0 the G, component (together
with its antifields) lies in the kernel of the presymplectic structure on the super
jet-bundle, resulting in the correct BV field-antifield spectrum.

Note that in the case v = 0 the kernel distribution of w includes a regular
subdistribution generated by % so that G, can be factored out immediately
on the initial bundle E. This results in another weak gPDE where the coordinate
G, 1s absent. Finally, the the BV action is given by

SBV.say M = Ssay M+

/ d*zTr(A%(0%C + [C, AY) + %C*[C, Cl+ (GEI(GH®. C]), (4.30)

where ghosts and antifields arise as the appropriate components of a supersec-
tion.
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4.4 Holst gravity

The next example is the family of gravity theories, known as Holst gravity [44],
which contains the usual Cartan-Weyl Lagrangian as well as its chiral ver-
sion [82, 183]].

We immediately start with the associated weak presymplectic gPDE which
we take to be a trivial bundle £ — T'[1] X, with the fiber being a linear manifold
with the following coordinates:

&% Pab, gh(¢") = gh(pm) = 1.

The base T'[1] X is coordinatized, as usual, by x*, gh(z*) = 0 and 6*, gh(6") =
1. The action of () is determined by:

Q& = —p"it",
A
Qpab = —parp’s — 5 6o (4.31)
Qz' = o",

where A € R is a multiple of the cosmological constant. As the presymplectic
structure we take:

w = 5 €abead(p™)d(EET) + ad(pap)d(£°€"), (4.32)

where o € R is a parameter. Note that for & = 4-1 the distribution generated by
5;}() belongs to the kernel of w. For av generic the kernel distribution does not
have nowhere vanishing vector fields.

It is easy to check that all the conditions are satisfied. In particular,

. abe A c
iqw = —5 € d(&u&pc" pra + 7 Sabpéeba) — ad(§ &' pc pra) (4.33)
If we parametrize the space of sections by

0" (£%) = e"0",

x (4.34)
o (pab) = pab,ueua
the associated action takes the following form:
A
Sle, pap] = /eaebTade(ded + pckpkd + Zeced) : (4.35)

where 770! = Leabed 4 a(pacpbd _ padpbe) This is the Holst generalization of

the usual Cartan-Weyl action which is reproduced at o« = 0. For generic « the
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action is still equivalent to that with o = 0 and hence also describes the standard
Einstein gravity. The construction of the BV formulation on the symplectic
quotient of the super-jet bundle is a direct generalization of that from [40]].

We have seen that the case where @ = +1 is a special one because the kernel
distribution of (4.32)) involves (anti)-selfdual components pf, of p,. In this case
(for definiteness we stick to o« = 1) the action takes the form [82, |83, 44]:

Secew e, pap] = /eaebRZb(p) (4.36)

where R denotes a selfdual part of the curvature. In particular, S.cy does not
depend on the anti-selfdual component w™ of the spin-connection w. Moreover,
the respective BV action does not involve ghosts and antifields associated to p~
because they belong to the kernel of the presymplectic structure and hence do
not enter the induced BV formulation. Nevertheless, the action is still equivalent
to the full Einstein gravity. Varying w.r.t. w™ gives that w, = w’,(e) is the
selfdual part of the Levi-Chevita connection associated to €. Varying w.r.t. e*
tells that the selfdual part of the Riemann tensor associated to € is Einstein.
This in turn implies that the full Riemann tensor is Einstein.

The formulation in the case of a = +1 can be achieved by taking a quotient
of the initial £ by the subdistribution of the kernel distribution, generated by
%ﬁ,' In fact this is a maximal regular subbundle of T'E that belongs to the
kernel distribution. It is easy to check that such a quotient is again a weak
presymplectic gPDE and the gauge theory it encodes is precisely (4.36)).

4.5 Plebansky gravity

Consider a trivial bundle £ — T'[1]X with the following coordinates:

B gh=2,
C', 9" gh=1, (4.37)
x* gh=0.

Here the index i is the su(2) algebra index. The coordinates B’ are not totally
independent, they are subject to the following relation:

1
B'B) = gé”BkBk. (4.38)

This means that the actual fiber of our system is the nonregular “’surface”
in the space with coordinates B*, C". However, we are going to see that the

28



prolongation of this surface is regular provided one restricts to configurations
where the 2-form field associated to B}, is in a certain sense nondegenerate.
The action of () is determined by:
i L ik vj i i
QC = 3¢ C'C"+ AB",

(4.39)

where A € R is a numerical parameter. It is easy to see that () is compatible with
the constraints (4.38)), i.e. () preserves the ideal of functions on £ generated by

@.38).

The presymplectic structure is taken to be:
w = dC'dB", gh(w) = 3. (4.40)

This structure is nondegenerate and would just define a topological BF theory
if we forget about the constraints (4.38). However, it has zero vectors on the
surface, e.g. vector fields

2 P

Xk = (gBiaﬂ"f — B¢ — BV = (4.41)

preserve the surface and satisfy
ik = géj’fBidBi — B/dB* — B*aB’ = d(ééjkBiBi — B'B*) =0 (4.42)
modulo terms proportional to (4.38)). The presymplectic structure is () invariant:
iqw = d(—e/*C'CIBF + %BiBi) . (4.43)

Let us now turn to the gauge theory our system defines. To this end we
parametrize the space of sections as:

J*(Cl) = p20a7
. 1 .
o*(B") = §ng9a9b,

(4.44)

where B!, (x) is subject to the prolongation of the equation (#38). The action
reads as: A

Slp,B] = / B'(dp’ + S e*pl pF) — 53@'3@' (4.45)
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which together with the constraint (4.38)) gives the Plebansky formulation of
gravity [45, 84]. More precisely, the conformal Urbantke metric can be defined
in terms of B!, as (see e.g. [84} 183] for more details)

Gab |g‘ — 6cdnm Z]sz B] Bk

nm»

(4.46)

where it is assumed that B’, is subject to the following nondegeneracy condi-
tions; K = B!, B’ deade is invertible. This, in turn, ensures that g, is invert-
ible. B

Let us finally discuss the BV formulation encoded in the above weak presym-
plectic gPDE with constraints (4.38]). To this end consider the super-jet bun-
dle SJ*(FE) where we need to take into account the prolongation of the con-
straints (4.38]). More precisely, we again employ the following special coordi-
nates for the 6 jets (see Appendix [Al for further details)

(7X)(C7) = C'(0) = p' + pl0" + pazﬁ“@b + Gpabﬁ“@b@"
(4.47)
. . 1 13
() (BY) = B'(0) = B+ B’ 0" + 2B2b0“0b + GBabceaebec +

In these coordinates the prolongation of are simply the homogeneous in
6 components of

B'(0)B() — 5; B*)B*(#) =0. (4.48)

To see that the local BV formulation encoded in the above system is proper,
1.e. takes into account all the gauge symmetries, it is enough to show this for a
theory linearized around a vacuum solution B() = X!,0%0°, see e.g. [40] for
a similar analysis. The linearization of reads as

0. 92540
5@23 |+ St - bkz’;b 0,
o R 5@] (4.49)
bfazic] + Bl — b S =0,

where b’ denote the perturbation of the respective B' and we only listed ex-
0 1)
plicitly the equations involving b* and 0"
0.
The first equation implies b* = 0 so there are no ghost 2 variables. To

analyze the second equation let us take >, describing a constant frame-field.

3If one opts to single out a definite signature for this metric some more conditions are to be imposed on Bi,.
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The simplest choice is to take constant !, such that !, 00" are basis elements
in the space of constant selfdual 2-forms on X. By employing the language

of two-component spinors one then finds that only 4 independent components
. ~ L
survive in b!. These can be parameterized in terms of independent b, as b, =

eabedp, 531 At the same time 0-jets of C remain independent.
All in all we conclude that the BV system associated to this weak presym-
plectic gPDE model contains all the right fields: 4 diffeomorphism ghosts pa-
1

rameterized by 4 independent components of ', the selfdual Lorentz ghost ¢,
the frame field inside B!, and the Lorentz connection p’,. Of course the respec-
tive BV antifileds must also be present because the hidden BV system has a
nondegenerate symplectic structure.

4.6 Conformal gravity

In this section we present a formulation for conformal gravity using the weak
presymplectic formalism. This is the refined version of the formulation pre-
sented in [41]. However, the advantage of the weak presymplectic gauge PDE
formalism is that one only works with finite-dimensional objects.

Let £ — T[1].X be a trivial bundle with the following coordinates:

€% Paby Kas A, gh =1

4.50
Wabcda Cabca gh =0 ( )

where W%,.; has the Weyl ("traceless window”) tensor index symmetry and
Cape has the Cotton (“traceless hook™) tensor index symmetry and z#, 8" are
coordinates on the base 7'[1] X. The action of () is given by:

QE" = &+ N,
1
Qp"y = pepy 4 (§"Rp — GE") + §fC§dWabcd,

1 (4.51)
QKp = Kepy + Akp + §€C§d0bcd,
QA = K",
and
QW %eq = P (§"Chea) — pr W peat
Po" W %ked + "W hka + pd" W et 4+ 2AW “3eq 4.52)

QCabc - pakckbc"i'
b Care + pe” Cape + 3XCapie + KW ¥ gpe .
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Here Py denotes a projector on the space of rank-4 tensors that singles out a
Lorentz-irreducible component of tensor structure of a Weyl tensor.
The presymplectic structure is:

w = wy — 2wc,

wir = d(pa) AW €npi€P6F) . we = d(&)d(C%ee"PrEEL) .

Let us check that the axioms are satisfied. We have:

(4.53)

Z'qWW = d(palplbwabnmenmpkgpfk) + (fa/fb - fbﬁa)d(WabnmEnmpkfpgk)—l_
1 o .

+ = Waij & & AW € €26M) + d(pan) & P (69C" ™ €nmpnPEF . (4.54)
2 J

and

iqwC _ panénd(cabcﬁbcpképgk) + d(€a>pan nbcebcpk£p£k+
HEA(Ce" P E,8) + d(E)ANC e P&+ (4.55)
—'_d(ga)/{kwkabcebcpkgpfk .

Together they satisfy igw + dL = 0 with:

L = _palplbwabnmenmpkgpfk . 2£a/{bwabnmEnmpkfpfk+2pan£n0abc€bcpk£p€k+

1 o
+ ZSaACabcebcpkgpSk - ZWabijflgj Wabnmenmpkfpgk . (456)
Finally, it is straightforward to see that that Q£ = 0 as well as igigw = 0.
The action functional determined by the above data coincides with the one
from [41], where it was shown to determine an equivalent formulation of con-
formal gravity.
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A Coordinates on superjet space

Given an adopted coordinate system {z%, 6%, u4} on E — T[1]X, there exists
the associated coordinate system {x, 6%, uA|} on SJ*(F) defined as

u = D,,...D} ..u, (A.1)

aj... | b1 ...
where D, = tot(%), DY = tot(%) are the total derivatives.
However, it appears very useful to employ another natural coordinate system
on SJ*°(FE). The new coordinates are the same z“, * and ¢Aa1_._|b1_._ defined as:

A A
(w al---|b1--- - ua1|b1)‘9=0 - 07

(A.2)
Dl .. =0.

Note that in this coordinate system DY = %. In particular, coefficients of any

evolutionary vector field s do not depend on 6 thanks to [D?, s] = 0.
It is easy to write down the expression of the old coordinates in terms of the
new ones:

1
ut =t 4+ 07 + 59@9%@ + ...

1
ufy = Ui+ 00l + 500U (A-3)

It is clear that coordinates 1), are the ones which are constant along the #-part

of the Cartan distribution. Note that this is a special feature of Grassmann odd
base-space coordinates because the even analog, i.e. coordinates qﬁAlm such that

DQ¢A|_'_ = (0 simply do not exist. Indeed, it is easy to see that Dagbﬂ__ = 0do

not have solutions in the space of local functions.
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