DIFFERENTIAL EXPONENTIAL TOPOLOGICAL FIELDS

FRANCOISE POINT() AND NATHALIE REGNAULT

ABSTRACT. We axiomatize a class of existentially closed exponential fields equipped with
an E-derivation and endowed with a definable V-topology. We apply our results to the
field of real numbers endowed with exp(z) the classical exponential function defined by
its power series expansion and to the field of p-adic numbers endowed with the function
exp(pz) defined on the p-adic integers where p is a prime number strictly bigger than 2
(or with exp(4x) when p = 2).

1. INTRODUCTION

The problem we address here is the following: given an elementary class of existentially
closed exponential topological fields of characteristic 0 (where possibly the exponential func-
tion F is partially defined) whether the class of existentially closed differential expansions is
an elementary class and if this is the case how it can be axiomatized. The model-complete
theories of exponential fields we include in our analysis are the theory of the field of real
numbers with the exponential function and the field of p-adic numbers with the exponen-
tial function restricted to the subring of p-adic integers. The derivations d we consider are
E-derivations, namely 6(E(x)) = d(z)E(x), but § is not assumed to be continuous. We
answer the question above as follows.

We place ourselves in topological fields where the topology is definable and is a V-
topology, so either induced by an archimedean absolute value or a non-trivial valuation [27,
Section 3]. Given an L-theory T of fields, we denote by Ts the £ U {d}-theory consisting of
T together with an axiom expressing that ¢ is an F-derivation.

Theorem (later Theorem 4.4) Let T' be a model-complete complete theory of topological
L-fields of characteristic 0 endowed with a definable V-topology. Assume when the topology
is induced by an ordering that the models of T satisfy an implicit function theorem (IFT)g
and have the lack of flat functions property (LFF)gs and when the topology is induced by
a non-trivial valuation that the models of T' satisfy an analytic implicit function theorem
(IFT)%". Then the class of existentially closed models of T is elementary.

Further even if the axiomatization we give has no clear geometric interpretation, we
thought worthwhile to enumerate what is needed to describe the existentially closed models.

In the ordered case, we apply our result to (R, exp) where exp is the classical exponential
function and é an E-derivation, using the result of A. Wilkie on the model-completeness of
(R, exp).
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In the valued case we apply them to (Qy, E,), where Q, is the field of p-adic numbers and
to (C,, E}), where C,, is the completion of the algebraic closure of Q. In these last cases, the
exponential function is only partially defined (on the valuation ring) with Es(x) := exp(4x)
and E,(x) = exp(pr), p # 2 and there we use model-completeness results due to N.
Mariaule [21], [22].

Independently, this question has also been considered by A. Fornasiero and E. Kaplan
in the following setting. Given an o-minimal expansion K of an ordered field which is
model-complete and expanded with a compatible derivation [13], they show that indeed
the class of existentially closed differential expansions is elementary and they provide an
axiomatization. A derivation § is compatible with K if for any 0-definable C'-function
f: U — K, where U is an open subset of some cartesian product K", we have §f(a) =
Sy g—i(ﬂ)é(ui), for any w € U. In particular in case K expands an exponential field,
such derivation ¢ is an F-derivation. Their results apply to o-minimal fields I extending
the field of real numbers R and admitting an expansion to all restricted analytic functions.
In order to show that there is a compatible derivation, they have at their disposal the
quantifier elimination result of J. Denef and L. van den Dries on the expansion R,, of R
with all these functions (with restricted division) and its extension by L. van den Dries, A.
Macintyre and D. Marker for Ry, czp, Where exp is the exponential function given by the
classical power series [9)].

So when 0 is a compatible derivation, in case of (R, exp), by uniqueness of the model-
completion, one gets, following either approaches, the same class of existentially closed
exponential differential fields. However, it is unclear in an ordered exponential field model
of the theory of (R, exp) whether any E-derivation is compatible. (We cannot apply the
argument used by A. Fornasiero and E. Kaplan since we don’t have quantifier-elimination
in the language of ordered fields together with the exponential function.)

The plan of the paper is as follows.

In section 2, we review the notion of partial exponential fields and of the corresponding
closure operator, denoted by ecl-closure (Definition 2.11). It was introduced by A. Mac-
intyre using the work of A. Khovanskii [20], then it plays a crucial role in the proof of A.
Wilkie of the model-completeness of (R, exp). Later in a purely algebraic context, J. Kirby
linked the ecl-closure with the cl-closure, defined through FE-derivations (Definition 2.8).
He showed that the two closure operators coincide using a result of J. Ax on the Schanuel
property in differential fields of characteristic 0. We slightly adapt J. Kirby’s results on
extensions of F-derivations in order to be able to use them in the case of p-adically closed
fields, where the exponential function is only defined on the valuation ring.

Then in section 3, we recall the notion of F-varieties, generic points and torsors. We also
recall the setting of topological fields [24]. We define the class of exponential fields we will
be able to deal with, namely those satisfying the implicit function theorem (see Definition
3.13) and in the ordered case the lack of flat functions (see Definition ??7). Note that both
properties hold in o-minimal expansions of real-closed fields (or more generally in definably
complete ordered fields). A version of these properties also holds in the classes of valued
fields mentioned above as shown by N. Mariaule (see section 3.5).

In section 4, we finally introduce a scheme of axioms (DL) g that will axiomatize a class of
existentially closed differential exponential fields and show our main result. This scheme of
axioms can be compared to the axiomatization of M. Singer of the closed ordered differential
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fields, denoted by CODF. We also give a geometric interpretation of the scheme (DL)pg,
which is a priori not first-order.

In section 5, we give examples of topological fields to which we may apply our results.

Finally, in the last section, we show how to endow a topological exponential field of
cardinality N; which is first-countable and separable with an E-derivation which satisfies
this scheme of axioms. When the topology is induced by an ordering we point out that such
ordered field can also be made a model of CODF. This kind of construction (for CODF)
may be found in the work of M. Singer, and the theses of C. Michaux and Q. Brouette.

Acknowledgments: Part of these results appeared in the PhD thesis of Nathalie Reg-
nault [28].

2. E-DERIVATIONS

2.1. Preliminaries. We will only consider commutative rings R of characteristic 0 with
1 #0. Let N*:= N\ {0}, R* := R\ {0}. Denote by I(R) the subgroup of the invertible
elements of (R*, -, 1). Given an ordered set (I, <), denote I>; := {i € I : i > j} (respectively
(Is;) ={iel:i>j}).

Let Lrings :== {+,,—, 0,1} be the language of rings; we will work in different expansions
L of Lyings such as Lg := Lyings U{E} and Lg s := Lyings U{FE,d} where E, ¢ are unary
functions. The L-formulas will be possibly with parameters and when we want to specify
them we will use £(B) with B a set of constants. Similarly £-definable sets will possibly
be definable with parameters. Our notation for tuples will be flexible: x (respectively a)
will denote a tuple of variables (respectively a tuple of elements) but sometimes in order
to stress that we deal with tuples we will use Z, respectively a, or bold letters e.g. x, a. In
this section we will not make the distinction between an L-structure M and its domain M
whereas from subsection 3.4 on, we will distinguish them.

Definition 2.1. [6] An E-ring R is a ring equipped with a morphism F from the additive
group (R, +,0) to the multiplicative group I(R) satisfying F(0) = 1 and VaVy (E(z +y) =
E(z)- E(y)). (So an E-ring can be endowed with an Lg-structure.) An E-field is a field
which is an E-ring.

We will also consider partial E-fields, and so the corresponding language contains a
unary predicate for the domain of the exponential function. We will first define partial
FE-domains.

Definition 2.2. Let F' be an integral domain, namely a commutative ring with no non-zero
zero-divisors. A partial E-domain is a two-sorted structure

((F7 +F7 'F?OFu ]-F)u (A7+A70A)7E)7

where (A,+4,04) isagroup and £ : (A, +4,04) — I(F) is a group morphism. We identify
(A, +4,04) with an additive subgroup of (F,+r,0r) and to stress it, we will denote it by
A(F). When the domain of E is clear from the context, we will also simply use the notation
(F, E), even though F is only partially defined.

A partial E-field F is a partial E-domain which is a field. A partial E-subfield Fj is a
partial E-field which is a two-sorted substructure. We denote by Fy(a)g, where a C F, the
smallest partial E-subfield of F' containing Fy and a and by Fy(a)g the smallest partial
E-subring generated by Fy and a. When Fy = Q, we denote Q(a)g simply by (a)g. To
make the distinction with the £,ng4s-substructure, we denote by Q[a] the subring generated
by a.

{prelim}
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Note that in [18, Definition 2.2], one uses a stronger notion of partial E-fields, namely one
requires that A(F) is a Q-vector space, namely one endows A(F') with scalar multiplications
(-q)qeq- Instead here, given two partial E-fields Fy C F', we replace that by the condition
that A(Fp) is a pure subgroup of A(F).

Notation 2.3. Let Fy, F be two partial E-fields with F{ a substructure of F'. Then the
subgroup A(Fp) is pure in A(F) iff for any a € A(F) and n € N*, if na € A(Fp), then
a € A(Fy). We use the notation A(Fp) 1 A(F).

In addition, when the field F' is endowed with a field topology and when lim,,_,c Z?zo %2

exists, we can consider the (partial) function x — exp(x) := lim, o Z?zo f—f Then the

domain of exp(x) is a subgroup and a Q-vector space whenever F is closed under roots.
Examples 2.1.

(1) Let F be a partial E-field and consider the field of Laurent series F'((t)) (or more
generally a Hahn field (see below)). Then, regardless of whether we put a topology

on F((t)), we can always define exp(z) := Zi>0f—; for x € tF[[t]]. Indeed, by
Neumann’s Lemma, the element exp(z) € F[[t]] [10, chapter 8, section 5, Lemma].
Then, we extend E on A(F) @ tF[[t]] as follows. Write r € A(F) & tF[[t]] as
ro + 1 where ro € A(F) and r; € t.F|[t]]. Define E on A(F) & tF[[t]] as follows:
E(ro+71) := E(ro)exp(ri). So F((t)) can be endowed with a structure of a partial
E-field with A(F((t))) := A(F) @ tF[[t]].

(2) More generally, under the same assumption on F, let (G,+,—,0,<) be an abelian
totally ordered group, then the Hahn field F'((G)), can be endowed with a structure
of a partial E-field defining E on the elements r € A(F) @ F((G>o)) similarly, where
Gso:={g € G: g > 0} (respectively G>¢ := {g € G: g > 0}). Namely decompose
ras ro +r; with 1o € A(F) and r1 € F((G>0)). Then exp(r1) € F((G>p)) again
by Neumann’s Lemma and define E(r) := E(rg)exp(r1). So A(F((G))) = A(F) &
F((G0)).

(3) Let R := (R, 4+, —,-,0,1, E) where E(z) = exp(z) defined above.

(4) Let C := (C,+,—,-,0,1, E) where E(x) = exp(x).

(5) Let p be a prime number; when p = 2 set E,(z) := exp(p?z) and when p > 2, set
E,(xz) = exp(px). Let C, be the completion of the algebraic closure of the field
of p-adic numbers Q,, (in C). As examples of partial E-fields, we have the field of
p-adic numbers Q, := (Qp, +,—,-,0,1, E,) or C, := (Cp,+,—,+,0,1, E,). In these
two cases, E, is defined on the valuation ring Z, of Q, (respectively on the valuation
ring O, of Cp).

We will investigate these examples further in section 5.
Definition 2.4. Let R be a (partial) E-ring. An E-derivation ¢ is a unary function on R

satisfying:

(1) 6(a+0b) = d(a) + d(b),
(2) the Leibnitz rule: §(ab) = §(a)b+ ad(b),
(3) Ya € A (6(E(a)) = d(a)E(a)).

We will denote the differential expansion of R by Rs.
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For example, let Fs be a differential E-field (§ can be the trivial derivation). We have
already seen how to extend E on F'[[t]]. Then we extend ¢ on the field of Laurent series
F((t)) by setting 6(t) = 1 and by requiring it to be strongly additive. Then ¢ is again
an E-derivation on F((t)). Indeed, for x € tF[[t]], we have §(exp(z)) = > ;200(%) =
§(z)exp(r) and for x € F[[t]] with = 79 + r1 where g € A(F) and r; € tF[[t]], we
have §(E(ro + 1)) = E(ro)exp(r1)d(r1) + 6(ro)E(ro)exp(r1) = 6(z)E(x). This makes
(F((t)), F[[t]], exp,d) a differential (partial) E-field.

Notation 2.5. Let § be an E-derivation on R. For m > 0 and a € R, we define

§™(a) :=¢§o...08(a), with 6°(a) = a,

m times
and 6™ (a) as the finite sequence (6°(a),é(a),...,6™(a)) € R™ L.
Similarly, given an element a = (ay,...,a,) € R", we write

5m<a) = (CL1, R o ,(Sm(al), . ,5m(an)) c R(erl)n.
Denote by Q(a) g s the E-differential subring of R generated by a and Q.

In section 2.3, we will consider in general the problem of extending FE-derivations but
first it is convenient to recall the notion of E-polynomials and differential E-polynomials.

2.2. Free exponential rings. The construction of free E-rings Z[X]¥ on finitely many
variables X := (X1,...,X,) (and more generally free E-rings R[X]¥ over (R, F)) can be
found in many places in the literature. It is initially due to B. Dahn. The elements of these
rings are called E-polynomials in the indeterminates X. Here we will briefly recall their
construction, following [6] and [21]. When n = 1, we will use the variable X and since we
will also use differential E-polynomials, we will also allow X to denote a tuple of countably
many variables.

Let R be an E-ring. Then the ring R[X]¥ is constructed by stages as follows: let
R_1:= R, Ry := R[X] and Ag the ideal generated by X in R[X]. Then Ry = R & Ag. Let
E_1 = FE on R composed by the embedding of R_; into Ryp.

For k > 0, set Ry = Ri_1 ® Ay, and let t** be a multiplicative copy of the additive group
Ag.

For instance for k = 1, we get Ry = Ry[t4°] and A; is a direct summand of Ry in R;.

Then, put Ry, := Ry[t"*] and let A; | be the free R, —submodule generated by t* with
a € A — {0}. We have Ry11 = R ® Agy1.

By induction on k& > 0, one shows the following isomorphism: Ry = Ro[tAO@“'@Ak],
using the fact that Ro[tA0®®4k] =2 Ry[tA0®SAk—1][t4] [21, Lemma 2].

We define the map Ej : Ry — Riy1, k > 0, as follows: Ei(r' + a) = Ex_1(r")t*, where
" € Ri_1 and a € Ay.

Finally let R[X]¥ = (J;~, Rx and extend E on R[X]F by setting E(f) := Ey(f) for
f € Ri. It is easy to check that it is well-defined. Let f € Ryi1, then f = fi +g
where fi, € Ry and g € Agt1. So E(f) = E(fx)t?. By definition E(f;) = Ek(fx) and
so if fr = fr—1 + gx With fr_1 € Rp_1 and g € Ag, we have E(fr_1) = Ep_1(fr—1)t%.
Unravelling f in this way, we get that E(f) = E(fo)t9T9% 19 with f = fo+go+---+gr+9,
fo€R, go € Ao, ..., 9k € Ak, 9 € Agy1.

Finally note that the above construction can be extended when R is a partial F-domain,
the only change is that we only define E(f) for f as written above when fy € A(R).

{free}
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Using the construction of R[X]¥ as an increasing union of group rings, one can define on
the elements of R[X]¥ an analogue of the degree function for ordinary polynomials which
measures the complexity of the elements; it takes its values in the class On of ordinals and
was described for instance in [6, 1.9] for exponential polynomials in one variable. Here we
deal with exponential polynomials in more than one variable and so we follow [20, section
1.8].

Let us denote by totdegx (p) the total degree of p, namely the maximum of {Z;n:l ij: for
each monomial X{l -+« X!m occurring (nontrivially) in p with i1,...,%, € N, m € N>1}.

Then one defines a height function A (with values in N) which detects at which stage of
the construction the (non-zero) element is introduced.

Let p(X) € R[X]¥, then h(p(X)) = k, if p € R, \ Rx_1, k > 0 and h(p(X)) = 0 if
p € R[X].

Using the freeness of the construction, one defines a function rk

rk: RX]F - N:

If p=0, set rk(p) := 0,

if p € R[X]\ {0}, set rk(p) := totdegx(p) + 1 and

ifpe Ry, k>0,letp= Zgzl ri.FE(a;), where r; € Rg_1, a; € Ag_1\{0}. Set rk(p) := d.
Finally, one defines the complexity function ord

ord: R[X]¥ — On

as follows. Write p € R as p=po +p1 + -+ + pr with pg € Ry, p; € A;, 1 <i < k. Define
ord(p) := Yy w'.rk(pi).

Note that if pg = 0, then there is ¢ € R[X]¥ such that ord(F(q).p) < ord(p) (the proof
is exactly the same as the one in [6, Lemma 1.10]).

On R[X]¥, we define n E-derivations dy, as follows: dx, | R = 0 and Ox,; X = 0i;, where
d;; is the Kronecker symbol, 1 <4,5 < n.

Notation 2.6. Assume that § is an E-derivation on R. Let X := (Xi,...,X,,), denote
by R{X}¥ the ring of differential E-polynomials over R in n differential indeterminates
X1, , Xy, namely it is the E-polynomial ring in indeterminates 6/ (X;), 1 <i <n, j € w,
with by convention §°(X;) := X;. Let p(X) € R{X}¥. Let m € N be the (differential)
order of p (denoted by d-ord(p)) as classically defined in differential algebra [19, page 75] (if
m = 0, then p is an ordinary E-polynomial). In particular we have that p can be written
as p*(6™(X)) with 6™(X) = (X1,..., Xpn,0(X1),...,0(Xn),...,0™(X1),...,0™(X,)) and
p* an ordinary E-polynomial.

Lemma 2.7. Let § be an E-derivation on R. Let p € RIX]F. Then there exists p° € R[X]¥
such that in the ring R{X}¥, §(p(X)) = > e 5(Xj)8xjp+p5. Moreover there is a tuple e
of elements of R such that p € (€)g[X]¥ and p° € Q(€, (§(e))g)[X]¥. Furthermore whenever
§ is trivial on R, p® = 0.

Proof: Decompose p as: p = po—l—Zf:l pi, with po € R[X] and p; € A;, i > 0. We proceed
by induction on ord(p), namely we assume that for all ¢ € R[X]¥ with ord(q) < ord(p), we
have 6(¢q(X)) = >_7_; 0(X;)0x;q + ¢° with ¢° satisfying the conditions of the statement of
the lemma.

If ord(p) € w, namely p € R[X], the statement of the lemma is well-known. Write
p(X) = Yag.. i, X Xin define p? = 3 0(ag ... ;)X .- Xin. Then §(p(X)) =
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> -1 0(X;5)0x;p + p°. Note that p? € §(R)[X] and ord(p?) < ord(p). If p is monic and
n = 1, then ord(p?) < ord(p).

Now assume that ord(p) > w and that the induction hypothesis holds.

Let k > 0 and p € Ry \ Ri—1. By additivity of the derivation, the way ord has been defined
and the induction hypothesis, it suffices to prove it for p € Aj. So, write p = Zgzl riE(a;)
with 7; € Rj,_1 and a; € Ax_1 \ {0}; so ord(p) = w¥d. We have that d(p) = 2521(5(7"1‘) +
T‘Z(S(CLZ))E(G,Z)

By induction hypothesis, (r;) = >, 6(X;)0x,7; + ;0 and 6(a;) = > j=10(X;)0x;a; +
ai®. So we get that d(p) = > i 6(Xj)8Xj(Zf:1 E(a)ri) + XL, E(a;)(rd + raf). Put
P =00 Eai)(ri® +riaid) (1)

Let e;, c; be tuples of elements of R such that r; € (e;)g[X]¥, a; € (¢;)g[X]¥. Then by in-
duction hypothesis, r? € Q({e;) g, d(e;))[X]F, a? € Q({c;)g,0(c))[X]E. Let &:= (eq,...,eq)
and ¢ := (c1, ..., cg). We have that p € (€,¢) g[X]¥ and by (1), p° € Q((¢, &), d(€),5(e))[X]F
and if ¢ is trivial on R, then p® = 0.

U

2.3. Khovanskii systems. Let F5 be an expansion of a partial E-field by an E-derivation
d (see Definition 2.4). Note that in [6], the condition of being an E-derivation was relaxed
to: 0(E(z)) = ré(x)E(x), for some r € R*. However if ¢ is an E-derivation, then 74 is
also an F-derivation, with » € R. More generally, the set of E-derivations on R forms a
R-module. Using FE-derivations, J. Kirby defined a closure operator cl in F-rings and he
showed that cl induces a pregeometry on subsets of R [18, Lemma 4.4, Proposition 4.5].

Definition 2.8. [18, Definition 4.3] Let R be a partial E-ring and let A be a subset of R.
Then,

cf(A) .= {u € R: 6(u) = 0 for any E — derivation ¢ vanishing on A}.

If A C R, then cl*(A) is an E-subring and if R is field, it is an E-subfield.

Note that in the algebraic case, when an element a is algebraic over a subfield endowed
with a trivial derivation §, then d(a) = 0 as well. Later, we will see an analog of this
property in the case of E-derivation working with a notion of E-algebraicity (see Lemma
2.15).

Notation 2.9. Let R be an E-ring. In section 2.2, we recalled the construction of the
ring of E-polynomials in X := (X7y,...,X,,) over R. These E-polynomials induce functions
from R™ to R and we will denote the corresponding ring of functions by R[x], where
x = (z1,...,2y) [6].

Note that when R is a partial EF-domain, we get the same ring of E-polynomials but
with an E-polynomial we can only associate a partially defined function on R (since F is
only defined on A(R)).

In [6, section 4], one can find a necessary condition on R under which the map sending
an E-polynomial p(X) to the corresponding function p(x) is injective. The condition is as
follows: there exist n E-derivations 9; on R[x]¥, which are trivial on R and satisfy 0;(z;) =
6 [6, Proposition 4.1]. Let f € R[x]¥, we denote by 0;f, the function corresponding to
the differential E-polynomial Ox;, f.

{Khov}

{c1}

{Jac}
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Notation 2.10. Given fi,, f, € RX|®, f := (f1,..., fn), we will denote by J§(X), the
ox,fi - Ox,fi
Jacobian matrix: : :
8X1f’rl aann

As usual, we denote by det(J;(X)) the determinant of the matrix J7(X); note that it is
an F-polynomial. When we evaluate either J f(X) or its determinant at an n-tuple b € R",
we denote the corresponding values by J¢(b), respectively det(J(b)).

Definition 2.11. [18, Definition 3.1] Let B C R be partial E-domains. We will adopt the
following convention. A Khovanskii system over B is a quantifier-free £Lg(B)-formula in
free variables x := (z1,...,z,) of the form
Hp(x) = /\ fi(x) =0 A det(Jj(x)) # 0,
i=1
for some f1,, f, € B[X]F. (We will sometimes omit the subscript f in ‘the above formula
and possibly make explicit the coefficients ¢ € B of the E-polynomials f in which case, we
will use Hz(x).)
Let a € R. Then a € ecl®(B) if

for some Khovanskii system Hy and some ao,...,a, € R, Hf-(a, ag,...,ap) holds

with f1,..., fn € B[X]¥ (assuming that a; € A(R), 1 < i < n, if needed for the f;’s to be
defined).

The operator ecl is a well-behaved E-algebraic closure operator, satisfying the exchange
property [20], [17], [18, Lemma 3.3, Theorem 1.1]. A. Wilkie used it in his proof of the
model-completeness of the theory of (R,exp), where R denotes the ordered field of real
numbers. Then J. Kirby extracted ecl from this o-minimal setting and showed that it
coincides with the closure operator cl defined above (see Definition 2.8) [18, Propositions
4.7, 7.1]. Since the operator clf’ on subsets of an E-field F' induces a pregeometry, we get
a notion of dimension dim’" as follows:

Definition 2.12. Let F be a partial E-field, let x := (z1,...,x,) and let C C A(F) with
C = cl¥(0), then for m < n,

dim®(x/C) = m if there exist z;,, .. .,x;,, with 1 <i; < ... <, < n such that
wi; ¢ cl(w,,C51 <L #j<m)and z; € A (ziy, .2, C), 1 <i < n.

In order to show that cl C ecl, J. Kirby uses a result of J. Ax on the Schanuel property
in differential fields of characteristic 0 [18, Theorem 5.1], in order to show the following
inequality:

td(x, E(x)/C) — tdimg(x/C) > dim(x/C), ()
where td(x, E(x)/C) denotes the transcendence degree of the field extension Q(x, E(x),C)
of Q(C) and ¢dimg(x/C) the dimension of the quotient (x,C)qg/(C)q of the Q-vector
spaces: (x,C')g generated by x and C by (C')g generated by C. (When C' = (), /dimg(x/C')
is simply the linear dimension of the Q-vector-space generated by x.

From now on we will also denote by dim!’(-/C') the dimension induced by the closure
operator ecl’’(-/C) and by £dim the linear dimension of a vector-space. As usual we define
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the dimension of a subset as the maximum of the dimension of finite tuples contained in
that subset (see Definition 3.3).

Definition 2.13. [18, Definition 5.3] Let F' be a partial E-field and Fy be a partial E-
subfield of F. For any C' C A(F'), let

d(x/C) :=td(x,E(x)/C, E(C)) — {dimg(x/C).
Then Fy < F if for every tuple x in A(F'), d(x/Fp) > 0.

Let My C My be two L-structures. Recall that the notation My C.. M7 means that
any existential formula with parameters in My satisfied in M is also satisfied in Mj. Let
us note some straightforward properties of the ecl’ relation (and how it depends on F).

Remark 2.14. Let Fy C F; be two partial E-fields. Suppose that Fy C.. F1, then

(1) A(Fp) €1 A(F) (see Notation 2.3),

(2) ecl’(Fy) = Fy, provided the number of solutions to a Khovanskii system in F} is
finite, and

(3) let (1, ..., 2, 7) be an existential formula, let a € Fy, then if dim® (o (Fy, a)/(a)g)
k, then dim® (o(Fy,a)/(a))g) > k.

Proof: All these properties are rather straightforward. For convenience of the reader, we
will indicate a proof for (2) and (3).

(2) Suppose that u € ecl’* (Fy). So we can find u1,...,u, € F; and n+ 1 E-polynomials
fi, -+, fnr1 with coefficients in Fy such that Hf(u, U, ..., Up) holds. Suppose the number
of n+ 1-tuples solution of the Khovanskii system H is equal to £. Then we can express by
an existential formula with parameters in Fy that it has at least ¢ solutions (in F7). Since
Fy Cy Fy, it holds in Fy, so the tuple (u,u1,...,u,) should appear among the solutions,
otherwise we would get one more solution in Fi, a contradiction.

(3) Let by,...,by € Fy, k > 1, be eclf"-independent over (a)r and be such that
©(b1,...,bg,a) holds. Let us show that by,...,b; remain ecl-independent over (a)p.
We proceed by contradiction assuming for instance that by, € ecl™ (b1,...,bk—_1,{a)p). So
there are F-polynomials f1, ..., f; with coefficients in (by,...,bx_1,a)p and ug,...,us € Fy
such that Hz(bg,uz,...,ur) holds. Since Fy Cee F1, we can find uy,...,u; € Fy such that

Hf(bk,u’Q, ..., uy) holds, witnessing that by, € ecl?(by, ..., by_1,(a)g), a contradiction. [

Recall that A. Khovanskii showed that in the field of real numbers expanded with Pfaffian
chain of function, the number of solutions of a Khovanskii system is not only finite but it
is bounded independently of the coefficients of the system [33, Proposition 3.1].

Lemma 2.15. Let Fy C Fi, where Iy is a partial E-field and Fy is a partial E-domain
endowed with an E-derivation 6. Then, given u € ecl'(Fy), we can extend § to an E-
derivation on u in a unique way.

Proof: Let u € ecl’(Fy), so for some n, there exist u; = u,uy,...,u, € F| such that
H(uy,...,up) holds in Fj, for some Khovanskii system over Fy. Set u := (uq,...,u,) and
X = (X1,...,X,). Let f1,..., fn € Fo[X]¥ be such that

n

(1) A\ Filw) =0 A det(J;(w)) #0.

=1

>

{der}
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Applying § to fi(u),..., fo(u), and using the E-polynomials f{,...,f obtained in
Lemma 2.7, we get

P (u) 6(u1) 5(f1(u))
(2) : + J(u) : = : =0
fa(u) 6(un) 6(fn(u))
So,
o(u1) 1 (u)
(3) G
6 (un) ()

Note that Jf(X)_1 = J}(X)(det(Jf(X))_l, S0 Jf(X)_1 is a matrix whose entries are ra-
tional E-functions with denominator det(J¢(X)).

Since ecl has finite character, we may assume that f; € (Q(e;))g[X]¥ for some tuple e;
and f? € Q({e;)r,6(e;))[X]F (see Lemma 2.7). Let € := (eq,...,e,); SO We can express
each 0(u;), 1 <i < n, as an E-rational function ¢; 7(u) with coefficients in (Q(e,d(e))) k-
Then we extend § to the E-subfield generated by Fo, Ui, - .., Uy. Since ecl = cl there is only
one such E-derivation extending § on Fj.

We can also express the successive derivatives 6%(u;), 1 < i < n, £ € N, £ > 2, as
BE-rational function t¢ f( u) with coefficients in Q(6*(¢)))g. Note that the E-polynomial

appearing in the denominator is a power of det(J¢(X)). We set tl{f(u) =t f(u). O

For later use, we need to make explicit the form of the rational functions t¢ f( u) as a

function of u but also of the coefficients of f (see section 4.4).

Notation 2.16. By equation (3), we have §(y?) := tijf(yo) where y¥ := (39,...,9%) and

%)
t;. f(yo) is obtained by multiplying the matrix —.J f(yo)_1 by the column vector :
£y°)
Now by Lemma 2.7, there are tuples x € Fy such that f; belongs to (x?)g[X]¥ and

7
§(x¥) by the tuple x!.
Let 27 := (x{,...,x%) with 0 < j. Then we re-write ¢, f(y ) as an E-rational function

y% 20, 21)), 1 < i < n. Set t* ~—tﬁandtjg* =

0 ¢ Q(xNg, 8(x)[X]E. To fI, we associate an E-rational function O, by replacing
(2 (2 1 1

with coefficients in Q, namely as t* f( i 7

(ti ;, Lth ”}) Then we define t by applying ¢ and substituting ¢, 7(y") to 6(y}), 1 <
0 ~1

j <mn,and 77 to §(z771), 2 > j > 1. So we get an E-rational function ¢ ’f(yo':i T, 7?),

1 <4 < n. We iterate this procedure, namely we apply d to 9% we substitute ¢ f( y%) to

f7
6(y)), 1 < k < mn, and 271! to 6(27), j > 0, to obtain t“”(y 20,7, 1 <i < n.

f
O4+1,% 041, 041,
Wedenotetf *'__(tl,f *,...,tf*).

Proposition 2.17. Let Fy C F be two partial exponential fields and assume that A(Fy) is
pure in A(F), that Fy is generated as a field by A(F) U E(A(F)) and that Fy < F, then
every E-derivation on Fy extends to F.
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Proof: This is essentially [18, Theorem 6.3] but there the running assumption on partial
E-fields is that A(F) is a Q-vector space. Therefore, in adapting the proof [18, Proposition
5.6], we assume, by induction, that A(F}) is a pure subgroup of A(F). When defining Fj,1,
we take the divisible hull in A(F') of the subgroup generated by A(Fjs) and Z, where 73
belongs to Z and d(z/Fj3) is minimal. Let us also denote by (A(F3))g the Q-vector space
generated by A(Fp) in F.

Then we slightly modify the proof of [18, Theorem 6.3], by assuming that A(F1) C1 A(F3)
and we choose ay, . .., a, € A(F2)\A(F1) maximal Z-independent over A(F}) and generating
A(F3) over A(F1) in the following way: for any b € A(F3) there are z1,...2, € Z, u € A(F})
and n € N* such that nb = > " | zja; + u. Note that if >, za; € (A(F1))g, then for
some n € N* n) . za; € A(Fy). Since ) za; € A(F,) and A(F1) C; A(F»), then
>, %zia; € A(F1). So the element b in [18, Fact 6.4], does not belong to (A(F))q either.
The rest of the proof of [18, Theorem 6.3] is similar since it only involves the spaces of
derivations over Fj. O

Note that if Fp is a subfield of F' and if A(F") =domain(E), A(Fy) =domain(E)NFy, then
A(Fp) is pure in domain(E). Indeed, let n € N* and assume that v € A(F) and n.u € A(Fp).
So u € Fy and so u € A(Fy) = A(F) N Fy.

Proposition 2.18. Let Fy C F be two partial exponential fields. Assume that we have an
E-derivation on Fy, then it extends to F'.

Proof: Consider the subfield C' := ecl’(Fy) of F; we have shown already that any F-
derivation on Fy extends to C' (see Lemma 2.15). By [18, Propositions 4.7, 7.1], C' = clf (Fp).

Let Fy be the subfield generated by (A(F) N C) U (E(A(F)NC)). We will show that
F1 < F which will enable us to apply the result of J. Kirby recalled above.

Note that F) is a subfield of C' (C is a partial exponential subfield [18, Lemma 3.3]).
Set A(F1) := A(F) N Fi, then A(Fy) C; A(F). Note that if u € A(Fy), then E(u) €
E(A(F))NnC C Fy.

In order to show that Fy < F, we take a finite tuple a € A(F) and we calculate
d(a/A(Fy)) :==td(a, E(a)/A(F1) U E(A(Fy))) — ¢dim(a/A(F})), where:

td(a, E(a)/A(F1) U E(A(F1)) denotes the transcendence degree of the subfield of F,
generated by a, E(a) over the subfield generated by A(F;)U E(A(Fy)) and

¢dim(a/A(F})) is the dimension of the quotient of two Q-vector spaces, the first one
generated by a and A(F7) and the second one by A(F}).

By Ax’s theorem [18, Theorem 5.1, Corollary 5.2],

td(a, E(a)/C) > ¢dim(a/C)) + dim(a/C),

Moreover we have td(a, E(a)/A(F1) U E(A(Fy))) > td(a, E(a)/C).

Now let us show that ¢dim(a/C) = ¢dim(a/A(F})). Suppose we have a Q-linear combi-
nation u of elements of a belonging to C'. So for some nonzero natural number n € N*, we
have that nu also belongs to A(F') (since u € A(F')). So, we get that nu € A(F)NC and so
nu € F1 NA(F) = A(F1), namely u € (A(F1))g. Therefore, /dim(a/C) = ¢dim(a/A(F}))
and d(a/Fy) > 0. O

Corollary 2.19. Let Fy C F be two partial exponential fields and let 6 be an E-derivation
on Fy. Assume that we have £ elements ci,...,co € F ecl-independent over Fy and
dy,...,dg € F. Then there is an E-derivation 6 on F, extending § and such that §(c;) = d;,
1<i</d.

{der-ext}

der-ext-gener
g
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Proof: Since ¢y, ...,cs € F are ecl-independent over Fy, there are £ E-derivations d; on F
which are zero on Fyy and such that ;(c;) = d;5, 1 < i, j < {. By the preceding proposition,
we have a derivation D on F' extending d. Consider D + Zle fid; with f; € F. Since the
set of E-derivations on F' forms an F- module, this is an E-derivation which extends ¢ by
construction. We define § as D + Zle(di — D(¢;))d; (setting in the above expression the
coefficients f; to be equal to d; — D(¢;), 1 <i < /). O

3. E-VARIETIES AND TOPOLOGICAL EXPONENTIAL FIELDS

3.1. E-varieties. Let K be a (partial) exponential E-field. Let X := (X1,...,X,), f €
K[X]F anda € K", denote by Vf := (9x, f(X),...,0x, f(X)). and Vf(a) := (0x, f(a),...,0x, f(a)).

{var}
Definition 3.1. Let g1,...,9m € K[X]¥ and let
m
Valgr, - gm) == {a€ K" \ gi(a) = 0}.
i=1
An E-variety will be a definable subset of some K™ of the form V;,(g) for some g € K[X].
Sometimes we will need to consider the elements of an F-variety in an extension of K; in
this case we will say that it is defined over K. Let V be an E-variety, then a is a regular
point of V' if for some g, V = V,,(g) and Vgi(a),..., Vgn(a) are linearly independent over
K (note that this implies that m < n).
In the following, we will make a partition of variables of the g;’s and consider the regular
zeroes with respect to a subset of the set of variables.
{gradient}
Notation 3.2. Let 0 < ng <n and let f € K[X]¥. Denote by
(4) Vol = (0x, g1 fs-- -5 0x,. 1)

Consider the following subset of V,,(g), with m < ng:

o) )
V9 (g):={be K": /\ 9i(b) =0 & Vy,91(b), ..., Viu,gm(b) are K—linearly independent}.

n,no
i=1

In case ng = n, we simply denote V,, 5/ () by V,“(g).

Furthermore, we need the following variant. Let i := (iy,...,ip,) be a strictly increasing
tuple of natural numbers between 1 and n (of length 1 < ng < n). Then for f € K[X]¥,
we denote by

(6) Vif = (8X¢1 fien ’8Xin0 )

We consider the subset of V,,(g):
(7)

V'9(g):={be K": /\ gi(b) =0 & V;g1(b), ..., V;gm(b) are K —linearly independent }.

n,i
i=1

Note that in order to be non-empty we need that m < ng = |i|.
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3.2. Generic points. Let K C L be partial F-fields. In section 2.3, we have seen that
ecl” is a closure operator which coincides with ¢l to which we associated the dimension
function dim®(-/K) (see Definition 2.12). As usual one defines the dimension of a definable
subset B C L™ and the notion of generic points in B (see for instance [17]).

Definition 3.3. Let B be a definable subset of L™ defined over K. The dimension of B
over K is defined as dim”(B/K) := sup{dim“(b/K) : b € B}. Let b € B, then b is a
generic point of B over K if dim”(b/K) = dim*(B/K).

We will need the following notion of subtuples.

Notation 3.4. Let a := (a1,...,a,) be an n-tuple in K and let X := (Xy1,...,X,).
Let 0 < m < n and let {i1,...,%m}U{Jj1,---,Jn—m} be a partition of {1,...,n}, with
1<ip<...<ip<nand1 <5 <. <Jpem < n.

A m-subtuple of a is a m-tuple denoted by aj,, of the form (a;,, ..., a;,) and we denote
by ap,_p,) = (ajs s aj, )

Given an E-polynomial f(X) € K[X]¥, we denote either by f@p—m), Xiy, -+, Xi,,) or
by fap,_m(Xii,-- -, Xi,,) the E-polynomial obtained from f when substituting for X, the
element aj,, 1 <7 <n —m. We adopt the same convention for £g-terms.

Remark 3.5. Let f = (f1,..., fm) C K[X]F, a:=(a1,...,a,) € Vo ?(f) C L™, 1 <m <
n. Then:
(1) There is a m-subtuple ay, of a and a Khovanskii system over K(ap,_,)
that Hfa (a[m]) holds.
[n—m)
(2) In particular dim®(a/K) < n —m and if V,,(f) = Va®(f), then dim®(V,,(f)/K) <
n—m.

3.3. E-ideals and differentiation. Let R be a partial F-ring. Let X := (Xq,...,X},)
and X be the tuple X where X; is removed, 1 <4 < n. Similarly for a € R", we denote

a; = (a1, A1, Qit1, .-, 0p).

Definition 3.6. Let I C R be an ideal of R. Then I is an E-ideal if
(rel—E@r)—1€l).

A prime FE-ideal is a prime ideal which is an F-ideal.

In R[X]”, an example of a prime E-ideal is AnnR[X]E(a) = {f € RX]¥: f(a) = 0}.
(When the context is clear we will omit the superscript R[X]E.)

E such

As usual the definition of F-ideal is set-up in such a way that if I C R is an FE-ideal,
then on the quotient R/I, we have a well-defined exponential function given by:

E(r+1):=E(r)+1
for r € A(R). So (R/I, E) is a again a partial E-ring.
We now recall a result from A. Macintyre on E-ideals closed under partial derivation.

Note that the proof is purely algebraic, using that one can measure the complexity of
exponential polynomials.

Fact 3.7. [20, Theorem 15 and Corollary| Let R be a partial E-domain. Let 1 < i < n.
Let I C R[X]® be an E-ideal closed under the E-derivation Ox,. Then either I = 0 or
I contains a non-zero element of R[X;]E. In particular, if I # 0 is closed under all E-
derivations Ox,, 1 <i <n and R is a field, then I = R[X]¥.

subtuple
P

{polmin}

{dpnul}
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Let K C L be partial E-fields. Fact 3.7 actually shows that ecl®-independent elements
over K do not satisfy any hidden exponential-algebraic relations over K.

Corollary 3.8. Let a := (ai,...,a,) € L™ be such that ay,...,a, are ecl®-independent
over K. Then there is no g € K[X]¥ \ {0} such that g(a) = 0.

Proof. By the way of contradiction assume there is g € K[X]¥ be such that g(a) = 0. Then
fori=1,...,n, dx,g(a) = 0 otherwise a; € ecl’(K(a;)). (Indeed, letting h(X) := g(a;, X),
we would have Hp(a;).) Hence the ideal Ann(a) is an FE-ideal, closed under all partial
E-derivations dx,, 1 < i < n. So by Fact 3.7, since Ann(a) # 0, it is equal to K[X]¥, a
contradiction. O

Let K5 be an expansion of the partial F-field K by an E-derivation § and let K be an
E-field extending K. Let A C K™. Let Ix(A) C K[X]¥ be the set of E-polynomials with
coefficients in K which vanish on A, namely I (A4) = N,ca Ann®X1" (). Note that it is
an F-ideal as an intersection of E-ideals.

Definition 3.9. For A C K", let 7(A) C K2" be the E-torsor of A (over K ), namely:

7(A):={(a,b) e K™ :a€ Aand Y _0x,f(a).bi + f’(a) = 0 for all f(X) € Ix(A)}.
=1

Note that if we can find f;(X) € AnnK[X]E(a), ac A 1<i<m < n such that
Vfi(a),...,Vfn(a) are K-linearly independent, then setting

To:={becK": Z@Xif(a).bi =0 for all f(X) € AnnK[X]E(a)},
i=1

we have that £dim(7T,) < n —m.

Lemma 3.10. Let K C K be partial E-fields, and let § be an E-derivation on K. Let
f=(f1,--,fm) € KIX]|®. Suppose that there are (a,b) € K" such that a C K" is a

generic point of Va9(f) and (a,b) € 7(Va(f)). Then there is an E-derivation 6* on K

extending 6, uniquely determined on ecl® (K (a)) and such that 6*(a;) = b;, fori=1,...,n.

Proof. Since a € V,,“(f), we have that V f1(a), ..., Vfn(a) are f(—lir}early independent. By
permuting the coordinates of a, assume V,, f1(a), ..., V,, fm(a) are K-linearly independent.
Set aj,_p) = (a1, .-, @n—m) and ap,) = (Gn-m+1, - - -, an). Note that det(Jfa[ ) ](a[m])) #

0. Since n —m = dim™ (a/K), a1, ..., an_m are ecl®-independent.

By Corollary 2.19, there is an FE-derivation §on K extending 6 on K and such that
S(ai):bi, 1<i<n—m.

By assumption (a,b) € 7(V;“(f)). In particular A7, Y7, Ox; fi(a)b; + f(a) = 0 (1).
We break the sum > %, Ox; fi(a)b; in two parts: 271" Ox;, fi(a)bj, D27, 11 Ox; fi(a)b;.
By assumption det(J Fan (ajm))) # 0, so the fact that b satisfies (f) is equivalent to the

m]

fact that the subtuple by, satisfies the equation (8) below:

bnferl ff (a) - Z;L:_im an fl (a>bj
(8) : = =T, @) :
bn fn(@) = 32520 O, ()b
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So there is only one such E-derivation satisfying 6*(a;) = b; for i =n—m+1,...,n on
ecl® (K (a)) by Lemma 2.15. Note that by using Lemma 2.7, we explicitly define a mapping
§* on K(a)g as follows. Let p(X) € K[X]¥, define 6*(p(a)) := > j=10%(ai)0x,p(a) +p(a)
(note that p° € K[X]®). Furthermore, by Corollary 3.8, since a,_m+1,...,an, are ecl’-
independent, Ann(a[n,mﬂ}) N K[X]¥ = {0} and so given ¢1(X), ¢2(X) in K[X]¥\ {0}, we
can define

a1 (a[n—m])é*(qQ (a[n—m])) —q2 (a[n—m])d* (Q1 (a[n—m}))

QQ(a[nfm])2 '

6" (q1(ap—m))/a2(ap—m))) =

O

3.4. Topological FE-fields. In section 2, we introduced the notion of a partial E-field F
as a two-sorted structure (F, A(F'), E) where F is a field and A(F') is an additive group
and E : A(F) — F*, a morphism from A(F') to the multiplicative group of F. (Further we
identified A(F') with a subgroup of the additive group of F'.)

In this section we will revert to a one-sorted setting. Let £ be a relational extension of
Lz U{™'} and let £~ be the reduct of £ when taking off the inverse function. Starting
with a two-sorted structure (K, A(K), F) which is a partial E-field, we will consider L-
structures JC with domain K and with the convention that the domain of F is A(K), an
additive subgroup of K. Classically one requires that the functions are defined everywhere
and so for instance, one extends ~! by the rule 0~! = 0. But in the following we will assume
that K is a topological field and that an implicit function theorem holds for exponential
L-terms. So, we instead proceed as follows. We use the fact that one can associate with
any L-term t(xy,...,x,) a quantifier-free formula Dy(z1,...,z,) which exactly holds on
the domain of definition (also denoted by D;) of ¢ (see for instance [34, Section 2]). (One
works by induction on the complexity of terms in a similar way as we did in section 2.)
Furthermore letting ¢’ be the formal derivative of ¢ (with the rule E' = E), Dy(x1,...,z,) <
Dy(x1,...,2y). The advantage of proceeding in this way, instead of extending the functions
when undefined, is that one can then require that the terms induce continuous functions
(or continuously differentiable, i.e. C!-functions, or C*, or analytic functions) on their
domains of definition, in case K is also a topological field.

Let V denote a basis of neighbourhoods of 0. Then (K,V) is a topological £-field if V
induces an Hausdorff (non-discrete) topology such that the functions of £ are interpreted
by C!-functions on their domains of definition and that each relation and its complement
is a union of an open set and the zero-set of a finite system of E-polynomials. So w.l.o.g.
we may assume that every quantifier-free L-formula is a bbolean combination of atomic
formulas of the form ¢;(x) = 0 or a conjunction of basic formulas expressing that x belongs
to an open set. This notion of topological L-fields extends the one given in [14, section
2.1]. We will say that K is endowed with a definable topology if there is an L-formula
X(z,y) such that a basis of neighbourhoods of 0 in K is given by x(K,d), where d € K",
n = |y|. Note that if K is endowed with a definable topology, then any field Ky elementary
equivalent to K can be endowed with a definable topology using the same formula x(z,y).
Moreover if K is endowed with a definable topology with corresponding formula x(z, )
and K an elementary extension of K endowed with a topology induced by ¥, then K is a
topological extension of . As usual, the cartesian products of K are endowed with the
product topology. Let x be a m-tuple, we will denote by X(x,y) the formula A", x(z;,y).

{top}

{Ksmall}



{sec:imp}

{imp}

16 FRANCOISE POINT(?) AND NATHALIE REGNAULT

Notation 3.11. Let (K, V) C (K, W) be two topological L-fields with (K, W) be a topo-
logical extension of (K, V) [14, Definition 2.3], namely K is an L-substructure of K and for
any V €V there exists W € W such that V = WNK. Let Wg :={W eW:WNK € V}.
On elements a,b € K we have the equivalence relation a ~yy, b which means that a — b
belongs to every element of Wy . (We will also use the notation a ~g b.)
We will say that a non zero element a € K is K-small if a ~yy, 0 (that we abbreviate
by a ~k 0).

Recall that a topological field K has a V-topology if whenever X, Y C K are bounded
away from 0, then XY is bounded away from 0 (a subset Z is bounded away from 0 if 0 does
not belong to the closure of Z). One calls such fields V-topological fields [27, Section 3|. By
results of Kowalsky-Diirbaum, and Fleischer if K is a V-topological field then its topology is
either induced by an archimedean absolute value or by a non-trivial valuation [27, Theorem
3.1]. One can define a notion of topological henselianity (t-henselianity) for V-topological
fields [27, Theorem 7.2]. One can show that one can embed any V-topological field in
a t-henselian field [15, Lemma 2.2] and a t-henselian field satisfies the implicit function
theorem for polynomial maps [27, Theorem 7.4}, [15, Fact 2.4].

3.5. Implicit function theorem. From now on, we will assume that K is a topological
L-field where the topology is a V-topology and it is definable with corresponding formula
X-

Notation 3.12. [33, Definition 4.4] Let S be a neighbourhood system in K™, namely
a non-empty collection of open non-empty definable neighbourhoods closed under finite
intersection. Let a € K™, we will denote by S, the neighbourhood system consisting of all
definable neighbourhoods of a.

Denote by ®*(S)” = {(f,U): U € S,f : U — K a C°-function, definable in K}.
One defines on ©"(S)~ an equivalence relation ~ as follows: (f1,U1) ~ (fa2,Us) if there is
U CU;NU;ysuch that fi [ U = fo [ U. Let ®™(S) := D"(S)”/ ~. We denote by [f,U]
the equivalence class containing (f,U).

Denote by @7 (S)” :={(f,U): U € S, f : U — K an analytic function, definable in K }
and by D5, (S) 1= D (S) ™/ ~.

We now introduce the following implicit function theorem hypothesis (IFT) that we put
on the class of fields under consideration. The implicit function theorem for C'-functions,
or C*°-functions, or analytic functions is classically proven in fields like R, @, (or more
generally complete (non-discrete) valued fields) [2, section 1.5]. A. Wilkie stated it for any
field KC elementary equivalent to an expansion of the field of reals [33, section 4.3], T. Servi
recasted the results of Wilkie in definably complete expansions of ordered fields [31].

Definition 3.13. Let n = £+ m, n > 1, £,m > 0, let (a,b) € K™ and let S(ap) be the
corresponding neighbourhood system. Let fi(x,y),..., fm(x,y) be definable C*°-functions
in K, |x| = ¢, |y| = m, denote f(a,y) = (fi(a,y),..., fm(a,y)) by fa(y). Then K satisfies
(IF'T) if the following holds. Assume that fa(b) = 0 and that det(Jf, (b)) # 0 (see Notation

2.10). Then there are neighbourhoods O, C Kt of a (respectively Op, C€ K, 1 < i <m, of
b;) and Cl-functions g;(x) : Oa — Oy,, , 1 <i < m, such that , setting g := (g1, .-, gm),

(9) g(a)=b A
(10)  ¥x€O0a (f(x,9(x)) =0 AJg(x) = ~(Vmf(x,9(x)) " Vef(x,5(x)))) A
(11)  Vx€O0aVy€ Oy (f(x.y) =0y =7(x).
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IFTA
t J Notation 3.14. As noted in [33, 4.3], when the topology on K is definable, this implies that

whenever the functions f; are definable (respectively C*°), the g;’s are definable (respectively
C®°), using the above equations (9), (10), (11). If when the functions f;, 1 < i < m, are
analytic functions in a neighbourhood of (a, b), the functions g in the scheme (I F'T A)g, are
also analytic in a neighbourhood of a, we will denote the corresponding scheme (IFT),.

Notation 3.15. [33, below Notation 4.6] Keeping the same notation as in Definition 3.13,

and under the same hypothesis, we may define a map”: D" (S(a )~ — @K(S(ab))_ cfes f
sending the function f [ Oy x Op — K, where Oy, := Oy, X ... x Oy, , to the function
f:0a—= K :x— f(x,91(X),...,gm(x)). It is convenient to introduce an (£ + m)-tuple

(g) of functions defined as follows: g;(x) = x; for 1 < i < £ and gp4; := gi(x), 1 < i < m.

With this notation f(x) = f(§(x)).

Lemma 3.16. Let K satisfying (IFT). Let (a,b) € K™ and let f1,..., fm,h € ”}D“m(S(a’b)):{hat}
Assume that f(a,b) = 0 and assume that det(Jg, (b)) # 0. Then, keeping the same no-
tations as in Definition 3.13, the sequence of vectors V f(a,b), Vh(a,b) is K-linearly
independent iff Vh(a) # 0.

Proof: The proof is the same as the one of [33, Lemma 4.7] (and it was also used in [21]
(see [21, Lemma 5.1.3])). O

We will need the following lack of flat functions (LFF) property [33, Lemma 4.5], [31,
Lemma 25].

Notation 3.17. We say that K satisfies (LFF) if the following holds. Let S is a neigh-
bourhood system in K™ and let M be a subring of ®"(S) closed under differentiation. Let
I C M a finitely generated ideal closed under differentiation and let [g1, U], ..., [gs, Us| be
generators for I. Let Z be the set of zeroes of g;, 1 <i <s,in Uy N...NUs. Then there is
U € S such that U N Z is an open subset of K.

If in I, (IFT)q4y holds and if we restrict M to be a subring of ®7 (S), then (LFF) holds.
In case K is either real-closed or an ordered field which is definably complete, then (LFF)
holds in general. Indeed, in that last case, it follows from the following property of solutions
of systems of linear differential equations:
given an open interval U of K and given a system of linear differential equations (of order
1) with coefficients in F, there is a unique C!-function, solution of that system on U [31,
Theorem 8.

Observe that given a finite given number of elements of K[x]¥, we can put them in
a noetherian differential subring of K[x]¥. Indeed, using the complexity function ord
defined in K[X]¥, this is always possible to find such a ring. An exponential polynomial
corresponds to an Lp-term and those are constructed by induction in finitely many steps.
So we place ourselves in the ordinary polynomial ring generated by all the (finitely many)
sub-terms appearing in the construction and this ring is closed under differentiation. Then
in a noetherian subring, all ideals are finitely generated and the property (LFF) can be
applied.

The next result was first observed for (R, exp) by A. Wilkie [33] but note that it also
holds without the assumption of noetherianity, for definably complete structures by G.
Jones and A. Wilkie [17]. Then it was re-used in [21, Proposition 5.1.4] in the case of
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the valued field (Qp, E}); there one needs the version of the implicit function theorem for
analytic functions.

Proposition 3.18. [33, Theorem 4.9] Assume that K satisfies (IFT) and (LFF).
Let r € K™ and let R, be a noetherian subring of D™(Sy) closed under differentiation.
Letm € N and let f1,..., fm € Ryp. and assumer € Vy, Y (f1,..., fm). Then, exactly one
of the following is true:
(a) n=m; or,
(b) m < n and for all h € R, with h(r) = 0, h vanishes on U NV, (f1,..., fm) for
some open neighbourhood U containing r,
(¢) m <n and for some h € R, v € V"I(f1,..., fm,h).
O

We will end the section by showing, that in case K satisfies (IFT), that we can find
ecl-independent elements, which are K-small in an elementary extension of K.

Remark 3.19. Let K satisfying (IFT). Let f1,..., fm € K[x,y]¥, and (a, b) € K™ with
x| =4, |y| = m. Leta€ K¢, b K™. Assume that Hg, (b) holds, namely f(a,b) =0 and
det(Jz, (b)) # 0 (see Definition 2.11). Then, b is an isolated zero of the system fa(y) =0.

Lemma 3.20. Let K satisfy (IFT). Let K1 be a |K|T-elementary extension of K. Then
there is an element t € K1 \ eclf1(K) with t ~x 0. More generally for every n € N* there
are n elements ty,...,t, € Ky ecl-independent over K and K -small.

Proof. Consider the partial type tpx (z) consisting of £(K)-formulas expressing that x ~x 0
and = ¢ ecl(K). The first property is expressed by the set of formulas x(x, a), where a varies
in K and the second property by =3y Hp(z,y) where f varies in K[X,Y]*. By Remark
3.19, this set of formulas is finitely satisfiable. So tpg(z) is realized in a |K|"-saturated
extension of K (see for instance [23, Theorem 4.3.12]).

Then by induction on n, assume we found n elements t1,...,t, ecl-independent over
K and K-small. Consider the partial type tpg ... ,)(z) consisting of L(K(t1,...,t,))-
formulas expressing that z ~x 0 and z ¢ ecl®1(K(t1,...,t,)). Again by Remark 3.19, it is
finitely satisfiable and so it is realized in Ky by an element t¢,41 such that ¢1,...,¢,11 are
ecl-independent over K and K-small. O

Proposition 3.21. Let K satisfy (IFT). Let f = (f1,..., fm) € K[X]®, |X| =n > m.

Suppose that there is a € V,"(f) N K". i -
Then there is an elementary L-extension K of K andb € V,“(f)N K™ withb—a ~g 0

and dimk(b/K) =n —m. In particular, b is a generic point of Vi 9(f) N K™.

Proof. Let a € V,,“9(f), then Vfi(a),...,Vfn(a) are linearly independent over K. By
permuting the variables Xj,..., X, assume that V,,f1(a),...,Vinfm(a) are K-linearly
independent (see Notation 3.2). So we have det(‘]fa[n,m] (ajm))) # 0, with a := (ap,_y,), ajm))
(see Notation 3.4). By (IFT), there are definable neighbourhoods O C K"~ of aj,_,,
O’ C K™ of ay,) and definable functions g1, ..., gm from O — O’ such that ap,,) = g(aj,—n,)
and such that for all x € O, A%, fi(x,91(x),...,gm(x)) = 0. By Lemma 3.20, there is an
elementary £g-extension K of K containing n —m K-small elements t1,...,t,_,, which are
ecl-independent over K.

Let tp,—pm) = (t1,-..,th—m) and b 1= ap,_ + tj_m € Kn—m. Then b € K are ecl-
independent over K, a—b ~x 0 and A, fi(b,g1(b),...,gm(b)) =0. O
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4. TOPOLOGICAL DIFFERENTIAL EXPONENTIAL FIELDS

4.1. Differential fields expansions. Throughout this section, we will place ourselves in
the same setting as in subsection 3.4; in particular the language L is a relational expansion
of Ly U{~1}. Again, we assume that the topological £-field K is endowed with a definable
field topology with corresponding formula x and that this topology is a V-topology.

Let L5 be the expansion of £ by an FE-derivation § and given K, let K5 denotes the
expansion of IC by an E-derivation 9.

Given an L-theory of topological L-fields, we denote by Ty the theory T together with
the axioms of E-derivation (see Definition 2.4). In particular if K = T, then Ks is a model
of Tys.

Any Ls-term t(x) with x = (z1,...,2,) is equivalent, modulo the theory of differ-
ential E-fields, to an Ls-term t*(6™(x1),...,0™"(z,)) where t* is an L-term, for some
(mq,...,my,) € N". Recall that we associated with any L-term t* a quantifier-free formula
Dy« and its domain of definition.

By possibly adding tautological conjunctions like 6*(z;) = 6*(z;) if needed, we may as-
sume that all the m;’s are equal. We use the following notation 6™(x) := (x,6(x),..., 0™ (x)),
with §%(x) = (6(z1),...,0%(w,)), 1 < i < m. Therefore, we may associate with any
quantifier-free Ls-formula p(x) an equivalent Ls-formula, modulo the theory of differential
E-fields, of the form ¢*™(6™(x)), m € N, where ¢*™ is an L-quantifier-free formula which
arises by uniformly replacing every occurrence of §™(z;) by a new variable z]" in ¢ with

the following choice for the order of variables p*™(x?,...,x™), where x' = (z%,...,2%),
0 <7 < m; furthermore since we made the convention that the functions are not everywhere
defined, we assume in addition that the formula ¢*™(x% ... x™) contains for each term

t*(x%,...,x™) the quantifier-free L-formula Dj(x°,...,x™). Let T, be the set of Ls-terms
occurring in ¢.

Furthermore since we are only interested in existentially closed models, we will add new
variables (that we will quantify existentially) and we replace in the formula o*™(x%, ... x™),
each occurrence of an L-subterm of the form s~! by a new variable u together with the
existential formula Ju us = 1, in order to transform atomic L-formulas into atomic £~ -
formulas in variables x°, ..., x™, 4. Note that d(u) is expressed in terms of s, §(s). So we
get

p(x) A [\ D (0™ (x)) & Jup™™ (0™ (x),a) A [\ D= (8™ (x)),
€Ty teT,

where now ¢™"™ is a quantifier-free £~ -formula. We will call the least such m, the order
of the quantifier-free Ls-formula ¢. We will call an atomic formula of the form s(y) = 0
an L_-equation (or Lg-equation), where s(y) is an £_-term. We will usually drop the
superscript m in the formula ¢™"™. We will make the following notational simplifications:
we will no longer specify that we work on the domains of definitions of our terms.

4.2. Scheme (DL)g. Given a model-complete theory T of topological £-fields, we consider
the class of existentially closed differential expansions of models of T" and under additional
assumptions on the class of models of 7', we will show that this class is elementary and
produce an axiomatisation. Namely, by a scheme of first-order axioms, we will express that
certain systems of differential exponential equations have a solution. In order to determine
which ones, we first associate, using the process explained above, to a quantifier-free Ls-
formula ((x) of order m, a quantifier-free £_-formula ¢™"™ (6™ (x), @). From now on we will
make the additional hypothesis that ¢(x) is a finite conjunction of basic formulas (namely



20 FRANCOISE POINT(?) AND NATHALIE REGNAULT

either an atomic formula or the negation of an atomic formula), and one can easily check
that the associated formula ¢™™(6™(x),u) is also a finite conjunction of basic formulas.
Then we express all possible ecl-relations among the variables x (the new variables that we
added are the subfield generated by x). Since the derivation extends in a unique way to the
ecl-closure, we enumerate partitions of the variables into two subsets: a first one where we
impose no conditions and the other one where we express that there are regular solutions
of an E-variety over this first subset of variables.

{const}
Definition 4.1. Let Ks be a differential topological L-field. Let ¢(x) be a quantifier-free

£5(K )-ermula of order m, of the form a finite conjunction of basic formulas. Denote by
xti= (2%, ...,28),0<i <mwithx =x = (21,...,7,).

We will associate with ((x) a Khovanskii formula H(x", ..., x™~! z) with extra variables
Z that we define below. Let ¢ be new constant symbols that will be interpreted by the
parameters coming from K. ' 4

Let n > 4y > 41 > ... > £y—1 > 0 and x[“ = (:r’l,...,a:}i), 0<i¢i<m-—-—1. We
are going to enumerate all possible Khovanskii systems expressing that each element xé,
¢; +1 < 7 <n, of the subtuple ($Z+1, ..., x%) of X' is in the ecl®-closure of X[Oéo}’ .. ,xfm.
Foro<i<m-1,4 <j<n,let f]z, be a tuple of E-polynomials with coefficients in
Q(e, xfm, . ’X([)éo])’ ¢ € K, and consider the Khovanskii systems Hfj’i(x;-,zjj) with z;; a
tuple of new variables expressing this ecl®-dependence (see Definition 2.11).

A Khovanskii formula is an £(¢)-formula of the form:

m— n ‘
H(XO>"'a me 1 z /\ /\ fj’i(x},zj,i)

j=t;+

where the tuple z := (z Z(0,41)i» - - 20 )0<i<m—1-

Recall that whenever Hj | (xj,zﬂ) holds, it implies that §(z ) is uniquely determined,
for £; +1 < j < n. We take 1t into account in the followmg way. We have that
d(x ],z% i) = t};*(x;,zm) where t f; is a tuple of E-rational functions with coefficients

in Q(0'(e),x EZ}I x[lzo},x[go]) (see Notation 2.16).

Now the £(¢)-formula ¢%(x°,...,x™, 2,4) is constructed by adding to the £_-formula
@ ™ (x0, ..., x™ @) for each 0 < k <m — 1:

e the atomic formula (x?“,zj,kH) tf (xj,zj k) Uk +1 < j <n, where tl—;* is a tuple
of E-rational functions with coefficients in Q(5(¢), x@'}l, . ,x[leo],x?zo]),

e a formula expressing that the determinants of the Jacobian matrices occurring in these
Khovanskii systems are non-zero.

Furthermore we will assume that clearing denominators, we put ¢3; in the following
equivalent form: a finite conjunction of E-polynomials equations (that we will denote by
th) and an atomic £_-formula expressing that a tuple belongs to an open set.

Note that varying over all possible ecl-dependence relations (with coefficients in ¢ C K)

among the variables in the tuple x°,...,x™ ! we get the following equivalence where the
right hand side is an infinite disjunction over the Khovanskii formulas H := H(x?,...,x™"! z)
0 > Ha\/HEH(XO,...,Xm VAN (x0, . x™, 2, q).

H
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Note that in case we do have a non-trivial relation between the x*, 0 < i < m — 1, with
coefficients in Q(¢), they cannot be all ecl-independent over Q(¢) by Corollary 3.8.

In the scheme below, since the extra-variables @ that we added in order to only consider
L_-terms, are in the dcl®-closure (and in particular in the ecl®-closure) of x0, ... x™, we

will assume that they occur within x°.

Definition 4.2. The scheme (DL)g has the following form: for each Ls(¢)-formula ¢(x)
which is a finite conjunction of Ls(¢)-equations of order m, for each Khovanskii £-formula
H(x, ..., x™1 %), we have: Vd vx" ... vx™

(BzH ", ..., x™ L) Ay (X0, .. x™ 2)) = Bapla) A x(0™(a) = (X0,...,x™),d)),
where % is an £(6™(¢))-formula as in Definition 4.1.
Note that by quantifying over the coefficients ¢, this scheme is first-order.

Remark 4.3. In a model s = Ts of the scheme (DL) g, the differential points are dense in
all cartesian products of K. Let O C K™*! and (ao, ..., an) € O. Consider the Ls-formula
o(z) := ™(z) = ap. The formula p*(zg,...,Tm) = Ty = ap. Let /\?;61 Hi(z;) =
r; —a; = 0, we find a differential solution b such that 6™(b) = a,, and §™~1(b) is close to
(ao, ..., am—1). This is analogous to [14, Lemma 3.12].

The same argument shows that the subfield of constants Ck is dense in K (and recall
that since ¢ is an FE-derivation, Ck is an E-subfield of K which is relatively algebraically
closed in K). We even have that ecl® (Cx) = Cx by Lemmas 2.7, 2.15.

The main result of this section is:

Theorem 4.4. Let T be a model-complete complete theory of topological L-fields endowed
with a V -topology which is definable with corresponding formula x. Assume that the models
of T satisfy the schemes (IFT) and (LFF). Then the class of existentially closed models of
Ts is aziomatized by Ts U (DL)g.

The above theorem will follow from Theorems 4.6 and 4.7.

The strategy of the proof is the following. First show that a model K5 = T satisfying
(IFT) and (LFF) can be embedded in K5 = T satisfying this scheme (DL)g (Theorem
4.6). Second show that if 7" is model-complete, then we may choose K = T'. Finally show
that if 75 U (DL)g is consistent, then it gives an axiomatization of the existentially closed
models of T5 (Theorem 4.7). (We only showed the consistency under the hypotheses (IFT)
and (LFF) and there is the question whether the scheme (LFF) is elementary).

We begin by realizing one instance of the scheme (DL)g in a differential extension of .
Lemma 4.5. Let Ks |= T5 be a topological L-field endowed with a V -topology which is

definable with corresponding formula x. Suppose K satisfies (IFT) and (LFF). Let M be a
|K|*- saturated elementary L-extension of K. Let o(x) be a finite conjunction of Ls(K)-

equations of order m, let H(x°,... ,x™ 1 2) be a Khovanskii formula with x0 = x, x| = n,
0 <i<m~—1. Assuming that for some a:= (a’ ... ;a™) € K, |a’| =n, 0 <i < m, we
have:

KE3z(H@,...,a™ 1t 2)Apy 0. .., am 7)),

{pL}

{dense}

{ec}

{iter1}
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then for any d € K, we can find a tuple of elements ¥ € M and we can extend § on
ecl (K, 7) such that for some o € ecl™ (K, ~)

ed"(K,7) F ¢(a) A X(5™(a) - a,d).

Proof. First let us observe that the saturation hypothesis on M is only used in order to
find K-small elements which are ecl-independent over K.

For sake of clarity, suppose first that m = 1. Let a := (a’ a!). Let 6™(¢) be the
parameters from K occurring in the Ls-formula ¢, in the Khovanskii formula H and in
the formula ¢};. Suppose H is of the form /\?:_f Hi(agﬂ,zui), 0 << n Leta:=
(Wt1,...,u,) € K be such that K = /\?;15 Hi(ay,;,upyq). Let ng:= |up], 1 <i<n—1¢
and N be the length of (a, u).

By Lemma 3.20, we can find ¢1,...,t; € M which are K-small and ecl-independent over
K. Let t[g] = (t1,...,tp).

Let Vi be the system of E-polynomial equations occurring in ¢7;, in unknowns X[la =
(z1,...,2}) over Q(¢)s, x° and % := (zp41,...,2,). We denote the corresponding tuple of
E-polynomials by f := f(x°,z, x[lz]) and, as in Definition 3.13, we will also use the notation

fxoyg(x[lz]), in order to stress which are the variables we consider as unknowns. (Recall that
the variables 3:]1-, £+ 1 < j < n, have been replaced by rational functions tjl»’* depending on

x?q,x[lg],x?,zj. )

First assume that |f| = ¢ and a[la is a regular zero of Vy(fa0 ). The second part of the
proof (in the case m = 1) will consist in desingularizing V,: .

Set § = (x° 2) and let (fz;)¢_; enumerate the tuple of E-polynomials fx0z. Then we
apply directly hypothesis (IFT). There exist O; be a definable neighbourhood of (a°, )
and Oy be a definable neighbourhood of a[la and definable C'*° functions g; from O; to O,
1 <4 < ¥, such that

l l
Ngi@, @) =al A VgeOr (N fr(01(@),- - 9:(1) =0).
i=1 i=1

Recall that we put the product topology on M™ with N be the length of (a®, ). Let
7 be the projection sending a tuple (a®,u) of M" to the subtuple a&] € M* and 7; the
projection sending (a”,u) to the subtuple (af,;, us;) € M™H 1 <i<n—¢

Let (ay,;,upe;) be regular zeroes of each system Hj(x9,;, 2¢4), 1 < i < n —{, over
Q(e, a?e]). For each 1 <i < n — ¢, we apply (IFT) in M and find a neighbourhood O ; of
a?g] with O1; € 7(O1) and a neighbourhood O ¢4; of (a&_i, uyy) with Oy o4 € m;(O1) and

definable functions h;q, ..., hjp, from O11 to Oq ¢4; such that
n—~¢ n; n—~¢

(12) A hio(aly) = afyi A N hij(afy) = ueyiy AV G € Ory (N Hilhio(@), -, him, (9)))-
i=1 j=1 i=1

Let h; := (hio(@), ..., hin (W) with @ = (wy,...,we). Applying h; to (a([)g] +tyg), we get
a solution to each system Hi(x%ri,z”i), close to (a(gﬂ, usy;), 1 <i < n—{ Denote this
solution by (aéﬂ-, u2+i), 1<i<n-—4¢ Let

X~ 0
(a,u) = (ay I AT | VIR U B
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Since (a,u) belongs to O (M), we may apply the functions gi,...,g¢ in order to obtain
(91(57 ﬁ)v s 793(57 ﬁ)) € W( E,ﬁ)' Set (bla ce 7b€) = (gl(aa ﬁ)a s 79[(5’ ﬁ))

Since now a +t1,...,a) +t; are ecl®-independent, we may define
(13) {star} 5(al +t1) :==by,...,0(ad +t;) = by.
Note that the values of the successive derivatives of 51, ... ,l;g are determined since we

can express 0(b1),...,8(by) using that (bi,...,bs) is a regular zero of V( fam). Note
that by,...,b € el (K, a([)z] + t|g)- By equation (12) Apyppy--- 0y € eclM (g, a([)a +tg),

we can also express their derivatives in terms of a H + t[g],af +1,...,a;“ the witnesses

uy,,...,u, and the derivatives of a?g] + t[g, namely bi,...,bs. So first we extend &

on ecd™ (K, a([)q + t|g) sending the tuple a([)a + tg to (51, . bg) and then by Corollary

2. 19 to M. This extension is umquely determined on the subﬁeld of M generated by K,
[Z] +t[g],a£+1,..., n,u£+l,.. 11 and bl,.. bg

Now assume that either the tuple of E-polynomials fxo > has length < ¢ or that a[lgl is

not a regular zero of Vy(fao 7). Let 8] := (s]1,...,5],), s := (s} 441 Son)s
N+¢ 0 -
Stataaly) = {155 17) € KV 8| = ], [shl = [21, [ = £ &
n—¢
I'/ € W(fsll,sé) & /\ Hi(sll,ﬂ—l—i? S/Q,Z—i-i)} N (aovﬂu a[lf]) + X(K’ d)
i=1
The set S0 5 wal,) is non-empty since it contains (a?; @ am) Let S(ao,ﬁ,aﬁz]) be the neighbour-

hood system containing (a°, u, a[é]). Let Ry.¢ be a noetherian subring of @NH(S(ao’ﬁ,a%e ))

closed under differentiation and containing the maps induced by the E-polynomials f(x, z, x[lz]).
)’

0
f)

Denote by Ry, the set of all finite tuples of elements of Ry . For (s},s,1’) € S(a0
consider the tuple ((s],s5,1'),q) where ¢ € Ry%,, (s},85,1") € V(q) &det(Jg,

1
ar

s (I'/
S1:89
whenever |g| = £. Denote this set of tuples by Ann. By assumption the tuple ((a’, a[lg]),
does belong to Ann.

Suppose that we have ((S1,n,S2,n,Tn), Gn) € Ann, n € N, with the ideals (g,) forming an
increasing chain, by noetherianity of Ry, we can assume such a chain is finite and there
is mg such that for all m > mg, (Gm,) = (Gm), for all m > my.

So we may choose among (s}, s, r’) € S’(ao@ah]), those such that there is § € Ry, such

that ((s},sh,1'),7) € Ann and (g) maximal in RV ** whenever ¢ has also the property that
letting ¢ = (q1,--.,qx), Vqi(s],s5),1'), ..., Vg (s),s), ') are K-linearly independent.

Is sp0r) = 10 € Ryt (81, 85,1') € ( 7) & det(Jg,, ., (r") = 0 whenever |g| = ¢}. Sup-
pose that we have gn, € I(s, , 5, rn)s M € N, with the ideals (g,) forming an increasing
chain, by noetherianity of Ryys we can assume such a chain is finite. So among the
ideals Annfin+e(s), s, '), namely (s sy x1y- Since Ry is noetherian, there is (s1,82,1) €

S(ao,ﬁ,aﬁé]) with [r| = £, [s1] = n and |(s1,82)| = N such that I, s, ;) is maximal and we can
find hy(xY, 2, x[lg]), e hp(x0, 2, x[la) € Ry¢ with p maximal (f) such that AY_, hi(s1,s2,1) =
0 and for & = min{p, £}, Vhy (s, s,)(r); ..., Vhp (s, s,)(r) are K-linearly independent and
Vhi(s1,s2,1),..., Vhy(s1,s2,r) are K-linearly independent.
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Note that p > 1 since E-polynomials whose all partial derivatives are equal to 0 is itself
0 and the map sending an E-polynomial to the corresponding function is injective in this
case.

If p > ¢, we consider the map A : (y1,...,yn,Z1,...,%¢) = det(Ox,hi)1<ij<e). By
construction A(sy,s2,r) # 0 so it doesn’t vanish on a neighbourhood of (sj,s2,r). So,
there is a neighbourhood Uy of (si,sg,r) where A [ Uy is invertible. We have a map
i @N+€(5(Sl’52’r)) — @g(S(Sl,SQ)) (applying (IFT) to (h1,...,hs). Consider Ry,[A™1] and
let M C D(S, s,)) be its image by the map " Let I := {h € M: h(s1,s2) = 0} be an ideal
in M.

If I = {0}, then since f; € I, f; vanishes in a neighbourhood of (s1,sg,r). So when we
modify si,s2,r) as in the first part of the proof, using that r is a regular zero of (hy,. .., hy),
we still get that f is zero on the modified tuple. If I # {0}, let us show that we contradict
the choice of hy,...,h,. By (LFF), I is not closed under differentiation. So there is h € I
with h # 0 and so we can add to hy,..., h, contradicting maximality (using Lemma 3.16)

If p < ¢, first note since for (si,s2,r) € S(a7ﬁ7a[le]), r € Vi(fs;.so)- Then let 1 <

i1 < ... < ip < £ be strictly increasing indices such that the determinant of the matrix
(Vihi (s1,80)(T), s Vihy (s, s5)(r)) is monzero, with i := (i1, ...,%,). Decompose r into two
subtuples: rp; and ry_, (see Notation 3.4). We will add rjy_, to the parameters (s1,s2)
and apply the hypothesis (IFT) to the corresponding square system. So we can find in a
neighbourhood of r, a point satisfying that system with coefficients close to (s1, 2, Ti—p))
and still get that this point belongs to V(f), using Proposition 3.18 (b), since we assumed
p maximal (f). (This is where we use the hypothesis (LFF).)

Assume now that m > 1. Then we replace in the above discussion a[la by aFmeﬂ and we

proceed as before. O

Theorem 4.6. Let T be a model-complete theory of topological L-fields. Let K = T be
a topological L-field endowed with a V -topology which is definable with corresponding for-
mula x. Suppose K satisfies (IFT) and (LFF). Then the differential expansion Ks can be
embedded in a model Ks of Ty U (DL)g.

Proof: We adapt [14, Lemma 3.7] and [14, Proposition 3.9] to this exponential setting.
The differential extension IC(; will be built as the union of a chain of differential extensions
of s which will be in addition L-elementary extensions of K. In particular, we get that
K is an L-clementary extension of . We first construct such extension K5 where all the
instances of the scheme (DL) g with coefficients in K are satisfied using transfinite induction
and then we repeat the construction replacing in the previous argument K5 by Ks and we
do it w times. The union of this chain of extensions will be a model of the scheme (DL)g
and an elementary extension of K (since T" is model-complete).

It suffices to show that given an instance of the scheme (DL)g, we can find an Ls
extension Ky of K5 where it is satisfied, with I < ;.

Let x = (z1,...,2p), let p(x) be an L5(K)-formula which is a conjunction of Ls(K)-

equations of order m, and let H(x",...,x™, Z) be a Khovanskii L-formula with x° = x. Let
X (K, d) be a definable neighbourhood of 0 (in K™™*1) with d € K. Let a = (ay,...,a,) €
K and a = (a’...,a™) € K, where a° := a be such that

JzH(A,...,a™ 1 2) A v} (a, 2),

holds in K.
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In Lemma 4.5, we constructed a differential extension Ky of K containing an element «
such that ¢p(a) holds and such that 0™ («) is close to @, with respect to a given neighbour-
hood x(-,d) of 0. O

Recall that L is a first-order language satisfying the assumptions of section 3.4.

Theorem 4.7. Let T be a model-complete theory of topological L-fields. Assume that
K &= T and that the differential expansion Ks is a model of Ty U (DL)g. Then Ks is
existentially closed in the class of models of Ts. In particular if the theory Ts U (DL)g is
consistent, then it is model-complete.

Proof: Let K5 = Ts5 U (DL)g and suppose that K5 C Ks with Ks = Ts.

Let x = (z1,...,7,) and {(x) be a quantifier-free L;(K)-formula of order m and assume
that for some tuple aec K, K= £&(a). Since T is model-complete and K = T, we may
assume that we are in the case where m > 1. Furthermore we may assume that £(x) is of
the form ¢(x) A 6™ (x) € O, where ¢(x) is a conjunction of Ls(K )-equations and O is an
L(K)-definable open subset of some cartesian product of K.

If the formula is of the form 0™ (x) € O, then we may conclude using the density of
differential points (see Remark 4.3). So, from now on, assume that there is a non-trivial
Ls(K)-equation occurring in ¢(x).

We consider all the ecl®-relations that may occur within the tuple 6™ !(a). Set a’ :=
5(a), 0 <i<m. Ifall a’, 0 < i < m—1, are ecl®*-independent, then by the scheme (DLg),
we can find a differential solution in K close to a. So from now on let us assume this is
not the case. Let a?@ = (ai1,...,ap) be the longest sub-tuple of a = (aq,...,a,) which
is ecl-independent over K (which we may assume by re-indexing to be an initial subtuple
since ecl has the exchange property). (If there is no such ¢, then aq,...,a, € eclX (K) and
their successive derivatives can be expressed in terms of a;, u; for some tuples of elements
of K, 1 < i < n, and elements from K. So we can transform the Ls-formula © into an
L-formula and use the fact that T' is model-complete.) Then we consider the ecl-relations
among a' over K and a?e]. Note that we certainly have ecl-relations among a[lnf q and a°.

Again we possibly re-index the subtuple a[lﬂ such that these ecl-relations occur among the

co-initial part of a[le]. We rename the corresponding subtuple al and possibly permute the

—

-1
+1

indices of a® to match indices. We proceed in this way getting successively a2 oo, am

Namely, suppose we got ai, 0 < i < m — 1. We consider the ecl-relations among a’
over K and a? yeen al . Again we re-index in order that the ecl- relations only occur in the
co-initial part of a'*! and we rename the corresponding subtuple ait! as well as possibly

permuting the indices of a0 al to match indices. Assume the length of at is equal to

&,nggm—landbytheway1twasconstructedn2€—€0281 > .. >lp1>0.
For sake of simplicity let us assume that m = 1. Let Hi(aps11,Ups1),- .-, Hy—o(an, ty)

be n — ¢ Khovanskii systems over K (ay), setting ay; = a([)g], witnessing that asi1,...,a,

belong to eclL(K(a[g])).
Note that by Lemma 2.15 (and its proof), this implies that we can express 6(a;), 6 (tp4;)

in terms of a,uyy;,0(a1),...,0(ar), 1 < i < n — ¢ and finitely many elements of K and
their derivative occurring as coefficients of the F-polynomials appearing in the Khovanskii
systems. Let @ := (Upy1,...,Uy).

Let ¢7; be the L-formula constructed from ¢ and these Khovanskii systems (see Definition
4.1).

{DLE}
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Since T is model-complete, there exists 7 € O(K) and z € K such that ¢3;(7,2) holds.
Then we apply the scheme (DL)g and get a differential solution 6™ (a) € K satisfying
@3y and close to 4. So s |= &(a). O

4.3. Geometric version of the scheme (DL)g. In this section we translate in geometric
terms the scheme (DL)g. It is similar in spirit to the differential lifting scheme introduced
by Pierce and Pillay, which gave another axiomatization of the class of differentially closed
fields of characteristic 0 [25].

For n <m e N*, let 7" : K™ — K™ be the projection onto the first n coordinates and
let 72 K™ x K™ — K" x K" : (z,y) = (77 (z), 7™ (y)).

(nvn) n r

Definition 4.8. Let Ks |= Ty, then Ks satisfies the scheme (DLg)g if the following holds.
Let K be a |K|T-saturated L-elementary extension of K. Let W := W(f) € K*" be an
E-variety defined over K and let X(K,d) be a neighbourhood of 0 in K*" with d in K.
Suppose that 0 < dim™(z2"(W)/K) = £ < n. Let a be a generic point of w2"(W) with
ay) a subtuple of a of ecl-independent elements over K and let (a,b) be a generic point of
W. Let ugy; be tuples of elements in K, 1<i<n—{, winessing that each component
of aj,—g belongs to ecl™(K, ay). Set 4= (Wgq1,...,U,) € K™ and assume that (a,b) €

2(n+m)(T(AnnK[X]E(a, w)), |X| =m+n, then we can find a differential point (o, §(r)) €

(n,n)

W N K with x((o, §(a)) — (a,b),d).

The scheme (DLg) g as stated is not first-order. The first issue concerns expressing that a
tuple is generic and the second is that a priori we have to consider all the E-polynomials in
an annihilator. Concerning the second one, keeping the same notations as in Definition 4.8,
one only needs the E-polynomials in Ann® [X]E(a, @) occurring in the Khovanskii systems
used to express that each component of ay,_g belongs to ecl(K, ay).

Although (DLg)g is not first-order, one can easily see that if 5 satisfies the scheme
(DLg) g, then it satisfies the scheme (DL)g and conversely.
Suppose Kj satisfies the scheme (DL)g and that we are in the setting of (DLg)g. Similarly
to the construction in Definition 4.1, let ¢% be the formula obtained from f(x°, x!) = 0,
|x!| = n, together with a Khovanskii formula H(x", %) witnessing that each component of

aj,_g belongs to ecl®(K, ay)). Because (a,b) € W(Q,r(lﬁjgm) (r(Ann® X" (a, 7)), one obtains
¢}(a,b). Hence by (DL)g, Ja ¢(a) A x((o,6(cr)) — (a,b),d).
Conversely, suppose Ks satisfies the scheme (DLg)g, and that we are in the setting of
(DL)g. Let ¢(x) be a Ls(¢)-formula which is a finite conjunction of Ls(¢)-equations of
order m, and let % (x°,...,x™, z) and H(x?,...,x™ 1 2) be the associated L-formula
and Khovanskii £-formula as constructed in Definition 4.1. Let

QE(XO, o ’Xm717 ymflj 2) — @?{(Xov o ’melvymflv 2) A yO — Xl AN ymfl — x™m
u =Y. xmY
ul == (x', ... x™)

0

Suppose |[u’| = n. Let W(f) = Vp:,. By construction, u” is a generic point of w2(W),

(u’,u') is a generic point of W and belongs to W?)S/Zj/gm)(T(AnnK[X]E(a, z)). Hence by

(DLg) g we can find a differential point («, d()) € W N K2 with X((a,0(c)) — (u®, ut), d).
Writing o as 89, ..., ™1, one obtains o(8°).
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5. MODEL-COMPLETE THEORIES OF (PARTIAL) EXPONENTIAL FIELDS

In this section, we apply our previous results to theories of topological fields I where
the topology is either induced by an ordering < or by a valuation map v. In the case of
valued field K := (K, v) we will replace the valuation map by a binary relation div defined
as follows:

v(a) < ov(b) iff a div b.

Denote by O be the valuation ring of K and Mg the maximal ideal of Og. Let D
be a binary function symbol for division in the valuation ring Og, defined as follows:

D(x,y) = { ; if o(x) > v(y) and y # 0,

otherwise,

5.1. The real numbers. A. Wilkie showed that the theory of (R,exp) where R is the
ordered field of real numbers is model-complete [33, Second MainTheorem]. So setting
T := Th(R, exp), Theorem 4.4 holds for models of T" since they also satisfy (IFT)g and
(LFF)e.

5.2. The p-adic numbers. Let (Q,,v) be the valued field of p-adic numbers. A. Macintyre
showed that the theory of QQ, admits quantifier elimination in the language of fields together
with the binary relation symbol div and for each n > 2, the predicates P, defined by
P, (z) iff Iy y" = x.

Then J. Denef and L. van den Dries showed that the theory of the valuation ring Z,
of @, (or the theory of Q) enriched by all restricted power series with coefficients in Z,
together with the predicates P,, n > 2 and the binary function D : Z}% — Zy, for division in
Zy, admits quantifier elimination [5, Theorem (1.1)]. N. Mariaule showed that the theory of
the valuation ring Z,, of Q, expanded by the exponential function E,(z) (see Examples 2.1
(5)) together with for each n > 2 the so-called decomposition functions for E,(z) is model-
complete [21, Theorem 4.4.5]. We will recall below precisely what are these decomposition
functions [21, Chapter 4].

From that one can easily deduce that the theory of the partial exponential valued field
(Qp, E}) is model-complete in the language of fields together with the predicates P, n > 2,
the binary function div, the exponential function E,(z) and the decomposition functions.
(Note that N. Mariaule proves strong model-completeness [7, section 2 (2.2)]). So again
Theorem 4.4 holds for T' = Th(Q,, E;).

Now let us recall what are these decomposition functions. They are the analog of the
functions sin and cos in the real case, but their definition is more complicated since Q) has
infinitely many proper algebraic extensions.

The field @, is bounded, namely for each fixed d > 2 it has only finitely many algebraic
extensions of degree d. So one may define a chain of finite algebraic extensions K, of Q,
with the following properties:

(1) K, contains any extension of degree n of Qp,
(2) K, is the splitting field of an irreducible polynomial g, € Q[X] of degree N,,.

One may further assume that ¢, € Z,[X]. Let /3, be a root of g, and let K,, = Q,(8,),
Ok, = Zp[Bn). Then Ok, is a Z,-module with basis 1, 8y, ..., Y"1, Let y € Ok, and
write it as YN 280, Then E,(y) = [Ny " Ep(2i6%), with z; € Z, and one adds the

decomposition functions for each E,(zf},), namely functions from Z, to Z, which allows

to express E,(z3!) in Ok, . Namely, write E,(z3.) = Z;V:”O_ Y& in(x)B%. Conversely, one
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has: (Gijn(2))icn, =V (Ep((BR)7T))scai(K, 0,), Where V is the Vandermonde matrix
associated to the roots of g,.

Finally since det(V) might be of strictly positive valuation, one has to multiply the
¢i,jn(z) by the norm Nk, s, (det(V)) in order to obtain the decomposition functions ¢; jn(z)
[21, page 66].

Let L£,ec be the language L together with the predicates P,, n > 1, and the decom-
position functions ¢;jn, 0 < j < Ny, i,n € N*. Then the L,pc-theory T of (Q,, Ep)
is model-complete [21, Theorem 4.4.5]. Since Q, satisfies the analytic version of the im-
plicit function theorem, we may apply Theorem 4.4. Note that we made a slight formal
extension of our former result since we not only use the exponential function E, but also
the decomposition functions, but in view of the relationships described above between the
decomposition functions and the exponential function F),, there is no problem in doing so.
The key point being able to transform an L,pc s-term t(x1,...,z,) into an L,pc-term t*
in 6™ (21),...,0™n (x,).

5.3. The completion of the algebraic closure of the p-adic numbers. Let C, be the
completion of the algebraic closure of the field @, of p-adic numbers. As a valued field, C,
is a model of the theory ACVF, of algebraically closed valued fields of characteristic 0 and
residue characteristic p. It admits quantifier elimination in the language {+, —,-,0,1,div}
[29]. (Note that A. Robinson only proved model-completeness of the theory but the quan-
tifier elimination result is easily deduced.) N. Mariaule showed that the theory of the
valuation ring O, of C, endowed with the exponential function E,(x) is model-complete
[21, Theorem 6.2.11]. From that one can easily deduce that the theory T of the partial
exponential valued field (C,, div, E,) is model-complete. Since C,, also satisfies the analytic
version of the implicit function theorem, we may apply Theorem 4.4. (Note that in this
case since C, is algebraically closed, one does not need to add additional functions such as
the decomposition functions).

5.4. Non-standard extensions of Q,. Let (K,v) be a valued field extending (Q,,v).
Let O be the valuation ring of K and let O (£) be the ring of strictly convergent power
series over O in § := (§1,...,&m). An element f(&) is given by Y cnn an&”, where
& =&t & and v(ay) — +oo, when |v| = v + ...+ 1, = 4o00. Such f defines a
> venn apu” for ue Of,
0 otherwise

The language L,, is the language of rings augmented by a n-ary function symbol for
each f € Og(¢) and n > 1. Let D be a binary function symbol for division restricted
to the valuation ring as defined above. Let Ly div := Lon U {div} U{P, : n > 2}. and
E(?n div := Landiv U{D}. Let K denote the Ly, giv-structure with domain K and the above
inte}pretation of the symbols of the language. In view of the way the functions f are
interpreted in both Q, and K, we have that Q) is an L, qiy-substructure of K. Then using
the quantifier elimination theorem of J. Denef and L. van den Dries, that if X is a model
of Ther,, 4 (Qp), then K is an elementary Lg, qiv-extension of Q. Now if we restrict the
language Ly qiv to the language £,pc, we get that the theory T' of K in this restricted
language is also model-complete (and in fact equal to the theory of (Q, E,). In order to
apply Theorem 4.4 to K5, we need to check that K satisfies IFT%". A way to do this is to get
a universal axiomatisation of The,, .. (Qp). It will imply that any definable function from

% to Of is piecewise given by L, dgiv-terms and so analytic functions. (This argument
was used for R, in [9].)

function from Og" to Ok defined by f(u) = {
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We express that K*/(K*)" = Q;/(Q,)" and that cosets representative of the subgroup of
n* powers can be found in N, namely for every & € K* there exist A, € N with 0 < r < n,
0 < X< p?™ and B(n) = 2v(n) + 1 and P,(zAp") [1, Lemma 4.2]. This can be expressed
by a finite disjunction and translates the fact that v(K™*) is a Z-group

Then we express that K is henselian in the following way. Let p(X) € Og[X] be an
ordinary polynomial of degree n. Then one defines a function A, : O’["”(H — Ok sending
(ao, - .., an,b) — uwith a,b"+. . .+a1b+ag = 0, v(p(b)) > 0, v(Ixp(b)) = 0 and v(u—>b) > 0
and to 0 otherwise [4, Definition 3.2.10].

So this gives us a non-standard model of 1" to which we may apply Theorem 4.4.

6. CONSTRUCTION OF MODELS OF THE SCHEME (DL)g

In this section we will place ourselves in the same setting as in section 4.1. We show how
to endow certain exponential topological fields K endowed with a V-topology, satisfying
(IFT) and (LFF) with a derivation in such a way they become a model of the scheme (DL) g.
One can follow a similar strategy as in [3], [28] to endow certain (ordered) fields with a
derivation in such a way they become a model of the scheme (DL) introduced in [14],
generalizing for certain differential topological fields the axiomatization CODF of closed
ordered differential fields given by M. Singer in [32].

In the proposition below, we will assume that the field K, as a topological space is
separable and first-countable and so its cardinality is at most 2%0.

Proposition 6.1. Let L be a countable language and IC be a topological L-field of cardinality
Ny, endowed with a V -topology, which is definable with corresponding formula x. Assume
that K as topological space, is first-countable and separable. Suppose K satisfies (IFT) and
(LFF). Then we can endow K with a derivation ¢ such that Ks is a model of the scheme
(DL)g.

Proof: Let {x(K,d;) : d; € K,i € w} be a countable basis of neighbourhoods of 0 and
further assume, setting W; := x(K,d;) that Wi 1 + Wis1 € W;. Let D be a countable
dense subset of K. Let Ky be the (countable, dense) L-substructure of I generated by
(Ji)i@, and D. Moreover, we may assume, by Lowenheim-Skolem theorem, that ICy is an
elementary substructure of . Express K as Ko(B) with B a subset of elements of K which

are ecl-independent over Ky (so |B| = N;). Set B := (tq)a<y; -

Claim 6.2. For each W;, i € w, and each £ € w, there are elements si,...,sp € W; that
are ecl-independent over Ko and with the property that s; —t; € Ko, 1 < j < /L.

Proof of Claim:

Fix W; a neighbourhood of 0 in K and choose tg,...,t; € B, £ € w. Since Ky is dense
in K, there are for each 0 < j < ¢, rj; € Kq such that t; —rj; € W;. Set s; :=t; —ry;,
0 < j < /. The elements s1,...,s; € K, are ecl-independent over Ky and belong to W;. [

We will express K as the union of an elementary chain of countable subfields Ky < Ky,
endowed with a derivation d,, o < Xy, starting by putting on Ky the trivial derivation dp.

The subfields K, have the following property. Given a neighbourhood of zero Wj
and a quantifier-free L5(K,)-formula ¢(x) of order m and any Khovanskii system H
(with parameters in K,) and associated L-formula ¢}; (see Definition 4.1) such that
H(@%...,a™ 1 b) A ¢%(a,b) holds in K, with a := (a’...,a™) and b € K,, we can
find 8 € Kq41 such that ¢(3) holds and 67, ,(8) —a € W;.

{construction}

{external}

{small}
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By induction on «, assume we have constructed Ko C K, <X K a countable elementary
substructure of }C and suppose K, is endowed with a derivation d,. Let Z := (xY,...,x™),
x := x’, [x| = n and, keeping the notations of Definition 4.1, set

Fo ={3zH", ... ,x™" L 2) Aoy (2,2) - K =32 32 (HE,...,x™ 1 2) Aoy (T,2))
with ¢ varying over all the Ls5(K,) — formulas of order m > 1}.

We will construct a differential extension Kn 1 of IC, containing ¢, satisfying the scheme
(DL) g relative to Fy.
Let ¢(x) be an L5(K,)-formula of order m > 1 and consider the formula

ZHEY,...,x™ L 2) Ao (T, 2) € Fa

with |x| = n. Assume H is of the form /\:Zf H(ugyi, z), with 2 := (Z1,...,2,-¢). Let
t1,...,ts € B. Let u := (u1,...,u,),b € K be such that ¢%(u,b) holds, where u :=
(u, ..., um).

Let W; be a fixed neighbourhood of zero. Then by Claim 6.2 and Lemma 4.5, there is
an elementary extension of Ky, inside K, an element 3 € K and a derivation d, extending d
on K, and $ such that ¢(8) holds and g;n(ﬁ) —u € Wj. Furthermore we may assume that
this extension is countable and ecl® -closed. (Note that in Lemma 4.5, we had a hypothesis
of saturation but it was only to ensure the existence of ecl-independent elements (over Ky).
The property that they were Kp-small is replaced by finding elements sq,...,s, € Wj,
ecl-independent and congruent to t1,...,t; modulo Kj.)

We consider ecl(Ka(gz(B)). In case t, does not belong to this subfield, we define

da(ta) = 1. Then let Ko, = ecl(Ka(ta,gzb(ﬁ)). We enumerate F, and the extension
Ka,i corresponds to where the it" formula in F, has a differential solution close to the

algebraic one in W;. Set ICS) =, Ka,i- Then we redo the construction with IC,(D}) in place

of Ko with a smaller neighbourhood of zero, say Wj1. Set Koq1 :=U,, ICSXm). Note that
Ka+1 is countable.

So we described what happens at successor ordinals and at limit ordinals we simply
take the union of the subfields we have constructed so far. Finally we express K as the
union of a chain of differential subfields and given any Ls-formula ¢(z) of order m > 1,
Khovanskii formula H(x?,...,x™~! 2) and an associated £-formula % such that for some
a=(u’...,u™),be K with u:= (ui,...,u,) the formula ¢%(%,b) holds in K, we find an
element of the chain K, such that ¢ € F, and @, b € K,. Therefore given a neighbourhood
of zero W;, we have 3 € K,,1 such that (/) holds and 6™(83) — @ € W;. O

Denote by L£_ the language £ where we take off the exponential function and denote by
T_ the theory of the £_-reducts of the models of T'. Let us assume that 7 admits quantifier
elimination. Then in [14], we showed that the class of existentially closed models of T_ 5
was elementary, assuming that the models of T' satisfied Hypothesis (I). That last property
is an analog for topological fields of the property of being large, property introduced by
F. Pop [26]). Let us first recall the following notation. Given a differential polynomial
p(X) € K{X} of order m > 0, with |X| = 1, the separant s, of p is defined as s, :=
s P € K{X}.

Definition 6.3. [14, Definition 3.5] The scheme of axioms (DL) is the following: given a
model KC of T_ 5, K satisfies (DL) if for every differential polynomial p(X) € K{X} with
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|X| =1 and ordx(p) = m > 1, for variables y = (yo, ..., ym) it holds in K that
Vz((Fy(p*(y) = 0A si(y) #0) = Jz(p(a) = 0A sp(x) #0A X (0" () —y,2))).

By quantifying over coefficients, the axiom scheme (DL) can be expressed in the language
L_5s.

Corollary 6.4. Let K be a topological L-field satisfying (IFT) and (LFF) endowed with a
V -topology which is definable with corresponding formula x. Assume that K is of cardinality
N1 with a countable dense subfield. Then we can endow K with a derivation § such that Ks
is a model of the schemes (DL)g U (DL).

Proof. We modify the proof of proposition above by also considering the instances of the
scheme (DL) and alternating between solving a formula from scheme (DL)g to solving a
formula from scheme (DL). We observe that if ¢1,...,t, are ecl-independent, then they are
also algebraically independent by Corollary 3.8. (|

Corollary 6.5. Let IC be an ordered real-closed exponential field. Assume that K is of
cardinality Xy with a countable dense subfield. Then we can endow K with a derivation ¢
such that K5 is a model of CODF together with the scheme (DL)g. O

Remark 6.6. Now let us record a few cases when K is separable and first-countable.

First, suppose that (K,v) is an henselian perfect valued field of equicharacteristic 0,
with value group G. Denote by {t9 € K: g € G & v(t9) = g}, a family of elements of K
whose set of values is G. Then by a result of Kaplansky, the residue field k isomorphically
embeds in the valuation ring of K [11, Lemma 3.8]. Assume that k is countable and
|G| = Ng. Consider the subring of K generated by k and {t9 : g € G-}, then it is
dense in the valuation ring of K. Since the inverse operation is continuous, K has a
dense countable subfield. A countable basis of neighbourhoods of 0 is given by the balls
Wy :={z € K:v(xz) > g}, where g € G»o.

Second, suppose now that (K, <) is an ordered real-closed field. Either K is archimedean
and so it embeds into R. So assume that the archimedean valuation on K is non trivial.
The residue field with respect to this archimedean valuation embeds in R. In case the value
group G is countable, the subring of K generated by Q and {tY : g € Gs¢} is dense in
the valuation ring of K. As a countable basis of neighbourhoods we may take the balls
Bpg = {r € K: |z| < %tg}, with n € N* g € G- and where t9 is a strictly positive
element of K with archimedean valuation equal to g.

7. PAIRS OF MODELS OF T’

Let Ks = T and assume it satisfies the scheme (DL)g. Assume also that T is a complete
theory. By Remark 4.3, the subfield of constants C is an L-substructure and ecl (C) =
Ck. In this section we want to examine the case when the class of elementary dense pairs
of models of T is complete and contains the pair (K, Cf). Usually one adds to £ a new
unary predicate P and consider the expansion £ U P, interpreting P as the smaller model
of T. Let Tp denote the Lp-theory of pairs of models of T" of the form (K, L) with L < K
and L dense in K (dense in the sense of the topology on K). A. Fornasiero [12, | showed in
case T' admits an existential matroid, namely one has a closure relation cl (in models of T")
satisfying certain additional properties that we will recall below and if CI% (L) = L, then
Tp is complete, when using another notion of dense, defined using the dimension function
induced by the closure relation cl. Fornasiero defined X C K dense in K if it intersects
non-trivially a subset of dimension 1.



32 FRANCOISE POINT(?) AND NATHALIE REGNAULT

In our setting, it amounts to find when Cx < K and when, using ecl as the closure
relation, (K, ecl) is an existential matroid.

For the first property, we use Tarski-Vaught test, so given any formula ¢(z,y) and
parameters in Cg, assuming that K = 3z op(x,d) with d € Cf, find b € Ck such that
K = ¢(b,d). In case p(K,d) is the union of an open subset of K and elements in dcl(d),

by density of Cx we have that we can find an element Cx N (K, d) # (.

In case of Q, use p-minimality (by a result of L. van den Dries, D. Haskell, D. Macpher-
son): any definable subset of the field is semi-algebraic namely definable in the language of
rings [16, Proposition 4.1].

In case of C,, use C-minimality (by a result of L. Lipschitz and Z. Robinson): any
definable subset of the field is a finite union of isolated points and open balls [16, Theorem
2.1]. These isolated points are in dcl(Ck) but one has still to show that they belong to Ck.

For the second property, we already know that ecl is a (finitary) closure relation satisfying
the exchange property, so it is a matroid [10, Section 3]. Then ecl is an existential matroid
if ecl is a definable matroid, satisfies existence and is non-trivial [10, Definition 3.25].

We could take instead acl which satisfies the exchange in case of a C-minimal or p-
minimal or an o-minimal field [16, Lemma 2.2].

Finally we have to check that the notion of topological density is the same as the notion
of density introduced by Fornasiero.
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