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Massive higher-spin states/fields appear in the effective description of various systems from
hadrons and nuclei to black holes, whenever the point-particle approximation is justified, as well as
in the bottom-up approaches to the quantum gravity problem. In four dimensions the actions for massive
higher-spin fields utilize either the Singh-Hagen/Zinoviev set of auxiliary fields or a single chiral field,
which is an slð2;CÞ spin-tensor of type ð2s; 0Þ, generalizing the Chalmers-Siegel approach. We show that
these two actions are on the opposite ends of a discrete family of actions where the physical field is
a spin-tensor of type ðsþ k; s − kÞ. The ð2s − 1; 1Þ- and ð2s − 2; 2Þ-cases generalize the Proca and the
Fierz-Pauli actions, respectively, to all spins. A similar family of second-order actions exists for
fermionic higher-spin fields.
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I. INTRODUCTION

Whenever the size of an object is small compared to
other relevant length scales one can apply the point-
particle approximation and employ the poweful quantum
field theory (QFT)/amplitude tools to describe the system
within the effective theory paradigm, which can be
followed by taking the classical limit of the amplitudes.
As a recent example, the QFT/amplitude methods have
been applied to the problem of dynamics of black holes,
see, e.g., [1–7]. The same techniques and ideas can be
applied to hadrons, nuclei, etc. One can, of course, also
consider the actual elementary particles. Particles in flat
spacetime have to fall into the classification of unitary
irreducible representations of the spacetime symmetry
group [8], the Poincare group, and have two character-
istics: mass and spin.1 Black holes as well as all macro-
scopic rotating objects correspond, from this point of
view, to massive particles with very large quantum spin.
The study of hadrons, as massive particles with arbitrary
spin, resulted in the discovery of string theory as the
primary candidate for the theory of quantum gravity.
More generally, it seems that higher spin states may be

necessary for the quantization of gravity.2 All of this
motivates further study of massive higher-spin fields in the
bottom-up approach.
The degrees of freedom of massive particles are

classified by irreducible representations of the Wigner’s
little algebra, which is soðd − 1Þ in d dimensions [8]. One
can loosely refer to such representations as spin, but in
d > 4 it is a sequence of (half)-integer numbers rather than
just a single number. There is a great ambiguity in how to
choose Lorentz-covariant field variables suitable for the
description (equations of motion and action) of a given
massive particle. In principle, any Lorentz (spin)-tensor
whose decomposition under the little group contains a
given spin may be chosen. The equations of motion are to
project out the unwanted degrees of freedom and are easy
to write. A suitable action is much more difficult to
construct since the equations of motion may not admit
an action with the same field content. Massive higher-spin
fields as described by a symmetric and traceless rank-s
tensor (the symmetric approach) is such an example.
Indeed, the equations of motion

ð□ −m2ÞΦμ1…μs ¼ 0; ∂
νΦνμ2…μs ¼ 0; ð1:1Þ

appear non-Lagrangian since there are more equations
than fields. The problem is not present for s ¼ 0, can be
avoided for s ¼ 1 through the Proca action [21], but
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1See, e.g., [9–11] for reviews and generalizations of the
classification.

2The spectrum of string theory consists of infinitely many
massive higher-spin states. Massless higher-spin states are tricky
to introduce consistent interactions, but some toy models have
been developed, e.g., chiral higher-spin gravity [12–19], see [20]
for a review of the higher-spin gravity approach.
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requires auxiliary fields for s ≥ 2 and was first addressed
for s ¼ 2 by Fierz and Pauli [22] and later, for all spins, by
Singh and Hagen [23,24]. The Stueckelberg approach was
extended to higher spins in AdSd by Zinoviev in [25], see
also [26,27] for the flat space. It requires more fields, but
compensates for that by having a clear guiding principle—
gauge invariance. A closely related approach was pro-
posed by Pashnev [28] and operates in terms of a quartet
of unconstrained tensor fields, see [29] for the relation
between the two. Other closely related ideas, all of which
are based on symmetric tensors, include [6,28,30–37]. In
particular, a geometric approach without auxiliary fields
can be found in [38,39]. Nonsymmetric tensors were
introduced in [40] through duality to describe massive
spin-two fields and a conjectured extension to higher spins
was put forward; see [41–43] for the recent related works.
Alternatively, the light-cone approach to massive higher-
spin fields has been developed in [44–46].
An additional option is available in d ¼ 4: one can

choose a chiral field [47–49], which is a spin-tensor of
soð1; 3Þ ∼ slð2;CÞ of type ð2s; 0Þ, i.e., it is a rank-2s
symmetric tensor ΦA1…A2s

, Ai ¼ 1, 2. The key advantage is
that the problematic transversality constraint is absent and
the only equation of motion, the Klein-Gordon one, is, of
course, Lagrangian. However, the parity is not easy to
control. Nevertheless, it is with the chiral approach that the
main progress has been made in the recent study of the
black-hole scattering problem via QFT/amplitude methods,
see [5]. The symmetric approach stands only slightly
behind, see [4,6,7].
Let us confine ourselves to d ¼ 4 from now on. The

physical field in the symmetric approach is a type-ðs; sÞ
spin-tensor ΦA1…As;A0

1
…A0

s
, which is symmetric in both

groups of indices. In principle, any type-ðsþ k; s − kÞ
spin-tensor with k ¼ 0;…; s can play the role of a physical
field. The chiral and the symmetric options stay on the
opposite ends k ¼ s and k ¼ 0, respectively, with the latter
requiring a number of auxiliary fields growing with s.
In the present paper, we bridge this gap and show that

there are simple actions with the physical field of type
ðsþ k; s − kÞ for any k. The actions require auxiliary
fields, whose number is ðs − k − 1Þ for k < s. While k ¼ s
is the chiral description, the cases k ¼ s − 1 and k ¼ s − 2
are also somewhat special: in the former the physical field
is ΦA1…A2s−1;A0 , it does not require any auxiliary fields and
it generalizes the Proca case to all spins; in the latter the
physical field is ΦA1…A2s−2;A0

1
A0
2
, one auxiliary field of type

ð2s − 4; 0Þ is needed, which extends the Fierz-Pauli
Lagrangian to all spins.
The outline of the paper is as follows. In Sec. II we review

the Proca, Fierz-Pauli and Singh-Hagen ideas in more detail,
which paves the way to the main result. The action is
constructed in Sec. III, while some technicalities are left to
Appendix. In Sec. IV we show that fermionic higher-spin

fields are also covered by the same (second-order) action.
We conclude with some remarks in Sec. V.

II. FIELD CONTENT

A. Low spin examples

Singh and Hagen [23,24] constructed a Langrangian
description of a free massive spin-s field for any s. Let
us focus on the bosonic case first, [23]. Singh and Hagen
used the symmetric approach, where a massive (of mass m)
spin-s field is described by a traceless symmetric rank-s
tensor3 ΦμðsÞ. It satisfies the Klein-Gordon equation

ð□ −m2ÞΦμðsÞ ¼ 0; ð2:1Þ

(where □ ≔ ∂μ∂
μ) and propagates 2sþ 1 degrees of free-

dom in d ¼ 4 provided that the transverse constraint is
imposed

∂
μΦμðsÞ ¼ 0: ð2:2Þ

We need to construct a Lagrangian, whose equations of
motion imply both (2.1) and (2.2). There is clearly a
problem here because the number of equations exceeds
the number of fields. For the case of a massive spin-1 field,
the Proca action gives the equation of motion

□Φμ − ∂μ∂
νΦν −m2Φμ ¼ 0; ð2:3Þ

from which we deduce straightforwardly

∂
μΦμ ¼ 0 ð2:4Þ

by taking the divergence of the equation. Plugging this into
the equation gives the expected Klein-Gordon equation.
However, it becomes more difficult for s > 1. Let us look at
the case of a spin-2 field. The most general second order
equation for a traceless rank-two tensor reads

ð□ −m2ÞΦμð2Þ þ a∂μ∂νΦνμ ¼ 0: ð2:5Þ

By taking its divergence, we get

�
1þ a

2

�
□∂

αΦαμ þ
a
2
∂μ∂

α
∂
βΦαβ −m2

∂
νΦνμ ¼ 0; ð2:6Þ

3Our convention is that all indices denoted by the same letter
and are at the same level (up or down) are assumed to be
symmetrized with the trace part subtracted. If a group of traceless
symmetric indices μ1…μs belongs to the same tensor, we can
simplify a bit more the notation by writing them as μðsÞ. For
example:

Φμ1μ2μ3 ≡Φμμμ ≡Φμð3Þ:
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which leads to ∂νΦνμ ¼ 0 only if a ¼ −2 and ∂α∂βΦαβ ¼ 0.
This second condition cannot be obtained from the initial
equation of motion. Therefore, it is impossible to construct a
Lagrangian with only one traceless symmetric tensor Φμν

for a spin-2 field, and for any spin higher than one. Fierz and
Pauli [22] proposed to introduce another field, an auxiliary
field, φ, of rank zero. Indeed, we need to have ∂α∂βΦαβ ¼ 0,
which is a scalar constraint and, hence, the introduction of
an auxiliary scalar field. The most general second-order
equations of motion are therefore

ð□ −m2ÞΦμð2Þ þ a∂μ∂νΦνμ þ b∂μ∂μφ ¼ 0; ð2:7aÞ

ð□ − cm2Þφþ ∂
α
∂
βΦαβ ¼ 0: ð2:7bÞ

Because the auxiliary field is not physical, one of the
consequences of the equations of motion needs to be
φ ¼ 0. Once we achieve that, the equation (2.7b) implies
∂
α
∂
βΦαβ ¼ 0. Therefore, we need to show that the aux-

iliary field vanishes. Let us remind that we need a ¼ −2
for the divergence of the main equation (2.7a) (with
φ ¼ 0 ¼ ∂

α
∂
βΦαβ) to give the transverse constraint

∂
νΦνμ ¼ 0. By taking the double-divergence of (2.7a)
and then replacing ∂

α
∂
βΦαβ via (2.7b) we obtain

ðb−a− 1Þ□2φþm2ðacþ cþ 1Þ□φ− cm4φ¼ 0; ð2:8Þ

from which we deduce φ ¼ 0 if we choose b ¼ −1 and
c ¼ 1. Thus, the Lagrangian description of a free massive
spin-2 field can be achieved with just one auxiliary scalar
field, which is usually packaged together into a traceful
symmetric rank-two tensor.

B. Singh-Hagen procedure

As shown in the Singh-Hagen paper [23], the spin-3 case
needs the main (physical) field of rank three, Φμμμ, an
auxiliary field of rank-one, Φμ, and another auxiliary field
of rank zero, φ. Indeed, similarly to the spin-2 case, we try
to get the transverse constraint ∂νΦνμμ ¼ 0 by taking the
divergence of the main equation of motion. However, it
leads to the transverse constraint only if the double-
divergence of the main field is zero, ∂ν∂νΦννμ ¼ 0. The
double-divergence of the rank-3 field is a rank-1 object and,
hence, we need to introduce a rank-1 auxiliary field Φμ

together with its equation of motion. Then, as for the spin-2,
the vanishing of the auxiliary field implies ∂

ν
∂
νΦννμ ¼ 0.

However, in this case, taking the double-divergence of the
main equation of motion and using the other equation
implies Φμ ¼ 0 only if ∂

νΦν ¼ 0 and ∂
ν
∂
ν
∂
νΦννν ¼ 0.

These two scalar conditions cannot be deduced from the
equations of motion. Therefore, a scalar auxiliary field φ is
needed. It is then easy to understand the general pattern.
In order to construct a Lagrangian for a free massive

spin-s field, we need the following set of fields:

ΦμðsÞ;Φμðs−2Þ;Φμðs−3Þ;…;Φμ;Φ: ð2:9Þ

The first field is the main (physical) field, and the others are
the auxiliary (nonphysical) fields. We want their equations
of motion to imply the following set of constraints

ð□−m2ÞΦμðsÞ ¼ 0∶ the Klein-Gordon equation; ð2:10aÞ

∂
μΦμðsÞ ¼ 0∶ the transverse constraint; ð2:10bÞ

Φμðs−2Þ ¼ 0;

Φμðs−3Þ ¼ 0;

� � �
Φ ¼ 0∶ the vanishing of all auxiliary

ðnon physicalÞ fields: ð2:10cÞ

Remarkably, having all these constraints as consequences
of the equations of motion fixes all the coefficients in the
action. The procedure is as follows. First, we write the most
general second-order Lagrangian (up to normalization of
the fields) and we derive the equations of motion. Next, we
form their consequences by taking combinations of diver-
gences and d’Alembertians of the equations of motion. We
need one constraint of each rank from 0 to s − 1, and we
proceed from the bottom to the top. If we manage to impose

ΦμðjÞ ¼ 0; ð2:11Þ

then, by plugging it into the equations of motion, we find

∂
μ1 � � � ∂μkΦμ1���μkþj

¼ 0; ∀ k∈ ⟦0; s − j⟧nfs − 1 − jg:
ð2:12Þ

Of course, the consequences of the rank-0,…, rank-(j − 1)
constraints are used to work with the rank-j constraint.
Finally, by going from rank-0 to rank-(s − 1), we obtain
the vanishing of all the auxiliary fields [from rank-0 to
rank-(s − 2) constraints] and the transverse constraint [the
rank-(s − 1) constraint]. A similar procedure works for
fermions [24].

C. Types of fields

Singh and Hagen used what we call the symmetric
approach to describe massive fields, but there are many
more Lorentz covariant fields that can, in principle, be
used to describe/carry the same physical degrees of
freedom. In order to explain this idea, let us first recall
the two-component spinor language. As is well-known the
Lorentz algebra soð1; 3Þ is isomorphic to slð2;CÞ, which
allows us to label the irreducible representations of the
Lorentz algebra with a pair ðm; nÞ of non-negative
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integers. A field associated to the Lorentz representation
ðm; nÞ is a spin-tensor4

ΦAðmÞ;A0ðnÞ; ð2:13Þ

where A; B;C; � � � ¼ 1, 2 and A0; B0; C0; � � � ¼ 1, 2 are the
indices of the (anti)fundamental representations of
slð2;CÞ, raised and lowered with the help of the anti-
symmetric Levi-Civita symbol ϵAB (and ϵA0B0 ). We choose
the convention

vA ¼ ϵABvB; vA ¼ vBϵBA;

vA
0 ¼ ϵA

0B0
vB0 ; vA0 ¼ vB

0
ϵB0A0 ; ð2:14aÞ

ϵA
B ¼ δBA; ϵA0B

0 ¼ δB
0

A0 : ð2:14bÞ

The spin is the label of an irreducible representation of the
Wigner’s litter algebra soð3Þ ∼ suð2Þ. However, the irre-
ducible representation of the Lorentz algebra ðm; nÞ is not,
in general, an irreducible representation of suð2Þ ∼ soð3Þ,
but can be decomposed as5

ðm; nÞ ¼ ⨁
mþn
2

r¼jm−nj
2

ðrÞ: ð2:15Þ

Therefore, if we want to describe a massive spin-s particle
by a field of type ðm; nÞ, the minimal option is to have
mþ n ¼ 2s, but we still have, in general, too many
components because this representation contains other
spins, hence, the need of the transverse constraint to
eliminate all the unwanted spins. Indeed, the divergence
of ΦAðmÞ;A0ðnÞ is a field of type ðm − 1; n − 1Þ, which
contains the same spins as ðm; nÞ except the spin-s.
Singh and Hagen focused on the representation ðs; sÞ,

i.e., the symmetric approach. The corresponding field is
ΦAðsÞ;A0ðsÞ or ΦμðsÞ in the vectorial language. Another
interesting choice is the representation ð2s; 0Þ (or, equiv-
alently, ð0; 2sÞ), because it is also a spin-s irreducible
representation of suð2Þ ∼ soð3Þ.6 The corresponding field
is ΦAð2sÞ (or, equivalently, ΦA0ð2sÞ) and has, therefore, the
right number of degrees of freedom of a spin-s particle, i.e.,
2sþ 1. This approach we refer to as the chiral approach,
which was proposed in [49] and for lower spins in [47,48].
In the chiral approach, which also unifies bosons and

fermions, the free Lagrangian is trivial because we do
not need the transverse constraint

L ¼ 1

2
ΦAð2sÞð□ −m2ÞΦAð2sÞ: ð2:16Þ

The goal of this paper is to generalize the Singh-Hagen
procedure to all approaches between the symmetric and
chiral ones, where the physical field is of type ðm; nÞ.

D. General pattern

It is easy to guess the general pattern of auxiliary fields.
Let us fix m ≥ n without loss of generality and choose the
physical field to have type-ðm; nÞ. We need to eliminate its
divergence, i.e., to get the transverse constraint, which is of
type ðm − 1; n − 1Þ. Following the Singh-Hagen idea we
can see that this can be achieved as soon as the double-
divergence vanishes, which has type-ðm − 2; n − 2Þ.
Therefore, we need to introduce an auxiliary field of same
type. However, we need to also ensure that both the
divergence of the auxiliary field and the triple-divergence
of the physical one vanish, which calls for an auxiliary
field of type ðm − 3; n − 3Þ and so on, see Fig. 1 for a
visualization of this procedure. The procedure needs n − 1
auxiliary fields (or zero if n ¼ 0). The complete set of fields
to have an action reads thus

ðm; nÞ ⊕ ðm − 2; n − 2Þ ⊕ ðm − 3; n − 3Þ
⊕ ðm − 4; n − 4Þ ⊕ � � � ⊕ ðm − n; 0Þ: ð2:17Þ

For example, choosing the main field ΦAðs−1Þ;A0 should
be very similar to the spin-1 case in the symmetric
approach, for any spin s. It does not require any auxiliary
field. Choosing the field ΦAðs−2Þ;A0ð2Þ should be similar to
the spin-2 case in the symmetric approach because we will
need one auxiliary field ΦAðs−2Þ to get the transverse
constraint, for any spin s.
In more detail, we write the most general ansatz for the

second-order action. We want that the corresponding set of
equations be equivalent to the Klein-Gordon equation for
the main field, and n constraints (with ranks from ðm − n; 0Þ
to ðm − 1; n − 1Þ), which are the vanishing of all auxiliary
fields and the transverse constraint for the main field. From
the type-ðm − nþ j; jÞ constraint we should deduce

ΦAðm−nþjÞ;A0ðjÞ ¼ 0; ð2:18aÞ

∂
A1A0

1 � � � ∂AkA0
kΦAðm−nþjþkÞ;A0ðjþkÞ ¼ 0;

∀ k∈ ⟦0; n − j⟧nfn − 1 − jg; ð2:18bÞ

where we used slð2;CÞ indices to write ∂μ ∼ ∂AA0 . It is
advantageous to use the results of the rank-(j − 1) constraint
when working with the rank-j one. As in the Singh-Hagen

4It is common to call “tensors” tensors with Lorentz indices,
and “spin-tensors” tensors with slð2;CÞ indices, even they are
both tensors.

5We use the rank, r, of suð2Þ-tensors as the label of irreducible
representations.

6We do not discuss the reality conditions. In principle, any
nonsymmetric description has to be supplemented by certain
reality conditions on the fields, but for some problems, e.g., for
the calculation of amplitudes, one can ignore them.
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case, we expect this procedure to fix all coefficients in
the action.
In order to simplify the formulas later on, let us

introduce the rank as the half of the total number of
indices, i.e. r ¼ kþl

2
for a field of type ðk;lÞ. It is also

convenient to define the chirality λ ≔ m−n
2
, which is the

same both for the physical field and for the auxiliary fields.
Therefore, we can refer to a description based on the
physical field of type ðm; nÞ as to chirality-λ approach.
For example, the chirality of the symmetric approach is

equal to zero, and equal to the spin for the chiral approach.
With these redefinitions, the set of fields that we need in the
action depends on the spin s and the chirality λ and contains
the fields

Φs;Φs−2;Φs−3;…;Φλþ1;Φλ; ð2:19Þ

where we indicated the rank of each field as a subscript.
Starting from the physical field down to the last auxiliary
one, we see that the ranks of the fields are the same for all
approaches (all chiralities), but we keep only s − λ − 1
auxiliary fields, see Fig. 1.
In this section, we justified the content of auxiliary fields

for a description based on the type-ðm; nÞ physical field. In
the next section, we construct the action and show how to
fix the coefficients.

III. ACTION

A. Index-free notation and generating functions

A convenient way to deal with a number of (spin)-
tensors is to introduce generating functions, which hides all
the indices and will also make all formulas more compact.
In particular we will see that all equations and constraints
will only depend on the rank of the fields, rather than on the
chirality, which unifies all approaches to describes the same
spin-s degrees of freedom.
Let us introduce auxiliary variables yA and ȳA

0
. A field

ΦAðkÞ;A0ðlÞ is replaced by a generating function Φ of the
variables yA and ȳA

0

Φ≡Φðy; ȳÞ ≔ ΦAðkÞ;A0ðlÞyA � � � yAȳA0 � � � ȳA0
: ð3:1Þ

Since the variables are commuting, the Taylor coefficients
of generating functions are automatically symmetric. We
can define the derivatives with respect to these variables

∂A ≡ ∂

∂yA
; ∂A0 ≡ ∂

∂ȳA
0 : ð3:2Þ

We can extract the type of the field with the help of the
operators

N ≔ yA∂A; N̄ ≔ ȳA
0
∂A0 ; ð3:3Þ

FIG. 1. The diagram depicts the types of fields involved in various approaches. The type of a field ΦAðkÞ;A0ðlÞ is ðk; lÞ, which is
represented by a point on this picture. Each oblique solid line links all the fields (depicted by bullets) necessary for a given approach. As
indicated, the top line (the biggest set of auxiliary fields) corresponds to the symmetric approach, and the last one (where there is no line
because there is only one field) corresponds to the chiral approach. Each dashed oblique line links all the fields of a same rank.
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which count, respectively, the number of unprimed and
primed indices of a field. Indeed it is easy to show that

NΦ ¼ kΦ; N̄Φ ¼ lΦ: ð3:4Þ

However, N does not commute with yA and ∂A

½N; yA�Φ ¼ yAΦ; ½N; ∂A�Φ ¼ −∂AΦ; ð3:5Þ

idem with N̄, ȳA
0
, and ∂A0 . The action and equations of

motion contain also derivatives (with respect to spacetime
coordinates) of fields, so it is necessary to define these
operators in the index-free notation. Let us define the
gradient and the divergence respectively as

∂≔ ðNN̄Þ12yAȳA0
∂AA0 ; ∂·≔ ððNþ 1ÞðN̄þ 1ÞÞ−1

2∂A∂A0∂AA
0
:

ð3:6Þ

Due to (3.5), N and N̄ do not commute with them

½N; ∂� ¼ −∂; ½N; ∂·� ¼ ∂·; ð3:7aÞ

½N̄; ∂� ¼ −∂; ½N̄; ∂·� ¼ ∂·: ð3:7bÞ

By using (3.6) and (3.7), it is straightforward to
show that

½∂·; ∂�Φ ¼
�
1þ N þ N̄

2

�
□Φ; ð3:8Þ

where □ ≔ ∂AA0∂AA
0
.7 It is easy to extend this result

recursively to obtain

½∂·l;∂�Φ¼
�
l
�
1þNþ N̄

2

�
þlðl−1Þ

2

�
□∂·l−1Φ; ð3:9Þ

and then

½∂·l; ∂2�Φ ¼
�
l
�
1þ N þ N̄

2

�
þ lðl − 1Þ

2

�

×

�
ðl − 1Þ

�
1þ N þ N̄

2

�

þ ðl − 1Þðl − 2Þ
2

�
□

2
∂·l−2Φ

þ ðlð1þ N þ N̄Þ þ lðl − 1ÞÞ□∂∂·l−1Φ:

ð3:10Þ

These results will be useful later, and we observe that these
relations do not depend on the chirality but only on the rank
of the field (because they depend only on N þ N̄).
Finally, let us introduce a notation for the scalar product

between fields (i.e., contraction of all their indices)

Φ · Ψ ≔ ΦAðkÞ;A0ðlÞΨAðkÞ;A0ðlÞ; ð3:11Þ

or, equivalently, in the language of generating functions

Φ ·Ψ≡Φð∂; ∂ÞððN!N̄!Þ−1Ψðy; ȳÞÞ: ð3:12Þ

Let us remark that this scalar product is symmetric both for
bosons and fermions. Indeed

Φ · Ψ ¼ ΦAðkÞ;A0ðlÞΨAðkÞ;A0ðlÞ ¼ ð−1ÞσΨAðkÞ;A0ðlÞΦAðkÞ;A0ðlÞ

¼ ð−1Þσð−1ÞkþlΨAðkÞ;A0ðlÞΦAðkÞ;A0ðlÞ
¼ ð−1Þσð−1ÞkþlΨ ·Φ; ð3:13Þ

where σ equals to zero for bosons and one for fermions,
because bosonic fields are Grassmann-even and fermionic
fields are Grassmann-odd. Then, let us recall that indices
are contracted using the antisymmetric Levi-Civita symbol,
TA

A ¼ −TA
A, hence, the factor ð−1Þkþl at second line. For

boson fields, kþ l≡ 2r is even and for fermions, 2r is
odd. Therefore, in both cases ð−1Þσð−1Þkþl ¼ 1.
Note that the gradient and divergence operators defined

at (3.6) differ from the natural operators in the index
notation by a factor

ð∂ΦÞAðkþ1Þ;A0ðlþ1Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkþ 1Þðlþ 1Þ

p
∂AA0ΦAðkÞ;A0ðlÞ;

ð3:14aÞ

ð∂ ·ΦÞAðk−1Þ;A0ðl−1Þ ¼
ffiffiffiffiffiffi
kl

p
∂
AA0ΦAðkÞ;A0ðlÞ: ð3:14bÞ

The conventions that we chose for the definitions (3.6)
together with the scalar product (3.11) implyZ

Φ · ð∂ · ΨÞd4x ¼ −
Z

Ψ · ð∂ΦÞd4xþ boundary terms:

ð3:15Þ

7Note that our convention for the translation between spinorial
and vectorial languages for tensors remains such that the scalars
are identical: vμvμ ≡ v2 ≡ vAA0vAA

0
. Recall also that an antisym-

metric spin-tensor is proportional to its trace: T ½AB� ≡ 1
2
TC

CϵAB.
Therefore

∂AA0∂B
A0 ≡ 1

2
ϵAB□; ∂AA0∂AB0 ≡ 1

2
ϵA0B0□;

which is antisymmetric on A ↔ B (or on A0 ↔ B0) because
partial derivatives commute.
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It is obvious that any expression in terms of generating
functions can be converted into the form with explicit
indices modulo some factors, as explained above.

B. Construction of the action

Let us denote Φr the field of rank-r, i.e., the field
ΦAðkÞ;A0ðlÞ where kþ l ¼ 2r. The most general second-
order equation Er that has rank-r, but may involve fields of
other ranks, has the form

Er ≔ ar□Φr þ br∂∂ ·Φr þ cr∂2Φr−2 þ dr∂·2Φrþ2

þ erm∂Φr−1 þ frm∂ ·Φrþ1 þ grm2Φr ¼ 0: ð3:16Þ

If the set of equations of motion fEr ¼ 0gr∈ ⟦λ;s⟧nfs−1g
comes from an action, we have

dr ¼ crþ2; fr ¼ −erþ1; ð3:17Þ

and the action reads

S¼ 1

2

Z �
Φs · ðas□Φsþbs∂∂ ·Φsþ 2cs∂2Φs−2þ gsm2ΦsÞ

þ
Xs−2
r¼λ

Φr · ðar□Φrþbr∂∂ ·Φrþ 2cr∂2Φr−2

þ 2erm∂Φr−1þ grm2ΦrÞ
�
d4x: ð3:18Þ

Not all of these coefficients are physically relevant because
we can rescale some of them via rescaling of fields. With
the help of this freedom let us normalize the fields as

as ¼ 1∶ It normalizesΦs up to a sign: ð3:19aÞ

cs ¼ 1∶ It links the normalization ofΦs−2 toΦs: ð3:19bÞ

er¼ 1 ∀ r∈⟦λþ1;s−2⟧∶ It linksΦs−3;

Φs−4; :::;Φλ toΦs−2: ð3:19cÞ

gs ¼ −1∶ It makes the parameterm

be the mass of the main ðphysicalÞ fieldΦs: ð3:19dÞ

With this choice we have used all the freedom in rescaling
fields up to an overall sign, the unfixed sign of Φs, which
does not even show up in the action.
The set of equations of motion fEr ¼ 0gr∈ ⟦λ;s⟧nfs−1g,

which are obtained from the action, needs to be equivalent
to the following set

fð□−m2ÞΦs¼ 0;∂ ·Φs¼ 0g∪ fΦr¼ 0gr∈⟦λ;s−2⟧: ð3:20Þ

The first element of this set is the Klein-Gordon equation of
motion for the main (physical) field, and the others are

called constraints. The first constraint is the transverse
constraint for the main field to get the right number of
propagating degrees of freedom, and the others are the
vanishing of the auxiliary (nonphysical) fields. Note that if
we apply the constraints to the first equation of motion of
the set fEr ¼ 0gr∈ ⟦λ;s⟧nfs−1g, we obtain the Klein-Gordon
equation of motion for the main field. Therefore, the only
thing we have to do now is to derive the constraints from
the original set of equations of motion.
In order to do that, we take for each rank j∈ ⟦λ; s − 1⟧ a

linear combination of these equations and their derivatives
(consequences) that have rank-j. As explained in the
previous section, the idea is to apply the consequences
starting from the smallest rank to the highest one, and to use
the rank-(j − 1) consequences when we express the rank-j
ones, see Eqs. (2.18). Therefore, only divergences of the
equations of motion are needed.8 As explained in the
previous section, the rank-j consequences need to yield
Φj ¼ 0 first, after which we deduce the full set (2.18). The
general form of these consequences is (there is no sum over
the index j∈ ⟦λ; s − 1⟧)9X

l

X
k

Aj
l;k□

k
∂·lEjþl ¼ 0 ⇔ Φj ¼ 0; ð3:21Þ

where Aj
l;k are the coefficients of the right linear combi-

nation used to extract Φj ¼ 0 from the set of □k
∂·lEjþl.

Let us develop Ejþl in terms of the fields

□
k
∂·lEjþl ¼ αjl□

kþ1
∂·lΦjþlþ βjl□

kþ2
∂·l−2Φjþl−2

þ ηjl□
k
∂·lþ2Φjþlþ2þ εjl□

kþ1
∂·l−1Φjþl−1

þ ζjl□
k
∂·lþ1Φjþlþ1þ γjl□

k
∂·lΦjþl; ð3:22Þ

where we used the properties (3.9) and (3.10), and where

αjl ≔ ajþl þ
l
2
ð2jþ lþ 1Þbjþl; ð3:23aÞ

βjl ≔
lðl − 1Þ

4
ð2jþ lþ 1Þð2jþ lÞcjþl; ð3:23bÞ

ηjl ≔ djþl; ð3:23cÞ

εjl ≔
l
2
ð2jþ lþ 1Þmejþl; ð3:23dÞ

8Indeed, for the rank-j consequences, the gradient of an
expression needs an expression of rank-(j − 1), which is
∂·lEj−1þl, for any l from zero to s − j. This expression contains
divergences of the fields: ∂·iΦj−1þi with i∈ fl − 2;l − 1;
l;lþ 1;lþ 2g, which have already been shown to vanish by
the rank-(j − 1) consequences, see Eqs. (2.18).

9For j ¼ s − 1, the consequence is ∂ · Es ¼ 0 ⇔ ∂ ·Φs ¼ 0,
i.e. the sought for constraint.
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ζjl ≔ mfjþl; ð3:23eÞ

γjl ≔ m2gjþl; ð3:23fÞ

and where10

j∈ ⟦λ; s − 1⟧; l∈ ⟦0; s − j⟧nfs − 1 − jg;

k∈ ⟦0;
�
s − j − l

2

�
⟧: ð3:24Þ

Let us explain the range for the values of k, i.e., the maximal
order of the□ that needs to be used. The linear combination
(3.21) of derivatives of the equations giving the constraint
needs to cancel all the terms with derivatives of fields,
because it has to imply the vanishing of the auxiliary field of
the corresponding rank. However, (3.22) shows that it
produces the term □

kþ2
∂·l−2Φjþl−2. Therefore if we begin

with k ¼ 0 for the highest l (i.e., l ¼ s − j), we will not be
able to cancel this term if we keep k ¼ 0 for l ¼ s − 2 − j.
With k ¼ 1 for l ¼ s − 2 − j, the term □

kþ2
∂·l−2Φjþl−2

could be canceled by the term□
kþ1

∂·l−1Φjþl−1 for the next
l, l ¼ s − 3 − j, but the term □kþ1

∂·l−1Φjþl−1 for this l
cannot be canceled. We need therefore to allow k ¼ 2 for
l ¼ s − j − 4, etc. It is easy then to guess the pattern. Let us
call Kj

l the maximal value of k for a given j and a given l.
We have that Kj

s−j ¼ 0, Kj
s−j−2 ¼ 1, Kj

s−j−3 ¼ 1,

Kj
s−j−4 ¼ 2, Kj

s−j−5 ¼ 2, Kj
s−j−6 ¼ 3, etc. Therefore, we

have in general: Kj
l ¼ bs−j−l

2
c. Note that nothing forbids k

to take higher values, but we will restrict ourselves to the
minimal values of k that are sufficient, which will be clear
from the proof.
Let us rewrite the relation (3.22) in a matrix notation,

E⃗ ¼ AjΦ⃗, where vector E⃗ contains all the required

□
k
∂·lEjþl; Φ⃗ contains all □k̃

∂·l̃Φjþl̃ that contribute to

E⃗; the matrix Aj is purely numerical with entries from
(3.23). The key of the procedure is to perform a row
reduction ofAj as to get the constraints, which will also fix
all the free coefficients in the action. Let us consider some
examples, which we arrange starting from the highest
value of j. Note that we need to analyze the consequences
for all j∈ ⟦λ; s − 1⟧, i.e., the matrices Aj, but each Aj

does not, in fact, depend on λ and the size of Aj increases
as j decreases.

C. Constraint matrix As − 1
It is the simplest constraint. Only k ¼ 0 and l ¼ 1 is

used, giving only the term ∂ · Es. By using the matrix
notation, (3.22) reads

�
∂ · Es

�
¼
�
αs−11 γs−11

��□∂ ·Φs

∂ ·Φs

�
: ð3:25Þ

The rank-(s − 1) constraint needs to imply the transverse
constraint for the main field (∂ ·Φs ¼ 0). Therefore, we
need to impose

αs−11 ¼ 0 ⇔ bs ¼ −
1

s
; ð3:26Þ

because E⃗ ¼ 0 on-shell.

D. Constraint matrix As − 2
This constraint involves two values of l ¼ 0, 2. Let us

split the matrix into blocks separated by the values of l in
order to clarify the structure. For l ¼ 0, k ¼ 0, 1. The set of
relations (3.22) now reads11

0
B@ ∂·2Es

□Es−2
Es−2

1
CA¼

0
BB@
αs−22 γs−22 βs−22 0 0

ηs−20 0 αs−20 γs−20 0

0 ηs−20 0 αs−20 γs−20

1
CCA

0
BBBBB@

□∂·2Φs

∂·2Φs

□
2Φs−2

□Φs−2

Φs−2

1
CCCCCA:

ð3:27Þ

In order to have the constraint Φs−2 ¼ 0 we need to take a
linear combination of the rows of As−2, cf., (3.21), and to
set all its components except the last one (corresponding to
Φs−2 in Φ⃗) to zero. Taking into account the solution (3.26)
for As−1, we find

as−2 ¼ −sð2s − 1Þ; ð3:28aÞ

gs−2 ¼
s2ð2s − 1Þ

s − 1
; ð3:28bÞ

As−2
2;0 ¼ 1

m2
; ð3:28cÞ

As−2
0;1 ¼ 1

m2

s − 1

s
; ð3:28dÞ

As−2
0;0 ¼ 1: ð3:28eÞ

The constraint ∂·2Φs ¼ 0 follows now. Indeed, once
Φs−2 ¼ 0we can forget the last block-column of the matrix.

10Let us recall that the symbol bxcmeans the floor of x, and ⌈x⌉
means the ceiling of x.

11Let us split E⃗ into blocks from l ¼ s − j to l ¼ 0 from top to
bottom, and inside each block from k ¼ Kj

l to k ¼ 0 from the top
to the bottom. The vector Φ⃗ is organized in the same way.
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E. Constraint matrix As− 3
There are three possible values for l now, making three times three blocks in the matrix:

0
BBBBB@

∂·3Es

□∂ · Es−2

∂ · Es−2

□Es−3
Es−3

1
CCCCCA ¼

0
BBBBBBBB@

αs−33 γs−33 βs−33 0 0 0 0 0

ηs−31 0 αs−31 γs−31 0 εs−31 0 0

0 ηs−31 0 αs−31 γs−31 0 εs−31 0

0 0 0 ζs−30 0 αs−30 γs−30 0

0 0 0 0 ζs−30 0 αs−30 γs−30

1
CCCCCCCCA

0
BBBBBBBBBBB@

□∂·3Φs

∂·3Φs

□
2
∂ ·Φs−2

□∂ ·Φs−2
∂ ·Φs−2

□
2Φs−3

□Φs−3

Φs−3

1
CCCCCCCCCCCA
: ð3:29Þ

First, repeating the same procedure as for Φs−2 ¼ 0
constraint in the previous example we can arrive at
Φs−3 ¼ 0. Taking into account the results from As−1 and
As−2, it is straightforward to find

bs−2 ¼ −s; ð3:30aÞ

as−3 ¼ −
ðs − 1Þð2s − 3Þ

s3
; ð3:30bÞ

gs−3 ¼
3ðs − 1Þ3
s3ðs − 2Þ ; ð3:30cÞ

As−3
3;0 ¼ 1

m3

s − 1

s2ð2s − 1Þ ; ð3:30dÞ

As−3
1;1 ¼ 1

m3

ðs − 1Þð2s − 3Þ
s3ð2s − 1Þ ; ð3:30eÞ

As−3
1;0 ¼ 1

m
s − 1

s2ð2s − 1Þ ; ð3:30fÞ

As−3
0;1 ¼ 1

m2

s − 2

2s − 1
; ð3:30gÞ

As−3
0;0 ¼ 1: ð3:30hÞ

Second, onceΦs−3 ¼ 0we can forget the last block-column
and we deduce directly that ∂ ·Φs−2 ¼ 0. Lastly, we can
forget the second block-column to obtain ∂·3Φs ¼ 0.

F. Constraint matrix As− 4
Similarly to the examples above, the matrix form of

(3.22) reads

0
BBBBBBBBBBBB@

∂·4Es

□∂·2Es−2
∂·2Es−2

□∂ · Es−3
∂ · Es−3

□
2Es−4

□Es−4

Es−4

1
CCCCCCCCCCCCA

¼

0
BBBBBBBBBBBBBB@

αs−44 γs−44 βs−44 0 0 0 0 0 0 0 0 0

ηs−42 0 αs−42 γs−42 0 εs−42 0 0 βs−42 0 0 0

0 ηs−42 0 αs−42 γs−42 0 εs−42 0 0 βs−42 0 0

0 0 0 ζs−41 0 αs−41 γs−41 0 0 εs−41 0 0

0 0 0 0 ζs−41 0 αs−41 γs−41 0 0 εs−41 0

0 0 ηs−40 0 0 ζs−40 0 0 αs−40 γs−40 0 0

0 0 0 ηs−40 0 0 ζs−40 0 0 αs−40 γs−40 0

0 0 0 0 ηs−40 0 0 ζs−40 0 0 αs−40 γs−40

1
CCCCCCCCCCCCCCA

0
BBBBBBBBBBBBBBBBBBBB@

□∂·4Φs

∂·4Φs

□
2
∂·2Φs−2

□∂·2Φs−2
∂·2Φs−2

□
2
∂ ·Φs−3

□∂ ·Φs−3
∂ ·Φs−3

□
3Φs−4

□
2Φs−4

□Φs−4

Φs−4

1
CCCCCCCCCCCCCCCCCCCCA

:

This example illustrates the difficulty of the general case. Indeed, once Φs−4 ¼ 0 is achieved, we cannot deduce directly
∂ ·Φs−3 ¼ 0 because of ηs−40 in the last line. We have to make another linear combination of the remaining rows, which is
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true for all j ≤ s − 4. In fact, we will set ηj0 ¼ 0

for j ≤ s − 4, which simplifies the procedure and
gives a solution. It implies that we need to have dj ¼ 0

for j ≤ s − 4, or, equivalently, (because it comes
from an action) cj ¼ 0 for j ≤ s − 2. Therefore, due to
cj ¼ dj ¼ 0, the consequence (3.22) for j ≤ s − 2 simpli-
fies to

□
k
∂·lEjþl ¼ αjl□

kþ1
∂·lΦjþlþ εjl□

kþ1
∂·l−1Φjþl−1

þ ζjl□
k
∂·lþ1Φjþlþ1þ γjl□

k
∂·lΦjþl: ð3:31Þ

As a result, we do not need to increase the maximal value of
k with l. Indeed, for l ¼ s − j we have only k ¼ 0, for
l ¼ s − 2 − j the maximal value of k is one, but after that
no more □’s are generated, and, hence, the maximal value
of k is one.

G. Constraint matrix Aj

The form of the matrix Aj is, schematically,

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

α γ β 0 0

η 0 α γ 0 ε 0 0

0 η 0 α γ 0 ε 0

0 ζ 0 α γ 0 ε 0 0

0 0 ζ 0 α γ 0 ε 0

0 ζ 0 α γ 0 ε 0 0

0 0 ζ 0 α γ 0 ε 0

0 ζ 0 α γ 0 ε 0 0

0 0 ζ 0 α γ 0 ε 0

0 ζ 0 α γ 0 ε 0 0

0 0 ζ 0 α γ 0 ε 0

0 ζ 0 α γ 0 ε 0 0

0 0 ζ 0 α γ 0 ε 0

0 ζ 0 α γ 0

0 0 ζ 0 α γ

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

; ð3:32Þ

where we omitted indices, and the empty blocks contain
only zeros. Each block-line is related to a value of l, from
l ¼ s − j to l ¼ 0 from the top to the bottom (skipping
l ¼ s − j − 1). Inside each block, the lines are related to
values of k, from k ¼ 1 to k ¼ 0 from the top to the bottom.
As a summary: for a given λ, we write the constraints

from the bottom to the top, i.e., from rank-λ to rank-(s − 1).
Therefore, when we write the rank-j constraint we already
know from the previous ones that

∂·lΦj−1þl ¼ 0 ∀ l∈ ⟦0; s − j⟧

and Φr ¼ 0 ∀ r∈ ⟦λ; j − 1⟧; ð3:33Þ

and from this rank-j constraint we want to deduce

∂·lΦjþl ¼ 0 ∀ l∈ ⟦0; s − j⟧: ð3:34Þ

The matrix form helps us to see what needs to be done.
First, we need to find a linear combination of its rows
which gives a line containing zeros except for the last
element,12 which impliesΦj ¼ 0. Then, we need to deduce
∂ ·Φjþ1 ¼ 0, ∂·2Φjþ2 ¼ 0, etc. As long as we derive new
constraints we can forget the last block-columns since they
are now multiplied by zeros. After dropping these last
block-columns we have directly the last line composed of
only zeros except for the last element (which is nonzero
because fj ¼ −ejþ1 is normalized to one), giving

12It implies that gr ≠ 0 for all r.
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immediately ∂ ·Φjþ1 ¼ 0, etc. In other words, once Φj ¼ 0

is achieved, thanks to its stairlike form the row reduction of
the matrix becomes trivial.
With the help of (3.19), (3.26) and cj ¼ 0 for j ≤ s − 2,

the action (3.18) becomes

S ¼ 1

2

Z �
Φs ·

�
ð□ −m2ÞΦs −

1

s
∂∂ ·Φs þ 2∂2Φs−2

�

þ
Xs−2
r¼λ

Φr · ðar□Φr þ br∂∂ ·Φr þ 2m∂Φr−1

þ grm2ΦrÞ
�
d4x: ð3:35Þ

First, we observe an elegant structure for all fields now:
each field interacts only with the nearest neighbors. In
particular, Φs interacts only with Φs−2 (because Φs−1 does
not exist), and then Φs−2 interacts only with Φs−3 (because
cs−2 ¼ 0), which interacts only with Φs−4 (because
cs−3 ¼ 0), etc.
Second, we see that there are only three coefficients (for

each rank) that need to be determined by the procedure: ar,
br, and gr, which gives (The proof of this result is in the
Appendix.), for r∈ ⟦λ; s − 3⟧,

bs−2 ¼ −s; ð3:36aÞ

br ¼
2ðrþ 2Þ

ðs − r − 2Þðsþ rþ 3Þðrþ 3Þ
1

brþ1

; ð3:36bÞ

ar ¼ ð2rþ 3Þbr; also true for r ¼ s − 2; ð3:36cÞ

gr ¼ −
ðrþ 2Þðs− rÞðsþ rþ 1Þ

2ðrþ 1Þ br; also true for r ¼ s− 2:

ð3:36dÞ

This is a closed system of recursive relations between all
the coefficients in the action. It is possible to get a closed
form for br

br ¼ −ðrþ 2Þ
Ys−42
i¼r=2

ð2iþ 4Þ2ðs − 2i − 3Þðsþ 2iþ 4Þ
ð2iþ 3Þ2ðs − 2i − 2Þðsþ 2iþ 3Þ

for s − r even only: ð3:37Þ

IV. FERMIONIC MASSIVE HIGHER-SPIN FIELDS

In this paper, we considered the case of bosons, as
mentioned at the beginning of Sec. II. This paper proposes
a generalization of the Singh-Hagen procedure [23] for free
massive bosonic fields. It may be interesting to consider
free massive fermionic fields. The first idea would be to
generalize the Singh-Hagen procedure for fermions, [24],
which uses the symmetric approach. In [24] the set of

fields consists of fΨrgr∈ ⟦1=2;s⟧ and their conjugates
fΨ̄rgr∈ ⟦1=2;s⟧

13 and the action is first-order in derivatives.
Such an action helps to control parity. However, in the
nonsymmetric approaches the parity is not manifest.
Moreover, the first-order action for fermions cannot be
written in terms of some set of fields and their conjugates.
Lastly, let us mention that the Singh-Hagen actions for
fermions and bosons are rather different. The difference
between bosons and fermions is almost absent in the
second-order formulation.
Indeed, the general procedure we developed in this paper

remains correct for fermions too. The index-free notation
does not discriminate bosons and fermions. In particular,
the scalar product is symmetric both for boson and fermion
fields, see (3.13).14 Therefore, all manipulations with the
action and consequences remain valid. In particular, it is not
necessary to assume that s is an integer, it could be also
half-integer. Indeed, the rank of the constraints ranges
j∈ ⟦λ; s − 1⟧, but the important number is

s − j∈ ⟦s − λ; 1⟧; ð4:1Þ

which is an integer both for bosons and fermions.
Consequently, the procedure we developed works both
for bosons and fermions. As a result, we constructed a
family of actions ranging from the symmetric to the chiral
approaches, with the free parameters s (the spin) and λ (the
chirality) which can take any integer or half-integer value
(with λ ≤ s), with s − λ integer. The symmetric approach
for fermions is included in this general procedure in the
second-order form.

V. CONCLUSION

In the present paper we have bridged the gap between the
symmetric and chiral approaches by showing that there
exists a family of Lagrangians where the physical field is a
spin-tensor of type ðsþ k; s − kÞ for any k. The symmetric
and chiral cases correspond to k ¼ 0 and k ¼ s, respec-
tively. It is interesting that the Proca and the Fierz-Pauli
Lagrangians have a higher-spin generalization, in the sense
of featuring the same number of auxiliary fields, which is 0
and 1, respectively.15 They correspond to k ¼ s − 1 and
k ¼ s − 2, respectively. It is also interesting that this family
of Lagrangians has s, the spin, as an unrestricted positive
parameter. In particular, it can be either integer or half-
integer, unifying bosons and fermions with the same
second-order actions, and extending this property of the
chiral approach to all the other approaches. One might also

13If Ψr is a field of type ðm; nÞ with mþ n ¼ 2r, Ψ̄r is of type
ðn;mÞ.

14It implies in particular that (3.17) remains true for fermions.
15A generalization of the Proca description to higher spins was

proposed by K. Krasnov and E. Skvortsov (unpublished).
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be interested in [50], which presents a supersymmetry
generalization of the Singh-Hagen procedure.
In the recent [51] it was shown for spins up to s ¼ 2 that

the symmetric and chiral approaches are related via a
certain invertible change of variables (field redefinitions).
The procedure requires the more steps the higher the spin.
For example, for s ¼ 2 one needs two steps, the first one
being a relation between the symmetric approach, based on
the type-(2, 2) physical field, and the Proca-like, based
on the type-(3, 1) field. The last step is the relation between
the (3, 1) and the chiral, (4, 0), descriptions. Therefore, it
seems that establishing the equivalence between the
symmetric and chiral approaches requires all the inter-
mediate descriptions constructed in the present paper.
In particular, it implies that there is an invertible change
of variables that relates the ðm; nÞ-description to the
ðmþ 1; n − 1Þ-description. Establishing the equivalence
of these approaches has important applications. Indeed,
while constructing consistent interactions (in the sense of
preserving the number of physical degrees of freedom) is
easy in the chiral approach, imposing the parity symmetry
is difficult. The situation in the symmetric approach is the
opposite: parity is easy, while constructing consistent
interactions is hard, see, e.g., [52–56].
Therefore, we expect that the present paper provides a

useful link connecting all Lagrangian descriptions of
massive higher-spin particles. The next step would be
to study the transfer of various interactions between the
approaches, which should help to impose parity in the
chiral approach and to introduce consistent interactions in
the symmetric one, see, e.g., [51,57] for some low-spin
examples. Massive (bi)gravity [58–60] should also admit
a chiral and the Proca-like description, see [61] for the
steps in the latter direction, which originated from the
chiral formulation of (self-dual) gravity, see, e.g., [62,63].
As discussed above, parity is not easily controlled with

type-ðm; nÞ fields, except in the symmetric approach where
m ¼ n. Likewise, imposing a reality condition on the
Lagrangian is straightforward when using a real tensor
field in the symmetric approach, but this is not the case
in general. Therefore, save for the m ¼ n case, our
Lagrangians describe a doubled number of degrees of
freedom, which may still not be an obstacle for applications.
One could try to achieve parity and reality by employing
two fields of type ðm; nÞ and ðn;mÞ in a parity-even
combination. For example, it is proposed in [40] to describe
a massive spin-s particle via a tensor T ½μν�νðs−1Þ, which takes
values in the representation ðsþ 1; s − 1Þ ⊕ ðs − 1; sþ 1Þ.
However, much less is known about interactions within this
manifestly parity-invariant approach. On the contrary,
within the chiral approach [49], i.e., m ¼ 2s, n ¼ 0, the
simplest, minimal, interactions lead to infinitely many
correct amplitudes immediately. Other amplitudes can be
corrected order by order, see, e.g., [5,7]. Therefore, the

reality/parity conditions for the Lagrangian in any non-
symmetric approach can be imposed order by order, which
is not an obstacle for applications, e.g., to the problem of
black hole scattering.
There is a number of extensions of the present paper

that one can envisage. First, there should exist an
extension of the Zinoviev approach [25] to all ðm; nÞ-
descriptions, see also [29]. The field content should
consists of double-traceless fields Φs;…Φλ, where Φs
is of type ðm; nÞ, mþ n ¼ 2s, but contains a trace, which
is of type ðm − 2; n − 2Þ. The last field Φλ is of type ðm −
n; 0Þ and is traceless. The action is fixed by requiring it be
gauge-invariant under the most general gauge transforma-
tions with irreducible parameters ξs−1;…; ξλ, where ξs−1 is
of type ðm − 1; n − 1Þ. In this gauge invariant formulation
it should be possible to let s be any real number, which
should give a description of the continuous-spin particles,
which is similar to [64,65], see, e.g., [11] for a review.
Second, a more natural realization of the double-trace
constraint is the framelike approach to massive fields
[65–67], which should also admit an extension to the
ðm; nÞ-descriptions, all of these fields are already present
in the (nonminimal) unfolded formulation [68]. Third, the
Lagrangians for the ðm; nÞ-description should admit an
extension to ðAÞdS4 spacetimes. Lastly, while in the paper
we have used the special features of the d ¼ 4 world, an
extension to higher dimensions may also be possible as the
recent example [69] shows for massless fields.
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APPENDIX: DETAILS OF THE PROOF

Let us present the proof of the result (3.36). The values of
the coefficients of the action are fixed by the analysis of the
consequences (3.21) for j from λ to s − 2 and in order to
impose ∂ · Es ¼ 0 ⇔ ∂ ·Φs ¼ 0. The procedure has been
already explained in Sec. III. Let us only point out that we
will have to analyze the matrices Aj from j ¼ s − 1 to
j ¼ λ, which implies that the only role of λ is to know
where we need to stop.
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As it is easy to see from the matrices presented as
examples in Sec. III, from Aj we determine bjþ1, aj and gj,
with the help of the results for higher ranks, which has been
found before. It leads naturally to a recursive proof of the
formulas (3.36): we assume that they are true for r ≥ jþ 1
(jþ 2 for br) and we use the rank-j constraint to show that
they are then true for r ¼ j (jþ 1 for br). Note that the
possibility to solve in this way shows that the coefficients in

the action do not depend on λ, only the number of fields
depends on it.
The idea now is to establish the recursion based on the

structure of the row reduction of Aj, i.e., how the
coefficients bjþ1, aj and gj depend on the previous ones
brþ1, ar and gr with r ≥ jþ 1. Let us rewrite the matrix
(3.32) in a suggestive form

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

α γ β 0 0

1 0 α γ 0 ε 0 0

0 1 0 α γ 0 ε 0

0 −m 0 α γ 0 ε 0 0

0 0 −m 0 α γ 0 ε 0

0 −m 0 α γ 0 ε 0 0

0 0 −m 0 α γ 0 ε 0

0 −m 0 α γ 0 ε 0 0

0 0 −m 0 α γ 0 ε 0

0 −m 0 α γ 0 ε 0 0

0 0 −m 0 α γ 0 ε 0

0 −m 0 α0 γ 0 ε 0 0

0 0 −m 0 α0 γ 0 ε 0

0 −m 0 α0 γ0 0

0 0 −m 0 α0 γ0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

: ðA1Þ

Here, we replaced η by its value (one) and ζ’s by their value
(−m); primed symbols contain coefficients that have not
been fixed at the previous stages. We assume as known the
values of the coefficients brþ1, ar and gr with r ≥ jþ 1.
The recursive formulas giving the rank-j coefficients in
terms of the rank-(jþ 1) ones will be obtained by requiring
a linear combination of the lines of the matrix to give a line
of zeros except for the last element. Let us focus on each
column. Let us remind that the weights of each line of the
matrix in the linear combination are Aj

l;k. We normalize the

linear combination by choosing Aj
0;0 ¼ 1. We begin with

the last column, which needs to give a nonzero number.
This column contains zeros everywhere except γj0 at the
end. Therefore, γj0 has to be nonzero, which means that gj
has to be nonzero too, for any j. Note that this result is not
surprising because gj are the coefficients of the mass terms.
Next, we have to impose that the linear combination gives
zero for each remaining column.

The last column of each block-column (except for the last
one) contains only two nonzero elements: one in the last line
of a block-line, γjl, and one in the last line of the next block-
line, −m. Inside γjl, there is gjþl, whose value is known
from the previous matrix because the smallest l considered
here is l ¼ 1. The linear combination for these columns
gives

Aj
l;0m

2gjþl −Aj
l−1;0m¼ 0; ∀ l∈⟦1; s− j− 2⟧: ðA2Þ

Because we fixed Aj
0;0 ¼ 1, this relation fixes Aj

1;0, which

will then fix Aj
2;0, etc. By recursion, we find

Aj
l;0 ¼

Yl
i¼1

ðmgjþiÞ−1; ∀ l∈ ⟦1; s − j − 2⟧: ðA3Þ

Then, for l ¼ s − j we have
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Aj
s−j;0m

2gs þ Aj
s−j−2;0 ¼ 0: ðA4Þ

By using (A3) and the normalization gs ¼ −1, we obtain

Aj
s−j;0 ¼ m−2

Ys−j−2
i¼1

ðmgjþiÞ−1: ðA5Þ

We started from bottom to top to find all the weights for
k ¼ 0. Let us find the weights for k ¼ 1 from top to bottom
now. The linear combination for first column of the first
block-column says

Aj
s−j;0α

j
s−j þ Aj

s−j−2;1 ¼ 0 ðA6Þ

⇔ Aj
s−j−2;1 ¼m−2 ðsþ jÞðs− j− 1Þ

2s

Ys−j−2
i¼1

ðmgjþiÞ−1; ðA7Þ

where we used (3.19), (3.23), (3.26), and (A5). The first
column of the lth block-column is

Aj
lþ1;1ε

j
lþ1 þ Aj

l;1α
j
l ¼ 0; ∀ l∈ ⟦0; s − j − 3⟧ ðA8Þ

⇔ Aj
l;1 ¼

−mðlþ 1Þð2jþ lþ 2Þ
2ajþl þ lð2jþ lþ 1Þbjþl

Aj
lþ1;1; ðA9Þ

where we used (3.23) to write the second line. Applying this
formula recursively gives

Aj
l;1 ¼ Aj

s−j−2;1

Ys−j−3
i¼l

−mðiþ 1Þð2jþ iþ 2Þ
2ajþi þ ið2jþ iþ 1Þbjþi

ðA10Þ

⇔ Aj
l;1 ¼ m−2 ðsþ jÞðs − j − 1Þ

2s

 Yl
i¼1

ðmgjþiÞ−1
!

×
Ys−j−3
i¼1

−mðiþ 1Þð2jþ iþ 2Þ
gjþiþ1ð2ajþi þ ið2jþ iþ 1ÞbjþiÞ

;

ðA11Þ

where we used (A7) to write the second line. Inserting the
formulas (3.36b), (3.36c), and (3.36d) into (A11) gives

Aj
l;1 ¼ m−2 ðlþ 1Þð2jþ lþ 2Þ

ðs − j − l − 1Þðsþ jþ lþ 2Þ
Yl
i¼1

ðmgjþiÞ−1;

∀ l∈ ⟦0; s − j − 3⟧: ðA12Þ

Note that we cannot use this formula for l ¼ 1 and l ¼ 0
because it relies on those coefficients in (3.36b) and (3.36c)
that we have not yet obtained within the recursion. Next, the
first column of the second last block-column implies

Aj
2;1ε

j
2 þ Aj

1;1α
j
1 ¼ 0 ðA13Þ

⇔
Aj
1;1

Aj
2;1

¼ −m
2jþ 3

ajþ1 þ ðjþ 1Þbjþ1

; ðA14Þ

where we used (3.23). Equivalently, the first column of the
last block-column gives

Aj
1;1ε

j
1 þ Aj

0;1α
j
0 ¼ 0 ðA15Þ

⇔
Aj
0;1

Aj
1;1

¼ −m
jþ 1

aj
: ðA16Þ

The second column of the third last block-column gives

Aj
3;0ε

j
3 þ Aj

2;1γ
j
2 þ Aj

2;0α
j
2 þ Aj

1;1ζ
j
1 ¼ 0: ðA17Þ

Dividing it by Aj
2;1 and using (3.23), (A12), (A14) and the

formulas (3.36b) (for r ≥ jþ 2) and (3.36c), (3.36d) (for
r ≥ jþ 1), gives

bjþ1 ¼
2ðjþ 3Þ

ðjþ 4Þðs − j − 3Þðsþ jþ 4Þ
1

bjþ2

: ðA18Þ

This proves the formula (3.36b) for r ¼ jþ 1, and, recur-
sively, for all r. Note that we can use (A12) for l ¼ 1 too
now. The second column of the second last block-column
gives

Aj
2;0ε

j
2 þ Aj

1;1γ
j
1 þ Aj

1;0α
j
1 þ Aj

0;1ζ
j
0 ¼ 0: ðA19Þ

Dividing it by Aj
1;1 and using (3.23), (A12), (A16) and the

formulas (3.36b) (for all r because the formula is proved
now) and (3.36c), (3.36d) (for r ≥ jþ 1), gives

aj ¼ ð2jþ 3Þbj; ðA20Þ

which proves the formula (3.36c) for r ¼ j and, hence, for
all r. Note that we can use (A12) for all values of l now.
Finally, the second column of the last block-column is

Aj
1;0ε

j
1 þ Aj

0;1γ
j
0 þ Aj

0;0α
j
0 ¼ 0: ðA21Þ

By using (3.23), (A12), the formula (3.36d) for r ≥ jþ 1
and the formulas (3.36b) and (3.36c) for all r we obtain

gj ¼ −
ðjþ 2Þðs − jÞðsþ jþ 1Þ

2ðjþ 1Þ bj; ðA22Þ

which proves the formula (3.36d). Thus, we have obtained a
system of recursive relations among all coefficients in the
action and, therefore, they are all determined.
Nevertheless, it is useful to get bj in a closed form, i.e., to

prove the formula (3.37), which we do recursively again.
Applying twice (3.36b) gives
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br ¼
ðrþ 2Þðrþ 4Þðs − r − 3Þðsþ rþ 4Þ

ðrþ 3Þ2ðs − r − 2Þðsþ rþ 3Þ brþ2;

∀ r∈ ⟦λ; s − j − 4⟧: ðA23Þ

Simple iterations of (A23) yield (3.37).
We extracted enough information from the matrix to find

all the coefficients. Nevertheless, we still need to check all
other linear combinations. The first column of the second
block-column gives

Aj
s−j;0β

j
s−j þ Aj

s−j−2;1α
j
s−j−2 ¼ 0: ðA24Þ

By inserting (A6) we find

βjs−j ¼ αjs−jα
j
s−j−2; ðA25Þ

which is identically satisfied by using (3.23) with (3.19)
and (3.28). Then, the second column of the second block-
column implies

Aj
s−j−2;1γ

j
s−j−2 þ Aj

s−j−2;0α
j
s−j−2 þ Aj

s−j−3;1ζ
j
s−j−3 ¼ 0:

ðA26Þ

By using (3.23), (3.36b), (3.36c), (A3), (A7), and (A12)
one can show that this relation is identically satisfied.
Finally, the second column of the lth block-column implies

Aj
lþ2;0ε

j
lþ2 þ Aj

lþ1;1γ
j
lþ1 þ Aj

lþ1;0α
j
lþ1 þ Aj

l;1ζ
j
l ¼ 0:

ðA27Þ

Inserting (3.23), (3.36c), (3.36d), (A3), and (A12) one can
show that it is identically satisfied.
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