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Massive higher-spin states/fields appear in the effective description of various systems from
hadrons and nuclei to black holes, whenever the point-particle approximation is justified, as well as
in the bottom-up approaches to the quantum gravity problem. In four dimensions the actions for massive
higher-spin fields utilize either the Singh-Hagen/Zinoviev set of auxiliary fields or a single chiral field,
which is an s/(2, C) spin-tensor of type (2s, 0), generalizing the Chalmers-Siegel approach. We show that
these two actions are on the opposite ends of a discrete family of actions where the physical field is
a spin-tensor of type (s + k, s — k). The (2s — 1, 1)- and (2s — 2,2)-cases generalize the Proca and the
Fierz-Pauli actions, respectively, to all spins. A similar family of second-order actions exists for

fermionic higher-spin fields.

DOI: 10.1103/PhysRevD.111.045015

I. INTRODUCTION

Whenever the size of an object is small compared to
other relevant length scales one can apply the point-
particle approximation and employ the poweful quantum
field theory (QFT)/amplitude tools to describe the system
within the effective theory paradigm, which can be
followed by taking the classical limit of the amplitudes.
As a recent example, the QFT/amplitude methods have
been applied to the problem of dynamics of black holes,
see, e.g., [1-7]. The same techniques and ideas can be
applied to hadrons, nuclei, efc. One can, of course, also
consider the actual elementary particles. Particles in flat
spacetime have to fall into the classification of unitary
irreducible representations of the spacetime symmetry
group [8], the Poincare group, and have two character-
istics: mass and spin.' Black holes as well as all macro-
scopic rotating objects correspond, from this point of
view, to massive particles with very large quantum spin.
The study of hadrons, as massive particles with arbitrary
spin, resulted in the discovery of string theory as the
primary candidate for the theory of quantum gravity.
More generally, it seems that higher spin states may be

lSee, e.g., [9-11] for reviews and generalizations of the
classification.
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necessary for the quantization of gravity.”> All of this
motivates further study of massive higher-spin fields in the
bottom-up approach.

The degrees of freedom of massive particles are
classified by irreducible representations of the Wigner’s
little algebra, which is so(d — 1) in d dimensions [8]. One
can loosely refer to such representations as spin, but in
d > 4 1itis a sequence of (half)-integer numbers rather than
just a single number. There is a great ambiguity in how to
choose Lorentz-covariant field variables suitable for the
description (equations of motion and action) of a given
massive particle. In principle, any Lorentz (spin)-tensor
whose decomposition under the little group contains a
given spin may be chosen. The equations of motion are to
project out the unwanted degrees of freedom and are easy
to write. A suitable action is much more difficult to
construct since the equations of motion may not admit
an action with the same field content. Massive higher-spin
fields as described by a symmetric and traceless rank-s
tensor (the symmetric approach) is such an example.
Indeed, the equations of motion
=0, "D =0, (1.1)
appear non-Lagrangian since there are more equations
than fields. The problem is not present for s = 0, can be
avoided for s =1 through the Proca action [21], but

O- mz)q)ﬂ]“-ﬂx Uity

*The spectrum of string theory consists of infinitely many
massive higher-spin states. Massless higher-spin states are tricky
to introduce consistent interactions, but some toy models have
been developed, e.g., chiral higher-spin gravity [12-19], see [20]
for a review of the higher-spin gravity approach.
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requires auxiliary fields for s > 2 and was first addressed
for s = 2 by Fierz and Pauli [22] and later, for all spins, by
Singh and Hagen [23,24]. The Stueckelberg approach was
extended to higher spins in AdS,; by Zinoviev in [25], see
also [26,27] for the flat space. It requires more fields, but
compensates for that by having a clear guiding principle—
gauge invariance. A closely related approach was pro-
posed by Pashnev [28] and operates in terms of a quartet
of unconstrained tensor fields, see [29] for the relation
between the two. Other closely related ideas, all of which
are based on symmetric tensors, include [6,28,30-37]. In
particular, a geometric approach without auxiliary fields
can be found in [38,39]. Nonsymmetric tensors were
introduced in [40] through duality to describe massive
spin-two fields and a conjectured extension to higher spins
was put forward; see [41-43] for the recent related works.
Alternatively, the light-cone approach to massive higher-
spin fields has been developed in [44-46].

An additional option is available in d =4: one can
choose a chiral field [47-49], which is a spin-tensor of
s0(1,3) ~sl(2,C) of type (2s,0), ie., it is a rank-2s
symmetric tensor @4 4., A; = 1, 2. The key advantage is
that the problematic transversality constraint is absent and
the only equation of motion, the Klein-Gordon one, is, of
course, Lagrangian. However, the parity is not easy to
control. Nevertheless, it is with the chiral approach that the
main progress has been made in the recent study of the
black-hole scattering problem via QFT/amplitude methods,
see [5]. The symmetric approach stands only slightly
behind, see [4,6,7].

Let us confine ourselves to d =4 from now on. The
physical field in the symmetric approach is a type-(s, s)
spin-tensor @, AL AL which is symmetric in both
groups of indices. In principle, any type-(s+ k,s — k)
spin-tensor with kK = 0, ..., s can play the role of a physical
field. The chiral and the symmetric options stay on the
opposite ends k = s and k = 0, respectively, with the latter
requiring a number of auxiliary fields growing with s.

In the present paper, we bridge this gap and show that
there are simple actions with the physical field of type
(s +k,s —k) for any k. The actions require auxiliary
fields, whose number is (s — k — 1) for k < 5. While k = s
is the chiral description, the cases k =s —land k = s —2
are also somewhat special: in the former the physical field
is @y, 4, , it does not require any auxiliary fields and
it generalizes the Proca case to all spins; in the latter the
physical field is @y, 4, ALA> ONe auxiliary field of type
(2s —4,0) is needed, which extends the Fierz-Pauli
Lagrangian to all spins.

The outline of the paper is as follows. In Sec. II we review
the Proca, Fierz-Pauli and Singh-Hagen ideas in more detail,
which paves the way to the main result. The action is
constructed in Sec. III, while some technicalities are left to
Appendix. In Sec. IV we show that fermionic higher-spin

fields are also covered by the same (second-order) action.
We conclude with some remarks in Sec. V.

II. FIELD CONTENT

A. Low spin examples

Singh and Hagen [23,24] constructed a Langrangian
description of a free massive spin-s field for any s. Let
us focus on the bosonic case first, [23]. Singh and Hagen
used the symmetric approach, where a massive (of mass m)
spin-s field is described by a traceless symmetric rank-s
tensor’ @, (5 It satisfies the Klein-Gordon equation

(D - mz)CDM(S) = 0, (21)
(where [J:= 0,0") and propagates 2s + 1 degrees of free-

dom in d =4 provided that the transverse constraint is
imposed

(2.2)

We need to construct a Lagrangian, whose equations of
motion imply both (2.1) and (2.2). There is clearly a
problem here because the number of equations exceeds
the number of fields. For the case of a massive spin-1 field,
the Proca action gives the equation of motion

0@, —0,0°®, — m*®, =0, (2.3)
from which we deduce straightforwardly
P, =0 (2.4)

by taking the divergence of the equation. Plugging this into
the equation gives the expected Klein-Gordon equation.
However, it becomes more difficult for s > 1. Let us look at
the case of a spin-2 field. The most general second order
equation for a traceless rank-two tensor reads

(O- mz)d)ﬂ(z) +ad,0"®,, = 0. (2.5)
By taking its divergence, we get
a a ¥ 5
1+ 5 Lo ®,, + Eaﬂaa ®yp —m?0’®,, =0, (2.6)

3Our convention is that all indices denoted by the same letter
and are at the same level (up or down) are assumed to be
symmetrized with the trace part subtracted. If a group of traceless
symmetric indices y;...u, belongs to the same tensor, we can
simplify a bit more the notation by writing them as u(s). For
example:

DLy = Py = Pp3)-
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which leads to ¢*®,,, = 0 only if a = —2 and 0“0’ ®,5 = 0.
This second condition cannot be obtained from the initial
equation of motion. Therefore, it is impossible to construct a
Lagrangian with only one traceless symmetric tensor @,
for a spin-2 field, and for any spin higher than one. Fierz and
Pauli [22] proposed to introduce another field, an auxiliary
field, ¢, of rank zero. Indeed, we need to have 0%0” @, =0,
which is a scalar constraint and, hence, the introduction of
an auxiliary scalar field. The most general second-order
equations of motion are therefore

(0 —-m?)®,0) + ad,d*®,, 4+ bd, 0,0 =0,  (2.7a)

(O-cm?)p+ 07D, =0.  (2.7b)
Because the auxiliary field is not physical, one of the
consequences of the equations of motion needs to be
@ = 0. Once we achieve that, the equation (2.7b) implies
6"6/3@0,/3 = 0. Therefore, we need to show that the aux-
iliary field vanishes. Let us remind that we need a = —2
for the divergence of the main equation (2.7a) (with
p=0= 0“6/’@0,,;) to give the transverse constraint
?®,, =0. By taking the double-divergence of (2.7a)

and then replacing aaa%aﬁ via (2.7b) we obtain

(b—a-1)Pp+m?*(ac+c+1)0p—cm*p=0, (2.8)
from which we deduce ¢ = 0 if we choose » = —1 and
¢ = 1. Thus, the Lagrangian description of a free massive
spin-2 field can be achieved with just one auxiliary scalar
field, which is usually packaged together into a traceful
symmetric rank-two tensor.

B. Singh-Hagen procedure

As shown in the Singh-Hagen paper [23], the spin-3 case
needs the main (physical) field of rank three, ®,,,, an
auxiliary field of rank-one, ®,, and another auxiliary field
of rank zero, ¢. Indeed, similarly to the spin-2 case, we try
to get the transverse constraint ¢"®,,,, = 0 by taking the
divergence of the main equation of motion. However, it
leads to the transverse constraint only if the double-
divergence of the main field is zero, 00"®,,, = 0. The
double-divergence of the rank-3 field is a rank-1 object and,
hence, we need to introduce a rank-1 auxiliary field @,
together with its equation of motion. Then, as for the spin-2,
the vanishing of the auxiliary field implies 0*0"®,,, = 0.
However, in this case, taking the double-divergence of the
main equation of motion and using the other equation
implies ®, =0 only if ¢"®, =0 and ¢#0"0"®,,, =0.
These two scalar conditions cannot be deduced from the
equations of motion. Therefore, a scalar auxiliary field ¢ is
needed. It is then easy to understand the general pattern.

In order to construct a Lagrangian for a free massive
spin-s field, we need the following set of fields:

q)y(s)7q)y(s—2)vq)/4(s—3)’ ...,(I)”,(I). (29)
The first field is the main (physical) field, and the others are
the auxiliary (nonphysical) fields. We want their equations
of motion to imply the following set of constraints

(O—-m?)®,) =0: the Klein-Gordon equation,  (2.10a)
®,,) = 0: the transverse constraint, (2.10Db)
Dy(s-2) =0,

Dy(s-3) =0,

® = 0: the vanishing of all auxiliary

(non physical) fields. (2.10c)
Remarkably, having all these constraints as consequences
of the equations of motion fixes all the coefficients in the
action. The procedure is as follows. First, we write the most
general second-order Lagrangian (up to normalization of
the fields) and we derive the equations of motion. Next, we
form their consequences by taking combinations of diver-
gences and d’Alembertians of the equations of motion. We
need one constraint of each rank from O to s — 1, and we
proceed from the bottom to the top. If we manage to impose

(2.11)
then, by plugging it into the equations of motion, we find

o ... oM =0,

K1 Mt

V ke[0,s—jI\{s—1—-j}.
(2.12)

Of course, the consequences of the rank-0, ..., rank-(j — 1)
constraints are used to work with the rank-j constraint.
Finally, by going from rank-0 to rank-(s — 1), we obtain
the vanishing of all the auxiliary fields [from rank-0 to
rank-(s — 2) constraints] and the transverse constraint [the
rank-(s — 1) constraint]. A similar procedure works for
fermions [24].

C. Types of fields

Singh and Hagen used what we call the symmetric
approach to describe massive fields, but there are many
more Lorentz covariant fields that can, in principle, be
used to describe/carry the same physical degrees of
freedom. In order to explain this idea, let us first recall
the two-component spinor language. As is well-known the
Lorentz algebra so(1,3) is isomorphic to s(2, C), which
allows us to label the irreducible representations of the
Lorentz algebra with a pair (m,n) of non-negative
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integers. A field associated to the Lorentz representation
(m,n) is a spin-tensor’

Do (m).A'(n): (2.13)

where A,B,C,---=1,2and A’,B',C’",--- =1, 2 are the
indices of the (anti)fundamental representations of
s1(2,C), raised and lowered with the help of the anti-
symmetric Levi-Civita symbol €45 (and €,/5). We choose
the convention

vA = eABuy, vy = v8ep,,
! ! /
v = e Bug, vy = v8epy, (2.14a)
/ /
€AB = ég, €A/B = 5§/ (214b)

The spin is the label of an irreducible representation of the
Wigner’s litter algebra so(3) ~ su(2). However, the irre-
ducible representation of the Lorentz algebra (m, n) is not,
in general, an irreducible representation of su(2) ~ so(3),
but can be decomposed as’

m+n

(mn)= @ ().

m=n|
r=——

(2.15)

Therefore, if we want to describe a massive spin-s particle
by a field of type (m,n), the minimal option is to have
m—+n =2s, but we still have, in general, too many
components because this representation contains other
spins, hence, the need of the transverse constraint to
eliminate all the unwanted spins. Indeed, the divergence
of ®y(ya(ny is a field of type (m—1,n—1), which
contains the same spins as (m, n) except the spin-s.
Singh and Hagen focused on the representation (s, s),
i.e., the symmetric approach. The corresponding field is
Dy).a(s) O @y in the vectorial language. Another
interesting choice is the representation (2s,0) (or, equiv-
alently, (0,2s)), because it is also a spin-s irreducible
representation of su(2) ~ so(3).° The corresponding field
is @y(ay) (or, equivalently, @, (5,)) and has, therefore, the
right number of degrees of freedom of a spin-s particle, i.e.,
2s + 1. This approach we refer to as the chiral approach,
which was proposed in [49] and for lower spins in [47,48].
In the chiral approach, which also unifies bosons and

“It is common to call “tensors” tensors with Lorentz indices,
and “spin-tensors” tensors with s/(2, C) indices, even they are
both tensors.

We use the rank, r, of su(2)-tensors as the label of irreducible
representations.

'We do not discuss the reality conditions. In principle, any
nonsymmetric description has to be supplemented by certain
reality conditions on the fields, but for some problems, e.g., for
the calculation of amplitudes, one can ignore them.

fermions, the free Lagrangian is trivial because we do
not need the transverse constraint

1
L= E(DA(ZS)(D - mz)CDA(zs). (216)
The goal of this paper is to generalize the Singh-Hagen
procedure to all approaches between the symmetric and
chiral ones, where the physical field is of type (m,n).

D. General pattern

It is easy to guess the general pattern of auxiliary fields.
Let us fix m > n without loss of generality and choose the
physical field to have type-(m, n). We need to eliminate its
divergence, i.e., to get the transverse constraint, which is of
type (m —1,n —1). Following the Singh-Hagen idea we
can see that this can be achieved as soon as the double-
divergence vanishes, which has type-(m —2,n—2).
Therefore, we need to introduce an auxiliary field of same
type. However, we need to also ensure that both the
divergence of the auxiliary field and the triple-divergence
of the physical one vanish, which calls for an auxiliary
field of type (m —3,n—3) and so on, see Fig. 1 for a
visualization of this procedure. The procedure needs n — 1
auxiliary fields (or zero if n = 0). The complete set of fields
to have an action reads thus

(m,n)® (m—-2,n-2)® (m—-3,n-3)

®@(m—-4n-4)@ - & (m-n,0). (2.17)

For example, choosing the main field ®4(,_;) 4 should
be very similar to the spin-1 case in the symmetric
approach, for any spin s. It does not require any auxiliary
field. Choosing the field ®4(;_5) 4/(2) should be similar to
the spin-2 case in the symmetric approach because we will
need one auxiliary field @, to get the transverse
constraint, for any spin s.

In more detail, we write the most general ansatz for the
second-order action. We want that the corresponding set of
equations be equivalent to the Klein-Gordon equation for
the main field, and n constraints (with ranks from (m — n, 0)
to (m — 1,n — 1)), which are the vanishing of all auxiliary
fields and the transverse constraint for the main field. From
the type-(m — n + j, j) constraint we should deduce

D@ m-n+j).a(j) = 0, (2.18a)
A Dy i ) = O,
V ke[0,n—jl\{n—-1-j}, (2.18Db)

where we used s/(2,C) indices to write 0, ~ dsa. It is
advantageous to use the results of the rank-(j — 1) constraint
when working with the rank-j one. As in the Singh-Hagen
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g A
Symmetric approach
D,
S
s—1
Fierz-Pauli
d, . ;‘ocu
s N Chiral approach
Dy "
. . - X
0 S 541 2s L

FIG. 1. The diagram depicts the types of fields involved in various approaches. The type of a field @4 4 is (k,£), which is
represented by a point on this picture. Each oblique solid line links all the fields (depicted by bullets) necessary for a given approach. As
indicated, the top line (the biggest set of auxiliary fields) corresponds to the symmetric approach, and the last one (where there is no line
because there is only one field) corresponds to the chiral approach. Each dashed oblique line links all the fields of a same rank.

case, we expect this procedure to fix all coefficients in
the action.

In order to simplify the formulas later on, let us
introduce the rank as the half of the total number of
indices, i.e. r = % for a field of type (k,Z). It is also
convenient to define the chirality 4 :="5" which is the
same both for the physical field and for the auxiliary fields.
Therefore, we can refer to a description based on the
physical field of type (m,n) as to chirality-A approach.

For example, the chirality of the symmetric approach is
equal to zero, and equal to the spin for the chiral approach.
With these redefinitions, the set of fields that we need in the
action depends on the spin s and the chirality A and contains
the fields

O, D, 5. D, 5,....0,.,. D, (2.19)

where we indicated the rank of each field as a subscript.
Starting from the physical field down to the last auxiliary
one, we see that the ranks of the fields are the same for all
approaches (all chiralities), but we keep only s —4—1
auxiliary fields, see Fig. 1.

In this section, we justified the content of auxiliary fields
for a description based on the type-(m, n) physical field. In
the next section, we construct the action and show how to
fix the coefficients.

III. ACTION

A. Index-free notation and generating functions

A convenient way to deal with a number of (spin)-
tensors is to introduce generating functions, which hides all
the indices and will also make all formulas more compact.
In particular we will see that all equations and constraints
will only depend on the rank of the fields, rather than on the
chirality, which unifies all approaches to describes the same
spin-s degrees of freedom.

Let us introduce auxiliary variables y* and 34. A field
Dy (1).a/(¢) 18 replaced by a generating function @ of the

variables y* and y*'

b = (b(y’)_]) = (DA(k).A/(f)yA .. .yA)_;A/ .. .)_)A/_

(3.1)
Since the variables are commuting, the Taylor coefficients
of generating functions are automatically symmetric. We
can define the derivatives with respect to these variables

(3.2)

We can extract the type of the field with the help of the
operators
N = yA() 4

N =549, (3.3)

045015-5



WILLIAM DELPLANQUE

PHYS. REV. D 111, 045015 (2025)

which count, respectively, the number of unprimed and
primed indices of a field. Indeed it is easy to show that

NO = k®, NO® = 7. (3.4)
However, N does not commute with y* and d,
[N,y @ = yrD, [N,04]® = —0,®, (3.5)

idem with N, V', and d,. The action and equations of
motion contain also derivatives (with respect to spacetime
coordinates) of fields, so it is necessary to define these
operators in the index-free notation. Let us define the
gradient and the divergence respectively as

di= (NN)yA5 0,0, 0= (N + 1)(N +1)) 20,00

(3.6)

Due to (3.5), N and N do not commute with them
[N,d] = —a, [N,0] = o, (3.7a)
[N,d] = -0, [N,o] =0 (3.7b)

By using (3.6) and (3.7), it is straightforward to
show that

(3.8)

10, = <1 +NJ2rN>Dd>,

where [ :=0d,,0™." It is easy to extend this result
recursively to obtain

and then

) Oo-~'®d, (3.9)

"Note that our convention for the translation between spinorial
and vectorial languages for tensors remains such that the scalars
are identical: v,v" = v> = v, v*". Recall also that an antisym-
metric spin-tensor is proportional to its trace: Tap = 3T €ap.
Therefore

c 1 1
Oan 0™ = EGABDv Oan 0y = ECA’B’Dv

which is antisymmetric on A <> B (or on A’ <> B’) because
partial derivatives commute.

oo (55) 255

x<(f_1)<1+¥_v>

+ (l/ﬁ - l)z(l’ﬂ _ 2)) [129-2®

+ (1 +N+N)+¢(¢-1))0oo-" '@,
(3.10)

These results will be useful later, and we observe that these
relations do not depend on the chirality but only on the rank
of the field (because they depend only on N + N).
Finally, let us introduce a notation for the scalar product
between fields (i.e., contraction of all their indices)

DW= ONOA Y, (3.11)

or, equivalently, in the language of generating functions

@ -¥=0®(0,0)((N'N)¥(y,y)). (3.12)
Let us remark that this scalar product is symmetric both for
bosons and fermions. Indeed

O W = DADAOY, = (=) g DDA
— (_ 1 )n’(_l )k+flPA(k)’Al(f)q)A(k),A’(f)

= (=1)°(=1)*"¥. D, (3.13)
where o equals to zero for bosons and one for fermions,
because bosonic fields are Grassmann-even and fermionic
fields are Grassmann-odd. Then, let us recall that indices
are contracted using the antisymmetric Levi-Civita symbol,
T4 = —T4,, hence, the factor (—1)¥** at second line. For
boson fields, kK + # = 2r is even and for fermions, 2r is
odd. Therefore, in both cases (—1)°(=1)** = 1.

Note that the gradient and divergence operators defined
at (3.6) differ from the natural operators in the index
notation by a factor

(0P) gty aes1) = V(k+ 1€+ 1)0aaPay.ae)s
(3.14a)
(0 q))A(k—l).A’(f—l) =V kl’ﬂaAA/q)A(k),A’(f)- (3.14b)

The conventions that we chose for the definitions (3.6)
together with the scalar product (3.11) imply

/CD- (0-W)d*x = — / ¥ . (0®@)d*x + boundary terms.

(3.15)
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It is obvious that any expression in terms of generating
functions can be converted into the form with explicit
indices modulo some factors, as explained above.

B. Construction of the action
Let us denote @, the field of rank-r, i.e., the field
Dy k).a'(e) Where k+ & = 2r. The most general second-

order equation &, that has rank-r, but may involve fields of
other ranks, has the form

gr = aqu)r + braa D, + Crazq)r—2 + dra'zq)r-ﬂ

+ ermaq)r—l + frn/la : q)r—H + grmz(I)r =0. (316)

If the set of equations of motion {€, = 0}, g\ (s=1}
comes from an action, we have

(3.17)

dr = Cry2» fr = —€r1

and the action reads

S= 5 / <<I>s (a,0®0; + b;00- B, + 2c,0°®,_, + g;m>D,)

s—2
+> @, (a,00,+b,00- D, +2¢,0°P,_,
r=21

+2e,mo®,_, + grmzd),)) d*x. (3.18)

Not all of these coefficients are physically relevant because
we can rescale some of them via rescaling of fields. With
the help of this freedom let us normalize the fields as

a, = 1: It normalizes @ up to a sign. (3.19a)

¢, = 1: Tt links the normalization of ®,_, to ®,. (3.19b)

e,=1 Vre[l+1,s=2]: Itlinks®,_5,

(I)S_4,...,q>/1t0q)3_2. (319(3)
g, = —1: It makes the parameter m
be the mass of the main (physical) field ®,. (3.19d)

With this choice we have used all the freedom in rescaling
fields up to an overall sign, the unfixed sign of ®,, which
does not even show up in the action.

The set of equations of motion {&, = 0}, ¢ 1.4\ (s-1}-
which are obtained from the action, needs to be equivalent
to the following set
{(D - mz)q)s =0,0-0,= 0} J {q)r = O}re [A.s=2] - (320)
The first element of this set is the Klein-Gordon equation of
motion for the main (physical) field, and the others are

called constraints. The first constraint is the transverse
constraint for the main field to get the right number of
propagating degrees of freedom, and the others are the
vanishing of the auxiliary (nonphysical) fields. Note that if
we apply the constraints to the first equation of motion of
the set {£, = 0}, ¢ 1.5\ 51} We obtain the Klein-Gordon
equation of motion for the main field. Therefore, the only
thing we have to do now is to derive the constraints from
the original set of equations of motion.

In order to do that, we take for each rank j € [[A,s — 1] a
linear combination of these equations and their derivatives
(consequences) that have rank-j. As explained in the
previous section, the idea is to apply the consequences
starting from the smallest rank to the highest one, and to use
the rank-(j — 1) consequences when we express the rank-j
ones, see Egs. (2.18). Therefore, only divergences of the
equations of motion are needed.® As explained in the
previous section, the rank-j consequences need to yield
®; = 0 first, after which we deduce the full set (2.18). The
general form of these consequences is (there is no sum over
the index j € [A, s — 1])’

N AL OklE , =0 @ =0, (321)
c  k

where Aé’ ¢ are the coefficients of the right linear combi-

nation used to extract ®; = 0 from the set of (1¥0-7&; ..
Let us develop &, in terms of the fields

Dka.fgﬂrf _ a;Dk+la_f¢j+f +/};Dk+26'f_2®j+f—2
_|_ ﬂiﬂ':]ka'f+2q)j+f+2 _|_ géljk+la‘f—l¢j+f_1
+EOR D,y + 7 TR0 D, (3.22)

where we used the properties (3.9) and (3.10), and where

; 4

ap = djp+ 5 (2] 1bju, (3.23a)
L -1 . .
;::T(zj+f+1)(2]+f)cj+,f, (3.23b)

n=di g, (3.23¢)
;L

e, :=§(2j+f+ mej,,, (3.23d)

8Indeed, for the rank-j consequences, the gradient of an
expression needs an expression of rank-(j— 1), which is
27E j—14¢> for any £ from zero to s — j. This expression contains
divergences of the fields: 0-'®; ;,; with ie{f-2,¢-1,
£,¢ + 1, + 2}, which have already been shown to vanish by
the rank-(j — 1) consequences, see Eqs. (2.18).

°For j=s—1, the consequence is 0-E =0 0-d, =0,
i.e. the sought for constraint.
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&= mfr (3.23¢)
= mgus (3.231)
and where'°
jE A, s —1], £ef0,s—jI\{s—1—-j},
_i_y
ke Ho, {%ﬂ] (3.24)

Let us explain the range for the values of £, i.e., the maximal
order of the [] that needs to be used. The linear combination
(3.21) of derivatives of the equations giving the constraint
needs to cancel all the terms with derivatives of fields,
because it has to imply the vanishing of the auxiliary field of
the corresponding rank. However, (3.22) shows that it
produces the term [1*729-~2®; . ,_,. Therefore if we begin
with k = 0 for the highest £ (i.e., £ = s — j), we will not be
able to cancel this term if we keep k =0 for [ =5 -2 — ;.
With k =1 for [ =s—2—j, the term (F2072;, .,
could be canceled by the term [(1**19-~1®;, ,_; for the next
£, ¢ =s—3—j,but the term (*"19-"~1®,, , | for this £
cannot be canceled. We need therefore to allow k = 2 for
[ = s — j—4,etc. Itis easy then to guess the pattern. Let us
call K{p the maximal value of & for a given j and a given .
We have that Ki_j =0, Ki_j_z =1, Ki_j_S =1,
Kﬁ—j—z& =2, Kf-
have in general: K/, = L#J Note that nothing forbids &
to take higher values, but we will restrict ourselves to the
minimal values of k that are sufficient, which will be clear
from the proof.

Let us rewrite the relation (3.22) in a matrix notation,

_jos =2, Kﬁ_ j—¢ = 3, etc. Therefore, we

&= A]&f), where vector £ contains all the required
Oko-t € [V ® contains all Dkd-fcbj .7 that contribute to

E; the matrix A j is purely numerical with entries from
(3.23). The key of the procedure is to perform a row
reduction of A ; as to get the constraints, which will also fix
all the free coefficients in the action. Let us consider some
examples, which we arrange starting from the highest
value of j. Note that we need to analyze the consequences
for all je [A, s — 1], i.e., the matrices A, but each A;
does not, in fact, depend on 4 and the size of A; increases
as j decreases.

C. Constraint matrix A_q

It is the simplest constraint. Only k =0 and Z =1 is
used, giving only the term 0-&;. By using the matrix
notation, (3.22) reads

"Let us recall that the symbol | x] means the floor of x, and [x]
means the ceiling of x.

(3.25)

)= (ot 1) (2.

The rank-(s — 1) constraint needs to imply the transverse
constraint for the main field (0- ®; = 0). Therefore, we
need to impose

=0 b, =——, (3.26)

because Z’ = 0 on-shell.

D. Constraint matrix A,_,

This constraint involves two values of Z = 0, 2. Let us
split the matrix into blocks separated by the values of Z in
order to clarify the structure. For # = 0, k = 0, 1. The set of
relations (3.22) now reads'!

(02,

028, S B/T 00 02,
06, [=|mw? 0 |a?rn? 0 || e,
En 0 52| 0 a2 yy? Oo,_,
O,
(3.27)

In order to have the constraint ®,_, = 0 we need to take a
linear combination of the rows of A,_,, cf., (3.21), and to
set all its components except the last one (corresponding to

D, in d3) to zero. Taking into account the solution (3.26)
for A,_;, we find

ag_r =—s(2s—1), (3.28a)
s2(2s =1
9s—2 = (S 1 ) s (328]3)
As2 =L (3.28¢)
20 = 3 :
o 1 s—1
A = T (3.28d)
A2 =1, (3.28¢)

The constraint 0-°®; =0 follows now. Indeed, once
®,_, = 0 we can forget the last block-column of the matrix.

"Let us split & into blocks from £ = s — jtoZ =0 from top to
bottom, and inside each block from k = K’f to k = 0 from the top
to the bottom. The vector @ is organized in the same way.
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E. Constraint matrix A, _j

There are three possible values for £ now, making three times three blocks in the matrix:

(o3,
93¢, o 57 00 0 0 O 03D,
00-&,, meoo0 e it 0 | g? 00 DDZ(;? Suea
08 =0 m? | 0 a7 7 | 0 &7 0 || O (3.29)
e s— s— 53 YT Es2
05 0 0 0 o 0 a 3 7o 0 o,
Ess 0 0 0o 0 &3 0 a7 157 O, _,
(Ds—3
|
First, repeating the same procedure as for ®,_, =0
constraint in the previous example we can arrive at As3 — 1 s-1 (3.30f)
®,_; = 0. Taking into account the results from A,_; and 0 ms2(2s - 1) )
A,_», it is straightforward to find
by = —s, (3.30a) As=3 1 s=2 330
0.1 m22s_1’ ( g)
-1)(2s -3
ag3 = — s )(3 =3) . (3.30b)
s o
ASY = 1. (3.30h)
3(s—1)3
I3 = 35 = 2)° (3.30c) Second, once ®@,_; = 0 we can forget the last block-column
and we deduce directly that d- ®,_, = 0. Lastly, we can
1 -1 forget th d block-col to obtain 0-3®; = 0.
A = L s ’ (3.30d) orget the second block-column to obtain
‘ m’ s*(2s — 1)
F. Constraint matrix A;_4
5 1 (s=1)(2s-3) o )
AP = , (3.30e) Similarly to the examples above, the matrix form of
oomt (25 1) (3.22) reads
|
Clo-*@,
4
) @t oyt pt 0 0 0o 0 0] 0 0 0 0\]|_2%
0 1 E— - 1 (2020,
Goze | [m* o et oo [t 0 0 [mt 0 0 o0 ',
Uo- 55—2 s—4 s—4 s—4 s—4 s—4 Ho- q)s—2
028, , 0 n 0 o™ 73 0 & 0 0 B 0 0 02D,
00-&5 | _ 0 0 0 & 0 a0 0 &% 0 0 [?9- @, ,
03 0 0 o o0 & 0 ot pi* 0 0 &* 0 00- ®,_5
[P,y 0 0 | x* 0 0 S0 0 | ayt oyt 000 0'3 P53
DEs—s 0 0 | 0 gt 0 | 0 &t 0 | 0 af ytoo0 Py
Esa —4 -4 —4 . s—4 U 4
s 0 0 0 0 2 0 0 : 0 0 o : s
Mo 0 0o Yo 0o, ,
<I)s—4

This example illustrates the difficulty of the general case. Indeed, once ®,_, = 0 is achieved, we cannot deduce directly
0 - ®,_3 = 0 because of 776‘4 in the last line. We have to make another linear combination of the remaining rows, which is
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true for all j<s—4. In fact, we will set 116 =0
for j<s-—4, which simplifies the procedure and
gives a solution. It implies that we need to have d; =0
for j<s—4, or, equivalently, (because it comes
from an action) ¢; =0 for j <s—2. Therefore, due to
¢j =d; =0, the consequence (3.22) for j < s — 2 simpli-
fies to

Dka.fngrf _ a/{;DkJrl a'fq)j+f + é‘{ﬂmk“ a’f_lq)j+f—1
+C]f|:|k()'f+1q)j+f+1 +]/]f|jkafq)]+f (331)

As aresult, we do not need to increase the maximal value of
k with Z. Indeed, for £ = s — j we have only k = 0, for
¢ = s — 2 — j the maximal value of k is one, but after that
no more [1’s are generated, and, hence, the maximal value
of k is one.

G. Constraint matrix Aj

The form of the matrix A; is, schematically,

a vy g 0 0
n 0 a y 0 | e 0
0 n 0 a vy 0 € O
0 ¢ 0 a y O e 0 O
0 0 ¢ 0 a vy 0 € O
0 ¢ 0 a y O e 00
0 0 ¢ 0 a vy 0 ¢ 0
0 ¢ 0 a y 0 | € 0 . (3.32)
0 0 ¢ 0 a vy 0 ¢ O
0 ¢ 0 a y 0 | ¢ 0
0 0 ¢ 0 a vy 0 ¢ O
0 ¢ 0 a y 0 | e 0
0 0 ¢ 0 a vy 0 ¢ O
0 ¢ o a y O
0 0 ¢ 0 a vy
where we omitted indices, and the empty blocks contain 0-f @, =0 V £€[0,5—j]. (3.34)

only zeros. Each block-line is related to a value of £, from
¢ =s—jtoZ =0 from the top to the bottom (skipping
¢ = s — j—1). Inside each block, the lines are related to
values of k, from k = 1 to k = 0 from the top to the bottom.

As a summary: for a given A, we write the constraints
from the bottom to the top, i.e., from rank-A to rank-(s — 1).
Therefore, when we write the rank-j constraint we already
know from the previous ones that

0@, 1., =0 V £€[0,5— ]|

and ®©,=0 V re|ij-1]. (3.33)

and from this rank-j constraint we want to deduce

The matrix form helps us to see what needs to be done.
First, we need to find a linear combination of its rows
which gives a line containing zeros except for the last
element,12 which implies ®@; = 0. Then, we need to deduce
0-®;, 1 =0,0°®;,, =0, etc. As long as we derive new
constraints we can forget the last block-columns since they
are now multiplied by zeros. After dropping these last
block-columns we have directly the last line composed of
only zeros except for the last element (which is nonzero
because f; = —e;;; is normalized to one), giving

It implies that g, # O for all r.
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immediately 0 - ®;,; = 0, etc. In other words, once ®; =0
is achieved, thanks to its stairlike form the row reduction of
the matrix becomes trivial.

With the help of (3.19), (3.26) and ¢; = 0 for j <5 — 2,
the action (3.18) becomes

1 1
S = 5/ <(Ds : ((D - mz)q).\' ——0d0- q)x + 202(1)5'—2)
A

s—2
+) @, (a,00, + 5,00 ®, + 2mod,_,
r=A

+ grmZCD,)) d*x. (3.35)

First, we observe an elegant structure for all fields now:
each field interacts only with the nearest neighbors. In
particular, @, interacts only with ®,_, (because ®,_; does
not exist), and then ®,_, interacts only with ®,_; (because
cs_p = 0), which interacts only with ®,_, (because
cs_3 = 0), etc.

Second, we see that there are only three coefficients (for
each rank) that need to be determined by the procedure: «,.,
b,, and g,, which gives (The proof of this result is in the
Appendix.), for re [[4,s — 3],

bx—Z = =S, (3363)
2(r+2) 1

b, = . 3.36b

(s=r=2)(s+r+3)(r+3)b,, ( )

a, = (2r+ 3)b,, also true for r = 5 — 2, (3.36¢)

g, = _(r+2)(s— st r+ 1)b,, also true forr = s — 2.

2(r+1)
(3.36d)

This is a closed system of recursive relations between all
the coefficients in the action. It is possible to get a closed
form for b,

s—4
2

(20 +4)% (s —2i = 3)(s +2i +4)
S (2043)2 (s =20 =2)(s +2i+3)

(3.37)

br = _(r + 2)
for s — reven only.

IV. FERMIONIC MASSIVE HIGHER-SPIN FIELDS

In this paper, we considered the case of bosons, as
mentioned at the beginning of Sec. II. This paper proposes
a generalization of the Singh-Hagen procedure [23] for free
massive bosonic fields. It may be interesting to consider
free massive fermionic fields. The first idea would be to
generalize the Singh-Hagen procedure for fermions, [24],
which uses the symmetric approach. In [24] the set of

fields consists of {W¥,},c(1/2, and their conjugates
{¥.},c [1/2.5] " and the action is first-order in derivatives.
Such an action helps to control parity. However, in the
nonsymmetric approaches the parity is not manifest.
Moreover, the first-order action for fermions cannot be
written in terms of some set of fields and their conjugates.
Lastly, let us mention that the Singh-Hagen actions for
fermions and bosons are rather different. The difference
between bosons and fermions is almost absent in the
second-order formulation.

Indeed, the general procedure we developed in this paper
remains correct for fermions too. The index-free notation
does not discriminate bosons and fermions. In particular,
the scalar product is symmetric both for boson and fermion
fields, see (3.13).14 Therefore, all manipulations with the
action and consequences remain valid. In particular, it is not
necessary to assume that s is an integer, it could be also
half-integer. Indeed, the rank of the constraints ranges
Jj €[4, s — 1], but the important number is

s—jels=A41], (4.1)
which is an integer both for bosons and fermions.
Consequently, the procedure we developed works both
for bosons and fermions. As a result, we constructed a
family of actions ranging from the symmetric to the chiral
approaches, with the free parameters s (the spin) and 4 (the
chirality) which can take any integer or half-integer value
(with A < ), with s — 1 integer. The symmetric approach
for fermions is included in this general procedure in the
second-order form.

V. CONCLUSION

In the present paper we have bridged the gap between the
symmetric and chiral approaches by showing that there
exists a family of Lagrangians where the physical field is a
spin-tensor of type (s + k, s — k) for any k. The symmetric
and chiral cases correspond to kK = 0 and k = s, respec-
tively. It is interesting that the Proca and the Fierz-Pauli
Lagrangians have a higher-spin generalization, in the sense
of featuring the same number of auxiliary fields, which is O
and 1, respectively.15 They correspond to k = s — 1 and
k = s — 2, respectively. It is also interesting that this family
of Lagrangians has s, the spin, as an unrestricted positive
parameter. In particular, it can be either integer or half-
integer, unifying bosons and fermions with the same
second-order actions, and extending this property of the
chiral approach to all the other approaches. One might also

BIf W, is a field of type (m, n) with m + n = 2r, ¥, is of type
(n,m).

e implies in particular that (3.17) remains true for fermions.

BA generalization of the Proca description to higher spins was
proposed by K. Krasnov and E. Skvortsov (unpublished).
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be interested in [50], which presents a supersymmetry
generalization of the Singh-Hagen procedure.

In the recent [51] it was shown for spins up to s = 2 that
the symmetric and chiral approaches are related via a
certain invertible change of variables (field redefinitions).
The procedure requires the more steps the higher the spin.
For example, for s = 2 one needs two steps, the first one
being a relation between the symmetric approach, based on
the type-(2, 2) physical field, and the Proca-like, based
on the type-(3, 1) field. The last step is the relation between
the (3, 1) and the chiral, (4, 0), descriptions. Therefore, it
seems that establishing the equivalence between the
symmetric and chiral approaches requires all the inter-
mediate descriptions constructed in the present paper.
In particular, it implies that there is an invertible change
of variables that relates the (m,n)-description to the
(m 4+ 1,n — 1)-description. Establishing the equivalence
of these approaches has important applications. Indeed,
while constructing consistent interactions (in the sense of
preserving the number of physical degrees of freedom) is
easy in the chiral approach, imposing the parity symmetry
is difficult. The situation in the symmetric approach is the
opposite: parity is easy, while constructing consistent
interactions is hard, see, e.g., [52-56].

Therefore, we expect that the present paper provides a
useful link connecting all Lagrangian descriptions of
massive higher-spin particles. The next step would be
to study the transfer of various interactions between the
approaches, which should help to impose parity in the
chiral approach and to introduce consistent interactions in
the symmetric one, see, e.g., [51,57] for some low-spin
examples. Massive (bi)gravity [58-60] should also admit
a chiral and the Proca-like description, see [61] for the
steps in the latter direction, which originated from the
chiral formulation of (self-dual) gravity, see, e.g., [62,63].

As discussed above, parity is not easily controlled with
type-(m, n) fields, except in the symmetric approach where
m = n. Likewise, imposing a reality condition on the
Lagrangian is straightforward when using a real tensor
field in the symmetric approach, but this is not the case
in general. Therefore, save for the m = n case, our
Lagrangians describe a doubled number of degrees of
freedom, which may still not be an obstacle for applications.
One could try to achieve parity and reality by employing
two fields of type (m,n) and (n,m) in a parity-even
combination. For example, it is proposed in [40] to describe
a massive spin-s particle via a tensor 7', (,—1), Which takes
values in the representation (s + 1,5 — 1) @ (s — I, s + 1).
However, much less is known about interactions within this
manifestly parity-invariant approach. On the contrary,
within the chiral approach [49], i.e., m = 2s, n =0, the
simplest, minimal, interactions lead to infinitely many
correct amplitudes immediately. Other amplitudes can be
corrected order by order, see, e.g., [5,7]. Therefore, the

reality/parity conditions for the Lagrangian in any non-
symmetric approach can be imposed order by order, which
is not an obstacle for applications, e.g., to the problem of
black hole scattering.

There is a number of extensions of the present paper
that one can envisage. First, there should exist an
extension of the Zinoviev approach [25] to all (m,n)-
descriptions, see also [29]. The field content should
consists of double-traceless fields @, ...®,;, where O,
is of type (m,n), m + n = 2s, but contains a trace, which
is of type (m — 2,n — 2). The last field ®, is of type (m —
n,0) and is traceless. The action is fixed by requiring it be
gauge-invariant under the most general gauge transforma-
tions with irreducible parameters &,_i, ..., &;, where &,_; is
of type (m — 1,n — 1). In this gauge invariant formulation
it should be possible to let s be any real number, which
should give a description of the continuous-spin particles,
which is similar to [64,65], see, e.g., [11] for a review.
Second, a more natural realization of the double-trace
constraint is the framelike approach to massive fields
[65-67], which should also admit an extension to the
(m, n)-descriptions, all of these fields are already present
in the (nonminimal) unfolded formulation [68]. Third, the
Lagrangians for the (m,n)-description should admit an
extension to (A)dS, spacetimes. Lastly, while in the paper
we have used the special features of the d = 4 world, an
extension to higher dimensions may also be possible as the
recent example [69] shows for massless fields.
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APPENDIX: DETAILS OF THE PROOF

Let us present the proof of the result (3.36). The values of
the coefficients of the action are fixed by the analysis of the
consequences (3.21) for j from A to s — 2 and in order to
impose 0- &, =0 < d-®, = 0. The procedure has been
already explained in Sec. III. Let us only point out that we
will have to analyze the matrices A; from j=s5—1 to
j =4, which implies that the only role of 1 is to know
where we need to stop.
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As it is easy to see from the matrices presented as
examples in Sec. III, from A; we determine b, a; and g;,
with the help of the results for higher ranks, which has been
found before. It leads naturally to a recursive proof of the
formulas (3.36): we assume that they are true for r > j + 1
(j + 2 for b,) and we use the rank-j constraint to show that
they are then true for r = j (j + 1 for b,). Note that the
possibility to solve in this way shows that the coefficients in

the action do not depend on 4, only the number of fields
depends on it.

The idea now is to establish the recursion based on the
structure of the row reduction of Aj;, i.e., how the
coefficients b;,, a; and g; depend on the previous ones
b,.1, a, and g, with r > j + 1. Let us rewrite the matrix
(3.32) in a suggestive form

Here, we replaced 5 by its value (one) and {’s by their value
(—m); primed symbols contain coefficients that have not
been fixed at the previous stages. We assume as known the
values of the coefficients b, , a, and g, with r > j + 1.
The recursive formulas giving the rank-j coefficients in
terms of the rank-(j + 1) ones will be obtained by requiring
a linear combination of the lines of the matrix to give a line
of zeros except for the last element. Let us focus on each
column. Let us remind that the weights of each line of the

matrix in the linear combination are A{ﬂ « We normalize the

linear combination by choosing A'(j),o = 1. We begin with
the last column, which needs to give a nonzero number.
This column contains zeros everywhere except y{) at the
end. Therefore, yé has to be nonzero, which means that gj
has to be nonzero too, for any j. Note that this result is not
surprising because g; are the coefficients of the mass terms.
Next, we have to impose that the linear combination gives
zero for each remaining column.

ay | p 0 O
10|la v 0 | 0 O
0110 a y |0 ¢ O
0O-m O |a v 0 |e 0 0
0O 0 -m|0 a yv [0 & O
O -m O |a vy 0 | ¢ 0
0 0 - m|0 a y |0 ¢ 0
0O-m 0 |a yv 0 | ¢ 0 (A1)
0 0 -m|0 a y |0 0
O-m 0 |a v 0 | e 0 O
0 0 -m[|0 a y |0 & 0
0O-m 0 |d v 0 | e 00
0 0 -m|0 o y |0 €0
0 -m 0 |d ¥y O
0 0 -m| 0 oy

The last column of each block-column (except for the last
one) contains only two nonzero elements: one in the last line

of a block-line, ;ffﬂ, and one in the last line of the next block-
line, —m. Inside yf;, there is g;,,, whose value is known
from the previous matrix because the smallest # considered
here is £ = 1. The linear combination for these columns
gives

AL oymlgip—AL_ ym=0, V¥ £e(l.s—j-2]. (A2)

Because we fixed Aé,o = 1, this relation fixes A{’O, which

will then fix Aé o> etc. By recursion, we find

4

ALy = ][ (mg".

i=1

Vee[ls—j-2]. (A3)

Then, for £ = s — j we have

045015-13



WILLIAM DELPLANQUE

PHYS. REV. D 111, 045015 (2025)

Al ymg, + Al ,,=0. (A4)

By using (A3) and the normalization g, = —1, we obtain

s—j—2

Al =m ][ (mgy)- (A5)
i=1

We started from bottom to top to find all the weights for
k = 0. Let us find the weights for k = 1 from top to bottom
now. The linear combination for first column of the first
block-column says

Al j,()aé— JHAL 21 =0 (A6)

; L+ Ns—j-1)"T
<:>A§—j—2,1 =m 2— H (mglﬂ 1, (A7)

where we used (3.19), (3.23), (3.26), and (AS5). The first
column of the Zth block-column is
Ajf’+1 1€1f+1 +Ajf,1a1f =0,

V £e[0.s—j-3] (A8)

; £+ 1)2j+7+2)
S AL = m( AL A9
Z1 = 2aj+f+f(2]+f—|—l)bj 2 7+1,1 ( )

where we used (3.23) to write the second line. Applying this
formula recursively gives

SIS _m(i+ 1)(2j 4 i42)
Ajl_A-J”Hz 2i+i+ 1)b
aj; +i(2j+i+ )by,

‘“s+”§;j_”<ImewTﬁ

i=1

(A10)

Joo_
<:>Aﬁ1 =m

’

lL[ -m(i+1)(2j+i+2)
i=1 Gjtrit+l 2a]+1 + 1(2.] +i+ l)bj+i)

(A11)

where we used (A7) to write the second line. Inserting the
formulas (3.36b), (3.36¢), and (3.36d) into (All) gives

¢+ 1)2j+£+2) .
(s—j—¢=1)(s+j+¢+2) H( mgji) s

vV £ef0,s—j-3. (A12)

Ay =m>

Note that we cannot use this formula for £ = 1 and £ = 0
because it relies on those coefficients in (3.36b) and (3.36¢)
that we have not yet obtained within the recursion. Next, the
first column of the second last block-column implies

Aé,l% +A{.1a{ =0 (A13)

Al 2i+3
P § s . (Al4)
A}, aj+ (+1)bjy

where we used (3.23). Equivalently, the first column of the
last block-column gives

Al &) + A} ) =0 (A15)
Ap j+1
1,1 J

The second column of the third last block-column gives

Al + AL y7h + Aoy + AL L = 0. (A7)
Dividing it by A';l and using (3.23), (A12), (A14) and the
formulas (3.36b) (for r > j + 2) and (3.36c), (3.36d) (for
r>j+1), gives

b 2(j+3) 1
T (44 (s—j=3)(s+j+4) b,y

(A18)

This proves the formula (3.36b) for » = j + 1, and, recur-
sively, for all . Note that we can use (A12) for £ = 1 too
now. The second column of the second last block-column
gives
Aé,o“’é + A{,17{ + A{,oa{ + Aé,1§é =0. (A19)
Dividing it by A{,l and using (3.23), (A12), (A16) and the
formulas (3.36b) (for all r because the formula is proved
now) and (3.36¢), (3.36d) (for r > j + 1), gives
— (2j+3)b;, (A20)
which proves the formula (3.36¢) for » = j and, hence, for
all r. Note that we can use (A12) for all values of £ now.
Finally, the second column of the last block-column is
A gel + A} 1 + Al gy = 0. (A21)
By using (3.23), (A12), the formula (3.36d) for r > j + 1
and the formulas (3.36b) and (3.36¢) for all » we obtain

_ U+ =)E+i+1)
e 2+ 1) s

(A22)

which proves the formula (3.36d). Thus, we have obtained a
system of recursive relations among all coefficients in the
action and, therefore, they are all determined.

Nevertheless, it is useful to get b; in a closed form, i.e., to
prove the formula (3.37), which we do recursively again.
Applying twice (3.36b) gives
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(r+2)(r+4)(s—r=3)(s+r+4)
(r+3)>%(s—-r=2)(s+r+3)
YV relis—j-4].

b, = b2,

(A23)

Simple iterations of (A23) yield (3.37).

We extracted enough information from the matrix to find
all the coefficients. Nevertheless, we still need to check all
other linear combinations. The first column of the second
block-column gives

Al oo+ AL e, =0. (A24)
By inserting (A6) we find
ﬁ—j = aé—j“;—j—z’ (A25)

which is identically satisfied by using (3.23) with (3.19)
and (3.28). Then, the second column of the second block-
column implies

Ai—j—2.1y£— -2 + Ai—j—z,oaé—j—z + Ai—j—3,1§£—j—3 =0.
(A26)
By using (3.23), (3.36b), (3.36¢), (A3), (A7), and (A12)

one can show that this relation is identically satisfied.
Finally, the second column of the #th block-column implies

Ajf+2,o€£”+2 + A]f+1,17]f+1 + A§+1,0“]f+1 + AJmCi” =0.
(A27)

Inserting (3.23), (3.36¢), (3.36d), (A3), and (A12) one can
show that it is identically satisfied.
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