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We report nanoantenna designs that emit entangled pho-
tons of distinct energy from two-photon spontaneous
emission (TPSE) in different far-field directions with
a high quantum efficiency. To model the designs, we
use a framework that computes TPSE spectra of a quan-
tum emitter near arbitrarily shaped nanostructures via
the classical computation of the one-photon Purcell fac-
tors. A first structure exploits both the dipolar and the
quadrupolar mode on a single silver nanorod. A second
geometry employs dipolar modes on two perpendicular
nanorods. The efficient and directional functionality is
useful to develop highly compact, integrated entangled
two-photon sources.
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Introduction. Efficient entangled photon sources, especially at
telecommunication wavelengths, are essential to test the foun-
dations of quantum mechanics [1] and for many quantum ap-
plications [2-5], including computation, teleportation, secure
communications, etc. The most common approach to generating
entangled photon pairs is the spontaneous parametric down
conversion process (SPDC) in nonlinear crystals, in which pump
photons are converted into photon pairs of lower energy [5, 6].
However, two-photon spontaneous emission (TPSE), a broad-
band process that involves the simultaneous emission of two
entangled photons from an excited quantum emitter [7], is a
promising alternative. Indeed, TPSE sources are theoretically
expected to be 3 orders of magnitude more efficient than SPDC
sources for equal pump levels [2] because it is a second-order
non-resonant process in time-dependent perturbation theory,
while SPDC is a third-order non-resonant one. In addition, TPSE
can be more flexible for designing sources with given output
wavelengths since there is no phase matching condition to sat-
isfy [3]. Furthermore, TPSE is promising for on-chip integrated
two-photon sources where one proposes nanostructures coupled
to waveguides [8], photonic crystals [9], or cavities [10]. Recently,
heralded hyper-entangled (i.e., entanglement in various degrees
of freedom verified through a measurement process) photons at
telecommunication wavelengths were created using TPSE from

Rydberg atoms inside a photonic cavity [3].

Despite that TPSE typically occurs 8 to 10 orders of mag-
nitude slower than the competing spontaneous emission of a
single photon [11], it is possible to tailor these processes via
the well-known Purcell effect [12] by designing the emitter en-
vironment. Thereby, two-photon transitions can outperform
single-photon transitions [13] using e.g., plasmonic [11, 14] and
phonon polaritonic [15, 16] structures with light confined at the
nanoscale. In addition to modifying the TPSE rate, we can tune
the system directivity [17, 18] to emit in the far-field, or to couple
to a waveguide [8]. For TPSE, nanoantennas provide important
degrees of freedom to optimize the emission of different photon
energies in separate directions.

In this letter, we propose two designs (see Fig. 1) to emit the
two photons from TPSE in specific directions with a quantum
efficiency greater than 77 %. First, we combine plasmonic ex-
citations characterized by surface charges exhibiting a dipolar
and a quadrupolar aspect in a single silver nanorod, with the
emitter positioned at the rod extremity [Fig. 1(a)]. These modes
radiate essentially with a dipolar and a quadrupolar radiation
pattern, respectively, so the photons are emitted with these dif-
ferent patterns. Second, we exploit the dipolar modes on two
perpendicular nanorods with tailored sizes, with the emitter at
the corner, to emit in perpendicular directions [Fig. 1(b)]. As
proof of concept, we consider the hydrogen atom as the quantum
emitter and we study its transition [Fig. 2] from the excited state
4s to the final state 2s. Although our method [19] allows to calcu-
late the electric dipole, magnetic dipole, and electric quadrupole
contributions to the TPSE, it is sufficient to calculate the electric
dipole one due to the large size of the nanostructures compared
to the emitter size [20]. Note that one-photon transitions are
forbidden between these states.

Method. To compute the two-photon Purcell effect, i.e., the
modification of the two-photon transition rate with respect to
the vacuum, we use our previously developed framework [19]
which is valid for a quantum emitter at any position and close
to arbitrary structures. Thereby, the TPSE rate is given by [19]:

Weg

r@R) = 7@ (w;R) dw, 6]

J0
with weg the transition frequency and R the emitter position

(center of its charge distribution). () (w; R) is the spectral dis-
tribution rate of the emitted quanta that can be written as a
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Fig. 1. Quantum emitter near silver nanorods of square cross-
section, designed to radiate two photons of frequencies f; and
fo =1— f; with f; # f, in different directions. Green arrows
denote reference directions for radiation patterns. (a) Emitter
positioned on the axis at a distance 4 from a rod of length L,
width W. Dipolar and quadrupolar modes are excited at the
frequencies fi and f,, respectively. (b) Emitter on the axes and
at a distance d from two perpendicular rods forming an angle of
45° with the x axis. A dipolar mode is excited at f; (resp. f>) on
the rod of length L; (Ly) and width W; (W).

function of the Purcell factors of the two quanta emitted at com-
plementary frequencies [19]:

72 (w;R)
2
7 (@)

where 7(()2) (w) is the spectral two-photon decay rate in vacuum.
In this expression, the tensor that depends only on the electronic
structure of the emitter has been calculated analytically for s — s
transitions [19, 21]. In addition, the tensor F is present for the
two quanta emitted at the complementary frequencies w and
weg — w and depends only on the photonic environment since it
is expressed as a function of Purcell factors [19]:

1 3,
=3 .Zl Fij(w;R) Fjj(weg — w;R), @
ij=

Vi=j, Fj(w;R)=Pi(w;R), 3)

Vi#j, Fj(w;R)=Pj(w;R) - % [Pi(w; R) + Pi(w;R)|, @

where P; and P;; denote the Purcell factors related to an electric
dipole aligned along the vector &; and along &; + €;, where the
vectors &; form an orthonormal basis.

Since the tensor F is symmetric [Eq. (4)], it involves six inde-
pendent components involving the calculation of the six follow-
ing Purcell factors: {Px, Py, Pz, Pyy, Pyz, Pyz} at frequencies com-
prised between 0 and w,g (see the limits of integration in Eq. (1)).
For the first geometry depicted in Fig. 1(a), due to equivalence
between the y and z directions, it is sufficient to calculate the
three following components: { Fxy, Fyy, Fxy } and so the three fol-
lowing Purcell factors: {Px, Py, ny}. Furthermore, the Purcell
factors can be computed classically by modelling electric dipole
point sources in electromagnetic simulations: P = W/Wj with
W and Wy being the powers emitted by the classical source in
its environment and in vacuum [12].

Near plasmonic structures, the two-quanta emission is mainly
given by three distinct emission pathways: the photon-photon
(ph-ph), photon-plasmon (ph-pl), and plasmon-plasmon (pl-
pl) channels [22]. These pathways can be calculated via the
decomposition of the Purcell factors into radiative and non-
radiative parts: P = Pyaq + Paraq [12, 19]. Furthermore, we
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Fig. 2. Energy representation of a two-electric dipole transition
(2ED) between the 4s and 2s states of a hydrogen atom. The
emitter carries out a first ED transition from its excited state
|4s) to a virtual intermediate state, which is of type p due to the
selection rules [19], by emitting a photon in the mode «. Then, a
second ED transition is carried out to state |2s) of lower energy
by emitting a photon in the mode &’. The transition energy is
hweg = 2.55 eV (wavelength of 486 nm) and the two photons
have complementary frequencies: wy + Wy = weg.

define the TPSE quantum efficiency as the ratio between the
two-photon emission rate (indicating far-field emission) and the

total two-quanta emission rate: 17(2) = 'Y}(i)-ph/ ,Y(z).

Specifically, we use COMSOL Multiphysics® software based
on the finite element method to compute the Purcell factors. The
simulation domain is a sphere with a radius equal to twice the
transition wavelength A, and perfectly matched layers (PMLs)
are defined as an outer layer with a thickness of A;/2. To avoid
unphysically sharp edges, the silver nanorods of square cross-
section have rounded edges with radius equal to a quarter of
their width W. The silver optical response is given by the Drude
conductivity o = sorw’% /(1 — iwT) with the plasma frequency
fiwp = 9.1 eV and the relaxation rate ht=! = 18 meV. The
classical emitter is positioned at a distance d = 15 nm from the
extremity of the nanorods and is modelled by a radiating electric
point dipole. The Purcell factors are determined through the
integration of emitted power on the inner surface of the PMLs
for the radiative part and on the surface of a fictional sphere with
a 5 nm radius centered on the emitter for the total part (sum of
radiative and non-radiative parts). An unstructured tetrahedral
mesh is used, where the smallest element has a characteristic
size of 1 nm on the structures and on the sphere around the
emitter. Calculating the six Purcell factors over 95 frequencies
for the system with two nanorods (sizes given below) requires
6 x 22 GB of RAM and 5 hours using 6 x 8 cores of an AMD
Ryzen Threadripper PRO 5995WX 64-core CPU.

Results and discussion. We design a directional emitter
using a single nanorod [Fig. 1(a)] that emits a photon at the
frequency f via a dipolar mode of the nanorod, and the sec-
ond photon at the complementary frequency f, =1 — f; viaa
quadrupolar mode of the nanorod, with f := w/weg the dimen-
sionless frequency comprised between 0 and 1. We find that this
condition is satisfied at f; = 0.34 (A = 1.43 ym) and f, = 0.66
(A = 736 nm) for a 412 nm long and 39 nm wide nanorod. The
emission characteristics are presented in Fig. 3.

The strongest Purcell factor is reached with a dipole oriented
along x (the nanorod axis), which is plotted in Fig. 3(a). The
surface charge density and the 3D radiation pattern (for a dipole
along x) at the frequencies f; and f, of the dipolar and quadrupo-
lar modes are illustrated in Fig. 3(b). In addition to these two
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Fig. 3. Single rod results. (a) Radiative (rad) and non-radiative
(n-rad) parts of Fyy = Py. (b) Surface charge density on the
nanorod and radiation pattern for the complementary frequen-
cies fj (dipole) and f, (quadrupole). (c) Ph-ph, ph-pl, and pl-pl
emission channels of the vacuum normalized spectral TPSE rate.
The quanta are emitted at the complementary frequencies f and
1 — f, leading to symmetric spectra with respect to f = 0.5. (d)
Radiation pattern in the XY plane for a dipole along x, identical
in the XZ plane, for the complementary frequencies f; and f,
corresponding to the main TPSE peak. The reference direction
and the normal vector are the nanorod axis and the z axis, respec-
tively [Fig. 1(a)]. The patterns are calculated using the squared
norm of the far-field electric field and are normalized according
to their maxima (if a photon is emitted at one frequency, the
second one is systematically emitted at the complementary one).

modes, Fyy exhibits a sextupolar mode (not shown) at f = 0.94.
The vacuum normalized spectral TPSE rate is plotted in
Fig. 3(c). Since TPSE involves two quanta emitted at comple-
mentary frequencies, the dipolar and quadrupolar modes in
Fig. 3(a) both contribute to the main TPSE peaks at the com-
plementary frequencies f; = 0.34 and f, = 0.66. At these fre-
quencies, the term involving the component Fy, in the TPSE
rate calculation [Eq. (2)] dominates, and the others are negligi-
ble (contributing less than 0.01 %). Moreover, at the main TPSE
peaks, the emission of a pair of photons is enhanced by a factor
5.4 x 10* with respect to the vacuum and the quantum efficiency
is 17(2) = 83 %. As there is no resonance at the complementary
frequency f = 0.06 of the sextupolar mode at f = 0.94, the emit-
ter is 143 times more likely to decay into two photons emitted
at the frequencies f; and f, than at frequencies f = 0.06 and
f = 0.94. Note also that 65 % of the photons are emitted in the
full width at half maximum (FWHM) of the main peaks. The
FWHM of a main TPSE peak is equal to Af = 2.3%. These
values have been calculated by considering the TPSE spectrum
which is not normalized with respect to vacuum (not shown).
Since the one-photon Purcell factor Py is the only non-
negligible contribution to the TPSE, the photon pair results
mainly from a decay described by two electric dipole transition
moments along x [Eq. (2) and Fig. 2]. Indeed, as the initial and
final states of the quantum emitter are identical, the selection

rules require two transition moments with the same orienta-
tion. The most likely is to emit two photons at the frequencies
f1 =0.34and f, = 0.66 via a dipolar mode and a quadrupolar
mode [Fig. 3(b)], respectively, so the corresponding radiation
patterns are drawn in Fig. 3(d). Clearly, the two photons are
emitted in different patterns, and thus mainly in distinct direc-
tions. Note that positioning the emitter at one extremity of the
nanorod results in slightly (left-right) asymmetrical radiation
patterns. Quantitatively, we can compute the photon proportion
emitted at a given frequency in a cone with an angular width of
25° with axis in the XY plane and forming an angle of ¢ with
respect to the x axis, corresponding to the maximum of one of
the lobes of a radiation pattern. Compared with an isotropic
source, 3.0 times more photons are emitted at f; within a cone at
p = 94°, while 3.7 times more photons are emitted at f, within
a cone positioned at 133° (red curves in Fig. 3(d)).

A disadvantage of the single rod is that it is not possible to
choose the complementary frequencies of the photons emitted.
Indeed, these two frequencies must correspond to the excitation
of a dipolar and quadrupolar mode, respectively, which is ver-
ified only for one frequency pair. Therefore, we now consider
the double-rod design (see Fig. 1(b)), which employs excitation
of dipolar modes on two rods of different sizes. This system
does not present the restriction mentioned above since we can
freely choose the size of the rods to excite the dipolar modes
at complementary frequencies, except that overlap with higher-
order modes (e.g., quadrupolar modes) must be avoided. Thus,
we employ the following parameters: Ly = 289 nm, W; = 36
nm, L, = 146 nm, W, = 21 nm. As a result, there is radiative
enhancement via a dipolar mode at the frequency f; = 0.42
(A = 1.16 ym) on the larger rod, and at the complementary fre-
quency f, = 1— f; = 0.58 (A = 838 nm) on the smaller rod,
while preventing a frequency overlap between the dipolar mode
of the smaller rod with the quadrupolar mode of the larger one.

The strongest Purcell factors are reached with dipoles ori-
ented in the plane of the rods (XY). Thus, the components Fyy,
Fyy, and Fy, dominate and are shown in Fig. 4(a-c), while the
others (Fz, Fyz, and Fy;) are negligible. The peaks at f; = 0.42
and f = 0.84 correspond to a dipolar and a quadrupolar mode
on the larger rod, while the peak at f, = 0.58 is a dipolar
mode on the smaller rod. Note that Fyy (1) > Fux(f1) and that
Fxx(f2) > Fyy(f2) because the charge surface density on the two-
rod system are asymmetric and symmetric, respectively. The
vacuum normalized spectral TPSE rate is shown in Fig. 4(d). The
dipolar peaks in Fig. 4(a-c) both contribute to the TPSE peaks at
the complementary frequencies f; and f,. At these frequencies,
the terms involving the components Fyy, Fyy, and Fyy in the TPSE
rate calculation [Eq. (2)] dominate, and the others are negligi-
ble (contributing less than 0.01 %). Moreover, at the main TPSE
peaks, the emission of a pair of photons is enhanced by a factor
7.5 x 10* with respect to vacuum, and the quantum efficiency
is large: 17(2) = 77 %. In addition, the emitter is 120 times more
likely to decay into two photons emitted at the frequencies f;
and f, than at the frequency f = 0.84 of the quadrupolar mode.
Note also that 61 % of the photons are emitted in the full width
at half maximum (FWHM) of the main peaks. The FWHM of a
main TPSE peak is equal to Af = 2.4 %.

Since there is no enhancement with dipoles oriented per-
pendicular to the XY plane comprising the system [Fig. 1(b)],
the photon pair results mainly from a decay described by two
electric dipole transition moments in the XY plane [Fig. 2]. More-
over, the most likely is to emit two photons at the frequencies
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Fig. 4. Double rod results. Radiative (rad) and non-radiative
(n-rad) parts of (a) Fxx = Py, (b) F;y = Py, and (c) Fry = Pyy —
(Py + Py) /2. (d) Ph-ph, ph-pl, and pl-pl emission channels of the
vacuum normalized spectral TPSE rate (symmetric around 0.5).
(e, f) Radiation pattern in the XY plane for a dipole along x and
y for the complementary frequencies f; and f, corresponding
to the main TPSE peak. The reference direction and the normal
vector are the x and z axis, respectively [Fig. 1(b)].

f1 =042 and f, = 0.58 via the dipolar mode on each rod. The
corresponding radiation patterns are drawn in Fig. 4(e,f) for elec-
tric dipole transition moments oriented along x and y. Thereby,
whatever the orientation (in the XY plane) of the transition mo-
ments, the two photons are emitted with asymmetric dipolar
radiation patterns rotated about 90 degrees to each other, thus
in perpendicular directions. The asymmetry arises because at
both frequencies the surface charge density is non-zero on the
rods, even though they are not designed to have a dipole mode
at the other frequency. Using the same methodology as for the
one-rod system for the comparison with an isotropic source, for
a transition moment along x (resp. y), 2.9 (3.0) times more pho-
tons are emitted at f; within a cone at i = 145°, while 2.3 (2.4)
times more photons are emitted at f, within a cone positioned
at 220° (red curves in Fig. 4(e,f)).

Conclusion. TPSE is a promising alternative to conventional
SPDC to create efficient and flexible entangled photon sources.
An important challenge for TPSE sources is for systems to exhibit
directivity in different directions at different frequencies. Here,
we propose two subwavelength silver nanorod designs in order
to emit the TPSE photons in distinct directions. The single-rod
mechanism exploits a dipolar and quadrupolar mode, while the
double-rod employs dipolar modes on perpendicular rods of
different size. The double-rod design offers greater freedom in

choosing the frequencies. Both structures feature a high quan-
tum efficiency (> 77 %) with an enhancement of more than four
orders of magnitude of the TPSE rate. For application, one can
optimize the radiation patterns to place waveguides, detectors,
etc. in the maximum emission directions. These systems use the
directivity of dipoles and quadrupoles, which is weaker than
what is reachable with e.g., Yagi-Uda [23] nanoantennas and
hybrid metal-dielectric nanostructures [18]. Thus, the directivity
may be improved by more complex geometries, e.g., considering
an extra dielectric structure [24]. Moreover, the system should
also be optimized for the degree of energy entanglement, which
in the antenna systems depends on the observation angle. The
precise relation between directionality and entanglement is an
interesting subject for future work, as hyper-entanglement with
polarization degrees e.g., could be possible. Finally, we con-
sidered a hydrogen-like emitter as a proof of concept, but the
findings can be applied to other quantum emitters.
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