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Both positive and negative charge conjugation glueball spectra are computed with a constituent gluon
approach. We first compute the spectrum of the Hamiltionian describing two-gluon bound states having
C ¼ þ, before tackling the three-gluon bound states having C ¼ −. We review the construction of two and
three particle helicity states in order to build totally symmetric wave functions for our glueball states. In the
literature, two different couplings schemes are used to build three particle states. We derive for the first time
the relation between these two three-body state definitions. The glueball spectra are compared with those
obtained from quantum chromodynamics simulations on a lattice. The two-gluon glueball spectra show a
good agreement with the constituent approach and the numerical lattice simulations. The three-gluon
spectrum is in overall agreement with the masses observed on the lattice but also predicts additional
low-lying states.
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I. INTRODUCTION

One of the earliest predictions of quantum chromody-
namics (QCD) is the existence of color-singlet pure-gauge
states known as glueballs [1]. Despite this theoretical
prediction, a consensus on their properties and definitive
experimental evidence remains elusive. Two-gluon glueball
states have been extensively studied both theoretically [2,3]
and experimentally [3,4]. Theoretical results have been
obtained using various phenomenological approaches, func-
tional methods, and lattice QCD (LQCD). On the exper-
imental side, notable experimental efforts by collaborations
such as PANDA, Crystal Barrel, WA102, or BESIII con-
tinue the search for these states. In contrast, three-gluon
glueballs have received relatively little attention due to the
technical complexity involved. On the theory side, the
LQCD spectrum is expected to include three-gluon states
[5–8]. Experimentally, the possible observation of odderon
exchange at TOTEM is still debated [9].

This work aims to describe two- and three-gluon
systems within the framework of constituent models. In
these approaches, hadronic states are treated as colorless
bound states of several constituent quarks, antiquarks, and/
or gluons. The requirement of color neutrality determines
whether a given combination of constituent particles
can form a hadron. Constituent gluons transform under
SUð3Þc with its adjoint representation denoted 8, leading
to the following decompositions for two- and three-gluon
systems [10]

8 ⊗ 8 ¼ 1 ⊕ …; 8 ⊗ 8 ⊗ 8 ¼ 1 ⊕ …: ð1Þ

These decompositions indicate the possibility of forming
bound states of two and three constituent gluons, so-called
two- and three-gluon glueballs, in constituent approaches.
The dynamics of these bound states are implemented using
a phenomenological but QCD inspired Hamiltonian.
Properties of constituent particles often differ from their
QCD counterparts (for instance, constituent quarks are often
treated as heavier than their QCD equivalents). For two-
gluon glueballs, it has been shown in Ref. [11] that
constituent gluons have to be considered as massless
particles with helicity degrees of freedom in order to
reproduce results from LQCD calculations. As a result,
extending this approach to three-gluon glueballs seems to
necessitate addressing the three-body helicity formalism.
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The article is organized as follows. Section II introduces
the helicity formalism for one- and two-body systems.
Given its important role in most of the subsequent
calculations and because the management of three-gluon
glueballs requires us to demonstrate novel properties
within this formalism, this section provides a relatively
detailed overview. Additionally, for pedagogical purpose
and for the sake of generality, the case of massive particles
is included in the description. Section III applies these
results to compute the spectrum of two-gluon glueballs. As
already mentioned, a detailed study of two-gluon glueballs
in the constituent approach already exists in the literature
[11–13]. However, the extension to three-gluon glueballs
necessitates revisiting the two-gluon spectrum and intro-
ducing a methodology better suited for three-gluons
systems. Section IV develops the helicity formalism for
three-body systems. Section V investigates three-gluon
glueballs. This section is decomposed into three parts:
First, helicity states with proper symmetry properties are
constructed, second, expressions to compute Hamiltonian

matrix elements (MEs) on these states are prepared, and,
lastly, the spectrum is obtained and analyzed. The manu-
script closes in Sec. VI with a recap of the key results and
suggestions for prospects.
In a few words, the use of helicity degrees of freedom

proves to allow for an accurate reproduction of the two-
gluon glueball spectrum observed in LQCD, as illustrated
in Fig. 1. Extending this approach to three-gluon systems
yields the spectrum shown in Fig. 2. Overall, each state
identified by LQCD has a corresponding counterpart in the
spectrum obtained with the helicity formalism, but addi-
tional low-lying states are also predicted by the method.
While definitive explanations for these discrepancies
remain elusive, possible interpretations are suggested at
the end of Sec. V.

II. THE HELICITY FORMALISM
FOR ONE- AND TWO-BODY SYSTEMS

This section reviews the main concepts underlying
the helicity formalism for one- and two-body systems. A

FIG. 1. Comparison of two-gluon glueball spectra. Upper bounds obtained with the current approach (blue circles) are compared to
LQCD results from [5] (orange triangles), [7] (green diamonds), and [8] (purple hexagon).

FIG. 2. Comparison of glueball spectra obtained using the helicity formalism (left, this work) and LQCD (right, Refs. [5,6]). In both
cases, spectra are provided in units of the lowest mass.
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detailed recap is provided, as the analysis of three-body
systems requires demonstrating new properties of helicity
states. The discussion is kept general to enable application
to a variety of systems. Glueball-specific considerations are
deferred to the next section.

A. One-body helicity states

To start with, let us focus on massive particles. Massive
particles are classified according to their eigenvalue for
both Casimir operators of the Poincaré group (PG), namely
the mass operator P2 and the spin operatorW2 (also known
as the Pauli-Lubanski Casimir). Any state jψ ;m; si such
that1

P2jψ ;m; si ¼ m2jψ ;m; si
and W2jψ ;m; si ¼ −m2sðsþ 1Þjψ ;m; si ð2Þ

is a possible state to describe a particle of mass m and spin
s. The current work uses the mostly minus convention for
the Minkowski metric. To write the actual state of the
particle, one has to resort to complete sets of states in which
it can be decomposed. In the current work, two different
complete sets will be used.

1. The one-body canonical states

The first set is filled with the common eigenstates of the
third component of the Pauli-Lubanski W3 and of the four
Pμ operators. In the following, such common eigenstates,
referred to as one-body canonical states, will be denoted
jm;pθϕ; smsi. The labels in the notation provide the
eigenvalues of the aforementioned operators,

P2jm;pθϕ; smsi ¼ m2jm;pθϕ; smsi;
W2jm;pθϕ; smsi ¼ −m2sðsþ 1Þjm;pθϕ; smsi; ð3Þ

P0jm;pθϕ; smsi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2

q
jm;pθϕ; smsi;

P1jm;pθϕ; smsi ¼ p cosϕ sin θjm;pθϕ; smsi;
P2jm;pθϕ; smsi ¼ p sinϕ sin θjm;pθϕ; smsi;
P3jm;pθϕ; smsi ¼ p cos θjm;pθϕ; smsi; ð4Þ

W3jm;pθϕ; smsi ¼ mmsjm;pθϕ; smsi: ð5Þ

Physically speaking, each p-canonical state has a definite
mass, spin, four-momentum, and spin projection along the
z axis. The associated Lorentz-invariant orthonormality and
completeness relations are written below,

hm; p̄ θ̄ ϕ̄; sm̄sjm;pθϕ; smsi
¼ 2wδðp − p̄Þδðϕ − ϕ̄Þδðcos θ − cos θ̄Þδmsm̄s

; ð6Þ
Xs
ms¼−s

Z
jm;pθϕ; smsi

d3p
2w

hm;pθϕ; smsj ¼ 1; ð7Þ

where w ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2

p
. Normalization conventions used in

this document follow the ones from [14]. In the literature,
one-body canonical states are often decomposed as the
application of a so-called canonical boost on a rest state
jm; smsi,

jm;pθϕ;smsi¼UðLðm;p;θ;ϕÞÞjm;smsi
¼UðRðϕ;θ;0ÞLzðm;pÞRðϕ;θ;0Þ−1Þjm;smsi:

ð8Þ

Above, Rðα; β; γÞ refers to a rotation of Euler angles
ðα; β; γÞ while Lzðm;pÞ is a boost that provides a spatial
momentum of modulus p and along the z axis to particle of
massm initially at rest. Hereinabove, these transformations
are combined to produce a so-called canonical boost
denoted Lðm;p; θ;ϕÞ. The notation U reminds us that
whenever space-time transformations are applied on states,
their action follows a given unitary representation of the
PG. By construction, rest states jm; smsi transform under
rotations using the spin s irreducible representation of
SOð3Þ. As a result, whenever applied on a rest state,
rotations are concretely represented by the well-known
Wigner D matrices [15],

UðRðα;β;γÞÞjm;smsi¼
Xs
m0

s¼−s

Ds
m0

sms
ðα;β;γÞjm;sm0

si: ð9Þ

Formula (8) provides an intuitive graphic interpretation for
one-body canonical states which is illustrated in Fig. 3. In
the left-hand part of the diagram, the rest state is repre-
sented with a single green arrow which stands for its spin
projection. The state is then subjected to a rotation and a
boost which, notably, alter its momentum represented by a
red arrow. After successive transformations, as expected,
the state ends with a momentum direction ðθ;ϕÞ and with a
definite spin projection along the z axis. Apart from its
visualization use, this expression combined with relation
(8) also enables easy derivations of transformation rules
under operations such as rotations, boosts, and parity. The
interested reader is referred to [16] for more details.

2. The one-body helicity states

Although one-body canonical states are abundantly used
in quantum mechanics, especially in the nonrelativistic
limit, this set cannot encompass massless particles. For this
reason, a second set of states is introduced. The states are1We are using natural units, ℏ ¼ c ¼ 1, throughout this work.
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still chosen as the common eigenstates of the four Pμ

generators but, instead ofW3, these are taken as eigenstates
of Λ, the helicity operator,

Λ ¼ J · Pffiffiffiffiffi
P2

p : ð10Þ

Above, P and J collect the spatial components of the
momentum and angular momentum, respectively. These
states are named one-body helicity states and are denoted
jm;pθϕ; sλi. Relations (3) and (4) remain true in terms of
one-body helicity states, but (5) is replaced by

Λjm;pθϕ; sλi ¼ λjm;pθϕ; sλi: ð11Þ

States now have a definite spin projection along their
momentum direction. The completeness and orthonormal-
ity relations for one-body helicity states are similar to the
ones for one-body canonical states (same conventions are
used),

hm; p̄ θ̄ ϕ̄; sλ̄jm;pθϕ; sλi
¼ 2wδðp − p̄Þδðϕ − ϕ̄Þδðcos θ − cos θ̄Þδλλ̄; ð12Þ

Xs
λ¼−s

Z
jm;pθϕ; sλi d

3p
2w

hm;pθϕ; sλj ¼ 1: ð13Þ

As well as canonical states, helicity ones can also be
expressed in terms of a rest state on which boosts and
rotations are applied,

jm;pθϕ; sλi ¼ UðLhðm;p; θ;ϕÞÞjm; sλi
¼ UðRðϕ; θ; 0ÞLzðm;pÞÞjm; sλi: ð14Þ

In comparison with relation (8), the canonical boost L has
here been replaced by a helicity boost Lh which differs by a
rotation. The graphic interpretation set up for relation (8) in
Fig. 3 can be adapted to fit with formula (14). The result is
shown in Fig. 4. Referring to the same graphical con-
ventions, one can see that the state ends with a definite
projection of the spin along the momentum direction
instead of along the z axis. This feature is in agreement
with the definition of the helicity operator. Before we
discuss the properties of one-body helicity states, let us
draw the reader’s attention to the convention used for
relation (14). In the current definition, the third angle of the
rotation has been settled to zero, a choice which will be
denoted as the zero convention in the following. Some
other references consider −ϕ for this angle [14,17,18],

jm;pθϕ; sλi−ϕ ¼ UðRðϕ; θ;−ϕÞLzðm;pÞÞjm; sλi: ð15Þ

A priori, such a modified relation should result in a
different definition for one-body helicity states. How-
ever, these two different definitions are shown to simply
differ by a phase factor,

jm;pθϕ; sλi ¼ e−iλϕjm;pθϕ; sλi−ϕ: ð16Þ

Because physics is contained in the modulus squared of the
state, this phase factor proves to be irrelevant in assessing a
physical interpretation for one-body helicity states.
Nevertheless, the user has to be conscious and consistent
with the convention he employs, especially if he wants to
superpose different helicity states. The current work will
always use the zero convention.
The decomposition (14) also allows one to prove many

properties about helicity states. Only a few of them will be
recapped here. For more properties and demonstrations, the

FIG. 3. Graphic illustration for the definition (8) of one-body p-canonical states.

FIG. 4. Graphic illustration for the definition (14) of one-body p-helicity states.
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interested reader is referred to [14,16,17,19]. The first
property to be investigated is the transformation rule of
helicity states under rotations. Simple algebra allows us to
show that

UðRðα; β; γÞÞjm;pθϕ; sλi ¼ �e−iξλjm;pθ0ϕ0; sλi ð17Þ

where θ0, ϕ0, and ξ satisfy Rðϕ0; θ0; ξÞ ¼ Rðα; β; γÞ
Rðϕ; θ; 0Þ. The phase expð−iξλÞ comes out while ensuring
that the state, initially in 0 convention, ends in that same
convention. Concerning the plus or minus sign, it is
included to account for the fact that any hypothetical 2π
rotation must be identified with minus the identity for
fermions. Property (17) is sometimes referred to as helicity
rotational invariance, because the quantum number λ
remains unchanged despite the rotation.
Second, the action of the parity transformation, Π, on

one-body helicity states can be determined by making use

of the commutation relations between parity, boosts, and
rotations. The following formula is obtained:

Πjm;pθϕ;sλi¼ ηð−1Þ−sjm;pðπ−θÞðπþϕÞ;s−λi: ð18Þ

Notice that the classical intuition that parity inverts the
particle’s momentum and helicity is respected. Above, η
refers to the intrinsic parity of the particle. This quantity
defines how parity acts on the particle rest state,

Πjm; sλi ¼ ηjm; sλi: ð19Þ

It depends on the nature of the particle. In relation (18),
both left- and right-hand-side states are written in the zero
convention. However, in many references, the right-hand
side is written in a different convention, such as the π
convention

jm;pðπ − θÞðπ þ ϕÞ; sλiπ ¼ UðRðπ þ ϕ; π − θ; πÞÞUðLzðm;pÞÞjm; sλi
¼ UðRðϕ; θ; 0ÞÞUðRð0; π; 0ÞÞUðLzðm;pÞÞjm; sλi ð20Þ

or the opposite convention

jm;pðπ − θÞðπ þ ϕÞ; sλi− ¼ UðRðϕ; θ; 0ÞÞUðL−zðm;pÞÞjm; s − λi
with L−zðm;pÞ ¼ Rð0; π; 0ÞLzðm;pÞRð0;−π; 0Þ: ð21Þ

All these conventions being equal up to phase factors, they convey the same physical meaning,

jm;pðπ − θÞðπ þ ϕÞ; sλi ¼ ð−1Þλjm;pðπ − θÞðπ þ ϕÞ; sλiπ
¼ ð−1Þsjm;pðπ − θÞðπ þ ϕÞ; sλi−: ð22Þ

These various conventions are introduced to simplify
calculations that mix helicity states with opposed direc-
tions. Such situations will for example be encountered in
Sec. II B where helicity states for two-body systems in their
center-of-mass frame (c.m.f.) are introduced.
Third, we focus on the application of a general Lorentz

transformation L on an helicity state jm;pθϕ; sλi. The
corresponding transformation rule reads as follows:

UðLÞjm;pθϕ;sλi ¼
Xs
λ0¼−s

Ds
λ0λðαW;βW;γWÞjm;p0θ0ϕ0;sλ0i:

ð23Þ

Hereinabove, primed variables denote the components of
the boosted momentum which are obtained by applying L
on the initial four-momentum. In addition, ðαW; βW; γWÞ
denotes the Euler angles of a rotation RW , named Wigner
rotation, defined by the following combination of boosts:

RW ¼ ðLhðm;p0; θ0;ϕ0ÞÞ−1LLhðm;p; θ;ϕÞ: ð24Þ

Relation (23) illustrates that, in general, the helicity of a
massive state is not invariant under Lorentz transforma-
tions. The invariance of helicity under rotation (17) can be
seen as a special case of property (23).
Finally, it is possible to switch from the one-body

helicity basis to the one-body canonical one. Comparing
relation (14) for the helicity state to relation (8) for the
canonical state and using relation (9) provides the follow-
ing transformation rule:

jm;pθϕ; sλi ¼
Xs
ms¼−s

Ds
msλ

ðϕ; θ; 0Þjm;pθϕ; smsi: ð25Þ

This property allows the user to switch the complete set,
based on its intended use.
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Before closing this section, let us insist on the fact that
helicity states generalize very well to massless particles. In
a common simplification of reality, massless particles are
considered to behave as massive particles with only two
spin projections,þs and −s. This rule allows us to infer the
massless behavior from the massive one. Appendix A goes
beyond this simplification and provides more details about
the distinction between massive and massless particles.

B. Two-body helicity states

One-body helicity states (14) can be used to build a
complete set of states for two-body systems. Because, in
the following, these many-body states will be used to
describe composite particles, we will focus on obtaining
helicity states in the c.m.f. of the entire many-body system
(the e.c.m.f.). Properties of composite particles are most
easily obtained in this frame: Mass is given by the total
energy of the state while spin is given by its total angular

momentum. Before we dive into this description, let us
shorten a bit the notations. In the previous section, one-
body states at rest where denoted jm; smsi, a notation in
which the mass, the spin, and the spin projection of the
particle were specified. In the following, the mass of the
particle will be frequently omitted. By default, it will be
assumed that the state jsiλii possesses the mass of the ith
particle. Similarly, in the following sections, boosts along
the z axis will be written without specifying any mass
parameter. By default, this parameter will be assumed equal
to the mass of the state on which the boost acts.

1. Helicity bases for two-body systems

Again, our analysis starts at the level of massive particle
states. Differences in the presence of massless particles will
be discussed subsequently. Two particles are brought in
their c.m.f. by boosting them back to back,

jpθϕ; s1λ1s2λ2i ¼ ð−1Þλ2−s2UðRðϕ; θ; 0ÞÞ½UðLzðpÞÞjs1λ1i ⊗ UðRð0; π; 0ÞLzðpÞÞjs2λ2i� ð26aÞ

¼ ð−1Þλ2−s2UðRðϕ; θ; 0ÞLzðpÞÞjs1λ1i ⊗ UðRðπ þ ϕ; π − θ; πÞLzðpÞÞjs2λ2i: ð26bÞ

Above, p, θ, and ϕ respectively denote the modulus, the polar, and the azimuthal angle of the momentum of the first particle
in the e.c.m.f. Helicities λ1 and λ2 are defined in that same frame. The phase in front of the definition is mainly conventional
[17] and results from the choice to assign to the one-body state with opposed momentum the opposite convention (21).
Figure 5 schematically decomposes the successive transformations in definition (26a). By construction, states (26a) are
eigenstates of particle 1 and 2 momentum operators. In the following, they will be referred to as two-body p-helicity states.
Their orthonormalization relation is

hp̄ θ̄ ϕ̄; s1λ̄1s2λ̄2jpθϕ; s1λ1s2λ2i ¼
4W
p

δðW̄ −WÞδðcos θ̄ − cos θÞδðϕ̄ − ϕÞδλ̄1λ1δλ̄2λ2 ð27Þ

¼ 4w1ðpÞw2ðpÞ
p2

δðp̄ − pÞδðcos θ̄ − cos θÞδðϕ̄ − ϕÞδλ̄1λ1δλ̄2λ2 ð28Þ

wherewiðpÞ serves as a notation shortcut for
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

i þ p2
p

and whereW ¼ w1ðpÞ þ w2ðpÞ is the total energy of the two-body
state. If expression (26b) is more convenient for practical purposes, (26a) unveils that these states present a specific
structure: They are obtained by rotating two-body states at rest with a reference orientation, here along the z axis,

jp; s1λ1s2λ2i ¼ ð−1Þλ2−s2ðUðLzðpÞÞjs1λ1i ⊗ UðRð0; π; 0ÞLzðpÞÞjs2λ2iÞ: ð29Þ

FIG. 5. Schematic illustration for the definition of two-body p-helicity state (26a).
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A similar structure will reappear in the definition of helicity states for three-body systems in Sec. IV.
As already mentioned, states with a definite total angular momentum are expected. Such a property can be provided to

two-body p-helicity states by weighting them with a Wigner D matrix and by integrating the result on angular degrees of
freedom,

jp; JM; s1λ1s2λ2i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

4π

r Z
d cos θdϕDJ�

Mλ1−λ2ðϕ; θ; 0Þjpθϕ; s1λ1s2λ2i: ð30Þ

In the following, these states will be referred to as two-body J-helicity states. The prefactor is introduced to ensure a
standard normalization,

hp̄; J̄ M̄; s1λ̄1s2λ̄2jp; JM; s1λ1s2λ2i ¼
4W
p

δðW̄ −WÞδJ̄JδM̄Mδλ̄1λ1δλ̄2λ2 ð31Þ

¼ 4w1ðpÞw2ðpÞ
p2

δðp̄ − pÞδJ̄JδM̄Mδλ̄1λ1δλ̄2λ2 : ð32Þ

Of course, definition (30) is only relevant for J ≥ jλ1 − λ2j. It can be shown that, under rotations, two-body J-helicity states
follow the spin J irreducible representation of SOð3Þ [16,20], meaning that this state indeed has a total angular momentum
J. For further use, let us mention that definition (30) can be inverted, expressing two-body p-helicity states as a linear
combination of two-body J-helicity states [19],

jpθϕ; s1λ1s2λ2i ¼
X∞

J¼jλ1−λ2j

XJ
M¼−J

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

4π

r
DJ

Mλ1−λ2ðϕ; θ; 0Þjp; JM; s1λ1s2λ2i: ð33Þ

Other properties of these states are abundantly described in the literature [11,14,16,17,19]. Their behavior under parity
and permutation of particles, denoted P12, will be reminded here for further use,

Πjp; JM; s1λ1s2λ2i ¼ η1η2ð−1ÞJ−s1−s2 jp; JM; s1 − λ1s2 − λ2i; ð34Þ

P12jp; JM; sλ1sλ2i ¼ ð−1ÞJþ2sjp; JM; sλ2sλ1i: ð35Þ

Above, ηi is the intrinsic parity of the ith particle.
Symmetry having to be implemented only for identical
particles, s1 and s2 have been taken equal to each other in
relation (35). These two properties illustrate that two-body
J-helicity states are neither parity eigenstates nor (anti)
symmetric by themselves. Parity eigenstates are obtained
by superposing states with opposed helicity signs.
Non-normalized symmetric (antisymmetric) states are
obtained by applying the two-body symmetrizer S2

(anti-symmetrizer A2),

S2 ¼ 1þ P12; A2 ¼ 1 − P12: ð36Þ

As agreed, helicity states have been written in the zero
convention. Switching the convention to the “−ϕ” one
results in a different phase convention for p-helicity states.
Nevertheless, provided that angles of the Wigner D matrix
in definition (30) are adapted consequently, it can be shown
that two-body J-helicity states are not affected.

In the presence of massless particles, the results presented
above remain correct up to a few adjustments. First in
definition (26a) and (26b), the conventional phase has to be
adapted to remove any spin occurrence, such a quantum
number being formally undefined for massless particles.
Following the usual misuse that massless particles have spin
degrees of freedomwith forbidden intermediary projections,
it seems appropriate to replace s2 by jλ2j. Second, relations
(34) and (35) only account for massive particles. It can be
shown that, for massless ones, the factor ð−1Þ−s1−s2 has to
be replaced by ð−1Þλ1þλ2 while the ð−1Þ2s factor from (35)
has to be replaced by ð−1Þ2jλ1j. Notice that, as long as
helicities are integers, one can naively use massive relations
with λi ¼ �si to deal with massless particles. The case of
helicity states for two massless particles is also briefly
discussed at the end of Appendix A.
Two-body p- and J-helicity states are not the two only

complete sets able to describe two-body systems at rest. For
massive particles, one can replace in definition (26b) each
occurrence of p-helicity states by p-canonical ones. It
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results in the following definition for the so-called two-body p-canonical states [16]:

jpϕθ; s1ms1s2ms2i ¼ UðRðϕ; θ; 0ÞLzðpÞR−1ðϕ; θ; 0ÞÞjs1ms1i ⊗ UðRðπ þ ϕ; π − θ; 0ÞLzðpÞR−1ðπ þ ϕ; π − θ; 0ÞÞjs2ms2i:
ð37Þ

These states are then used to define two-body J-canonical states through intermediary spin and spatial angular momentum
couplings,

jp; JM;ls; s1s2i ¼
X

ml;ms;ms1
;ms2

ðlmlsmsjJMÞðs1ms1s2ms2 jsmsÞ
Z

d cos θdϕYl
ml
ðθ;ϕÞjpθϕ; s1ms1s2ms2i: ð38Þ

Above, ðj1m1j2m2jj3m3Þ refers to a Clebsh-Gordan coefficient and Yl
ml
ðθ;ϕÞ to a spherical harmonic. Because of the

appearance of an orbital angular momentum quantum number l, this definition is often used in nonrelativistic treatments.
The interested reader will find a description of the properties of two-body canonical states in Ref. [16]. It is possible to relate
two-body J-canonical states to two-body J-helicity states,

jp; JM; s1λ1s2λ2i ¼
Xs1þs2

s¼js1−s2j

XJþs

l¼jJ−sj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

2J þ 1

r
ðs1λ1s2 − λ2jsλ1 − λ2Þðl0sλ1 − λ2jJλ1 − λ2Þjp; JM;ls; s1s2i: ð39Þ

This relation allows us to easily switch from one to the
other set of states. For instance, it has been used in [11] to
describe two-gluon glueballs in constituent approaches.

2. Decomposition of a physical two-body
state in J-helicity states

Two-body J-helicity states can be used to model two-
body composite particles. In the e.c.m.f., any two-body
state with spin J and helicity quantum numbers can be
decomposed as an integral on internal momentum degree
of freedom of two-body p-helicity states. For two-body
systems, the internal motion is ruled by the relative
momentum p ¼ ðp1 − p2Þ=2 whose modulus and angles
have already been denoted p, θ, and ϕ. Let us start by
decomposing a generic two-body state in the e.c.m.f.,
denoted jΦ; s1λ1s2λ2i, as a combination of two-body
p-helicity states. Using the completeness relation of the
latter, one gets

jΦ;s1λ1s2λ2i ¼
Z

p2dpdcosθdϕ
4w1ðpÞw2ðpÞ

Φðp;θ;ϕÞjpθϕ;s1λ1s2λ2i

ð40Þ

where

Φðp; θ;ϕÞ ¼ hpθϕ; s1λ1s2λ2jΦ; s1λ1s2λ2i ð41Þ

is the two-body helicity-momentum wave function of the
state. The Jacobian factor in (40) ensures consistency with
the normalization of two-body p-helicity states (28).
Without additional requirements, this state does not have

the expected definite total angular momentum J. However,
the definition of two-body J-helicity states proved that this
property can be supplied by imposing the angular depend-
ence of Φðp; θ;ϕÞ,

ΦJ
Mðp; θ;ϕÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

4π

r
ΨðpÞDJ�

Mλ1−λ2ðϕ; θ; 0Þ: ð42Þ

The function ΨðpÞ can be understood as a radial helicity-
momentum wave function. Replacing Φ by ΦJ

M in expres-
sion (40) results in the decomposition of a generic
two-body helicity state with total angular momentum J,
denoted jΨ; JM; s1λ1s2λ2i, in two-body J-helicity states,

jΨ;JM;s1λ1s2λ2i¼
Z

p2dp
4w1ðpÞw2ðpÞ

ΨðpÞjp;JM;s1λ1s2λ2i:

ð43Þ

States jΨ; JM; s1λ1s2λ2i can be used to model spin J two-
body composite particles. If the composite state is made of
identical particles or is expected to possess a parity
quantum number, the hereinabove discussion has to be
slightly adapted. The structure (43) still applies but two-
body J-helicity states on the right-hand side have to be
replaced by parity and/or symmetry eigenstates which are
obtained using properties (34) and (35). Concerning
normalization, states jΨ; JM; s1λ1s2λ2i are expected to
have a unit normalization,

hΨ; JM; s1λ1s2λ2jΨ; JM; s1λ1s2λ2i ¼ 1: ð44Þ
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Using expression (43) and orthonormalization of two-body
J-helicity states (32), one can transfer this normalization
condition to the ΨðpÞ wave function,

Z
p2dp

4w1ðpÞw2ðpÞ
jΨðpÞj2 ¼ 1: ð45Þ

For convenience, it is worth introducing a modified radial
helicity-momentum wave function denoted ΞðpÞ that
includes the Jacobian factors from (45),

ΞðpÞ ¼ pΨðpÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w1ðpÞw2ðpÞ

p : ð46Þ

In terms of ΞðpÞ, the normalization condition (45) sig-
nificantly simplifies

Z
dpjΞðpÞj2 ¼ 1; ð47Þ

while (43) has to be slightly adapted,

jΨ; JM; s1λ1s2λ2i ¼
Z

pdp

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w1ðpÞw2ðpÞ

p
× ΞðpÞjp; JM; s1λ1s2λ2i: ð48Þ

Notice that, Ψ having to remain finite for all p, Ξ must
necessarily cancel at p ¼ 0 for massive particles. Further
tests show that this condition stays required in the mass-
less case.

3. Calculations with physical two-body states

The following developments aim to evaluate the MEs of
observables, such as Hamiltonians, on composite particle
states. It focuses on unsymmetrical two-body J-helicity
states (48) but can easily be adapted to symmetrized odd/
even helicity states. Since states (48) are decomposed in a
momentum representation, observables that depend on
momentum variables prove easier to evaluate. Let us
consider an observable Oðp̂Þ that only depends on the
modulus of the relative momentum (we are only interested
in spherically symmetric variables). Let us evaluate Oðp̂Þ
on jΨ; JM; λ1λ2i,

hΨ; JM; s1λ̄1s2λ̄2jOðp̂ÞjΨ; JM; s1λ1s2λ2i

¼
Z

p̄dp̄

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w1ðp̄Þw2ðp̄Þ

p pdp

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w1ðpÞw2ðpÞ

p Ξðp̄Þ�ΞðpÞhp̄; JM; s1λ̄1s2λ̄2jOðp̂Þjp; JM; s1λ1s2λ2i: ð49Þ

In two-body J-helicity states, being by construction eigenstates of p, the action of OðpÞ reduces to a simple scalar
multiplication. Using orthonormality relation (32), one gets

hΨ; JM; s1λ̄1s2λ̄2jOðp̂ÞjΨ; JM; s1λ1s2λ2i ¼ δλ1 λ̄1δλ2 λ̄2

Z
dpjΞðpÞj2OðpÞ: ð50Þ

A similar expression accounts for symmetrized odd/even helicity state as long as these are correctly orthonormalized.
The evaluation of operators that depend on position variables proves to be more difficult to handle. Let us consider Oðr̂Þ

an operator that only depends on the modulus of the relative position (again, the emphasis is put on spherically symmetric
observables), one may require to evaluate it on the composite particle state,

hΨJ̄ M̄; s1λ̄1s2λ̄2jOðr̂ÞjΨ; JM; s1λ1s2λ2i

¼
Z

p̄dp̄

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w1ðp̄Þw2ðp̄Þ

p pdp

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w1ðpÞw2ðpÞ

p Ξðp̄Þ�ΞðpÞhp̄; J̄ M̄; s1λ̄1s2λ̄2jOðr̂Þjp; JM; s1λ1s2λ2i: ð51Þ

Above, different total angular momenta J and J̄ were considered. This modification has been implemented for further use
while studying the case of three-body systems. Because two-body J-helicity states are not position eigenstates, the
evaluation of Oðr̂Þ on jp̄; JM; s1λ1s2λ2i requires more developments than the evaluation of Oðp̂Þ. Let us first switch the
basis and develop two-body J-helicity states into the canonical basis using relation (39),

hp̄; J̄ M̄; s1λ̄1s2λ̄2jOðr̂Þjp; JM; s1λ1s2λ2i

¼
Xs1þs2

s̄¼js1−s2j

XJþs̄

l¼jJ−s̄j
CJ̄;s1s2
l s̄;λ̄1 λ̄2

Xs1þs2

s¼js1−s2j

XJþs

l¼jJ−sj
CJ;s1s2ls;λ1λ2

hp̄; J̄ M̄;l s̄; s1s2jOðr̂Þjp; JM;ls; s1s2i ð52Þ
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with the following notation shortcut:

CJ;s1s2ls;λ1λ2
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

2J þ 1

r
ðs1λ1s2 − λ2jsλ1 − λ2Þðl0sλ1 − λ2jJλ1 − λ2Þ: ð53Þ

The problem now reduces to the evaluation of Oðr̂Þ on the more traditional canonical states. Using the definition (38) of
two-body J-canonical states in terms of p ones, one obtains

hp̄; J̄ M̄;l s̄; s1s2jOðr̂Þjp; JM;ls; s1s2i ¼
X

m̄0
lm̄

0
sm̄0

s1
m̄0

s2

ðlm̄0
ls̄m̄

0
sjJ̄ M̄Þðs1m̄0

s1s2m̄
0
s2 js̄m̄0

sÞ
Z

d cos θ̄0dϕ̄0Yl�
m̄0

l
ðθ̄0; ϕ̄0Þ

×
X

m0
lm

0
sm0

s1
m0

s2

ðlm0
lsm

0
sjJMÞðs1m0

s1s2m
0
s2 jsm0

sÞ
Z

d cos θ0dϕ0Yl
m0

l
ðθ0;ϕ0Þ

× hp̄θ̄0ϕ̄0; s1m̄0
s1s2m̄

0
s2 jOðr̂Þjpθ0ϕ0; s1m0

s1s2m
0
s2i: ð54Þ

Because spin degrees of freedom are uncorrelated from spatial ones in canonical states and because the observable Oðr̂Þ
does not affect them, the right-hand-side residual MEs are proportional to δm̄0

s1
m0

s1
δm̄0

s2
m0

s2
. Concerning spatial degrees of

freedom, the action of the observable can be evaluated using a result from Ref. [21],2

hp̄θ̄0ϕ̄0; s1m̄0
s1s2m̄

0
s2 jOðr̂Þjpθ0ϕ0; s1m0

s1s2m
0
s2i

¼ δm̄0
s1
m0

s1
δm̄0

s2
m0

s2
4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w1ðp̄Þw2ðp̄Þw1ðpÞw2ðpÞ

p X
l00m00

l

Yl00
m00

l
ðθ̄0; ϕ̄0ÞYl00�

m00
l
ðθ0;ϕ0ÞOl00 ðp̄; pÞ ð55Þ

where

Olðp̄; pÞ ¼
2

π

Z
∞

0

jlðp̄rÞOðrÞjlðprÞr2dr; ð56Þ

with jlðxÞ being spherical Bessel functions. Making use of spherical harmonics and Clebsh-Gordan coefficients properties,
one gets

hp̄; J̄ M̄;l s̄; s1s2jOðr̂Þjp; JM;ls; s1s2i ¼ 4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w1ðp̄Þw2ðp̄Þw1ðpÞw2ðpÞ

p
Olðp̄; pÞδJ̄JδM̄Mδllδs̄s: ð57Þ

This expression is inserted in (52) and leads to the following formula for the evaluation of Oðr̂Þ on two-body J-helicity
states:

hp̄; J̄ M̄; s1λ̄1s2λ̄2jOðr̂Þjp; JM; s1λ1s2λ2i

¼ δJ̄JδM̄M

Xs1þs2

s¼js1−s2j

XJþs

l¼jJ−sj
CJ;s1s2
ls;λ̄1 λ̄2

CJ;s1s2ls;λ1λ2
4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w1ðp̄Þw2ðp̄Þw1ðpÞw2ðpÞ

p
Olðp̄; pÞ: ð58Þ

Finally, back to the state for the composite particle, expression (51) becomes

hΨ; J̄ M̄; s1λ̄1s2λ̄2jOðr̂ÞjΨ; JM; s1λ1s2λ2i

¼ δJ̄JδM̄M

Xs1þs2

s¼js1−s2j

XJþs

l¼jJ−sj
CJ;s1s2
ls;λ̄1 λ̄2

CJ;s1s2ls;λ1λ2

Z
pdpp̄dp̄Ξðp̄Þ�ΞðpÞOlðp̄; pÞ: ð59Þ

As expected due to angular momentum conservation, the MEs for central potentials are proportional to δJ̄JδM̄M. Moreover,
as soon as they are nonzero, these MEs are also independent of the total angular momentum projectionM. The evaluation of

2The result from [21] must slightly be adapted in two different ways. First, our normalization conventions being different, a kinematic
factor has been added. Second, a property of Legendre polynomials is used to get spherical harmonics back.

CYRILLE CHEVALIER and VINCENT MATHIEU PHYS. REV. D 112, 014015 (2025)

014015-10



such MEs on symmetrized odd/even helicity states differs
from that on two-body J-helicity only by the coefficients of
the expansion in canonical states. Relation (59) remains
valid provided that the expression (53) for C coefficients is
correctly adapted.
Analytical expressions of Olðp̄; pÞ for different poten-

tials are given in [21]. For instance, in the presence of a
Yukawa potential OðrÞ ¼ −αe−ηr=r, one gets

Olðp̄; pÞ ¼ −
α

πp̄p
Ql

�
p̄2 þ p2 þ η2

2p̄p

�
ð60Þ

with QlðxÞ a second kind of Legendre function [22]. This
expression can be naively plugged into the integral from
(59) without any extra precaution, even for η ¼ 0. As a
result, the treatment of Coulombic interactions only
requires the evaluation of the following integrals:Z

pdpp̄dp̄Ξðp̄Þ�ΞðpÞOlðp̄; pÞ

¼ −
α

π

Z
dpdp̄Ξðp̄Þ�ΞðpÞQl

�
p̄2 þ p2

2p̄p

�
: ð61Þ

Although they present a logarithmic divergence for p ¼ p̄,
Gaussian quadrature allows for a reasonably efficient
evaluation of these integrals. This is even easier by
introducing a new set of coordinates,

v ¼ p̄þ p; v̄ ¼ p̄ − p; dvdv̄ ¼ 2dpdp̄: ð62Þ

As a result, Eq. (61) becomes

Z
pdpp̄dp̄Ξðp̄Þ�ΞðpÞOlðp̄;pÞ

¼−
α

2π

Z
∞

0

dv
Z

v

−v
dv̄Ξ

�
vþ v̄
2

��
Ξ
�
v− v̄
2

�
Ql

�
v2þ v̄2

v2− v̄2

�
:

ð63Þ

The situation is more delicate concerning linear potentials.
The Fourier transforms of these potentials are not tradi-
tional functions but are distributions [23]. To overcome this
difficulty, the Ol function associated with this potential is
defined by screening the linear potential with a decreasing
exponential,

OðrÞ ¼ λr ¼ lim
η→0

λre−ηr ¼ −lim
η→0

∂
2

∂η2

�
−λ

e−ηr

r

�
: ð64Þ

The second equality relates the linear potential to a
derivative of the Yukawa potential whose Ol function is
provided hereinabove. Using this relation, before taking the
limit for η, one gets

Oη
lðp̄;pÞ ¼

λ

πp̄p
∂
2

∂η2
ðQlðzηÞÞ with zη ¼

p̄2þp2þ η2

2p̄p

¼ λ

πp̄p
∂

∂η

�
ηQ0

lðzηÞ
pp̄

�
¼ λ

π

�
Q0

lðzηÞ
ðpp̄Þ2 þ η2

Q00
lðzηÞ

ðpp̄Þ3
�

ð65Þ

where Q0
l and Q

00
l denote the first and second derivatives of

Ql with respect to its argument. The limit on η is taken after
integration and has to be considered carefully to ensure a
finite result. Reference [23] develops formulas for this ME
with arbitrary l,

lim
η→0

Z
pdpp̄dp̄Ξðp̄Þ�ΞðpÞOη

lðp̄; pÞ ¼
λ

π

Z
∞

0

dp̄Ξðp̄Þ�P
Z

∞

0

 
4p̄2Ξðp̄Þ
ðp̄2 − p2Þ2 þQ0

l

�
p2 þ p̄2

2pp̄

�
ΞðpÞ
pp̄

!
dp ð66Þ

where P denotes the Cauchy principal value of the integral. The left-hand side of relation (66) presents an apparent
difference with its equivalent in [23]. This is because what is called Vl

η ðp; p̄Þ in [23] is actually equal to pp̄Oη
lðp̄; pÞ.

Integrals from (66) are quite difficult to handle, mainly due to the Cauchy principal value. To overcome this problem,
coordinates (62) are again introduced. Performing the change, (66) becomes

lim
η→0

Z
pdpp̄dp̄Ξðp̄Þ�ΞðpÞOη

lðp̄;pÞ¼
λ

π

Z
∞

0

dvP
Z

v

−v
dv̄Ξ

�
vþ v̄
2

���ðvþ v̄Þ2
2v2v̄2

Ξ
�
vþ v̄
2

�
þQ0

l

�
v2þ v̄2

v2− v̄2

�
2Ξðv−v̄

2
Þ

v2− v̄2

�
: ð67Þ

With these coordinates, the Cauchy principal value in the integration on v̄ can naturally be taken into account by performing
a Gauss-Legendre quadrature with an even number of points [23,24]. Formulas (63) and (67) allow for an efficient
evaluation of the MEs with (59). Appendix B illustrates the calculation of Hamiltonian matrix elements using formulas (50),
(63), and (67).
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III. TWO-GLUON GLUEBALLS

The previous section defined two-body helicity states
and introduced a way to compute the corresponding ME. In
the current section, this formalism is applied to the
description of glueballs in the framework of constituent
approaches. Glueballs are modeled by colorless bound
states of several constituent gluons. The latter are consid-
ered as bosons with helicity degrees of freedom λ ¼ �1
and negative intrinsic parity. The mass of the constituent
gluon remains a controversial subject. Although formally
massless, the QCD gluon has proven to acquire a dynami-
cal mass in the nonperturbative regime [25–31]. This
incited some studies to consider a massive kinetic energy
for constituent gluons (with a mass around 0.5 GeV)
[32,33]. On the other hand, Ref. [11] tends to indicate
that the challenge in modeling glueballs consists more in
the correct use of the helicity formalism than in the choice

of the kinematics. In addition, it has already been observed
in other constituent approaches that a modification in the
kinematics of the system can be absorbed in modifications
of the parameters from the potential [34]. For these reasons,
the current work will consider an ultrarelativistic kinetic
energy for the constituent gluon. This section limits the
discussion to two-gluon bound states that produce the so-
called two-gluon glueballs. The colorless constraint on the
wave function implies for two-gluon glueballs a positive
charge conjugation and a symmetric color part of the state
[10]. Gluons having a bosonic nature, the spin-space part of
the two-body state, must also be symmetrical.
To start with, let us focus on the construction of

symmetrical two-body J-helicity states with λi ¼ �1 and
having a definite parity. Making use of properties (34) and
(35), Ref. [11] constructs four sets of such symmetric parity
eigenstates,

jp; Sþ; JP ¼ ð2kÞþi ¼ 1ffiffiffi
2

p ðjp; JM;þ1þ 1i þ jp; JM;−1 − 1iÞ; ð68aÞ

jp; S−; JP ¼ ð2kÞ−i ¼ 1ffiffiffi
2

p ðjp; JM;þ1þ 1i − jp; JM;−1 − 1iÞ; ð68bÞ

jp;Dþ; JP ¼ ð2kþ 2Þþi ¼ 1ffiffiffi
2

p ðjp; JM;þ1 − 1i þ jp; JM;−1þ 1iÞ; ð68cÞ

jp;D−; JP ¼ ð2kþ 3Þþi ¼ 1ffiffiffi
2

p ðjp; JM;þ1 − 1i − jp; JM;−1þ 1iÞ ð68dÞ

with k∈N. For readability, s1 and s2 labels have been
omitted from the notation. One can show that these states
are correctly orthonormalized. In each of the four sets, the
parity and signature of J had to be constrained to ensure a
correct symmetry of the state. In addition, the constraint
J ≥ jλ1 − λ2j in definition (30) forbade the occurrence of
total angular momenta smaller than 2 in jD�; JPi sets. The
linear combinations of helicity states (68a)–(68d) can be
expanded in terms of two-body J-canonical states making
use of (39). This calculation has been performed in
Ref. [11]. The resulting expansions are displayed in Table I.

As suggested in the previous section, these two-gluon
states jp; S�=D�; JPi are integrated on their momentum
degree of freedom to produce a generic glueball state,

jΨ; S�=D�; JPi ¼
Z

dp
2
ΞðpÞjp; S�=D�; JPi; ð69Þ

where ΞðpÞ satisfies the normalization condition (47).
Compared to (48), expression (69) replaces

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w1ðpÞw2ðpÞ

p
by p because both gluons are assumed to be massless.
One can now go back over the demonstration of relations

TABLE I. Expansion of symmetrized parity eigenstate two-body J-helicity states in canonical J-helicity states from [11]. A
condensed notation for J-canonical states has been used, jp; 2sþ1lJi ¼ jp; JM; ls; s1s2i.

jp; Sþ; ð2kÞþi ¼
ffiffi
2
3

q
jp; 12k2ki −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kð2kþ1Þ

3ð4k−1Þð4kþ3Þ
q

jp; 52k2ki þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kð2k−1Þ
ð4kþ1Þð4k−1Þ

q
jp; 52k − 22ki þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkþ1Þð2kþ1Þ
ð4kþ3Þð4kþ1Þ

q
jp; 52kþ 22ki,

jp; S−; ð2kÞ−i ¼
ffiffiffiffiffiffiffiffi
2k

4kþ1

q
jp; 32k − 12ki −

ffiffiffiffiffiffiffiffi
2kþ1
4kþ1

q
jp; 32kþ 12ki,

jp;Dþ; ð2kþ 2Þþi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkþ2Þð2kþ3Þ
ð4kþ3Þð4kþ5Þ

q
jp; 52k2kþ2i þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6ðkþ2Þð2kþ1Þ
ð4kþ3Þð4kþ7Þ

q
jp; 52kþ 22kþ2i þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkþ1Þð2kþ1Þ
ð4kþ5Þð4kþ7Þ

q
jp; 52kþ 42kþ2i,

jp;D−; ð2kþ 3Þþi ¼ −
ffiffiffiffiffiffiffiffi
2kþ5
4kþ7

q
jp; 52kþ 22kþ3i −

ffiffiffiffiffiffiffiffiffiffiffi
2ðkþ1Þ
4kþ7

q
jp; 52kþ 42kþ3i.
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(50) and (59) to generalize them for the symmetrical
jΨ;S�=D�; JPi states. On the one hand, the generalization
of (50) is immediate. Symmetrical states being similarly
orthonormalized, the demonstration does not require any
modification and one gets

hΨ;S�=D�;JPjOðp̂ÞjΨ;S�=D�;JPi ¼
Z

dpjΞðpÞj2OðpÞ:

ð70Þ
Kinetic energy MEs that mix states with different labels
are shown to cancel. Because states are naturally written in
momentum space, angular momentum does not play any
role in the calculation. It results in the left-hand side of
Eq. (70) independent of S=D and J. This was not the case
in [11] where calculations were performed in coordinate
space. On the other hand, relation (59) requires a slight
modification. Because symmetrized states satisfy a differ-
ent expansion in canonical states, coefficients CJ;s1s2ls;λ1λ2

from
relation (59) have to be replaced by the expansion
coefficients from Table I. Denoting the latter CJls, one
gets the following analog to (59):

hΨ;S�=D�;JPjOðr̂ÞjΨ;S�=D�;JPi

¼
X2
s¼0

XJþs

l¼jJ−sj
ðCJlsÞ2

Z
pdpp̄dp̄Ξðp̄Þ�ΞðpÞOlðp̄;pÞ: ð71Þ

These two formulas can now be used to concretely
compute a glueball spectrum by means of a variational
approach. A Gaussian shape supplemented by a p factor
that cancels at p ¼ 0 is suggested as a trial helicity-
momentum wave function,

ΞaðpÞ ¼ Ape−ap
2

: ð72Þ

In the following, the approximation provided by this
trial state will be referred to as the single Gaussian

approximation (SGA). To enable a comparison, the
Hamiltonian considered is the same as the one in [11],

HGB ¼ 2

ffiffiffiffiffi
p2

q
þ 9σ

4
r − 3

αs
r

ð73Þ

where αs ¼ 0.450 is the strong coupling constant and σ ¼
0.185 GeV2 is the mesonic string tension. The factor 9=4
comes from the Casimir scaling hypothesis [35] and the
factor 3 corresponds to the color charge associated with a
pair of constituent gluons in a color singlet. Instanton
contributions added in [11] to split the degeneracy of the
lowest states are not considered at first. Masses obtained
using the SGA for the low-lying angular momenta are
displayed in the second column of Table II. These results are
compared to energies from Ref. [11] (instanton contribution
is manually removed). At first sight, both values seem
incompatible. Energies from the SGA, a variational method
supposed to provide upper bounds, lies below the ones from
Ref. [11], where a very accurate resolution method has
been used (namely, the Lagrange mesh method [36]). This
incompatibility is left noticing that Ref. [11] solves the same
Hamiltonian using a fundamentally different approach. First
of all, the total orbital angular momentum of the system is
evaluated on the symmetric parity eigenstates from Table I.
The matrix obtained in this way turns out to be diagonal
with the respective diagonal elements JðJ þ 1Þ þ 2 for
jp; S�; JPi states and JðJ þ 1Þ − 2 for jp;D�; JPi states.
Consequently, Ref. [11] suggests to replace the
jp; S�=D�; JPi states with canonical ones with effective
angular momenta leff such that

leffðleff þ 1Þ ¼ JðJ þ 1Þ � 2: ð74Þ

The Hamiltonian matrix is then evaluated on these effective
canonical states rather than on the true two-body helicity
states. Mimicking this strategy with the SGA gives rise to
the third column of Table II. Such calculations require the
evaluation of a second kind of Legendre function for

TABLE II. Comparison of two-gluon glueball spectra. Upper bounds obtained with the original SGA, Eor:SGA, are compared to the
modified SGA, Emod:SGA, and to the spectrum from [11] for which instanton contributions have been removed for the comparison. Some
LQCD results from [5,7] are added as points of comparison. A supplementary LQCD calculation [8] that predicts a jΨ;Dþ; 4þi state of
3.650� 0.060� 0.180 GeV can be mentioned. Energy results are provided in GeV. Relative differences with [11], δ, are indicated in
square brackets.

State Eor:SGA [δ] Emod:SGA [δ] Ref. [11] LQCD [5] LQCD [7]

jΨ; Sþ; 0þi 1.769 [19%] 2.216 [2%] 2.174 1.710� 0.050� 0.080 1.475� 0.030� 0.065
jΨ; S−; 0−i 2.216 [2%] 2.216 [2%] 2.174 2.560� 0.035� 0.120 2.250� 0.060� 0.100
jΨ;Dþ; 2þi 2.279 [12%] 2.651 [2%] 2.588 2.390� 0.030� 0.120 2.150� 0.030� 0.100
jΨ; Sþ; 2þi 3.060 [1%] 3.194 [4%] 3.077 � � � 2.880� 0.100� 0.130
jΨ; S−; 2−i 3.043 [1%] 3.194 [4%] 3.077 3.040� 0.040� 0.150 2.780� 0.050� 0.130
jΨ;D−; 3þi 3.297 [1%] 3.393 [4%] 3.254 3.670� 0.050� 0.180 3.385� 0.090� 0.150
jΨ;Dþ; 4þi 3.897 [3%] 3.981 [6%] 3.768 � � � 3.640� 0.090� 0.160
jΨ; Sþ; 4þi 4.150 [5%] 4.204 [6%] 3.961 � � � � � �
jΨ; S−; 4−i 4.139 [4%] 4.204 [6%] 3.961 � � � � � �

TWO- AND THREE-GLUON GLUEBALLS WITHIN THE … PHYS. REV. D 112, 014015 (2025)

014015-13



noninteger l values. As expected, this modified SGA
provides upper bounds of the energies from [11].
The second and fourth columns are compared with

LQCD results in Table II and in Fig. 6. First of all, one
notices that most of the masses provided by the original
SGA lie below the ones from [11]. Nevertheless, in most
cases, relative differences between both methods lie around
a few percent. The main exception to this claim occurs for
the 0þ state. In Ref. [11], the 0þ and 0− states prove to be
degenerated thereby requiring the introduction of instanton
interactions to split both levels. The original SGA naturally
raises this degeneracy. It does not mean that the instanton
does not contribute in the glueball spectrum but that their
effects may be overestimated by the use of the method from
[11]. All results seem in global agreement with LQCD
results [5–8], no matter which methodology is used.
It can be worth considering an extension of the SGA

by incorporating a second Gaussian trial wave function

(72) within the variational approach [37]. The single
Hamiltonian ME to compute in the SGA is replaced by
the evaluation of a 2 by 2 Hamiltonian and overlap
matrices, which form the core of a generalized eigenvalue
problem,

� hΨajHGBjΨai hΨajHGBjΨbi
hΨbjHGBjΨai hΨbjHGBjΨbi

��
C1

C2

�

¼ E

� hΨajΨai hΨajΨbi
hΨbjΨai hΨbjΨbi

��
C1

C2

�
ð75Þ

where jΨai serves as shorthand for any symmetric helicity
state jΨ; S�=D�; JPi, with a being the nonlinear varia-
tional parameter considered. This double Gaussian
approximation (DGA) serves two purposes: to assess the
accuracy of the SGA, and to explore first radially excited
states. The nonlinear variational parameters of each

TABLE III. Comparison of two-gluon glueball spectra. Upper bounds obtained with the original SGA, Eor:SGA, are compared to the
DGA, EDGA, and to the spectrum from [11] from which instanton contributions have been removed for the comparison. Labels Ψ1 and
Ψ2 respectively refer to the fundamental and to the first excited state. Some LQCD results from [5–7] are added as points of comparison.
Energy results are provided in GeV.

State Eor:SGA EDGA Ref. [11] LQCD [5,6] LQCD [7]

jΨ1; Sþ; 0þi 1.769 1.668 2.174 1.710� 0.050� 0.080 1.475� 0.030� 0.065
jΨ2; Sþ; 0þi � � � 2.808 2.993 2.670� 0.180� 0.130 2.755� 0.070� 0.120
jΨ1; S−; 0−i 2.216 2.202 2.174 2.560� 0.035� 0.120 2.250� 0.060� 0.100
jΨ2; S−; 0−i � � � 3.069 2.993 3.640� 0.060� 0.180 3.370� 0.150� 0.150
jΨ1;Dþ; 2þi 2.279 2.241 2.588 2.390� 0.030� 0.120 2.150� 0.030� 0.100
jΨ2;Dþ; 2þi � � � 3.249 3.325 � � � � � �
jΨ1; Sþ; 2þi 3.060 3.042 3.077 � � � 2.880� 0.100� 0.130
jΨ2; Sþ; 2þi � � � 3.852 3.732 � � � � � �
jΨ1; S−; 2−i 3.043 3.042 3.077 3.040� 0.040� 0.150 2.780� 0.050� 0.130
jΨ2; S−; 2−i � � � 3.845 3.732 3.890� 0.040� 0.190 3.480� 0.140� 0.160
jΨ1;D−; 3þi 3.297 3.295 3.254 3.670� 0.050� 0.180 3.385� 0.090� 0.150
jΨ2;D−; 3þi � � � 4.067 3.882 � � � � � �

FIG. 6. Comparison of two-gluon glueball spectra. Upper bounds obtained with the SGA (blue circles) are compared to LQCD results
from [5] (orange triangles), [7] (green diamonds), and [8] (purple hexagon).
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Gaussian denoted a and b above are treated as independent,
and optimization is performed on both. Results are pre-
sented in Table III. For all considered states, the energy
difference between the SGA and DGA does not exceed
0.1 GeV (it even decreases to below 0.01 GeV for high
angular momenta). These findings suggest that the SGA is
sufficiently accurate to study low-lying two-gluon glueball
states. For radially excited states, as expected, the DGA
results align in magnitude with those from Ref. [11].

IV. THE HELICITY FORMALISM
FOR THREE-BODY SYSTEMS

As for two-body systems, efforts are made to produce
complete sets of three-body helicity states possessing a
total angular momentum J in the e.c.m.f.. These sets of
three-body states are used to decompose the state of
composite particles at rest. There are two main ways to
define helicity states for three-body systems, both ways
having their own strengths and weaknesses. These two
definitions are reviewed in the following subsections.

A. Berman’s definition

Berman’s three-body helicity states definition is based
on the observation that, in their c.m.f., any set of three
particles always lies and moves in a given plane. This
feature allows the following geometrical construction for
the tensorial product of three one-body helicity states in the
e.c.m.f. [16,38]:

jαβγ;w1w2w3; λ1λ2λ3i
¼ UðRðα; β; γÞÞ½UðRðϕ1; π=2; 0ÞLzðp1ÞÞjs1λ1i
⊗ UðRðϕ2; π=2; 0ÞLzðp2ÞÞjs2λ2i
⊗ UðRðϕ3; π=2; 0ÞLzðp3ÞÞjs3λ3i� ð76Þ

where pi and ϕi are fixed combinations of the particle’s
energies, w1, w2, and w3,

pi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2
i −m2

i

q
; cosφij ¼

p2
k − p2

i − p2
j

2pipj
; ð77Þ

ϕ1¼φ13−π=2; ϕ2¼φ13þφ12−π=2; ϕ3¼3π=2: ð78Þ

Above, the φij angles are always to be taken in between
0 and π. Individual massesmi and spins si are omitted from
the notation for the sake of conciseness. As for two-body p-
helicity states, definition (76) can be decomposed into two
pieces. Inside the square brackets, reference momenta are
provided to each of the three particles using helicity
convention. Their moduli are defined so that the ith particle
has an energy wi, while their direction is chosen so that it
respects four conditions.
(1) Each momentum lies in the xy plane.
(2) The sum of the momenta is the null vector.
(3) The momentum of the third particle is along the y

direction toward negatives.
(4) The cross product of the momenta of particles 1 and

2 is along the z axis toward positives.
All these conditions are ensured by definitions (77) and
(78). This defines what will be thereafter named Berman’s
reference state and denoted as follows:

jw1w2w3;λ1λ2λ3i ¼UðRðϕ1;π=2;0ÞLzðp1ÞÞjs1λ1i
⊗UðRðϕ2;π=2;0ÞLzðp2ÞÞjs2λ2i
⊗UðRðϕ3;π=2;0ÞLzðp3ÞÞjs3λ3i: ð79Þ

Once the reference state is built, in a second phase, this state
is rotated with Euler angles ðα; β; γÞ to give its orientation
to the plane in which lies the three particles. This decom-
position provides its interpretation to the angles ðα; β; γÞ;
these are the angles of the normal to particles’ plane. A
visual interpretation of the aforementioned structure is
proposed in Fig. 7. States defined in (76) will be thereafter
referred to as Berman’s p-helicity states.3 These satisfy the
following orthonormality relation [16,38]:

hᾱ β̄ γ̄; w̄1w̄2w̄3; λ̄1λ̄2λ̄3jαβγ;w1w2w3; λ1λ2λ3i
¼ 8δðw1 − w̄1Þδðw2 − w̄2Þδðw3 − w̄3Þ
δðα − ᾱÞδðcos β − cos β̄Þδðγ − γ̄Þδλ1 λ̄1δλ2 λ̄2δλ3 λ̄3 : ð80Þ

FIG. 7. Visual interpretation for the definition of Berman’s p-helicity states (76).

3This name refers to one of the authors of a pioneer work using
this definition [38]. Conventions in this work slightly differ from
the ones used here, the third particle being taken along the x axis
toward negatives. For completeness, let us also mention the
names of Werle and Jacob that abundantly contributed to this
definition too [38,39].
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The normalization announced in [16] differs from this one by a multiplicative constant. It is due to a different choice of
convention for the normalization of one-body helicity states (as a reminder, the convention used here is the one of [14]).
The definition (76) introduces three-body helicity states with defined directions for the momenta and therefore no good

total angular momentum. It is as straightforward as it is for two-body J-helicity states to combine these states to overcome
this deficiency [16,38],

jJMμ;w1w2w3; λ1λ2λ3i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

8π2

r Z
dαd cos βdγDJ�

Mμðα; β; γÞjαβγ;w1w2w3; λ1λ2λ3i

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

8π2

r Z
dαd cos βdγDJ�

Mμðα; β; γÞUðRðα; β; γÞÞjw1w2w3; λ1λ2λ3i: ð81Þ

States defined hereinabove will be referred to as Berman’s
J-helicity states and satisfy the following orthonormality
relation [16]:

hJ̄ M̄ μ̄; w̄1w̄2w̄3; λ̄1λ̄2λ̄3jJMμ;w1w2w3; λ1λ2λ3i
¼ 8δðw1 − w̄1Þδðw2 − w̄2Þδðw3 − w̄3Þ
δJJ̄δMM̄δμμ̄δλ1 λ̄1δλ2 λ̄2δλ3 λ̄3 : ð82Þ

This relation can also be compared to the results in
Ref. [39], where different orientation conventions are used,
and in Ref. [38], where an expression only including space
degrees of freedoms is provided. In addition to the total
angular momentum J and its projectionM, a third quantum
number μ is produced. This quantum number corresponds
to the projection of the total angular momentum along the
normal to the plane [16]. Even if the direction of this
normal is not fixed due to the integration on the ðα; β; γÞ
angles, the projection of J along the normal to the plane is
well defined. One might wonder whether choosing to set up
the reference state in the xy plane truly matters, given that
the angles of this plane are integrated over in Berman’s J-
helicity states. It is demonstrated in Appendix C that a
modification of this reference plane truly impacts the
definition of Berman’s J-helicity states,

jJMμ;w1w2w3; λ1λ2λ3i

¼
XJ
μ0¼−J

DJ
μμ0 ðR̄−1ÞjJMμ0;w1w2w3; λ1λ2λ3iR̄ ð83Þ

where the state denoted jJMμ;w1w2w3; λ1λ2λ3iR̄ is built
from a different initial configuration, with the rotation R̄
relating the reference planes used to define the states on
either side of Eq. (83). The change of reference plane
modified the definition of the μ quantum number.
The action of the parity and permutation operators on

Berman’s states can be investigated. As for one- and two-
body helicity states, Berman’s J-helicity states are not
parity eigenstates by themselves [16],

ΠjJMμ;w1w2w3; λ1λ2λ3i
¼ η1η2η3ð−1Þ−s1−s2−s3−μjJMμ;w1w2w3;−λ1 − λ2 − λ3i:

ð84Þ

Above, ηi is still the intrinsic parity of the ith particle.
To get parity eigenstates, linear combinations of Berman’s
J-helicity states that mix helicity signs have to be consid-
ered. Concerning permutations of particles, let Pij be the
operator that represents exchange operations between
particles i and j. Berman’s J-helicity states are not
eigenstates of permutations but

P12jJMμ;w1w2w3; λ1λ2λ3i ¼ ð−1ÞJþμþλ1þλ2−λ3 jJM − μ;w2w1w3; λ2λ1λ3i; ð85aÞ
P13jJMμ;w1w2w3; λ1λ2λ3i ¼ ð−1ÞJ−μ−λ1−λ2−λ3e−iφ13μjJM − μ;w3w2w1; λ3λ2λ1i; ð85bÞ
P23jJMμ;w1w2w3; λ1λ2λ3i ¼ ð−1ÞJþμþλ1−λ2−λ3eiφ23μjJM − μ;w1w3w2; λ1λ3λ2i; ð85cÞ

where expressions of φij are given in (77). The relation for
P12 can be found in [16,38] but results for P13 and P23 are
new. The proof of (85b) is given in Appendix C. This proof
can easily be adapted to demonstrate (85c). It has been
checked that the hereinabove relations are consistent with
S3 multiplication table,

P23 ¼ P12P13P12: ð86Þ

Non-normalized symmetric (antisymmetric) states can
be obtained by applying the three-body symmetrizer
S3 (antisymmetrizer A3) on each of Berman’s J-helicity
states (81),
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S3 ¼ 1þP12þP13þP12P13P12þP13P12þP12P13; ð87Þ

A3 ¼ 1−P12−P13−P12P13P12þP13P12þP12P13: ð88Þ

Symmetric and antisymmetric parity eigenstates for three-
gluon systems are built in Sec. V.

1. Decomposition of a physical three-body state
in Berman’s J-helicity states

In the same way as for two-body systems, any three-
body bound state in the e.c.m.f. with spin J and with
helicity quantum numbers can be decomposed as an
integral on the internal momentum degrees of freedom
of Berman’s p-helicity states. But contrary to the two-body
case, this integral can be written in many possible variables.
Let us first introduce the Jacobi coordinates. These coor-
dinates denoted x and y complemented with the center-of-
mass position, R, are abundantly used in the literature to
deal with bound states of three identical bodies. In terms of
individual positions, they read

x¼ x1−x2; y¼ x1þx2
2

− r3; R¼ x1þx2þ r3
3

: ð89Þ

With Berman’s states being momentum eigenstates, Jacobi
coordinates will take part in the following through their
conjugated momenta:

px¼
p1−p2

2
; py¼

p1þp2−2p3
3

; P¼p1þp2þp3; ð90Þ

where P is the total momentum of the system. This choice
of coordinates has the advantage that it does not bring any
Jacobian compared to individual momenta,

d3p1d3p2d3p3 ¼ d3Pd3pxd3py: ð91Þ

Another possible system of coordinates that may be used
consists of three angles that describe the plane in which the
momenta lie as well as the three-momentum length. One
will recognize in this set of coordinates the α, β, γ, p1, p2,
and p3 variables used in Berman’s definition of p-helicity
states (76). Equivalently, one can replace the pi variables by
the wi ones, these being related each other through relation
(77). In the following, these coordinates will be called
pseudo-momentum perimetric coordinates (PMP coordi-
nates), in analogy with position perimetric coordinates,
used, for instance, in [40]. The full change of coordinates
from Jacobi to PMP is not mandatory for the sake of this
discussion. Let us simply mention that, for three massless
particles, the modulus of Jacobi coordinates can be related
to the wi variables as follows:

p2
x ¼ ð2w2

1 þ 2w2
2 − w2

3Þ=4; p2
y ¼ w2

3; ð92Þ

and that, between these variables, a nontrivial Jacobian has
to be taken into account,

d3pxd3py ¼ w1w2w3dw1dw2dw3dαd cos βdγ: ð93Þ

This relation can be demonstrated by considering the
intermediary system of coordinates that supplements α,
β, γ with the respective moduli of px and py as well as the
angle between these two vectors denoted cos θxy [40].
Out of the two possible sets of coordinates,

the momentum perimetric ones clearly fit better
with Berman’s definition of helicity states. Making use
of the completeness relation of Berman’s p-helicity
states, a generic three-body helicity state in thee.c.m.f.,
jΦ; λ1λ2λ3i, is naturally decomposed in coordinates w1, w2,
w3, α, β, and γ,

jΦ; λ1λ2λ3i ¼
Z

dw1dw2dw3dαd cos βdγ
8

Φðα; β; γ; w1; w2; w3Þjαβγ;w1w2w3; λ1λ2λ3i
ð94Þ

where

Φðα; β; γ; w1; w2; w3Þ ¼ hαβγ;w1w2w3; λ1λ2λ3jΦ; λ1λ2λ3i
ð95Þ

is the three-body helicity-momentum wave function of
the state. Above, w1 and w2 are integrated along the set of
positive real numbers while w3 is bounded by jw1 − w2j
and w1 þ w2 so that P ¼ 0 is possible. This relation is the
three-body equivalent to the two-body decomposition (40).
Here again, this state has not the expected definite
total angular momentum J. But reminding of Berman’s
definition of J-helicity states, this property can be supplied
to the state by imposing the angular dependence of
Φðα; β; γ; w1; w2; w3Þ,

ΦJ
Mμðα; β; γ; w1; w2; w3Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

8π2

r
Ψðw1; w2; w3ÞDJ�

Mμðα; β; γÞ: ð96Þ

Replacing Φ by ΦJ
Mμ in expression (94) results in the

decomposition of a generic three-body helicity state with
total angular momentum J denoted jΨ; JMμ; λ1λ2λ3i, in
Berman’s J-helicity states,
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jΨ; JMμ; λ1λ2λ3i ¼
Z

dw1dw2dw3

8
Ψðw1; w2; w3ÞjJMμ;w1w2w3; λ1λ2λ3i: ð97Þ

Imposing a unit normalization for jΨ; JMμ; λ1λ2λ3i and making use of the orthonormalization of Berman’s J-helicity (82)
allows us to infer the normalization condition on Ψðw1; w2; w3Þ,

hΨ; JMμ; λ1λ2λ3jΨ; JMμ; λ1λ2λ3i ¼
Z

dw1dw2dw3

8
jΨðw1; w2; w3Þj2 ¼ 1: ð98Þ

States jΨ; JMμ; λ1λ2λ3i can be used to model spin J three-
body composite particles made of three constituents.
Although the aforementioned developments considered
three identical particles, they can be easily generalized to
three different particles. The same commentary for two-body
systems (cf. Sec. II B 2) about symmetry and parity applies.
In the presence of identical particles and/or if a parity
quantum number is expected, Berman’s J-helicity states
have to be replaced by parity and/or symmetry eigenstates
which can be obtained using properties (84)–(85c). This

construction will be performed in the special case of three-
gluon systems in Sec. V.

B. Wick’s definition

Next to Berman’s proposal to define three-body helicity
states, Wick suggests another scheme based on an inter-
mediate two-body coupling. First, following relation (30),
particles 1 and 2 are coupled in a two-body J-helicity state
at rest,

jp12; j12λ12; s1λ01s2λ
0
2i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2j12 þ 1

4π

r Z
d cos θ12dϕ12D

j12�
λ12λ

0
1
−λ0

2
ðϕ12; θ12; 0Þjp12θ12ϕ12; s1λ01s2λ

0
2i: ð99Þ

Above, p12, θ12, and ϕ12 respectively denote the
momentum modulus, polar, and azimuthal angle of par-
ticle 1 in the c.m.f. of particles 1 and 2 (12-c.m.f.).
Helicities λ01 and λ02 are also defined in this frame. By
construction, states defined by Eq. (99) possess a definite
total angular momentum for particles 1 and 2, denoted j12.
The third particle is then taken into account. The sub-
system of particles 1 and 2 is considered a composite
particle of spin j12, of spin projection λ12, and of mass
m12ðp12Þ with

m12ðp12Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
12 þm2

1

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
12 þm2

2

q
: ð100Þ

This mass is necessarily nonzero. The composite particle
is then coupled with the third particle in the same way it
has been done for particles 1 and 2. Because masses of the
different states are less explicit than before, these quan-
tities are temporarily brought back in the notation of the
boosts along the z axis. The composite particle and the
third one are boosted in their own c.m.f., which coincides
with the e.c.m.f.,

jpθϕ; j12λ12s3λ3;p12s1λ01s2λ
0
2i ¼ ð−1Þλ3−s3UðRðϕ; θ; 0ÞLzðm12ðp12Þ; pÞÞjp12; j12λ12; s1λ01s2λ

0
2i

⊗ UðRðπ þ ϕ; π − θ; πÞLzðm3; pÞÞjs3λ3i: ð101Þ

Above, p, θ, and ϕ respectively denote the modulus, the polar, and the azimuthal angle of the momentum of the
composite particle in the e.c.m.f. By construction, this momentum is opposite to that of the third particle, both thereby
having the same modulus. For this reason, in the following, the notation p3 will supplant p. States (101) will be referred
to as Wick’s p-helicity states. Even if quantum numbers that describe the internal motion of the subsystem have been
included in the notations, definition (101) has the exact same structure as (26a). Therefore, a total angular momentum can
be provided to the whole system by integrating on momentum angles as well,

jp3; JM; j12λ12s3λ3;p12s1λ01s2λ
0
2i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

4π

r Z
d cos θdϕDJ�

Mλ12−λ3ðϕ; θ; 0Þjp3θϕ; j12λ12s3λ3;p12s1λ01s2λ
0
2i: ð102Þ

These three-body helicity states will be referred to as Wick’s J-helicity states. Their orthonormality relation is the
following:
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hp̄3; J̄ M̄; j̄12λ̄12s3λ̄3; p̄12s1λ̄01s2λ̄
0
2jp3; JM; j12λ12s3λ3;p12s1λ01s2λ

0
2i

¼ 8Wðp12; p3Þ
p3p12

δðW̄ −WÞδðm̄12 −m12ÞδJ̄JδM̄Mδj̄12j12δλ̄12λ12δλ̄01λ01δλ̄02λ02δλ̄3λ3 : ð103Þ

Above, W is the total energy of the three-body system in its c.m.f.,

Wðp12; p3Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m12ðp12Þ2 þ p2

3

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

3 þ p2
3

q
: ð104Þ

As mentioned above, p12 is defined in the 12-c.m.f., whereas p3 is a momentum in the overall c.m.f. Relation (103) is to
be compared to the one provided in Ref. [20]. Both are not directly equivalent because the definition of Wick’s J-helicity
states from this reference differs by an additional ðp3p12=Wm12Þ1=2=4 kinematic factor from ours. For further use, this
relation is specified for the case of three massless particles. In that case, the relations between p12, p3, m12, and W
simplifies

�
W ¼ p3 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2

12 þ p2
3

p
;

m12 ¼ 2p12

⇔

�
p3 ¼ ðW2 −m2

12Þ=ð2WÞ;
p12 ¼ m12=2:

ð105Þ

As a result, in the massless case, relation (103) is shown to become

hp̄3; J̄ M̄; j̄12λ̄12s3λ̄3; p̄12s1λ̄01s2λ̄
0
2jp3; JM; j12λ12s3λ3;p12s1λ01s2λ

0
2i

¼ 25W2

ðW2 −m2
12Þm12

δðW̄ −WÞδðm̄12 −m12ÞδJ̄JδM̄Mδj̄12j12δλ̄12λ12δλ̄01λ01δλ̄02λ02δλ̄3λ3 : ð106Þ

For the current purpose, this relation will prove more comfortable to use in terms of p3 and p12, with these variables being
directly the momenta of particles in different frames,4

hp̄3; J̄ M̄; j̄12λ̄12s3λ̄3; p̄12s1λ̄01s2λ̄
0
2jp3; JM; j12λ12s3λ3;p12s1λ01s2λ

0
2i

¼ 4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
3 þ 4p2

12

p
p3p12

δðp3 − p3Þδðp̄12 − p12ÞδJ̄JδM̄Mδj̄12j12δλ̄12λ12δλ̄01λ01δλ̄02λ02δλ̄3λ3 : ð107Þ

Whereas Berman’s J-helicity states (81) allows for an easy implementation of symmetry through relations (84)–(85c),
Wick’s states, thanks to the intermediary two-body coupling, are more convenient to compute the ME for operators related
to the internal motion. To exploit the advantages of both definitions, a relationship between the two different sets of states
can be constructed,

jJMμ;w1w2w3; λ1λ2λ3i ¼
X
λ0
1
;λ0

2

Ds1
λ0
1
λ1
ðR1

WÞDs2
λ0
2
λ2
ðR2

WÞeið2s2þ2s3þλ0
2
−λ0

1
−μÞπ=2

×
X∞

j12¼jλ0
1
−λ0

2
j

Xj12
λ12¼−j12

eiλ12π=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2j12 þ 1

2

r
dj12λ12λ

0
1
−λ0

2
ðπ=2 − ϕ12ÞdJμλ12−λ3ðπ=2Þ

× jp3; JM; j12λ12s3λ3;p12s1λ1s2λ2i: ð108Þ

A demonstration of this property is provided in Appendix D. Above, ϕ12 is the azimuthal angle of the first particle in the
12-c.m.f. where the momentum of the third particle is along the y axis toward negatives. This quantity, as well as every other
dynamical quantity in this relation, is to be understood as depending on w1, w2, and w3. Rotations R1

W and R2
W are Wigner

rotations given by the following combinations of boosts and rotations:

R1
W ¼ ðRðϕ12; π=2; 0ÞLzðm1; p12ÞÞ−1L3ðRðϕ1; π=2; 0ÞLzðm1; p1ÞÞ;

R2
W ¼ ðRðπ þ ϕ12; π=2; 0ÞLzðm2; p12ÞÞ−1L3ðRðϕ2; π=2; 0ÞLzðm2; p2ÞÞ; ð109Þ

4The Jacobian determinant related to this change is dWdm12 ¼ 2Wðp12; p3Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
3 þ 4p2

12

p
dp3dp12.
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where L3¼Rð3π=2;π=2;0ÞLzðm12;p3ÞR−1ð3π=2;π=2;0Þ.
The fact that helicities of particles 1 and 2 are summed in
the formula keeps track that the helicities λi and λ0i are not
defined in the same frame. The appearance of an infinite
sum over j12 is also an expected feature. To obtain a given
total angular momentum J, one can always choose an
arbitrarily large relative angular momentum between par-
ticles 1 and 2 and then compensate it with the relative
angular momentum between this subsystem and the third
particle. Let us mention that formula (108) looks rather
similar to a result obtained by Wick in [20]. In this
reference, Wick rewrites its states in a more symmetrical

way, closer to Berman’s definition but where the yz plane is
chosen as reference. This rewriting introduces two Wigner
rotations and a Wigner d-matrix which depends on a
dynamical angle. The formula introduced in the current
work presents the same components supplemented by a
second Wigner D-matrix that rotates the reference plane, in
accordance with property (83). Formula (108) can be seen
as a descendant of Wick’s rewriting.
In Sec. V, formula (108) will be used to describe systems

of three massless gluons. For massless particles, both
previous Wigner rotations simplify following expression
(A6). The change of basis formula reduces to

jJMμ;w1w2w3; λ1λ2λ3i ¼ eið2s2þ2s3þλ2−λ1−μÞπ=2eiðθ1λ1þθ2λ2Þ

×
X∞

j12¼jλ1−λ2j

Xj12
λ12¼−j12

eiπλ12=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2j12 þ 1

2

r
dj12λ12λ1−λ2ðπ=2 − ϕ12ÞdJμλ12−λ3ðπ=2Þ

× jp3; JM; j12λ12s3λ3;p12s1λ1s2λ2i: ð110Þ

As expected, since helicity is Lorentz invariant for massless particles, the corresponding quantum numbers are no longer
summed. The values for both θi angles are found by applying the methodology suggested in Ref. [41]. These two angles are
shown to cancel and the phase factor reduces,

eið2s2þ2s3þλ2−λ1−μÞπ=2eiðθ1λ1þθ2λ2Þ ¼ ð−1Þs3þs2eiðπ=2Þðλ2−λ1−μÞ: ð111Þ

This phase is manifestly independent of the w1, w2, or w3 energies. In the case of massless particles, the expression of ϕ12,
p12, and p3 in terms of w1, w2, and w3 also simplifies,

cosðπ=2 − ϕ12Þ ¼ ðw1 − w2Þ=w3; 2p12 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðw1 þ w2Þ2 − w2

3

q
; p3 ¼ w3: ð112Þ

Inverting these relations, one gets

w1 ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4p2
12 þ w2

3

q
þ uw3

�
=2; w2 ¼

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2

12 þ w2
3

q
− uw3

�
=2; w3 ¼ p3; ð113Þ

where u ¼ cosðπ=2 − ϕ12Þ ¼ sinϕ12. A consistency check of formula (110) is provided in Appendix D.

V. THREE-GLUON GLUEBALLS

Using the helicity formalism for three-body systems
introduced in the previous section, a three-gluon glueball
spectrum can be obtained following a methodology similar
to the two-gluon case. The developments are carried out in
three main steps. First, symmetry and parity are imple-
mented in Berman’s basis so that this complete set is ready
to be used in the description of three-gluon bound states.
Second, this basis is used to develop trial states that should
approximate reasonably well the true three-gluon glueball
states. Third, Hamiltonian MEs are evaluated on these trial
states to obtain the aforementioned spectrum.

A. Berman’s basis for three-gluon systems

Let us start with the acquisition of symmetric
parity eigenstates from Berman’s J-helicity states.
Dealing with three spin-1 massless particles, the
helicity quantum number λi can only take two values,
−1 and þ1. Therefore, there are only eight possible
triplets of helicities ðλ1; λ2; λ3Þ. In Berman’s definition,
any consistent set of J,M, μ, w1, w2, w3 quantum numbers
can be built from each of these triplets. In other words,
for any given energy and angular momentum quantum
numbers, eight three-gluon J-helicity states can be
obtained:
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jJMμ;w1w2w3;þþþi; jJMμ;w1w2w3;− −þi; jJMμ;w1w2w3;−þþi; jJMμ;w1w2w3;−þ −i;
jJMμ;w1w2w3;þ −þi; jJMμ;w1w2w3;þ − −i; jJMμ;w1w2w3;þþ −i; jJMμ;w1w2w3;− − −i: ð114Þ

For shortness, only the sign of the helicities has been kept in the notation. Let us start by implementing parity quantum
numbers in these eight states. Considering that gluons have negative intrinsic parity and using relation (84), the eight
states (114) can be recombined into eight parity eigenstates,

jJMμ;w1w2w3;þþþi þ jJMμ;w1w2w3;− − −i; jJMμ;w1w2w3;−þþi þ jJMμ;w1w2w3;þ − −i;
jJMμ;w1w2w3;þ −þi þ jJMμ;w1w2w3;−þ −i; jJMμ;w1w2w3;þþ −i þ jJMμ;w1w2w3;− −þi;
jJMμ;w1w2w3;þþþi − jJMμ;w1w2w3;− − −i; jJMμ;w1w2w3;−þþi − jJMμ;w1w2w3;þ − −i;
jJMμ;w1w2w3;þ −þi − jJMμ;w1w2w3;−þ −i; jJMμ;w1w2w3;þþ −i − jJMμ;w1w2w3;− −þi: ð115Þ

Their parity eigenvalue is ð−1Þ−μ for the four left states and
ð−1Þ1−μ for the four right ones. In addition to parity,
symmetry is also to be implemented. Depending on the
expected charge conjugation of the system, three-gluon
states have to be symmetrized (negative charge conjugation)
or antisymmetrized (positive charge conjugation) [10].
Applying both the symmetrizer and the antisymmetrizer
on the eight states (115) provides states with a definite
symmetry under exchange of particles. The result of these
applications is presented in Table IV. Fixing respectively

σ ¼ þ1 or σ ¼ −1 provides symmetric or antisymmetric
states. Because permutation operators change the sign of μ,
(anti)symmetric states mix different states with opposite μ
quantum numbers. To avoid any redundancy, μ must be
understood as positive in Table IV.

B. Three-gluon glueball states

The eight states from Table IV will now be used
to construct states that model JPC three-gluon glueballs.
The procedure for this construction was outlined at the

TABLE IV. Combinations of Berman’s J helicity states that present a given parity and symmetry. Depending on whether σ is chosen to
beþ1 or −1 the state is symmetric or antisymmetric. The parity eigenvalue of the two first sets of states is ð−1Þ−μ while it is ð−1Þ1−μ for
the last two.

ðjJMμ;w1w2w3;þþþi þ jJMμ;w1w2w3;− − −iÞ
þ σð−1ÞJþμþ1ðjJM − μ;w2w1w3;þþþi þ jJM − μ;w2w1w3;− − −iÞ

þσð−1ÞJþμþ1e−iφ13μðjJM − μ;w3w2w1;þþþi þ jJM − μ;w3w2w1;− − −iÞ
þ σð−1ÞJþμþ1eiφ23μðjJM − μ;w1w3w2;þþþi þ jJM − μ;w1w3w2;− − −iÞ

þ e−iφ13μðjJMμ;w2w3w1;þþþi þ jJMμ;w2w3w1;− − −iÞ
þ eiφ23μðjJMμ;w3w1w2;þþþi þ jJMμ;w3w1w2;− − −iÞ

ðjJMμ;w1w2w3;−þþi þ jJMμ;w1w2w3;þ − −iÞ
þ σð−1ÞJþμþ1ðjJM − μ;w2w1w3;þ −þi þ jJM − μ;w2w1w3;−þ −iÞ

þσð−1ÞJþμþ1e−iφ13μðjJM − μ;w3w2w1;þþ −i þ jJM − μ;w3w2w1;− −þiÞ
þ σð−1ÞJþμþ1eiφ23μðjJM − μ;w1w3w2;−þþi þ jJM − μ;w1w3w2;þ − −iÞ

þ e−iφ13μðjJMμ;w2w3w1;þþ −i þ jJMμ;w2w3w1;− −þiÞ
þ eiφ23μðjJMμ;w3w1w2;þ −þi þ jJMμ;w3w1w2;−þ −iÞ

ðjJMμ;w1w2w3;þþþi − jJMμ;w1w2w3;− − −iÞ
þ σð−1ÞJþμþ1ðjJM − μ;w2w1w3;þþþi − jJM − μ;w2w1w3;− − −iÞ

þ σð−1ÞJþμþ1e−iφ13μðjJM − μ;w3w2w1;þþþi − jJM − μ;w3w2w1;− − −iÞ
þ σð−1ÞJþμþ1eiφ23μðjJM − μ;w1w3w2;þþþi − jJM − μ;w1w3w2;− − −iÞ

þ e−iφ13μðjJMμ;w2w3w1;þþþi − jJMμ;w2w3w1;− − −iÞ
þ eiφ23μðjJMμ;w3w1w2;þþþi − jJMμ;w3w1w2;− − −iÞ

ðjJMμ;w1w2w3;−þþi − jJMμ;w1w2w3;þ − −iÞ
þ σð−1ÞJþμþ1ðjJM − μ;w2w1w3;þ −þi − jJM − μ;w2w1w3;−þ −iÞ

þ σð−1ÞJþμþ1e−iφ13μðjJM − μ;w3w2w1;þþ −i − jJM − μ;w3w2w1;− −þiÞ
þ σð−1ÞJþμþ1eiφ23μðjJM − μ;w1w3w2;−þþi − jJM − μ;w1w3w2;þ − −iÞ

þ e−iφ13μðjJMμ;w2w3w1;þþ −i − jJMμ;w2w3w1;− −þiÞ
þ eiφ23μðjJMμ;w3w1w2;þ −þi − jJMμ;w3w1w2;−þ −iÞ
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end of Sec. IVA. Specifically, this involves replacing
jJMμ;w1w2w3; λ1λ2λ3i on the right-hand side of Eq. (97)
with one of the states from Table IV. Due to their similarities,
states from the first and third lines of Table IV can be treated
together, as can those from the second and fourth sets.
Notably, due to symmetrization, each glueball state com-
bines multiple Berman states where the energy variables w1,
w2, and w3 appear in different orders. This difference can be
transferred to the Ψðw1; w2; w3Þ wave function by appro-
priately exchanging integration variables. The resulting
combinations are presented in Table V. At this stage, the
normalization of the symmetrized states is not guaranteed.
Table V shows that any JPC quantum number can, in

principle, be realized by a three-gluon system. However, it
may be reasonable to assume that low-lying glueball states
correspond to symmetric helicity-momentumwave functions,

∀ i; j; k∈ f1; 2; 3g;Ψðwi; wj; wkÞ ¼ Ψðw1; w2; w3Þ: ð116Þ

Imposing this symmetry reduces the states in Table V to those
in Table VI. Unlike the general case, states with a symmetric
helicity-momentum wave function exhibit a selection rule for
μ ¼ 0. Specifically, when σð−1ÞJ ¼ 1, terms involving þμ
systematically cancel those with −μ. This implies that states
with μ ¼ 0 and negative (positive) charge conjugation only
exist for odd (even) J values. Since the following discussion
primarily considers states with negative charge conjugation,
μ ¼ 0 will always imply an odd J. This feature highlights
two interesting properties of the spectrum. First, because the
even value J ¼ 0 can only be achieved by setting μ ¼ 0, no
state with symmetric wave function, null total angular
momentum, and negative charge conjugation can be con-
structed. Color-singlet two-gluon states have only positive
charge conjugation; therefore a 0P− bound state of pure glue
would either contradict hypothesis (116) or require at least
four constituent gluons, a requirement consistent with group
theory arguments [10]. Second, negative charge conjugation

TABLE V. Total angular momentum, parity, and charge conjugation eigenstates for three-gluon systems. A generic helicity-
momentum wave function Ψðw1; w2; w3Þ is considered. Labels A0

2 and A00
2 differentiate the two symmetrical combinations of helicity

triplets possible. These labels are inspired by the notations in Ref. [42] and originate from crystallography [43].

jΨ;A0
2; JM;C ¼ −σ;P ¼ �ð−1Þμi ¼ R dw1dw2dw3

8

�
Ψðw1; w2; w3Þ þ e−iφ23μΨðw3; w1; w2Þ þ eiφ13μΨðw2; w3; w1Þ

�
ðjJMμ;w1w2w3;þþþi � jJMμ;w1w2w3;− − −iÞ

−σð−1ÞJþμ
R dw1dw2dw3

8

�
Ψðw2; w1; w3Þ þ e−iφ13μΨðw3; w2; w1Þ þ eiφ23μΨðw1; w3; w2Þ

�
ðjJM − μ;w1w2w3;þþþi � jJM − μ;w1w2w3;− − −iÞ

jΨ;A00
2; JM;C ¼ −σ;P ¼ �ð−1Þμi ¼ R dw1dw2dw3

8

�
Ψðw1; w2; w3ÞðjJMμ;w1w2w3;−þþi � jJMμ;w1w2w3;þ − −iÞ

þe−iφ23μΨðw3; w1; w2ÞðjJMμ;w1w2w3;þþ −i � jJMμ;w1w2w3;− −þiÞ
þeiφ13μΨðw2; w3; w1ÞðjJMμ;w1w2w3;þ −þi � jJMμ;w1w2w3;−þ −iÞ

�
−σð−1ÞJþμ

R dw1dw2dw3

8

�
Ψðw2; w1; w3ÞðjJM − μ;w1w2w3;þ −þi � jJM − μ;w1w2w3;−þ −iÞ

þe−iφ13μΨðw3; w2; w1ÞðjJM − μ;w1w2w3;þþ −i � jJM − μ;w1w2w3;− −þiÞ
þeiφ23μΨðw1; w3; w2ÞðjJM − μ;w1w2w3;−þþi � jJM − μ;w1w2w3;þ − −iÞ

�

TABLE VI. Total angular momentum, parity, and charge conjugation eigenstates for three-gluon systems. A symmetric helicity-
momentum wave function Ψðw1; w2; w3Þ is considered. Labels A0

2 and A00
2 differentiate the two possible symmetrical combinations of

helicity triplets. These labels are inspired by the notations in Ref. [42] and originate from crystallography [43].

jΨ;A0
2; JM;C ¼ −σ;P ¼ �ð−1Þμi ¼ R dw1dw2dw3

8
Ψðw1; w2; w3Þ

�
1þ e−iφ23μ þ eiφ13μ

�
ðjJMμ;w1w2w3;þþþi � jJMμ;w1w2w3;− − −iÞ

−σð−1ÞJþμ
R dw1dw2dw3

8
Ψðw1; w2; w3Þ

�
1þ e−iφ13μ þ eiφ23μ

�
ðjJM − μ;w1w2w3;þþþi � jJM − μ;w1w2w3;− − −iÞ

jΨ;A00
2; JM;C ¼ −σ;P ¼ �ð−1Þμi ¼ R dw1dw2dw3

8
Ψðw1; w2; w3Þ

�
ðjJMμ;w1w2w3;−þþi � jJMμ;w1w2w3;þ − −iÞ

þe−iφ23μðjJMμ;w1w2w3;þþ −i � jJMμ;w1w2w3;− −þiÞ
þeiφ13μðjJMμ;w1w2w3;þ −þi � jJMμ;w1w2w3;−þ −iÞ

�
−σð−1ÞJþμ

R dw1dw2dw3

8
Ψðw1; w2; w3Þ

�
ðjJM − μ;w1w2w3;þ −þi � jJM − μ;w1w2w3;−þ −iÞ

þe−iφ13μðjJM − μ;w1w2w3;þþ −i � jJM − μ;w1w2w3;− −þiÞ
þeiφ23μðjJM − μ;w1w2w3;−þþi � jJM − μ;w1w2w3;þ − −iÞ

�
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states with J ¼ 2 must at least have μ ¼ 1. Qualitatively,
one may suppose that higher μ projection of the total angular
momentum would result in higher energy states. If this is
correct, the μ ¼ 0 selection rule would push J ¼ 2 states to
higher masses.
This analysis is supported by glueball spectrum calcula-

tions from other approaches. For instance, Fig. 8, taken from
reference Ref. [6], shows glueball masses calculated using
LQCD. In this spectrum, the first 0P− state appears above
4.5 GeV, significantly higher than the lowest JP− state, which
lies below 3 GeV. This aligns with the preceding analysis.
The J ¼ 0 state may be interpreted as a first four-gluon state
or a three-gluon state with a nonsymmetric helicity-momen-
tum wave function Ψðw1; w2; w3Þ. Beyond J ¼ 0, the
hierarchy of even states follows the expected pattern: The
J ¼ 1 and J ¼ 3 states, which allow μ ¼ 0, appear in order,
while the J ¼ 2 state is shifted to higher energies. However,
the situation for odd states remains less clear. Further
discussion is deferred until quantitative results are obtained.
The states from Tables V and VI are also consistent with

results from Refs. [42,44]. In Ref. [44], it is argued that no
general selection rules govern the decay of a particle into

three massless spin-1 particles. This is consistent with the
absence of selection rules in Table V. Reference [42] refines
this discussion for symmetric decays into three photons,
concluding that such a decay is not possible for J ¼ 0
particles. This agrees with the analysis of states from
Table VI. Moreover, the helicity triplet combinations con-
structed in [42] closely resemble those in the current work.
For this reason, the labels A0

2 and A00
2 from Ref. [42] have

been adopted in Tables V and VI to distinguish these states.

C. Low-lying three-gluon glueballs with negative
charge conjugation

The current description of the glueball spectrum has
remained qualitative. To move toward quantitative analysis,
the methodology based on the variational theorem applied
to two-gluon glueballs in Sec. III will be extended to three-
gluon glueballs. This approach involves, on one hand,
constructing a set of trial states designed to approximate
three-gluon glueballs accurately and, on the other hand,
evaluating Hamiltonian MEs on this set. For the former,
appropriate trial helicity-momentum wave functions Ψ
must be chosen. For the latter, formulas to compute
MEs on three-body helicity states are required. This
subsection addresses both these tasks for the low-lying
three-gluon glueball states with negative charge conjuga-
tion and with a symmetricΨ function. Angular momenta up
to J ¼ 3 and μ projections up to μ ¼ 1 are considered. To
keep the equations concise, reduced notations are intro-
duced for Berman’s J-helicity states and for the three-body
helicity states defined in (97),

jλ1λ2λ3iJμ ¼ jJMμ;w1w2w3; λ1λ2λ3i;
jΨ; λ1λ2λ3iJμ ¼ jΨ; JMμ; λ1λ2λ3i: ð117Þ

In jλ1λ2λ3iJμ, the order of energy labels is tacitly assumed to
be always w1w2w3. For clarity in plain text, three-body
states defined in Eq. (97) will be referred to as unsym-
metrical states, while those from Table VI will be referred
to as symmetrical states. Symmetrical states corresponding
to the above-named low-lying three-gluon glueballs can be
made explicit using these notations. Considering μ ¼ 0, the
following states are obtained:

jΨ;A0
2; μ ¼ 0; JPC ¼ ð2kþ 1Þ�−i ¼ 1ffiffiffi

2
p
�
jΨ;þþþi2kþ1

0 � jΨ;− − −i2kþ1
0

�
; ð118Þ

jΨ;A00
2; μ ¼ 0; JPC ¼ ð2kþ 1Þ�−i ¼ 1ffiffiffi

6
p
�
jΨ;−þþi2kþ1

0 � jΨ;þ − −i2kþ1
0 þ jΨ;þþ −i2kþ1

0

� jΨ;− −þi2kþ1
0 þ jΨ;þ −þi2kþ1

0 � jΨ;−þ −i2kþ1
0

�
ð119Þ

where k∈N (even angular momenta are forbidden for μ ¼ 0). Notations of the states have slightly been adapted in
comparison with those from Table VI. Considering μ ¼ �1, the following states are obtained:

FIG. 8. Glueball spectrum obtained using LQCD. The picture is
taken from Ref. [6].
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jΨ;A0
2; jμj ¼ 1; JPC ¼ J∓−i ¼

�
jΨð1þ e−iφ23 þ eiφ13Þ;þþþiJ1 � jΨð1þ e−iφ23 þ eiφ13Þ;− − −iJ1

þ ð−1ÞJjΨð1þ e−iφ13 þ eiφ23Þ;þþþiJ−1 � ð−1ÞJjΨð1þ e−iφ13 þ eiφ23Þ;− − −iJ−1
�
; ð120Þ

jΨ;A00
2; jμj ¼ 1; JPC ¼ J∓−i ¼ 1ffiffiffiffiffi

12
p

�
jΨ;−þþiJ1 � jΨ;þ − −iJ1 þ jΨeiφ13 ;þ −þiJ1 � jΨeiφ13 ;−þ −iJ1

þ jΨe−iφ23 ;þþ −iJ1 � jΨe−iφ23 ;− −þiJ1
þ ð−1ÞJðjΨ;þ −þiJ−1 � jΨ;−þ −iJ−1 þ jΨeiφ23 ;−þþiJ−1 � jΨeiφ23 ;þ − −iJ−1
þ jΨe−iφ13 ;þþ −iJ−1 � jΨe−iφ13 ;− −þiJ−1Þ

�
: ð121Þ

In general, symmetrical states are linear combinations of
unsymmetrical ones whose helicity-momentum wave func-
tion is potentially modified by an additional kinematic
factor introduced during the symmetrization process. In
(118), (119), and (121), square root factors have been
added to ensure that symmetric states are normalized as
long as unsymmetrical ones are. The question of the
normalization of Eq. (120) is deferred to Sec. V C 4.

1. Selection of trial helicity-momentum wave functions

Let us start by selecting a suitable structure to use for trial
helicity-momentum wave functions Ψðw1; w2; w3Þ. The
most convenient choice is probably a Gaussian-shaped
wave function for which calculations are reasonably simple
and which often offers great convergence properties.
Symmetrical states (118)–(121) are linear combinations
of unsymmetrical ones, and this discussion takes place at
the level of the latter. Gaussians may be constructed using
different sets of coordinates, thereby leading to nonequiva-
lent structures. The most straightforward choice is probably
to consider a Gaussian-shaped helicity-momentum wave

function in PMP coordinates,

ΨPMPðw1; w2; w3Þ ¼ Ae−aððw1−bÞ2þðw2−bÞ2þðw3−bÞ2Þ: ð122Þ

Above, A is a normalization constant used to ensure that
(98) is respected. If an expansion with more than one trial
state is to be used, for instance adapting Eq. (75), the
normalization condition is replaced by the evaluation of an
overlap matrix [37]. In that case, the constant A can be
omitted. The structure (122) incorporates two nonlinear
variational parameters, a and b. The former encodes the
spreading in energy and has dimensions of inverse energy
squared. The latter encodes the position of the energy peak
and has energy dimension. Different constants for each
term in the exponential cannot be used to keep the trial
wave function symmetrical. The choice of wave function is,
of course, arbitrary, and many modifications can be
proposed. After several tests, adding a square root factorffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8w1w2w3

p
in front of the Gaussian was found to improve

convergence. As a result, the following trial wave function
is suggested:

Ψa;bðw1; w2; w3Þ ¼ A
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8w1w2w3

p
e−aððw1−bÞ2þðw2−bÞ2þðw3−bÞ2Þ; ð123Þ

and the corresponding unsymmetrical state reads

jΨPMP; λ1λ2λ3iJμ ¼ A
Z

dw1dw2dw3

8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8w1w2w3

p
e−aððw1−bÞ2þðw2−bÞ2þðw3−bÞ2Þjλ1λ2λ3iJμ: ð124Þ

Further calculations will require us to switch for the system of coordinates depicted in relation (113), namely u ¼ sinðϕ12Þ,
p12, and p3. In these new coordinates, Ψa;bðw1; w2; w3Þ becomes

Ψa;bðu; p12; p3Þ ¼ A
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p3ð8p2

12 þ 2p2
3ð1 − u2ÞÞ

q
e−

a
2
ð6b2−4bð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2

12
þp2

3

p
þp3Þþ4p2

12
þ3p2

3
Þe−

a
2
u2p2

3 : ð125Þ

One can already anticipate why this system of coordinates will be helpful: The variable u is by definition the cosine of the
angle that occurs in the change of basis formula (110), while the variable p12 is the relative momentum between particles 1
and 2 in their c.m.f., a variable of great interest for the evaluation of two-body potential MEs. Symmetric states from
Eqs. (120) and (121) supplement the helicity-momentum wave function with kinematics factors that depend on the angles
φij defined in (77). To complete the picture of the wave function, these additional kinematic factors should be made explicit
in u; p12; p3 coordinates,
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cosφ12 ¼
ð1 − u2Þp2

3 − 4p2
12

ð1 − u2Þp2
3 þ 4p2

12

; cosφ13 ¼ −
u
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2

12 þ p2
3

p þ p3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2

12 þ p2
3

p
þ up3

;

cosφ23 ¼
u
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2

12 þ p2
3

p
− p3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4p2
12 þ p2

3

p
− up3

: ð126Þ

On one hand, in states (120), the following combinations of φij appear:

1þ e�iφ13 þ e∓iφ23 ¼ ð1 − u2Þðp2
3 − 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið4p2
12 þ p2

3Þp2
3

p Þ þ 4p2
12

ð1 − u2Þp2
3 þ 4p2

12

∓ i
4p12u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − u2Þp2
3

p
ð1 − u2Þp2

3 þ 4p2
12

: ð127Þ

On the other hand, in states (121), φij angles are taken in
complex exponential,

eiφ13 ¼−
u
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2

12þp2
3

p
þp3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4p2
12þp2

3

p
þup3

þ i
2p12

ffiffiffiffiffiffiffiffiffiffiffiffi
1−u2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2

12þp2
3

p
þup3

;

eiφ23 ¼ u
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2

12þp2
3

p
−p3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4p2
12þp2

3

p
−up3

þ i
2p12

ffiffiffiffiffiffiffiffiffiffiffiffi
1−u2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2

12þp2
3

p
−up3

: ð128Þ

2. Evaluation of matrix elements on unsymmetrical states

To acquire an approximate energy spectrum by using the
variational theorem requires the evaluation of Hamiltonian

MEs on trial states. Therefore, it requires deriving formulas
for performing such calculations on symmetrical states.
Since symmetrical states decompose as linear combinations
of unsymmetrical ones [cf. Eqs. (118)–(121)], establishing
formulas for the latter will give support to the evaluation of
the MEs for the former. Extension to symmetrical states
will be discussed further in the next subsection.
Because helicity states are momentum eigenstates, the

evaluation of kinetic energy operators is the most straight-
forward to perform. To encompass many different kinemat-
ics at once, a generic Tðw1; w2; w3Þ kinetic energy is
considered for now. This function is only supposed to
depend on the three w energies and not on the angles α, β, γ.
First, definition (97) can be used for both the bra and the ket,

J
μ̄hΨ̄; λ̄1λ̄2λ̄3jTjΨ; λ1λ2λ3iJμ ¼

Z
dw̄1dw̄2dw̄3

8

dw1dw2dw3

8
Ψ̄�ðw̄1; w̄2; w̄3ÞΨðw1; w2; w3ÞJμ̄hλ̄1λ̄2λ̄3jTjλ1λ2λ3iJμ: ð129Þ

With Berman’s J-helicity states being eigenstates of the three w energies, the evaluation of Tðw1; w2; w3Þ on these comes
down to a simple scalar multiplication,

J
μ̄hΨ̄; λ̄1λ̄2λ̄3jTjΨ; λ1λ2λ3iJμ ¼

Z
dw̄1dw̄2dw̄3

8

dw1dw2dw3

8
Ψ̄�ðw̄1; w̄2; w̄3ÞΨðw1; w2; w3Þ

Tðw1; w2; w3ÞJμ̄hλ̄1λ̄2λ̄3jλ1λ2λ3iJμ: ð130Þ

Finally, using the orthonormalization relation of Berman’s J-helicity states, three Dirac deltas are produced and remove the
integrations on bar variables,

J
μ̄hΨ̄; λ̄1λ̄2λ̄3jTjΨ; λ1λ2λ3iJμ ¼ δμ̄μδλ̄1λ1δλ̄2λ2δλ̄3λ3

Z
dw1dw2dw3

8
Ψ̄�ðw1; w2; w3ÞΨðw1; w2; w3ÞTðw1; w2; w3Þ: ð131Þ

As a reminder, both w1 and w2 vary from 0 toþ∞while w3

varies between jw1 − w2j and w1 þ w2. This formula allows
for reasonably easy evaluations of kinetic energy MEs on
unsymmetrical states.
Let us turn to the evaluation of two-body potential MEs.

For symmetric states, MEs of the three two-body inter-
actions are shown to be equal each other. As a result,
computing a single two-body interaction ME and

multiplying it by 3 is sufficient to evaluate the entire
potential energy of the system. Because the current goal is
to perform evaluations on such symmetric states, calcu-
lations will only be developed for the interaction between
particles 1 and 2. One may expect to reuse the method set
up to compute potential MEs for two-body systems. To do
so, the trial states have to be developed in Wick’s helicity
basis in order to introduce two-body subcouplings. From
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definition (97), one can use the expansion (110) to develop the state in Wick’s helicity basis,

jΨ; λ1λ2λ3iJμ ¼ eiðπ=2Þðλ2−λ1−μÞ
X∞

j12¼jλ1−λ2j

Xj12
λ12¼−j12

iλ12
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2j12 þ 1

2

r
dJμλ12−λ3ðπ=2Þ

×
Z

dw1dw2dw3

8
Ψðw1; w2; w3Þdj12λ12λ1−λ2ðπ=2 − ϕ12Þjp3; JM; j12λ12λ3;p12λ1λ2i: ð132Þ

For the sake of readability, summation ranges are omitted in the next expressions. For further convenience, variables u,
p12, and p3 are introduced in the integral [cf. relations (113) and (D27)],

jΨ; λ1λ2λ3iJμ ¼ eiðπ=2Þðλ2−λ1−μÞ
X
j12

X
λ12

iλ12
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2j12 þ 1

2

r
dJμλ12−λ3ðπ=2Þ

×
Z

p3p12dudp12dp3

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2

12 þ p2
3

p Ψðu; p12; p3Þdj12λ12λ1−λ2ðarccos uÞjp3; JM; j12λ12λ3;p12λ1λ2i: ð133Þ

As a reminder, the integration range is −1 to 1 for u while it is 0 to∞ for both p3 and p12. Because this important result is
relatively cumbersome, the following notation shortcuts are introduced:

Cj12λ12Jμ;λ1λ2λ3
¼ eiðπ=2Þðλ2−λ1−μþλ12Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2j12 þ 1

2

r
dJμλ12−λ3ðπ=2Þ; ð134Þ

Ψj12
λ12λ1−λ2ðu; p12; p3Þ ¼ Ψðu; p12; p3Þdj12λ12λ1−λ2ðarccos uÞ: ð135Þ

The above C coefficients should not be confused with those for two-body systems defined in relation (53). The difference
should be clear depending on the context and looking at the index structure. With these notations, Eq. (133) shortens,

jΨ; λ1λ2λ3iJμ ¼
X
j12

X
λ12

Cj12λ12Jμ;λ1λ2λ3

Z
p3p12dudp12dp3

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2

12 þ p2
3

p Ψj12
λ12λ1−λ2ðu; p12; p3Þjp3; JM; j12λ12λ3;p12λ1λ2i: ð136Þ

This formula will be very helpful to evaluate two-body potential MEs associated with particles 1 and 2. This interaction,
denotedO, is supposed to solely depend on the relative distance between these two particles, r12 ¼ jr1 − r2j. This distance
is assumed to be defined in the 12-c.m.f. First, Eq. (136) is used on both the bra and the ket,

J
μ̄hΨ̄; λ̄1λ̄2λ̄3jOðr12ÞjΨ; λ1λ2λ3iJμ ¼

X
j̄12

X
λ̄12

X
j12

X
λ12

ðCj̄12 λ̄12
Jμ̄;λ̄1 λ̄2 λ̄3

Þ�Cj12λ12Jμ;λ1λ2λ3

×
Z

p̄3p̄12dūdp̄12dp̄3

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p̄2

12 þ p̄2
3

p ðΨ̄j̄12
λ̄12 λ̄1−λ̄2

ðū; p̄12; p̄3ÞÞ�
Z

p3p12dudp12dp3

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2

12 þ p2
3

p Ψj12
λ12λ1−λ2ðu; p12; p3Þ

× hp̄3; JM; j̄12λ̄12λ̄3; p̄12λ̄1λ̄2jOðr12Þjp3; JM; j12λ12λ3;p12λ1λ2i: ð137Þ

By doing so, the evaluation of Oðr12Þ on Berman’s J-helicity states comes down to its evaluation on Wick’s J-helicity
states. The latter, thanks to the intermediary coupling in Wick’s definition, consists of evaluating Oðr12Þ on two-body
J-helicity states. Dividing up the normalization factor from (107) between both states and ensuring a normalization for
two-body states consistent with Secs. II and III, one gets

hp̄3; JM; j̄12λ̄12λ̄3; p̄12λ̄1λ̄2jOðr12Þjp3; JM; j12λ12λ3;p12λ1λ2i

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p̄2
3 þ 4p̄2

12
4
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2
3 þ 4p2

12
4
p

ffiffiffiffiffiffiffiffiffiffiffiffi
p̄3p̄12

p ffiffiffiffiffiffiffiffiffiffiffiffi
p12p3

p δðp̄3 − p3Þδλ̄3λ3hp̄12; j̄12λ̄12; λ̄1λ̄2jOðr12Þjp12; j12λ12; λ1λ2i: ð138Þ

Because r12 is defined in the 12-c.m.f., the residual MEs on two-body states can be computed by using formulas developed
in Sec. II. Such MEs for such central potentials have proven to cancel for j̄12 ≠ j12 or λ̄12 ≠ λ12 in Eq. (58). It has also been
emphasized in this section that these MEs, as soon as nonzero, do not truly depend on the total angular momentum
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projection λ12. Equation (138) can be plugged into Eq. (137),

J
μ̄hΨ̄; λ̄1λ̄2λ̄3jOðr12ÞjΨ; λ1λ2λ3iJμ ¼ δλ̄3λ3

X
j12

X
λ12

�
Cj12λ12
Jμ̄;λ̄1 λ̄2λ3

��
Cj12λ12Jμ;λ1λ2λ3

×
Z

p3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p̄12p12

p
dūdp̄12dudp12dp3

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
3 þ 4p̄2

12
4
p

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
3 þ 4p2

12
4
p �

Ψ̄j12
λ12 λ̄1−λ̄2

ðū; p̄12; p3Þ
��
Ψj12

λ12λ1−λ2ðu; p12; p3Þ

× hp̄12; j12λ12; λ̄1λ̄2jOðr12Þjp12; j12λ12; λ1λ2i: ð139Þ
The lower boundary in the summation on j12 must now fulfill both the constraints j12 ≥ jλ1 − λ2j and j12 ≥ jλ̄1 − λ̄2j. This
integral can be reorganized as follows:

J
μ̄hΨ̄; λ̄1λ̄2λ̄3jOðr12ÞjΨ; λ1λ2λ3iJμ ¼ δλ̄3λ3

X
j12

X
λ12

�
Cj12λ12
Jμ̄;λ̄1 λ̄2λ3

��
Cj12λ12Jμ;λ1λ2λ3

×
Z

p3dp3

Z
dp̄12

2

dp12

2
Ψ̃ðp̄12; p3; j12; λ12; λ̄1 − λ̄2; Ψ̄�ÞΨ̃ðp12; p3; j12; λ12; λ1 − λ2;ΨÞ

× hp̄12; j12λ12; λ̄1λ̄2jOðr12Þjp12; j12λ12; λ1λ2i ð140Þ

where

Ψ̃ðp12; p3; j12; λ12;Δλ;ΨÞ ¼
ffiffiffiffiffiffiffi
p12

p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2

12 þ p2
3

4
p Z

duΨj12
λ12Δλðu; p12; p3Þ ð141Þ

and where the product of three-body C coefficients can be made a bit more explicit,

ðCj12λ12
Jμ̄;λ̄1 λ̄2λ3

Þ�Cj12λ12Jμ;λ1λ2λ3
¼ ei

π
2
ððλ2−λ̄2Þþðλ̄1−λ1Þþðμ̄−μÞÞ 2j12 þ 1

2
dJμ̄λ12−λ3ðπ=2ÞdJμλ12−λ3ðπ=2Þ

¼ ð−1Þðλ2−λ̄2Þ=2þðλ̄1−λ1Þ=2þðμ̄−μÞ=2 2j12 þ 1

2
dJμ̄λ12−λ3ðπ=2ÞdJμλ12−λ3ðπ=2Þ: ð142Þ

In Eq. (140), the function Ψ̃ acts like an unnormalized two-
body helicity-momentum wave function that would
depend on three parameters (a, b, and p3). Therefore,
the evaluation of the integrals on p12 and p̄12 is fully
analogous to what has been done to compute potential
MEs for two-body systems.
Equations (140)–(142) are key formulas for the current

work as they allow computation of two-body potential MEs
on three-body helicity states. However, these formulas
involve the evaluation of an infinite series of four-dimen-
sional integrals. Even when truncating this series, calculat-
ing such a large number of integrals remains a significant
challenge. Gaining deeper insight into the components of

this formula may help mitigate this complexity. Appendix E
is dedicated to this analysis.

3. Evaluation of matrix elements on symmetrical states

The previous subsection worked at obtaining formulas to
compute Hamiltonian MEs on unsymmetrical states. In the
current one, this technology is used to compute MEs for
symmetric states. Starting with kinetic MEs, a formula for
both symmetric states having μ ¼ 0 can easily be obtained
thanks to the absence of mixing between helicities in (131).
The situation is even simpler because nonzero terms prove
to be independent of the actual value of λ1, λ2, or λ3. Only a
single integral has to be evaluated,

hΨ̄;A0
2; 0; ð2kþ 1Þ�−jTjΨ;A0

2; 0; ð2kþ 1Þ�−i ¼ hΨ̄;A00
2; 0; ð2kþ 1Þ�−jTjΨ;A00

2; 0; ð2kþ 1Þ�−i

¼
Z

dw1dw2dw3

8
Ψ̄�ðw1; w2; w3ÞΨðw1; w2; w3ÞTðw1; w2; w3Þ: ð143Þ

Concerning states based on μ ¼ �1, the presence of Kronecker deltas in (131) still simplifies the evaluation of kinetic
energy. For the A0

2 states [cf. Eq. (120)], due to the additional kinematic factors arising from the symmetrization, the result
requires the evaluation of a slightly different integral,
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hΨ̄;A0
2; 1; J

∓−jTjΨ;A0
2; 1; J

∓−i ¼
Z

dw1dw2dw3

2
Ψ̄�ðw1; w2; w3ÞΨðw1; w2; w3Þj1þ e−iφ13 þ eiφ23 j2Tðw1; w2; w3Þ: ð144Þ

For the A00
2 states [cf. Eq. (121)], the kinetic energy MEs are again provided by the previous integral,

hΨ̄;A00
2; 1; J

∓−jTjΨ;A00
2; 1; J

∓−i ¼
Z

dw1dw2dw3

8
Ψ̄�ðw1; w2; w3ÞΨðw1; w2; w3ÞTðw1; w2; w3Þ: ð145Þ

For each symmetric state, kinetic energy ME can be evaluated in a single integral. Notice that Eqs. (143)–(145) allow us to
infer formulas for the overlap between symmetrical states by plugging in Tðw1; w2; w3Þ ¼ 1.
Let us move on to the case of two-body potential MEs. Due to the δλ̄3λ3 factor in (140), some MEs on unsymmetrical

states are directly shown to cancel. For state (118), the resulting expression only requires us to evaluate two MEs,

hΨ̄;A0
2; 0; ð2kþ 1Þ�−jOðr12ÞjΨ;A0

2; 0; ð2kþ 1Þ�−i ¼ 1

2
ð2kþ1
0 hΨ̄;þþþjOðr12ÞjΨ;þþþi2kþ1

0

þ2kþ1
0 hΨ̄;− − −jOðr12ÞjΨ;− − −i2kþ1

0 Þ: ð146Þ

One can immediately observe that the potential MEs for these states are parity degenerated. Concerning state (119), this sum
is composed of 12 MEs, including nondiagonal ones,

hΨ̄;A00
2; 0; ð2kþ 1Þ�−jOðr12ÞjΨ;A00

2; 0; ð2kþ 1Þ�−i

¼ 1

6
ð2kþ1
0 hΨ̄;−þþjOðr12ÞjΨ;−þþi2kþ1

0 þ2kþ1
0 hΨ̄;þ −þjOðr12ÞjΨ;þ −þi2kþ1

0

þ2kþ1
0 hΨ̄;− −þjOðr12ÞjΨ;− −þi2kþ1

0 þ2kþ1
0 hΨ̄;−þ −jOðr12ÞjΨ;−þ −i2kþ1

0

þ2kþ1
0 hΨ̄;þ − −jOðr12ÞjΨ;þ − −i2kþ1

0 þ2kþ1
0 hΨ̄;þþ −jOðr12ÞjΨ;þþ −i2kþ1

0 Þ

þ 1

3
ð2kþ1
0 hΨ̄;þ −þjOðr12ÞjΨ;−þþi2kþ1

0 þ2kþ1
0 hΨ̄;þ − −jOðr12ÞjΨ;−þ −i2kþ1

0

�2kþ1
0 hΨ̄;− −þjOðr12ÞjΨ;−þþi2kþ1

0 �2kþ1
0 hΨ̄;− −þjOðr12ÞjΨ;þ −þi2kþ1

0

�2kþ1
0 hΨ̄;−þ −jOðr12ÞjΨ;þþ −i2kþ1

0 �2kþ1
0 hΨ̄;þþ −jOðr12ÞjΨ;þ − −i2kþ1

0 Þ: ð147Þ

Finally, concerning states with μ ¼ �1, calculations will only be illustrated with jΨ;A0
2; 1; J

−�i because it is less
cumbersome to decompose than jΨ;A00

2; 1; J
−�i,

hΨ̄;A0
2; 1; J

∓−jOðr12ÞjΨ;A0
2; 1; J

∓−i
¼ ðJ1hð1þ eiφ13 þ e−iφ23ÞΨ̄j;þþþOðr12Þjð1þ eiφ13 þ e−iφ23ÞΨ;þþþiJ1
þJ

1 hð1þ eiφ13 þ e−iφ23ÞΨ̄j;− − −Oðr12Þjð1þ eiφ13 þ e−iφ23ÞΨ;− − −iJ1
þJ

−1 hð1þ e−iφ13 þ eiφ23ÞΨ̄;þþþjOðr12Þjð1þ e−iφ13 þ eiφ23ÞΨ;þþþiJ−1
þJ

−1 hð1þ e−iφ13 þ eiφ23ÞΨ̄;− − −jOðr12Þjð1þ e−iφ13 þ eiφ23ÞΨ;− − −iJ−1
þ 2ð−1ÞJJ1hð1þ eiφ13 þ e−iφ23ÞΨ̄;þþþjOðr12Þjð1þ e−iφ13 þ eiφ23ÞΨ;þþþiJ−1
þ 2ð−1ÞJJ1hð1þ eiφ13 þ e−iφ23ÞΨ̄j;− − −Oðr12Þjð1þ e−iφ13 þ eiφ23ÞΨ;− − −iJ−1Þ: ð148Þ

In general, the symmetry properties depicted in Appendix E facilitate in evaluating these MEs. They show that some MEs
on unsymmetrical states are strictly equal, while some others involve the same integrals but combine them differently [see
Eq. (140)]. This significantly reduces the overall computational cost. This is especially true if the helicity-momentum wave
function Ψ is even in u. Apart from diagonal MEs, symmetric states are also shown to mix with each other. For instance,
mixing MEs between jΨ;A0

2; 0; ð2kÞ�−i and jΨ;A00
2; 0; ð2kÞ�−i is given by
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hΨ̄;A0
2; 0; ð2kþ 1Þ�−jOðr12ÞjΨ;A00

2; 0; ð2kþ 1Þ�−i

¼ 1ffiffiffiffiffi
12

p ð2kþ1
0 hΨ̄;þþþjOðr12ÞjΨ;−þþi2kþ1

0 þ2kþ1
0 hΨ̄;þþþjOðr12ÞjΨ;þ −þi2kþ1

0

�2kþ1
0 hΨ̄;þþþjOðr12ÞjΨ;− −þi2kþ1

0 þ2kþ1
0 hΨ̄;− − −jOðr12ÞjΨ;þ − −i2kþ1

0

�2kþ1
0 hΨ̄;− − −jOðr12ÞjΨ;þþ −i2kþ1

0 þ2kþ1
0 hΨ̄;− − −jOðr12ÞjΨ;−þ −i2kþ1

0 Þ: ð149Þ

However, it will be shown in the next section that this
mixing is quite small for three-gluon glueballs and only
affects masses very slightly.

4. Determination of the low-lying glueball spectrum

Trial states and formulas set up all along the previous
subsections will now be used to compute a true mass
spectrum for 1�− three-gluon glueballs. It will require us to
evaluate MEs of a Hamiltonian that should model three-
gluon glueballs. This work considers the following struc-
ture for the latter:

H ¼ Tðw1; w2; w3Þ þ Vðr12Þ þ Vðr13Þ þ Vðr23Þ ð150Þ

with rij ¼ jri − rjj. Different kinematics T can be envis-
aged for gluons. Although these particles are formally
massless, they acquire a constituent mass in some potential
models. In the following, calculations will be performed
considering ultrarelativistic kinematics,

Tðw1; w2; w3Þ ¼ w1 þ w2 þ w3: ð151Þ

Concerning potential, Cornell interactions will be assumed,

VðrÞ ¼ σr −
3αs
2r

: ð152Þ

Above, σ is the meson string tension, generally set around
0.185 GeV2, and αs is the strong coupling constant. In the
following, the latter is fixed at 0.450 (as in Sec. III and
Ref. [11]). The mesonic string tension is used as a
confinement constant because each gluon is supposed to
provide both a 3 and a 3̄ flux tube. The six flux tubes join

two by two in a Δ shape, as illustrated in Fig. 9. Because
each junction connects 3 and 3̄ flux tubes, the meson string
tension has not to be rescaled. The factor 3=2 is the color
factor corresponding with three gluons in a color singlet.
The use of this potential and its comparison with a Y
junction is explained in Appendix F. To avoid reproducing
many evaluations for different mesonic string tensions σ,
dimensionless variables are introduced by rescaling the
current ones with the square root of the string tension,

wi ¼ wi=
ffiffiffi
σ

p
; r ij ¼

ffiffiffi
σ

p
rij: ð153Þ

Dimensionless equivalents for p3 and p12 are also defined

p3 ¼ p3=
ffiffiffi
σ

p
; p12 ¼ p12=

ffiffiffi
σ

p
: ð154Þ

Because u is already dimensionless, it remains unchanged.
Relation (113) still relates variables w1, w2, w3, and
u;p12;p3. Using these new coordinates, a dimensionless
version H of the Hamiltonian (150) is introduced,

H ¼ H=
ffiffiffi
σ

p
;¼ Tðw1;w2;w3Þ þ Vðr 12Þ þ Vðr 13Þ þ Vðr 23Þ

ð155Þ

where

Tðw1;w2;w3Þ ¼w1þw2þw3; Vðr Þ ¼ r −
3αs
2r

: ð156Þ

This Hamiltonian will be evaluated on different symmetric
trial states. To start with, a single trial state is considered.
As a reminder, the reasonable trial wave function that is
chosen is

Ψa;bðw1;w2;w3Þ¼A
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8w1w2w3

p
e−aððw1−bÞ2þðw2−bÞ2þðw3−bÞ2Þ:

ð157Þ

For states (118) and (119), this trial wave function remains
unmodified. For states (120) and (121), it has to be
multiplied by different kinematic factors to ensure the
right symmetry properties. In the following, calculations
will be made explicit for a generic kinematic factor denoted
Γðw1; w2; w3Þ. These trial wave functions are to be turned
into the new dimensionless coordinate system. The change
simply rescales the a parameter by a factor σ and modifies
the value of the normalization constant A,

FIG. 9. Schematic representation of the Δ junction modeling
three-gluon glueballs in the current work. Gluons bounds two by
two by pooling 3 and 3̄ flux tubes.
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a ¼ σa; b ¼ b=
ffiffiffi
σ

p
; A ¼ σ

3
2A: ð158Þ

The rescaling factor for the normalization constant has been
chosen to eliminate the dimensions of the wave function.
The use of a dimensionless wave function also suggests
rescaling Berman’s and Wick’s bases to make them
dimensionless,

jJMμ;w1w2w3;λ1λ2λ3i¼ σ
3
4jJMμ;w1w2w3;λ1λ2λ3i; ð159Þ

jp3;JM;j12λ12λ3;p12λ1λ2i¼ σ
3
4jp3;JM;j12λ12λ3;p12λ1λ2i:

ð160Þ

All the formulas set up to evaluate MEs can now be
switched to the new coordinates. Taking every change into
account, all the rescaling factors cancel each other. As a
result, each formula can be naively turned into dimension-
less coordinates by replacing A, a, wi, p3, and/or p12 by
their dimensionless counterpart.
First, let us investigate the normalization of the sym-

metric trial states. For states (118), (119), and (121), the
normalization constant A is fixed by imposing the nor-
malization of the unsymmetrical trial states, implying that
Ψa;b must satisfy (98). Switching to dimensionless coor-
dinates, one has to evaluate the following integral:

jAj2 ¼
�Z

dw1dw2dw3w1w2w3e−2aððw1−bÞ2þðw2−bÞ2þðw3−bÞ2Þ
�

−1
; ð161Þ

where both w1 and w2 are integrated between 0 and ∞ while w3 is integrated between jw1 − w2j and w1 þ w2. Generic
multidimensional integration techniques provide fast and accurate evaluations of A. As inferred from (144), the situation is
slightly more complicated for state (120) due to the additional kinematic factor. For the A0

2 state, the normalization involves
the integral

jAj2 ¼
�
4

Z
dw1dw2dw3w1w2w3e−2aððw1−bÞ2þðw2−bÞ2þðw3−bÞ2Þj1þ e−iφ13 þ eiφ23 j2

�
−1
: ð162Þ

It is possible to evaluate these two integrals numerically, with any desired accuracy.
The evaluation of kinetic energy MEs is analogous to the normalization. States (118), (119), and (121) require us to

evaluate a single three-dimensional integral, as demonstrated in relations (143) and (145). For the current trial wave
function, it equates to computing the following integral:

hTi ¼ jAj2
Z

dw1dw2dw3w1w2w3e−2aððw1−bÞ2þðw2−bÞ2þðw3−bÞ2Þðw1 þ w2 þ w3Þ: ð163Þ

On the other hand, kinetic energy MEs for state (120) are provided by relation (144), which complements the integrand with
a kinematic factor,

hΨa;b;A0
2;�; 1�−jT jΨa;b;A0

2;�; 1�−i

¼ 4jAj2
Z

dw1dw2dw3w1w2w3e−2aððw1−bÞ2þðw2−bÞ2þðw3−bÞ2Þj1þ e−iφ13 þ eiφ23 j2ðw1 þ w2 þ w3Þ: ð164Þ

It remains to evaluate potential MEs. As already mentioned, thanks to the symmetry of the state, the evaluation for the
interaction between particles 1 and 2 is sufficient to infer the full potential energy of the Δ junction,

hVðr 12Þ þ Vðr 13Þ þ Vðr 23Þi ¼ 3hVðr 12Þi: ð165Þ

Relations (146)–(148) reduce evaluations on symmetric states to several evaluations on unsymmetrical states, eventually
with additional kinematic factors. The latter evaluations can be performed using formula (140). Specifying for the current
trial wave function and using variables u, p12, and p3 defined in Eq. (112), one gets

hΨa;bΓ̄; λ̄1λ̄2λ̄3jVðr 12ÞjΨa;bΓ;λ1λ2λ3iJμ ¼ δλ̄3λ3

X
j12

X
λ12

ðCj12λ12
Jμ;λ̄1 λ̄2λ3

Þ�Cj12λ12Jμ;λ1λ2λ3

×
Z

p3dp3

Z
dp̄12

2

dp12

2
Ψ̃�

a;bðp̄12;p3;j12;λ12; λ̄1− λ̄2; Γ̄Þ

× Ψ̃a;bðp12;p3;j12;λ12;λ1− λ2;ΓÞhp̄12;j12λ12; λ̄1λ̄2jVðr 12Þjp12;j12λ12;λ1λ2i ð166Þ
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where

Ψ̃a;bðp12;p3; j12; λ12;Δλ;ΓÞ ¼ A
ffiffiffiffiffiffiffiffiffiffiffi
p12p3

p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2

12 þ p2
3

4
p e−

a
2
ð6b2−4bð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2

12
þp2

3

p
þp3Þþ4p2

12
þ3p2

3
Þ

×
Z

1

−1
du

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8p2

12 þ 2p2
3ð1 − u2Þ

q
dj12λ12Δλðarccos uÞe−

a
2
p2
3
u2Γðu;p12;p3Þ: ð167Þ

These integrals must be evaluated. Performing efficient numerical integrations requires us to slightly modify the variables
and to refine the definition of Ψ̃. First, because the integral on p3 will be performed using a generalized Gauss-Laguerre
quadrature, the variable p3 is modified as follows:

x ¼ 3ap2
3; p3 ¼

ffiffiffiffiffiffi
x
3a

r
; p3dp3 ¼

dx
6a

: ð168Þ

After replacement and a bit of reorganization, the integrals to evaluate become

jAj2
ffiffiffiffiffiffiffiffiffiffiffi
2

ð6aÞ3
s Z ffiffiffi

x
p

e−xdx
Z

dp̄12

2

dp12

2
Θa;bðp̄12; x; j12; λ12; λ̄1 − λ̄2; Γ̄�Þ

× Θa;bðp12; x; j12; λ12; λ1 − λ2;ΓÞhp̄12; j12λ12; λ̄1λ̄2jVðr 12Þjp12; j12λ12; λ1λ2i ð169Þ

with a function Θ that replaces Ψ̃,

Θa;bðp12; x; j12; λ12;Δλ;ΓÞ ¼ F a;bðp12; xÞ
Z

duKaðu;p12; x; j12; λ12;Δλ;ΓÞ ð170Þ

where

F a;bðp12; xÞ ¼
ffiffiffiffiffiffiffi
p12

p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2

12 þ x
3a

4

q e−
a
2
ð6b2−4bð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2

12
þx=ð3aÞ

p
þ
ffiffiffiffiffiffiffiffiffiffi
x=ð3aÞ

p
Þþ4p2

12
Þ ð171Þ

and where

Kaðu;p12; x; j12; λ12;Δλ;ΓÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8p2

12 þ
2x
3a

ð1 − u2Þ
r

dj12λ12Δλðarccos uÞe−
x
6
u2Γðu; p12;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x=ð3aÞ

p
Þ: ð172Þ

The symmetry properties of Θ under modifications of
indices λ12 and Δλ are the same as the ones of Ψ̃. They are
compiled in Appendix E. Integrals (169) and (170) can be
computed using a series of Gauss quadratures. The follow-
ing procedure is applied.

(i) Choose a definite number of points to use in each of
the integrals on x, p12, p̄12, and u. Notice that the
integrals on p12 and p̄12 will be turned into integrals
on v ¼ p12 þ p̄12 and v̄ ¼ p12 − p̄12, as suggested in
Sec. II B 3. Because the integral on v̄ is the most
sensitive, it is recommended to assign the greatest
number of points to it.

(ii) Accuracies being chosen, identify the different x
values and p12 values at which an evaluation of the
function Θ will be required and perform all the

necessary evaluations. Gauss-Legendre quadrature
works very well for the integral on u. The result is
stored for further use.

(iii) For each x value, compute the two-body ME in the
same way it has been done in Sec. III. Thanks to the
previous step, two-body wave functions Θ have
already been tabulated. Again, the result is stored
for further use.

(iv) At this stage, only the integral on x remains. Perform
this last integral by using the evaluations of two-
body MEs stored during the last step. As already
mentioned, a Gauss-Laguerre quadrature is the most
adapted.

For each value of j12 and λ12, that is for each term in the
sum in Eq. (166), four integrals are evaluated numerically.
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Since the sum extends to j12 → ∞, the number of required
integrals would be infinite. In practice, the sum on j12 is
truncated at a given level denoted jmax. Plugging the
computed integrals into Eq. (166) allows for an approxi-
mate evaluation of two-body potential MEs on unsymmet-
rical trial states. Because of the multiple quadratures and
because of this truncation, the exactness of the evaluation
cannot be guaranteed. The MEs on unsymmetrical states
can be combined following expressions (146)–(149) in
order to compute potential MEs on symmetrical trial states.
To get the full potential energy, the factor 3 from Eq. (165)
is not to be forgotten. Once potential MEs on symmetrical
states have been computed, the contribution from kinetic
energy is added and Hamiltonian MEs are obtained. This
calculation is repeated for many different couples ða;bÞ
and only the minimum value is retained as an approxima-
tion for the true spectrum.
Since these states are the simplest to handle, convergence

properties are illustrated using jΨa;b;A0
2; 0; 1

�−i and
jΨa;b;A00

2; 0; 1
�−i. All the following evaluations will be

performed with αs ¼ 0.450 [11]. To start with, calculations
are performed for various numbers of points used in the
different quadratures. All these computations employ for
now the same cutoff at j12 ¼ 20. The minimization process
is executed for each configuration. The results are sum-
marized in Table VII. As expected, the integrals over u and
x converge with as few as 30 points. While slightly more
sensitive, the integral on v does not require more than 50
points for sufficient accuracy in the current context. The
key parameter for ensuring precision is the number of
points used in the integral over v. Using 100 points, the
energy stabilizes to two significant digits. The search for a
minimum in the variational parameters can also be illus-
trated. Figure 10 shows energy evaluations over a range of
ða;bÞ pairs. Clear minima are observed for each state.
Lastly, the convergence of the sum over j12 can be
examined by repeating evaluations with various cutoff
values. The result is displayed in Fig. 11. Although the
convergence behavior differs slightly between states, a
reasonable convergence is achieved in all cases. Notice that
the j12 convergence can also be assessed by calculating
normalization by means of Eq. (166), substituting Vðr12Þ
with the identity operator.
Before we move on to the determination of a complete

spectrum, the mixing between different symmetric states is
to be investigated. This issue will be illustrated using
jΨa;b;A0

2; 0; 1
þ−i and jΨa;b;A00

2; 0; 1
þ−i. Without allowing

for mixing, approximate energies are simply obtained by
evaluating the Hamiltonian on each state separately,

EA0
2
;0 ¼ 10.020; EA00

2
;0 ¼ 10.269: ð173Þ

Introducing mixing between these states requires the
evaluation of off-diagonal Hamiltonian MEs and solving
the corresponding eigenvalue problem. The off-diagonal

kinetic MEs cancel, while the off-diagonal potential MEs
are calculated using formula (149). The splitting is found to
be maximal when both states share the same variational
parameters. The resulting optimal eigenvalues of the
Hamiltonian matrix are

E1 ¼ 9.9902; E2 ¼ 10.3319: ð174Þ

As shown, the mixing slightly affects the energies, but this
effect does not exceed 1% of the original value. Mixing
with states of higher mass is expected to have an even

TABLE VII. Evaluations of the glueball masses in units of
ffiffiffi
σ

p
for different numbers of points for the quadratures. For
jΨ;A0

2; 0; 1
�−i, energies are given for ða;bÞ ¼ ð0.35; 1.8Þ. For

jΨ;A0
2; 0; 1

þ−i, energies are given for ða;bÞ ¼ ð0.45; 1.95Þ.
For jΨ;A0

2; 0; 1
−−i, energies are given for ða;bÞ ¼ ð0.35; 1.9Þ.

A cutoff at j12 ¼ 20 has been used.

For jΨ;A0
2; 0; 1

�−i:
ðNu; Nv ; N v̄ ; NxÞ Energy

(30, 30, 30, 30) 9.9499
(50, 30, 30, 30) 9.9499
(100, 30, 30, 30) 9.9499
(30, 50, 30, 30) 9.9536
(30, 100, 30, 30) 9.9536
(30, 30, 50, 30) 9.9895
(30, 30, 100, 30) 10.0202
(30, 30, 30, 50) 9.9499
(30, 30, 30, 100) 9.9499

For jΨ;A00
2; 0; 1

þ−i:
ðNu; Nv ; N v̄ ; NxÞ Energy

(30, 30, 30, 30) 10.1793
(50, 30, 30, 30) 10.1793
(100, 30, 30, 30) 10.1793
(30, 50, 30, 30) 10.1817
(30, 100, 30, 30) 10.1817
(30, 30, 50, 30) 10.2297
(30, 30, 100, 30) 10.2689
(30, 30, 30, 50) 10.1793
(30, 30, 30, 100) 10.1793

For jΨ;A00
2; 0; 1

−−i:
ðNu; Nv ; N v̄ ; NxÞ Energy

(30, 30,30,30) 10.0566
(50, 30, 30, 30) 10.0566
(100, 30, 30, 30) 10.0566
(30, 50, 30, 30) 10.0616
(30, 100, 30, 30) 10.0616
(30, 30, 50, 30) 10.1097
(30, 30, 100, 30) 10.1512
(30, 30, 30, 50) 10.0566
(30, 30, 30, 100) 10.0566
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smaller impact due to the increasing energy gap.
Consequently, the following calculations will be performed
using pure symmetric states.
A concrete three-gluon glueball spectrum can now be

computed. Again, αs ¼ 0.450 is used. Calculations are
performed with a cutoff at j12 ¼ 20 for the summation
and with 30 points for each quadrature, except for v̄ where
100 points are used. Full optimizations of the variational
parameters a and b are performed. The states
jΨa;b;A0

2; 0; J
�−i, jΨa;b;A00

2; 0; J
�−i, and jΨa;b;A0

2; 1; J
�−i

are investigated up to J ¼ 3. However, states
jΨa;b;A00

2; 1; J
�−i are not considered, as they involve sig-

nificantly more ME computations on unsymmetrical states,

leading to a substantial increase in computational cost.
The resulting three-gluon glueball masses expressed in
units of

ffiffiffi
σ

p
are presented in Table VIII. For comparison,

Fig. 12 displays these masses alongside results from
LQCD. In Fig. 12, masses are normalized to the lowest
state, 1þ−. Several observations support a relatively good
agreement between the current calculation and LQCD
results [5,6].

(i) The lowest 1þ− and 3þ− three-gluon glueballs
obtained using the helicity formalism appear at
the correct energy. However, the helicity formalism
predicts a pair of states, whereas LQCD predicts
only a single state [5,6].

FIG. 10. Plot of Hamiltonian MEs for a single trial state depending on the nonlinear variational parameters a and b. Left: a symmetric
state jΨa;b;A0

2; 0; 1
�−i is considered. Right: symmetric states jΨa;b;A00

2; 0; 1
�−i are considered (even with orange triangles and odd with

blue squares). Quadrature with 30 points has always been used except for v̄ where 100 points have been used. A cutoff jmax ¼ 20 has
been chosen.

FIG. 11. Evolution of the lowest three-gluon glueball masses depending on the cutoff for the sum in j12. Results for jΨa;b;A0
2; 0; 1

�−i
use ða;bÞ ¼ ð0.35; 1.8Þ and are displayed with green circles. Results for jΨa;b;A00

2; 0; 1
þ−i use ða; bÞ ¼ ð0.45; 1.95Þ and are displayed

with orange triangles. Results for jΨa;b;A00
2; 0; 1

−−i use ða;bÞ ¼ ð0.35; 1.9Þ and are displayed with blue squares.
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(ii) The lowest 2þ− glueball is found with the same
hierarchy in both approaches. However, its energy is
10% lower using the helicity formalism. Unlike the
lowest 1þ− and 3þ−, the 2þ− does not exhibit a
nearby secondary state, but this is an artifact result-
ing from the omission of jΨa;b;A00

2; 1; J
�−i states in

the analysis. The 10% discrepancy may be explained
by this omission: Including jΨa;b;A00

2; 1; 2
þ−i could

slightly shift the 2þ− average energy. It may also
stem from the simplicity of the Hamiltonian used,
which does not account for spin interactions.

(iii) For negative parity, the first excited 1−− state
predicted by the helicity formalism appears similar

to the lowest 1−− observed in LQCD. As for 2þ−, the
relative energy is around 5% too low. This discrep-
ancy can likely be explained with the same argu-
ments as for the 2þ− state.

(iv) Finally, a 3−− state analogous to the one observed in
LQCD is also predicted. In this case, energies from
the helicity formalism and LQCD are in good
agreement.

On the other hand, the spectrum depicted by the helicity
formalism does not fully align with the LQCD results. In
particular, the helicity formalism predicts states that are not
observed in LQCD. Overall, the helicity spectrum appears to
exhibit near-parity degeneracy, whereas the LQCD spectrum
clearly separates into two distinct columns.

(i) Low-lying 1−− and 3−− three-gluon glueballs are
predicted by the helicity formalism. These states
appear, roughly speaking, at the same energy as their
positive parity counterparts. According to [5,6], in
LQCD, the lowest 1−− and 3−− lie well above the
lowest 1þ− and 3þ−.

(ii) On the positive parity side, the helicity formalism
predicts 1þ− and 3þ− states in the vicinity of the
lowest 2þ− glueball. Again, such states are absent in
Refs. [5,6].

Several explanations can be proposed for this discrepancy.
On the one hand, constituent approaches are known to
sometimes overestimate the number of resonances.
However, this effect typically impacts excited states rather
than low-lying ones. On the other hand, it is possible that
LQCD methods have missed a few states due to the
challenges in interpreting the signal and in performing the
continuum limit. For example, it seems that a more recent
study of LQCD results observes an excited 1þ− glueball
state whose energy is consistent with the one obtained using
the helicity formalism [45].

FIG. 12. Comparison of glueball spectra obtained using the helicity formalism (left, this work) and LQCD (right, Refs. [5,6]). In both
cases, spectra are provided in units of the lowest mass. Concerning calculations with the helicity formalism, a strong coupling constant
αs ¼ 0.450 has been used.

TABLE VIII. Display of the dimensionless three-gluon glue-
ball spectrum obtained by using the three-body helicity formal-
ism. Energies are given in units of

ffiffiffi
σ

p
. Only a single trial state is

considered and the optimization on variational parameters a and
b is performed. Calculations are performed until J ¼ 3 and
jμj ¼ 1. Only one of the two states with jμj ¼ 1 is considered
(namely, A0

0). All integrals are computed with 30 points, except
for those on v̄which use 100 points. The sum in j12 is truncated at
j12 ¼ 20.

State Opt. b Opt. a E

jΨ;A0
2; 0; 1

�−i 1.80 0.35 10.020
jΨ;A00

2; 0; 1
þ−i 1.95 0.45 10.269

jΨ;A00
2; 0; 1

−−i 1.90 0.35 10.151

jΨ;A0
2; 0; 3

�−i 2.25 0.55 11.990
jΨ;A00

2; 0; 3
þ−i 2.30 0.55 12.090

jΨ;A00
2; 0; 3

−−i 2.25 0.50 11.881

jΨ;A0
2; 1; 1

∓−i 2.40 0.6 12.305

jΨ;A0
2; 1; 2

∓−i 2.40 0.6 12.742

jΨ;A0
2; 1; 3

∓−i 2.65 0.95 14.113
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For two-gluon glueballs, which lie in the C ¼ þ part of
the spectrum, it is already known that helicity degrees of
freedom are necessary to reproduce the lattice spectrum
[11]. It would be interesting to compare the C ¼ − glueball
spectrum obtained with helicity degrees of freedom in the
present model to the C ¼ − spectrum obtained when
longitudinal spin components for the gluon are included.
Fortunately, such results have already been published
[32,46]. However, the Hamiltonian considered in these
studies includes spin interactions. To ensure a fair com-
parison, eigenenergies from the dimensionless Hamiltonian
(155) are computed considering three spin-1 particles and
using oscillator bases expansions [47,48]. Figure 13 illus-
trates the comparison. Energies are again given in units of
the lowest 1þ− state. LQCD results from Ref. [45] are also
included. It is immediately apparent that the spectrum
computed with spin degrees of freedom exhibits sev-
eral flaws.

(i) Positive parity states are all degenerate, whereas
LQCD predicts a definite hierarchy for the lowest
Jþ− glueball states. In particular, spin degrees of
freedom predict a low-lying 0þ− glueball, which
LQCD calculations place at a higher energy.

(ii) On the negative parity side, the 1−− and 3−− spin
eigenstates share the same energy, while the 2−−

state lies significantly higher. In contrast, LQCD
calculations predict nearly degenerate states with a
soft ordering in ascending total angular momentum.

On the other hand, using helicity degrees of freedom better
reproduces the overall spectrum, apart from the aforemen-
tioned inaccuracies and extra states. As with two-gluon

glueballs [11], it appears that constituent gluons should be
treated as particles endowed with massless helicity quan-
tum numbers.
The previous analysis focused on the relative spectrum.

To obtain a genuine energy spectrum requires us to fix the
mesonic string tension σ. The best agreement with LQCD
results is achieved for a value of σ ¼ 0.086 GeV2, which
seems a factor 2 smaller compared to the values found in
the literature (see for instance [11,49–51]). This issue can
be addressed by reasonably modifying the Hamiltonian
(150). In baryon studies, it is common to complement the
potential with a constant term, particularly when dealing
with light quarks [51]. Replacing the potential (152) with

VðrÞ ¼ σr −
3αs
2r

þ C ð175Þ

were σ ¼ 0.150 GeV2, αs ¼ 0.450, and C ¼ −0.375 GeV
results in the spectrum displayed in Fig. 14. The agreement
between absolute spectra is as good as that for relative
spectra, and the parameters used are more consistent with
values typically found in the literature. It is also important
to notice that the methodology employed in this work
inherently provides approximate results. This approximate
character may also explain the discrepancies observed in
both spectra.

VI. CONCLUSION

In the framework of constituent approaches, the current
work exploited the two- and three-body helicity formalism
to acquire two- and three-gluon glueball spectra. It required

FIG. 13. Comparison of low-lying negative charge conjugation glueball spectra computed using different approaches. Blue dots and
squares represent the results from the LQCD calculations from Refs. [5,6,45], respectively. Red triangles correspond to results obtained
by considering three spin-1 particles governed by the Hamiltonian (155). Finally, green crosses are obtained by considering helicity
degrees of freedom for the constituent gluons. Masses are normalized to the 1þ− state.
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us to sum up different properties from the existing literature
as well as to complement them with innovative results. A
definite methodology able to infer a spectrum for helicity
states and based on the variational theorem has been set up
for both two- and three-body systems.
Concerning two-gluon glueballs, the spectrum obtained

using the helicity formalism is compatible with LQCD
calculations. This agreement gives credit for the method-
ology implemented and motivates the generalization to
three-gluon glueballs. Although similar calculations were
already present in the literature [11–13], the current work
proposed a new perspective on this spectrum.
The situation concerning three-gluon glueballs is less

conclusive. In summary, in units of the meson string
tension, the helicity formalism proves it is able to reproduce
the spectrum from LQCD with a satisfying accuracy but
predicts supplementary states whose origin remains elu-
sive. The comparison with calculations involving three
spin-1 particles favored the use of helicity degrees of
freedom. When comparing spectra in physical units, a
mesonic string tension too low by a factor of 2 compared to
its standard value is to be used. This flaw can be overcome
by adding a constant term in the potential in agreement with
the potential used in baryons [51]. Although it allows us to
use parameter values in their physical range, it slightly
deteriorates the agreement with LQCD. In addition, this
parameter was not necessary to describe two-gluon
glueballs.
Additional research may help unveil the origin of these

discrepancies. Improvements on the accuracy of the reso-
lution method in the case of three-gluon glueballs may give
credit to the spectrum obtained using the helicity formal-
ism. Including more trial states in the resolution to test the
convergence, truly implementing the possibility of mixing
between the different symmetrical states, and increasing the

number of points in the quadrature or increasing the cutoff
in j12 are all trails to reach this goal. Hamiltonian (150) may
also be refined and complemented, for instance, with spin-
based interactions. A more detailed study of the role of
three-body forces could also be considered. This may help
to decide whether the extra states predicted by the current
methodology are artifacts of the resolution method or not.
Setting aside the question of the extra states, the

solutions obtained using the helicity formalism may also
yield additional insights into glueball properties. For
instance, effort could be directed toward evaluating observ-
ables beyond the energy, such as decay rates.
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APPENDIX A: HELICITY STATES FOR
MASSLESS PARTICLES

In Sec. II, massive particle states were discussed. For
massless ones, the Pauli-Lubanski Casimir operator is
identically zero while helicity proves to be Lorentz invari-
ant. As a result, a general massless state jϕ; 0; λi is by
definition an eigenstate of the squared-momentum operator
with a null eigenvalue and of the helicity operator,

FIG. 14. Comparison of glueball spectra obtained using the helicity formalism with the modified potential (175) (left, this work) and
quenched LQCD (right, Refs. [5,6]). In both cases, spectra are provided in GeV.
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P2jψ ; 0; λi ¼ 0jψ ; 0; λi; Λjψ ; 0; λi ¼ λjψ ; 0; λi: ðA1Þ

If helicity is truly Lorentz invariant, it is nevertheless
reversed by a parity transformation, meaning that massless
states always come in pairs, one with helicity λ and the
other one with helicity −λ. This feature justifies the
aforementioned simplification of reality: Although spin
is not formally defined in the massless case, these two states
with the same nature but opposed helicities are often
considered as the two facets of a spin λ particle whose
intermediary projections are forbidden. This is the case
when someone considers left-handed and right-handed
photons as unique spin-1 particles whose 0 projection is
forbidden.
To describe the actual state of a massless particle,

complete orthonormal sets are again necessary. Since
massless particles have no rest frame, the corresponding
states are defined as eigenstates of the helicity operator, and
only the p-helicity states are suitable to describe them.
These are eigenstates of the exact same operators as
massive ones but with zero as the eigenvalue for both
Casimir operators,

P2j0;pθϕ; sλi ¼ 0j0;pθϕ; sλi;
W2j0;pθϕ; sλi ¼ 0j0;pθϕ; sλi: ðA2Þ

Above, rather than being a true quantum number, s
specifies the possible values of λ. Massless p-helicity
states significantly differ from massive ones in the sense
that, because massless particles cannot be taken at rest,
relation (14) cannot remain valid for these. A similar
relation can nevertheless be obtained by turning the rest
state into another reference state having a more suitable
four-momentum for massless particles. Choosing this
reference four-momentum as k ¼ ð1; 0; 0; 1Þ and denoting
the associated reference state j0; sλi, the adapted relation
reads

j0;pθϕ; sλi ¼ UðLhð0; p; θ;ϕÞÞj0; sλi
¼ UðRðϕ; θ; 0ÞLzð0; pÞÞj0; sλi: ðA3Þ

Above, Lzð0; pÞ refers to a boost that provides a momentum
of modulus p along the z axis to a massless particle having
initially the dimensionless reference four-momentum k.
Notice that, because j0; sλi has a unit spatial momentum

along the z axis, this state proves to be the eigenstate of both
W3 and Λ, these two operators being equal in the current
circumstances.
Because of this adaptation, the graphic interpretation of

massive p-helicity states must slightly be adapted, the
initial state having a nonzero spatial momentum. The new
diagram is shown in Fig. 15. Apart from this modification
in the initial state, both diagrams are to be understood
similarly.
Let us now focus on the adaptation of properties (19) and

(23) to massless particles. First, for the definition of
intrinsic parity (19) making use of rest states, it must be
adapted to a massless reference state. Applying parity on
this state reverses its nonzero spatial momentum and, as
already mentioned, opposes the helicity quantum number.
It results in the following relation for the action of parity on
a reference state:

Πj0; sλi ¼ ηUðRð0; π; 0ÞÞj0; s − λi ðA4Þ

where η is defined as the intrinsic parity of the massless
particle. This modification considered, one can roughly
follow the same calculation steps as in the massive case to
demonstrate that

Πj0;pθϕ; sλi ¼ ηð−1Þλj0;pðπ − θÞðπ þ ϕÞ; s − λi: ðA5Þ

Formula (A5) replaces (18) in the presence of massless
particles. The discussion of relation (23) must also partially
be revised. In the massive case, the Wigner rotations RW
defined in relation (24) are shown to belong to SOð3Þ,
namely the massive little group. Setting m ¼ 0, the
combination (24) turns out to no longer belong to the
massive little group but to the massless one, ISOð2Þ.
Therefore, the transformation is no longer parametrized
by Euler angles but by three ISOð2Þ parameters, such as the
α, β, and θ parameters suggested in Ref. [18], and the action
of RW on physical states is no longer provided by SUð2Þ
Wigner D matrices but instead reduces to [41]

Ds
λ0λðαW; βW; θWÞ ¼ eiθWλδλ0λ: ðA6Þ

The δλ0λ factor ensures that, as expected for massless states,
the helicity quantum number remains invariant while
boosting the state. This replacement done, relation (23)
can be freely used even while dealing with massless

FIG. 15. Graphic illustration for the definition (A3) of massless one-body p-helicity states.
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particles. Although RW is no longer a true spatial rotation,
this transformation is still called Wigner rotation through
misuse of language.
As already mentioned in the main text, helicity states for

two massless bodies behave quite similarly to those of
massive ones. The demonstrations are very similar to their
massive counterparts, with the main differences generally
arising from the phase factor in definition (27), which must
be adapted by replacing s2 with jλ2j. The one-body parity
transformation rule (18) must also be replaced by the
massless version (A5). The rest of the demonstrations
remain analogous to the massive case, taking advantage
of the fact that the reference helicity states for the massless
particles, j0; sλi, are also J3 eigenstates.

APPENDIX B: EXAMPLES OF TWO-BODY
CALCULATIONS IN MOMENTUM SPACE

To simplify, evaluations will be performed on pure two-
body canonical states. Three different two-body systems
will be considered,

HCoulðp; rÞ ¼
p2

2μ
−
g
r
; ðB1Þ

Hlinðp; rÞ ¼
p2

2μ
þ λr; ðB2Þ

HFulðp; rÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

1 þ p2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

2 þ p2

q
þ Ar −

κ

r
; ðB3Þ

with μ ¼ m1m2=ðm1 þm2Þ denoting the reduced mass.
For convenience, in all cases, both particles are chosen with
equal nonzero masses, m1 ¼ m2 ¼ m and μ ¼ m=2.
Natural units are used. Hamiltonian MEs will be computed
for a Gaussian-like Ξ helicity wave function with one
parameter,

ΞaðpÞ ¼ 2

�ð2aÞ3
π

�
1=4

pe−ap
2

: ðB4Þ

Above, the constant has been fixed to ensure that the
condition (47) holds. The variational theorem ensures
that, for any angular momentum l and for all value of
the parameter a, this ME consists of an upper bound for the
ground state energy with angular momentum l of the
corresponding Hamiltonian. This approximated eigene-
nergy is the one referred to as SGA in Sec. III.
Concerning kinetic energies, the integral from relation

(50) can be solved analytically for both non- and semi-
relativistic kinematics,

jAj2
Z

dpp2e−2ap
2 p2

2μ
¼ 3

8

1

aμ
; ðB5Þ

jAj2
Z

dpp2e−2ap
2

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2

q
¼

ffiffiffiffiffiffi
8a
π

r
m2eam

2

K1ðam2Þ:

ðB6Þ

AboveKn refers to a modified Bessel function of the second
kind. Potential MEs are managed using relations (63) and
(67) from previous sections. As already mentioned, numeri-
cal integration methods based on Gauss-Legendre quad-
rature are used.5 Results for the potential and the kinetic
energy are then gathered to compute Hamiltonian matrix
elements and the obtained upper bounds are minimized on
the variational parameter a. With a single trial state, this
method only provides approximations for the lowest state of
a given angular momentum l.
Let us now focus on the results of the three tests. Table IX

displays the upper bounds obtained for the Hamiltonian
HCoul. For this test, the mass m of the particles has been
fixed to 2 while the constant of the Coulomb potential g has
been fixed to 1, both in arbitrary units. One will notice that
the obtained upper bounds are far from accurate, especially
for l ¼ 3. This is a regular feature when using a Gaussian
trial wave function to solve a divergent potential. One can
check that turning the trial wave function into the exact one
for the l ¼ 0 ground state [52],

ΞCoulðpÞ ∝ p
ð1þ p2Þ2 ; ðB7Þ

allows us to exactly reproduce its eigenenergy, as
expected. Concerning the pure linear Hamiltonian Hlin,
the results in arbitrary units are displayed in Table X for
unit masses and the linear potential constant. An analytical
spectrum for l ¼ 0 is provided in [53]. For l > 0, the SGA
is compared to the spectrum provided by another approxi-
mation method, the Lagrange-mesh method [36]. One can
see that a single Gaussian provides a quite accurate upper

TABLE IX. Spectra comparison for the Coulomb Hamiltonian
(B1). Upper bounds obtained with the SGA, (ESGA), are compared
to the analytical spectrum from [55], Eexact, for various angular
momenta l. Optimized values of the variational parameter aopt
are also displayed in the fourth column. Arbitrary units are used:
m ¼ 2 and g ¼ 1.

l Eexact ESGA aopt

0 −0.50 −0.42 0.89
1 −0.25 −0.12 3.16
2 −0.125 −0.05 6.99

5For both potentials, to compute MEs using (63) and (67),
Gauss-Legendre quadratures with 1000 points are used for
integrals on v̄ while integrals on v are handled with a change
of variables v ¼ vt=ð1 − vtÞ and only 300 points. Integrals on v
turn out to be clearly less sensitive than the ones on v̄.
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bound for the l ¼ 0 ground state. For l > 0, as expected,
the very accurate results provided by the Lagrange-mesh
method lie below those obtained with the SGA. Finally, the
Hamiltonian HFul is investigated. This Hamiltonian has
been used in [54] to model bottomonium and charmonium
systems. Table XI compares the results obtained with the
SGA to the spectrum provided in the reference. In both
cases and for each l value, the single Gaussian upper
bound achieves an accuracy below 2%.

APPENDIX C: PROPERTIES
OF BERMAN’S STATES

This appendix is devoted to the demonstration of some
properties of Berman’s states that are missing in the

literature. Let us start with property (83), which is about
the modification of the reference plane in the definition of
Berman’s J-helicity states. For the sake of conciseness, in
the following, Rðα; β; γÞ will be denoted R and dαd cos βdγ
will be denoted dR. First, an arbitrary rotation R̄ is
artificially introduced in (81). The R̄ rotation is applied
on the reference state jw1w2w3; λ1λ2λ3i while its inverse is
composed with the rotation R,

jJMμ;w1w2w3; λ1λ2λ3i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

8π2

r Z
dRDJ�

MμðRÞUðRR̄−1ÞðUðR̄Þjw1w2w3; λ1λ2λ3iÞ: ðC1Þ

Turning the integration on R Euler angles into an integration on RR̄−1 Euler angles, one gets

jJMμ;w1w2w3; λ1λ2λ3i ¼
XJ
μ0¼−J

DJ�
μ0μðR̄Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

8π2

r Z
dðRR̄−1ÞDJ�

Mμ0 ðRR̄−1ÞUðRR̄−1ÞðUðR̄Þjw1w2w3; λ1λ2λ3iÞ: ðC2Þ

On the right-hand side of this equation, one recognize the definition of a Berman’s J-helicity state whose reference state
would have been tilted with the rotation R̄. Denoting this state jJMμ0;w1w2w3; λ1λ2λ3iR̄, one finally gets formula (83),

jJMμ;w1w2w3; λ1λ2λ3i ¼
XJ
μ0¼−J

DJ
μμ0 ðR̄−1ÞjJMμ0;w1w2w3; λ1λ2λ3iR̄: ðC3Þ

This property can be used to relate different conventions for Berman’s states. In Ref. [38], Berman’s reference states are
defined considering the momentum of the third particle as opposite to the x axis in [38] while it is opposite to the y axis in
the current work. In light of the previous developments, these two definitions for Berman’s J-helicity states have a chance to
differ from each other. The rotation R̄ that conveys from one convention to the other brings the y axis along the x one,
meaning

R̄ ¼ Rð0; 0;−π=2Þ: ðC4Þ

Applying the aforementioned relation to this case, one gets

TABLE X. Spectra comparison for the linear Hamiltonian (B2).
Upper bounds obtained with the SGA, (ESGA), are compared to
the analytical spectrum from [53] for l ¼ 0 (Eexact) and to the
spectrum from the Lagrange-mesh method [36] for various
angular momenta, (ELM). Optimized values of the variational
parameter, aopt are also displayed in the fourth column. Arbitrary
units are used: m ¼ 1 and λ ¼ 1.

l Eexact ELM ESGA aopt

0 2.338 2.338 2.345 0.960
1 � � � 3.361 3.472 0.648
2 � � � 4.248 4.556 0.494

TABLE XI. Spectra comparison for Fulcher’s Hamiltonian
HFul [54] (bottomonium at top, charmonium at bottom). Upper
bounds obtained with the SGA, (ESGA), are compared to the
spectrum from [53] for various angular momenta l. Optimized
values of the variational parameter, aopt are also displayed in the
fourth column. Energy results and a values are respectively
provided in GeV and GeV−1. Relatives errors ε are indicated in
square brackets.

l Eexact ESGA [ε] aopt

0 9.448 9.499 [0.5%] 0.391
1 9.900 9.920 [0.2%] 0.450
2 10.150 10.204 [0.5%] 0.397

l Eexact ESGA [ε] aopt

0 3.067 3.094 [0.9%] 1.383
1 3.504 3.531 [0.8%] 1.141
2 3.811 3.886 [2%] 0.903
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jJMμ;w1w2w3; λ1λ2λ3i ¼
XJ
μ0¼−J

DJ
μμ0 ð0; 0; π=2ÞjJMμ0;w1w2w3; λ1λ2λ3ivar.

¼ i−μjJMμ;w1w2w3; λ1λ2λ3i½38�; ðC5Þ

where the notation j…ivar. refers to an helicity state that uses conventions from [38]. Although both states have the same
physical meaning, they differ by their phase conventions.
The action of P13 on Berman’s J-helicity states also deserves a few explanations. The interest of symmetry being limited

to the study of identical particles, spins, and masses of the three particles will be supposed equal, s1 ¼ s2 ¼ s3 ¼ s and
m1 ¼ m2 ¼ m3 ¼ m. Calculations have to be performed first at the p-helicity states level. The permutation operator
exchanges the states of particles 1 and 3,

P13jαβγ;w1w2w3; λ1λ2λ3i ¼ UðRðα; β; γÞÞðUðRðϕ3; π=2; 0ÞLzðp3ÞÞjsλ3i
⊗ UðRðϕ2; π=2; 0ÞLzðp2ÞÞjsλ2i
⊗ UðRðϕ1; π=2; 0ÞLzðp1ÞÞjsλ1iÞ: ðC6Þ

It is not clear if the left-hand side of this equation fits the structure of Berman’s p-helicity states because for now relations
(77) and (78) are not verified. This difficulty can be overcome by the insertion of a rotation Rðφ13;−π; 0Þ. The angles are
chosen to mimic the action of P13 on the momenta, as illustrated on Fig. 16. Algebraically, one gets

P13jαβγ;w1w2w3; λ1λ2λ3i ¼ UðRðα; β; γÞRðφ13;−π; 0ÞÞðUðRð0; π;−φ13ÞRðϕ3; π=2; 0ÞLzðp3ÞÞjsλ3i
⊗ UðRð0; π;−φ13ÞRðϕ2; π=2; 0ÞLzðp2ÞÞjsλ2i
⊗ UðRð0; π;−φ13ÞRðϕ1; π=2; 0ÞLzðp1ÞÞjsλ1iÞ: ðC7Þ

The SOð3Þ multiplication law can be used to reduce the previous expression

Rðα; β; γÞRðφ13;−π; 0Þ ¼ Rðπ þ α; π − β;−ðπ þ γ þ φ13ÞÞ; ðC8Þ

Rð0; π;−φ13ÞRðϕ; π=2; 0Þ ¼ Rðπ þ φ13 − ϕ; π=2; πÞ ð∀ ϕ ∈RÞ: ðC9Þ

With these relations the action of P13 on jαβγ;Ww1w2; λ1λ2λ3i becomes

P13jαβγ;w1w2w3; λ1λ2λ3i ¼ UðRðπ þ α; π − β;−ðπ þ γ þ φ13ÞÞÞðUðRðπ þ φ13 − ϕ3; π=2; πÞLzðp3ÞÞjsλ3i
⊗ UðRðπ þ φ13 − ϕ2; π=2; πÞLzðp2ÞÞjsλ2i
⊗ UðRðπ þ φ13 − ϕ1; π=2; πÞLzðp1ÞÞjsλ1iÞ: ðC10Þ

This relation can be even further simplified using expression (78) for ϕ1, ϕ2, and ϕ3,

FIG. 16. Diagram justifying the role of Rðφ13;−π; 0Þ in the application of P13 on Berman’s states.
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P13jαβγ;w1w2w3; λ1λ2λ3i ¼ UðRðπ þ α; π − β;−ðπ þ γ þ φ13ÞÞÞðUðRðφ13 − π=2; π=2; πÞLzðp3ÞÞjsλ3i
⊗ UðRð3π=2 − φ12; π=2; πÞLzðp2ÞÞjsλ2i
⊗ UðRð3π=2; π=2; πÞLzðp1ÞÞjsλ1iÞ

¼ UðRðπ þ α; π − β;−ðπ þ γ þ φ13ÞÞÞðUðRðφ13 − π=2; π=2; πÞLzðp3ÞÞjsλ3i
⊗ UðRðφ13 þ φ23 − π=2; π=2; πÞLzðp2ÞÞjsλ2i
⊗ UðRð3π=2; π=2; πÞLzðp1ÞÞjsλ1iÞ: ðC11Þ

The last equality makes use of φ12 þ φ23 þ φ13 ¼ 2π. The three angles in the reference state now satisfy relations (77) and
(78) with w1 and w3 exchanged. To definitely obtain a true p-helicity state, the π rotations around the z axis have to be
absorbed in the jsλii. This operation produces three ð−1Þ−λi phase factors,

P13jαβγ;w1w2w3; λ1λ2λ3i ¼ ð−1Þ−λ1−λ2−λ3 jðπ þ αÞðπ − βÞð−π − γ − φ13Þ;w3w2w1; λ3λ2λ1i: ðC12Þ

Now that the relation has been written for Berman’s p-helicity states, the corresponding relation for Berman’s J-helicity
states can be obtained,

P13jJMμ;w1w2w3; λ1λ2λ3i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

8π2

r Z
dαd cos βdγDJ�

Mμðα; β; γÞP13jαβγ;w1w2w3; λ1λ2λ3i

¼ ð−1Þ−λ1−λ2−λ3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

8π2

r Z
dαd cos βdγDJ�

Mμðα; β; γÞ

× jðπ þ αÞðπ − βÞð−π − γ − φ13Þ;w3w2w1; λ3λ2λ1i: ðC13Þ

The integration variables can be changed to fit the new angles in the p-helicity state,

P13jJMμ;w1w2w3; λ1λ2λ3i ¼ ð−1Þ−λ1−λ2−λ3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

8π2

r Z
dα0d cos β0dγ0DJ�

Mμðα0 − π; π − β0;−π − γ0 − φ13Þ

× jα0β0γ0;w3w2w1; λ3λ2λ1i: ðC14Þ

Making use of the Wigner D matrices’ properties [15], the aforementioned relation can be reduced,

P13jJMμ;w1w2w3; λ1λ2λ3i ¼ ð−1Þ−λ1−λ2−λ3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

8π2

r Z
dα0d cos β0dγ0ðð−1ÞJ−μe−iφ13μDJ�

M−μðα0; β0; γ0ÞÞ

× jα0β0γ0;w3w2w1; λ3λ2λ1i
¼ ð−1ÞJ−μ−λ1−λ2−λ3e−iφ13μjJM − μ;w3w2w1; λ3λ2λ1i: ðC15Þ

This closes the demonstration of the property. The action of P23 is demonstrated in a similar way.

APPENDIX D: DEMONSTRATION
OF THE CHANGE OF BASIS FORMULA FROM

BERMAN’S TO WICK’S STATES

This appendix is dedicated to the derivation of relation
(108). It is divided in three parts. First, Berman’s p-helicity
states are restructured to include a state for particles 1 and 2
in their c.m.f. Then, this rewriting is used to prove the
change of basis formula. Finally, a consistency check
concerning normalization of the states is suggested.

1. Rewriting of p-helicity states

To fit with Wick’s structure, particles 1 and 2 in Berman’s
states are to be brought in their own c.m.f. This operation is
performed on the reference states (79) at first. The boost that
transitions between the c.m.f. of the entire system and the
12-c.m.f. is the one that imparts a momentum p3 to a particle
of mass m12 initially at rest. It writes down as follows:

L3¼Rð3π=2;π=2;0ÞLzðm12;p3ÞR−1ð3π=2;π=2;0Þ: ðD1Þ
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This L3 boost can be artificially inserted into the definition of Berman’s reference states (79),

jw1w2w3; λ1λ2λ3i ¼ UðL−1
3 L3Þ½UðRðϕ1; π=2; 0ÞLzðp1ÞÞjs1λ1i ⊗ UðRðϕ2; π=2; 0ÞLzðp2ÞÞjs2λ2i�

⊗ UðRðϕ3; π=2; 0ÞLzðp3ÞÞjs3λ3i
¼ UðL3Þ−1½UðL3ÞUðRðϕ1; π=2; 0ÞLzðp1ÞÞjs1λ1i ⊗ UðL3ÞUðRðϕ2; π=2; 0ÞLzðp2ÞÞjs2λ2i�
⊗ UðRðϕ3; π=2; 0ÞLzðp3ÞÞjs3λ3i: ðD2Þ

Inside the brackets, both particle 1 and particle 2 are
subjected to the L3 boost. The subsequent development
focuses on the first particle but the same applies to the
second one. The expression to simplify the results from
applying a Lorentz boost on a one-body helicity state (14) is

UðL3ÞUðRðϕ1; π=2; 0ÞLzðp1ÞÞjs1λ1i
¼ UðL3Þjp1π=2ϕ1; s1λ1i0: ðD3Þ

For further clarification, the third angle convention is
written as an index. The situation is the one handled by
property (23),

UðL3Þjp1π=2ϕ1;s1λ1i0 ¼
X
λ0
1

Ds1
λ0
1
λ1
ðR1

WÞjp12θ12ϕ12;s1λ01i0:

ðD4Þ
By construction, after applying theL3 boost, the momentum
ends in the 12-c.m.f. Corresponding coordinates have been

denoted p12, θ12, and ϕ12, in agreement with notations from
Wick’s definition (99). Because the momenta in the refer-
ence state are chosen to lie in the xy plane, and becauseL3 is
a boost along the y axis, the boosted momenta remain in that
same plane. As a consequence, the polar angle θ12 is shown
to be identically equal to π=2. Concerning the expressions
of p12 and ϕ12 in terms of the energies w1, w2, and w3, these
are obtained by evaluating different Lorentz-invariant com-
binations of four-momenta6 in both the 12-c.m.f. and the
e.c.m.f. This allows us to show that

2p12 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðw1 þ w2Þ2 − w2

3

q
;

cosðπ=2 − ϕ12Þ ¼
w1 − w2

w3

: ðD5Þ

The Wigner rotation R1
W is obtained by specifying expres-

sion (24) to the current situation,

R1
W ¼ ðRðϕ12; π=2; 0ÞLzðm1; p12ÞÞ−1L3ðRðϕ1; π=2; 0ÞLzðm1; p1ÞÞ: ðD6Þ

This expression for R1
W and the knowledge of each particle mass and energy theoretically allow us to determine the

parameters for the Wigner rotation and to deduce the corresponding D matrix. The same calculation is applied to the second
particle. By collecting the results, the following intermediate expression is obtained for the three-body reference state:

jw1w2w3; λ1λ2λ3i ¼
X
λ0
1
;λ0

2

Ds1
λ0
1
λ1
ðR1

WÞDs2
λ0
2
λ2
ðR2

WÞðUðL3Þ−1½jp12ðπ=2Þðϕ12Þ; s1λ01i0 ⊗ jp12ðπ=2Þðπ þ ϕ12Þ; s2λ02i0�

⊗ jp3ðπ=2Þϕ3; s3λ3i0Þ: ðD7Þ
Above, the definition of one-body helicity state (14) has also been used for the last particle. By using the definition of L3, its
invert can be written as

L−1
3 ¼ Rð5π=2; π=2; 0ÞLzðm12; p3ÞR−1ð5π=2; π=2; 0Þ: ðD8Þ

The boostL−1
3 proves to fit the definition of a canonical boost (8). A helicity boost would be more convenient to subsequently

construct helicity states. To perform the conversion, the rotation on the right can be absorbed into both one-body helicity
states, using the invariance of helicity under rotations (17),

R−1ð5π=2; π=2; 0Þjp12ðπ=2Þðϕ12Þ; s1λ01i0 ¼ eiξ1λ
0
1 jp12ðπ=2 − ϕ12Þð3π=2Þ; s1λ01i0; ðD9Þ

R−1ð5π=2; π=2; 0Þjp12ðπ=2Þðπ þ ϕ12Þ; s2λ02i0 ¼ eiξ2λ
0
2 jp12ðπ=2þ ϕ12Þð5π=2Þ; s2λ02iπ: ðD10Þ

6Namely ðP1 þ P2Þ2, ðP1 þ P3Þ2 and ðP1 þ P2 þ P3Þ2.
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In definition (99), since the second particle is considered opposed to the first one, it is brought in the π convention instead of
the 0 one. Above, the expressions for the polar and azimuth angles from the right-hand-side state are obtained by applying
R−1ð5π=2; π=2; 0Þ on both particle momenta. Concerning ξ1 and ξ2, their values are obtained by explicitly multiplying both
rotations that provide their angles to the one-body helicity states by R−1ð5π=2; π=2; 0Þ,

R−1ð5π=2; π=2; 0ÞRðϕ12; π=2; 0Þ ¼ Rð3π=2; π=2 − ϕ12; π=2Þ
R−1ð5π=2; π=2; 0ÞRðπ þ ϕ12; π=2; 0Þ ¼ Rð5π=2; π=2þ ϕ12;−π=2Þ: ðD11Þ

Noticing that ϕ12 itself lies between −π=2 and π=2, these two formulas have been tuned so that the second Euler angle of
both combined rotations lies between 0 and π. The combined rotations are neither in the 0 nor the π convention. This issue is
resolved by adding the suitable rotation around the z axis. After acting on the helicity state, this results in a simple phase
factor,

eiλ
0
1
ξ1 ¼ e−iλ

0
1
π=2; eiλ

0
2
ξ2 ¼ e3iλ

0
2
π=2: ðD12Þ

At this stage, the reference state has been restructured as follows:

jw1w2w3;λ1λ2λ3i¼
X
λ0
1
;λ0

2

Ds1
λ0
1
λ1
ðR1

WÞDs2
λ0
2
λ2
ðR2

WÞe−iðλ01−3λ02Þπ=2ðUðRð5π=2;π=2;0ÞLzðm12;p3ÞÞ

× ½jp12ðπ=2−ϕ12Þð3π=2Þ;s1λ01i0 ⊗ jp12ðπ=2þϕ12Þð5π=2Þ;s2λ02iπ�⊗ jp3ðπ=2Þð3π=2Þ;s3λ3i0Þ: ðD13Þ

Two small modifications remain to be performed. First, the third particle is for now in the 0 convention but, because the
momentum of particle 3 will be considered opposed, its third angle convention should be changed to the π one, thereby
adding an eiλ3π phase factor. Lastly, the state inside the brackets can be rewritten as a two-body helicity state (26b). This only
requires an additional phase ð−1Þs2−λ02 . The final expression for the reference state is

jw1w2w3; λ1λ2λ3i ¼
X
λ0
1
;λ0

2

Ds1
λ0
1
λ1
ðR1

WÞDs2
λ0
2
λ2
ðR2

WÞeið2s2þλ0
2
−λ0

1
þ2λ3Þπ=2

× ðUðRð5π=2; π=2; 0ÞLzðm12; p3ÞÞjp12ðπ=2 − ϕ12Þð3π=2Þ; s1λ01s2λ02i
⊗ jp3ðπ=2Þð3π=2Þ; s3λ3iπÞ: ðD14Þ

This expression has the desired structure: Particles 1 and 2 are coupled in their own c.m.f., and this subsystem is boosted
toward the e.c.m.f. to be coupled with the third particle.

2. Rewriting of J-helicity states

Now that an intermediary coupling has been added in Berman’s p-helicity states, the development of Berman’s J-helicity
states in Wick’s J-helicity states can be performed. By inserting relation (D14) into the definition (81), the following
expression is obtained:

jJMμ;w1w2w3; λ1λ2λ3i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

8π2

r X
λ0
1
;λ0

2

Ds1
λ0
1
λ1
ðR1

WÞDs2
λ0
2
λ2
ðR2

WÞeið2s2þλ0
2
−λ0

1
þ2λ3Þπ=2

×
Z

dαd cos βdγDJ�
Mμðα; β; γÞUðRðα; β; γÞÞðUðRð5π=2; π=2; 0ÞLzðm12; p3ÞÞ

× jp12ðπ=2 − ϕ12Þð3π=2Þ; s1λ01s2λ02i ⊗ jp3ðπ=2Þð3π=2Þ; s3λ3iπÞ: ðD15Þ

To fit Wick’s definition, eigenstates of the total angular momentum relative to particles 1 and 2 would be preferable to the
current jp12ðπ=2 − ϕ12Þð3π=2Þ; s1λ01s2λ02i. Such two-body states are related to each other by relation (33). By omitting
some passive coefficients for brevity, the following expression is obtained:
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jJMμ;w1w2w3;λ1λ2λ3i ¼
X
λ0
1
;λ0

2

½…�
Z

dαdcosβdγð…Þ
X∞

j12¼jλ0
1
−λ0

2
j

Xj12
λ12¼−j12

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2j12þ 1

4π

r
Dj12

λ12λ
0
1
−λ0

2
ð3π=2;π=2−ϕ12;0ÞUðRðα;β;γÞÞ

× ðUðRð5π=2;π=2;0ÞLzðm12;p3ÞÞjp12;j12λ12;λ01λ
0
2i⊗ jp3ðπ=2Þð3π=2Þ;s3λ3iπÞ: ðD16Þ

The structure of the state inside the large parentheses almost follows the pattern of Wick’s p-helicity states (101). The main
difference lies in the rotation that acts on the two-body state. It involves a 5π=2 rotation around the z axis where a rotation in
between 0 and 2π is expected. For bosonic states, 2π rotations are identified by the identity and can freely be ignored. For
fermionic states, these rotations give rise to minus signs which have to be taken into account. Both cases can be taken into
account at once by adding a ð−1Þ2λ01þ2λ0

2 factor. A ð−1Þλ3−s3 phase factor has to be added also to truly correspond to Wick’s
p-helicity state definition,

jJMμ;w1w2w3; λ1λ2λ3i ¼
X
λ0
1
;λ0

2

½…�
Z

dαd cos βdγð…Þ
X∞

j12¼jλ0
1
−λ0

2
j

Xj12
λ12¼−j12

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2j12 þ 1

4π

r
Dj12

λ12λ
0
1
−λ0

2
ð3π=2; π=2 − ϕ12; 0Þ

×UðRðα; β; γÞÞð−1Þ2λ01þ2λ0
2
þs3−λ3 jp3ðπ=2Þðπ=2Þ; j12λ12s3λ3;p12s1λ01s2λ

0
2i: ðD17Þ

A second use of relation (33) allows us to replace this state with defined momenta by a sum of states with defined total
angular momentum,

jJMμ;w1w2w3; λ1λ2λ3i ¼
X
λ0
1
;λ0

2

½…�
Z

dαd cos βdγð…Þ
X∞

j12¼jλ0
1
−λ0

2
j

Xj12
λ12¼−j12

f…g
X∞

J̄¼jλ12−λ3j

XJ̄
M̄¼−J̄

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J̄ þ 1

4π

r
DJ̄

M̄λ12−λ3
ðπ=2; π=2; 0Þ

×UðRðα; β; γÞÞjp3; J̄ M̄; j12λ12s3λ3;p12s1λ01s2λ
0
2i: ðD18Þ

Dots have again been used to replace passive coefficients in the expression. The relation can still be simplified. To start with,
the transformation rule of angular momentum eigenstates under rotations [14,18] is used to eliminate the UðRðα; β; γÞÞ
operator,

jJMμ;w1w2w3; λ1λ2λ3i ¼
X
λ0
1
;λ0

2

½…�
Z

dαd cos βdγð…Þ
X∞

j12¼jλ0
1
−λ0

2
j

Xj12
λ12¼−j12

f…g
X∞

J̄¼jλ12−λ3j

XJ̄
M̄¼−J̄

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J̄ þ 1

4π

r
DJ̄

M̄λ12−λ3
ðπ=2; π=2; 0Þ

×
XJ̄

M0¼−J̄

DJ̄
M0M̄ðα; β; γÞjp3; J̄M0; j12λ12s3λ3;p12s1λ01s2λ

0
2i: ðD19Þ

Aforementioned passive coefficients will be reintroduced one after the other. Brackets, curly brackets, and parentheses are
used consistently to trace their origin. The ðα; β; γÞ dependence is confined in two Wigner D matrices,

jJMμ;w1w2w3;λ1λ2λ3i ¼
X
λ0
1
;λ0

2

½…�
X∞

j12¼jλ0
1
−λ0

2
j

Xj12
λ12¼−j12

f…g
X∞

J̄¼jλ12−λ3j

XJ̄
M̄¼−J̄

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2J̄þ 1

4π

r
DJ̄

M̄λ12−λ3
ðπ=2;π=2;0Þ

×
XJ̄

M0¼−J̄

�Z
dαdcosβdγðDJ�

Mμðα;β;γÞÞDJ̄
M0M̄ðα;β;γÞ

�
jp3; J̄M0;j12λ12s3λ3;p12s1λ01s2λ

0
2i: ðD20Þ

The orthogonality of WignerDmatrices [15] can now be used. It produces three Kronecker deltas that eliminate three sums
among the six,

jJMμ;w1w2w3; λ1λ2λ3i ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2J þ 1

8π2

r 	X
λ0
1
;λ0

2

½…�
X∞

j12¼jλ0
1
−λ0

2
j

Xj12
λ12¼−j12

f…g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

4π

r
DJ

μλ12−λ3ðπ=2; π=2; 0Þ

×
8π2

2J þ 1
jp3; JM; j12λ12s3λ3;p12s1λ01s2λ

0
2i: ðD21Þ
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At this stage, reintroducing all the passive coefficients, the following expression has been obtained:

jJMμ;w1w2w3; λ1λ2λ3i ¼
ffiffiffiffiffiffi
2π

p X
λ0
1
; λ0

2

½Ds1
λ0
1
λ1
ðR1

WÞDs2
λ0
2
λ2
ðR2

WÞeið2s2þλ0
2
−λ0

1
þ2λ3Þπ=2�

×
X∞

j12¼jλ0
1
−λ0

2
j

Xj12
λ12¼−j12

(
ð−1Þ2λ01þ2λ0

2
þs3−λ3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2j12 þ 1

4π

r
Dj12

λ12λ
0
1
−λ0

2
ð3π=2; π=2 − ϕ12; 0Þ

)

×DJ
μλ12−λ3ðπ=2; π=2; 0Þjp3; JM; j12λ12s3λ3;p12s1λ01s2λ

0
2i: ðD22Þ

Complex numbers inside the summation can be made explicit by turning complex Wigner D matrices into real d matrices
and phases ([15] Sec. 4.3)

Dj12
λ12λ

0
1
−λ0

2
ð3π=2; π=2 − ϕ12; 0ÞDJ

μλ12−λ3ðπ=2; π=2; 0Þ ¼ e−ið3λ12þμÞπ=2dj12λ12λ
0
1
−λ0

2
ðπ=2 − ϕ12ÞdJμλ12−λ3ðπ=2Þ: ðD23Þ

Compiling phase factors and noticing that λ12 and λ01 − λ02 have the same integer or half-integer nature, one gets the final
expression,

jJMμ;w1w2w3; λ1λ2λ3i ¼
X
λ0
1
;λ0

2

Ds1
λ0
1
λ1
ðR1

WÞDs2
λ0
2
λ2
ðR2

WÞeið2s2þ2s3þλ0
2
−λ0

1
−μÞπ=2

×
X∞

j12¼jλ0
1
−λ0

2
j

Xj12
λ12¼−j12

eiλ12π=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2j12 þ 1

2

r
dj12λ12λ

0
1
−λ0

2
ðπ=2 − ϕ12ÞdJμλ12−λ3ðπ=2Þ

× jp3; JM; j12λ12s3λ3;p12s1λ01s2λ
0
2i: ðD24Þ

3. Normalization consistence

To confirm relations (108) and (110), one may try to deduce the orthonormalization of Berman’s J-helicity states from the
one of Wick’s J-helicity states. This subsection is devoted to this consistency check supposing three massless particles. The
scalar product of two arbitrary Berman J-helicity states is evaluated by making use of relation (110) while Wick’s states
orthonormalization (107) is assumed. After some algebra, one gets

hJ̄ M̄ μ̄; w̄1w̄2w̄3; λ̄1λ̄2λ̄3jJMμ;w1w2w3; λ1λ2λ3i

¼ 4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
3 þ 4p2

12

p
p3p12

δðp̄3 − p3Þδðp̄12 − p12ÞδJ̄JδM̄Mδλ̄1λ1δλ̄2λ2δλ̄3λ3e
iðμ̄−μÞπ=2

×
X∞

j12¼jλ1−λ2j

Xj12
λ12¼−j12

2j12 þ 1

2
dj12λ12λ1−λ2ðπ=2 − ϕ̄12Þdj12λ12λ1−λ2ðπ=2 − ϕ12ÞdJμ̄λ12−λ3ðπ=2ÞdJμλ12−λ3ðπ=2Þ: ðD25Þ

Let us remind that a dependence on the energy variable w1 (w̄1) is hidden inside the ϕ12 (ϕ̄12) angle. Comparing with the
announced orthonormalization of Berman’s J-helicity states, the remaining summations on j12 and λ12 are expected to
produce a Kronecker delta in μ and a Dirac delta in w1. Using properties of d matrices [15], these summations can be
reduced analytically,

X∞
j12¼jλ1−λ2j

Xj12
λ12¼−j12

2j12 þ 1

2
dj12λ12λ1−λ2ðūÞd

j12
λ12λ1−λ2ðuÞdJμ̄λ12−λ3ðπ=2ÞdJμλ12−λ3ðπ=2Þ ¼ δðu − ūÞδμμ̄; ðD26Þ

where the shorter notation u for the variable cosðπ=2 − ϕ0
1Þ has been used. Dirac deltas on p3, p12, and u can also be turned

into Dirac deltas on w1, w2, and w3 using (113),

δðū − uÞδðp̄12 − p12Þδðp̄3 − p3Þ ¼
2p3p12ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2

12 þ p2
3

p δðw̄1 − w1Þδðw̄2 − w2Þδðw̄3 − w3Þ: ðD27Þ
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As a result, one gets the expected orthonormalization of Berman’s J-helicity states,

hJ̄ M̄ μ̄; w̄1w̄2w̄3; λ̄1λ̄2λ̄3jJMμ;w1w2w3; λ1λ2λ3i ¼ 8δðw̄1 − w1Þδðw̄2 − w2Þδðw̄3 − w3ÞδJ̄JδM̄Mδμ̄μδλ1 λ̄1δλ2 λ̄2δλ3 λ̄3 : ðD28Þ

APPENDIX E: SYMMETRY CONSIDERATIONS FOR EQ. (140)

First of all, let us have a quick look at coefficients (142),

ðCj12λ12
Jμ̄;λ̄1 λ̄2λ3

Þ�Cj12λ12Jμ;λ1λ2λ3
¼ ð−1Þðλ2−λ̄2Þ=2þðλ̄1−λ1Þ=2þðμ̄−μÞ=2 2j12 þ 1

2
dJμ̄λ12−λ3ðπ=2ÞdJμλ12−λ3ðπ=2Þ: ðE1Þ

These coefficients are easily shown to stay real, independent of the spin of the particles. If μ or μ̄ is null, the properties of
Wigner d matrices allow us to show that, as long as J − λ12 þ λ3 is an odd number, the whole coefficient cancels [15].
Because λ3 belongs to fþ1;−1g and because the total angular momentum of a symmetric state with μ ¼ 0 must be odd,
whenever μ or μ̄ is null, all terms with odd λ12 cancel, thereby avoiding evaluating them.
The dependence on helicity quantum numbers of the Ψ̃ function (141) can be investigated. The symmetry properties of

Wigner d matrices allow us to equate different evaluations of Ψ̃. Following equalities immediately comes out of these
symmetry properties,

Ψ̃ð…; j12; λ12;Δλ;…Þ ¼ Ψ̃ð…; j12;−Δλ;−λ12;…Þ ¼ ð−1Þλ12Ψ̃ð…; j12;−λ12;−Δλ;…Þ
¼ ð−1Þλ12Ψ̃ð…; j12;Δλ; λ12;…Þ: ðE2Þ

Other symmetries require Ψ to be an even function of u. In that case, performing the change of variables u → −u allows us
to show that

Ψ̃ð…; j12; λ12;Δλ;…Þ ¼ ð−1Þj12Ψ̃ð…; j12;−λ12;Δλ;…Þ ¼ ð−1Þj12Ψ̃ð…; j12;−Δλ; λ12;…Þ
¼ ð−1Þj12þλ12Ψ̃ð…; j12;Δλ;−λ12;…Þ ¼ ð−1Þj12þλ12Ψ̃ð…; j12; λ12;−Δλ;…Þ: ðE3Þ

The assumption that requires Ψ to be even is consistent with the trial shape (125). However, it may be invalidated if
kinematic factors such as those from relations (127) and (128) need to be included in order to ensure the symmetry of the
state. Regardless of this precaution, relations (E2) and/or (E3) allow for the recycling of most evaluations of Ψ̃, thereby
reducing computational cost. These eight symmetry relations can even show that Ψ̃ cancels for some combinations of
quantum numbers, such as for Δλ ¼ 0, λ12 even and j12 odd.
Finally, the ME on two-body J-helicity states appearing in the integrand from Eq. (140) is also to be analyzed. Its

dependence on helicity quantum numbers can be investigated by means of formula (58) from Sec. II B. Using properties of
Clebsh-Gordan coefficients, it can be shown that

Cj12;11l12s12;λ1λ2
¼ ð−1Þs12Cj12;11l12s12;−λ2−λ1 ¼ ð−1Þl12−j12Cj12;11l12s12;−λ1−λ2 ðE4Þ

where C coefficients are those defined in Sec. II B. Applying this result to Eq. (58) reveals that certain helicity quadruplets
ðλ1; λ2; λ̄1; λ̄2Þ yield identical values. Specifically, these quadruplets can be grouped into five families, within which MEs on
two-body J-helicity states are equal to each other. These families are displayed in Table XII. For now, ignore the division of
the fifth family into two distinct parts. Let us also mention that, again in view of (58), these matrix elements are real valued.

TABLE XII. Table of the different helicity quadruplets ðλ1; λ2; λ̄1; λ̄2Þ that give rise to the same ME on two-body
J-helicity states hp̄12; j12λ12; λ̄1λ̄2jOðr12Þjp12; j12λ12; λ1λ2i.
First family ðþ;þ;þ;þÞ ð−;−;−;−Þ
Second family ðþ;þ;−;−Þ ð−;−;þ;þÞ
Third family ð−;þ;−;þÞ ðþ;−;þ;−Þ
Fourth family ðþ;−;−;þÞ ð−;þ;þ;−Þ
Fifth family (part 1) ðþ;−;þ;þÞ ðþ;þ;þ;−Þ ðþ;−;−;−Þ ð−;−;þ;−Þ
Fifth family (part 2) ð−;þ;þ;þÞ ðþ;þ;−;þÞ ð−;þ;−;−Þ ð−;−;−;þÞ
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This allows us to freely exchange the bra and the ket,

hp̄12; j12λ12; λ̄1λ̄2jOðr12Þjp12; j12λ12; λ1λ2i
¼ hp12; j12λ12; λ1λ2jOðr12Þjp̄12; j12λ12; λ̄1λ̄2i: ðE5Þ

Observations about Ψ̃ and about the two-body ME are to be
combined to deduce symmetry properties of the whole
integral from (140). Simplifications occur depending on the
assumptions made on Ψ and Ψ̄.
A special case of prime importance in the following

concerns Ψ and Ψ̄ being two equal real functions which are
even for u. These assumptions imply two symmetry
properties at the level of the integrals. First, the equality
and reality hypothesis allows us to freely exchange Δλ and
Δλ̄ by exchanging both integration variables. On the other
hand, the hypothesis about the parity in u implies that the
sign of each Δλ can be flipped, at worst, at the cost of a
phase factor ð−1Þj12þλ12. These two properties imply that
integrals line up with the five families of helicity quadru-
plets from Table XII, except for the fifth family in which
quadruplets in both parts differ by a ð−1Þj12þλ12 phase
factor. Each evaluation of an integral from (140) for a given
helicity quadruplet provides a value valid for any other
quadruplet in the same family, potentially up to a
minus sign.
Apart from this special case, a second simplification

turns out relevant for the upcoming developments. In the
first family from Table XII, both Δλ and Δλ̄ are always
zero. As a result and without further conditions, calcula-
tions for both helicity quadruplets in this family will yield
identical values for the integrals. This result will prove
valuable, as the two helicity quadruplets in question are
precisely those encountered during calculations with A00

2

states.

APPENDIX F: POTENTIAL FOR THREE-GLUON
GLUEBALLS

The interactions between three gluons can be described
in two main geometries. From the perspective discussed in
the main text, each gluon generates two flux tubes that
transform with the fundamental and the antifundamental
representation of SUð3Þ. These flux tubes merge pairwise,
in a so-called Δ junction. Alternatively, each gluon can be
viewed as producing a single flux tube in the adjoint
representation of SUð3Þ. In that case, the three flux tubes
merge in a so-called Y junction [32], as illustrated in
Fig. 17. The Y junction consists of a genuine three-body
interaction. Differences between the Y and Δ junctions are
discussed in [56,57], with the conclusions favoring the Δ
junction.
For comparison, let us consider here a Y junction. In this

configuration, the interaction potential used in constituent
approaches writes down as follows:

Vðr1;r2;r3Þ¼min
Y

X3
i¼1

βhF2
i ijri−Yjþ

X3
i<j

αshFi ·Fji
jri−rjj

: ðF1Þ

Here, β is the fundamental string tension, and αs is the
strong coupling constant. The factor F2

i corresponds to the
SUð3Þ Casimir operator acting on the ith particle. Including
this factor in the confining potential is known as the
Casimir scaling hypothesis [35,58,59]. For flux tubes
transforming under the fundamental or the antifundamental
representation of SUð3Þ, this factor is shown to equal 4=3,
while for flux tubes transforming with the adjoint repre-
sentation of SUð3Þ, it is shown to equal 3. The one-gluon
exchange term includes a factor Fi · Fj which combines the
SUð3Þ generators of particles i and j. Its value can be
deduced from those of the Casimir because

hFi · Fji ¼
hðFi þ FjÞ2i − hF2

i i − hF2
ji

2
; ðF2Þ

where ðFi þ FjÞ2 is the SUð3Þ Casimir operator for the pair
of particles i and j. Substituting these factors for a system
of three gluons leads to the following expression:

Vðr1; r2; r3Þ ¼ 3βmin
Y

X3
i¼1

jri − Yj −
X3
i<j

3αs
2jri − rjj

: ðF3Þ

The Y junction introduces a genuine three-body interaction,
which is incompatible with the formalism developed in the
current work. As proposed in Ref. [60], this three-body
interaction can be approximated by three effective two-
body interactions with a rescaling parameter close to 1=2.
The interaction then becomes

Vðr1; r2; r3Þ ¼
3

2
β
X3
i<j

jri − rjj −
X3
i<j

3αs
2jri − rjj

: ðF4Þ

FIG. 17. Schematic representation of a Y junction modeling
three-gluon glueballs. The three gluons bound at once by pooling
their three eight-flux tubes.
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To compare this with the potential (152) used in the Δ
junction, one must relate the mesonic and the fundamental
string tensions. For mesons, the Casimir scaling factor is
4=3 for both the quark and the antiquark flux tubes,

σ ¼ 4

3
β: ðF5Þ

Expressing the interaction potential in terms of the mesonic
string tension gives

Vðr1; r2; r3Þ ¼
9

8
σ
X3
i<j

jri − rjj −
X3
i<j

3αs
2jri − rjj

: ðF6Þ

This potential differs from theΔ junction potential (152) by
a factor of 9=8. This factor, a little higher than 1, slightly
increases the overall energy of the glueball if the Y junction
is considered. This conclusion aligns with the LQCD
arguments from Ref. [57]. For this reason, a Δ junction
is preferred in the present work.
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