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1. Introduction

In the current industrial landscape, robots are extensively
used for tasks such as manipulation, assembly, welding and
painting. The growing demands for manufacturing, including
reducing mechanical assembly in favour of components with
advanced geometries and materials, have driven the industry to-
ward more flexible production methods. One way to meet these
requirements is to perform machining operations with industrial
robots since dexterity is one of their main features [1]. However,
robotic operations are subject to accuracy problems, which has
led the scientific community to focus on modelling flexibility
and compensating for the deviations it entails. Based on either

quasi-static or dynamic simulations, operational path is updated
[2].

Feedrate scheduling consists in adjusting the feedrate
dynamically along the tool path to optimise machining perfor-
mance and ensure quality [3]. Typically, feedrate scheduling
methods are used to optimise the material removal rate while
guaranteeing a healthy operation, including a good surface
condition of the workpiece and acceptable cutting forces, i.e.
those that do not risk causing instability and premature tool
wear [4]. Also, it is typical to update the feedrate for elaborated
geometries, where complex tool motions are necessary [5–7].
In the field of robotic machining, the feedrate adaptation is used
as online action to help an offline updated trajectory [2]. More-
over, in traditional or robotic machining, the feedrate update
can be used to avoid unstable conditions as well, where it is
known that a reduction of feedrate tends to stabilise the process.
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Abstract

The manufacturing sector demands shift towards parts with more complex geometries with the need for flexibility in production, driving interest to
robotic machining. This advancing technology brings advantages like affordability, versatility, and ease of implementation, making it well-suited
for agile production environments. Nevertheless, robotic machining struggles with accuracy issues due to the inherent flexibility of robots, which
results in deviations and vibrations. The positioning error along a robotic machining trajectory is composed of two contributions: the steady state
error and the transient. Initially generated from CAM software, the trajectory is considered as a path with a speed profile. It is then discretised
in elementary sections, modelled with Hermite splines and connected by nodes. To address, offline, the lack of accuracy, an updated trajectory is
computed by iteratively replacing these nodes space based on the error estimated from the dynamics simulation, strongly reducing the steady state
error. However, in transient sections, the error reduction is not sufficient.

This research focusses on the impact of the feedrate modification in transient areas, typically the entrance and exit of tool in the workpiece. Spe-
cific speed profiles are defined for these sections by applying linear segments with parabolic blends expressed in terms of the curvilinear abscissa.
An optimisation scheme is proposed to update their feedrate considering the node repositioning necessary to compensate tool-tip deviation. The
investigation of the feedrate update is based on the results from virtual machining simulator including the robot dynamical model, responsible for
steady-state and transient errors respectively and a cutter-workpiece engagement module.
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In this work, modifying the feedrate is considered not only
for the sake of its stability aspects but mostly for its influence
on improving the trajectory compensation, infamously nec-
essary in robotic operations. Indeed, after the computation of
compensated trajectory, there are remaining positioning errors
in specific sections of the paths. Typically, it occurs when the
robot is subjected to severe changes of loads (when the tool
enters and leaves the workpiece) or cutting forces directions.

This research paper is a continuation of the trajectory com-
pensation procedure for robotic machining [8]. The first section
introduces the robotic machining technology and challenges in
the industrial landscape. The second section outlines first the
modelling approach for robotic milling operations, then pro-
ceeds to the description of the trajectory formalism to finally
present the feedrate optimisation scheme. The third section
shows the application of the feedrate on a documented case and
explores the sensitivity of the remaining error to the shape of
the trajectory sections whose feedrate have been modified. Fi-
nally, the conclusion about the efficiency of such approach is
presented, commenting about the determination of updated tra-
jectory sections.

Nomenclature

ae Radial depth of cut [mm]
ap Axial depth of cut [mm]
hk Uncut chip thickness for tooth k [mm]
Hi, j Hermite Trajectory composed of Homogeneous

transformation matrix nodes
Jk Jerk ( d3 x

dt3 )
Kl,c Cutting force coefficients with l = t, r, a being the

tangential, the radial and the axial directions ,respec-
tively [MPa]

Kl,e Edge force coefficients with l = t, r, a being the tan-
gential, the radial and the axial directions, respec-
tively [N/mm]

Mq The system inertia matrix
hq Gathering of Coriolis, gyroscopic and centrifugal ef-

fects of a multibody system
N Rotation speed [RPM]
s Curvilinear variable [m]
fz Feed per tooth [mm/th]
fd,i Feedrate of the path section i [mm/s]
τ External torques applied on the systems bodies

2. Modelling

This section is dedicated to the description of the robot
model, the cutting force module and the simulation of the ma-
chining process. The trajectory update methodology is pre-
sented, from path modification up to the investigations of fee-

drate update. The simulation scheme is represented in Figure 1
with the insertion of the offline trajectory update scheme.
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Fig. 1. Robotic machining workflow and the proposed offline trajectory update
based on dynamic simulations.

2.1. Robot modelling

As aforementioned, the offline update of the trajectory is
based on dynamic simulation of the machining operation, hence
requiring a dynamic model of the robot as well as a cutting
module suited for such simulations. In UMONS robotic ma-
chining cell, the industrial robot dedicated to milling is a Stäubli
TX200. The dynamics of the system is expressed through its
equations of motion. Developing the principle of virtual power
for the multibody structure, the generalised equations for a sys-
tem composed of rigid bodies are

Mq(�q)�̈q(t) + hq(�q, �̇q) = τ(t) (1)

where Mq(�q), hq(�q, �̇q) and τ(t) are defined in minimal coordi-
nates. Mq(�q) is the mass matrix, hq(�q, �̇q) is the vector gathering
the Coriolis, gyroscopic and centrifugal forces and τ(t) the con-
tribution of the forces applied on the system [9]. Vector �q re-
groups the actuated degrees-of-freedom �qa and the unactuated
degrees of freedom �qu.

As discussed in the literature [10–14], the main areas intro-
ducing flexibility in the robot are the joints, representing up to
80% of the overall flexibility of the robot and the long links
(typically arm and forearm), whose flexible behaviour is re-
sponsible for the remaining 20% [15]. In this study, the artic-
ular (or joint) flexibility is modelled with the tri-axial flexibility
approach [16, 17]. It consists in inserting a virtual joint (VJM
[18]) at each articulation in the form of a tri-directional set of
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torsional spring-dampers in orthogonal directions. The articular
flexibility is then modelled with the addition of 18 unactuated
degrees of freedom.

The links flexible behaviour is modelled with the corota-
tional approach [19]. The corotational formulation relies on de-
scribing the motion of a flexible body using a simplified repre-
sentation based solely on the positions of some nodes, selected
at key positions. Typical key nodes are the interface ones, con-
necting the body to the rest of the mechanical system. Addi-
tional internal nodes can be introduced to improve the accuracy
of the model. The deformation of the flexible body is then deter-
mined from the displacements of these nodes with respect to the
reference frame (adding 6 unactuated degrees of freedom per
flexible body considered). In the model of the TX200, the arm
and the forearm are then modelled as equivalent beams whose
nodes are located at these bodies joints. In summary, the flexible
behaviour of the robot is represented with these 30 unactuated
degrees of freedom (18 for the six joints and 12 for the two
flexible bodies). The values of the spring-dampers have been
identified by fitting the simulated frequency response functions
from a measured set collected via experimental modal analy-
sis with roving hammer and a two-stage optimisation algorithm
[10].

This flexible multibody model is coupled with a machining
simulator to assess the milling forces at each time step. The lat-
ter are computed following the Altintas mechanistic model, or
linear force model [20]. This model consists in discretising the
cutting tool along its axis into elements and compute the force
contribution of each element through the following expression

dFl,i = Kl,c · hi · dz +Kl,e · dS , l = t, r, a (2)

with, for tooth i, dz the height of the elementary tool slice, dS
the elementary cutting edge length and Kl,c, Kl,e the shear force
and the edge force coefficients respectively, for the indices t, r, a
being the tangential, radial and axial directions respectively.
Depending on the tool/material couple, these coefficients must
be identified experimentally [21]. The values used for the fol-
lowing simulations detailed in section 3 (Table 1) have been
obtained from an inverse identification method [22]. The key
parameter in Equation 2 is the uncut chip thickness hi, as it rep-
resents the amount of matter removed at each time step of the
simulation. It is computed by considering the interference be-
tween the elementary volume swept by the cutting edges in mo-
tion (discretised) and a tri-dimensional network of dexels. The
tri-dexel simulator presented in previous work is used to eval-
uate the evolution of the chip thickness, and hence the cutting
forces [23].

The global milling force is computed as the sum of each of
these elementary contributions as follows:

�Fm =

ns∑
i=1


dFx

dFy

dFz


m,i

= Rm,i ·


dFt

dFr

dFa


i

, (3)

with

Rm,i =


− cos θ − sin θ sin κ − sin θ cos κ
sin θ − cos θ sin κ − cos θ cos κ

0 − cos κ − sin κ


i

(4)

and θ the edge rotation angle, κ the axial immersion angle and
dFt,r,a respectively the tangential, radial and axial elementary
force contributions in the local tooth frame indicated by the sub-
script i. Once computed, these milling forces �Fm are applied at
the tool centre point (TCP) body of the multibody model, cor-
responding to the term τm = JT

i {Fm} for i = nbody,tcp, part of τ(t)
from Eq. 1. The machining operation is then simulated by inte-
grating the equations of motion with the α-generalised scheme
using a strong explicit coupling with the cutting force module,
as described in [23].

As presented in the literature, in robotic machining oper-
ations, even when stable, the tool is subjected to deviations
[1, 12]. These deviations can be compensated offline, by edit-
ing the trajectory sent to the robot according to the deviations
estimated from the dynamic simulations. To achieve such com-
pensation, the trajectory is updated by iteratively simulating the
machining operation, driving the error to its minimum [24].

A trajectory can be considered as a path on which a speed
profile is applied. For the compensation of the deviations, only
the shape of the path is updated considering the positioning er-
ror. Editing the path allows to strongly reduce the error (up to
90% in Figure 3). However, the speed profile can also be up-
dated. So far, the compensation is mainly carried out by modi-
fying the TCP frame location, but, as shown with the simulation
results from Figure 3, in some areas the error cannot be more
decreased by solely changing the path.

2.2. Feedrate update

Once the compensation algorithm has computed a modified
trajectory, the error profile is analysed. If there are still areas
with an error over the maximum acceptable deviation, they are
identified as ”troubled areas” and require further modifications,
other than just the shape of the path. The goal of this section is
then to investigate the option of reducing the error in troubled
areas by locally modifying the speed profile therein.

In the literature, it is common to use linear segment with
parabolic blending for trajectory (lspb) [25]. The point of the
blending is to smooth transitions, i.e. in space to avoid sharp
angles or time, for the speed profile. From an execution point
of view, path blending has been introduced in operations to
allow the effector to maintain its velocity as long as possible
along a segment-composed path. As aforementioned, it is
convenient to consider a trapezoidal velocity for the trajectory.
A simple velocity trapeze leads to a step acceleration, which
is not recommended in dynamic simulation. It is however
more suitable and practical to look for a continuity class C1

on acceleration. With a proper interpolation formulation of the
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trajectory, the path and the speed profile are decoupled, hence
editing locally the speed profile is not modifying the shape of
the path [8].

The typical expression of the trajectory corresponds to the
integration in time of a jerk parameter Jk with k the section
number. For the sake of illustration, the position, velocity, ac-
celeration and jerk are gathered in Equation 5.



s = 1
6 Jk.∆t3 + 1

2 s̈k−1.∆t2 + ṡk−1.∆t + sk−1

ṡ = 1
2 Jk.∆t2 + s̈k−1.∆t + ṡk−1

s̈ = Jk.∆t + s̈k−1...
s = Jk

(5)

with ∆t = t − tk, for tk the start of the section. The lspb is
defined along the path, following the curve, hence the use of
the curvilinear variable s in its formulation which gives the
evolution of s, ds

dt and d2 s
dt2 .

It must be specified that two error indices are used through-
out the work on the compensation algorithm: the cord error
and the accumulated error. The cord and accumulated errors are
considered as:

ecord = max
(
‖�emilling,t‖

)
, for t ∈ [tm,0, tm, f ] (6)

eacc =

neval∑
k=1

‖�emilling,k‖2 (7)

with neval the number of evaluations, tm,0 and tm, f the
moment the tool starts and stops cutting, respectively. The
cutting error �emilling is the difference between the expected
TCP position and the actual position. In the case of linear
trajectories, only the position is considered [24].

The feedrate update algorithm is presented in Figure 2 and
described hereafter. The first step is to identify the problematic
path sections. To detect them, the resulting error is filtered using
a moving average. Then the sections of path where this error
is above a threshold are saved to have their speed modified.
The threshold value is set at 50 µm, which is the repeatability
value of the Stäubli TX200. As one might expect, these areas
are mainly located where there is a change of load or cutting
forces direction. Indeed, it has been shown in the literature that
the steady-state error can be compensated mostly by modifying
the shape of the path but it is not the case for transient phases.

Once the sections are identified, a local lspb is applied
on the top of the operation speed profile. The value of the
speed level of each lspb are gathered and considered as the
design variables of an optimisation problem, aiming to reduce
the overall positioning error (Eq. 7). It must be noted that
modifying the feedrate directly changes the cutting forces
from the relation fd = fz.z.N, where the feed per tooth fz is

equivalent to the maximum chip thickness, being an image of
the forces. The direct consequence of a different cutting force
magnitude is the modification of the deviations at the tool-tip.
This implies that, in these sections, the updated path, obtained
in the ”path modification” step of the offline workflow (Fig-
ure 1) is not valid anymore. Hence, in these sections, another
compensation of the path positions is necessary at each itera-
tion of the feedrate optimisation algorithm. The compensation
of the path is carried with the modified mirroring approach [24].

The optimisation problem is then expressed as min fd,k eacc

such that fd,min < fd,k < fd,max, where the error (Eq. 7) is the one
obtained after the compensation loop. The optimisation method
used is a Nelder-Mead non-linear simplex, since, from a physi-
cal point of view, the search is made around the initial feedrate
so a deterministic method is suited for this kind of problems.

Identification of the areas 
with the largest errors

Optimisation
Initial conditions

Trajectory ok!

Evaluation of cost

Compensation of          
nodes positions

Data set: , ,
Design variables: = d

Create modified trajectory 
from updated feedrate d

Dynamics simulation

Fig. 2. Feedrate optimisation scheme.

3. Results

The feedrate algorithm has been tested for a shoulder
milling operation of aluminium Al6082 with half immersion
of the tool. The operation has been selected to emphasis the
deviations of the tool normally to its feed direction. It is
represented in Figure 3. The operational parameters of the
simulations are given in Table 1. An assumption has been
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made in the series of simulation on the cutting coefficients.
This assumption is acceptable if the feedrate is varying around
its value when identifying the coefficients [26]. In this case,
they are not significantly varying in the range of admissible
feedrate. The optimisation bounds the space of design variables
for the feedrates values to avoid changing of machining mode.

In Figure 3, the error resulting from the updated path
(corresponding the result of the ”Path modification” step from
Figure 1) is represented as well. As it can be seen, the error is
strongly reduced however the entrance and exit of the tool lead
to rather high cord error (120 µm).

Uncompensated
Compensated
Workpiece boundaries

x
yz

Study case

Fig. 3. Simulation case with initial error (Uncompensated) and remaining error
after position compensation (Compensated)

Table 1. Simulation parameters for the trajectory compensation
Operation type Shoulder Milling
Workpiece Material Al6082

Operation parameters
Tool Type Flat-end mill
Tool Material Carbide
Diameter [mm] 10
N° of edges (flutes) 2
Pitch [°] 170-190
Helix angle [°] 30
Rotation Speed [rpm] 11250
Axial / Radial depth of cut [mm] 2 / 5

Simulation parameters
Number of slices (tool) 16
Time steps dt [s] 1e-4
Kt/r/a,c [MPa] 733.5 / 346.5 / 127.9

The moving average window size defines the path sections
where the feedrate changes will be operated. Several window
sizes have been tested from 50 µs to 300 µs. The difference
is that a tighter window gives smaller sections, closely centred
around the error areas and wider ones allow more amplitude
around the areas. The issue with smaller sections is that as a
change of velocity is asked to the robot, it naturally acts as a
perturbation on the system, and small sections tends to add ex-

citation and make the feedrate update under perform. The im-
provements are gathered in Table 2.

Table 2. Indices of performances for the feedrate updated trajectory with respect
to the initial trajectory and the path compensated trajectory.

Cord error Accumulated error
Gain w.r.t.
initial trajectory

69.25 % 99.15%

Gain w.r.t.
compensated trajectory

20.24% 40.24%

It can be seen that the maximum deviation (cord error) is
located at the entrance of the tool. However, with the feedrate
change, the impact of deviation propagates less far into the part.
The Figure 4 presents the final speed profile and the compari-
son of the tool positioning error for the initial, the path com-
pensated and the feedrate optimised trajectories. For the sake
of comparison these results are presented along the curvilinear
coordinates.

An interesting index to extract from the error signal is the
distribution of the machining error in magnitude. It quantifies
the proportion of the tool path whose positioning error is below
a threshold. The evolution of the proportion of the error for the
initial, path compensated and feedrate optimised trajectories is
given in Figure 5. It can be seen that, with the path compensated
trajectory, more than 90% of the error is below 50 µm. The
feedrate updated one managed to reduce errors sufficiently to
have 96% of the error below the 50 µm threshold (magnitude
chosen according to the Stäubli TX200 repeatability value).

.e3

.e3

.e3

Uncompensated
Compensated
Feed rate updated
Workpiece boundaries

(a) (b)

Fig. 4. (a) Updated speed profile, superimposed with the original speed profile.
(b) Comparison of the errors along the tool path.

Uncompensated
Compensated
Feed rate updated

(a) (b)

Fig. 5. (a) Evolution of the proportion of the tool positioning error. (b) Distri-
bution of the positioning error in 50 µm groups.
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4. Conclusion

Within the field of offline trajectory compensation in robotic
machining, the impact of feedrate modification in the view of
improving the compensation has been numerically investigated.
It has been shown that the feedrate update in the sections with
deviations, where a trajectory compensation method by only
path update cannot decrease sufficiently the errors, can con-
tribute to the decrease of the cord error and the overall machin-
ing error. The feedrate update managed to reduce the cord er-
ror and decrease the impact of the tool penetration in the part.
These simulation results confirm the interest of having a two-
levels trajectory compensation algorithm with first, the path up-
date and secondly the feedrate update. It open the way for fur-
ther investigations and experimental campaigns.

Considering the prospects of this work, two main direction
are considered are given below:

• The assumption made about the cutting coefficients will
be discarded by considering them varying.
• Similarly to the compensation algorithm [24], extensive

experimental campaign is planned to challenge the tra-
jectories obtained from the optimisation and confirm the
expected improvements.
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