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ABSTRACT
We discuss the geometry of three-dimensional warped Anti-de Sitter spaces and quotients thereof, paying
special attention to their underlying group manifold nature. We perform a systematic analysis of warped
Anti-de Sitter geometries, focusing on their global properties and illustrating their occurrence as special

solutions of various three-dimensional gravity theories.
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1 Introduction and summary
The rôle warped AdS3 geometries play in the framework of massive gravity theories, or as an element of
the near-horizon extremal Kerr geometry [1] is discussed at length in Ref. [2]. We will not repeat this
discussion here. Let us only mention that, for instance, they already occurred in the framework of string
theory thirty years ago (see Refs [3, 4]).

This work mainly focuses on the geometry of these spaces. Our starting point is that AdS3 can be seen
as a group manifold: the SL(2, R) group. Warped geometries result from a symmetry breaking [5–8] of
the usual (completely) symmetric geometry induced by the Cartan-Killing metric on the group manifold
(see Sec. 2.2.1, where the process is detailed).
An advantage of this point of view, compared to other approaches (see for instance Ref. [9]), is that
properties of these geometries are more easily obtained (at least according to the authors’ opinion) by
exploiting the group structure of the underlying manifold. For instance, the relationships between various
coordinate systems used on these spaces can be immediately deduced by comparing the expressions of the
Killing vector fields of the underlying AdS3 geometry. The integration of geodesic equations becomes
elementary, once written in the flat embedding space coordinates. The group quotients leading to black
holes, as discussed by Bañados et al. [10], naturally extend to warped spaces.

One of the main results of this paper is the construction of warped AdS3 quotients with R × SO(2)
residual isometry group from first principles. These quotients include the warped AdS3 black holes
of [2, 11–13], but also other geometries whose causal structures we discuss in detail in section 5.

The outline of the paper is as follows. In section 2, we consider AdS3 space, the SL(2,R) group
manifold, that we describe in detail. First, we introduce a (redundant) system of coordinates, called
null coordinates, directly related to the underlying SL(2,R) group manifold structure. It drastically
simplifies numerous calculations, in particular the description of various one-parameter subgroups and the
invariant vector and one-form fields linked to them. These objects are essential ingredients to understand
the structure of the warped geometries. They also are crucial to obtain the various quotients of the
warped AdS3 geometries and to distinguish between them and may be used to easily obtain solutions
of various three-dimensional gravity theories, see section 2.3. On the other hand, as shown in section
3, they provide a very simple way to integrate the geodesic equations on these spaces. Returning to
warped geometries, we construct in section 4, from a preferred coordinate system built in section 4.1,
quotients arising from spacelike, timelike or null warping. We also briefly discuss the possibility of a local
warping (see section 4.1.1) and connect with the solutions found in [14]. We provide local coordinate
systems for these spaces and classify them (Table 1). Depending on the identification vector (4.34) used
to quotient the geometry, we obtain metric expressions (Eqs (4.41) or (4.44)) written in a local coordinate
system adapted to the direction of identification. In subsection 4.4, we provide an algorithm to obtain
the coordinate transformations between different local coordinate systems that we illustrate, for the
warped black hole geometry in Appendix C.3. Additionally, we discuss the existence of Killing spinors
and occurrence of topological as well as chronological singularities for the quotient geometries.
In section 5, we use the projection diagram technique developed in [15] and provide the causal structure of
the quotients discussed in section 4. Our results coincide with the analysis of [16], which provided causal
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diagrams for the warped black hole solutions of [2], in the regime of overlap. We end the discussion of
the causal structure with subsection 5.6 where we discuss an alternative description of the embedding of
warped AdS black holes in ˜SL(2, R) (the Einstein cylinder) and a complementary way to visualise their
causal structure. Appendix A contains some remarks about the notations used in this work. Appendix B
is devoted to intrinsic geometrical proofs of the expressions of several one-forms needed for the calculations
leading to preferred coordinate systems on warped AdS3 spaces and their quotients. Appendix C gives
further comments on the coordinate system of warped AdS3. In C.2, we relate the coordinates used here
to those employed in [2,17] for describing warped black holes, to those used in [1] for the near-horizon
extremal Kerr (NHEK) geometry at fixed azimuthal angle, and to those used in [10] for BTZ black holes
in the limit of vanishing warping parameter. Throughout this work, the AdS3 radius is set to ℓ = 1. To
restore it, it suffices to replace everywhere the line element ds2 by ds2/ℓ2.

2 AdS3 and Warped AdS3 Spaces
2.1 Null Coordinate Systems on AdS3

In this section, we summarise, for the reader’s convenience, some basic properties of AdS3. Anti-de
Sitter spaces (AdSd) can be embedded as d-dimensional hyperboloids in a (d+ 1) -dimensional flat spaces
with ultra-hyperbolic metric of signature (−, − +, . . . +︸ ︷︷ ︸

d−1

). As symmetric spaces they appear as the coset

SO(2, d− 1)/SO(1, d− 1) (see Ref. [18], section 12). Since there are closed causal lines in these spaces of
topology S1 × Rd−1, we unroll them and consider their universal covering manifolds. In this paper, we
call Anti-de Sitter the space that contains closed causal curves. We denote the universal cover of Anti-de
Sitter as ÃdSd. 1 Geometrically, these spaces can be seen as piles of AdSd spaces, each one cut along a
spacelike section and glued together. Concerning local geometrical properties, once established on AdSd,
they remain true on ÃdSd.
In three dimensions, the situation drastically simplifies thanks to the 2–1 group homomorphisms:
SL(2, R) × SL(2, R) 7→ SO(2, 2) and SL(2, R) 7→ SO(2, 1) (see Ref. [21]). The three-dimensional
Anti-de Sitter space has the particular property of being isomorphic to the SL(2, R) group equipped with
its Killing metric (see, for instance, Ref. [22] for an extended discussion). Hereafter we limit ourselves to
the essential points leading to this special picture and fix the notation.
Thus the AdS3 space (of unit radius) can be seen as the hyperboloid H of equation:

H ≡ U+ U− + V+ V− = 1 , (2.1)

embedded into the four-dimensional ultra-hyperbolic space M2,2 endowed with the metric induced by the
quadric H. We parametrize this space using null pseudo-Lorentzian linear coordinates {U+, U−, V+, V−}
that, from now on, we call null coordinates. Then the M2,2 metric reads:

η = −dU+ dU− − dV+ dV− . (2.2)

AdS3 is in one-to-one correspondence with the simple real Lie group of two by two matrices

z :=
(

U+ V+
−V− U−

)
(2.3)

1See Ref. [18], section 6 or Ref. [19], section V, page (108); also see Ref. [20] where a clear and intuitively transparent
exposition of the covering group ˜SL(2, R) is given.
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of unit determinant:

SL(2,R) = {z | det(z) := U+ U− + V+ V− = 1} . (2.4)

Using the parametrization2

U± = cosh(χ) cos(τ) ± sinh(χ) cos(ϑ) , (2.5a)
V± = cosh(χ) sin(τ) ± sinh(χ) sin(ϑ) , (2.5b)

with

χ ∈ R+ , ϑ ∈ [0, 2π] , τ ∈ [0, 2π] , (2.5c)

we easily infer from matrix multiplication the group composition law given in Appendix C.1 that defines
the universal covering group ˜SL(2, R). It is this group, whose topology is R3, that constitutes the universal
cover of three-dimensional Anti-de Sitter space, which does not possess closed timelike curves. In this
work, we will use SL(2, R) when discussing local properties and ˜SL(2, R) when addressing the global
structure.
Hereafter, we first consider tangent spaces on H. To lighten some equations we make use of the shorthand
notation:

H := U+ U− + V+ V− . (2.6)

Tangent vectors consist of vectors v⃗ = u+ ∂U+ + u− ∂U− + v+ ∂V+ + v− ∂V− defined on M2,2, such that
on H they satisfy the condition: v⃗(H) = 0. In terms of components, with respect to the natural basis
linked to the null coordinate system, this condition implies that:

If U+ U− + V+ V− = 1 then u+ U− + u− U+ + v+ V− + v− V+ = 0 . (2.7)

We also consider tangent one-forms whose contraction with the vector normal to the surface H:

n⃗(H) = −2
(
U+ ∂U+ + U− ∂U− + V+ ∂V+ + V− ∂V−

)
(2.8)

vanishes on H.
Let us now discuss the isometry group of AdS3. It is isomorphic to the linear homogeneous transformation
group O(2, 2) of the null-coordinates preserving the metric (2.2). The one connected to the identity:
Iso0(AdS3) is, locally, isomorphic to SL(2, R) ×SL(2, R) (see Ref. [19], section IV.3) and easily described
by using the matrix representation (2.4) of SL(2,R). Its action is given by left and right multiplications
of z by SL(2, R) matrices gL and gR:

z 7→ gL z gR , gL, gR ∈ SL(2, R) . (2.9)

We consider now the SL(2, R) fundamental representation of the Lie group generators:

X1 :=
(

1 0
0 −1

)
, X2 :=

(
0 1
1 0

)
, X3 :=

(
0 1

−1 0

)
. (2.10)

2This parametrization covers (almost) the whole hyperboloid, except for their trivial failures, related to the use of polar
coordinates.
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Their left and right actions on a group element z provide explicit expressions of the corresponding right-
and left-invariant Killing vector fields3:

r⃗a(z) = d
dαExp[αXa] z

∣∣
α=0 , l⃗a(z) = d

dα zExp[αXa]
∣∣
α=0 . (2.11)

Associativity of the group composition law makes left and right transformations commuting. At the level
of infinitesimal transformations this translates into the vanishing of the Lie brackets:

[⃗la, r⃗b] = 0 . (2.12)

The invariant vector fields obtained from the generators Eqs (2.10) read:

r⃗1 = U+ ∂U+ − U− ∂U− + V+ ∂V+ − V− ∂V− , l⃗1 = U+ ∂U+ − U− ∂U− − V+ ∂V+ + V− ∂V− , (2.13a)
r⃗2 = −V− ∂U+ + V+ ∂U− + U− ∂V+ − U+ ∂V− , l⃗2 = V+ ∂U+ − V− ∂U− + U+ ∂V+ − U− ∂V− , (2.13b)
r⃗3 = −V− ∂U+ − V+ ∂U− + U− ∂V+ + U+ ∂V− , l⃗3 = −V+ ∂U+ − V− ∂U− + U+ ∂V+ + U− ∂V− ,

(2.13c)

and can obviously be extended to the whole M2,2 space. They satisfy the condition (2.7) and the
commutation relations:

[⃗la, r⃗b] = 0 , [r⃗a, r⃗b] = +2Cc
ab r⃗c , [⃗la, l⃗b] = −2Cc

ab l⃗c , (2.14)

with

η(3) = diag (1, 1,−1) , Cc
ab := (η(3))cp ϵpab , (ϵ123 = +1 and a, b, c ∈ {1, 2, 3}) . (2.15)

The norms of these Killing vectors, with respect to the metric Eq. (2.2) (that on H reduces, up to a factor,
to the Lie algebra Cartan-Killing metric: gab = Cp

aqC
q
bp where Ca

bc are the structure constants), are given
by:

r⃗m.r⃗n = l⃗m .⃗ln = H η(3)
mn . (2.16)

They are constant on H. The choice of normalisation Eqs (2.16) allows us to speak, by reference to the
local light cone (see Ref. [18], sections 4.8 and 7.2), about spacelike, timelike or lightlike (null) vectors
and one-forms as well as Lie algebra elements.4
Let us emphasise that the vectors obtained in Eqs (2.13) rest on our (arbitrary) choice of the Lie
algebra generators Eqs (2.10). For instance the null coordinate transformation {U+, U−, V+, V−} 7→
{U+, U−, −V−, −V+}, an O(2, 2) isometry not connected to the identity, interchanges {r⃗1, r⃗2, r⃗3} with
{⃗l1, l⃗2, −l⃗3}.
Later on, we shall consider one-forms that on H constitute a dual basis of the tangent space basis {⃗la}, or

3We refer the reader to Ref. [23], section III, for elements of differential geometry on Lie groups. For a more in-depth
treatment, for instance, see Ref. [24].

4We use the terminology inspired by the Minkowskian nature of sl(2, R). Mathematicians call timelike generators elliptic,
spacelike generators hyperbolic and lightlike generators nilpotent or parabolic. In order to obtain a metric signature (−, +, +)
we adopt a metric proportional to the opposite of the one obtained on the SL(2, R) group from the usual Cartan-Killing
metric.
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{r⃗a}. We denote them by {λa} and {ρa}:

ρ1 = 1
2H (U− dU+ − U+ dU− + V− dV+ − V+ dV−) , λ1 = 1

2HU− dU+ − U+ dU− − V− dV+ + V+ dV−) ,

(2.17a)

ρ2 = 1
2H (−V+ dU+ + V− dU− + U+ dV+ − U− dV−) , λ2 = 1

2H (V− dU+ − V+ dU− + U− dV+ − U+ dV−) ,

(2.17b)

ρ3 = 1
2H (−V+ dU+ − V− dU− + U+ dV+ + U− dV−) , λ3 = 1

2H (−V− dU+ − V+ dU− + U− dV+ + U+ dV−) ,

(2.17c)

They satisfy to the relations:

λa(⃗lb) = δa
b = ρa(r⃗b) , λa

A = 1
H

(η(3))ab ηABl
B
b , ρa

A = 1
H

(η(3))ab ηABr
B
b . (2.18)

As shown by Eq. (2.9) the O(2, 2) component connected to the identity is isomorphic to (SL(2,R)L ⊗
SL(2,R)R)/{Id, −Id}. The three other components are obtained by acting with the discrete transforma-
tions P, T and their product [22], where:

P :
{

{U+, U−, V+, V−} ↔ {U−, U+, V+, V−} ;
{r⃗1, r⃗2, r⃗3} ↔ {−l⃗1, l⃗2, l⃗3} .

(2.19)

T :
{

{U+, U−, V+, V−} ↔ {U+, U−, −V−, −V+} ;
{r⃗1, r⃗2, r⃗3} ↔ {⃗l1, l⃗2, −l⃗3} .

(2.20)

The M2,2 submanifold H equipped with the metric induced by the flat metric η (Eq. (2.2)) defines the
AdS3 space. The intrinsic metric so obtained is invariant with respect to the isometry group O(2, 2), the
subgroup of the M2,2 isometry group that preserves H. This metric, seen on SL(2, R), is invariant with
respect to both left and right actions of the group on itself (Eq. (2.9)). To be, let’s say, left invariant, a
metric must be such that its components, with respect to a basis of left invariant one-forms are constant.
But then, expressed in terms of right invariant one-form the metric components, in general, become point
dependent. So a general left invariant metric is not invariant with respect to the right action of the group
on itself. To be both invariant with respect to the left and the right actions the metric components have
to be invariant with respect to the adjoint group, defining a Casimir operator in the Lie algebra (see for
instance Ref. [23], section IV.5). On a simple Lie group there exists only one (up to a factor) bi-invariant
metric whose components are those of the Cartan-Killing metric of the Lie algebra.
The choice of the generators Eqs (2.10), that diagonalise the Cartan-Killing metric in the Lie algebra (see
Ref. [18], section 4.8), allows us to write the bi-invariant metric as:

g(0) =
∑
m, n

η(3)
m n ρ

m ⊗ ρn =
∑
m n

η(3)
m n λ

m ⊗ λn . (2.21)

Here we have added an index (0) to the metric symbol, having in mind the further consideration of a
one-parameter family of metrics obtained from deforming the bi-invariant one.
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2.2 Warped AdS3 metrics
2.2.1 Partially invariant metrics

In this section we introduce warped AdS3 geometries. They are obtained by adding to the maximally
symmetric metric (2.21) an extra piece that partially breaks the six-parameter isometry group (2.9). The
term added consists (up to a factor) of the tensorial product of an invariant one-form with itself. Such a
form is completely defined by an element of the dual of the Lie algebra of the group and, as a consequence,
by the choice of a Lie algebra generator X, thanks to the canonical duality defined by the Cartan-Killing
metric between the Lie algebra itself and its dual. Of course, elements related by adjoint transformations
(in terms of matrices such that Y = g−1 X g with g an element of the group) yield isomorphic warped
geometries.
In what follows let us assume that the extra term is right invariant. A single one-side (of right transforma-
tions) SL(2, R) factor is maintained but the other one of left transformations is reduced to a one-parameter
subgroup. The generator of this subgroup is X itself. It defines the Lie algebra of the so-called stabilizer
subgroup of the Lie algebra element X: the subgroup of adjoint transformations that fix the selected
generator. Moreover, according to the norm of this generator with respect to the Cartan-Killing metric
we will speak about spacelike, timelike or lightlike directions of warping.
The result of this construction of warped AdS3 consists to write the metric as:

g(λ) = g(0) + λ ξ(R) ⊗ ξ(R) , (2.22)

where ξ(R) = ξRa ρ
a is a right invariant one-form, musical dual of a normalised (to ±1 or 0) corresponding

right invariant Killing vector field: ξ⃗(R) = ξa
R r⃗a obtained from the generator XL as in Eqs (2.11). Using

Eq. (2.21), we can express the deformed metric solely in terms of right-invariant one-forms:

g(λ) =
∑
m, n

η(3)
m n ρ

m ⊗ ρn + λ ξ(R) ⊗ ξ(R) . (2.23)

More precisely, its isometry group now consists of two components. The part connected to the identity
that reduces to the one-parameter group of left transformations generated by X times the remaining
full subgroup of right transformations: ({Exp[αX]|α ∈ R}L × SL(2, R)R)/Z2. The part disconnected
from the identity is obtained from the composition of the first one with, for ξR arbitrary, the involution

g−1
L PT gL where gL is a left transformation that maps ξ(R) on ρ1 or ρ3 (Indeed PT maps {ρ1, ρ2, ρ3} on

{−ρ1, ρ2, −ρ3}).
The same construction may be driven by exchanging left invariant objects with right ones. Accordingly,
using O(2, 2) transformations, we may restrict ourselves to right invariant objects and use them in the
expressions of the metric g(λ) with a warping one-form (ξ(R)) (that is defined up to a sign):

ξ(R) = ρ1 (spacelike warping) , (2.24a)

ξ(R) = ρ3 (timelike warping) , (2.24b)

ξ(R) = (ρ2 + ρ3)/
√

2 (lightlike warping) . (2.24c)
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For the metric (2.23) to be non-degenerate, we impose that the parameter λ satisfies the condition:

1 + λ (ξ(R)µ
g

µν

(0) ξ(R) ν)) =: 1 + λ (ξ⃗(R) · ξ⃗(R)) ̸= 0 (2.25)

Moreover, when the deforming one-form is timelike, we have to restrict λ to be strictly less than 1 to
remain in the framework of Lorentzian metrics. For λ > 1, the metrics are Euclidean.5
It is interesting to note that inserting the parametrization (2.5a, 2.5b) into the expressions (2.17a–2.17c)
of the invariant forms so as to obtain their pull-backs on H, the timelike warped metric given by Eqs
(2.23) and (2.24b) can be written as:

− cosh2(χ) dτ2 + dχ2 + sinh2(χ) dϑ2 + λ
(
cosh2(χ) dτ + sinh2(χ) dϑ

)2
. (2.26)

Here, we see that when λ < 0 and χ is large enough the closed curves of constant τ and χ become timelike.
For instance when λ = −1, Eq. (2.26) corresponds to the famous Gödel metric6 (see Ref. [5]), which is
known to be an example of a totally vicious space, as it has closed timelike curves throughout spacetime.
Of course, taking a quotient does not resolve this issue.
If ξ(R) = ρ1 (spacelike warping) and λ > −1 the metric signature is (+,+,−); it becomes degenerate for
λ = −1 and is of signature (−,+,−) for λ < −1. In this case, to reobtain a usual Lorentzian metric with
timelike vectors of negative norm, we have to replace the original quadratic form defining the metric by
its opposite. As a consequence we obtain, for λ < −1 another branch of geometries where now the Gauss
scalar curvature is R = 2(3 − λ) instead of R = 2(λ− 3).
In what follows, we restrict ourselves to geometries whose light cones result from continuous deformations
of those of the standard bi-invariant metric. Therefore, instead of condition Eq. (2.25), we impose:

1 + λ (ξ⃗(R) · ξ⃗(R)) > 0 . (2.27)

Finally, when the deforming one-form is lightlike, the parameter λ is not restricted.
On the other hand, for λ ≥ 0, whatever is the warping, the surfaces of constant τ are global spacelike
sections of the manifolds. Thus, there cannot exist closed causal curves on these spaces.

2.2.2 Hopf-type fibration

In Ref. [29] warped AdS3 geometries are presented as kind of Hopf fibrations over the Lorentzian space
AdS2 or its Euclidean version: the Poincaré plane, with a warping of the fiber metric. We think that it is
interesting to analyse this approach as it provides an alternative perspective on the geometries obtained
in case of non-null warping: this perspective favors a coset structure (see [18], section 7.2).
We remind the reader of the Iwasawa decomposition theorem (see for instance Refs [24], chapter IX or [30],
section VI.4): a semisimple Lie group G always is diffeomorphic to a product of a compact Lie group K,
an abelian Lie group A and a nilpotent Lie group N . The factorization is not unique but requires the

5Such metrics are physically relevant in the scope of quantum three-dimensional gravity (see for instance Refs [25–27]),
but will not be considered in this work.

6As a cosmological solution it requires adding a flat factor to be a four-dimensional solution of Einstein’s equations
(see [28] with a cosmological constant and a pressureless fluid, whose velocity is aligned with r⃗3, as the energy-momentum
source.)
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compact group K to be the first or the third factor. In the particular case at hand, we obtain that the
elements of the SL(2, R) group can all be written as elements of the groups products:

SL(2, R) ≃ K ×N ×A or K ×A×N or A×N ×K or N ×A×K (2.28)

where

A := {Aa} := {Exp[aX1]|a ∈ R} (2.29a)
K := {Kb} := {Exp[bX3]|b ∈ [0, 2π[} (2.29b)
N := {Nx} := {Exp[x 1

2 (X2 +X3)]|x ∈ R} (2.29c)

with the X1, X2, X3 the generators displayed in Eq. (2.10).
In particular, let us also consider the left actions of the one-parameter subgroups A (the abelian factor)
and K (the compact factor) on z. They transform the matrix components (Eq. (2.3)) as follows:

Aαz : (U±, V±) 7→ e±α(U±, V±) , (2.30)
Kαz : (U± + i V±) 7→ ei α(U± + i V±) . (2.31)

Before displaying explicit specific formulas, to go ahead let us agree to denote by XH a specific Lie algebra
generator.
The Lie algebra sl(2, R) constitutes a three-dimensional vector space that the Cartan-Killing metric (see
Ref. [18] section 4.8) makes a (2+1) Minkowski spaceM (2,1). We parametrize it with Lorentzian coordinates
{x1, x2, x3} by expressing an arbitrary generator X ∈ sl(2, R) in the fundamental representation of
the Lorentz group, using the basis (2.10), as X = xa Xa and writing its metric η (proportional to the
Cartan-Killing metric) as:

η(Xa, Xb) = 1
2Tr(Xa Xb) = ηab . (2.32)

Within this setting, we obtain a projection (pH) of SL(2, R) onto the adjoint orbit M of the element XH

in the Lie algebra sl(2,R):

pH : SL(2, R) → M ⊂ sl(2,R) : z 7→ z−1XHz . (2.33)

The stabilizer subgroup of XH in the coadjoint action is {±I} ×H =: ±H where H is the connected one
parameter subgroup of SL(2, R) generated by XH . The coadjoint orbit M therefore naturally identifies
with the coset space ±H\SL(2, R) via the diffeomorphism:

±H\SL(2, R) → M : ±Hz 7→ z−1XHz . (2.34)

The projection pH then defines a ±H-principal bundle over the orbit M . We express it in coordinates as

pH : z 7→ {x1, x2, x3} (2.35a)

where

xa = 1
2 Tr[z

−1XHzXa] . (2.35b)

If XH is chosen to be a spacelike generator (η(XH , XH) > 0) we obtain a one-sheet hyperboloid, an AdS2
subspace, in M (2,1). If XH is a timelike generator (η(XH , XH) < 0) the image of the projection is a
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Poincaré plane: one of the sheets of a two-sheet hyperboloid (see Ref. [18], section 7.2). Finally, if XH is
lightlike (η(XH , XH) = 0) we obtain an (open) nappe of the lightcone.
In the same way as a point of H is represented by a matrix (Eq. (2.3)), a tangent vector v⃗ may be
represented by a matrix:

v :=
(

u+ v+
−v− u−

)
. (2.36)

At a given point z, this vector may be expressed as belonging to a right or a left invariant field generated
by Lie algebra elements VR or VL:

v = d

dα
eα VR z

∣∣∣∣
α=0

= d

dα
z eα VL

∣∣∣∣
α=0

(2.37)

where, using the previous matrix representation of v⃗ we obtain the expressions of the generators VR and
VL in the fundamental sl(2, R) representation:

VR = vz−1 , VL = z−1v . (2.38)

The vanishing of the trace of these matrices reflects the condition (2.7): v⃗(H) = 0.
The projections at the point z of this vector in the (fundamental representation of the) Lie algebra is
obtained by considering derivatives with respect to the parameter(α) of the right or left transformation
defining them:

pH⋆[v⃗(z)] = d

dα

(
z−1e−α VRXHe

α VRz
) ∣∣∣∣

α=0
= z−1[XH , VR] z =

[
z−1 XH z, VL

]
. (2.39)

From the expression (2.32) of the Lie algebra metric we see that scalar products of the projections of
vectors belonging to right invariant vector fields are constant on the coset space, while those belonging
to left invariant fields are constant along each fibre (but depend on the fibre). At each point z of AdS3,
as far as the fibre is not lightlike (XH not nilpotent) we may decompose the tangent space Tz into a
one-dimensional subspace tangent to the fibre through z: hz and its g(0) orthogonal subspace pz:

Tz = hz ⊕ pz . (2.40)

The g(0) metric, restricted to pz shares the same invariance as the pullback with respect to the projection
p of the Lie algebra. Thus they must be proportional, as they share the same orthogonal group. Indeed
we obtain7 that on pz ⊗ pz:

p⋆
H(η) = −4 Tr(XH XH) g(0)

∣∣∣∣
pz⊗pz

(2.41)

This (degenerate) quadratic form is right invariant and also invariant with respect to the left transformation
subgroup H.
Let us now consider the musical dual ξ(R) (with respect to g(0)) of the vector tangent to the orbits of the

7An illustration of the identity valid for 2 × 2 traceless matrices X and Y : Tr[(X Y )2] − Tr[X2Y 2] + Tr[X2]Tr[Y 2] −
(Tr[X Y ])2 = 0.
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left action of the subgroup H. It vanishes on the subspaces pz. It also is both right invariant and invariant
with respect to the H subgroup of left transformations. We may use it to complete the quadratic form
(2.41) into a non degenerate quadratic form Bµ : a metric, by adding a term proportional to the tensor
product ξ(R) ⊗ ξ(R):

Bµ := p⋆
H(η) + µ ξ(R) ⊗ ξ(R) , (µ ̸= 0) (2.42)

The metric so obtained constitutes a warped metric involving a non-lightlike one-form.
Expressing this construction explicitly in coordinates, we obtain the following warped metrics:

• AdS2 Hopf fibration: In case we consider an A-coset space, i.e. putting XH = X1 and using the
Iwasawa representation (A×N ×K) the projection into the Lie algebra reads:

x1 = 1
2 Tr[z

−1X1zX1] = (U+U− − V+V−) , (2.43a)
x2 = 1

2 Tr[z
−1X1zX2] = (U+V− + U−V+) , (2.43b)

x3 = − 1
2 Tr[z

−1X1zX3] = −(U+V− − U−V+)} , (2.43c)

that satisfy the equation (x1)2 + (x2)2 − (x3)2 = 1.
The coordinate system induced from the Iwasawa decomposition is:

U+ = ea(cos(b) − x sin(b)) , (2.44a)
V+ = ea(x cos(b) + sin(b)) , (2.44b)
U− = e−a cos(b) , (2.44c)
V− = e−a sin(b) . (2.44d)

We obtain that the left action of A reduces to an a-translation: Aα({a, x, b}) = {a+ α, x, b}.
In terms of these coordinates, the pull-back p⋆

A(η) of the Cartan-Killing metric (a metric of the
AdS2 space) is:

p⋆
K(η) = 4 db

(
(1 + x2) db+ dx)

)
. (2.45)

The warping right invariant one-form, the g(0)-musical dual of ∂⃗a, the tangent vector field of the
orbits of the A-subgroup left action, reads:

ξ(R) = ρ1 = da− x db (2.46)

leading to the warped metric expression:

ds2
(λ) = −(1 + x2) db2 − db dx+ (1 + λ)(da− x db)2 . (2.47)

• Poincaré Hopf fibration: In case the fibres are the orbits of the right action of the K group. Adopting
the parametrisation dictated by the decomposition (K ×A×N):

U+ = ea cos(b) , (2.48a)
U− = e−a cos(b) − ea x sin(b) , (2.48b)
V+ = ea x cos(b) + e−a sin(b) , (2.48c)
V− = ea sin(b) , (2.48d)
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the g(0) musical dual one-form to the tangent vector field of the orbits of the K-subgroup left
transformations is:

ξ(R) = ρ3 = −(db+ 1
2 e

2 a dx) . (2.49)

The coset space K \ SL(2, R) may be mapped on the lower sheet of the hyperboloid of equation:
−(x3)2+(x1)2+(x2)2 = −1 inM (2,1), a Poincaré plane, via the diffeomorphism pK : z 7→ {x1, x2, x3}
where:

x1 = 1
2 Tr[z

−1X3zX1] = (U+V+ − U−V−) , (2.50a)
x2 = 1

2 Tr[z
−1X3zX2] = − 1

2 (U2
+ − U2

− − V 2
+ + V 2

−) , (2.50b)
x3 = − 1

2 Tr[z
−1X3zX3] = 1

2 (U2
+ − U2

− − V 2
+ + V 2

−)} . (2.50c)

The pull-back of the Cartan-Killing metric now is:

p⋆
K(η) = 4 da2 + e4 a dx2 (2.51)

leading to the warped metric:

ds2
(λ) = da2 + 1

4e
4 adx2 − (1 − λ)(db− sinh(2x) da)2 . (2.52)

To summarise we have highlighted, on AdS3 space, two trivial principal bundle structures whose base
spaces are “hyperbolic spheres”, motivating the word “Hopf-type”. 8 The writing of the metrics adapted to
these fiber bundle descriptions of AdS3 (Eqs (2.47), (2.52)) exhibits geometries given by Riemannian sums
of a one-dimensional fiber of topology R with a two-dimensional AdS2 space (Eq. (2.47))or a Poincaré
plane (Eq. (2.52)).

2.3 Warped AdS3 geometries as solutions of gravity models
Warped geometries occur as exact solutions in the framework of many three-dimensional gravity theories.
For instance, in Ref. [31] they are presented as various deformations of string background field configurations
of the SL(2, R) Wess-Zumino-Witten model. Hereafter, we briefly consider three gravity theories for
which a systematic, geometrical approach allows to clarify and extend already known solutions.
We recall that since the one-from ξ(R) is invariant, ξ⃗(R) · ξ⃗(R) is a constant. We denote it from now by

ϵ(R) := ξ⃗(R) · ξ⃗(R) . (2.53)

Accordingly, we have

ξ(R)ρ g
ρσ
(λ) ξ(R)σ = ϵ(R)

1 + λ ϵ(R)
. (2.54)

From the expression (2.23) of the metric we obtain as scalar curvature

R = −2(3 − λ ϵ(R)) (2.55)
8These fibrations constitute the SL(2, R) analogues of the standard Euclidean Hopf fibration:

SU(2) ≃ S3 → U(1)\SU(2) ≃ S2 .
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and the two identities, generalising similar ones occurring in Ref. [32]

R(λ) µν = −2(1 − λ ϵ(R))g(λ) µν − 4λ(1 + λ ϵ(R)) ξ(R)µ ξ(R)ν (2.56)
λ

∇µ ξ(R)ν =
√

1 + λ ϵ(R) ηµνρ g
ρσ
(λ) ξ(R)σ (2.57)

where ηµνρ := √
−g ϵµνρ is the Levi-Civita tensor, R(λ) µ ν the Ricci tensor obtained from the metric

g(λ) µ ν (Eq. (2.23)) and
λ

∇ its associated Levi-Civita connection. In case we rescale the metric (2.23) by a
factor ℓ2 and ξ(R) by ℓ, the left hand-side of Eqs (2.55) and (2.56) have to be multiplied by ℓ2 and the

one of Eq. (2.57) by ℓ. Notice that the determinant of the Ricci tensor allows to fix this factor. Indeed,
taking into account a prefactor, we have

ℓ6 det(Rµ
ν ) = −8(1 − λ ϵ(R))

(
1 − λ2 ϵ2(R)

)
. (2.58)

These relations are particularly useful to establish the results that follow.

2.3.1 Warped AdS3 geometries as solutions to topologically massive gravity

The condition (2.27) allows us to interpret the metrics (2.23) as solutions (see Ref. [2] and references
therein) of topologically massive gravity (see Refs [33,34]):

Rµ ν − 1
2gµ νR+ Λ gµ ν − 1

µ Cµ ν = 0 , (2.59)

where the Cotton tensor is defined as:

Cµ ν :=
√

|g| ϵµρσ ∇ρ
(
Rσ

ν − 1
4 δ

σ
ν R
)

, (2.60)

for

Λ = −3 − λ ϵ(R)

3 and µ = −3
√

1 + λ ϵ(R) . (2.61)

Note that these last equations show that for

3 − λ ϵ(R) ≤ 0 (2.62)

we obtain solutions of topologicaly massive gravity with zero or positive cosmological constant.
In the same way we obtain solutions of new massive gravity, advanced by Bergshoeff et al. [35, 36],

with field equations:

Rµν − 1
2gµνR+ Λgµν − 1

2ξ Kµν = 0 , (2.63)

where

Kµν = 2∇2Rµν − 1
2 ∇µ∇νR+ 9

2RRµν − 8Rµ
κRνκ + gµν

(
3RκλR

κλ − 1
2 ∇2R− 13

8 R
2) .

The metric (2.23) solves these equations for the values of the physical parameters given by:

Λ = −
(
35 + 30λ ϵ(R) − 21λ2 ϵ2(R)

)
2(17 + 21λ ϵ(R))

and ξ = 17 + 21λ ϵ(R)

2 . (2.64)
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In case of the so-called general massive gravity theory, defined as a combination of the topological and the
new massive gravity theories, with field equations:

Rµν − 1
2gµνR+ Λgµν − 1

µ
Cµν − 1

2ξ Kµν = 0 (2.65)

again the metric (2.23) constitutes a solution of the field equation for

Λ = −
(
35 + 30λ ϵ(R) − 21λ2 ϵ2(R)

)
2(17 + 21λ ϵ(R))

−
(
3 − 2λ ϵ(R) − 21λ2 ϵ2(R)

)√
1 + λ ϵ(R)

2µ (17 + 21λ ϵ(R))
, (2.66a)

ξ = (17 + 21λ ϵ(R))µ
2
(
3
√

1 + λ ϵ(R) + µ
) . (2.66b)

2.3.2 Warped AdS3 geometries as solutions to Einstein-Cartan gravity

In Refs [37,38] the authors consider the Einstein-Cartan gravity field equations:

∂µ βν − ∂ν βµ = 2 τ
√

−g ϵµνρ β
ρ , (2.67)

Rµν − 1
2gµν R = τ2 gµν − βµ βν − β(µ;ν) + βρ

;ρ gµν , (2.68)

where the metric is 3-dimensional Lorentzian, β a one-form, and τ a constant.

Warped AdS3 geometries provide solutions of them9 with the one-form β being aligned with the one
deforming the bi-invariant metric. A direct calculation leads to the set of solutions:

ℓ =
√

1 + λ ϵ(R)/τ , q = 2λ
√

1 + λ ϵ(R) (2.69)

• Spacelike warping (ϵ(R) = +1)

ds2 = ℓ2
(

−ρ0 ⊗ ρ0 + ρ1 ⊗ ρ1 + (1 + λ) ρ2 ⊗ ρ2
)

(2.70a)

β = q ρ2 (2.70b)

• Timelike warping (ϵ(R) = −1)

ds2 = ℓ2
(

(λ− 1)ρ0 ⊗ ρ0 + ρ1 ⊗ ρ1 + ρ2 ⊗ ρ2
)

(2.71a)

β = q ρ0 (2.71b)

Notice that the condition λ > 0 makes these spaces chronologically safe (no closed causal curves).

• Lightlike warping (ϵ(R) = 0)

ds2 = ℓ2
(

−ρ0 ⊗ ρ0 + ρ1 ⊗ ρ1 + ρ2 ⊗ ρ2) + λ (ρ0 − ρ2) ⊗ (ρ0 − ρ2)
)

(2.72a)

β = q (ρ0 − ρ2) (2.72b)

Here, λ is the warping parameter used also in the rest of this work and L is a free parameter.
9These solutions appear in Refs [37, 38]; expressing them as warped AdS3 geometries clarifies their properties.
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2.3.3 Warped AdS3 geometries as Einstein-Maxwell-Chern-Simons gravity solutions

Warped AdS3 metrics also appear as solutions to the three-dimensional Einstein-Maxwell-Chern-Simons
theory exposed in Ref. [32]. It is a theory involving a 3-dimensional metric gab and a potential Aa. The
field equations are expressed in terms of the two-form Maxwell field F = dA and its dual one-form F = ⋆F ;
in components: Fa = 1

2
√

−g ϵabcF
bc where we choose ϵ012 = +1. Expressed in coordinates, they read:

∂aFb − ∂bFa− = 2αFab , (2.73)
Rab − 1

2gab R = Λ gab + 1
2
(
FaFb − 1

2 gab F
cFc

)
, (2.74)

where Λ denotes the cosmological constant and α the so-called topological electromagnetic mass (a
constant, not to be confused with the function introduced later, in Eq. (4.19)). These equations are very
close to Eqs (2.67, 2.68) and accordingly admit warped AdS3 geometries with the potential A aligned
with the deforming one-form as solutions.
This leads to the set of solutions for which:

q2 = −2λ/ℓ2 , α = −
√

1 + λ ϵ(R)/ℓ < 0 , Λ = (1 − λ ϵ(R))/ℓ2 (2.75)

• Spacelike warping (ϵ(R) = +1)

ds2 = ℓ2
(

−ρ0 ⊗ ρ0 + ρ1 ⊗ ρ1 + (1 + λ) ρ2 ⊗ ρ2
)

(2.76a)

A = q ρ2 (2.76b)

• Timelike warping (ϵ(R) = −1)

ds2 = ℓ2
(

(−1 + λ)ρ0 ⊗ ρ0 + ρ1 ⊗ ρ1 + ρ2 ⊗ ρ2
)

(2.77a)

A = q ρ0 (2.77b)

• Lightlike warping (ϵ(R) = 0)

ds2 = ℓ2
(

−ρ0 ⊗ ρ0 + ρ1 ⊗ ρ1 + ρ2 ⊗ ρ2 + λ (ρ0 − ρ2) ⊗ (ρ0 − ρ2)
)

(2.78a)

A = q (ρ0 − ρ2) . (2.78b)

All these geometries, as well as those obtained in sections 2.3.1 and 2.3.2, admit four Killing vectors:
the three left invariant ones and the right one selected for the warping. They remain solutions that admit
two Killing vectors once quotiented (see Sec. 4).
The three kinds of solutions (2.75)–(2.78) require that α < 0 (a consequence of our choice of the orientation
and our assumption that q is a constant) in order for the Maxwell-Chern-Simons equation (2.73) to admit
solutions in the framework of the ansatz used. The condition to provide (real) solutions of signature
{+, +, −} makes α real. For timelike warped geometries we need that 1 > λ so the cosmological constant
is bounded from below by the mass parameter: 2/ℓ2 > Λ > α2. Similarly the spacelike warped solution
requires λ > −1 for having the metric signature {+, +, −} and the Maxwell-Chern-Simons potential
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real. In the case of solutions built on a lightlike warping ansatz, the cosmological constant has to be
positive and is fixed by the mass parameter while the warping parameter always is arbitrary but negative:
λ = −q2 Λ.
Just for completeness let us mention that by warping the round metric of S3 ∼ SU(2) we also may obtain
solutions of Eqs (2.73, 2.74) with negative cosmological constant: Λ < −α2. But in this case since the
spacetime is compact and homogeneous, it is totally vicious (see Prop. 6.4.2, Ref. [28]).

3 Geodesics on Warped AdS3 Spaces

In this section, we will study geodesics on warped AdS3 spaces.10 Denoting by
λ

∇ the Levi-Civita connection
obtained from the warped metric for the value λ of the deformation parameter, the geodesic equations
read 11:

λ

∇uu
α =

0
∇uu

α + λ (ξβu
β)

0
∇uξ

α = 0 , (3.1)

where in this section we will omit the index “R”, to ease the notation. This writing of the geodesic
equations results from the particular properties that (right-)invariant Killing vector fields share on a group
manifold. They are of constant norm (denoted by ϵ) and their orbits are geodesics for any deformation
parameter λ:

g(0)(ξ⃗, ξ⃗) = ϵ ,
λ

∇ξξ
α = 0 . (3.2)

It is worthwhile to notice that the warping we consider exhibits analogies to that introduced by Kerr and
Schild [39,40]. Indeed, the Kerr metric can be obtained from the four-dimensional Minkowski metric using
a lightlike affinely parametrised geodesic vector and a function as warping parameter.
The geodesic equations (3.1) may be integrated more or less easily in various coordinate systems (fibered,
Schwarzschild etc.), but we find it simplest to use the usual M2,2 coordinates and to start from a
Lagrangian including a Lagrange multiplier q to fix the motion on the AdS3 hyperboloid. We will show
that the geodesic equations then reduce to elementary damped harmonic oscillator equations of motion:
Eq. (3.21).

We consider affinely parametrized geodesics obtained from the Lagrangian

Lλ = 1
2ηabẊ

aẊb + λ
1
2
(
ΞaẊ

a
)2 + q

1
2
(
ηab X

aXb + 1
)

, (3.3)

where the metric of warped AdS3 has been written as

gab := ηab + λΞa Ξb , (ηab) := −1
2


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 =: 1
4 (ηab) (3.4)

10Actually we will work on SL(2, R), but the raising to its universal cover is obvious.
11This equation can be reinterpreted as the equation of motion of a charged particle (of charge q := λ ξαuα), interacting

with the right invariant “Maxwell” field obtained from the invariant Killing vector: Fµν :=
0
∇µ ξν , satisfying the field equation

0
∇µ F µα = −2 Rαν ξν .
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and its inverse metric is given by

gab = ηab − λ

1 + ϵ λ
Ξa Ξb , (3.5)

where ϵ is the norm on H of the invariant Killing form used for the deformation

ηab Ξa Ξb = ϵ , (3.6)

which we can always normalize to −1, 0, or +1.
Any Killing form of AdS3 may be written as

Ξa = K[ab]X
b , (3.7)

where K[ab] denotes an antisymmetric tensor with constant components (the generators of so(2, 2) acting
on usual coordinates of M2,2). Left and right invariant form are obtained from self-dual and anti-self-dual
such tensors. It holds that

ΞaX
a = 0 , (3.8a)

Ξ̇aẊ
a = 0 , (3.8b)

From Eq. (2.13) we may distinguish six special matrix generators R
p

a

b
and L

p

a

b
such that the right and left

invariant Killing vector components read:

ra
(p) = R

(p)

a

b
Xb , la(p) = L

(p)

a

b
Xb p = 1, 2, 3 and a = 1, . . . , 4 . (3.9)

These generators satisfy the relations:

R
(p)

(a

c
R
(q)

b)
c
ηcd = −η(3)

pq ηab , L
(p)

(a

c
L
(q)

b)
c
ηcd = −η(3)

pq ηab , (3.10)

R
(p)

a

c
L
(q)

c

b
− L

(q)

a

c
R
(p)

c

b
= 0 (3.11)

where p, q = 1, 2, 3 and a, b = 1, . . . , 4.
Variation of the Lagrangian, Eq. (3.3), with respect to q yields

ηab X
aXb + 1 = 0 (3.12)

and as a consequence we have
ηab X

aẊb = 0 . (3.13)

Moreover, as we restrict ourselves to invariant Killing vectors Ξa = R
a

b
Xb, we obtain from this last

equation and Eq. (3.10) that
ηab Ξa Ξ̇a = 0 , (3.14)

i. e. on shell the invariant Killing vectors are of constant norm.
Variation with respect to Xa yields

(ηab + λΞaΞb)Ẍb = q ηab X
b − 2λ(ΞbẊ

b)Ξ̇a . (3.15)
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Now and in the following, we define

Xa ≡ ηab X
b , (3.16)

Ξa ≡ ηabΞb , (3.17)
k ≡ ΞaẊ

a . (3.18)

Thus, the equation of motion, Eq. (3.15), may be rewritten

(ηab + λΞaΞb)Ẍb = q Xa − 2λ kΞ̇a . (3.19)

Multiplying with the inverse metric Eq. (3.5) we obtain

Ẍa =
(
δa

b − λ

1 + ϵλ
Ξa Ξb

)(
q Xb − 2λ k Ξ̇b

)
. (3.20)

Upon using (3.8), (3.20) reduces to

Ẍa = −2λ k Ξ̇a + qXa . (3.21)

Hence, on shell we have
k̇ = ΞaẌ

a = 0 , (3.22)
confirming that k is a constant of motion, as it must be, Ξ being a Killing vector. Contracting (3.21) with
Xa, we obtain

q Xa Xa = Ẍa Xa + 2λ k Ξ̇a Xa = Ẍa Xa − 2λ k2

= d

ds
(Ẋa Xa) − 2L− λ k2 = −2L− λ k2 . (3.23)

Hence, as the Lagrangian is a constant of motion, q also is constant on shell. We obtain:

L = 1
2(q − λ k2) . (3.24)

Let us now consider

ẊagabẊ
b = ẊaηabẊ

b + λẊaΞaΞbẊ
b = ẊaηabẊ

b + λk2 . (3.25)

As
ẊaηabẊ

b = −2λ k2 + q , (3.26)
it holds that

ẊagabẊ
b = q − λk2 . (3.27)

Finally, as left and right invariant Killing vectors commute between themselves, we obtain, deforming the
AdS3 bi-invariant metric with a right invariant Killing vector, three extra constants of motion related to
the left invariant Killing vector fields. We obtain, as a consequence of Eq. (2.14) the constants of motion

ℓ
(p)

:= la(p) ηabẊ
b + λ k la(p)Ξa ; (3.28)

that are related, on shell, to the previous ones by:

ℓ
(p)

ℓ
(q)
η(3)pq = q − ϵ λ2 k2 . (3.29)
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3.1 Explicit solutions
We now consider more specifically a spacelike deformation with respect to r⃗1, Eq. (2.13). In terms of null
coordinates we have to consider

(K[ab]) = 1
2


0 +1 0 0

−1 0 0 0
0 0 0 +1
0 0 −1 0

 , (3.30)

such that
Ξa = K[ab]X

b = (ρ1)a = 1
2 {+U−,−U+,+V−,−V+} , (3.31)

which yields the geodesic equations

Ü± ± 2λ k U̇± − q U± = 0 , (3.32a)
V̈± ± 2λ k V̇± − q V± = 0 . (3.32b)

Solving (3.32), we find

U± = e∓p s

2

((
U±,0 + U̇±,0 ± pU±,0√

p2 + q

)
e
√

p2+q s +
(
U±,0 − U̇±,0 ± pU±,0√

p2 + q

)
e−

√
p2+q s

)
, (3.33)

where we have defined p = λk and U±(0) = U±,0, U̇±(0) = U̇±,0. The initial conditions need to be
consistent with (3.12) and (3.13). Hence, they must fulfill

U+,0 U−,0 + V+,0 V−,0 = +1 , (3.34a)
U+,0 U̇−,0 + U−,0 U̇+,0 + V+,0 V̇−,0 + V−,0 V̇+,0 = 0 . (3.34b)

Furthermore, due to (3.18) and (3.26) we have

k = 1
2 (U− U̇+ − U+ U̇− + V− V̇+ − V+ V̇−) , (3.35)

q − 2λ k2 = −U̇+ U̇− − V̇+ V̇− . (3.36)

The solution, Eq. (3.1), remains regular in the limit where p → 0 and q → 0. The explicit form of the
solutions shows the geodesic completeness of spacelike warped AdS3.

In case of a timelike warping, let’s say with respect to the vector r⃗3 we have to consider Ξa =
1
2 {V+, V−, −U+, −U−} and the equations of motion:

Ü+ − 2λ k V̇− − q U+ = 0 , (3.37a)
V̈− + 2λ k U̇+ − q V− = 0 , (3.37b)
Ü− − 2λ k V̇+ − q U− = 0 , (3.37c)
V̈+ + 2λ k U̇− − q V+ = 0 , (3.37d)

19



while for the lightlike warping, with respect to 1√
2 (r⃗2 + r⃗3), we obtain Ξa = 1√

2 {0, V−, 0, −U−} and the
equations of motion:

Ü+ − 2λ k V̇− − q U+ = 0 , (3.38a)
V̈− − q V− = 0 , (3.38b)
V̈+ + 2λ k U̇− − q V+ = 0 , (3.38c)
Ü− − q U− = 0 . (3.38d)

Lastly, let us emphasise that the warping of the metric qualitatively changes the behaviour of some
timelike geodesics. While on undeformed AdS3 (λ = 0) all timelike geodesics are closed curves and thus
each may be enclosed in a compact set, when λ ̸= 0 this does not hold true anymore generically. From the
previous equations we easily observe that for the case of spacelike warping there exist unbounded timelike
geodesics i.e. that cannot be enclosed in a compact subset. We also have such unbounded geodesics in
case of timelike or lightlike warpings if λ > 0 while for λ ≤ 0 they remain bounded (but not necessarily
closed).

4 Warped AdS3 Quotients
Interesting geometries can be obtained from warped AdS3 spaces by taking quotients, similarly as to how
the BTZ black holes were obtained from AdS3 by taking quotients. This is done by specifying, in addition
to the right invariant Killing vector ξ⃗(R), a left invariant Killing vector field ξ⃗(L). We assume them to be
generically independent and define the identification vector

∂⃗ = L(L) ξ⃗(L) + L(R) ξ⃗(R) . (4.1)

The quotient structure is obtained by compactifying the orbits of this vector field i.e. considering the
quotient manifold obtained through the action of the subgroups of left and right transformations (see Eq.
(2.11))

z ∼ Exp[2nπXL] zExp[−2nπXR] with n ∈ Z , (4.2)

where XR (resp. XL ) is the right (resp. left) generator associated to L(L) ξ⃗(L) (resp. L(R) ξ⃗(R)).12

Before we discuss the nature of these spaces, let us introduce local coordinates adapted to this structure.
Hereafter, we assume the warping to be non-zero (λ ξ⃗(R) ̸= 0⃗). We may, a priori, distinguish between
three kinds of structures: the self-dual quotient where L(L) = 0, the anti-self-dual quotient with L(R) = 0
(equivalent to the self-dual one) and the generic quotient (L(L) L(R) ̸= 0). Moreover, each of these structures
subdivides into subclasses according to the nature (timelike, spacelike or lightlike) of the right and left
Killing vector fields involved.

12Actually, any discrete subgroup of SL(2, R) isometrically acting (by left-translations) on our warped AdS3 spacetime
could in principle replace the XR-commuting subgroup elements Exp[2 n π XL] we consider here. For instance, choosing the
subgroup isomorphic to the fundamental group of a compact Riemann surface would lead to a compact quotient (and thus
to a space admitting at least one closed causal curve). Of course, the analysis, in those cases, is much more involved to carry
out. We thank an anonymous referee for inspiring us to consider this possible generalisation.
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4.1 Preferred local coordinates on (warped) AdS3

Hereafter we build “intrinsic” coordinate systems, having in mind a generic identification vector.
Preferred coordinates are obtained as follows. We start from the two vector fields ξ⃗(R) and ξ⃗(L) that we
write as:

ξ⃗(R) = xa r⃗(a) , ξ⃗(L) = ya l⃗(a) (4.3)

and the vectors normal to surfaces H = const., see Eq. (2.8).
Then we introduce a (non-trivial) one-form σ such that

σ(ξ⃗(R)) = σ(ξ⃗(L)) = σ(n⃗(H)) = 0 . (4.4)

Defining

κa b = r⃗(a) · l⃗(b) , κa
b := H ρa(⃗l(b)) = (η(3))a c κcb , (4.5)

we express σ in terms of right invariant one-forms: σ = σa ρ
(a) where (up to a factor):

σa = ϵa b c x
b κc

p y
p . (4.6)

From this one-form we may build a vector σ⃗ = σa r⃗(a) orthogonal to the three previous ones ξ⃗(R), ξ⃗(L) and
n⃗(H).
Let us now define several scalars on M2,2:

ξ⃗(R) · ξ⃗(R) = ϵ(R) H , (ϵ(R) := xa ηa b x
b) (4.7)

ξ⃗(L) · ξ⃗(L) = ϵ(L) H , (ϵ(L) := ya ηa b y
b) (4.8)

ξ⃗(R) · ξ⃗(L) = κ = xa ηa b κ
b
c y

c , (4.9)
σ⃗ · σ⃗ = H σ(σ⃗) = H

(
κ2 − ϵ(R) ϵ(L) H

2) . (4.10)

Hereafter, we denote by ∆:

∆ := κ2 − ϵ(R) ϵ(L) H
2 . (4.11)

It is only when ∆ ̸= 0 that ξ⃗(R) and ξ⃗(L) are linearly independent.
Without loss of generality, we also assume that the vectors ξ⃗(R) and ξ⃗(L) are normalised such that:

ϵ(R) = ±1, 0 and ϵ(L) = ±1, 0 . (4.12)

These conventions fix for each choice of the vectors ξ⃗(L) and ξ⃗(R) the range of variation of κ that soon
will be interpreted as a “radial” coordinate.
The four vector fields: n⃗(H), σ⃗, ξ⃗(R), ξ⃗(L) define, at each point where ∆ ̸= 0, a frame of the tangent space.
By duality, we obtain two fields of one-forms {pR, pL} that with {− 1

4 H dH, σ} provide frames of the
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cotangent spaces where H ̸= 0. Thus, the one-forms pR and pL are such that their contractions are:

pR(ξ⃗(R)) = 1 , pL(ξ⃗(L)) = 1 , (4.13)

pR(ξ⃗(L)) = pR(σ⃗) = pR(n⃗(H)) = 0 , (4.14)

pL(ξ⃗(R)) = pL(σ⃗) = pL(n⃗(H)) = 0 . (4.15)

Let us notice that:

σ = 1
2 H d(H−1 κ) , (4.16)

while the components of pR = pR
a ρ

(a) and pL = pL
a ρ

(a) are:13

pR
a = η

(3)
a b

(
κκb

p y
p −H2 ϵ(L) x

b
)
/∆ , (4.17)

pL
a = η

(3)
a b

(
κxb − ϵ(R) κ

b
p y

p
)
H/∆ . (4.18)

These one-forms are closed and thus locally exact (see Appendix B), which allows to write them as
differentials of functions α and β:

dpR = 0 i. e. pR = dα , (4.19)

dpL = 0 i. e. pL = dβ . (4.20)

Now we have all the ingredients needed to rewrite the metric of AdS3 in a “preferred” system of coordinates
adapted to the choice of the generators we made. It will be expressed in terms of the pullback h⋆ of the
embedding of AdS3 on H ⊂ M2, 2. To avoid an inflation of notation, we denote the pullback of a function
with the same letter as the function itself and write:

h⋆(κ) = κ , (4.21)
h⋆(∆) = ∆ = κ2 − ϵ(R) ϵ(L) . (4.22)

Eqs (4.16), (4.19) and (4.20) are of paramount importance. They show that the pullbacks of the forms
σ, pL, pR are (locally) exact on H (exact on H where ∆ ̸= 0). They define local coordinates: {κ, α, β}.
We obtain for the one-forms:

h⋆(σ) = 1/2 dκ , (4.23)

h⋆(pR) = dα , (4.24)

h⋆(pL) = dβ . (4.25)

The metric components of g(0) are easily obtained by comparing the scalar products of the restrictions

on H of the vectors σ⃗, ξ⃗(R) and ξ⃗(L) amongst themselves. Comparing their values, calculated using the
13Warning: notice that both are expressed with respect to right invariant one-forms but are not invariant one-form

themselves.
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expression of the metric in terms of the right invariant one-form, Eq. (2.23), and in terms of (α, β, κ)
coordinates, we obtain:

g(0) = ϵ(R) dα
2 + 2κ dα dβ + ϵ(L) dβ

2 + 1
4 (κ2 − ϵ(R) ϵ(L))

dκ2 . (4.26)

Let us notice that when both ξ⃗(R) and ξ⃗(L) are timelike (ϵ(R) = ϵ(L) = −1), we obtain that |κ| ≥ 1, a
restriction which ensures that the metric signature remains Lorentzian.

To obtain the warped metric, we notice that ξ(R) = xaρ
a (defined on H), that is the musical dual

one-form of the vector ξ⃗(R), can be written:

ξ(R) = h⋆

(
ϵ(R) p

R + κ pL

)
= ϵ(R) dα+ κ dβ . (4.27)

Thus, the expression of the warped metric is obtained by adding to Eq. (4.26) the SL(2,R) symmetry
breaking term λ ξ(R) ⊗ ξ(R) = λ (ϵ(R) dα+ κ dβ) ⊗ (ϵ(R) dα+ κ dβ), leading to:

g(λ) = ϵ(R) (1 + ϵ(R) λ) dα2 + 2 (1 + ϵ(R) λ)κ dα dβ + (ϵ(L) + λκ2) dβ2 + 1
4 (κ2 − ϵ(R) ϵ(L))

dκ2 . (4.28)

Equations (4.19), (4.20) become singular when ∆ vanishes. This corresponds to a singularity of the g(λ) κκ

component of the metrics (4.26) and (4.28). However, the determinant of these metrics remains regular,
indicating that the surfaces of constant κ corresponding to zeros of ∆ are coordinate singularities. They
may define horizons or potential topological singularities once some identification are performed. When
ϵ(R) = ϵ(L) they are located where ξ(R) = ±ξ(L). If ϵ(R) = 0 and ϵ(L) = 1 or ϵ(L) = 0 and ϵ(R) = 1, they are
located where ξ(R) · ξ(L) = 0. If ϵ(R) = 0 and ϵ(L) = −1 or ϵ(L) = 0 and ϵ(R) = −1, they are never reached,
as they are pushed to infinity.

The hyperboloid H is invariant with respect to the symmetry that maps a point on its antipodal one:

z 7→ A(z) := −z , {U+, U−, V+, V−} 7→ {−U+,−U−,−V+,−V−} . (4.29)

The left and right invariant Killing vectors being also invariant, the coordinates α, β and κ are even
functions of the null coordinates. They define local coordinate charts. In section [5] we show how they are
glued together, such that they cover all the space.
Moreover, elementary hyperbolic geometry shows that for ϵ(R) = −1 and ϵ(L) = −1, κ is of constant sign
and of absolute value never less than 1 (|κ| ∈ R≥1). If both ϵ(R) = 0 and ϵ(L) = 0, κ is still of constant
sign. When ϵ(R) = 1 or ϵ(L) = 1, there is no restriction: κ ∈ R.
Notice also that α is an even function of ξ⃗(L) but κ and β are odd functions. As a consequence, ∆,
considered as function of κ, has two single roots: κ = ±1 if and only if ϵ(R) = ϵ(L) = +1, a double root
κ = 0 when ϵ(R) ϵ(L) = 0 but only one single root κ = +1 or κ = −1 when ϵ(R) = ϵ(L) = −1.
To close this section, we observe that, as ξ(R) ∧ dξ(R) = ϵ(R) dα ∧ dκ ∧ dβ, Eq. (4.27) tells us that, in the

present three-dimensional case, the one-form ξ(R) is a contact form unless ξ⃗(R) is lightlike (ϵ(R) = 0, in

which case it is integrable). In particular (even when ξ⃗(R) is lightlike), the vector field ξ⃗(R) generates a
one-dimensional Lie group which is the structure group of the bundle with total space AdS3 and symplectic
base equivariantly symplectomorphic to the coadjoint orbit of the element ξ(R)|e in the dual sl(2,R)⋆ of
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the Lie algebra sl(2,R). Note that, when contact, the vector field ξ⃗(R) is (proportional to) the Reeb field
of the contact structure (see for instance Ref. [41]) i.e. the vector field r determined by the conditions
irdξ(R) = 0 and ξ(R)(r) = 1.

4.1.1 Locally warped geometries as gravity model solutions

The geometry studied by Anninos et al. in Ref. [14] (also considered by [42]) constitutes a very interesting
extension of the warped geometries considered up to here. Let us briefly discuss them in the framework of
our preferred coordinate system. It consists of a lightlike warping (ϵ(R) = 0) but modulated, by a function
λ(κ), depending only on κ (instead of a constant) so that ∂τ and ∂φ remain Killing vectors. This ansatz
provides new solutions of various massive gravity theories. They are particularly easy to obtain using the
preferred coordinate system. For instance, as obtained in Ref. [14], for

λ(κ) = λ0 κ
µ/2−3/2 + c1/κ+ c2/κ

2 , (4.30)

λ0, c1, c2 being constants, these metrics are solutions of topologically massive gravity (2.59). Using the
identities Eqs (2.54) – (2.58) we find that it is only for µ = −1 or +1 that the geometry is locally AdS3
and for µ = 3 that it is a warped one in the sense of Eq. (2.23). The computation of the Killing vectors
confirms this: if µ ̸= −1, 1, 3 there are only two (local) Killing vectors, but four when µ = 3 and six
when µ = −1 or +1.
In the same way we obtain solutions of the equations (2.63) of new and general massive gravity theories
advanced by Bergshoeff et al. [35, 36]. The field equations of new massive gravity are displayed in Eq.
(2.63). The metric (4.41) with ϵ(R) = 0 and the constant λ replaced by

λ(κ) = κ−3/2
(
λ+ κ

√
(1+ξ)/8 + λ− κ

−
√

(1+ξ)/8
)

+ c1/κ+ c2/κ
2 , (4.31)

λ+, λ−, c1, c2 being constants, solves them.
In case of the so-called general massive gravity theory, defined as a combination of the topological and the
new massive gravity theories i.e. with field equations (2.65), the metric (4.41) with ϵ(R) = 0, where now
the constant λ is replaced by the function:

λ(κ) = κ(ξ/4 µ−3/2)
(
λ+ κ

√
(2 µ2+4 µ2 ξ+ξ2)/8/4 µ + λ− κ

−
√

(2 µ2+4 µ2 ξ+ξ2)/8/4 µ
)

+ c1/κ+ c2/κ
2 ,

(4.32)

(λ+, λ−, c1, c2 being four arbitrary constants), solves them.
In the framework of the Einstein-Maxwell-Chern-Simons theory we also obtain locally lightlike (ϵ(R) = 0)
warped configurations that solve the field equations (2.73, 2.74). They read as

q = q0κ
−(1+α ℓ) + c3/κ , λ(κ) = − q2

0 α ℓ
3

2(1 + 2α ℓ)κ
−2(1+α ℓ) + c1/κ+ c2/κ

2 , Λ = 1/ℓ2 . (4.33)

q0, c1, c2 and c3 being constants. Notice that by allowing for q to be a function, we are no more restricted
to impose α < 0.
When ϵ(R) = 0 and we restrict the local warping function to λ(κ) = c1/κ + c2/κ

2, the modified metric
remains locally AdS3 but with different values of the parameters L(L), L(R) and with ϵ(L) replaced by
sign(ϵ(L) + c1). When ϵ(R) ≠ 0 there is no non-zero residual local warping that preserves the local AdS3
character of the metric. We deserve a detailed study of these geometries for future works. To be complete,
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let us mention that the same considerations apply to the metric (4.44) but lead to a Gödel-like spacetime
(totally vicious spacetime). In this case, the solutions are the same except that the parameter µ has to
be replaced by −µ if we adopt the orientation ϵτκφ = 1 in both cases. This sign flip is an immediate
consequence of the change of coordinates, equations (4.40a, 4.40b) and (4.43a, 4.43b), which link the
metrics (4.41) and (4.44) to the metric (4.28).

4.2 Preferred local coordinates on (warped) AdS3 quotients
The (non-zero) identification vector used to quotient the warped geometry is given by a linear combination
of a left invariant generator ξ⃗(L) — that can be chosen among the left invariant generators similarly as in
Eqs (2.24a–2.24c) ––– and the vector ξ⃗(R) defining the warping

∂⃗ = L(L) ξ⃗(L) + L(R) ξ⃗(R) = L(L) ∂β + L(R) ∂α ̸= 0⃗ . (4.34)

This vector is defined up to a sign. We always may assume that L(R) ≥ 0 and L(L) ≥ 0 (L(L) > 0 if
L(R) = 0) acting with an isometry in case of spacelike warping and distinguishing between future and past
oriented in case of timelike or lightlike warping (see Table 1). Let us remind that the sl(2, R) Lie algebra

— and as a consequence, the AdS3 tangent spaces — has a three-dimensional Minkowski space geometrical
structure. Their generators — and as a consequence, the invariant vector fields they define — live on
various orbits: the origin, one-sheeted spacelike hyperboloids, future or past (half) null cones, future or
past sheets of two-sheeted timelike hyperboloids. Thus, we have to consider the following thirteen possible
cases depending on the nature (spacelike, timelike or lightlike) of the vectors ξ⃗(R) and ξ⃗(L).

Type ξ⃗(R) ξ⃗(L) κ (= ξ⃗(R) · ξ⃗(L)) range
Ia spacelike timelike κ ∈ R
Ib spacelike spacelike κ ∈ R
IIa spacelike lightlike κ ∈ R
I+

c f−timelike f−timelike κ ≤ −1
I−

c f−timelike p−timelike κ ≥ 1
Ĩa timelike spacelike κ ∈ R
II+

b f−timelike f−lightlike κ < 0
II−

b f−timelike p−lightlike κ > 0
ĨI

+
b f−lightlike f−timelike κ < 0

ĨI
−
b f−lightlike p−timelike κ > 0

ĨIa lightlike spacelike κ ∈ R
III+ f−lightlike f−lightlike κ ≤ 0
III− f−lightlike p−lightlike κ ≥ 0

Table 1: f−: future pointing, p−: past pointing.

Moreover, acting with appropriate O(2, 2) transformations we may assume prescribed values of the vector
fields ξ⃗(R) and ξ⃗(L) at the origin (see section 4.4.4). In section 5, we will analyse the causal structure of
the metric (4.41), using projection diagrams. For this, we recall the ranges of parameters in (4.41). A
priori, ϵ(R), ϵ(L) ∈ {−1, 0, 1}, L(L), L(R) ∈ R, τ ∈ R and κ ∈ R up to additional restrictions coming either
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from horizons, closed timelike curves or topological singularities. Since the overall sign in front of the
identification vector (4.34) does not matter, we may assume L(R) ≥ 0 without loss of generality. Moreover,
as we distinguish between future and past-oriented generators (when they are timelike or lightlike), the
relevant range of parameters we have to take into account is: ϵ(R), ϵ(L) ∈ {−1, 0, 1} (and L(R) ≥ 0 and
L(L) ≥ 0; L(L) > 0 if L(R) = 0).

The orbits of the identification vector are closed. Accordingly, for the resulting spacetime to be
non-totally vicious, see Ref. [43], there must be a non-pathological chronological region, a domain where
the identification vector is spacelike with respect to the physical metric i.e. where

g(λ)(∂⃗, ∂⃗) = g(0)(∂⃗, ∂⃗) + λ

(
ξ(∂⃗)

)2
(4.35)

is positive.
A necessary condition characterizing chronologically safe regions, the regions without closed causal

curves, is:

g(λ)(∂⃗, ∂⃗) = ϵ(L) L(L)
2 + ϵ(R)L(R)

2 + 2L(L) L(R) κ+ λ(ϵ(R) L(R) + L(L) κ)2
> 0 . (4.36)

We insist that a priori this condition is only necessary but not sufficient.
If L(L) = 0 this requires ϵ(R) = +1: among the self-dual quotient space geometries only the spacelike ones
could be non-totally vicious.
When L(L) ̸= 0 and

(1 + λ ϵ(R))L(R)
2 − ϵ(L) λL(L)

2 < 0 , (4.37)

and if moreover λ < 0 the space admits closed causal curves through any point.
Anyway, to avoid closed causal curves at infinity, we recover a condition already imposed: λ > 0. Taking
into account the condition Eq. (2.27), this restricts 1 > λ > 0 in case of timelike warping and λ > 0 when
considering spacelike or lightlike warping.

On the other hand, if

(1 + λ ϵ(R))L(R)
2 − ϵ(L) λL(L)

2 > 0 (4.38)

there are two values of κ , depending on the ratio B = LR/LL, that we denote κ+
CTC and κ−

CTC

κ±
CTC = −(1 + ϵ(R) λ)B ±

√
(1 + ϵ(R) λ)B2 − ϵ(L) λ

λ
(4.39)

for which g(λ)(∂⃗, ∂⃗) vanishes.

Defining r = C(κ − κ+
CTC) or r = C(κ − κ−

CTC), we obtain an expression of the metric such that the
chronological singularity is located on r = 0 and the horizons or topological singularities are either located
at r± = C(κ+

CTC ± 1) or r± = C(κ−
CTC ± 1). This clarifies the origin of the isometry, noted in [16], between

metrics with two different values of r+ and r−, resulting in the same two invariants L(R) and L(L) (or TL

and TR).
For the following considerations, it is more convenient to use an angular coordinate φ that explicitly

reflects the 2π-periodicity implied by the identifications, along with another coordinate that ranges over R:
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τ = α− L(R)

L(L)
β , (4.40a)

φ = β/L(L) . (4.40b)

Using these coordinates, the metric is given by:

g(λ) = ϵ(R) (1 + ϵ(R) λ) dτ2 + 2 (1 + ϵ(R) λ) (L(L) κ+ ϵ(R) L(R)) dτ dφ

+
(
ϵ(L) L(L)

2 + ϵ(R)L(R)
2 + 2L(L) L(R) κ+ λ(ϵ(R) L(R) + L(L) κ)2

)
dφ2

+ 1
4 (κ2 − ϵ(R) ϵ(L))

dκ2 (4.41)

and the identification of points simply reads (τ, κ, φ) ∼ (τ, κ, φ+ 2π). Notice that when ϵ(L) = 0 we may
reabsorb L(L) ̸= 0 into κ by rescaling the lightlike vector ξ⃗(L).
On the other hand, to avoid closed causal curves at infinity (|κ| 7→ ∞) we have to impose the condition:

λ > 0 . (4.42)

Moreover, if L(R) = 0, the vector ξ(R) only plays a rôle in the construction of the coordinate system. In
this case, it has no intrinsic meaning and all three coordinate systems leading to the metrics (4.41) with
ϵ(R) = ±1 or 0 are related by coordinate transformations, implicitly given by the equations of subsection
4.4.4.

The coordinate change, Eqs (4.40a– 4.40b) is not adapted for self-dual configurations, those with
L(L) = 0 (and L(R) > 0). In these cases we define

τ = β , (4.43a)
φ = α/L(R) , (4.43b)

which leads to the local expression of the metric:

g(λ) =(ϵ(L) + λκ2) dτ2 + 2κ (1 + λ ϵ(R))L(R) dτ dφ+ ϵ(R) (1 + λ ϵ(R))L(R)
2 dφ2 + 1

4 (κ2 − ϵ(R) ϵ(L))
dκ2 .

(4.44)

For the quotient space with this warped metric to be not totally vicious we have to require ϵ(R) = 1. Then,
we may assume condition (2.27) instead of (4.42).

4.3 Photon rings
In Ref. [17] the importance of photon rings, in the context of Ib geometries (Eq. (4.41)) with ϵ(R) = ϵ(L) =
+1), is emphasised. Here we want to briefly describe them, using the preferred coordinates, as they are
particularly simple in this framework (and in our opinion).
These geometries present chronological singularities when the ratio

B = L(R)

L(L)
, (4.45)
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of the weight of the right and left invariant Killing vectors defining the identification vector ∂⃗ satisfies
(see Eq. (4.38)):

B2 ≥ λ

(1 + λ) . (4.46)

In this case, the chronological singularities are located at

κ±
CTC = −(1 + λ)B ±

√
(1 + λ)B2 − λ

λ
< 0 . (4.47)

The qualitative analysis of null geodesics in the framework of black holes is easily obtained from the
expression of the metric (4.41) with ϵ(R) = ϵ(L) = +1. Let us define

b = LL pτ/pφ , (4.48)

the (rescaled by L(L)) ratio of the conserved momenta associated to the τ and φ coordinates, themselves
associated to the two commuting Killing vectors of the metric. From the zero-length condition of the null
geodesic and their two constants of motion, we infer that:

κ̇2 = 4
(

(b(κ+B) − 1)2 − b2κ
2 − 1

1 + λ

)
=: U [λ,B, b, κ] . (4.49)

where, for future use, we defined a function U [λ,B, b, κ] that has to be non-negative along the null geodesic.

Photon rings are null geodesics invariant with respect to the two parameter isometry group generated
by ξ⃗(L) ans ξ⃗(R). They are obtained by solving the equations

U [λ,B, b, κ] = 0 , ∂κU [λ,B, b, κ] = 0 (4.50)

whose solutions are

b± = (1 + λ)B ±
√
λ(1 + λ)

(1 + λ)B2 − λ
, (4.51)

κ̃± = ±
√

(1 + λ)/λ . (4.52)

One is given by a positive value of the κ coordinate, the other by a negative value. They are outside the
region −1 ≤ κ ≤ 1, bounded by the horizons (between which κ is a timelike coordinate). When they exist
they correspond to an inner photon ring (located between the singularity and the inner horizon) and an
outer photon ring (located between the outer horizon and infinity).
When B2 < λ/(1 + λ) there is no chronological singularity and the geometries present two photon rings.
When B2 = λ/(1 + λ) the metric presents a double chronological singularity, coinciding with the inner
photon ring κ̃−. As a consequence the relevant geometries possess only one photon ring:

κ̃+ =
√

(1 + λ)/λ . (4.53)

This endures as far as
√
λ/(1 + λ) < B < (2 + λ)/

√
λ(1 + λ) in which cases we obtain that

κ−
CTC < κ̃− < κ+

CTC < 0 < κ̃+ , (4.54)

while for (2 + λ)/
√
λ(1 + λ) < B the two photon rings are greater than κ+

CTC.
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4.4 Decrypting the coordinate systems
In the following sections we provide, for various choices of the vector fields ξ⃗(R) and ξ⃗(L), explicit expressions
of the preferred coordinates κ, α and β in terms of null coordinates, as well as the inverse expressions:
the parametrisation of the null coordinates defining the embedding of H in M2,2 leading to the metrics
expressed in local coordinates, Eqs (4.26), (4.28).
The first ones are obtained from Eq. (4.9) and the integration of Eqs (4.19), (4.20). The inverse relations
are obtained by comparing the scalar products of right and left Killing vector fields (see Eqs (4.5)),
expressed in local coordinates (see hereafter) with the same ones expressed in null coordinates by noticing
that:

U2
± = 1

2 ((κ2 2 − κ3 3) ± (κ2 3 − κ3 2)) (4.55a)

V 2
± = −1

2 ((κ2 2 + κ3 3) ∓ (κ2 3 + κ3 2)) (4.55b)

U+ U− = 1
2 (1 + κ1 1) , V+ V− = 1

2 (1 − κ1 1) (4.55c)

U+ V+ = 1
2 (κ3 1 − κ2 1) , U− V+ = 1

2 (κ1 2 − κ1 3) (4.55d)

U+ V− = 1
2 (κ1 2 + κ1 3) , U− V− = −1

2 (κ3 1 + κ2 1) (4.55e)

These equations provide the key to relate the various coordinate systems introduced in the literature to
describe warped AdS3 spaces . The expressions of the Killing vector fields provide a straightforward way
to obtain the equations of the embedding leading to a given local AdS3 metric gµν in a coordinate system
xµ.

The algorithm consists of the following steps.
1. From the warped AdS3 metric gµν compute the 4 Killing vectors.

2. Identify among these four vectors one, ξµ, that commutes with all the others and its dual 1-form:
ξν = gµνξ

µ

3. Consider the metric γ with components γµν := gµν − λ ξµ ξν and compute the value of λ such that
the metric γµν becomes an Einstein metric: R(γ)µ

ν ∝ δµ
ν

4. Rescale the metric γµν by a factor such that R(γ)µ
ν = −2 δµ

ν

5. The rescaled metric is locally an AdS3 metric. Compute (locally) its six Killing vectors (we already
know four of them).

6. Split them into sets of invariant vector fields {⃗la} and {r⃗a}, normalised according to Eqs (2.16]),
and such that they obey the commutation relations Eqs (2.14) and the positivity constraints Eqs
(4.55a, 4.55b) imply (−κ3 3 ≥ Max.{|κ3 2|, |κ2 3|, |κ2 2|}) .

7. Compare the scalar products κa b := r⃗a · l⃗b expressed in local coordinates with their expressions
in null coordinates and deduce parametrisations of the hyperboloid, Eq.(2.6), in terms of local
coordinates.

8. Doing this for various coordinate systems provides implicit relations between them.
In Appendix C.3 we illustrate the procedure with the example of the warped AdS3 black hole written in
the coordinates used in Eq. (4.1) Ref. [2].
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4.4.1 Killing vectors

In Appendix C we describe an algebraic method to compute the parametrisation of the null coordinates
of the embedding of H in M2,2 from the expression in local coordinates of the bi-invariant metic. The
starting point is the expressions of the Killing vectors.
As the right and left sector are similar, we restrict our considerations to the left one. The right one is
obtained by permuting ϵ(L) with ϵ(R) and β with α.

Two cases have to be considered, depending on whether ϵ(L) is zero or not. From the metric Eq. (4.26)
elementary quadratures lead to:

• If ϵ(L) ̸= 0
Let sκ = sign(κ2 − ϵ(R) ϵ(L)). (Let us remind that in general sκ = +1 unless ϵ(R) = ϵ(L) = +1 in which
case κ runs from −∞ to +∞.)
We obtain the left invariant vectors:

µ⃗1 = ε1 ∂β , (4.56)

µ⃗2 = ε2

(
cosh(2 √

ϵ(L) β)√
|κ2 − ϵ(R) ϵ(L)|

(∂α − ϵ(L) κ ∂β) + 2 sκ

√
|κ2 − ϵ(R) ϵ(L)|

sinh(2 √
ϵ(L) β)

√
ϵ(L)

∂κ

)
, (4.57)

µ⃗3 = ε1 ε2

(
sinh(2 √

ϵ(L) β)
√
ϵ(L)

√
|κ2 − ϵ(R) ϵ(L)|

(ϵ(L) ∂α − κ ∂β) + 2 sκ

√
|κ2 − ϵ(R) ϵ(L)| cosh(2 √

ϵ(L) β) ∂κ

)
,

(4.58)
ε1 = ±1 , ε2 = ±1 (4.59)

They are orthogonal between themselves and of norms:

µ⃗1 · µ⃗1 = ϵ(L) , µ⃗2 · µ⃗2 = −sκ ϵ(L) , µ⃗3 · µ⃗3 = sκ . (4.60)

The correspondence between them and the “standard” ones satisfying the commutation relations
Eqs (2.14) depends on the values of ϵ(L) and sκ. The Lie brackets of the vector fields Eqs (4.56–4.58)
are given by:

[µ⃗1, µ⃗2] = 2 µ⃗3 , [µ⃗2, µ⃗3] = 2 sκ ϵ(L) µ⃗1 , [µ⃗3, µ⃗1] = −2 ϵ(L) µ⃗2 . (4.61)

Accordingly we obtain (up to SO(2, 1) transformations):

If ϵ(L) = +1 and sκ = −1 : l⃗1 = µ⃗1 , l⃗2 = ±µ⃗2 , l⃗3 = ±µ⃗3 (4.62)
If ϵ(L) = +1 and sκ = +1 : l⃗1 = µ⃗1 , l⃗2 = ±µ⃗3 , l⃗3 = ±µ⃗2 (4.63)
If ϵ(L) = −1 and thus sκ = +1 : l⃗1 = µ⃗3 , l⃗2 = ±µ⃗2 , l⃗3 = ±µ⃗1 (4.64)

The right invariant Killing vectors are given by a similar correspondence, but with opposite signs.
The two possibilities of choosing the signs of l⃗2 and l⃗3 allow to always satisfy the positivity constraints
implied by Eqs. (4.55a), (4.55b).

• If ϵ(L) = 0
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The left invariant Killing vectors reduce to:

µ⃗1 = ∂β , (4.65)
µ⃗2 = 2 (κ ∂κ − β ∂β) , (4.66)

µ⃗3 = 1
κ
∂α + 4κβ ∂κ −

(
2β2 + ϵ(R)

2κ2

)
∂β . (4.67)

Two are lightlike. Their non-zero scalar products are:

µ⃗1 · µ⃗3 = 1 , µ⃗2 · µ⃗2 = 1 , (4.68)

and the linear combinations

l⃗1 = (µ⃗3 + µ⃗1)/
√

2 , l⃗2 = µ⃗2 , l⃗3 = (µ⃗3 − µ⃗1)/
√

2 (4.69)

satisfy the commutation relations Eqs (2.14).

4.4.2 Interlude: Killing spinors

Having obtained the expressions of the Killing vectors, a natural question consists in looking for Killing
spinors. As it is well known, their existence often signals that the underlying geometry is a solution,
in the sector of vanishing fermionic fields, of the field equations of some supergravity models. Indeed
supersymmetric warped AdS3 solutions were found in some 3-dimensional supergravities; see for instance
[44–46]. Here, however, we restrict ourselves to the discussion of the existence of Killing spinors.

Only lightlike warped geometries possess such spinor fields when λ ̸= 0. They have λ-independent
scalar curvature R = −6 and admit a Killing spinor Σ – a solution to the equations:

∇µ Σ = ±1
2 γµ Σ , (4.70)

the sign depends on the representation of the Dirac matrices γµ used.
With respect to the frame:

f (1) = 1
2κ dκ ,

f (2) = κ dα+ 1
2 (ϵ(L) + 1 + λκ2) dβ ,

f (3) = κ dα+ 1
2 (ϵ(L) − 1 + λκ2) dβ ,

this spinor reads

Σ =
√
κ

1
2 (Id− γ1)S , (4.71)

where S is an arbitrary constant spinor. Its norm is zero and the Killing vector it defines is ∂α, the
(lightlike) one involved in the warping of the AdS3 geometry:

Σ Σ = 0 , (4.72)
Σγµ Σ = {1, 0, 0} . (4.73)
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This spinor is invariant with respect to the identification along the orbits of ∂⃗. Thus, it remains well-defined
in the framework of the (extremal) black holes these identifications define.14

The existence of this Killing spinor opens up the way to interesting questions. For instance, to examine
the supersymmetric properties of warped AdS3 black holes in the so-called quadratic ensemble [47]. These
questions will not be considered here.

4.4.3 Singularities, horizons and all that ...

We now will examine in detail the various possibilities that the choices of ξ⃗(R), ξ⃗(L) and ∂⃗ define under the
assumptions:

L(R) ≥ 0 , λ > 0 , 1 + ϵ(R) λ > 0 . (4.74)

Singularities are of two types: chronological and topological. Chronological singularities are defined as the
boundaries of the regions where causal closed lines exist, topological singularities as fixed points of the
identification relation Eq. (4.2) such that the resulting space is no more a differentiable manifold (see for
instance Ref. [28], section 5.8).
Let us first consider chronological singularities. When they exist, these boundaries are given by the two
roots (Eq. (4.39)) of the quadratic equation defined by the condition Eq. (4.36). Moreover, to have a black
hole geometry, the corresponding singularities have to be hidden by horizons. Horizons are null surfaces
of constant κ corresponding to roots of ∆: surfaces where σ becomes lightlike (see Eqs. (4.11), (4.4)).

To continue the discussion let us recall that:

— the vectors ξ⃗(R) and ξ⃗(L) are each defined up to an SO+(2, 1) transformation.

— their scalar product defines, Eq. (4.9), the coordinate κ

— the identification vector ∂⃗ is defined up to a sign.

The identification of the Killing vector fields expressed in null coordinates with those expressed in local
coordinates is restricted by several considerations. The vectors ξ⃗(R) and ξ⃗(L) are given by ∂α and ∂β .
Moreover, the vector r⃗2,3 and l⃗2,3 must be chosen so that their scalar products satisfy the positivity
conditions implied by Eqs (2.6), (4.55a), (4.55b).
There are several ways to break the SL(2,R)R remaining isometry group of the metric by choosing the
vector ξ⃗(L). This leads to the list in Table 1 of warped geometries. The equations giving the action on null
coordinates of the discrete isometry group generated by Exp[2π n ∂⃗] (n ∈ Z) and used to define quotients
are immediate from their expressions in terms of the local coordinates α, β and κ that transform as:

α 7→ α+ 2π L(R) , β 7→ β + 2π L(L) , κ 7→ κ . (4.75)

On the other hand, the fixed points are the ones such that

Exp[L(L) XL] zExp[L(R) XR] = z i.e. z−1 Exp[L(L) XL] z = Exp[−L(R) XR] . (4.76)

This means that the two generators L(L) XL and −L(R) XR belong to the same adjoint orbit in the sl(2, R)
Lie algebra.

14Scrupulous readers may wonder if this Killing spinor is globally well defined. The resolution of the Killing spinor
equation, Eq. (4.70), using a global coordinate system yields a positive answer to this question.
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When the fixed points set is non-empty, it has the following structure.
1. If XL is timelike then its stabilizer subgroup in the adjoint action is (conjugated to) K = SO(2).

In this case, according to the Iwasawa decomposition, there exists a unique z0 in AN such that −XR =
Adz0(XL). Hence the fixed points consist in the lateral class z0 K i.e. a circle.

2. If XL is spacelike, then its stabilizer subgroup in the adjoint action is (conjugated to) ±A and there
exists a unique (up to sign) z0 ∈ KN such that −XR = Adz0(XL). Hence, the fixed points consist of the
set ±z0 A i.e. two lines.

3. If XL is lightlike, then its stabilizer subgroup in the adjoint action is (conjugated to) ±N and there
exists a unique (up to sign) z0 ∈ KA such that −XR = Adz0(XL). Hence the fixed points consist of the
set ±z0 N i.e. two lines again.

4.4.4 Explicit expressions

Let us now examine the various cases in Table 1 in detail. In particular, we recall that the sl(2, R) Lie
algebra has the structure of a (2 + 1)-dimensional Minkowski space with each generator belonging to one
of the various co-adjoint orbits: spacelike hyperboloid, future or past sheet of a timelike hyperboloid,
future or past sheet of the null cone and the origin (zero vector). Thus, elementary hyperbolic geometry
provides a check of the range of the κ coordinate defined by the product (4.9) of the right and left Killing
vectors involved.

• Spacelike warping: ξ⃗(R) = r⃗1, ϵ(R) = +1; λ > 0

– Ia: ξ⃗(L) = l⃗3 , ϵ(L) = −1 ,

κ = U+ V− − U− V+ ∈ R , ∆ = (U2
+ + V 2

+)(U2
− + V 2

−) ≥ 1 , (4.77)

α = 1
4 ln

(
U2

+ + V 2
+

U2
− + V 2

−

)
, β = 1

2 arctan
(
U+ V− + U− V+

U+ U− − V+ V−

)
(4.78)

and with κ = sinh(2 ρ)

U± = e± α (cosh(ρ) sin(β) ∓ sinh(ρ) cos(β)) , (4.79)
V± = −e± α (cosh(ρ) cos(β) ± sinh(ρ) sin(β)) . (4.80)

These equations, combined with the expressions of κ and α provide an unambiguous value of
β, on the contrary of the one given by the second of Eq. (4.78).
In this case condition Eq. (4.38) always is fulfilled. The boundaries defining the chronological
singularities are such that

κ−
CTC < −B , −B < κ+

CTC ≤ (1 −B2)
2B , (4.81)

where B is given by Eq. (4.45).
– Ib: ξ⃗(L) = l⃗1 , ϵ(L) = +1 ,

κ = U+ U− − V+ V− ∈ R , ∆ = −4U+ U− V+ V− , (4.82)

α = 1
4 ln

∣∣∣∣U+ V+

U− V−

∣∣∣∣ , β = 1
4 ln

∣∣∣∣U+ V−

U− V+

∣∣∣∣ , (4.83)
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Here we have to distinguish between several sectors:
For κ = cosh(2 ρ) ≥ 1, ρ ∈ R

U± = σU e
±(α+β) cosh(ρ) , (4.84)

V± = ±σV e
±(α−β) sinh(ρ) , (4.85)

for κ = − cosh(2 ρ) ≤ −1, ρ ∈ R

U± = ±σU e
±(α+β) sinh(ρ) , (4.86)

V± = σV e
±(α−β) cosh(ρ) . (4.87)

In all these four expressions σU and σV are equal to +1 or −1.
For κ = cos(2 ρ) ≤ 1, 0 ≤ ρ < 2π

U± = e±(α+β) cos(ρ) , (4.88)
V± = e±(α−β) sin(ρ) . (4.89)

If B2 < λ/(1 + ϵ(R) λ), then all the space is chronologically safe. Otherwise, the chronological
singularities are located in the region κ < −1. Moreover, notice that the horizon κ = +1 (resp.
κ = −1) corresponds to the null surfaces V+ = 0 or V− = 0 (resp. U+ = 0 or U− = 0). When
LR = LL, the intersection line (U+ = 0, U− = 0) is a line of fixed points with respect to the
identifications (4.75) and thus constitutes a topological singularity.

– IIa: ξ⃗(L) = (⃗l2 − l⃗3)/
√

2 , ϵ(L) = 0 ,

κ =
√

2U− V+ ∈ R , ∆ = 2U2
− V

2
+ , (4.90)

α = 1
2 ln

∣∣∣∣ V+

U−

∣∣∣∣ , β = U+ U− − V+ V−

2
√

2U− V+
, (4.91)

and with κ = σκ e
2 ρ ∈ R where σκ = ±1 and s = ±1:

U+ = s e(α−ρ) 1 + 2σκ β e
2 ρ

23/4 , U− = s
e−(α−ρ)

21/4 , (4.92)

V+ = s σκ
e(α+ρ)

21/4 , V− = s e−(α+ρ) 1 − 2σκ β e
2 ρ

23/4 . (4.93)

In this case the singularities are located in the region κ < −B/2 ≤ 0; the horizons are the
surfaces U− = 0 or V+ = 0 (corresponding to limit values of the coordinates: ρ = −∞, α =
+∞, β = ±∞).

• Timelike warping: ξ⃗(R) = r⃗3, ϵ(R) = −1; 1 > λ > 0

– I−
c : ξ⃗(L) = −l⃗3 , ϵ(L) = −1 , (4.94)

κ = +1
2 (U2

+ + U2
− + V 2

+ + V 2
−) ≥ 1 ,

∆ = 1
4
(
(U+ + U−)2 + (V+ + V−)2) ((U+ − U−)2 + (V+ − V−)2) , (4.95)

α = 1
2 arctan

[
U2

+ + V 2
+ − U2

− − V 2
−

2 (U− V+ − U+ V−)

]
, (4.96)

β = 1
2 arctan

[
2 (U+ V+ − U− V−)
V 2

+ − U2
+ + U2

− − V 2
−

]
, (4.97)
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and with κ = cosh(ρ) and ρ ≥ 0

U± = + cosh(ρ) sin(α− β) ± sinh(ρ) sin(α+ β) , (4.98)
V± = − cosh(ρ) cos(α− β) ± sinh(ρ) cos(α+ β) . (4.99)

– I+
c : ξ⃗(L) = l⃗3 , ϵ(L) = −1 (4.100)

κ = −1
2 (U2

+ + U2
− + V 2

+ + V 2
−) ≤ −1 ,

∆ = 1
4
(
(U+ + U−)2 + (V+ + V−)2) ((U+ − U−)2 + (V+ − V−)2) , (4.101)

α = +1
2 arctan

[
U2

+ + V 2
+ − U2

− − V 2
−

2 (U− V+ − U+ V−)

]
, (4.102)

β = +1
2 arctan

[
2 (U+ V+ − U− V−)
U2

+ − V 2
+ − U2

− + V 2
−

]
(4.103)

and with κ = − cosh(ρ)

U± = (cosh(ρ) sin(α+ β) ∓ sinh(ρ) sin(α− β)) , (4.104)
V± = (cosh(ρ) cos(α+ β) ± sinh(ρ) cos(α− β)) . (4.105)

In both cases I∓
c condition (4.38) is satisfied. Thus, there are closed causal curves located in

the region where κ is between κ−
CTC < −1 and κ+

CTC > 1. Moreover the line κ = 1 constitutes a
line of fixed points, a topological singularity line in case I−

c when identifications are done with
L(L) = L(R).

– II−
b : ξ⃗(L) = (⃗l2 − l⃗3)/

√
2 , ϵ(L) = 0 ,

κ =
U2

− + V 2
+√

2
, ∆ =

(U2
− + V 2

+)2

2 , (4.106)

α = arctan
(
V+

U−

)
) , β = U+ V+ − U− V−√

2 (U2
− + V 2

+)
(4.107)

and with κ = e2 ρ and 0 ≤ α < 2π:

U+ = 2−1/4 (cos(α) e−ρ + 2β sin(α) eρ) , U− = 21/4 cos(α) eρ , (4.108)
V− = 2−1/4 (sin(α) e−ρ − 2β cos(α) eρ) , V+ = 21/4 sin(α) eρ . (4.109)

– II+
b : ξ⃗(L) = (⃗l2 + l⃗3)/

√
2 , ϵ(L) = 0 ,

κ = −
U2

+ + V 2
−√

2
, ∆ =

(U2
+ + V 2

−)2

2 , (4.110)

α = arctan
(
V−

U+

)
, β = U+ V+ − U− V−√

2 (U2
+ + V 2

−)
, (4.111)

and with κ = −e2 ρ and 0 ≤ α < 2π:

U+ = 21/4 cos(α) eρ , U− = 2−1/4(cos(α) e−ρ − 2β sin(α) eρ) , (4.112)
V− = 21/4 sin(α) eρ , V+ = 2−1/4(sin(α) e−ρ + 2β cos(α) eρ) . (4.113)

In both cases, the singularities are located in regions κ < B/2.
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• Lightlike warping: ξ⃗(R) = (r⃗2 + r⃗3)/
√

2 , ϵ(R) = 0

– III+: ξ⃗(L) = (⃗l2 + l⃗3)/
√

2 , ϵ(L) = 0 , (4.114)
κ = −V 2

− , ∆ = V 4
− , (4.115)

α = − U+√
2V−

, β = − U−√
2V−

, (4.116)

and with κ = −e2 ρ and s = ±1:

U+ = −s
√

2α eρ , U− = −s
√

2β eρ , (4.117)
V+ = s (e−ρ − 2αβ eρ) , V− = s eρ . (4.118)

From Eq. (4.39) we directly read that κ+
CTC = 0. Thus, the safe region on this local patch is

given by κ < κ−
CTC = −2B/λ ≤ 0.

– III−: ξ⃗(L) = (⃗l2 − l⃗3)/
√

2 , ϵ(L) = 0 , (4.119)
κ = U2

− , ∆ = U4
− , (4.120)

α = V+√
2U−

, β = − V−√
2U−

(4.121)

and with κ = e2 ρ and s = ±1:

U+ = s (e−ρ + 2αβ eρ) , U− = s eρ , (4.122)
V+ = s

√
2α eρ , V− = −s

√
2β eρ . (4.123)

There is no singularity on this local patch (as in this case κ+
CTC = 0) but there is one on its

boundary. The surface U− = 0 constitutes a lightlike chronological singularity, containing a
topological singularity on the line V+ = V− = 1 when identifications are done with L(L) = L(R).

The parametisations obtained for the choices of the vectors ξ(R) and ξ(L) corresponding to the four types
Ĩa, ĨIa, ĨI

+
b and ĨI

−
b are similar to those obtained for the types Ia, IIa, II+

b and II−
b except that the

functions α and β have to be interchanged, after having performed a discrete O(2, 2) transformation.15

Indeed, they correspond to the exchange of ϵ(L) with ϵ(R), in accordance with the writing of the metric Eq.
(4.26). But once identifications are performed their causal structures may be different. This is why they
have to be taken into account.
Let us also emphasize that from the explicit solutions of the geodesic equations obtained in section 3,
together with the previous expressions of the α, β and κ coordinates in terms of the null coordinates
provide solutions of the geodesic equations in the adapted coordinates, and more generally using the
algorithm described in Appendix C.3 in any coordinate system.

5 Projection diagrams
In this section we discuss the causal structure of warped geometries, using projection diagrams, which
were introduced in [15]. In subsection 5.1, we give a summary of the results obtained. In subsection

15These transformations are for type Ia : V+ ↔ V−, for IIa : V+ ↔ −V−, for II+
b

: U+ ↔ U− and for II−
b

: V+ ↔ V−.
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5.2, we recall the definition of a projection diagram given in [15] and provide some comments regarding
this definition, in line with what is said there. Subsections 5.3 - 5.5 provide our results. Subsection 5.6
provides an alternative method of visualizing the causal structure of warped spaces. We warn that while
projection diagrams have many similarities to the commonly used Carter-Penrose diagrams, there are also
important differences. Carter-Penrose diagrams are obtained by performing a conformal completion of the
spacetime and then taking a slice, while projection diagrams are obtained by projecting to a subset of
two-dimensional Minkowski space: M1,1, in a certain way and then performing a conformal completion.
The causal structure of the warped black holes of [2], type Ib and IIa in our context, has been discussed
in [16]. Our results agree with their analysis, for the case Ib compare Fig. 6a and Fig. 4a to Fig. 7
and Fig. 8 in [16]; for the case IIa, compare Fig. 3a to Fig. 9 in [16]. The geometry ĨIa appears in
Eq. (2.4) of Ref. [14] when z = 2. Using their notations, in which α and β are constants (not to be
confused with the functions introduced in Eqs (4.19),(4.20)), their geometry corresponds to the local
metric (4.41) with ϵ(R) = 0, ϵ(L) = 1, κ = r/α, L(L) = α, L(R) = β/2 and λ = 1. The paper [14] claims
that the geometry describes a black hole when β ≥ 2α, where the causal singularity is hidden behind an
horizon, in accordance with Eq. (4.36) and Fig. 3a. For z = 0 or z = 1 their metric is locally isometric to
AdS3, for all other value of z it is an AdS3 space warped by a lightlike Killing vector. Moreover, unless
z = 2 (or 0, 1), the warping factor is not constant, but local (see Section 4.1.1).

5.1 Summary of the causal structure
Here, before going into the details, we summarise the results obtained on the various causal structures
when the warping parameter λ is nonzero. For the metric (4.41) which has L(L) ̸= 0, we find the following
causal structure, classified according to Table 1:

• Spacelike warping (ϵ(R) = +1):
The case Ia has a naked singularity with projection diagram given by Fig. 1a
The case Ib (ϵ(L) = +1) is the standard warped version of the BTZ black hole whose causal structure
has also been discussed in [16]. The spacetime possesses closed timelike curves when the ratio
B = L(R)/L(L), defined in (4.45), satisfies B2 ≥ λ/(1 + λ). In addition, for B = 1 (i.e. L(R) = L(L)),
the locus κ = −1 contains a line of fixed points, leading to a topological singularity, as pointed out
in Sec. 4.4.4. Extending from κ = ∞ inward, the corresponding projection diagrams in the different
regimes are given in Fig. 6a and Fig. 4a. Extending from κ = −∞ inward, the projection diagram
is given by Fig. 1a. For B2 < λ/(1 + λ) the spacetime is devoid of closed timelike curves and the
projection diagram given by 5a.
In case IIa (ϵ(L) = 0) with L(R) ̸= 0 we obtain extremal black hole configuration if we extend from
κ = ∞ inward., see Fig. 3a. Extending from κ = −∞ yields Fig. 1a. When L(R) = 0, the projection
diagram is given by Fig. 1c.

• Lightlike warping (ϵ(R) = 0): The cases III+, III−, ĨI
+
b , ĨI

−
b have naked singularities. For ĨIa, if

B2 ≥ λ and if we extend from κ = ∞ inward, we obtain Fig. 3a, while if we extend from κ = −∞
inward, we obtain Fig. 1a. For B2 < λ, the metric is devoid of CTCs and the projection diagram
given by Fig. 2a.

• Timelike warping (ϵ(R) = −1): The cases I+
c , I

−
c , II+

b , II
−
b have naked singularites. The case Ĩa has

naked singularities when B2 ≥ λ/(1 + λ) ≥ 0 and in that regime the projection diagram is given by
Fig. 1a. When B2 < λ/(1 − λ) ≥ 0 the spacetime has no CTCs and the projection diagram is given
by Fig. 1b.
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For the self-dual configurations (L(L) = 0) we find the following:

• Spacelike warping (ϵ(R) = +1): For ϵ(R) = +1 there are never any closed timelike curves. For
ϵ(L) = −1 there are no horizons. For ϵ(L) = 0 and ϵ(L) = 1 the causal structure is given by Fig.
3b and Fig. 2b, respectively. In these cases, the horizons don’t appear to be black hole horizons
(compare to discussion in Sec. 2.3 of [48]).

• Null or timelike warping (ϵ(R) ∈ {0,−1}): The spacetime has closed null curves through every point.

To summarize, the cases Ib, IIa and ĨIa have the causal structure of a black hole.

5.2 Definition
In [15], a new class of two-dimensional diagrams, the so-called projection diagrams, were introduced as a
tool to visualize the global structure of spacetimes. These diagrams can be used to depict non-spherically
symmetric or non-block diagonal metrics with two-dimensional diagrams, using a two-dimensional auxiliary
metric constructed out of the spacetime. For the convenience of the reader, we now recall its definition [15]:

Let (M, g) be a smooth spacetime and let M1,n denote (n+ 1)-dimensional Minkowski spacetime. A
projection diagram is a pair (π, U), where

π : M → W , W ⊂ M1,1

is a continuous map, differentiable on an open dense set. U ⊂ M is an open set, assumed to be nonempty,
on which π is a smooth submersion, such that

1. every smooth timelike curve σ ⊂ π(U) is the projection of a smooth timelike curve ω in (U, g):
σ = π ◦ ω;

2. the image π ◦ ω of every smooth timelike curve ω ⊂ U is a timelike curve in M1,1.

The two requirements on timelike curves ensure that causal relations on π(U) reflect – as accurately as
possible – causal relations on U . By continuity, it follows that images of causal curves in U are causal in
π(U). Many spacelike curves in the original spacetime are mapped to either null or timelike curves in the
diagram.

The map π in the definition of the projection diagram is used to systematically construct an auxiliary
two-dimensional metric out of spacetime. One then performs a conformal completion, which is always
possible in two dimensions, and draws a diagram of the two-dimensional auxiliary metric. This auxiliary
metric shares important causal features with the original metric due to the requirements on π.

We give some comments on the definition. While it is assumed for simplicity that (M, g), π|U and the
causal curves in the definition are smooth, this is unnecessary for most purposes. In the definition, it is
assumed that the map π maps U to a subset of M1,1 but this can be modified. In some applications it
might be more natural to consider different two-dimensional manifolds as the target space; an example of
such a spacetime is already given in [15] and requires only minimal modification of the definition. For
additional explanations with regards to the definition consult Ref. [15, section 3.1].

Importantly, the requirements in the definition ensure that if there exists a black hole region in the
diagram, there exists a black hole region in the original spacetime. Indeed, if the diagram has a black
hole region B, then B = W − J−(I +(W )) is nonempty. Here, J−(I +) denotes the causal past of I +,
future null infinity. This implies, that all curves leaving the black hole region B and hitting I +(W ) at
late times are spacelike. We now define a new set B̃ for which it holds that B = π(B̃). Assume that there
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exist causal curves, moving forward in time, that leave B̃ and that go to future null infinity; then this
must also be the case in B = π(B̃) via the axioms of the projection diagram. This immediately leads to a
contradiction. Therefore, if a black hole region exists in the diagram, a black hole region must exist in the
original spacetime.

5.2.1 Conformal diagrams of two-dimensional, static metrics

In what follows we will need to construct conformal diagrams for metrics of the form

g(2) = −F̂ (κ)dτ2 + dκ2

F̂ (κ)
, (5.1)

where τ ∈ R and F̂ (κ) is an analytic function on an interval. The geometry of the spacetime and its
potential extendability will depend upon the sign of F̂ , the zeros of F̂ and their order. A systematic
study of conformal diagrams for two-dimensional metrics has been carried out by Walker [49], which was
reviewed in [15]. For convenience of the reader, we recall the details needed for the considerations in this
work here and refer for an in-depth discussion of this topic to [15,49], as well as [50].

Following [49], we consider separately maximal intervals (“blocks”) on which F̂ (κ) is finite and does
not change sign. These intervals define the ranges of κ and lead to connected Lorentzian manifolds on
which g(2) is defined everywhere. The conditions under which such manifolds can be patched together
were discussed in [49]. Following [15, 49], we first bring the metric (5.1) into a manifestly conformally flat
form by choosing a value κ∗ such that F̂ (κ∗) ̸= 0 and introduce a new coordinate

x(κ) =
∫ κ

κ∗

ds

F̂ (s)
, (5.2)

which yields
g(2) = F̂ (κ)(−dτ2 + dx2) . (5.3)

When x(κ) ranges over R on the block, we obtain that the block is conformal to a diamond (the conformal
diagram of the usual 2d Minkowski space). When x(κ) is only diverging at one end, we obtain that the
block is conformal to a triangle. When x(κ) is finite at both ends, we obtain a strip.

It was shown in [49] that four blocks can be glued together across a boundary where

F̂ (κ0) = 0 , F̂ ′(κ0) ̸= 0 , (5.4)

such that the Kruskal extension so obtained is real analytic. If the function F̂ (κ) has a higher-order zero
at κ = κ0

F̂ (κ0) = 0 , F̂ ′(κ0) = 0 , (5.5)

one may only glue together two blocks, as was shown in [49] by performing an Eddington-Finkelstein
extension.

5.2.2 Extendability of spacetime

In the last subsection, we discussed under which conditions a two-dimensional spacetime of the form (5.1)
can be extended across a surface κ = κ0, on which F (κ0) = 0. As shown in [15], since κ is a real analytic
function in terms of the Kruskal coordinates, also the spacetime metric gµν extends smoothly across
κ = κ0. The quotienting procedure may give rise to closed timelike curves or topological singularities
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and we will cut our spacetime off in such a way that the resulting spacetime is devoid of closed timelike
curves/topological singularities. In the regions where closed timelike curves appear, causality is not
represented in any useful way in the projection diagram. For this reason these regions are removed from
the diagram.

5.3 The generic cases: λ > 0, L(R) ≥ 0, L(L) > 0
We now discuss the causal structure of (4.41) and (4.44) using projection diagrams. We start with
(4.41) where ϵ(R), ϵ(L) = {±1, 0}, L(R) ≥ 0 and L(L) > 0. In addition, we split the cases according to the
classification in Table 1. The case L(L) = 0 is covered by the metric (4.44), which we will cover later (see
Sec. 5.4). We recall that to avoid a change of metric signature we impose, see Eq. (2.27),

(1 + ϵ(R)λ) > 0 . (5.6)

to stay in the domain where the signature of the metric is given by (−,+,+).
For our considerations it is useful to put the metric, Eq. (4.41), into the form

g(λ) = −N2(κ)F (κ)dτ2 + dκ2

F (κ) +R2(κ)(dφ+Nφ(κ)dτ)2 (5.7)

with

N2(κ) = L(L)
2(λϵ(R) + 1)
4R2(κ) , (5.8)

F (κ) = 4(κ2 − ϵ(L)ϵ(R)) , (5.9)

Nφ(κ) = (1 + λ ϵ(R))(κL(L) + ϵ(R) L(R))
R(κ) , (5.10)

R2(κ) = L(L)
2(κ2λ+ ϵ(L)

)
+ 2κL(L)L(R)(1 + λ ϵ(R)) + L(R)

2ϵ(R)(1 + λ ϵ(R)) . (5.11)

The spacetime is defined as the region where R2(κ) is non-negative. The region R2(κ) > 0 is where no
closed timelike curves occur. We will refer to the locus κ = κ±

CTC for which

R2(κ±
CTC) = 0 , (5.12)

as the chronological (or topological) singularity that defines the boundary of the manifolds we consider.
For16 λ ̸= 0, there are two roots of this equation, given by Eq. 4.39.
For λ = 0 but L(L) L(R) ̸= 0 one root (κ−

CTC) is pushed to infinity while the other reduces to

κ+
CTC = −(ϵ(L) B + ϵ(R) B

−1) , (5.13)

where B is given by (4.45). If λ and the product L(L) L(R) vanish, R(κ) reduces to the constant ϵ(L) L(L)
2 +

ϵ(R) L(R)
2 which fixes ϵ(R) or ϵ(L) to be equal to one.

We then write the metric as

g(λ) = N(κ)
(

−F̂ dτ2 + dκ2

F̂

)
+R(κ)2(dφ+Nφ(κ)dτ)2 (5.14)

16Let us also remind that for λ < 0 there are closed timelike curves at large values of κ which is why we focus on λ ≥ 0 in
this work (see Eq. (4.42)).
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with
F̂ = N(κ)F (κ) =

√
1 + ϵ(R) λ

λ

2 (κ2 − ϵ(L)ϵ(R))√
(κ− κ+

CTC)(κ− κ−
CTC)

. (5.15)

To discuss the causal structure of the warped AdS3 quotients, we construct projection diagrams. The
projection π is given by (τ, κ, φ) 7→ (τ, κ) and maps (M, g) to a subset of M1,1 with local metric

γ = N(κ)
(

−F̂ dτ2 + dκ2

F̂

)
, (5.16)

where N(κ) is strictly positive in the domain of interest. To build the various projection diagrams we have
to look at the domains of definition of the κ variable (R(κ) ≥ 0) and, the behaviour of x(κ) at infinity
and, when relevant, the behaviour of x(κ) near κ = 0, ±1. Table 2 summarizes our results.

Generic cases x(κ0) ∝
√
λ/(1 − λϵ(R))

∫ κ0
√

(κ− κ+
CTC)(κ− κ−

CTC)/(κ2 − ϵ(R)ϵ(L)) dκ , x(±∞) = div.(0)
Type {ϵ(R), ϵ(L)} B ≥ 0, λ > 0 κ+

CTC κ−
CTC x(κ+

CTC) x(κ−
CTC) x(+1) x(−1) x(0) Fig.

Ia, κ ∈ R {+1, −1} ∈ R ∈ R−
0 κ ≥ κ+

CTC or κ ≤ κ−
CTC < 0, Fig. 1a

IIa κ ∈ R {+1, 0} B > 0 < 0 < κ+
CTC < 0 f. κ ≤ κ−

CTC Fig. 1a

{+1, 0} B > 0 < 0 < κ+
CTC < 0 f. div.(1) κ ≥ κ+

CTC Fig. 3a

{+1, 0} B = 0 = 0 = 0 div.(0) div.(0) div.(0) κ ≥ 0 or κ ≤ 0 Fig. 1c

Ib, κ ∈ R {+1, +1} B2 < λ/(1 + λ) ∈ C ∈ C div.(0) div.(0) Fig. 5a

B2 ≥ λ/(1 + λ), ̸= 1 ≤ −1/B < −1 f. div.(0) div.(0) κ ≥ κ+
CTC Fig. 6a

B = 1 = −1 = −(λ+ 2)/λ < −1 f. div.(0) f. κ ≥ −1 Fig. 4a

B2 ≥ λ/(1 + λ) ≤ −1/B < −1 f. κ ≤ κ−
CTC Fig. 1a

I+
c , κ ≤ −1 {−1, −1} ≥ 1 < −1 κ−

CTC > κ Fig. 1a

I−
c , κ ≥ 1 {−1, −1} ≥ 1 ≤ −1 f. Fig. 1a

II+
b , κ ≤ 0 {−1, 0} B > 0, 1 > λ > 0 > 0 < 0 Fig. 1a

B = 0, 1 > λ > 0 = 0 = 0 div.(0) div.(0) div.(0) Fig. 1c

II−
b , κ ≥ 0 {−1, 0} B > 0, 1 > λ > 0 > 0 < 0 Fig. 1a

B = 0, 1 > λ > 0 = 0 =0 div.(0) div.(0) div.(0) Fig. 1c

Ĩa, κ ∈ R {−1, +1} B2 < λ/(1 − λ) ∈ C ∈ C Fig. 1b

B2 ≥ λ/(1 − λ) ≥ −1/B ≤ −1/B f. f. Fig. 1a

ĨI
+
b , κ ≤ 0 {0, −1} λ > 0 (

√
B2 + λ−B)/λ −(

√
B2 + λ+B)/λ Fig. 1a

ĨI
−
b , κ ≥ 0 {0, −1} λ > 0 (

√
B2 + λ−B)/λ −(

√
B2 + λ+B)/λ Fig. 1a

III+, κ ≤ 0 {0, 0} B > 0 = 0 = −2B/λ κ ≤ κ−
CTC, Fig. 1a

B = 0 = 0 = 0 div.(0) div.(0) div.(0) κ ≤ κ−
CTC, Fig. 1c

III−, κ ≥ 0 {0, 0} = 0 = −2B/λ < 0 div.(1/2) κ ≥ 0 Fig. 1c

ĨIa, κ ∈ R {0, +1} λ > B2 ∈ C ∈ C div.(1) Fig. 2a

{0, +1} λ ≤ B2 ≤ −1/
√
λ f. κ ≤ κ−

CTC Fig. 1a

{0, +1} λ ≤ B2 ≤ −1/
√
λ f. div.(1) κ ≥ κ+

CTC Fig. 3a

Table 2: A summary of all the elements needed to fix the causal structure of the maximal extension of
the various types of warped geometries displayed in Table 1 with metric (4.41). (B is given by (4.45), f.
= finite, div.(0)= logarithmic divergence, div.(n)=divergent (as 1/ϵn))
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5.4 The warped self–dual cases: λ > 0, L(R) ≥ 0, L(L) = 0
If ϵ(R) ≤ 0 the full spacetime contains closed timelike curves. We thus consider ϵ(R) = +1 where no closed
timelike curves occur and κ belongs to R. The metric (4.44) can be rewritten as:

ds2 = −(κ2 − ϵ(L))dτ2 + dκ2

4(κ2 − ϵ(L))
+ (1 + λ)L(R)

2(dφ+ κ

L(R)
dτ)2 (5.17)

such that

F̂ (κ) = 2 (κ2 − ϵ(L)) . (5.18)

The integrals defining x(±∞) are finite and thus are vertical lines in the diagram. As L(L) = 0 the

x(κ0) ∝
∫ κ0 1/(κ2 − ϵ(L)) dκ , ϵ(R) = +1 , κ ∈ R , x(±∞) = f.

ϵ(L) x(+1) x(−1) x(0) Fig.

−1 Fig. 1d

0 div.(1) Fig. 2b

+1 div.(0) div.(0) Fig. 5b

Table 3: A summary of all the elements needed to fix the causal structure of the maximal extensions of
self-dual (L(L) = 0) warped geometries with ϵ(R) = 1 which are described by (4.44) (f. = finite, div.(0)=
logarithmic divergence, div.(n)=divergent (as 1/ϵn))

geometry of the warped AdS3 quotient does not depend on the nature of the vector ξ(L), but the local
coordinate expressions of the metric and the corresponding domains of the various coordinate patches do.
The three expressions of the metric (4.44) for ϵ(L) = ±1, 0 are local descriptions of the complete space
depicted by the strip, with the various coordinate patches covering different domains of the full space (See
section 4.4.4).

Note that the function F̂ (κ) is independent from λ. Thus, the discussion of the causal structure
of warped geometries applies mutatis mutandis to the unwarped situation (self–dual BTZ black hole
geometries).

5.5 The special case of no warping λ = 0
To be complete and allow the reader to compare the projection diagrams with previous work on the causal
structure of BTZ black holes [10], we suppress the warping by setting λ = 0. Accordingly, the root κ−

CTC

of Eq. (5.12) is pushed to minus infinity; the chronological singularity rests at κ+
CTC = −(ϵ(L) B + ϵ(R) B

−1)
and x(∞) is finite. As now the left and right vectors are on the same footing, we have fewer cases to
consider: the exchange of ξ(R) with ξ(L) here reduces to the replacement of B by B−1 (for B ̸= 0). For
B = 0, the causal structure is the same as in the unwarped case.
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x(κ0) ∝
√
B
∫ κ0

√
(κ− κ+

CTC)/(κ2 − ϵ(R)ϵ(L)) dκ , x(+∞) = f.

Type {ϵ(R), ϵ(L)} B > 0 κ+
CTC x(κ+

CTC) x(+1) x(−1) x(0) Fig.

Ia, κ ∈ R {+1, −1} 1/2(B−1 −B) ∈ R f. κ ≥ κ+
CTC, Fig. 1e

IIa κ ∈ R {+1, 0} −B/2 < 0 f. div.(1) κ ≥ −B/2, Fig. 3b

Ib, κ ∈ R {+1, +1} B = 1 = −1 f. div.(0) f. κ ≥ −1, Fig. 4b

B ̸= 1 < −1 f. div.(0) div.(0) κ ≥ κ+
CTC, Fig. 6b

I−
c , κ ≥ 1 {−1, −1} ≥ 1 f. κ ≥ κ+

CTC > 1, Fig. 1e

II−
b , κ ≥ 0 {−1, 0} B/2 > 0 f. κ ≥ B/2, Fig. 1e

III−, κ ≥ 0 {0, 0} = 0 div.(1/2) κ ≥ 0 Fig. 1f

Table 4: A summary of all the elements needed to fix the causal structure of the maximal extension of
generic BTZ geometries (see Ref. [10]) which here are given by (4.41) with λ = 0. (B is given by (4.45),
f. = finite, div.(0)= logarithmic divergence, div.(n)=divergent (as 1/ϵn))

κ = ∞

κ = ∞

κ
=

κ
+ C

T
C

(a)

κ = −∞ κ = ∞

(b)

κ = ∞κ = κ+
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(c)

κ
=

−
∞

κ
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∞

(d)

κ
=

κ
+ C

T
C

κ
=

∞

(e)

κ = 0

κ = 0

κ
=

∞

(f)

Figure 1: Configurations without a horizon, encountered in types
(a): Ia, IIa, Ib, I±

c , II
±
b , Ĩa, ĨI

±
b , III+, ĨIa, each only for λ ̸= 0

(b): Ĩa, only for λ ̸= 0
(c): IIa, II±

b , III±, each only for λ ̸= 0
(d): self-dual case (L(L) = 0), ϵ(R) = 1, ϵ(L) = −1
(e): Ia, I−

c , II−
b each only for λ = 0

(f): III− only for λ = 0
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Figure 2: Configurations with one horizon, no singularity, encountered in types
(a): ĨIa, only for λ ̸= 0
(b): self-dual case (L(L) = 0), ϵ(R) = 1, ϵ(L) = 0
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Figure 3: Configurations with one horizon, encountered in types
(a): IIa, ĨIa for λ ̸= 0
(b): IIa for λ = 0
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Figure 4: Configurations with one horizon
(a): Ib for λ ̸= 0
(b): Ib for λ = 0
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Figure 5: Configurations with two horizons, no singularity, encountered in types
(a): Ib for λ ̸= 0
(b): self-dual case (L(L) = 0), ϵ(R) = 1, ϵ(L) = 1
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Figure 6: Configurations with two horizons, encountered in types
(a): Ib for λ ̸= 0
(b): Ib for λ = 0

5.6 An alternative projection using a modified Iwasawa coordinate system
In the previous sections, we displayed the causal structure of the different Lorentzian spaces defined by the
various ways of warping the bi-invariant SL(2, R)-metric and taking quotients of the SL(2, R) manifold.
Here we would like to present an alternative description of the causal structure obtained directly from
the quotient structure. The idea has been described in detail in Ref. [51], section 4. We limit ourselves
to the black hole configurations. The idea consists of the following. Once the identifications leading to
black hole structure are fixed, we build a global coordinate system, adapted to the so-called bi-action:
the combined right action generated by the left invariant component L(L) ξ(L) of the vector ∂⃗ defining
the identification and the left action generated by L(R)ξ(R), as given in Eq.(4.2). Assuming LR > LL, it
consists of the parametrisation of the matrix z, Eq.(2.4), obtained by writing it as17 :

z =
(
eL(R) v 0

0 e−L(R) v

)(
1 u
0 1

)(
cos(t′) sin(t′)

− sin(t′) cos(t′)

)(
eL(L) v 0

0 e−L(L) v

)
(5.19)

=: a(L(R) v)n(u) k(t) a(L(L) v) . (5.20)

This decomposition dictated by the quotient furnishes a fibre structure – a foliation parametrised by v
– of the space. Consider a sheet (v constant) of this foliation. To each of its point corresponds a circle of

17In case where L(R) < L(L) a global parametrisation is obtained by writing z =: a(L(L) v) n(u) k(t′) a(L(R) v)
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the warped AdS3 black hole: the orbit of the one-parameter subgroup generated by the ev ∂⃗ translations.
Plugging this parametrisation in the metric Eq. (2.23) we obtain:

g(λ) = − dt′2 − dt′ du − 2 L(R) u dt′ dv − L(L) sin(2 t′) du dv +
[
L(R)

2 + L(L)
2 + 2 L(R) L(L)

(
cos(2 t′) − u sin(2 t′)

)]
dv2

+ λ
[(

L(R) + L(L)

(
cos(2 t′) − u sin(2 t′)

))
dv − u dt′

]2
. (5.21)

In these coordinates the identification yielding the black holes structure, is simply:

(t′, u, v) 7→ (t′, u, v + 2πm) , m ∈ Z . (5.22)

Then project on the sheet, parallelly to the ∂⃗ direction, the local light cone. So causal curves with
respect to the warped metric project inside the light cone projection.

The space-time causal structure may be described by considering the two fields of directions resulting
from the projection on a surface of constant v-coordinate of the light-cone, parallel to the ∂v direction.
To lighten the notation let us write the metric Eq. (5.21): ds2 = gabdx

adxb, with {xa} := {t, u, v} and
introduce a 2D metric dσ2 = γa bdx

a dxb. The field directions we are looking for correspond to the two
null directions of this 2D metric18, defined by:

dσ2 := (ga v gb v − ga b gv v) dxa dxb =: γa bdx
a dxb , {xa} := {t, u} (5.23)

i. e., using the variable p = arctan(u) instead of u:

dt

dp
:= −γt u ±

√
γ2

t u − γt t γu u

cos2(p) γt t
. (5.24)

Notice that these fields are only defined on the chronologically safe region. We easily verify that:
γ2

t u − γt t γu u = − det(ga b) gu u. We also easily check that the curves defined by the intersections of the
horizons, Eqs. (5.28), (5.29), with the surfaces of constant v-coordinate constitute solutions of Eq.(5.24).

We also find it illuminating to draw several sections of the space, represented by the cylinder (see
Appendix C.1 ) given by the product of a unit disk labeled by tanh(χ) ei ϑ and a time axis τ, using the
τ, ϑ, χ coordinates introduced in Eqs. (2.5a), (2.5b). Surfaces of constant κ are ϕ invariant. They read:

κ =U+ U− − V+ V− (5.25)
= cosh2(χ) cos(2 τ) − sinh2(χ) cos(2 ϑ) (5.26)
= cos(2 t′) − u sin(2 t′) . (5.27)

In particular, we reobtain results displayed in Ref. [51], that the horizons are the surfaces:

H−
1 : t = π/2 +mπ H−

2 : u = cot(t) (5.28)
H+

1 : t = mπ H+
2 : u = − tan(t) (5.29)

as follows immediately from Eq. (5.27) for κ = ±1.
18Incidentally let us notice that the curvature of this metric blows up on the chronological singularity and the metric

signature changes, becoming Euclidean.
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Figure 7: Universal features of spacelike warped AdS space. The time axis t is vertical, while
the p coordinate axis is inclined at 45 degrees. Several curves are drawn: chronological singular-
ity boundaries (in red), inner horizons (in dot-dashed black), outer horizon (in full black ) In cyan
and magenta, integrals of Eq. (5.24) issued from the t-axis, at values of t respectively equal to:
−4π/10, −3π/10, −2π/10, −π/10, +π/10, +2π/10, +3π/10, +4π/10. The integral curves issued from
t = −π/2, 0 or π/2 are the outer horizons.

More concretely let us introduce on a temporal section of fixed value of τ Cartesian coordinates:
x = tanh(χ) cos(ϑ) and y = tanh(χ) sin(ϑ), (x2 +y2 ≤ 1). The quadratic equation defining the intersection
of the surfaces of fixed value of κ with the temporal section is obtained directly from Eq. (5.26) and reads:

tanh2(χ) = κ− 1 − sin2(τ)
κ− 1 − sin2(ϑ)

or (κ− 1)x2 + (κ− 2) y2 = (κ− 1) − sin2(τ) . (5.30)

They are given by the intersection of conical curves with the unit disk

• κ = 2 + k2 > 2: arc of an ellipse,

(1 + k2)x2 + k2y2 = k2 + cos2(τ)

• κ = 2: two straight line segments
x = ± cos(τ)

• 2 > κ = 1 + k2 > 1 arc of a hyperbola

k2 x2 − (1 − k2) y2 = k2 − sin2(τ)

If k2 = sin2(τ) the hyperbola degenerates into two intersecting straight line segments.
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• κ = 1: two straight line segment (external horizon)

y2 = sin2(τ)

• κ = 1 − k2 < 1: arc of an ellipse pieces

k2 x2 + (1 + k2) y2 = k2 + sin2(τ)

(For τ a multiple of π/2 degeneracy’s occur)
The equations providing the intersections of constant v surfaces with the same temporal sections are:

x =
(

sinh[(L(R) + L(L)) v] cos2(t′) + e2 L(L) v cosh[(L(R) − L(L)) v] sin2(t′)
)

cos(τ)
cosh[(L(R) + L(L)) v] + e−(L(R)−L(L)) v sinh[2L(L) v] sin2(τ)

−
1
2 e

−(L(R)−L(L)) v sin(2 t′) sin(τ)
cosh[(L(R) + L(L)) v] + e−(L(R)−L(L)) v sinh[2L(L) v] sin2(τ)

(5.31)

y =
(

cosh[(L(R) + L(L)) v] cos2(t′) + e2 L(L) v sinh[(L(R) − L(L)) v] sin2(t′)
)

sin(τ)
cosh[(L(R) + L(L)) v] + e−(L(R)−L(L)) v sinh[2L(L) v] sin2(τ)

−
1
2 e

−(L(R)−L(L)) v sin(2 t′) cos(τ)
cosh[(L(R) + L(L)) v] + e−(L(R)−L(L)) v sinh[2L(L) v] sin2(τ)

(5.32)

By extracting from them the expressions of cos(2 t′) and sin(2 t′) we easily see that these curves also are
ellipses, tangent to the circle at infinity (x2 + y2 = 1) at the point xc = cos(τ), yc = sin(τ), corresponding
to the asymptotic region (κ = ±∞) of the warped AdS3 space.
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Figure 8: The intersections of sections of constant τ = (0, π/4, π/2) with various surfaces of fixed κ (in
magenta for κ > 1, in black for the external horizon κ = 1, in cyan for the region between the horizons:
1 > κ > −1, in dotted black for the internal horizon κ = −1 and in red for a typical value of κ < −1. Two
intersections with surfaces of constant v also are depicted (in blue, with respectively L(R) = 2, L(L) =

√
2).

They correspond to the boundary of a fundamental domain of the quotient defining the black hole space.

6 Conclusions
In this work, we discussed warped AdS3 geometries from first principles. Starting from AdS3, we considered
the warped spaces that arise by deforming the space with a spacelike, timelike or lightlike (left or right)
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invariant Killing vector. We illustrated their relevance as solutions of various gravity theories and also
discussed generalizations to local lightlike warped geometries. We then constructed the general expression
of the metric, Eqs. (4.28), (4.41), (4.44), for all quotients compatible with this warping. We discussed the
causal structure of these spaces using projection diagrams, pointing out which spaces are black holes. We
also illustrated how the comparison of invariant quantities (scalar products of specific Killing vectors)
allows to relate the different choices of coordinates encountered in the literature. Our work highlights how
geometrical considerations enlighten and simplify the description of warped AdS geometries.
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A Remarks about notations
In this work we will encounter several metrics and the scalar products they define. We adopt the following
notations to distinguish between them:

• When vectors (or one-forms) are considered as objects in M2,2 we use a dot to denote their norms
and scalar products or use the symbol η (Denoting, as usual, by ηAB their covariant components
and ηAB their contravariant ones):

v⃗ · v⃗ = −(u+ u− + v+ v−) = η(v⃗, v⃗) = ηAB v
A vB (A.1)

• We generally use the same symbol to denotes objects in M2,2 or their restriction to H. When
we want to insists on products of objects belonging to the tangent bundle of H ≃ SL(2, R) with
the bi-invariant metric (AdS3) we use the notation: g

(0)
(v⃗, v⃗) and when objects are expressed in

components with respect to frame of right or left invariant vector or one-form fields:

v⃗ = va r⃗(a) : v⃗ · v⃗ = η
(3)
a b v

a vb , k = ka λ
a : k · k = η(3)a b ka kb , (A.2)

• When we consider the warped AdS3 space (i.e. the right invariant but not bi-invariant metric on
SL(2, R)) we use the notations: g

(λ)
(v⃗, v⃗).

• The contraction of a vector v⃗ with the one-form k is denoted by: k(v⃗) or in terms of components
with respect to a frame and its tensorial dual: ka v

a

• When we regroup vector components into matrices as in Eqs (2.36, 2.38) we have:

g
(0)

(v⃗(z), w⃗(z)) = 1
2 Tr(v z−1 w z−1) = 1

2 Tr(VR WR) (A.3)
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B Proofs of Eqs (4.16, 4.19, 4.20)
In this Appendix, we want to give proofs of Eqs (4.16, 4.19, 4.20). Of course, they may be checked by
brute force, expressing them in null-coordinates and computing derivatives. But we also could proceed as
follows — in a more elegant way.

Preliminaries

The fields ξ⃗(R) and ξ⃗(L), expressed as linear combination of the vector fields Eqs (2.13), are Killing vector
fields of the M2,2 metric (2.2):

Lξ⃗(R)
η = 0 , Lξ⃗(L)

η = 0 . (B.1)

Moreover the vector n⃗(H), introduced in Eq. (2.8) is a conformal Killing vector of the M2,2 metric:

Ln⃗(H)η = −4η i.e. (Ln⃗(H)η)AB = 2 ∂2
ABH = −4 ηAB . (B.2)

Making use of the commutation property of the Lie derivative and the exterior differential we obtain

ξ⃗(R)(H) = 0 ⇒ ξ⃗(R)(dH) = 0 , ξ⃗(L)(H) = 0 ⇒ ξ⃗(L)(dH) = 0 . (B.3)

The vectors ξ⃗(R) and ξ⃗(L) being Killing vectors and the Lie derivative obeying the Leibniz rule with respect
to contraction, we obtain (expressing Lie derivative as brackets) the commutation relations:

[ξ⃗(R), n⃗(H)] = [ξ⃗(L), n⃗(H)] = 0⃗ . (B.4)

From the formula (an application of the Leibniz rule), where a⃗, b⃗ and c⃗ are arbitrary,

a⃗(⃗b · c⃗) = [⃗a, b⃗] · c⃗+ La⃗η(⃗b, c⃗) + b⃗ · [⃗a, c⃗] . (B.5)

and the expression of κ, Eq. (4.9), written as κ = η(ξ⃗(R), ξ⃗(L)) we obtain, using Eqs (B.4, B.1), that:

ξ⃗(R)(κ) = ξ⃗(L)(κ) = 0 (B.6)

and as a consequence

ξ⃗(R)(dκ) = ξ⃗(L)(dκ) = 0 . (B.7)

Notice also that from Eq. (B.5) and Eqs (B.2) we obtain:

n⃗R(κ) = n⃗R(ξ⃗(R) · ξ⃗(L)) = −4κ , (B.8)

while Eq. (2.8) provides:

n⃗R(H) = −4H . (B.9)
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About equation (4.16)

The first two conditions expressed in Eqs (4.4) imply that:

σ ∝ sH dH + sκ dκ . (B.10)

To satisfy the last one we notice that (using Eqs. (B.4))

σ(n⃗(H)) =sH n⃗(H)(H) + sκ n⃗(H)(κ) (B.11)

= sH ηAB∂AH ∂BH + sκ Ln⃗(H)η(ξ⃗(R), ξ⃗(L)) (B.12)
= −4(sH H + sκ κ) . (B.13)

Thus σ ∝ H dκ− κ dH. It remains to normalise it, by convention according to Eq. (4.10):

(H ∂Aκ− κ ∂AH)ηAB(H ∂Bκ− κ ∂BH)
= H2 ∂Aκ η

AB ∂Bκ− 2H κ∂Aκ η
AB ∂BH − 4κ2 ∂AH ηAB ∂BH (B.14)

The last two terms are given by Eqs (B.8), (B.9).

∂AH ηAB ∂BH = n⃗(H) · n⃗(H) = −4H , (B.15)
∂Aκ η

AB ∂BH = n⃗(H)(κ) = −4κ . (B.16)

To obtain the first one we notice, using the Killing equations Eqs (B.1) and the absence of curvature of
the flat ultra-hyperbolic metric of M2,2, that:

∂Bκ = −2ξ(R)
A∂Aξ(L)B , (B.17)

∂Aξ(L)
C∂Bξ(L)C = 1

2∂
2
AB(ξ(L)

C ξ(L)C) = 1
2 ϵ(L)∂

2
ABH , (B.18)

∂Aκ η
AB ∂Bκ = −4 ϵ(R) ϵ(L) H , (B.19)

which leads, after a last choice of sign, to Eq. (4.16).

About equations (4.19, 4.20)

Since the Lie derivatives of the metric η with respect to ξ⃗(R) and ξ⃗(L) are zero, we obtain from Eq. (B.5):

0 = ξ⃗(R)(σ⃗ · ξ⃗(R)) − [ξ⃗(R), σ⃗] · ξ⃗(R) − σ⃗ · [ξ⃗(R), ξ⃗(R)]
= −[ξ⃗(R), σ⃗] · ξ⃗(R) . (B.20)

as σ⃗ · ξ⃗(R) = 0 and [ξ⃗(R), ξ⃗(R)] = 0⃗. Similarly, but now using [ξ⃗(R), ξ⃗(L)] = 0⃗ we obtain:

0 = −[ξ⃗(L), σ⃗] · ξ⃗(R) . (B.21)

Hence on ∆ ̸= 0, i. e. where ξ⃗(R) and ξ⃗(L) are linearly independent, the Lie Brackets [ξ⃗(R), σ⃗] and [ξ⃗(L), σ⃗]
are along the vectors n⃗ and σ⃗.
From the formula:

dψ(⃗a, b⃗) = a⃗

(
ψ(⃗b)

)
− b⃗

(
ψ(⃗a)

)
− ψ([⃗a, b⃗]) (B.22)

52



where ψ, a one-form, and a⃗, b⃗, vector fields, are arbitrary, one finds thanks to Eqs. (4.13), (4.14), (4.15)

dpR(ξ⃗(R), ξ⃗(L)) = dpR(ξ⃗(R), σ⃗) = dpR(ξ⃗(L), σ⃗) = 0 . (B.23)

Using Eqs (B.4) in Eq. (B.22) we obtain:

dpR(n⃗(H), ξ⃗(R)) = dpR(n⃗(H), ξ⃗(L)) = 0 . (B.24)

To compute the last component dpR(n⃗(H), σ⃗) we need to know the Lie bracket of n⃗(H) and σ⃗. It results
immediately from the previous results — Eq. (B.2) written for contravariant metric tensor, and Eqs. (B.8),
(B.9) — by noticing that the components of σ⃗ and σ are related by:

σA = H ηAB σB (B.25)

and applying the Leibniz rule. We obtain:

[n⃗(H), σ⃗] = −4 σ⃗ . (B.26)

Accordingly,

dpR(n⃗(H), σ⃗) = 0 (B.27)

which proves Eq. (4.19).
Equation (4.20) is obtained by similar arguments.

C Decrypting Coordinate Systems for (warped) AdS3

C.1 Group structure of ÃdS3

The AdS3 space naturally identifies itself with the group SL(2, R) whose underlying manifold is diffeo-
morphic to the hyperboloid Eq. (2.6). For physical applications, causality imposes instead to consider its
universal covering that still remains a group. We think it is interesting to provide its group structure, as
it cannot be realised as a matrix group (See Refs [52], chapter 1, section 3.2, [30], page 368). A standard
coordinate system used on ÃdS3 consists of coordinate {τ, χ, ϑ}, the ones used in Eqs. (2.5a), (2.5b), but
with the coordinate τ running from −∞ to +∞ instead of on the interval [0, 2π] for the SL(2, R) group.
In terms of these coordinates the group law on ˜SL(2, R) is as follows. Let us introduce a complex variable
(of modulus |z| ≤ 1): z := tanh(χ) ei ϑ and label the group elements as {τ, z}. The group composition law
(denoted by ◦) is:

{τ2, z2} ◦ {τ1, z1} :=
{
τ1 + τ2 − i

2 ln
(

1 + z1 z2 e
−i (τ1+τ2)

1 + z1 z2 e+i (τ1+τ2)

)
,
e− i τ2 z1 + e+i τ1 z2∣∣1 + z1 z2 e+i (τ1+τ2)

∣∣
}

. (C.1)

The identity reads {0, 0}, the inverse of the element {τ, z} is {−τ,−z}. The center of this group are the
elements {{k π, 0}|k ∈ Z}.
The τ and z coordinates parametrise a cylinder in R3 (the three-dimensional Einstein cylinder once
embedded in a four-dimensional Minkowski space). Later on, we shall use it to draw, for the black hole
geometries, see Fig. 9, several relevant surfaces such as the horizons, sections of the identification foliation
and chronological singularities.
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C.2 Examples: warped AdS3 black holes and NHEK geometry
In this Appendix we relate Eq. (4.41) and the commonly used expressions of (warped) Anti-de Sitter
black hole metrics introduced by Bañados, Teitelboim and Zanelli [10, 53,54], or by Anninos et al. [2].
BTZ black holes have been extensively analysed in [10]. From now we set in this section ϵ(R) = ϵ(L) = +1.
For λ = 0, by redefining

τ = 2L(R) t (C.2)
φ = ϕ− t (C.3)
κ = (r2 − L(R)

2 − L(L)
2)/(2L(R) L(L)) (C.4)

the metric (4.41) reduces to the BTZ black hole metric:

ds2 = −f2(r)dt2 + dr2

f2(r) + r2(dϕ+Nϕdt)2
, (C.5)

where
f2(r) = −M + r2 + J2

4r2 , Nϕ(r) = − J

2r2 . (C.6)

As it is well known, the parameters

M = 2 (L(R)
2 + L(L)

2) , (C.7)
J = 2 (L(L)

2 − L(R)
2) (C.8)

provide the mass M and angular momentum J (see Ref. [10]) of the black hole geometry (C.5). This
metric constitutes a 2-parameter family of vacuum solution of the Einstein equations with cosmological
constant Λ = −1. It was shown that (C.5) describes a black hole in the parameter domain M ≥ |J |,
a condition which is always verified by the parametrisation given by Eqs. (C.7, C.8). When λ ̸= 0,
performing the coordinate transformation

κ = 2r − r+ − r−

r+ − r−
, τ = ν2 + 3

4ν t , φ = θ (C.9)

and the change of parametrisation

LL = 1
8
(
ν2 + 3

)
(r+ − r−) , LR =

(
ν2 + 3

)(
ν(r+ + r−) −

√
(ν2 + 3)r−r+

)
8ν , (C.10)

λ =
3
(
ν2 − 1

)
ν2 + 3 , ν2 = 3λ+ 1

3 − λ
, (C.11)

the metric Eq. (4.41) reads:

ds2 = (ν2 + 3)
4

(
dt2 + dr2

(ν2 + 3)(r − r+)(r − r−) +
(
2 ν r −

√
r+ r− (ν2 + 3)

)
dt dθ

+r

4

(
3 (ν2 − 1) r + (ν2 + 3) (r+ + r−) − 4 ν

√
r+ r− (ν2 + 3)

)
dθ2
)

(C.12)
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which, up to the scale factor (ν2+3)
4 = 3

(3−λ) , is the metric introduced in Ref. [2], Eq. (4.1).
This scale factor is not innocuous: it allows to bypass in Eq. (4.41), without changing the signature, the
restriction imposed by the non-negative character of ν2 which, otherwise, restricts λ to be less or equal to
3.

In case we put r+ = r− = r⋆ in Eq. (C.12) we obtain the extremal version of the warped AdS3 black
hole considered in Ref. [2]. This metric corresponds, before doing the identification leading to a black
hole, to a space like warping (and accordingly ϵR = +1) with a double horizon which implies that we also
have ϵL = 0. Thus, it corresponds to a configuration of type IIa. Indeed, performing in Eq. (4.28) the
change of variables19:

κ = (r − r⋆) , α = ν2 + 3
4 ν

(
t+ r⋆ (ν − 1

2

√
ν2 + 3) θ

)
, β = ν2 + 3

4 θ , (C.13)

we obtain the rescaled metric (C.12) with the two horizons coinciding. The parameters λ and ν are related
as in (C.11).
Assuming that θ is 2π periodic, the extremal metric is locally isometric to metric (4.41) with L(L) =
(ν2 + 3)/4 and L(R) = r⋆ (ν2 + 3)(ν − 1

2
√
ν2 + 3)/(4ν) and τ = (ν2 + 3)t/(4ν), φ = θ. We remind the

reader that L(L) can be eliminated by a rescaling of κ for the extremal black hole configuration. The
extremal metric only depends on two parameters, λ and L(L).

Lastly, we relate the special case L(L) = 0 to the self-dual warped AdS3 quotient which appears as
the near-horizon geometry of extremal Kerr black holes. The near horizon extremal Kerr geometry, [cf.
Ref. [1], eq. (3.7)] is given by

ds2 = 2GJΩ2(−(1 + r2)dτ2 + dr2

1 + r2 + dθ2 + Λ̃2(dφ2 + rdτ2)) (C.14)

where Λ̃ = 2 sin θ
1+cos2 θ ∈ [0, 2] and we set G = J = Ω = 1 for simplicity. The metric induced on constant θ

surfaces arises from deforming the ÃdS3 space geometry into

ds2 = dr2

r2 + 1 + 2rdτdφ− dτ2 + dφ2 (C.15)

where φ ∈ R with the spacelike one-form √
|1 − Λ̃2|(rdτ + dφ) (C.16)

and then identifying along the direction of ∂φ, the vector dual to the one-form (C.16). Thus, we
immediately infer that the metric induced on constant θ surfaces of the NHEK geometry corresponds to
(4.44) with L(L) = 0 and ϵR = 1.

C.3 From local to null coordinates
In this section we illustrate the various steps of the algorithm displayed in section 4.4 starting from the
metric expression Eq. (4.1) of Ref. [2]:

ds2 =dt2 + dr2

(ν2 + 3)(r − r+)(r − r−) +
(
2 ν r −

√
r+ r− (ν2 + 3)

)
dt dθ

+ r

4

(
3 (ν2 − 1) r + (ν2 + 3) (r+ + r−) − 4 ν

√
r+ r− (ν2 + 3)

)
dθ2 . (C.17)

19Here, the scale of κ and β are arbitrarily fixed, before the period of β is fixed by the identification leading to the black
hole.
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1. The four Killing vector fields:
Two are obvious:

k⃗0 = ∂t , k⃗1 = ∂θ (C.18)

and two more who require a little endeavour:

k⃗2 =
√
r+ r− (ν2 + 3)(2 r − r+ − r−) − 2 ν(r(r+ + r−) − 2 r+ r−)√

|(r − r+)(r − r−)|
sinh

(
(ν2+3)(r+−r−)

4 θ
)
∂t

− sr (ν2 + 3)
√

|(r − r+)(r − r−)| (r+ − r−) cosh
(

(ν2+3)(r+−r−)
4 θ

)
∂r

+ 2 (2 r − r+ − r−)√
|(r − r+)(r − r−)|

sinh
(

(ν2+3)(r+−r−)
4 θ

)
∂θ (C.19)

k⃗3 =
√
r+ r− (ν2 + 3)(2 r − r+ − r−) − 2 ν(r(r+ + r−) − 2 r+ r−)√

|(r − r+)(r − r−)|
cosh

(
(ν2+3)(r+−r−)

4 θ
)
∂t

− sr (ν2 + 3)
√

|(r − r+)(r − r−)| (r+ − r−) sinh
(

(ν2+3)(r+−r−)
4 θ

)
∂r

+ 2 (2 r − r+ − r−)√
|(r − r+)(r − r−)|

cosh
(

(ν2+3)(r+−r−)
4 θ

)
∂θ (C.20)

with

sr = sign[(r − r+)(r − r−)] . (C.21)

2. It’s also obvious that k⃗0 commutes with all these Killing vectors. Its musical dual, that reads

ξ = dt+ (ν r − 1
2

√
(ν + 3) r+ r−) dθ , (C.22)

is proportional to the one-form ρ1 along which the squashing is done.

3. An elementary computation of the curvature shows that a (locally) AdS3 geometry is obtained
by subtracting from the metric, Eq. (C.17), the Kronecker product 3 (ν2−1)

4 ν2 ξ ⊗ ξ. The resulting
constant curvature metrics has Gauss’ curvature equal to:

R = − 3
2 (ν2 + 3) . (C.23)

4. Thus, to pursue we have to rescale the metric by the factor (ν2 + 3)/4 to obtain a constant curvature
metric whose Gauss’ curvature is equal to −6:

ds2
AdS3

= (ν2 + 3)2

16 ν2

(
dt2 + (2 ν r −

√
(ν2 + 3) r+ r−) dt dθ

+
(
r ν
(√

(ν2 + 3) r+ r− − ν(r+ + r−)
)

+ 3
4 (ν2 − 1) r+ r−

)
dθ2
)

+ 1
4 (r − r+)(r − r−)dr

2 (C.24)

56



5. This metric possesses two more Killing vectors:

k⃗4 = +(
√

(ν2 + 3) r+ r− − 2 ν r)√
|(r − r+)(r − r−)|

sinh
(

(ν2+3)
4 ν

(
2 t+ ν(r+ + r−) −

√
(ν2 + 3) r+ r− θ

))
∂t

+ sr (ν2 + 3)
√

|(r − r+)(r − r−)| cosh
(

(ν2+3)
4 ν

(
2 t+ ν(r+ + r−) −

√
(ν2 + 3) r+ r− θ

))
∂r

+ 2√
|(r − r+)(r − r−)|

sinh
(

(ν2+3)
4 ν

(
2 t+ ν(r+ + r−) −

√
(ν2 + 3) r+ r− θ

))
∂θ (C.25)

k⃗5 = −
(
√

(ν2 + 3) r+ r− − 2 ν r)√
|(r − r+)(r − r−)|

cosh
(

(ν2+3)
4 ν

(
2 t+ ν(r+ + r−) −

√
(ν2 + 3) r+ r− θ

))
∂t

− sr (ν2 + 3)
√

|(r − r+)(r − r−)| sinh
(

(ν2+3)
4 ν

(
2 t+ ν(r+ + r−) −

√
(ν2 + 3) r+ r− θ

))
∂r

− 2√
|(r − r+)(r − r−)|

cosh
(

(ν2+3)
4 ν

(
2 t+ ν(r+ + r−) −

√
(ν2 + 3) r+ r− θ

))
∂θ (C.26)

6. The AdS3 norms of these vectors only are locally constant (they depend on the coordinate patch).
Various sets of (local) right and left invariant normed Killing vectors (in accordance with Eqs (2.14,
2.16) are given by:

• If r ̸∈ [r−, r+]

r⃗1 = 4 ν
(ν2 + 3) k⃗0 , l⃗1 = ϵl,1

(ν2 + 3)(r+ − r−)
(
8 k⃗1 + 4(

√
(ν2 + 3) r+ r− − ν (r+ + r−)) k⃗0

)
(C.27a)

r⃗2 = 2 ϵr
(ν2 + 3) k⃗4 , l⃗2 = 2 ϵl,2

(r+ − r−)(ν2 + 3) k⃗2 (C.27b)

r⃗3 = 2 ϵr
(ν2 + 3) k⃗5 , l⃗3 = 2 ϵl,1 ϵl,2

(r+ − r−)(ν2 + 3) k⃗3 (C.27c)

• If r ∈ [r−, r+]

r⃗1 = 4 ν
(ν2 + 3) k⃗0 , l⃗1 = ϵl,1

(ν2 + 3)(r+ − r−)
(
8 k⃗1 + 4(

√
(ν2 + 3) r+ r− − ν (r+ + r−)) k⃗0

)
(C.27d)

r⃗2 = ϵr
2

(ν2 + 3) k⃗5 , l⃗2 = 2 ϵl,2
(r+ − r−)(ν2 + 3) k⃗3 (C.27e)

r⃗3 = ϵr
2

(ν2 + 3) k⃗4 , l⃗3 = 2 ϵl,1 ϵl,2
(r+ − r−)(ν2 + 3) k⃗2 (C.27f)

ϵr = ±1, ϵl,1 = ±1, ϵl,2 = ±1 (C.28)

The null coordinate surfaces: U± = 0, V± = 0, define the horizons. They split the hyperboloid,
Eq. (2.6), into twelve open subsets defined by the signs of U± and V±. The closures of four of
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Figure 9: The horizons, U+ = 0, U− = 0, V+ = 0, V− = 0, embedded in the cylindrical representation of
AdS3; see Appendix C.1. The half-planes depicted correspond to the coordinate surface ϑ = 0.

these domains, those where an even number of the coordinates {U+, U−, V+, V−} are positive, are
compact. The remaining eight20 are non compact but extend to infinity.
Solving the equations, Eqs. (4.55a)–(4.55e), using the previous expressions of the Killing vector
fields, Eqs (C.27a–C.27f) with the various values of the coefficients ϵr, ϵl,1 and ϵl,2 we obtain with:

Φ− := (ν2+3)
4 ν (t+ θ(ν r− − 1

2

√
(ν3 + 3) r+ r−)) (C.29a)

Φ+ := (ν2+3)
4 ν (t+ θ(ν r+ − 1

2

√
(ν3 + 3) r+ r−)) (C.29b)

U± = U±√
r+ − r−

, V± = V±√
r+ − r−

the following solutions of Eqs (4.55a–4.55e):
For r not between the horizons: and for r between the horizons: As we see the various ranges of

ϵr ϵl,1 ϵl,2 r ̸∈ [r−, r+] U+ U− V+ V−
1 1 1 r− > r ±√

r− − r eΦ+ ∓√
r− − r e−Φ+ ±√

r+ − r eΦ− ±√
r+ − r e−Φ−

-1 -1 -1 r > r+ ±√
r − r+ e

Φ− ∓√
r − r+ e

−Φ− ±√
r − r− e

Φ+ ±√
r − r− e

−Φ+

1 -1 -1 r− > r ±√
r+ − r eΦ− ±√

r+ − r e−Φ− ∓√
r− − r eΦ+ ±√

r− − r e−Φ+

-1 1 1 r > r+ ±√
r − r− e

Φ+ ±√
r − r− e

−Φ+ ∓√
r − r+ e

Φ− ±√
r − r+ e

−Φ−

-1 1 -1 r− > r ±√
r− − r eΦ+ ∓√

r− − r e−Φ+ ∓√
r+ − r eΦ− ∓√

r+ − r e−Φ−

1 -1 1 r > r+ ±√
r+ − r eΦ− ±√

r+ − r e−Φ− ∓√
r− − r eΦ+ ±√

r− − r e−Φ+

-1 -1 1 r− > r ±√
r+ − r eΦ− ±√

r+ − r e−Φ− ±√
r− − r eΦ+ ∓√

r− − r e−Φ+

1 1 -1 r > r+ ±√
r − r− e

Φ+ ±√
r − r− e

−Φ+ ±√
r − r+ e

Φ− ∓√
r − r+ e

−Φ−

Table 5: Local parametrisations of the non-compact regions of the (warped) AdS3 space(s), those extending
from horizon surfaces up to infinity.

positive or negative values of U± and V± are all parametrised in two distinct ways. This reflects
the isometry between a domain corresponding to a range of values of t, r, θ and the one where r is
replaced by r′ = r+ + r− − r (the correspondence between the values of t and θ being given by Eqs.

20There are a priori 16 possible repartitions of signs between the four entries of the group element z, Eq. (2.4), but the
four for which sign[U+ U−] ≤ 0 and sign[V+ V−] ≤ 0 doesn’t belong to SL(2,R).
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ϵr ϵl,1 ϵl,2 U+ U− V+ V−
-1 1 1 ±√

r − r− e
Φ+ ±√

r − r− e
−Φ+ ∓√

r+ − r eΦ− ∓√
r+ − r e−Φ−

1 -1 1 ±√
r+ − r eΦ− ±√

r+ − r e−Φ− ∓√
r − r− e

Φ+ ∓√
r − r− e

−Φ+

1 1 -1 ±√
r − r− e

Φ+ ±√
r − r− e

−Φ+ ±√
r+ − r eΦ− ±√

r+ − r e−Φ−

-1 -1 -1 ±√
r+ − r eΦ− ±√

r+ − r e−Φ− ±√
r − r− e

Φ+ ±√
r − r− e

−Φ+

Table 6: Local parametrisations of the compact regions of the (warped) AdS3 space(s), those bounded by
horizon surfaces.

(C.29a), (C.29b), so that Φ±(t, θ) = Φ∓(t′, θ′). It also allows to vary the r coordinate continuously
across all the space when crossing horizons.

To make an end we display hereafter, see Fig. 10, the image of the median plane of ˜SL(2, R) and
one of its images under the identification z 7→ Exp[∂⃗] z when L(R) = L(L): U± 7→ e±L(R) U±, V± 7→ V±,
defining a fundamental domain corresponding to non-rotating warped AdS3 black hole structure. We also
provide some τ-constant sections of them, analogs to those considered in Fig. 8. Their equations, once
more, is particularly simple:

x = cos[τ] sinh[L(R)]√
cos2[τ] sinh2[L(R)] + sin2[τ]

. (C.30)
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