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1 Introduction

The partially massless (PM) spin-2 field [1-7] is of special interest in the cosmological context,
since it propagates and is unitary only on the de Sitter (dS4) background relevant to the
inflationary epoch. Since the mass of the PM spin-2 field saturates the Higuchi bound [3, 7],
the PM spin-2 field, if it existed in our early Universe, would have behaved like a light field
during inflation, therefore possibly leaving an imprint on the cosmic microwave background [8—
10]. The mass of the PM spin-2 field is protected by gauge invariance and is uniquely fixed
in terms of the cosmological constant. In fact, the present epoch of our Universe can also
be approximated by a de Sitter phase, with its accelerated expansion [11, 12]. Due to the
smallness of the observed positive cosmological constant [13], the mass for the PM spin-2
field is below the upper-bound on the mass of the graviton deduced from the gravitational
waves detections [14-16]. We will not consider any cosmological application of the PM spin-2



field in the present paper that will remain at a purely theoretical level. Still, we hope that
our study could be relevant for cosmology, in the future.

Although the partially massless spin-2 field propagates on (anti-) de Sitter (A)dSy
background and not on the Minkowskian background,' its Stueckelberg off-shell description
admits a flat limit [18-21] that shows that a partially massless spin-2 field propagates the
modes of helicity +2 for a massless graviton, plus the modes of helicity +1 for a massless
vector field, in a way that provides an alternative to the original Hamiltonian analysis of [6].
We stress that, in the present paper we will relax the unitarity constraint and consider the
PM spin-2 field around the AdS, background. Nevertheless, whenever we consider massive
spin-3/2 fields, we also consider the dS; background where the PM spin-2 field is unitary
and where possible cosmological considerations could be made in the future.

There have been many studies on the self-couplings of a single PM spin-2 field which have
resulted in a series of no-go theorems [20, 22-25]. Note that these no-go results are overcome
by a non-unitary interacting theory for multiple PM spin-2 fields [26]. However, there have
been relatively few analyses of the couplings of the PM spin-2 field with other types of fields,
with the notable exceptions of [27-30] where the gravitational coupling of the PM spin-2 field
was investigated, together with the interactions including massless vectors [31]. In the case
of the gravitational coupling of the PM spin-2 field, the latter work strengthens the no-go
results of [30] and precludes the possibility that the non-geometrical coupling considered
in [30] could be pushed to higher orders in interactions. It was also shown in [31] that the
vectors couple to the massless and partially massless spin-2 fields in a way that reproduces
several copies of conformal gravity coupled to Yang-Mills sectors.

In a previous work [32], we considered the interactions of the partially massless spin-2
field with a massive spin-3/2 field, that together form an on-shell spectrum of particles with
helicities (£2,£1,+£3/2,£1/2), thereby (naively) offering of possibility for supersymmetry.
Two consistent couplings were discovered in [32], giving a hope that it might indeed be
possible to find a locally supersymmetric theory with a PM spin-2 field in the spectrum.
One of the couplings in [32] is very similar to the minimal coupling of a massive spin-3/2
field to gravity, except that now the graviton is partially massless. Actually, this spectrum
of fields is too small to carry the action of rigid supersymmetry, as it was shown in [33]
that the shortest partially massless supermultiplet necessitates the adjunction of a pair of
massless fields with helicities (£3/2,+1) to the PM spin-2 and the massive spin-3/2 fields
in AdS4. A natural question that we address in this article is the possibility for couplings
among the four types of fields that constitute the shortest partially massless supermultiplet
of [33]. In particular, in this work we investigate whether interactions among those fields
can make local the global rigid supersymmetry carried by that multiplet. As we show in
this article, the result is negative, unless one adds two extra gauge fields to the spectrum:
the massless graviton plus another massless gravitino. Using the analyses of [34, 35], we
find that the resulting spectrum of fields exactly coincides with the spectrum of N’ = 1 pure
conformal supergravity around AdS, [36, 37].

Similarly to the observation that conformal gravity is the only consistent way to couple the
PM spin-2 field to gravity [29-31], it is therefore natural to expect that conformal supergravity

!See ref. [17] for other backgrounds on which a PM spin-2 field can propagate.



(see [34] for a review) should give the only non-Abelian interactions of a PM spin-2 field with
massless spin-3/2 fields around AdS,. The spectrum that consists of a PM spin-2 field and
two massless gravitini is exactly the same as the one of pure N' = 2 supergravity around
AdSy, supporting the possibility that there might be consistent non-Abelian interactions
among those fields, viewed as a sub-sector of conformal supergravity.

To summarize, the goal of this paper is twofold: we investigate whether it is possible
to make local the global (i.e., rigid) supersymmetry of [33], and we want to determine the
consistent couplings between a PM spin-2 field and a doublet of massless spin-3/2 fields
around AdS;. We present arguments indicating that pure N’ = 1 conformal supergravity
solves both problems simultaneously, thereby providing the supersymmetric extension of
the results in [29-31].

More in detail, in this work we first consider a free theory in AdS,4 containing a partially
massless spin-2 field, a massive spin-3/2 field, a massless spin-3/2 field and a massless
spin-1 field which enjoys a rigid N/ = 1 supersymmetry [33]. The massive sector of this
multiplet was already studied in [32] using the Becchi-Rouet-Stora-Tyutin-Batalin-Vilkovisky-
Stueckelberg [38-43] (BRST-BV-Stueckelberg) method developed in [44]. The work [32] led to
the discovery of interaction vertices that do not vanish in the unitary gauge. Here we pursue
this analysis, adding the massless spin-(1,3/2) sector, and investigate whether it is possible
to make local the rigid (i.e. global) supersymmetry of [33] using the BRST-BV-Stueckelberg
deformation method.

Since two spin-3/2 fields are present in the spectrum, we start with the deformations of
the gauge algebra corresponding to the NV = 2 AdS, superalgebra, taking inspiration from
the study of N = 2 supergravity performed in [45]. We show that there is no non-Abelian
deformation of the rigid susy algebra of [33]. At best, we are able to exhibit two Abelian
couplings between the spin-3/2 sector — where we recall there is one massless and one
massive field with adapted mass — and the vector gauge field, see (3.31) below. These
vertices deform the gauge transformations but leave the gauge algebra Abelian. They are
analogous to couplings present in A/ = 2 sugra and exist only for a negative cosmological
constant, i.e., in AdSs. We also found a vertex on the de Sitter (dSs) background, that
couples a pair of real, massive spin-3/2 fields of equal mass with a vector field, see (3.37).
These two massive spin-3/2 field form a charged field and the coupling to electromagnetism is
the minimal one, also present in N/ = 2 sugra around AdSy, but in our case, the cosmological
constant can be positive at the first order in interactions.

Then, we add an extra massless gravitino to the spectrum, and perform a systematic
classification of the possible non-Abelian deformations of the free theory that lead to a
deformation of the Lagrangian. We find that there exists a non-Abelian coupling between
the PM spin-2 field and two massless gravitini in AdS4. For this part of the work, we use the
cohomological method of [46, 47|, well-designed for gauge fields. The non-Abelian vertex we
find has recently been obtained by Yu. M. Zinoviev [48] in a different formalism. We show that
the gauge algebra underlying this vertex closely resembles the one of N' = 2 pure supergravity,
where the diffeomorphism vector is replaced by the gradient of the PM spin-2 gauge parameter.
In fact, with this relation between the translation generator and the generator of PM spin-2
transformation, we recover all the structures constants of the N' = 2 supersymmetry algebra



on AdSy, with the exception of one structure that is identically zero when the diffeomorphism
vector is a gradient of a scalar. The latter term is responsible for the transformation law
of the supercharges under local Lorentz transformations. Correspondingly, the non-Abelian
cubic vertex that we found is very similar to the one of N' = 2 pure supergravity around
AdSy, as a comparison with the analysis of [45] shows.

The plan of the paper is as follows. In the next section 2 we spell out our conventions
and notation. We also give the free action principles for the PM spin-2 field, the massless
and massive spin-3/2 fields around (A)dSy4, as well as the vector gauge field. In section 3,
we compute the consistent interactions among the fields of the spectrum given above, using
the BRST-BV-Stueckelberg method proposed in [44] and further developed in [32]. In
section 4, we use the cohomological method of [46, 47] to classify all the possible non-Abelian
deformation of the free theory propagating a PM spin-2 field and two massless gravitini
around the AdS; background. We present the unique non-Abelian vertex that emerges
from the classification and, using the results of [45], show the close relation between the
corresponding gauge-algebra deformation and the gauge algebra of A’ = 2 pure supergravity
around AdS,. In section 5 we show the obstruction of the non-Abelian vertex found in the
previous section at the level of the Jacobi identity, keeping the spectrum of fields unchanged.
We then add a massless spin-2 field to the spectrum and show that all but one family of
obstructions to the Jacobi identity can be removed thanks to the diffeomorphism algebra
deformation brought in by the massless spin-2 field [49]. The theory that emerges is N' =1
conformal supergravity, here viewed as the only consistent non-Abelian theory that couples a
partially massless spin-2 field to massless and massive spin-3/2 fields around AdSy, thereby
resolving at the same time the issue of the gauging of the rigid supersymmetry carried by the
PM multiplet of [33] and the issue of the consistent interactions between a PM spin-2 field
and a pair of massless spin-3/2 fields. Finally, we present our conclusions in section 6.

2 Action principles for free fields in (A)dS

In this section, we give our conventions for the (A)dSs Lorentz-covariant derivatives, and
spell out the action principles for the various fields under consideration.

In our conventions and notation, g, denote the metric components of the (A)dS,
background spacetime with cosmological constant

A=-30)\, o0=+=1, (2.1)

where ) is the inverse radius of the background and the parameter o = +1 in the AdSy
spacetime, 0 = —1 in the dS, spacetime. On these two backgrounds that we consider in
the present article, the components of the Riemann tensor read

R,u,z/pa = _20)\2§p[u§u}a ) (22)

where we use the strength-one (anti)symmetrisation convention with (square) round brackets
around the corresponding indices to be (anti)symmetrised. For example, F),, = 2 VA =
VA, — VA, and 2V, = V& + V&,



Consequently, on a (co)vector and on a spinor, the commutator of (A)dS; Lorentz-
covariant derivatives with the Levi-Civita connection is given by
[V, ViV, = =200% g,V
oo B (2.3)
Vi, Vilxa = =5 A (yuw)a” x5
where we indicated spinor indices with capital Latin indices. In the following, these will be
omitted most of the time. The four Dirac gamma matrices are denoted {74}q=0,1,2,3, and
Vi = €u" Ya s Vv = VpuYy] » With €, the components of the (A)dSs background vierbeins.

2.1 Partially massless spin-2 field

We consider a symmetric PM spin-2 field in the Stueckelberg formulation. Following the
lines of [50], we allow both signs of the cosmological constant, which makes the AdS, case
explicitly non-unitary at the classical level:

1 1
Lonise = =5 Vol VoW + VT, 00 = VbV WY 4 OV WP b4 Fy P o
1 .
— 20Ny W + 50/\2 h? + 2\ [V, B* — W'V ,B,] + 3\*B"B,, ,

where we recall that the parameter o takes the value +1 in AdS4, —1 in dS4, and where
we denoted h = gth,, .
The action with Lagrangian (2.4) is invariant under the gauge transformations given by
=92 g
dohuw V(Mey) +AGuw T, 25)
0B, =V,m+20)\e, .
We can define a tensor that is gauge invariant under the Stueckelberg gauge transformations
with parameter e,:
o
A
This allows to rewrite the PM spin-2 Lagrangian in the following form, where the Stueckelberg

Hyuy = hyw — 2VB,) - (2.6)

field B, appears only through H,,,

1 1
Lpase = —5 Vo Hu VP HW + YV, HIWN 1P, =V, HY HY + 0V, HVYH

1 (2.7)
—20\*H,,, H" + 50)\2 H?.
If one sets B, = 0 and £, = —5; V7 in (2.7) and then rescale 7 +— —oAm, we recover the
usual form for the action of the PM spin-2 field [1, 3, 6], invariant under
Sohuw =V, Voum — o X2gum . (2.8)
It is possible to define an object invariant under the complete gauge transformations (2.5),
Kuvp = /C[My]p = 2V[MHV]p , (2.9)

Using this object, the Lagrangian (2.7) can be written in the manifestly gauge-invariant way
1 1
LPM-St = _Z ’Cuup ICHPP + 5 KcH ,CM , (210)

where KF = g,,KHP.



2.2 Massless spin-3/2 field

We describe a Majorana massless spin-3/2 field in AdS, in terms of a spinor-vector ¢, = (¢,4)
and the Rarita-Schwinger Lagrangian

1- M -
L3y = —5%7‘“”) Vdp + = o by, M =EN, (2.11)
invariant under the gauge transformations
M
50¢u =Vup+ o TP (2.12)

where p is a Majorana spinor. Note the two possible signs in the definition of the mass
parameter M. This is because the gauge invariance condition is quadratic in M, with
M? = )2, It is therefore possible to work with either of the two signs. This fact will be
relevant when coupling a PM spin-2 with an even number of massless spin-3/2 fields. As
a matter of a fact, the vertex we found between these fields in section 4 requires that half
the number of spin-3/2 have M = +\, the other half having M = —\, consistently with
the findings of [48]. As explained in [51], it is not possible to define a spin-3/2 field in
dS4 spacetime by imposing the Majorana condition and at the same time giving it a gauge
transformation law of the form originally found in [52]. In simpler terms, Majorana massless
spin-3/2 fields do not exist in dS4 spacetime. Defining the gauge-invariant object

M
¢/u/ = V[ud)u} + 9 'Y[u¢u] > (2'13)
the Lagrangian can be rewritten as

1~ v
Lajz = =507 bvp. M ==£A. (2.14)

2.3 Massive spin-3/2 field

In the Stueckelberg gauge-invariant formulation, we describe a massive spin-3/2 field of mass
parameter w = v/oA? + m? with a Majorana vector-valued spinor 1, and a Majorana spinor
Stueckelberg field y with Lagrangian

3w
2

which is invariant under the Stueckelberg gauge transformations

1- w - 3_ _ 3m -
Lgjon = =50V Yy 4+ o DYy — XAHVuX — XX — 5 vuY'X s (2.15)
2 2 4 2

(Sowu = Vug-i- %’}/,u@, (2 16)
dox =mé.

Note that, when the mass m parameter is non-zero, the massive spin-3/2 field can be defined
with the two signs of the cosmological constant ¢ = +1, thus in both AdS4 and dS4. In the
dSy4 case, the massless limit m — 0 renders w imaginary, in clash with the Majorana reality
condition. This is consistent with the fact that Majorana massless spin-3/2 field cannot be
defined in dSy, as recalled earlier. Defining the gauge invariant field

1 w
U, =1, — Ev,ux - %'ﬁn X s (2.17)



the Lagrangian for the massive spin-3/2 field can be rewritten as
1= W -
L3/2M - _§\I/,u'7/ujpvu\pp + 5 \I},u')"w/q/y . (2.18)

It is possible to set a gauge, named unitary gauge, where x is set to zero using the form
of its gauge transformation with parameter . Once this is done, the gauge invariant field
V¥, coincides with the field v, .

In the unitary gauge, the equations of motion obtained by taking the Euler-Lagrange
derivative of the Lagrangian (2.18) are v***V 1, — wy"1, = 0. Using gamma matrices
identities and commutators of covariant derivatives of the (A)dSs background, one can
verify that this implies:

(O—w?+400), =0, w=Vor\2+m?. (2.19)

In AdS4, when setting the mass parameter m to zero, we recover the gauge-fixed equation
of motion of a massless spin-3/2 field (O + 3A?)¢, = 0. This equation can be obtained
from the massless spin-3/2 Lagrangian (2.11) in the same way, after a gauge fixing. In AdSy
spacetime, note that the parametrisation w = voA? + m?2 does not allow to set w to zero
with a real value of the mass parameter m. This expresses the fact that the massive spin-3/2
with w = 0 is non-unitary in AdS. Indeed, in Anti-de Sitter background, the unitarity bound
for the squared mass appearing in the D’Alembert-like gauge fixed equation U¢, = M 2@5#
for a Rarita-Schwinger potential is M? > —3)%. Setting w to zero gives (g, = —4A\?¢,,,
which is below the unitarity bound.

In more general terms, for a spin-s field propagating in AdS,, the mass-like term M?
appearing in the D’Alembert-like equation (0 — M2A?)¢s = 0 is a quadratic function of the
conformal dimension A = Ej, the minimal energy of the corresponding so(2,3) module. For a
bosonic spin-s field, one has Mi, < = A(A —3) — s, while for a fermionic spin-s field, one has
Mis =A(A-3) —s—i . Massless, propagating spin-s fields in AdS4 have A = s+1, be them
bosonic or fermionic [53-55]. These are the propagating Fronsdal and Fang-Fronsdal fields.
The unitarity bound on the conformal dimension is A > s + 1 for a propagating spin-s field.
It is saturated by the massless fields.? Note that, for s = 0, the unitary conformally-coupled
scalar field with M? = —2 admits not only A = s + 1 = 1, but also A = 2, corresponding to
two different boundary conditions [57, 58]. The mass-squared M? is bounded from below
by the value taken by the massless field.

In this work, we will need a description of the non-unitary massive spin-3/2 field with w = 0
in AdSy, as it is part of the shortest partially massless supermultiplet [33] that will be studied
in the following. We therefore introduce a new parametrisation @ = /(A2 — m?2). In AdSy,
this parametrisation permits to reach only the non-unitary region between Ug,, = —3)‘2¢u
and U, = _4)‘2925#- If m? > A2, & becomes imaginary. In de Sitter spacetime, & matches
with w, and therefore also describes a unitary field, where m can take arbitrary values larger
than or equal to A2. The Lagrangian consistent with @ = \/o(A\2 —m?) is

1- w - 30 _
L3/21\7{ = —51/1M’Y‘vauwp + 5 %’YW% + ZX ’YMVMX +

3wo _ 3mo -
5 XX+ T¢u7“X . (2:20)

2The spin-1/2 and spin-0 singletons, called Di and Rac, respectively [56], are unitary irreducible so(2,3)

modules with conformal weights Ap; = 1 and Age. = 1/2, respectively, that correspond to fields that
propagate on the conformal boundary of AdSy.



It is unvariant (up to total derivatives) under the gauge transformations

Sothpy = Vb + 57,0,

(2.21)
dox =mb.
The gauge-invariant Stueckelberg field-strength is
Uy =y — V- 2 (2.22)
p= YT X 2m7u X - .

2.4 Massless spin-1 field

We describe a massless spin-1 field by a vector field A, with curvature G, = V,4, =V, A, .
We recall the expression of the Maxwell Lagrangian,

1
L= —ZGWGW , (2.23)
which is invariant under the gauge transformation

§A, = V,a . (2.24)

3 Cubic deformations using the BRST-BV-Stueckelberg formalism

In this section, we briefly summarize the BRST-BV-Stueckelberg method proposed in [44],
further developed in [32], in the context where the set of fields contains a massive spin-3/2
field and a partially massless spin-2 field, among others. More specifically, we consider the
fields that build up the shortest partially massless supermultiplet of [33] and investigate
the possible couplings among those fields.

3.1 Set-up

We follow the notation of [33] as much as possible and recall the action of the shortest
supermultiplet in AdS; with two extra parameters o and ¢’, as compared to what was given
in [33]. The first parameter was already introduced above and allows choosing the sign of the
cosmological constant, while the parameter o’ gives us the freedom to change the sign of the
kinetic terms for the massless spin-3/2 ¢,, and the vector gauge field A,. The supermultiplet
of [33] is only defined in AdSy because there is no massless spin-3/2 fields in dS4 obeying the
Majorana reality condition [51], as we recalled above. Explicitly, the complete free action in
the Stueckelberg formulation takes the form Sy = [d*z\/—g Lo with

1 1
LO _ _5vphwjvph,uu + Vphlwvuhpy _ V#hvyh“l’ + §v#hv/ﬁh + %FW,FMV

1
— 2002 h WM 4 50)\2 h? +2X [AV,B* — h*'V ,B,] + 3\*B"B,,
3_ 3, 3m -, (3.1)
5 XX+ o XY Vx + ot

o - o - o’
+ Egbu'y“””v,,gbp - 5)\ oY, + ZGMVG,MI/ .

1- w -
- §¢u7lwpvuwp + §¢M’YW¢V +o



One recovers the action presented in [33] by taking ¢/ =1 = o, @ = 0, and setting all the
Stueckelberg fields to zero. We recall the gauge transformations under which the free action
is invariant, up to boundary terms that we neglect in this work:

(50h'u,/ =2 V(MEV) +AGuw T

; (3.2)
0B, =V,m+20X¢e,
S0ty = Vb + 27,0 Sobp = Vup+ 57up 53
dox =mb 0pA, =V,

For each gauge parameter, we introduce a ghost field with opposite Grassmann parity:

e For ¢,, we introduce the Grassmann-odd vector field &,, and for 7, we introduce the
Grassmann odd scalar field C';

e For 6 we introduce the Grassmann-even Majorana spinor ( ;
e For p we introduce the Grassmann-even Majorana spinor 7 ;
e For o we introduce the Grassmann-odd scalar field €.

The set of all the fields and ghosts will be denoted by {®'}. With each field or ghost
®! one introduces a corresponding BV antifield ®7 canonically conjugated to ®! through
the BV antibracket

B sBASLB  sRAGEB

A B) = — — —
( ) ) 5(1)[ 5(1)} 5(1)? 5@[7

(3.4)

for any local functionals A and B, and where we use De Witt’s condensed notations for
summations over repeated indices that imply integration over spacetime.
The BV functional for the free theory is given by

Wo[®,®*] = So+ [ d*z \/—g (h*“”(2v(u§l,)+)\gWC)+B*“(VMC+20)\§H) (3.5)
- ” - 1
+p*H (V#(+ ZWC) +mx*(+o* (V#TJFQA% ’7'> + A*H Vuf.).

Note that, in our conventions for Wy, we considered the antifields ®7 as tensors and not
as tensorial densities ®} as is understood implicitly in (3.4). Therefore, by defining the
BRST differential s for the free theory through the BV bracket se := (Wj,e), we have

R R T % R = *
s®l(x) = _55;22)) = —%% and s ®j(z) = % = /—g(x) (s ®}(x)), hence
s®j(z) = 1 IR Wy

= Vi) @)

In the case of a free theory, the BRST differential can be written as the sum of two
differentials s = v + §, where § is the Koszul differential that implements the field equations
into the BRST cohomology, see e.g. the book [59] for a complete presentation. The action of
these two differentials on the complete BV spectrum is given in table 1, where we also list the
Grassmann parity, ghost number, antifield number and pureghost number of all the fields. The



problem of perturbative deformation of a free theory, in the antifield reformulation of [46, 47],
consists in solving the BV master equation (W, W) = 0 perturbatively around the free solution
W, for the deformed BV-functional W = Wy + g Wi + O(g?). The descent equations issued
from the equation sW; = 0 at first order in the formal deformation parameters g, with
Wy = [d*z\/=3 (ap + a1 + a2) and antifield(a;) = i, take the form

day + Yyag = V“]g R (3.6)
60’2 + a1 = vu']il )
yaz =0 .

Importantly, the cochains ag, a1, a2, as well as j) and ji', are all assumed to be local. All
the cohomologies H*(s|d) that we will be computing are in the space of local forms, with
representatives that depend on the fields and their derivatives up to a finite, but arbitrary,
order. We refer to section 2 of [49] for a detailed presentation of the deformation procedure
that we follow. The term a9 in antifield number two encodes the deformations of the Abelian
gauge algebra of the free theory, the term a; in antifield number one encodes the deformations
of the gauge transformations, and the antifield number zero part ag encodes the deformation of
the quadratic Lagrangian, i.e., the first-order vertices. We will make the abuse of terminology
of designating by a “total derivative” a term V,j#, it being understood the multiplication
with the density \/—g will effectively transform V,j* into a total derivative.

3.2 Cohomology of v

The usual procedure is to start computing the cohomology H*() of the differential ~, the
differential along the gauge orbits. One finds

1 (7) = {1 (@), W) [0, [0 Gy O VuCo6 Vim0 p . (39)

where the notation [®] means the field ® and all its derivatives up to some finite, but arbitrary,
order, so as to ensure the locality of the function f. The quantities in the argument of
the function f in the above expression are not all independent. First of all, the members
of each pair (V(,§,),C) and (V,C,§,) belong to the same cohomology class, as we discuss
below, and the differential Bianchi identities give relations among the derivatives [ICWP],
(Wl [dp], and [Gp].

Details on the calculation of H*(+) in the sector of the massless spin-1 and spin-3/2 fields
around AdSy can be found in [45], for example. In the following, we detail the contribution of
the massive spin-3/2 field and of the partially massless spin-2 field, both in the Stueckelberg
formulation. It is direct to see that the gauge invariant objects constructed out of the
fields hy,, 1, and their Stueckelberg companions are K,,, and ¥, , respectively defined in
equations (2.9) and (2.17). Therefore, functions of these gauge invariant objects and their
derivatives are part of the cohomology of v: f([Kuu,l, [¥,u]) € H*(7).

The ghost fields require further discussion. In the sector of the partially massless field
hyw, there are two ghost fields. One can see in table 1 that both C' and §,, are elements of the
cohomology group. Indeed, they are v-closed and there is no way to express them as y-exact
objects. Let us focus on the derivatives of C. Because of the relation V,C = 7B, — 20)¢,,
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|| | gh | antfld | puregh ~ 1)
Buw | O | O 0 0 2V(.) + A G C 0
Yy 1 0 0 0 ~ViuC = 507 ¢ 0
bu 1 0 0 0 —VuT — AT 0
A, | 0 | o0 0 0 Ve 0
B, | 0 | 0 0 0 V.C + 20X €, 0
X 1 0 0 0 —m C 0
£ 1 1 0 1 0 0
C 1 1 0 1 0 0
¢ 0 1 0 1 0 0
T 0 1 0 1 0 0
€ 1 1 0 1 0 0
|1 | -1 1 0 0 V,KP) — gy, KP4 VK™Y
0 | -1 1 0 0 —V, WAy M — G2
o | o | -1 1 0 0 o’ Gy
A 1 | -1 1 0 0 —o'V,G"
B* | 1 | -1 1 0 0 —2\ K"
X~ 0 | -1 1 0 0 Semy,
et o | -2 2 0 0 —2V, h*® + 20\ B*#
c* | 0 | -2 2 0 0 Ah* — V,B**
c 1 | -2 2 0 0 —Va¥* + 1o yh 4% + mx*
=1 | 2 2 0 0 —Vud™ + AP,
€ 0 | -2 2 0 0 —V, A

Table 1. Properties and BRST differentials of every field and antifield.

we see that V,,C' is an element of the cohomology in the same class as §,. At higher orders
in derivatives we have the relation Vo,V ,C =YV B,y — 0 Avha, + 0A2§a,C indicating that
VoV, C is in the same cohomology class as C'. Let us pursue with the derivatives of the ghost
§u- When taking the antisymmetric part of the relation V.V ,C = vV ,B,, — 20AV ¢, one
obtains 0 =V, By
of {, is y-exact, as well as all the derivatives thereof. For the symmetric part, the relation

—20AV[4§,)- This shows that the antisymmetrized covariant derivative

Yhuw =2V 6y + A g C indicates that V() is in the same cohomology class as C. Taking
the covariant derivative of yh,,,, one can show that V,V (&, is equivalent to &, up to y-exact
terms. As a conclusion, in the PM spin-2 sector we have two cohomology classes given by
(V(M&,), C) and (V,C,¢&,), respectively, as announced above. It will be convenient to take
one or another representative of each class, depending on the context.
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In the sector of the massive spin-3/2 field v, one can see in table 1 that ( is y-exact,
and thus it is not an element of the cohomology group, as it should for a Stueckelberg field.
Moreover, because of the relation V,( = =y, — %ny”g“ , ¢ and V¢ are related by a ~y-exact
term. Thus, neither ¢ nor its derivatives belong to the cohomology of . This is the typical
situation of a massive field theory, as detailed in [44]. The contributions of the ghost fields
to the cohomology of v therefore only come from the sectors of the PM spin-2 field A, of
the massless spin-3/2 field ¢,, and of the vector gauge field A,,.

Ambiguity relations. In a massive theory, the Stueckelberg fields transform under the
differential + into the ghost fields. We have an example here with the massive spin-3/2
field whose Stueckelberg field transforms as yx = —m(. As a consequence, the ghost (
is not an element of the cohomology group and this gives an ambiguity in the expression
of V,( as a ~y-exact object:

Vil =7 (= 9x) o Vue = (< ) (3.10)
as a direct consequence of the gauge invariance of the quantity ¥, defined in (2.17). Note
that, while the second equality of (3.10) is similar to the case of a massless spin-3/2 field,
the first equality above exists only because of the presence of the Stueckelberg field that
transforms into the ghost field (.

While we work here in the Stueckelberg formulation, recall that the partially massless
spin-2 field has a gauge symmetry (2.8) in the unitary gauge. Consequently, the ghost fields
§u, €, and the derivatives V(,§,) and V,C, are in the cohomology of 7. Next, we note that
one can build an ambiguity relation for V,V[,§,] as a y-exact quantity, from the very fact
that the quantity K., defined in (2.9) is gauge invariant:

1

vpv[#gV] =7 (40.)\

vauV) v VoViuby) = 7 (Vigho)o + A g Bu)) - (3.11)
This ambiguity (3.11) has the same structure as (3.10), one expression only in terms of the
Stueckelberg field and one expression in terms of the field and its Stueckelberg partner.

We make use of these ambiguity relations in the derivation of the cubic vertices, so as to
ensure that they have a non-singular massless limit m — 0 in the unitary gauge. The general
strategy in the derivation of vertices involving massive fields in the Stueckelerg formulation
is detailed in [44]. It amounts to building cubic vertices that retain the information of the
cubic vertices of the massless theory.

3.3 Cubic deformations of the gauge algebra

In this section, we select the cubic deformations of the gauge algebra that are relevant for
a localisation of the rigid Ny = 1 supersymmetry of [33]. First, let us describe a similar
theory with which the comparison will be useful.

Pure Ny = 2 supergravity expanded around AdSy is a theory that, in the BRST spectrum,
contains a massless graviton with its diffeomorphism Grassmann-odd ghost parameter &,
two massless gravitini with Grassmann-even ghost fields 7® (A = 1,2) associated with the
Grassmann-odd gauge parameters p2 for local supersymmetry, and one vector gauge field A,
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with ghost €. The gauge transformations on the fields of the spectrum close, on-shell, to form
the Ny = 2 anti-de Sitter superalgebra. This theory has been studied using the BRST-BV
deformation method in [45]. Starting from the free action, it was shown in [45] that the cubic
deformation of the Abelian algebra leading to N = 2 pure supergravity theory in AdSy is
encoded, in the BRST-BV formalism, in the following expression at antifield number two,

r 1 _ _ _
03" = aygs  7Raa™ Tt + kaemT TV LG, — 20 kanT T,
4 (3.12)

+y (tAQG*’?_'[ATQ] — 2)\tAQT*ATQ€> . tag = —taa, kxo = kox .

By comparing with the PM supermultiplet of [33], one can remark that, apart from the fact
that the graviton is partially massless and that one of the gravitini is massive, there is still
one spin-2, two spin-3/2 and one spin-1 field. This permits to take advantage of the analysis
done in [45] in the selection of the deformations of the gauge algebra we will consider. Indeed,
in the PM supermultiplet, there are also two fermionic gauge parameters that we shall denote
by {p,0}: the parameter p for the massless spin-3/2 field ¢,, while @ is associated, in the
Stueckelberg formulation, with the massive spin-3/2 field 1),,. The analysis presented in
the present section consists in the search for deformations of the Abelian gauge symmetries,
that would correspond to a localisation of the Ny = 1 rigid supersymmetry of the model.
Although there are two fermionic gauge parameters, 6 is a Stueckelberg gauge parameter
that represents an artificial gauge symmetry that vanishes in the unitary gauge. Therefore, it
is expected that, if a localisation of the Ay = 1 rigid supersymmetry is possible, the gauge
parameter can only be p, the gauge parameter of the massless spin-3/2 field ¢,.

To make the analysis as complete as possible, we use as starting point the same defor-
mations of the gauge algebra as in (3.12) for the analysis of the Ny = 2 supergravity. In
doing so, the two gauge parameters p and 6 with corresponding Grassmann-even ghosts
7 and ( are treated equally, which allows for a clarification of their roles in the possible
gauging. The differences with (3.12) is that we do not assume the symmetry properties
taq = —tan, kso = kox provided by the analysis of [45], and we allow the presence of a 75
matrix as it is present in the global supersymmetry transformations of [33]. We consider
the following list of terms:

aXo ™ = kol 4k 0l + ks a8 +kyal + ksl + kg ol + ey al” + ks 0l + kg al
+k10a(2 )—f—knaé )—f—kuag )+k12/a§ )—i-kl a( 3)—|-k1 a(2 )+k15a§ 5), (3.13)

with
ay) = €My o) =gy, o) =g, al?) = i)
D = 1y, af) = FVCVRE) . 0y =P, oY = (e,
aé?’) = HTyT ag) = ?*VMVTV[M&,] , agn) =77, , 14) = (*re,
V= CeVgy s af) = 0 ay'? = e(r aé”’) = e
(3.14)

In this list, the deformations agl), agl), and aés) are vy-exact, hence, cannot deform the gauge

algebra. These were the deformations studied in [32], that led to two cubic vertices coupling
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the PM spin-2 field to the massive spin-3/2 field. Note that there are only four candidates
in the above list that are in the cohomology of : agg), a(29), agn)’ and aém). All the other
ones are y-exact terms, and thus can be canceled out by field dependent redefinitions of
the gauge parameters. They do not deform the gauge algebra. Nevertheless, in accordance
with the strategy explained in [44], which allows to take the massless limit for the vertices
in the unitary gauge, the v-exact candidates are considered.

3.4 Deformations of the gauge transformations a;

In this section, we present our results for the solving of the descent equation (3.7) using the
deformations ag of the gauge algebra as sources. Two cases are possible. The first case is
when the as is part of the cohomology of . In that case, either we obtain a solution a; of
the descent equation, or either we obtain an obstruction and the deformation computation
stops. An obstruction is manifest if das gives an element of the cohomology of . The second
case is when ag = yA. In that case there always exists a trivial solution a} = §A with a} = 0.
Such a solution is not interesting because the theory is not really deformed, as and a} can
always be canceled out by field dependent redefinitions of the gauge parameters and quadratic
redefinitions of the fields in the quadratic Lagrangian.

However, since we work with massive and partially massless fields in the Stueckelberg
formulation, it is in general possible to obtain an alternative solution a; that differs from
al by a y-exact term vyc; plus a term a; in the cohomology of v:

ay —al = ey +ay a; € H(v) . (3.15)

These non-trivial solutions a; are obtained by making use of the right-hand sides of the
ambiguity relations (3.11) and (3.10), as well as a certain number of integrations by parts.
The term a; is a non-trivial deformation of the gauge transformations, that cannot be
removed by field-dependent redefinition of the gauge parameters, and that could lead to
a non-trivial interaction vertex.

3)

At this stage, we obtain that all the non-trivial deformations of the gauge algebra, as ",
aég), agn) and a§14), are obstructed. Apart from ag?’), agg), agu) and agm), all the other
candidates that survive are vy-trivial, hence do not deform the gauge algebra. This means
that, if we find vertices at the next stage, they will be Abelian. Therefore, we can already
conclude that there is no way to localise the rigid supersymmetry carried by the shortest
PM supermultiplet of [33], without adding any extra fields to the spectrum.

As an example, starting from the y-exact deformation agm) =e(T=r (—%e* )_(7') )
we obtain the results

alt? = A (—dw + ul — (?)xvm), (3.16)

1
0512) _ _EA*MX@“ &512) =A"TVY, . (3.17)

3.5 Non-trivial cubic interaction vertices ag

In this section, we pursue the deformation procedure with the a; terms that appeared at
the previous stage, coming form the surviving as candidates. These a;’s are now used as
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sources for the ag in equation (3.6). At this level, we can add deformations of the gauge

a\") solutions of 7a( ) =o. Only those Zzgl) that are nontrivial representatives

transformations a;
of H(v) will be considered. Such deformations solve (3.7) with an ag = 0.

For each candidate a; obtained at the previous section, with a; # 0, the goal is to find
a combination a(A)ELgA) +aPa (B) + a(c)a( )+ ... of elements ZL&I) in the cohomology of

v with coefficients a(!) such that

5(ai ) +~vag = t.d.,

T = a; + aWa" + oPal? + o @a(? +

(3.18)

Then, to obtain the final result, we define a ', which is just a; but with a; substituted
with al°t,
al® = al + ey +alt. (3.19)

Injecting af°® in the descent equation (3.6), we obtain the complete vertex

al®t = ag + ey . (3.20)

This solution aTOt

is a non-trivial deformation provided that ag # db. Indeed, if ag = db
for some local function b, this means that al® = yc. Although af“ is a sum of elements,
each of which non-trivial in the cohomology of v, it may happen that the sum is trivial in
the cohomology, because of some cancellations. Therefore, in that case where ag = b, the
deformation is trivial and can be removed by field redefinitions.

In the following, we present our results for the only candidates aq that lead to interaction

vertices ag. We found three vertices denoted a(()m), a(()m/) and a(()30).
3.5.1 Interaction vertex a(()u)
Starting with the trivial deformation of the gauge algebra agm) = ¢* ( 7, we find a deformation

airot(lz) (12)

of the gauge transformations that gives rise to a vertex ay ~ provided that & =
(A2 — m?2) vanishes. Explicitly, we have

a{ot(IQ) :A*,u< ¢MT+¢MC+ A X’)/M )

, o o (3.21)
+¢*M<4 Vups T GP7 _E’Y TGuﬂ 6\ vu(’YpUTGPU)) 5
and )
ay? = " B3(GF — iy (1) ) o + VG X G (3.22)
where we have used that y#/*7 = —in5e/’?? and (xG)" = £e"P°G,,,. This is a new nontrivial

vertex involving a massless spin-3/2 field, a massive spin-3/2 field of mass parameter & = 0
and a massless spin-1 field. The gauge transformations are deformed, but the gauge algebra
is not. This reproduces a vertex of the Ny = 2 supergravity theory in AdSy, except that here
one of the two spin-3/2 fields is massive — see equation (3.48) of [45].
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3.5.2 Interaction vertex a((]u,)

Starting with the candidate aém ) = ¢ (i75)7T, we obtain a consistent vertex, provided that

the mass parameter @ = /o (A2 — m?) vanishes. Explicitly,
Tot(12') _ axuf 7 ¢ < . A
aq =A _wu(Z'YS)T + %(Z%)C - %X'Yu(Z’YF))T

o (-, , 1 .5,
— 2{w p(’}/ﬂ(Z’}/g))TGpﬁ — 57,, 6(275)7Ga5> (3.23)

(TN ,5,.
+ X (?)m’Y 5(175)7{;&5)},

and
T'o ! - po - po /v VR (s ¢ 3.24
Gy t(12) _ 0'/‘110-(2’}/5) {G ¢ )5(”G) }@bp m I/G MX(Z )5) K ( : )

This is a new non-trivial vertex involving a massless spin-3/2 field, a massive spin-3/2 field with
mass parameter @ = 0 and a massless spin-1 field. The gauge transformations are deformed,
but the gauge algebra is not. The vertex is very similar to the vertex a(()n) above in (3.22).

3.5.3 Interaction vertex aéSO)

In this section, we allow several massive spin-3/2 fields to couple to a gauge vector. Such
states can generically appear in the supermultiplets of [35, 60], for example. We therefore
consider the free Lagrangian for N > 1 massive, Majorana spin-3/2 fields 1/)5} (Q=1,...,N)
with diagonal mass matrix wagq, added to the Lagrangian for a gauge field A, with field
strength G, :

Lo = —E\TJ%NW’V U500 + IR 7- S + iG’“’G . (3.25)

5 H vEp0AQ T GWAQE, g v Ty v

We will not need to impose the mass parameters on the diagonal of waq to vanish, therefore
we use the parametrisation that describes the unitary region in AdSy spacetime: waa =
\/oA? + m3  , where the index A is fixed. We consider the following trivial deformation of

the gauge algebra, which is a generalization of aém) in (3.14):

ag?,o) = Ch (et (3.26)
(30)

This deformation a5’ can be lifted to a deformation of the gauge transformations, that in
turn can be integrated to a consistent vertex provided wan = wiaq and t2¢ = A2 The
resulting deformation of the gauge transformations and the corresponding cubic vertex read

30 n v
af® = P (Paa €18 = (o A t8) + XA X €47 (3.27)
1, - 1, =
ag” = — - Aa¥ ™ xa 89 — §AV‘I’AWWA‘I/QJAQ : (3.28)

where we recall that \Ifﬁ = wﬁ — %V#XA — 9V Y2, and ‘Ifﬁl, = V[H‘Iff] =+ %’Y[M\Py} .
This is, in the Stueckelberg formalism, the well-known minimal coupling of massive
spin-3/2 fields to electromagnetism. The simplest case is N = 2, where the pair of Majorana
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Rarita-Schwinger field forms a U(1) doublet, a complex Rarita-Schwinger field, and where
one can take the matrix 2% = ¢2? | the so(2)-invariant symbol.

This problem has an old story, of course [61, 62]. Let us only mention the analyses [63, 64]
that went beyond formal consistency, looking at causality of the models, in particular. There,
general Pauli-type non-minimal couplings of the type (3.22) are added, on top of the minimal
couplings, to ensure the correct number of propagating degrees of freedom. It is of course not
a surprise that, among the 5-parameter family of non-minimal vertices considered in [63, 64],
precisely the ones corresponding to (3.22) (but for equal-mass spin-3/2 fields) emerge on the
account of counting of degrees of freedom. In the Stueckelberg formalism, we see that these
non-minimal couplings appear automatically. It is one of the advantages of the Stueckelberg
formalism, that it naturally account for the correct propagation of degrees of freedom. Note
that in flat space, this coupling was also studied in [65].

3.6 Final results

In this section, we present our final results outside the BRST-BV formalism and in the
unitary gauge, where all the Stueckelberg fields have been eliminated. The procedure to
reach the unitary gauge at first order in deformation is detailed in [32].

3.6.1 Vertices agu) and a(()lzl)

Our two results, applying to the free supermultiplet of [33], and that exist only when @ = 0
are the following. Consider a model composed of one massive spin-3/2 field with mass
parameter @ = 0, one massless spin-3/2 field and one massless spin-1 field, in AdS, spacetime.
The Lagrangian takes the form

1- o' - o . - o’
Ly = —§¢“7MVPVpr + §¢u7uupvl/¢p o 5/\ duY"Pdp + ZGMVGHV : (3-29)
The action is invariant under the gauge transformations

A
S0 = Vup+ 5mb s doA, =V, 6o =0. (3.30)

Our result is that the deformed action with Lagrangian Lg + L,

Ly = 190" [ GOP — s (+G)° | g + 10 By (i5) [ GP7 — in5(+G)7 |8, (3.31)

is invariant under the deformed gauge transformations dg + 1, with

014, = —g"up — g1, (i5)p, (3.32)
1 1% 1 1% 1 g
S = o'g!"? LWWPPG P =37 PG — 5V (7p PGPU)}

n[1 . 1 "y g alBy -
+0’gt1?) [4%/"5 (115)p Gap = 57" (175)0 G + 5 Vi (1 (175) PGaﬂﬂ . (3.33)

d1¢, = 0. (3.34)

The gauge algebra remains Abelian.
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3.6.2 Vertex a(()30)

Consider a model composed of an even number N of massive spin-3/2 fields w;ﬁz, Q=1,...,N
of same mass w and a massless spin-1 field A,. This model is defined in (A)dSs. The free
Lagrangian takes the form

Ly = —%&ﬁwmwﬁm + S d0n + ‘:GWGW : (3.35)
The action is invariant under the free gauge transformations
dpA, = Vo (3.36)
Our result is that the action with deformed Lagrangian Lg + L1,
Ly = _9(30)%AVTZJAXYQVA¢QQ75AQ; A2 = Al (3.37)
is invariant under the deformed gauge transformations dy + 01 with
510y = g Vgatt? | 514, =0. (3.38)

The gauge algebra remains Abelian. We recover of course the well known minimal coupling
between a doublet of Majorana massive spin-3/2 fields and a massless spin-1 field [63-65].

4 Partially massless supergravity vertex

In this section, we push further the analogy with N/ = 2 pure supergravity around AdS,
by adding at least one extra massless gravitino to the spectrum. We will classify all the
possible deformations of the gauge algebra and obtain a non-Abelian vertex that bears striking
resemblance with the gravitational minimal coupling in N' = 2 sugra, except that the role
of the graviton is taken over by the PM spin-2 field.

4.1 Set-up

We consider a free theory consisting of a PM spin-2 field A, in the unitary gauge and an
unspecified number of massless spin-3/2 fields qbﬁ, A=1,...,N, with N > 1 so that at
least two massless gravitini are present, which ensures that one can extract the spectrum of
N = 2 pure supergravity from the total spectrum, recalling that a partially massless spin-2
field decomposes into a massless spin-2 and a massless spin-1 fields in the flat spacetime
limit. The total, free Lagrangian, takes the form

1 v 1 1A M-
Lo = = Kup K" + S KV Ky — 5000 PV oudyoas + 560" 0y Max . (4.1)
where K., = 2V|,h,), and K, = §"’K,,,,,, with gauge transformations
Sohuy =V V1 — o NG, (4.2)
A
S0y = Vaup™ + Sup” Ms™ . (4.3)
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The mass matrix May, = diag(£1,+1,...,41), MarM's = 6oy, allows for massless spin-
3/2 fields with opposite mass-like terms. We note that, in order to have an invariance under
the R-symmetry group O(N), one needs May to correspond to an invariant tensor of O(N).
The only possibility is May, = +dax;. Therefore, in the case May; # £0ayx, the R-symmetry
O(N) is explicitly broken from the start. Note also that for N > 2, say N = 4, we can
construct an May, # £0ay breaking O(4), but that is a direct sum of invariant tensors of
0(2): May = *diag(—1,—1,+1,+1).

As in the previous section, we introduce a ghost field 72 associated to each gauge
parameter p® and a ghost field C' associated with the PM gauge parameter 7. The set
of all fields and ghost fields is denoted ®!. To each field ®' is associated an antifield &??
canonically conjugated to ®! by the BV antibraket defined at (3.4). The complete list of
fields and antifields as well as their BRST differentials are summarized in table 2. The BV
functional of the free theory takes the form

Wo[®, &*] = Sy + / d*z \/—g (h*ﬂ”(vﬂvyc — oX2G,,0) + o} ( R ”)/MTEME ) )
(4.4)
The cohomology group of the differential along the gauge orbits ~ is

H*(7) = { F([@F), [Kp], [6,), C, V,uC, ) | (4.5)

As already discussed in subsection 3.1, we search for perturbative deformations of the BV
functional at first order, W = Wy + gW; + O(g?), W1 = [ d*z\/—g (ao + a1 + az), by solving
classical master equation (W, W) = 0 to first order that take form of the descent of equations

day + yag = Vujg , (4.6)
dag +va1 = Vi,
vyaz = 0.

We recall that the terms of antifield number 2, a9, are deformations of the gauge algebra,
terms of antifield number 1, ay, deformations of the gauge transformations, and terms of
antifield number 0, ag, deformations of the free action.

4.2 Cubic deformations of the gauge algebra

As a starting point, we consider the list of all candidate deformations of the gauge algebra in
the cohomology of v at pureghost number 2, H?(v), mixing the PM spin-2 parameter with
the spin-3/2 parameters. The only restriction is that we exclude candidates involving a -5
matrix that would break parity. There are only three independent terms:

(2) — k( ) *ATEC (49)
(3) _ (3)
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|.| | gh | afld | puregh y 4]
huv | 0| O 0 0 V.V,C — oAG..C 0
Sl 1]o0 0 0 —Vut? = 3y, Mo® 0
c | 1] 1 0 1 0 0
™o |1 0 1 0 0
ROl -1 1 0 0 VKPP gy KP4+ VK
el o[ -1 1 0 0 Ay
c* o | 2| 2 0 0 ViV b — gAh*
ol 1] 2] 2 0 0 —Vuo + 3o VM

Table 2. Properties and BRST differentials of every field and antifield.

4.3 Deformations of the gauge transformations

The next step is to use the candidates (4.9) as source for the equation (4.7). We obtain
a solution

af 72 = KR (2, WA G £ AR G, T MG 4 AR R, 6 M)

B ~ ~ (4.10)
+ KR (29059, C = G b + AMo® G260 C)
under the constraints
(kW My =0,
{(k® M}y =0, (4.11)
KCL = AEQ M
This imposes that the matrix M should take the form
M = +diag(—1,...,—1,1,...,1), (4.12)
with an equal number of —1’s and +1’s eigenvalues, with A = 1,...,2n, providing the

matrices k' and k? are anti-diagonal. Already, after solving this first equation, we see that
the case May, = £y is excluded. In particular, in the case n =1 (A = 1, 2), this means the
R-symmetry is explicitly broken. A consequence of these constraints is also that the minimal
number of spin-3/2 fields is two, thereby excluding any non-Abelian coupling involving one
PM spin-2 and one Majorana massless spin-3/2 field. This result is consistent with the
result obtained in the previous section; it is not possible to render the supersymmetric
transformations of [33] local without introducing additional fields.

4.4 Cubic vertex

We pursue by using the result (4.10) as source for the next equation in the descent (4.6).
In solving (4.6), the solution a; to the previous equation (4.7) can always be combined
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with deformations a; solutions to ya; = 0 that do not contribute to the gauge algebra.
We find a solution

5(af' 7 @) +yag™ E = b (4.13)
with
a1 = baad V" T Ky + daad™ ¢y, VIC (4.14)
under the constraints
baa = baq) ; dag = —8baq
kg = k[(i)z} = —2\bag) Mz ? (4.15)

bag) = Mras Mo™ .

The resulting interaction vertex is

T 1-
o = bso{ = 362 G K,

(4.16)
= G, — AGRGRN + 2539 6}
Using the symmetry properties of the matrices bag, this result can be rewritten as
1-
PM
ab sugra __ bAQ{ _ 5@%7“”’70‘5(/521(@51/ (4.17)

= 25 V50, W — 4GV g0 4 25290V, 0,0
The final deformation of the gauge transformations is
ab M suera — bAp{h*‘“’ (Vu (—if'AqﬁEMEF) + 2@59’yu7-r>
+ &:A( — ATV, C M5 — 20287V C + 8¢TVHY . C (4.18)
+ 20T ERY Myt 4 47T K s ) } ,
and the final deformation of the gauge algebra is
ay ™ P = oAb My T EAITEY L C = 202 hps TATEC + %bAQMEQC*%ATE . (4.19)

Comparison with Ny = 2 supergravity Let us compare the PM supergravity cubic
interacting model obtained in this section to the Ny = 2 supergravity model studied in [45]
that shares the same spectrum of helicities (£2,4+3/2,£3/2,£1). In subsection 2.1, we
have presented the Stueckelberg formulation of the PM spin-2 field allowing to introduce
a Stueckelberg gauge parameter €, playing the role of linearised diffeomorphisms. In the
unitary gauge where the Stueckelberg fields are set to zero, ¢, is fixed to g, = —5x V.,
where 7 is the gauge parameter of the PM spin-2 field. In the following, we are going
to compare the deformations of the gauge algebra, gauge transformations, and finally the

— 21 —



interaction vertex of Nj = 2 supergravity obtained in [45] with the results of the present
paper. In light of the Stueckelberg formulation of the PM spin-2 field, we identify V,C in
the partially massless case as a diffeomorphism ghost ¢, in Ny = 2 supergravity. The ghost
field C' in the partially massless case is now replaced by the U(1) ghost € for the massless
vector gauge field in Ny = 2 supergravity.

We begin by the deformation of the gauge algebra (4.19) that we compare to the
corresponding gauge algebra of Ny = 2 supergravity given at equation (3.12). The three
algebra terms of the PM supergravity algebra (4.19) are present in (3.12), but a5 ®™ has two
supplementary terms. In one term the diffeomorphism BV-antifield {7 appears, and in the
other the diffeomorphism ghost appears through V(,§,;. The first represents the commutator
of two gauge supersymmetry transformations that gives a local diffeomorphism, and the
second represents the commutator of a supersymmetry transformation and a local Lorentz
transformation. The first term is absent because there is no way to represent ¢ within the
PM supergravity framework. The second term is absent because V&, vanishes identically
when ¢, is interpreted as V,C. Therefore, we conclude that the PM supergravity gauge
algebra (4.19) is as close as possible to (3.12).

Let us rewrite the cubic results obtained in [45] for the gauge transformations of the
Ny = 2 supergravity in AdS,; with the same method:

aiugra = Q3/2 kAQ { - h*‘uyqf;ﬁ’}/yTQ + Qg*Ap'V,uuqb,?v[ugV] - (ZS*AP'Y#VTQV[#}LV]P
+ A G Ty, — 20, 31EY — BT ‘ﬂzﬁy] (4:20)
_ _ 1.
T ytag { — 24P — NG (file — TV A,) — 2¢,§AFpa'y”"v“TQ} :

Here, the two spin-3/2 fields denoted d)ﬁ have a trivial mass matrix Maq = +diag(1,1), hyu
stands for a massless spin-2 field with diffeomorphism ghost &,,, and A,, stands for a massless
vector field with ghost €. In light of the Stueckelberg formulation of the PM spin-2 field, we
recall that we identify a &, in supergravity as a V,C' in the partially massless case. All terms
in the first and second lines of (4.20) are present in (4.18), except the term in V[“£¥] that
is identically zero in the partially massless case where {, is identified a V,C. In the last
line of (4.20), the only term in which the massless spin-1 is not involved is present in (4.18).
In fact, the only term present in the PM supergravity model and not in (4.20) is the first
term on the first line of (4.18). Notice that this term has the form V(uél,) of a particular
linearised diffeomorphism transformation of parameter éu = —%bAF%AngMgF.

We pursue by comparing the PM supergravity interaction vertex (4.17) with the interac-
tion vertex of Ny = 2 supergravity obtained in [45]. The interaction vertices are very similar,
but there are three main differences. First, in (4.17), the helicity-1 modes are enclosed in the
PM spin-2 field. Then, the PM sugra vertex in (4.17) does not contain any term proportional
to A. Finally, the symmetric matrix that contracts the A indices of the spin-3/2 fields is differ-
ent. In the case of Ny = 2 supergravity in AdS,, this matrix is proportional to the Kronecker
delta daq, while in (4.17) the matrix baq is symmetric and anti-diagonal. This means that the
partially massless supergravity vertex (4.17) contains only cross terms of the type “¢'¢>h”,
while the supergravity vertex contains only diagonal terms of the type “¢'¢'h + ¢?¢p?h”.
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4.5 Final result

In this subsection, we rewrite and comment the obtained results without reference to the
BRST-BV formalism. The Lagrangian at first order in deformation reads

LPMsuera — 14 1, (4.21)
with
1 Hvp 1 B L-n Hyp z A pp A%
LO = _EKMV,DK + §K KM - iqslu,’y VV(Zsp 5AZ + 5¢/},7 ¢p MAE ) (422)
and

1-
Ly = bAQ{ - 5¢,§7"”"7°‘%2K05V
(4.23)
_ 2¢ﬁ775”Vﬁ¢th”7 _ 4¢§75wv[§¢p}9h57 + 2¢§,yﬁ'vpv7¢pﬂh} '

We have shown that this interaction vertex is equivalent to the one obtained at equation (74)
of [48]. At this order, this interacting model is invariant under gauge transformations

Ohap = Vo Vgm — a)\2§a57r
+biar) (v(a (-i&@fMJ) + 2<Z>(Aafyﬁ)pr> , (4.24)
09> = VI pt + %vﬁpZMzA
+ bAp( MY MsT — 20267 P 1 + 8¢TPV
+ 20 (M 4 7 K o) (4.25)

The gauge algebra takes the form

(67, 0glhap = Va Vit — NGasT + O(b%), (4.26)
52,0168 = Vad® + Sad M + O(?), (4.27)
[6r,051hap = O(V%), (05, 0d05 = O(b?), (4.28)
with
= %EAPZbAerF, (4.29)
2 = bR (20 pEV oMy + 202 p ) . (4.30)

Rather suggestively, after a rescaling bag — —%bAQ, the action with quadratic and cubic
terms can be rewritten as the truncation up to (and including) the cubic order of

1 1
SPM sugra — / d'ze <4K;wpKWP - 2K“Ku>
(4.31)
1- -
+ [ da B (=588 dum ) (B (EDe" (B2,
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with A A A A
(GMV)Q E(EGM)Q@(E(W)G :g,ul/(sﬂ +h;u/b§l 5

1
(Ea'u)QA _ éaH(SQA + 5éal/hVHbQA ,

1
(Ea#)QA = éau(sﬂA - iéauhV“bQA )

1 (4.32)
EQ® = &6q> + 5éthA ,

P = Viud)™ + %%(EC[#)FQ ¢>1;]MQA ;
@u(bf‘ = vud)l/A - ivahﬁuﬁ/aﬂ@b?bQA .
This first order interacting model has the form of a gravitational minimal coupling, but
where the role of the graviton is taken over by the partially massless spin-2 field. Compared
to conventional minimal coupling in General Relativity, the partially massless spin-2 field
is accompanied by the symmetric anti-diagonal matrix bo® such that all the first order
interactions terms are cross terms. Remark that (4.31) contains all the corrections analogous
to the gravitational minimal coupling, including corrections to the mass-like part of the spin-
3/2 Lagrangian proportional to A\. However, the sum of all the first-order terms proportional

to A is identically zero using the symmetry properties of the matrices bo® and bo! Mp?2,
in agreement with (4.23).

4.6 Global symmetries of the free model

From the result of this first-order deformation computation, we can deduce global symmetries

of the free Lagrangian. Consider global parameters 7 and j solutions to 50¢)ﬁ =0 and
dohyu, = 0:
A
VAR + 575/32M2A =0, (4.33)
VaVpit — AN2gast = 0. (4.34)

Equation (4.33) defines Killing spinors of the AdS, background. Moreover, if 7 is a solution
to (4.34), then £, = V7 satisfies the conformal Killing equation [1, 66, 67]

. v 1_ v
V,@u + Vufu = ig;vafp ) (435)

and defines J;Z“ as a conformal Killing vector of the AdS4 background. Evaluating the first
order gauge invariance equation

oLl + 61Ly =0, (436)

on global parameters 7 and p®, we obtain 61Ly = 0, meaning that the first-order gauge
transformations evaluated on global parameters define new symmetries of the free action
with Lagrangian (4.22). First, we obtain global fermionic transformations that mix the
bosonic and fermionic sectors:

y ) _ _
Ophas = bar (—AV(Q@Q)/)EMEF) + 2¢>(Aawa)pr> : (4.37)
55028 = bAF( L2 5E R M+ w‘”ﬁFKa,yﬂ) . (4.38)
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As expected, these transformations are very similar to the Ny = 1 supersymmetry transfor-
mations obtained in [33] at equation (5.18) with a different spectrum. Second, we obtain a
symmetry that mixes the spin-3/2 sector of (4.22) along a conformal Killing vector 5“ = V1.
Up to a free gauge transformation 0p¢>” of free gauge parameter p» = bAp(bFO‘ga, this
symmetry takes the form

S0 = b0 (= €VL0f — AEIEMST A GEMET — DN gl ) +hos . (439

This is very close to the recently derived conformal-like symmetry of the massless Dirac
spin-3/2 field in dS, spacetime, see equation (6.21) of [68].> We leave the study of the
commutators of these global symmetries for future work.

5 Obstruction to second order, a road to conformal supergravity

At this stage, we have obtained a consistent cubic deformation T/VlP Msugra of the BV functional
W[/, O3] = W + Wi + Wa + ... up to first order in the coupling constants. The local
functional we obtained, Wi ™ "8 — [ d%2 \/7 (ap + a1 + az), satisfies (Wo, W) = sW; = 0
and is not s-exact in the space of local functionals.

To second order in the deformation, the BRST-BV master equation (W, W) = 0 takes
the form

SW2 = (Wl,Wl) . (5.1)

1

2
Once Ws is expanded in antifield number, Wo = [ d*z /g (by + b1 + b2), one obtains the
descent of equations

0by + vbg = —(al, a()) + Vutg” , (52)
1

6ba + b1 = —5(61, a1) — (ag,a1) + Vti (5.3)
1

’ybg = —5(0,2, a2) =+ Vutg . (5.4)

To solve this descent of equations for the triplet (bg, b1, b2), one starts with (5.4) to be solved
for by, using as a source the quantity as that was obtained at previous order. In the particular
case of the final ay of this section, see (4.19), the computation of the antibracket (a2, a2)
leads to obstructions O; to the existence of by, in the form

O1 = 8\2baq M or X Ml 7724 19V .0V, C' (5.5)
Oy = 167 30pq M b7 2112V ,CC | (5.6)
O3 = —8bpq Mo Ml C* 781Dy O | (5.7)
O4 = —4XbasbroMe 7227 79 | (5.8)

(5.9)

05 = 4)\bFQbAQM§;Q7:*A’7MTE7:F’7#T® .

Unless one trivially sets the deformation structures bag to zero, thereby setting W7 to
zero, there is no way to make these obstructions vanish. This implies that the first-order

3The authors thank Vasileios Letsios for fruitful discussions on this subject.
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deformation cannot be pushed to the next order in interactions. These obstructions signal a
failure to the Jacobi identity for the gauge algebra to be satisfied.

The model considered so far contains the same spectrum of fields as the one of Ny = 2
pure supergravity in AdSy, a theory that has been studied in [45] with the same cohomological
techniques as the ones we have been following here. We recall that the on-shell spectrum of
helicity modes of this model is {£2,4+3/2,4+3/2,£1}. This is a remarkable point indeed, that
motivated our investigations of the couplings between a PM spin-2 field with two massless
gravitini around AdSs. We recall that the PM spin-2 field contains, in his decomposition in
helicity modes in the flat limit A — 0, a massless spin-2 field as well as a massless spin-1
field, accounting for the helicity modes (£2,+1).

A noticeable difference between Ny = 2 pure sugra and the PM model we found up to
cubic order is that, in the latter, the coupling between the spin-1 and the spin-3/2 modes is
fixed by the coupling of the spin-2 modes with the spin-3/2 modes, while in the perturbative
reconstruction of Ny = 2 pure sugra around the free model around AdSy, at cubic order one
still has the freedom in the coupling constants between the gauge vector and the rest of the
spectrum. In other words, all the coefficients in the vertex (4.23) are already fixed at cubic-
order, which means that the spin-1 modes are fixed to interact with the other modes, in a way
that is not free to choose. By contrast, in Ny = 2 supergravity the coefficients in the vertices
involving the spin-1 sector are fixed by the consistency relations imposed at second order.

A possible way out to cure the obstructions (5.5)—(5.9) we encountered in building a
partially massless supergravity theory is the addition of a massless spin-2 field and a massless
spin-1 field to the spectrum, that bring respectively the diffeomorphism ghost £# and the U(1)
ghost € into the BRST spectrum. The total deformation as of the gauge algebra now reads

ap = aPMSuEra | GBH | Weyl 4 sugra | (R (5.10)
where the algebra deformation ay " >"8" is given in (4.19) and with

a}23H — REHEV L (5.11)

aleN = oWeyl (2 CFVHC €, — )\225*“0 v,.0), (5.12)

ay * = iklmf*”f%ﬂﬂ + kAT TV ) — 20 0T AT, (513)

af = qhoe TR + 20 Ao i e . (5.14)

PH is the Einstein-Hilbert cubic deformation of the diffeomorphism algebra that

Weyl
2

The term a
uniquely leads to General Relativity [49]. The second deformation, a , is the cubic
deformation that mixes the gauge parameters of the massless and partially massless spin-
2 fields. This deformation leads to conformal gravity at cubic order around the AdSy
background. Indeed, the spectrum of conformal gravity linearised around (A)dS,4 spacetime
is a massless spin-2 with a relatively ghostly partially massless spin-2 field [1]. In [31], it
is proved that the relative sign and coefficients between a5 and agveyl are fixed by the
consistency conditions at second order.

The third deformation a5'®™ is a supergravity gauge algebra deformation that leads to

cubic interactions between the massless spin-2 field and the two massless gravitini. Finally,
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the deformation a¥ is an algebra deformation that leads to cubic interactions between the

massless spin-1 and spin-3/2 fields.

Considering that the two massless gravitini have opposite signs in front of their respective
mass-like terms in the quadratic Lagrangian, we showed that the deformations a5 ™ and alt
are consistently giving rise to linear (in the fields) gauge transformation laws, and to cubic
vertices. The details of the complete analysis of the gauge algebra deformations (5.11)—(5.14)
to cubic and quartic order will be presented elsewhere, together with the values of the
constants k:lAQ,kQAQ, kZQ, qlAQ, and QQAQ.

The structure of the candidate a5 ™ is based on the general form of the gauge algebra
deformation (3.12) leading to Ny = 2 pure supergravity [45]. One observes that algebra
deformation candidate (5.10) contains the structures for all the commutators and anticom-
mutators of the Ny = 1 superconformal algebra su(2,2|1), see for instance [34, 37]. We have
shown, in the case A = 1,2, that they produce obstruction terms in (az,as) that combine
with (5.5)—-(5.9). In fact, the more than thirty obstruction terms in (a9, az) remarkably
cancel if a set of four independent quadratic equations on the four free constants baq, k,
klAQ and qlAQ are satisfied. However, these four equations cannot all be satisfied at the same
time, and a family of obstructions always survives. Therefore, the cubic PM supergravity
model remains obstructed at quartic order.

This result contrasts with a consistent non-Abelian theory around AdS, that involves
a PM spin-2 field and spin-3/2 fields that we expected to recover: Ny = 1 pure conformal

supergravity [36, 37]. The spectrum of this theory expanded around AdSy, is

¢ one massless spin-2 field,

one partially massless spin-2 field,

two massless, real spin-3/2 fields,

one massive, real spin-3/2 field, and

one massless vector.

Remarkably, this spectrum is the same as the one considered to cure the obstructions (5.5)—
(5.9). The spectrum of conformal (Weyl) gravity around AdS4 had already been found in [1]
while the fermionic sector of Ny = 1 pure conformal supergravity can be found in [34, 35].
From section 4 and appendix C of [35] where N/ = 2 conformal supergravity is considered,
discarding the Yang-Mills, matter supermultiplets and extra spax = 3/2 multiplets that
appear once coupled to gravity when N > 1, see e.g. [69] section 6, one can retrieve® the
spectrum and conformal dimensions of the various fields of pure Ny = 1 conformal supergravity
expanded around AdS4. The result is summarized in table 3 where we added in the last line
the number of physical degrees of freedom of the corresponding fields.

“From the Lagrangian and tables 1 and 2 of [35], where the Einstein-Hilbert sector was added, one should

L2

formally take the limit Gy — oo in their parameter § = % + % 1+ G (1=

so as to decouple the

Einstein-Hilbert sector and only consider the higher-derivative terms (with coefficient ¢1 — c2 therein) of pure
conformal supergravity.
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s 212(3/2]3/2]3/2]|1
A 312)|5/2|5/2]3/2|2

Hdof | 2] 4 2 2 4 2

Table 3. Set of fields of pure conformal supergravity expanded around AdSy, with the conformal
dimensions and number of physical degrees of freedom

Considering the gauge-fixed equation (O — A?m?)yps = 0 around AdS4, where one has
the mass formula mis = A(A — 3) — s for bosonic fields and mQA?s =AA-3)—-s—1
for fermionic fields,” one can see that

e the field of spin-2 and conformal dimension A = 3 in table 3 satisfies the linearised
gauge-fixed field equation (O + 2A?)¢,,, = 0. This is the massless graviton with its two
physical degrees of freedom;

e the field of spin-2 and conformal dimension A = 2 in table 3 satisfies the linearised
gauge-fixed field equation (O + 4 A?)h,,, = 0. This is the partially massless spin-2 field
with its four physical degrees of freedom;

o the two fields of spin-3/2 and conformal dimension A = 5/2 in table 3 satisfy the
linearised gauge-fixed field equation (O + 3 )\2>¢)# = (. These are two massless gravitini
with their two physical degrees of freedom, where the field equation is recovered
from (2.19) with m? = 0;

o the field of spin-3/2 and conformal dimension A = 3/2 in table 3 satisfies the linearised
field equation (OJ+ 4 A?)¢, = 0 which coincides with the equation (2.19) when w = 0,
the massive fields 1), that enter the vertex (3.31). This is a massive gravitino with its
four physical degrees of freedom with helicities (£3/2,41/2) in the flat limit;

o finally, the field of spin-1 and conformal dimension A = 2 in table 3 satisfies the
linearised gauge-fixed field equation (O + 3A%)A,, = 0. This is a massless vector field
with its two physical degrees of freedom.

It was found in [1] that the first two spin-2 fields in the list above make up the spectrum of
Weyl (conformal) gravity around AdSy. At the level of the linearised Lagrangian around AdSy
background, suitable field redefinitions allow one to decompose the action of a Weyl-invariant
spin-2 field into the sum of the Fierz-Pauli Lagrangian for a massless spin-2 field minus
the Lagrangian for a PM spin-2 field, with the relative sign expressing the non-unitarity
of the model [27, 28, 74, 75].

In the case of the Weyl invariant spin-3/2 field that is part of the spectrum of Ny = 1
conformal supergravity [34], it is not known whether it is possible to decompose the linearised
Lagrangian around AdSy into a sum or difference of ordinary Rarita-Schwinger Lagrangians
for the spin-3/2 helicity modes in table 3. This question has been addressed in flat spacetime

5A complete analysis in arbitrary dimension is given in [70-72], together with original references for the
special case of so(2,3) that we consider here. See also [73] for a review in both de Sitter and anti de Sitter.
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n [74], but not in AdS background, to the best of our knowledge. We hope to return to
this question in the near future.

We recall that the cubic PM supergravity vertex (4.23) is based on the sum of two
Rarita-Schwinger Lagrangian densities with opposite mass-like terms (4.22). Therefore, this
vertex can only be part of conformal supergravity if one assumes that the Lagrangian of a
conformal spin-3/2 field can be decomposed into a sum or a difference of Rarita-Schwinger
Lagrangians such that (4.22) describes the two massless spin-3/2 modes of table 3. However,
whether this decomposition is possible or not around the AdS background has not yet been
studied, to the best of our knowledge. If this decomposition is not possible, this would mean
that our vertex (4.23) cannot be part of the conformal supergravity Lagrangian, in agreement
with the inconsistency of our vertices at quartic order.

6 Conclusions

In this paper, we have made a detailed study of the possible interactions between a partially
massless spin-2 field and spin-3/2 fields, massless and massive. The motivation behind our
work is partly based on the paper [33] where a minimal partially massless supermultiplet
around AdSy was found that contains the three types of fields cited above, plus a gauge vector.
The findings of [33] stimulates the search for a partially massless supergravity model that
would gauge the rigid supersymmetry carried by the supermultiplet. Our results show that
the presence of the massless spin-3/2 field of the PM supermultiplet is not enough to localise
the rigid supersymmetry: there is no way to make local the global supersymmetry algebra
represented on the minimal PM supermultiplet of [33] without introducing extra fields. On
the way to this result, we found two vertices that couple the massive and massless spin-3/2
fields to the gauge vector of the PM supermultiplet, in a way that deforms the Abelian gauge
transformations of the free theory, but not the gauge algebra that remains Abelian.

In order to search for a non-Abelian model where the PM spin-2 field would not remain
sterile, we took advantage of the observation that the spectrum of N’ = 2 pure supergravity
around AdS, is identical to the set of fields {h,,, qbﬁ}, A = 1,2, where hy, is the partially
massless spin-2 field and {qSﬁ}, A = 1,2 a doublet of massless gravitini, and classified all
the possible non-Abelian deformations of the gauge algebra which can lead to a deformation
of the Lagrangian. We found the existence of a single non-Abelian vertex, that coincides
with the vertex recently presented in [48], in a different formalism and using different field
representations. In the representation we use where the two massless gravitini are Majorana
spinors, we showed a very suggestive analogy between this vertex and the minimal coupling
in /' = 2 pure supergravity, except that now, the role of the graviton is taken over by the
partially massless spin-2 field. This vertex is a candidate for a partially massless supergravity.

We pushed our analysis to second order in deformation, at the level of the Jacobi identity
for the gauge algebra, and showed that the non-Abelian partially massless supergravity
vertex (4.23) is obstructed. We then added a massless graviton to the spectrum with
its corresponding diffeomorphism gauge parameter, and argued that this addition could
potentially be sufficient to cure the obstruction to the Jacobi identity of the resulting gauge
algebra, that now includes diffeomorphisms. The final spectrum of fields coincides with the
spectrum of N/ = 1 pure conformal supergravity around AdSy, therefore viewed as the only
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consistent (although non-unitary at the classical level) and non-Abelian theory for what one
could call partially massless supergravity. However, the complete analysis at quartic order,
that will be presented elsewhere, reveals that the model is still obstructed at quartic order
with the free Lagrangian considered in section 4.1, where the two gravitini are decoupled.
We are therefore unable to recover N' = 1 pure conformal supergravity starting from the
free Lagrangian and mass-like matrix used in section 4.1. We intend to study the consistent
interactions between a PM spin-2 and a conformal spin-3/2 field in the future to clarify
this point and to uncover the form of the PM supergravity model enclosed in N' = 1 pure
conformal supergravity.

In this work, as long as there was at least one massless Majorana spin-3/2 field in the
spectrum, the background considered was AdS, with its negative cosmological constant. On
the other hand, the results we obtained on the coupling of massive spin-3/2 fields with a
vector gauge fields were valid in both AdS; and dS4 backgrounds. The relations we made
with conformal supergravity stimulates us to consider an expansion of that theory around
dSy, using the recent findings and spinor field representations of [68, 76, 77]. In fact, it is
probably not a coincidence that we recuperated the rigid conformal transformation of one
of these works, as our findings suggest that the closure of the transformations laws (4.39),
very close to those found in [68], should lead to a representation of the superconformal
algebra. We hope to pursue our investigations along those lines in the future, and investigate
to which extend and with which field representation for the spinor fields one can expand
N = 1 conformal supergravity around dSy.
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