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I. COMPARISON BETWEEN TD-DFT AND PPP RESULTS

In Table I are provided the results obtained via TD-DFT (QRDR formalism) and via PPP model. The conclusions
are discussed in the main text.

Method Molecule AFEy [eV] AE2 [eV] D9(0.5) [a.u] ¢f)2)(0.5) [s7] F(<)2> [s7']

DPB 3.43 0.17 10.3 9.30 x 1072 2.82 x 1072
DFT DPH 2.55 0.40 49.8 4.96 x 107! 1.34 x 1071
NO2-OPPV 2.92 0.10 83.8 2.76 8.54 x 107!
DPB 2.44 0.17 99.8 1.59 4.48 x 1071
PPP DPH 2.37 0.40 104 1.50 4.10 x 107!
NO,-OPPV 247 0.10 218 8.17 2.64

TABLE I. TD-DFT and PPP results. For TD-DFT, the energy gap AFE2; is calculated using the PPP model and used
to correct the energy of the 2A, state (first excited state). AFEi9 and AFE»; are, respectively, the energy gaps between the
first excited state (2Ag) and the ground state (1Ag), between the second excited state (1By) and the first excited state (2Ag).
D®9(0.5) is the norm of the second-order transition moment for v = 0.5 and a TPSE transition from first excited state (2A;) to

the ground state (1Ag). gzﬁ(()z) and 1"(()2) are, respectively, the vacuum spectral TPSE rate at v = 0.5 and the integrated vacuum
TPSE rate.

II. COMPARISON BETWEEN DIFFERENT TD-DFT THEORY LEVELS

In Table II are provided the results obtained via different TD-DFT theory levels. The conclusions are discussed in
the main text.

III. SIMULATION PARAMETERS

We use the COMSOL Multiphysics® software [1] based on the finite element method to compute the Purcell factors
over a range of frequencies [2]. The simulation domain is a sphere with a radius equal to twice the studied wavelength
A, and perfectly matched layers (PMLs) are defined as an outer layer with a thickness of A\/2. Moreover, the tip of
the gold nanocone has rounded edges with a diameter equal to 30% of Dy = 6 nm and the gold optical response is
given by a Lorentz-Drude model [3]. The classical emitter is positioned in the middle of the gap and is modelled by
an electric point dipole oscillating along the cone axis. The Purcell factors are determined through the integration
of emitted power on the inner surface of the PMLs for the radiative part and on the surface of a fictional sphere
with a 1 nm radius centred on the emitter for the total part (sum of radiative and non-radiative parts). The entire
domain is meshed with unstructured tetrahedra, except in the spacer, where 6 layers with a triangular prism mesh are



Molecule TD-DFT theory levels AFig [eV] AFE2 [eV] D9(0.5) [a.u.] ¢(()2)(0.5) [s7] F((f) [s7]

B3LYP/6-31G* 3.27 0.17 17.2 2.06 x 1071 6.42 x 1072
DPB CAM-B3LYP/6-31G*  3.53 0.17 9.03 8.26 x 1072 2.22 x 1072
CAM-B3LYP/6-31+G* 3.43 0.17 10.3 9.30 x 1072 2.82 x 1072
B3LYP/6-31G* 2.44 0.40 35.5 2.03 x 1071 5.44 x 1072
DPH CAM-B3LYP/6-31G*  2.63 0.40 53.5 6.60 x 107! 1.78 x 1071
CAM-B3LYP/6-31+G* 2.55 0.40 49.8 4.96 x 107" 1.34 x 1071
B3LYP/6-31G* 2.55 0.10 122 3.00 9.51 x 1071
NO,-OPPV CAM-B3LYP/6-31G*  3.03 0.10 77.2 2.82 8.77 x 1071
CAM-B3LYP/6-31+G* 2.92 0.10 83.8 2.76 8.54 x 107!

TABLE II. TD-DFT results for three theory levels. The geometry is optimized using CAM-B3LYP/6-31G* for all TD-
DFT theory levels. The energy gap AFEs; is calculated using the PPP model and used to correct the energy of the 2A, state
(first excited state). AEjo and AE»; are, respectively, the energy gaps between the first excited state (2Az) and the ground
state (1Ag), between the second excited state (1B,) and the first excited state (2Ag). D(0.5) is the norm of the second-order
transition moment for v = 0.5 and a TPSE transition from first excited state (2A4) to the ground state (1Ag). ¢ and T'{®
are, respectively, the vacuum spectral TPSE rate at v = 0.5 and the integrated vacuum TPSE rate.

employed. The smallest element has a characteristic size of 0.08 nm on the structure and on the sphere around the
emitter. Calculating the Purcell factor P, over 95 frequencies for the system optimised for the NO2-OPPV molecule
requires 100 GB of RAM and 24 hours using 12 cores of an AMD Ryzen Threadripper PRO 5995WX CPU.

IV. COMPARISON OF NANOPARTICULE GEOMETRIES

We compare various nanoparticle geometries [Fig.1] to enhance the emission from the NO2-OPPV molecule, which
has a transition energy of hw., = 2.92 eV. The particle dimensions are optimised to maximize emission at half the
transition frequency. For conical particles, we additionally investigate the influence of tip size and the absence of the
mirror [4]. The corresponding results are presented in Table III and Figure 2, with detailed conclusions discussed in
the main text.
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FIG. 1. Schematic representation of the four studied nanocavities. Blue regions indicate the spacer material (n = 1.4),
while yellow regions represent gold.
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Structure D [nm] H [nm] D2 [nm] ¢;(>2h)—ph(0'5)/¢(()2)(0'5) (béi)_ph(O,S) [sfl} Fi(i)_ph [571] n® £

CoM 132 9.85 x 107 2.72 x 108 7.51 x 10°  3.80% 2.84 x 107!
SoM 142 6.79 x 107 1.87 x 108 1.63 x 107  11.7% 6.14 x 107!
Cone 120 265 6.0 6.26 x 108 1.72 x 10° 5.21 x 107 38.0% 1.97
Cone 120 265 4.0 2.43 x 10° 6.70 x 10° 2.00 x 10  36.5% 7.56
ConeoM 95 130 6.0 1.69 x 10*° 4.67 x 10'° 1.41 x 10°  40.5% 55.3
ConeoM 95 130 4.0 2.72 x 10'° 7.50 x 10° 2.19 x 10°  35.9% 82.8

TABLE III. Results of the two-photon enhancement with different particle geometries for the NO;-OPPV
molecule. The gap size is fixed at 3 nm for all systems. The quantity qs;i’_ph(o.f)) / ¢f)2)(0.5) denotes the enhancement of the
two-photon emission rate into the far field compared to vacuum, evaluated at v = 0.5. Ffjlph corresponds to the integrated
two-photon emission rate. 1®) is quantum efficiency, defined as the probability of emitting a photon pair into the far-field.
&= th)_ph/F((,l)7 with T§" = w2, [1d°9||* /3meolic? [5], quantifies the enhancement of the two-photon emission rate with respect
to the vacuum one-photon emission rate of an emitter with a transition dipole moment d®’ of one atomic unit.
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FIG. 2. Photon-photon, photon-plasmon, and plasmon-plasmon emission channels of the spectral two-photon spontaneous
emission rate of the NO2-OPPV molecule placed in six different nanocavities. The spectrum for the TSoM cavity is similar to
that of the SoM cavity.
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