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1Centre de Physique Théorique—CPHT, École polytechnique, CNRS—UMR 7644, Institut Polytechnique de Paris,
91120 Palaiseau Cedex, France

2International School for Advanced Studies (SISSA), Via Bonomea 265, 34136 Trieste, Italy
3INFN, Sezione di Trieste, Via Valerio 2, 34127 Trieste, Italy

4Service de Physique de l’Univers, Champs et Gravitation, Université de Mons, 20 Place du Parc, 7000 Mons, Belgium
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We demonstrate that the Bondi-van der Burg-Metzner-Sachs (BMS) evolution equations for the mass
and angular momentum aspects in asymptotically flat Einstein gravity follow from local Carroll, Weyl, and
diffeomorphism invariance at the null conformal boundary, upon providing a minimalistic holographic
dictionary as the sole input from the bulk. This result is a significant step in the quest for a flat-space
holographic correspondence and offers a geometric implementation of the radiative degrees of freedom that
source the boundary theory in the presence of bulk gravitational waves.
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Introduction—The holographic paradigm posits a duality
between a gravitational theory and a lower-dimensional,
nongravitational field theory, suggesting that bulk quantum
gravity is encoded in the dynamics of codimension-one
boundary degrees of freedom. Although the correspon-
dence remains conjectural, it has yielded striking results in
the presence of a negative cosmological constant, where
spacetime asymptotically approaches anti-de Sitter geom-
etry and the dual theory is a relativistic conformal field
theory. This success has motivated significant efforts over
the past decade to develop flat-space holography, i.e., an
analogous framework for the more realistic setting of
asymptotically flat spacetimes. The latter are ubiquitous
gravitational models in modern physics as they provide the
kinematical arena for a broad class of phenomena, from
collider physics to gravitational-wave astronomy, involving
localized sources of gravity such that the spacetime geo-
metry asymptotically approaches that of Minkowski in the
far, empty region.
Implementing this construction on the foundations of the

AdS/CFT correspondence encounters two main challenges.
First, the codimension-one conformal boundary of flat
spacetime is null, implying that the boundary theory cannot

be relativistic but must instead obey the principles of
Carroll physics [1,2]. The latter corresponds to the low-
velocity limit of special relativity in which spacelike
intervals dominate over timelike ones, effectively sending
the speed of light to zero and collapsing the light-cone onto
the time axis. In this context, the boundary theory is not a
conformal field theory in the usual sense, but rather a
Carrollian conformal field theory [3–15].
The second key distinction between AdS and flat-space

dynamics lies in the fact that asymptotic inertial observers
genuinely assess energy and momentum loss due to gravi-
tational waves reaching null infinity. Asymptotically, the
frame adapted to such observers is formed by υ, the con-
gruence of generators of null infinity, and ea (a ¼ 1, 2), an
orthonormal frame on the two-dimensional celestial sphere.
On account of Einstein equations, one finds [16–21] (see
also Refs. [22–26] for reviews)

υðMÞ ¼ 1

4
DaDbN ab −

1

8
N abN ab þ 1

8
DaDaR ð1Þ

for the mass aspect M, representing the observed distri-
bution of gravitational energy on the celestial sphere, and

υðNaÞ ¼ DaM þ 1

4
CabDbR−

1

4
N bcDaCbc

þ 1

16
DaðCbcN bcÞ þ 1

2
Db

�
D½aDcCb�c þ Cc½aN b�c

�
ð2Þ

for the angular momentum aspectNa. In Eqs. (1) and (2),D
stands for the boundary Weyl-covariant derivative, and R
denotes the related Ricci scalar [27]. The right sides are
sourced by Cab, the shear of outgoing null geodesics, and
N ab the so-called Bondi news tensor, whose precise
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relation to Cab will be disclosed in the main content. It
encodes the strain of gravitational radiation: when non-
vanishing, gravitational dynamics does not yield conser-
vation equations on the boundary but rather flux-balance
laws for the asymptotic charges [28–31]. This, once again,
stands in contrast to the AdS intuition, where Einstein’s
equations reduce to the covariant conservation of a boun-
dary energy–momentum tensor. From the holographic
point of view, this means that gravitational radiation would
act as external sources [8,9,32–34] coupled to the boundary
conformal Carrollian field theory that are responsible for
breaking the global symmetries on the boundary. This is, of
course, a matter of viewpoint, and the present analysis aims
to show that the boundary symmetries are, in fact, pre-
served upon introducing the appropriate geometric tools to
describe the boundary theory. In this Letter, we refer to
Eqs. (1) and (2) as Bondi–van der Burg–Metzner–Sachs
(BMS) flux-balance laws [17,18].
More than the null character of the conformal boundary,

the nonconservation of gravitational charges presents a
significant puzzle and has led to a bifurcation in the
development of flat-space holography into two seemingly
disconnected approaches. The first, focused solely on radia-
tion, has given rise to the theory of massless Carrollian
amplitudes, introduced in [8,9] and further explored in
[35–43], notably via the asymptotically flat limit of AdS
amplitudes [44]. The complementary sector has been
investigated either through group-theoretical methods
[45,46] or by considering the asymptotically flat limit of
the AdS fluid-gravity correspondence [27,47–50], drawing
on the substantial progress made in three-dimensional flat-
space holography [51–63], where radiative sources are
absent. However, aside from the heuristic attempt in
Ref. [9], there has been no proper understanding of the
coupling between these sources and the remaining Carrollian
degrees of freedom; consequently, no intrinsic Carrollian
derivation of the key Eqs. (1) and (2) has been achieved.
The aim of this Letter is to resolve this long-standing

puzzle in flat-space holography providing such a derivation.
To that end, we begin by reviewing the key geometric fea-
tures of null infinity. We highlight that (part of) the boundary
connection depends on extrinsic data [5,64–69], namely Cab
[70,71], motivating the introduction of hypermomenta
[72–74], associated with variations of the effective action of
these additional boundary data. This offers a natural geo-
metric framework for implementing radiative sources and
their coupling to the boundary Carrollian conformal field
theory. Finally, we establish a holographic dictionary
between Carrollian (hyper)momenta and bulk gravitational
data [8,9,27] for which the Carrollian dynamical equations
derived herein reproduce the BMS flux-balance laws.
Compared to recent analyses, the novelty of our

approach is threefold. First, our derivation relies purely
on boundary considerations, which reveals the genuinely
Carrollian origin of the Bondi flux-balance laws without

employing limiting procedures in the bulk near null
infinity. Second, it is developed directly in the conformally
compactified spacetime, where null infinity is treated as
just another null hypersurface. Finally, it introduces hyper-
momenta conjugate to the radiative degrees of freedom,
which has the merit of clarifying and geometrically ground-
ing their coupling to the putative holographic theory. The
latter is of paramount importance for improving our under-
standing of the flat-space holographic correspondence.
Throughout the Letter, we make use of the transforma-

tion properties of various geometric objects under the
relevant symmetries. For readability, we have gathered
all of these technical expressions in the End Matter,
specifically in Appendix A. The latter is supplemented
by Appendix B, which provides a detailed derivation of the
Letter’s main result, that is, Eq. (20).
Geometry of null infinity—The conformal boundary of

asymptotically flat spacetime, denoted by I , is a null
hypersurface, so its normal vector is also tangent to it. It
therefore induces an intrinsic vector field υ on the boun-
dary, dubbed the asymptotic field of observers, which
generates the geodesic congruence of null generators of
I . Consequently, the pull-back g of the bulk metric is
degenerate in this null direction,

gðυ; ·Þ ¼ 0: ð3Þ

Moreover, since the structure on I emerges from the con-
formal compactification procedure [75,76], it is endowed
with a conformal structure on which Weyl rescalings by an
arbitrary smooth nonvanishing function B are at work [77],

g ↦ B−2g; υ ↦ Bυ; ð4Þ

mapping physically indistinguishable boundary Carroll
structures. From (3) and (4), null infinity is endowed with
a conformal Carroll structure [3–5], which provides a
natural distinction between longitudinal and transverse
quantities in the following sense. Introducing a clock form
τ related to the field of observers υ such that τðυÞ ¼ 1
[5,68], transverse vectors at any point P∈I are designed
to belong to

HPðI Þ ¼ fV ∈TPI jτðVÞ ¼ 0g: ð5Þ

To connect with the usual nomenclature, we refer to the
two-dimensional manifold spanned by integral curves of
transverse vectors at P as the cut ofI at P and take it to be
homeomorphic to two spheres. We denote by feag for
a ¼ 1, 2 an orthonormal frame on HPðI Þ, in the sense that
the boundary metric expands as g ¼ δabθa ⊗ θb in the dual
coframe fθag, i.e., such that θaðυÞ ¼ 0 and θaðebÞ ¼ δab.
We refer to feAg ¼ fυ; e1; e2g as a local Carroll–Cartan

frame at the point P of the boundary (A ¼ 0, 1, 2) and by
definition its dual coframe is given by fθAg ¼ fτ; θ1; θ2g.
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In spite of the metric being degenerate, the boundary
volume form is well defined and reads as μ¼ τ ∧ θ1 ∧ θ2

in terms of it. There are several local transformations at
work on the defined boundary local frame. First, one can
rotate the transverse basis independently of the longitudinal
components:

δrυ¼ 0¼ δrτ; δrea¼ rabeb; δrθa¼ rabθb; ð6Þ

where rab ∈ soð2Þ and rðabÞ ¼ 0. Second, the clock form is
genuinely defined up to a transverse one-form λaθa, which
implies the existence of the following transformation:

δλυ ¼ 0 ¼ δλθa; δλea ¼ λaυ; δλτ ¼ −λaθa: ð7Þ

The transformations (6) and (7) correspond to the action of
the homogeneous Carroll algebra carrð3Þ ≃ isoð2Þ on the
frame. In particular, λa parameterizes a local Carroll boost.
The existence of Weyl transformations (4) on the boundary
also affects the local Carroll–Cartan basis infinitesimally as

δBeA ¼ BeA; δBθA ¼ −BθA: ð8Þ

We discuss the implications of these local transformations,
seen as variational symmetries of the boundary theory, in
the next section.
Remark. Contrary to their timelike and spacelike coun-

terparts, the normal vector to a null hypersurface cannot be
canonically normalized. Therefore, as the normal vector is
also tangent in the null case, this unavoidable ambiguity
induces another local transformation:

δηυ ¼ ηυ; δητ ¼ −ητ; δηea ¼ 0 ¼ δηθa: ð9Þ

However, because of its extrinsic status compared to the
previous local transformations, it is not considered as a
symmetry of the boundary theory in what follows.
The boundary basis obeys the following structure

equations:

½υ;ea�≡φaυ−cbaeb; ½ea;eb�≡2ϖabυþccabec; ð10Þ

whereϖab measures the nonintegrability of the distribution
of cuts (5) on the flow of υ (when ϖab ≠ 0, the cuts do not
define a spacelike foliation of I ). The evolution of the
transverse geometry under the geodesic flow generated by
υ is encoded into the rank-two tensor,

cab ¼
1

2
θδab þ ξab þ c½ab�; ð11Þ

where θ measures the expansion of the null congruence υ
and the transverse trace-free tensor ξab is its shear. On
account of Einstein’s equations [78], the latter vanishes
identically on the boundary [28,70,79]. Therefore, the
bulk Levi–Civita connection naturally induces an affine

connection∇ onI which is torsion-free and obeys [70,71]

∇g − 2α ⊗ g ¼ 0; ∇υþ α ⊗ υ ¼ 0: ð12Þ

The boundary connection is therefore both metric and field-
of-observer compatible up to Weyl rescalings [80–82]. For
the definition (12) to be compatible with the boundaryWeyl
structure, the boundary one-form α transforms as α ↦
α − d lnB under Weyl rescaling (4). The boundary con-
nection ∇ is therefore naturally a Weyl-affine Carroll
connection [48]. Einstein equations further impose that
α0 ¼ 1

2
θ while the spacelike Weyl connection αa is encoded

into purely bulk metric data and thus constitutes another
boundary background field that contributes to the definition
of ∇. In the following, we assume that α is closed for
simplicity.
Now comes a crucial observation: if ωA

B denote the
connection one-forms of ∇ in the Carroll–Cartan frame,
the vanishing of the torsion and the conditions (12) are
insufficient to constrain completely βab ≡ ω0

bðeaÞ, as they
leave βðabÞ arbitrary. In Carroll geometry, this property is
understood as the statement that torsion-free compatible
Carroll connections constitute an affine space modeled
on transverse symmetric rank-two tensors [5,64–69]. The
transverse part of ω0

a is therefore not entirely fixed from
purely boundary considerations. However, relating the
boundary conformal manifoldI to a bulk geometry allows
for resolving this apparent ambiguity and give a physical
interpretation of it. Indeed, it can be proven that βab
coincides with the boundary value of the deviation tensor
of the congruence of outgoing null geodesics generated by
a vector field k, such that the pull-back of the associated
one-form to I is equal to (minus) the clock form τ. This
observation derives from an explicit computation of the
induced connection on I from the bulk Weyl–Levi–Civita
connection on the unphysical conformally compactified
spacetime using the so-called rigging method introduced
in [83] (see also Refs. [84–87]), with the rigging vector
being k. In particular, its traceless part, denoted as βhabi, is
the Bondi asymptotic shear and encodes the two degrees
of freedom of bulk gravitational radiation [70]. This
concludes our presentation of the relevant kinematical
aspects of the boundary geometry.
Carrollian momenta and dynamics—We now turn to the

derivation of the dynamical equations that the dual con-
formal Carrollian field theory is committed to obey. Let S
be an action for this theory coupled to the background
geometry. In the perspective of [27,47–50,59,60,88], we
are agnostic of the microscopic “matter” field content of
this theory, which we denote collectively by Φ. However,
we demand that it is simultaneously invariant under local
Carroll transformations (6) and (7), Weyl transformations
(8) and diffeomorphisms to extract general features on the
boundary theory.
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Taking an arbitrary variation of S yields

δS ¼ 1

16πG

Z
I
μ
�
EΦδΦþ δθAðTAÞ þ δωA

BðΩA
BÞ� ð13Þ

where G is the Newton–Cavendish constant in four dimen-
sions. The first term in Eq. (13) represents the contribution
of the “matter” fields and EΦ ≈ 0 are their equations of
motion. From now on, we denote by ≈ equalities that hold
on-shell for them. Next, variations with respect to the
boundary background geometry, which is fully encoded in
the Carroll–Cartan coframe, define the Carrollian momenta
[47,48,88,89] that we expand as

T0 ¼ Πυþ Πaea; Ta ¼ Paυþ Πb
aeb: ð14Þ

They respectively stand for the energy density (Π), the
energy flux (Πa), the momentum density (Pa), and the stress
tensor (Πa

b). Finally, we profit from the main lesson of the
previous section, which was that (part of) the boundary
connection as an independent field with respect to the
geometry. This is why we introduce the vector fields ΩA

B

as the response to fluctuations of the boundary connection
one-formsωA

B, andwe refer to them as the hypermomentum
[72–74]. For S to be Weyl invariant, we assume that

TA ↦ B4TA; ΩA
B ↦ B3ΩA

B; ð15Þ

i.e., that the Carrollian momenta and hypermomenta trans-
form as weight-four and three Weyl-covariant objects. At
this stage, it is important to emphasize that the dynamical
fields and the geometry play different roles in the variational
principle, Eq. (13). Specifically, both the frame θA and the
connection ωA

B are treated as background fields since,
unlike Φ, they are not subject to equations of motion.
Nonetheless, their variations are retained in the variational
principle as they are required to define the associated
momenta and derive the constraints dictated by local
symmetries (Noether identities) [90].
This is precisely what we now set out to do, i.e., we study

the constraints imposed on the Carrollian momenta by the
local symmetries. Let us start with local Carroll boost
invariance. Contracting Eq. (13) with the transformations
(7) for the frame and (A4) for the connection and perform-
ing an integration by parts to isolate the boost parameter,
we obtain

δλS ¼ N λ½EΦ� −
1

16πG

Z
I
μλaðΠa þD ·Ω0

aÞ; ð16Þ

where N λ½EΦ� is a linear functional in the equation of
motion for the fieldsΦ andD stands for the Weyl-covariant
derivative on the boundary. It acts as

D ¼ ∇þ wα ð17Þ

on weight-w quantities and D · V ≡DυV0 þDaVa

denotes the divergence of any V ∈TI . Because λa is an
arbitrary function on I , requiring local Carroll boost
invariance yields

δλS ¼ 0 ⇒ Πa ≈ −D ·Ω0
a; ð18Þ

when the fieldsΦ are on-shell, and therefore, the functional
N λ vanishes identically. Crucially, the fact that Πa ≠ 0 is
not in contradiction with local Carroll boost invariance,
which is often thought of as synonymic of the absence of
energy flux [91–93]. Our analysis shows that the latter
statement is generally incomplete and should be replaced
by “Carroll-boost symmetry implies that energy flux is of
geometric nature only.” This subtle feature, already derived
in [27,48,50] from direct computations, is rooted in the fact
that Carroll connections possess degrees of freedom that
cannot be fixed by the background geometry, namely βðabÞ,
as we stressed earlier.
We can apply similar techniques to derive the remaining

Noether identities, namely for rotation, Weyl, and diffeo-
morphism invariance. First, rotation and Weyl symmetries
further respectively fix the skew-symmetric and trace-full
parts of the stress tensor as

Π½ab� ≈D ·Ω½ab�; ΠþΠa
a ≈−D · ðΩ0

0þΩa
aÞ; ð19Þ

where the spacelike indices are lowered in with δab. Further-
more, diffeomorphism invariance, i.e.,L ξS ¼ 0, gives rise to
the sought-after dynamical equations [47,48,88], which take
the form of flux-balance equations for the energy–momentum
densities as

D ·T0 ≈RA
Bðυ;ΩA

BÞ; D ·Ta ≈RB
Cðea;ΩB

CÞ: ð20Þ

Further details about their derivation are provided in End
Matter (Appendix B). As the latter involves explicitly the
constraints (18) and (19), these equations are genuinely
Carroll and Weyl covariant. The right sides display the
curvature two-formRA

Bð·; ·Þ associated with the boundary
Weyl connection [94]. Already at this stage, it is worth
noticing that, since the boundary connection is not com-
pletely determined in terms of intrinsic data, the flux terms
cannot be completely recast as a divergence [96]. In other
words, there exists no local modification of the Carrollian
momenta that would transform (20) into covariant con-
servation equations. This feature was observed long ago
in [97] in the study of Galilean fluid dynamics. Upon
identifying the Carrollian (hyper)momenta with the appro-
priate gravitational data, the dynamical equations (20) are
nothing but the celebrated BMS evolution equations at null
infinity. We prove this statement in the next section by
deriving the precise form of the fluxes in the right sides
within a concrete boundary gauge fixing. Therefore, the
Eq. (20) should be understood as the flat-space avatar of the
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conservation of the holographic energy–momentum tensor
in the AdS/CFT framework.
Remark. Among the connection one-forms, ωa

0 and
ωhabi transform homogeneously under local Carroll and
Weyl transformations and can therefore be safely set to zero
without breaking any of these symmetries. Consequently,
these variables can always be ignored in the variational
principle (13), with the related hypermomenta, Ωa

0 and
Ωhabi, set to zero, which we assume in what follows.
Gravitational flux-balance laws—For definiteness, we

opt for relating the Carrollian dynamical equations (20) to
the BMS flux-balance laws in the BMS frame for which the
clock form is exact so that both φa and ϖab identically
vanish, making the distribution of cuts integrable onI . So,
there exists a smooth function u on I such that τ ¼ du,
which defines a coordinate along the null direction.
Boundary coordinates ðu; xiÞ are fixed upon providing a
given coordinate system ðxiÞ on the cuts. Furthermore, we
require that the clock form is lifted as e−bdu (where the
function b vanishes atI ) in the bulk, which corresponds to
choosing null Gaussian normal coordinates ðr; u; xiÞ in the
vicinity of future null infinity. By construction, r is a
parameter along the null geodesics generated by k, and
making a choice for r would complete the gauge fixing,
which we do not discuss here [98].
For these conditions to emerge from the bulk gauge

fixing, boundary diffeomorphisms ξ act on the boundary in
such a way to preserve the BMS frame. This can be
achieved by compensating the change induced by the
Lie derivative by appropriate local boost, rotation, and
Weyl transformations to put the frame back to its original
value [101]. The key point is that the fitting local and Weyl
transformations explicitly depend on the diffeomorphism
at hand, as we show below. The gauge-fixed variation
under boundary diffeomorphisms δξ is therefore defined
as the appropriate combination of diffeomorphisms and
compensating local gauge transformations that fix the
(co)frame, i.e.,

δξ ≡L ξ þ δλðξÞ þ δrðξÞ þ δBðξÞ∶ δξτ ¼ 0¼ δξθa: ð21Þ

Decomposing the diffeomorphism generator as ξ ¼ fυþ
Yaea in the Carroll–Cartan frame, we get that, in order for
the gauge-fixed variation to indeed define a gauge-fixing,
the local parameters must be determined in terms of the
components of the diffeomorphism generator as

λaðξÞ ¼ eaðfÞ; BðξÞ ¼ υðfÞ; rabðξÞ ¼ δc½bθcðL ea�ξÞ
ð22Þ

and that the diffeomorphism generator must also satisfy the
following constraints:

θaðL υξÞ ¼ 0; δcðaθcðL ebÞξÞ ¼ δabBðξÞ: ð23Þ

The first one implies that the spatial components of the
diffeomorphism parameter are invariant along the longi-
tudinal direction; ξ therefore generates a Carrollian diffeo-
morphism in the sense of [5,47]. The second one can be
rewritten as L ξg ¼ 2BðξÞg, implying that Ya solves the
conformal Killing equation on each cut of I .
For simplicity and to align with the seminal

Refs. [28,70,79] we further set θ ¼ 0 from now on at the
price of restricting the Weyl freedom at the boundary to
functions that are invariant along the null direction,
υðBÞ ¼ 0. We also choose to set c½ab� ¼ 0, which restricts
rotation transformations to υðrabÞ ¼ 0. Both conditions are
compatible with the previous equations defining the gauge-
fixed variation. The boundary connection one-forms, the
solution of Eq. (12), expand as

ω0
0 ¼ −αaθa; ω0

a ¼ −αaτ −
1

2
Cabθb; ð24aÞ

ωa
0 ¼ 0; ωa

b ¼ γacbθb; ð24bÞ

where Cab is symmetric and taken trace-free by choice of a
subleading Weyl rescaling [103] in the direction of k; see,
e.g., Refs. [99,104]. As mentioned above, it corresponds to
the Bondi shear of the dual asymptotically flat spacetime.
The purely horizontal connection coefficients,

γabc ¼
1

2

�
cabcþcbacþccab

�
−δabαc−δacαbþαaδbc;

ð25Þ

are those of the Weyl–Levi–Civita connection on the cuts.
Within the same set of hypotheses, the diffeomorphism
parameters then obey

υðfÞ ¼ 1

2
DaYa; υðYaÞ ¼ 0; 2DðaYbÞ ¼ DcYcδab;

ð26Þ

which define an element of bms4, the BMS algebra in four
dimensions [17–19]. The gauge-fixed variation (21) then
induces a representation of this algebra on the boundary
and acts therefore as expected from the bulk analysis
[21,105] on dynamical variables as, e.g., the asymptotic
shear [106]:

δξCab ¼ fυðCabÞ þ ðL YCÞab − υðfÞCab − 2DhaDbif:

ð27Þ

Importantly, the inhomogeneous piece above betrays that
the transverse tensor Cab appears in the spacelike con-
nection under Carroll boosts.
The Carroll and Weyl-covariant flux-balance laws (20)

now read explicitly in the BMS frame as
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υðΠÞ ¼ DaDbΩ0
ba þ υðDaΩ0

0aÞ − 1

2
N abΩ0

ab; ð28aÞ

υðPaÞ¼
1

2
DaΠ−DbΠhabi þ

1

2
υ
�
DaΩ0

00þDaΩb
0b
�

þ1

2
DaDbðΩ0

b0þΩc
bcÞþυðDbΩ½aj0jb�ÞþRΩ½a bb�

þDbDcΩ½ajcjb� þ
1

2
N abΩ0

0b−
1

2
D½aCb�cΩ0

bc;

ð28bÞ

where the constraints (18) and (19) have been extensively
used and ΩA

CB ≡ θCðΩA
BÞ denote the components of the

hypermomentum. Note that the news tensor has been
defined as N ab ≡ −2R0

a0b [27]. This definition coincides
with the retarded-time-derivative of the shear, up to geo-
metrical contributions ensuring its Weyl-covariance. A
straightforward computation shows that, upon identifying
the hypermomenta as

Ω0
0 ¼ 0; Ωab ¼ Ω½ab� ¼ D½aCcb�ec;

Ω0
a ¼

�
N ab þ 1

2
Rδab

�
eb; ð29Þ

the Eqs. (28a) and (28b) reproduce the BMS flux-balance
equations (1) and (2), provided that the Carrollian momenta
are given in terms of the bulk gravitational data as

Π ¼ 4M; Pa ¼ 2Na þ
1

16
DaðCbcCbcÞ; ð30aÞ

Πa ¼ −DbN ab −
1

2
DaR; ð30bÞ

Πab ¼ DcD½aCb�c −
1

2
N ½acCb�c −

1

4
RCab − 2Mδab: ð30cÞ

Equations (29) and (30) constitute our proposal for the
flat-space holographic dictionary for gravitational fields.
In particular, the boundary momenta are identified, up to
radiative decorations, with the bulk gravitational momenta
M;Na, which appear at third subleading order in the
conformally rescaled metric, exactly as in the AdS case
[107,108]. This completes our boundary-intrinsic and first-
principles derivation of the BMS evolution equations for
asymptotically flat gravitational fields, which is an impor-
tant step forward in understanding holographic duality in
this context.
Discussion—To conclude our analysis, some remarks are

in order. First, the holographic dictionary (30) allows for
recovering the BMS charges computed via covariant-
phase-space methods from a purely boundary analysis.
Indeed, taking the identifications (30) into account, the
boundary Noether charges on any cut Σ of I are given by

Qðf;YÞ ¼
1

16πG

Z
Σ
μΣðfΠþYaPaÞ

¼ 1

16πG

Z
Σ
μΣ

�
4fMþ2YaNaþ

1

16
YaDaðCbcCbcÞ

�
;

ð31Þ

where μΣ ≡ θ1 ∧ θ2 is the volume form on Σ, which
corresponds exactly to the Barnich–Troessaert charges
[31]. Whether these Carrollian momenta correspond to
the Brown–York energy–momentum tensor of null infinity
[84], as is the case in AdS [108,109], is a relevant ques-
tion which deserves further investigation. Furthermore,
the rationale behind the fact that our analysis lands on
the “bare” BMS momenta of [31] and not their covariant
avatars, conveniently encoded by the Newman–Penrose
coefficients Ψ0

1 and Ψ0
2 and promoted into preferred BMS

charge prescription in [24,27,110–113], is that we have also
considered the “bare” momenta coming from the variation
(13) without any improvement. The right sides in Eq. (20)
contain some terms that can be recast as divergences,
which are able to nourish the “bare” momenta with
radiative contributions and transform them into their
covariant counterpart.
In conclusion, our Letter sheds a new light on the

properties of the putative dual field theory in flat-space
holography. First, it shows that the asymptotic Einstein
equations can be derived in a holographic manner with a
very minimalistic holographic dictionary at disposal. In
particular, the use of hypermomenta techniques in this
setting offers a geometric perspective on the interplay
between the dual theory and the radiative sources, further
supporting the heuristic approach of Ref. [9]. Second, it
allows for a genuinely Carrollian understanding of asymp-
totically flat gravity and its presumed holographic realiza-
tion without relying on limits from AdS [27]. Finally, it
paves the way toward grasping the microscopic structure of
the dual theory, namely the subsector governing the
sources: at this stage, it appears clear that the latter should
encompass a theory for the connection itself, whose varia-
tion with respect to boundary geometric data is constrained
by the form (29) of the hypermomenta. Unravelling this
theory could be of relevance for Carrollian amplitudes.
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End Matter

Appendix A: Transformation laws—We collect here
the transformation laws of the structure functions and
the connection one-forms under infinitesimal local trans-
formations and diffeomorphisms on the boundary. We
keep denoting by λa and rab the infinitesimal parameters
of local Carroll rotations and boosts, which act
respectively as (6) and (7) on the Carroll–Cartan basis.
As our definition of the structure functions is still given

by Eq. (10), we can check that

δλφa ¼ λccca þ υðλaÞ; ðA1aÞ

δλϖab ¼ e½aðλb�Þ þ λ½aφb� −
1

2
λcccab; ðA1bÞ

δλcab ¼ 0; ðA1cÞ

δλccab ¼ 2cc½aλb� ðA1dÞ

under local Carroll boosts;

δrφa ¼ rabφb; ðA2aÞ

δrϖab ¼ racϖcb þ rbcϖac; ðA2bÞ

δrcab ¼ racccb þ rbccac þ υðrabÞ; ðA2cÞ

δrcabc ¼ radcdbcþ rbdcadcþ rcdcabd−2e½bðrac�Þ ðA2dÞ

under local rotations; and finally

δBφa ¼ Bφa − eaðBÞ; ðA3aÞ

δBcab ¼ Bcab − δabυðBÞ; ðA3bÞ

δBϖab ¼ Bϖab; ðA3cÞ

δBcabc ¼ Bcabc − 2δa½bec�ðBÞ ðA3dÞ

under Weyl rescalings. From Eq. (A3d), it can be observed
that the gauge choice θ ¼ caa ¼ 0 implies the reduction

of Weyl transformations to time-invariant parameters,
υðBÞ ¼ 0. The additional choice c½ab� ¼ 0 reduces the local
symmetry group to time-invariant rotations, υðrabÞ ¼ 0, as
indicated by Eq. (A2c). Assuming this, the transverse
tensor cab identically vanishes on account of asymptotic
Einstein equations, as explained in the main text.
Let us now consider a general connection ∇ on TI .

Looking at the transformation laws of the related con-
nection one-forms ωA

B, we find

δλω0
0 ¼ −λaωa

0; δλωa
0 ¼ 0; ðA4aÞ

δλω0
a ¼ ∇λa þ λaω0

0; δλωa
b ¼ λbωa

0 ðA4bÞ

under local Carroll boosts;

δrω0
0 ¼ 0; δrωa

0 ¼ rabωb
0; ðA5aÞ

δrω0
a ¼ rabω0

b; δrωa
b ¼ ∇rba ðA5bÞ

under local rotations; and

δBω0
0 ¼ dB; δBωa

0 ¼ 0; ðA6aÞ

δBω0
a ¼ 0; δBωa

b ¼ δabdB ðA6bÞ

under Weyl rescalings. In Eqs. (A4b) and (A5b), the
bold symbol ∇ð·Þ ¼ τ∇υð·Þ þ θa∇að·Þ represents the
covariant exterior derivative. The connection one-forms
ω0

0 (together with ωa
a), ω0

a, and ω½ab� are respectively
recognized as Weyl, boost, and rotation connections.
Furthermore, ωa

0 transforms homogeneously under all
the local transformations. The latter can always be set to
zero without any restriction as it can be shown to form the
connection for Galilean boosts,

δwυ¼ waea; δwea ¼ 0; δwτ ¼ 0; δwθa ¼ −waτ;

ðA7Þ

that mirror the operation of (7) and are absent in Carroll
relativity. In the same vein, we observe that ωhabi also
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transforms homogeneously under all the local Carroll and
Weyl transformations and can always be safely set to zero.

Appendix B: Derivation of Carroll flux-balance
laws—In this appendix, we provide some details about
the derivation of Eq. (20). We start with the general
variation (13) of the boundary action; we evaluate it
on a boundary diffeomorphism ξ and then demand S
to be invariant under its action when the fields Φ are
on-shell:

L ξS≈
1

16πG

Z
I
μ
�
L ξθAðTAÞþL ξωA

BðΩA
BÞ
�
≈0: ðB1Þ

The Lie derivatives that appear in the integrand are
computed using Cartan’s magic formula as

L ξθA¼
�
eBðξAÞþCA

BCξ
C
�
θB;

L ξωA
B¼

�
ξCeCðωA

DBÞþωA
CBeDðξCÞþωA

CBCC
DEξ

E
�
θD;

ðB2Þ

where ½eA; eB� ¼ CC
ABeC and ωA

B ¼ ωA
CBθC. At the

moment, ωA
B are the one-forms of a general connection

on the boundary. To isolate the diffeomorphism
parameter, we need an inverse Leibniz rule on the
differential operator eA, which is again derived using
Cartan’s magic formula and reads as

μfeAðgÞ ¼ dð…Þ − μ
�
geAðfÞ − fgCB

AB

� ðB3Þ

for all functions f, g on I . Since the boundary metric
admits no inverse, the computation should be done
separately for A ¼ 0 and A ¼ a. The final result can be
recast covariantly with respect to the Carroll–Cartan
frame as in Eq. (B3).
Next, we keep in mind that, after taking the variation, the

result needs to be evaluated for the boundary connection ∇
which is torsion-free and obeys (12). These conditions are
solved by

ω0
0 ¼ −α; ωa

0 ¼ 0; ωðabÞ ¼ −αδab; ðB4Þ

and the other connection coefficients are determined using
the fact that the torsion vanishes, which, by virtue of first
Cartan structure equation, implies

dθA þ ωA
B ∧ θB ¼ 0 ⇒ ωA½BC� ¼

1

2
CA

BC: ðB5Þ

We then find

ω0
0a ¼ φa − αa; ω0

ab ¼ βðabÞ þϖab; ðB6aÞ

ωa
0b ¼ −cab; ωa

bc ¼ γabc ¼ ð25Þ; ðB6bÞ

where βðabÞ are utterly free data, as we explained in the
main text. Note that the identities ωB

AB ¼ −3αA and
ωðajCjbÞ ¼ −αCδab hold, which is verifiable by direct
computation. The condition (B1) can then be worked out
to get

Z
I
μξA

�
D · TA −RC

BADΩC
DB þ ωC

ABΔB
C

�
≈ 0; ðB7Þ

where the boundary term has been discarded and ξA is a
general function. The last term involves the combination
ΔB

C ≡ TB
C þD ·ΩC

B and can thus be shown to vanish if
one requires local Carroll and Weyl invariance. Indeed,

ωC
ABΔB

C ¼ −αAΔ0
0 þ ω0

AbΔb
0 þ ωc

AbΔb
c

¼ ωcAbΔ½bc� − αAðΔ0
0 þ Δa

aÞ ¼ 0: ðB8Þ

The first equality above holds by virtue of the second
condition in Eq. (B4). Thanks to Carroll-boost invariance,
the second term cancels out, since condition (18) can be
rewritten as Δa

0 ¼ 0. One then obtains the second equality
in (B8) by decomposing the spacelike indices ðb; cÞ into
their symmetric and antisymmetric parts and using the
third condition in Eq. (B4). The result vanishes by virtue
of the constraints (19) imposed by local rotation and
Weyl invariance, i.e., Δ½ab� ¼ 0 and ΔA

A ¼ 0. Therefore,
Eq. (B7) implies the general flux-balance laws displayed
in Eq. (20).
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