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Abstract—Heating, Ventilation, and Air Conditioning (HVAC)
is a major electricity end-use with a substantial potential for
providing grid services, such as demand response. Harnessing this
flexibility requires accurate modeling of the thermal dynamics of
buildings, a difficult task because nonlinear heat transfer and
recurring daily cycles make historical data highly correlated and
insufficient to generalize to new weather, occupancy, and control
scenarios. This paper presents an HVAC management system
formulated as a Mixed Integer Quadratic Program (MIQP),
where Neural Network (NN) models of thermal dynamics are
embedded as exact mixed-integer linear constraints. Unlike
traditional training approaches that minimize prediction errors,
we employ Decision-Focused Learning (DFL) to learn the NN
parameters with the objective of directly improving the HVAC
cost performance. However, the discrete nature of MIQP hinders
DFL, as it leads to undefined and discontinuous gradients,
thus impeding standard gradient-based training. We leverage
Stochastic Smoothing (SS) to enable efficient gradient compu-
tation without the need to differentiate the MIQP. Experiments
on a realistic five-zone building using a high-fidelity simulator
demonstrate that the proposed SS-DFL approach outperforms
conventional identify-then-optimize (i.e., the thermal dynamics
model is identified on historical data then used in optimization)
and relaxed DFL methods in both cost savings and grid service
performance, highlighting its potential for scalable, grid-aware
building control.

Index Terms—Building Energy Management, Differentiable
Optimization, Decision-Focused Learning, Demand Response,
Energy Management System, Stochastic Smoothing.

I. INTRODUCTION

UILDINGS account for over 30% of global energy
use [1], making them central to the low-carbon energy
transition. Among their energy-intensive components, Heating,
Ventilation, and Air Conditioning (HVAC) accounts for around
65% of total energy consumption in European households [2],
yet it remains a largely untapped source of flexibility [3[]—-[5].
Controlling HVAC settings can reshape energy consumption
patterns [[6]], improve efficiency [7]], and even support grid sta-
bility [8]], [9]. However, unlocking this potential requires un-
derstanding and controlling building thermal dynamics, i.e., an
intricate problem where physics, data, and optimization must
be seamlessly integrated into the decision-making pipeline.
A major opportunity to leverage HVAC flexibility is the
participation in the day-ahead electricity market, the main
platform for trading electricity between grid actors. In Europe,
this market is cleared daily, setting electricity volumes and
prices for each hour of the following day [10]]. This timeline

P. Favaro, J.E. Toubeau, F. Vallée are with the University of Mons, Belgium
Y. Dvorkin is with Johns Hopkins University, Baltimore, USA

aligns naturally with the slow thermal dynamics of buildings,
where temperature adjustments from HVAC decisions and
external conditions unfold gradually over time. Capturing
these effects is crucial to maintain occupants’ comfort [7].
Thermal models for buildings generally fall into two main
categories: physics-based and data-drivelﬂ

Physics-based (i.e., white-box) models rely on detailed in-
formation about a building’s physical characteristics, including
construction materials, insulation properties, and ventilation
dynamics. This category includes high-fidelity simulators such
as EnergyPlus [[12]. While these models provide highly de-
tailed representations of buildings [/13]], some parameters, such
as the materials resistance and capacitance, are inherently
uncertain due to factors like aging and variability in the
installation process, which can lead to significant errors [14].
Moreover, it requires expertise in building thermal modeling,
which may not be readily available at each building site.
But, there also exist simpler models: aggregated (or lumped)
Resistance-Capacitance (RC) models. These models are linear
and based on circuit analogy between heat transfer and elec-
tricity. The parameters of these models can be computed based
on the construction materials [[15]], or by data-driven regression
[16].

In contrast, data-driven (i.e., black-box) models rely on
statistical or Machine Learning (ML) techniques trained on
historical weather and energy consumption data. These models
range from simple linear regressions [17] to highly complex
nonlinear architectures, such as Neural Network (NN) models
[18]], [19]. In [20], physics-informed NNs were employed for
control-oriented predictions. However, these NN approaches
did not consider day-ahead scheduling, which introduces fun-
damentally different requirements. [Iable I| summarizes the
thermal modeling approaches.

NNs can capture complex patterns with a limited manual
modeling effort, and will thus be used in this paper. To fully
exploit the capabilities of NN models for HVAC control, it is
essential to unify modeling and control tasks within a single
framework. Such an integrated approach would allow HVAC
systems to make energy-efficient planning decisions while
maintaining occupants’ comfort. A first promising avenue
is to model the control policy by a NN that outputs control
decisions, allowing it to internalize the building dynamics.
Traditionally, such NNs in real-time control are trained using
reinforcement learning (RL) [21], which directly optimizes
decisions through interaction with the environment. Alterna-

'A comprehensive review of the literature is provided in [[11], Section IIL
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TABLE I: Comparison of thermal dynamics modeling approaches.

Model Complexity Data Requirement Ref.
5 High-fidelity Very high Geometry, [12]-[14]
'S simulator materials, weather
E Lumped RC Low R and C [15]
= (known R/C)
Lumped RC Moderate 1/0 measurements [16]
é (parameter for R/C
> fitting)
g Physics- High Partial physics + [20]
informed NN data
5 NN Moderate Historical (181, [19]
i input-output data
g Regression Low Historical system [117]
m models data

tively, self-supervised learning can be employed, but, similarly
to RL, it often lacks guarantees on solution quality, especially
in the presence of hard physical and operational constraints.
For example, the method in [22] ensures feasibility but not
optimality and cannot be applied to discrete problems, while
extensions to mixed-integer nonlinear programming fail to
guarantee either feasibility or optimality [23]. Self-supervised
methods such as Primal-Dual Learning (PDL) [24] and deep
Lagrangian dual networks [25] improve feasibility by integrat-
ing dual information of the underlying optimization. However,
PDL relies on iterative dual updates and may struggle with
nonconvex or stochastic problems, whereas the approach in
[25], which predicts solutions to the AC Optimal Power
Flow problem, is designed around problem-specific structures,
which prevents generalization to settings with uncertainty or
combinatorial decision variables. A second promising avenue
is provided by NN-constrained optimization, where the learned
thermal model, represented by a NN, is embedded directly
into mathematical optimization as a set of constraints. This
approach merges the expressiveness of NN with the stability
and decision quality of constrained optimization. It has been
shown that, by using a feedforward NN with Rectified Linear
Unit (ReLU), the constraints can be exactly encoded as a set
of Mixed-Integer Linear (MIL) equations [26].

In this paper, we formulate the day-ahead HVAC Manage-
ment System (MS) as an NN-constrained optimization prob-
lem. The NN, which models the building’s thermal dynamics,
is encoded precisely as a set of mixed-integer linear constraints
within the optimization problem, enabling the optimization
model to incorporate learned dynamics while ensuring deci-
sion quality and feasibility.

A. Literature Review

Although NNs offer strong modeling capabilities, their
inherent approximation errors can propagate into suboptimal
energy management decisions. Traditional ML models are
trained to minimize statistical metrics such as Mean Squared
Error (MSE), thus overlooking how the learned model affects
downstream control decisions. In contrast, Decision-Focused
Learning (DFL) aligns ML training with optimization objec-
tives to improve decision quality [27]. DFL typically relies
on gradient-based training methods. The core challenge in
this approach is two-fold: (i) computing the sensitivity of

the optimization problem’s solution with respect to its input
parameters, and (ii) ensuring that the resulting gradients are
meaningful and informative for learning [28].

A foundational contribution in DFL addressed the dif-
ferentiation of unconstrained problems. In [29], the authors
differentiated an unconstrained Quadratic Problem (QP) to
train a ML model that predicts the uncertain parameters of
the QP. Donti et al. extended the framework to constrained
QP [30]] by relaxing the constraints in the objective function to
compute the gradient. Agrawal et al. [31] enable differentiation
through constrained convex programs using self-homogeneous
embeddings of conic problems, allowing learning of controller
parameters in the objective under known, differentiable dy-
namics and observable system behavior. Constrained convex
optimization can also be differentiated via implicit differ-
entiation of its Karush-Kuhn-Tucker conditions [32]. This
framework has been applied to learn the parameters of building
thermal dynamics models. In [33], Chen et al. propose a
differentiable Model Predictive Control (MPC) policy that
jointly learns the thermal dynamics and optimizes HVAC
operations. Even though pioneering, their approach relies on
linear thermal models that yield convex optimization problems,
limiting its applicability to more realistic, non-convex building
dynamics. Cui et al. extended this approach to include a
forecaster upstream of the convex optimization problem [34].
They jointly learn the linear thermal model and a forecaster for
its residuals. Other applications include forecasting electricity
prices [35] and optimizing the allocation of flexibility between
transmission and distribution grid assets [36].

In this paper, to extend DFL to the scheduling of buildings
with a NN modeling the thermal dynamics, we need to
differentiate through a Mixed-Integer Problem (MIP), which
is particularly difficult due to the presence of (discrete) integer
decision variables. As a result, the gradient of the MIP solution
with respect to the MIP parameters is typically either zero
or undefined, making it incompatible with standard gradient-
based learning methods. One possible approach is to replace
the MIP with its continuous relaxation, allowing the use of
the existing DFL methods [31]]. While relaxing a MIP to its
continuous counterpart reduces computational complexity, it
alters the NN representation, i.e., from capturing a nonlinear
hypersurface to approximating it as a polytope, compromising
modeling fidelity. Another approach generates cuts to obtain
a linear program that has the same solution as the original
mixed-integer formulation [37]]. However, in addition to the
implementation difficulty, this method is extremely burden-
some, since a new set of cuts must be generated for each
training instance.

To tackle these challenges and thus enable DFL for the NN-
constrained HVAC planning problem, we propose to leverage
Stochastic Smoothing (SS). This technique introduces random
perturbations to the uncertain parameters. Early approaches
use this perturbation to smooth the “max” operator limiting
its applicability to problems in which the unknown parameters
are in the linear objective function [38]. We go further by
extracting informative gradients from the task-specific loss
using the score function of the REINFORCE algorithm [39].
Unlike the aforementioned methods, SS does not make any
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assumption about the optimization problem class, the posi-
tion of the uncertain parameters (whether in the objective
function and/or the constraints), and the specific form of the
loss function. Therefore, SS obtains a gradient from ex-post
signals directly such as the true realized cost or constraint
deviation, without requiring differentiability. SS ensures high
versatility of the proposed framework and is highly suitable
for combinatorial optimization involving a non-differentiable
dynamical system.

B. Contributions

The main contributions of this paper can be summarized as:

1) We train a NN that models the building’s thermal
dynamics using DFL to optimize the decision quality
rather than minimize a task-agnostic statistical metric.
We formulate an HVAC day-ahead management as a
Mixed-Integer Linear Program (MILP) in which the
building’s thermal dynamics are modeled by a NN
and embedded directly as optimization constraints. To
enable effective and robust gradient-based training of
the NN, we (i) reformulate the MILP problem as an
MIQP to avoid infeasibility during learning, (ii) solve the
MIQP with random perturbations applied to unknown
NN parameters to encourage exploration, (iii) estimate
gradients using a score-function method that directly
relates learning with decision quality.

2) We embed a piecewise linear NN in the HVAC man-
agement system to obtain an expressive and tractable
nonlinear model of the building’s thermal dynamics. We
reformulate each ReLU activation as a set of Mixed-
Integer Linear (MIL) constraints, providing solution
quality guarantees via a Mixed-Integer Programming
(MIP) optimality gap. This approach yields a trade-
off between modeling accuracy of the dynamics and
computational efficiency.

3) Because reformulating NNs with ReL.U activations in
MILP requires Big-M constants, we improve the stan-
dard formulation by adaptively tightening them. Specif-
ically, instead of relying on fixed Big-M bounds, we
dynamically adjust the feasible input intervals: when an
input value is known in advance (i.e., it is a deterministic
parameter), its interval is reduced to a single value. This
adaptive strategy produces a tighter formulation than
existing fixed Big-M methods [40]], [41]], leading to more
efficient optimization without sacrificing correctness.
The benefit of this approach is demonstrated through
both theoretical analysis (Section and empirical
validation (Section [lII-E).

Our framework bridges the gap between ML, constrained
optimization, and real-world energy management, paving the
way for more intelligent and efficient HVAC control strategies.
We show the effectiveness of our approach on a realistic five-
zone office building located in Denver, USA. Moreover, we
compare the performance of multiple thermal models: various
NN architectures and lumped RC model trained on historical
data, or via traditional DFL methods.

C. Outline

In Section [IIf we describe the HVAC MS model, including
the reformulation of NN as a set of mixed-integer linear
constraints, and the derivation of the resulting MILP problem.
In Section we introduce the case study and evaluate the
performance of thermodynamic models of increasing complex-
ity, from the RC linear model to the NN model. We compare
the effectiveness of training these models in ITO and DFL
fashions. In addition, we analyze the impact of the proposed
tight formulation of ReL.U, the standard deviation of the noise,
and the number of samples on our DFL strategy. Finally, we
summarize the key findings and outline the potential directions
for future research in Section [V}

II. MODEL AND METHODS

A. HVAC Management System

The objective of day-ahead HVAC MS is to minimize the
following day’s operational cost on behalf of the building
manager. This scheduling task is challenging, as it must
account for nonlinear building thermodynamics, efficient en-
ergy use, and sufficient thermal comfort for the occupants.
In general, the easiest way to control the HVAC system is
through thermostats, which are widely available in buildings.
Therefore, the decision variable of the scheduling problem is
the matrix of indoor temperature setpoints for each time step
and thermal zoneﬂ In the following model to optimize the day-
ahead HVAC operation, we assume that the electricity cost )\;
is lower than the feed-in tariff A\{ for each time step.

The objective function of the day-ahead HVAC MS is:

min
Tin

T
S I PR A N )
~ =0 \
] (i)
where we minimize:

(i) the peak demand cost by applying a charge A4 to the
daily power consumption peak pd;

(ii) the electricity cost aggregated at the building level which
is, at each time step, the difference between the cost of
consuming grid electricity Aipi and the revenue from
power injection into the grid A¢p§.

The optimization is constrained in @) by the building
thermal dynamics from time steps ¢ to ¢ + 1. The relationship
is modeled by a NN with parameters 6. The vector of zonal
indoor temperatures 7,7, is obtained based on the input
from the previous time step ¢: the vector of zonal indoor
temperatures Tti“ € RZ where Z is the number of zones, the
vector of electrical power for zonal heating p! € RZ, the
vector of electrical power for zonal cooling p$ € RZ, and
ambient temperature 72" € R.

70 = NN(", i’ pf, 75 0) - Vit 2)

2A thermal zone in a building is a space or collection of spaces with
similar space-conditioning requirements, typically sharing the same heating
and cooling setpoint and controlled by a single thermostat or thermal control
device.
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Fig. 1: Comparison of the proposed stochastic smoothing DFL pipeline (red) for HVAC management system with conventional DFL approaches (gray).

The initial state of the building, i.e., the set of initial zonal

indoor temperatures, are given for all zones z € Z by:
Tm (3)

is restricted to lie

in
TO,Z

lIl

In addition, zonal indoor temperature o

within comfort limits T;“z and T

i i —in
. <n.<T. “)

Heating and cooling power Consumptlons are 1I_l)osmve variables
bounded by the HVAC capacities P and P :

0<p;, <P, Ytz
Vi, z.

&)
(6)

We define the zonal HVAC electrical power ph”c as the sum
of the powers for cooling and heating (7). The resulting energy
balance is ensured by (8), in which the net power consumption
of the building comprises the HVAC power consumption ph"a”C
and the non-dispatchable load P4, minus the building’s on-
site power generation P, e.g., from rooftop photovoltaic
panels.

h —h
ngt,z <P,

hvac
t,z

p?z + pf. Ytz (7)

Py =1} thm + P - PR vt ®)
The peak power demand p? is the maximum power con-
sumption (or injection) from the grid over the day. The peak
demand is greater than or equal to all power exchanges p} + p¢
across the day (9). While conceptually equivalent to defining
pd = max {p,p¢ |t € T}, constraint (O) avoids introducing
a bilevel structure into the optimization problem, preserving
tractability.

Vi ©))

At all times, power imported from or exported to the grid must

comply with the line capacity P of the connection between
the building and the grid:

p® > pl +pf

(10)
(1)
Finally, all power imports and exports must be positive:
Vt.

pi, p§ >0 (12)

B. Decision-Focused Learning

1) Problem Formulation: Our objective is to learn the NN
parameters 6 (i.e., weights and biases) of constraint (2). Instead
of training # in a task-agnostic manner on historical data,
we aim to learn 6 to directly improve HVAC management
decisions as shown by

To formalize this DFL problem, we introduce r, a vector
containing all stochastic parameters of the HVAC MS (e.g.,
weather conditions) excluding 6. We assume r follows the
known training distribution R. The goal is to minimize the task
loss £, which reflects the true operational goal of the HVAC
MS. This naturally leads to a bilevel optimization problem,
whose solution yields the optimal values of 6:

m@in B, [L(p"V2, 7)) (13)
s.t. phvac7 7v_in _ g(Tin*) (14)
min f(pvac, 7i%) (15)

st. @) — (12 (16)

The inner problem (I3)-(T6) is the HVAC MS, including the
NN formulation, which is thus a MILP. The outer problem
aims to find 6 by minimizing the expected task loss over
the distribution of input parameters r (13). Ideally, the task
loss is the ex-post value of the decisions. Thus, it depends on
the realized ex-post measurements of the HVAC power p"va,
and indoor temperature 7. These ex-post measurements are
obtained by controlling the HVAC system with optimal indoor
temperature profiles 7™* ([4). In (T4), g is the mapping
between 7™* and the ex-post measures p"V2¢ and 7. The
function g models HVAC actuation, building response, and
sensing.

2) Gradient Computation: Problem (I3)-(16) is intractable
and realistically large instances cannot be handled by off-the-
shelf solvers. Therefore, we aim at learning 6 by gradient de-
scent. The backpropagation step of the conventional approach
applies the chain rule, but for tractability this requires g to
be differentiable. In practice, real systems, and even some
building simulators, are not differentiable.

To address this issue, Stochastic Smoothing (SS) aims to
learn directly from an ex-post loss signal, analogous to the
reward in reinforcement learning (Figure I). SS does not
make any assumption about the form of the HVAC MS, the
differentiability of g, and the structure of the ex-post loss. To



ACCEPTED IN IEEE TRANS. SMART GRID

that end, instead of producing a point estimate of ¢, SS models
it as a distribution, e.g., a Gaussian N (0, o). Because of the
stochasticity in 6, the loss £ in (13) becomes an expectation:

L =Eg o0 [Ls(2,FM)] . (17)

By modeling probabilistic outputs, this approach avoids
uninformative gradients that plague traditional deterministic
methods. Even when the original gradient (e.g., from a LP)
would be zero, taking the expectation over a smoothed distri-
bution can yield informative, non-zero gradient signals. How-
ever, computing these gradients analytically is challenging.

To train the model, we thus employ score-function gradient
estimation, a technique closely related to the REINFORCE
algorithm from reinforcement learning. The approximation of
the gradient becomes [39]:

oL

7 = Eo.~N(0,0) |:£s

alOgNH(as)
- } . (18)

06

In practice, the expectation of the loss L is approximated
using Monte Carlo with S samples [42]:

19)

90 S

Y [ 8logj\f9(95)]
OF _ 1y~ g, 2loaNol0) ]
2 90

Although SS can accommodate any type of optimiza-
tion problem, we reformulate the MILP as a Mixed-Integer
Quadratic Program (MIQP) by relaxing the indoor temperature
constraint (4) and incorporating it as a quadratic penalty in the
objective function (20).

Reformulating the problem as a MIQP is not strictly re-
quired to obtain meaningful gradients, since SS is agnostic to
the optimization structure, but it helps stabilize the learning
process. By penalizing constraint violations in the objective
(in the MIQP) rather than enforcing them strictly (in the
original MILP), the MIQP approach prevents infeasibility
during training, thereby ensuring smoother and more robust
model updates. Moreover, the hard constraints can be enforced
at test time, if desired.

The quadratic term (i) penalizes deviation of zonal indoor
temperature Ttif; from the target temperature 7,%', reflecting
the loss of thermal comfort of the occupants. The weight
o¢,, should be designed to reflect the occupancy of the zone,
i.e., higher occupancy implies a greater importance of thermal
comfort and thus a stronger penalty.

T
minp? A+ > " (piA}

i
T t=0

Z
— 5N+ D0 (Tih — TE)?) (20)
z=0

(iii)

The resulting algorithm is detailed in Algorithm [I]

Algorithm 1 Algorithm for decision-focused learning of the
HVAC management system.

1: Input:

2: Database of exogenous parameters IR

3: Initial NN parameters 6y

4: for each epoch do

5 for each parameter sample r in R do

6: for each sample s do

7: Day-Ahead Stage:

8: Sample 6, ~ N (0,0)

9: Solve MIQP HVAC MS problem
10: Simulator or Real Building:

11: Thermostat control with 71* as setpoints

12: Get ex-post power pVa¢ and temperature 71"*
13: Ex-Post Analysis:

14: Compute loss function L4 (phvac*, +inx)

15: end for

16: Backward Pass:

17: Compute gradient 25 ~ %Zle Es%
18: Update NN parameters 6,41 < 6,, — a%

19: end for

20: end for

3) Task Loss: The task loss £ aims to evaluate the quality
of the decisions made by the HVAC MS. The ideal task loss is
the exact ex-post value of the decisions, which includes both
the cost and the thermal comfort. Here, we align our loss £
with the HVAC MS objective (20). We name the loss Expost+
and define it as:

T A
L="0r M+ 0 2(AFR)?) + MSE(C — C), (21)
t=0 z=0

Ex-post cost MSE Power Cost

where A#M = F#n — T8 and MSE(C - C) =
T ZtTZO(ph"acj\t — p"va©)\,)2. The ex-post price \; depends
on the ex-post import and export powers p. and §5¢:
Abif pf = 0 and pj # pf,
5 Xg if pj = 0 and pf # py,
At = A4 2\ p=pd
t t U Dy =Dy,
A¢+ A g = pi.

(22)

C. Neural Network MILP Formulation

Constraint of the model presented in Section [I-A]
represents the building thermal dynamics over a time interval.
We propose learning building thermal dynamics in a data-
driven fashion by leveraging piecewise linear NNs, which
are obtained by designing NNs with only piecewise linear
activation functions. Specifically, we use ReLU activation
functions, which are made up of two linear pieces. ReLU
speeds up training and reaches greater accuracy than other
activation functions for deep [43] and sparse NNs [44], but
ReLU-based NNs may be nonconvex [45]. The ReLU function
is defined as:

y = max(0, §). (23)

However, embedding directly into the larger HVAC
MS optimization makes the overall problem intractable, as it
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Input ReLU Layer Output
z1 : — Y1
ReLLU Neuron
ReLU
Preactivation .
Y
Wp, by, € 6

xr o — YN

Fig. 2: Layer of neurons with Rectified Linear Unit (ReLU) activation
function. The parameters are the weight w; and the bias b.

requires solving a nested optimization at each ReLU. Con-
sequently, each ReLU neuron n € N is reformulated by a
binary variable o, @]), two continuous variables y,, and g,
(23)), and a set of constraints. The complexity of the resulting
optimization problem scales with the number of neurons N.

on € {0,1}
Yn,Un €R

(24)
(25)

The first step, as shown in is to compute the
preactivation function (Z6) of the neuron n based on the input

x, the weights w,, and the bias b,. For I inputs, z € R/,
wy, € RY, and b,, € R. The preactivation value ,, is a scalar.

I
=1

The second step is to choose a suitable formulation of
the ReL.U activation function, which is typically categorized
into four main types: a disjunctive formulation [46], a Big-M
formulation [47]], a strong formulation [48|], and a partition-
based formulation [49]. Despite offering a strong LP relaxation
of the ReLU, the strong formulation requires an infinite
number of constraints or a significant number of additional
auxiliary variables, which hinders its performances. Here, we
adopt the Big-M formulation for its simplicity and excellent
empirical performance [S0]-[53].

First, the Big-M formulation of the ReLU defines the convex
hull of the function as follows:

Yn = 0, 27
Yn = Un, (28)

where g,, the preactivation value, is the input of the ReLU
function and y,, is the output. The constraints Z9) and (30)
are alternatively binding depending on the value of the binary
on. The parameters ?,inax and ?nmin are the Big-M constants.
When o, = 0, is binding, imposing y,, to be null with
(27). Variable g, must be negative (28). In contrast, o,, = 1

makes (30) binding, imposing §,, = y, via (28). Variable ¢,
must be positive (27).

Y <YV g, (29)

Yn < G — Y0 (1 - q,) (30)

D. Improved tightness of the NN reformulation

The Big-M constants ff,i“i“ and YT’L‘““ need to be accurately
determined to produce a tight formulation of the ReLU. Three
approaches exist in the literature. A first naive approach is
to record the minimum and maximum values of g, during
training. Although this method preserves the correlation be-
tween the NN inputs and remains simple, it is not well suited
for NN-constrained optimization since physical constraints
rather than the distribution of the NN training dataset should
define the feasible domain [53]]. More advanced methods
formulate optimization problems to find the bounds )A/,{nin
and Ynmax [51], [54]. Bound optimization is computationally
cumbersome, making it impractical for online computations.
The third approach is to calculate the bounds in all layers of the
NN based solely on the input bounds using interval analysis
[S5]. Interval analysis enables efficient computation of bounds
while ensuring physical consistency by appropriately setting
the limits of the NN inputs. However, the correlation between
inputs is lost.

In this work, the NN parameters 6 are updated at each
gradient descent during training via DFL (cf. Section [[I-B),
such that the bounds Y;“in and Y,?‘ax must be recomputed
after each gradient descent step. To handle this efficiently,
we use interval analysis, and further refine the method by
setting the feasible interval of NN input to singleton (i.e.,
degenerate) interval if the input value is known prior to solving
the optimization problem. This applies to all optimization
parameters that are input to the NN.

Proposition 1 (Preactivation Range Reduction). Consider
a neuron—reformulated as mixed-integer linear constraints
using Big-M constants—with preactivation ) = wzx+wpp+b,
where © € RX are unknown input variables with weights
w® € R>XX p € RY are known parameters with weights
wP € RY™P and b is the neuron bias. Assume that x
and p are bounded such that x € [X™1 Xmax|X - gng
p € [Pmin, pmax|P [ ot AY denote the feasible range of the
preactivation under these bounds. When the feasible range of p
is reduced to a degenerated interval p € [Py, Py|, the feasible
range of the modified preactivation §' = wyx + wpPy + b

satisfies:
|AY| ~1 — wap 31)
AY| S we 3, wy
where | - | denotes the Lebesgue measure (i.e., length) of the
interval.

Proof. Assuming we have a ReLU neuron with two inputs
z € R and p € R that are respectively variable and parameter
of the optimization problem, as illustrated by we can
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P wy,
G [Pmln’ Pmax]

N

Fig. 3: Interval analysis of the bounds for a ReLU neuron with inputs p and x, where p is a parameter and x a variable in the overarching optimization.

demonstrate the tightening of the bounds by our approach. Let
A(+) denote the feasible interval of its argument. If

r € AX = [X™min xmax],
pe AP — [Pminypmax]’

(32)
(33)
then, assuming without loss of generality that the associated

weights w, € R and w, € R are positiveﬂ interval analysis
defines the bounds of the interval of ¢ as follows

Y/min — wamin + wppmin + b,
}A/max _ memax + wppmax +b.

(34)
(35)
Therefore, the interval length according to Lebesgue measure
|-]ongis
|AY‘ — }A/max _ f/min
= wy|AX| + wy|AP|.

(36)
(37

By degenerating the parameter interval as p € [P, Po),
where F is the parameter value, equation becomes

|AY| = w,|AX]. (38)
The ratio of the interval lengths is
AY’ o AX
AV wel| AX[+ wp| AP
AP
=1 wp| AP (40)

W, | AX [+ wy|AP|
Assuming that the inputs have been normalized, which resulted
in |AX| =~ |AP|, we have
|AYI| N Wp
|AY| Wy + Wy

Equation can be extended to P parameter and X variable
inputs as follows:

(41)

AV L N w
AY] POARTIED D

which proves that the proposed method is at worst equivalent
to the state-of-the-art since the weights have been assumed
positive. The improvement in the bound tightness depends on
the ratio of the sum of parameter input weights and the sum
of all weights. O

(42)

The bounds on y are
y € [max(0, V™), max (0, Y ™8)]. (43)

3If a weight is negative, the lower bound of the input associated to that
weight must be used in (34) and the upper bound in (33).
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Fig. 4: Layout of the building floor.

III. CASE STUDY

We analyze the effectiveness of the proposed method on
a realistic office building comprising five zones. We start in
Section [[TI-A] by describing the high-quality and publicly avail-
able building model, datasets, and tools used to design the case
study, ensuring a fair comparison of results and reproducibility.
Then, Section presents the different benchmarks to com-
pare the performance of our DFL-based training procedure. In
Section we report the performance of all the models
learned in a DFL-fashion. Finally, in Section we further
compare our DFL approach to the corresponding Identify-
Then-Optimize (ITO) baseline, where the building’s thermal
dynamics are learned using a standard statistical loss function
independent of the optimization task. Our code is publicly
available at https://github.com/PSMRB/dfl_hvac_management.

A. Data

The US Department of Energy has developed EnergyPlus,
a high-fidelity physics-based simulator for building energy
modeling, continuously updated since 2001 [12]. EnergyPlus
includes publicly available building models [56]. We selected
an office building with five actively controlled thermal zones.
The zones are located over one floor of 511 m?.
provides an illustration of the floor layout. Each zone is
equipped with its own air-to-air heat pump, such that the
HVAC system of each zone is fully independent. The only
alteration to the building model is the replacement of the gas-
fired heating coil by an electric coil of equal power.

The building is assumed to be located in Denver, Colorado.
To model building thermal dynamics, we utilize two typical
meteorological datasets, each representing a full year of hourly
weather data for Denver International Airport, derived from
long-term observations. The first dataset is used to simulate
one year of building operation using EnergyPlus’s default
heuristic control (i.e., without optimization), while the sec-
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Fig. 5: Cluster analysis.

ond provides weather scenarios used to evaluate optimized
scheduling strategies.

Optimizing then simulating daily schedules for all 365 days
is computationally demanding. Moreover, there exist days with
similar weather that bring very little extra information to the
learning process. Therefore, we apply k-medoids clustering to
group similar weather conditions from the second dataset. The
k-medoids algorithm is chosen over k-means to prevent the
generation of synthetic average data. As ambient temperature
is the only meteorological input required for the model (2)),
we use it as the primary clustering criterion. Initially, we
select three fixed medoids corresponding to the most extreme
conditions: the coldest day, the hottest day, and the day with
the highest temperature variability. We then determine seven
additional medoids to partition the rest of the dataset. The
resulting temperature profiles from the k-medoids clustering
are illustrated in[Figure 5a with the cluster means and standard
deviations summarized in[Figure 5b] In total, only ten carefully
selected days are used to train the model that should generalize
over the whole year.

To reflect typical load patterns and incentivize off-peak
usage, we adopt a time-of-use electricity tariff: 0.6 $/kWh
from 6 am. to 7 p.m., the rate is double the base rate at
0.6 $/kWh, and 0.3 $/kWh during off-peak hours.

B. Models and Benchmarks

Our goal is to learn the parameters € of a piecewise linear
NN, i.e., constraint (]ZI), representing the thermal model of
the building. We learn the parameters in a decision-focused

fashion using gradient descent. To that end, we coded in
Python and used PyTorch for computing the backpropagation.
All computations were performed on an Intel Skylake 16-
core Xeon 6142 processors and 16GB of RAM. To perform
the gradient descent, we use Adam optimizer with an initial
learning rate at 10~3 (except for the RC model where 1072
was found to be better). The learning rate decays exponentially
with v = 0.98. We limit the number of epochs (i.e., the number
of times the 10 scenarios are run) to 100 for the NNs, 150 for
the RC model, and set an early stopping with a patience of
15.

We pre-train the NNs in a supervised way using the first
dataset (i.e., one year of building operation with default heuris-
tic control) to capture the building’s main thermal characteris-
tics. The resulting pre-trained NNs are then trained in a DFL
fashion to learn additional and more complex relationships.
This is achieved using SS.

SS learns the parameters of the NN-based thermal model
embedded within an MIQP by introducing controlled random
perturbations, which smooth the loss landscape and allow
for gradient-based optimization. The resulting gradient is
computed using the REINFORCE algorithm which enables
bypassing the differentiation of the HVAC MS and Ener-
gyPlus. We take a single sample S = 1 for the Monte
Carlo approximation following conventional practice in the
literature [39] and allowing practical implementation with a
real-life system where only one outcome can be observed.
We investigated five Gaussian noises of various intensity with
standard deviations of 0.01, 0.05, 0.1, /10, /2 to perturb
the parameters. The value of o can be fixed or variable.

Our proposed DFL-based approach using SS is compared
to other state-of-the-art DFL-based methods. These include
(i) a QP relaxation of the original optimization problem
where the binaries are relaxed as continuous variables between
0 and 1 and (ii) a two-step approach that first fixes the
integer variables, then solves the resulting continuous and
differentiable QP problem. Cvxpylayer computes the gradient
of QP problems that are solved with ECOS since it has the best
performance for conic programs [35]]. However, the MIQP is
solved using Gurobi.

Because EnergyPlus is not differentiable, the QP relaxation
and the two-step approach cannot directly optimize the ex-post
value @ Therefore, [57]] introduced a supervized DFL loss
that bypasses the need to differentiate EnergyPlus (or the real
installation):

T <
>\ ~hvac vac
LpF1, = ?t <p£1vac _ p? | + MAE (p?,z )) , (44)
t=0

where pi2© is the total HVAC consumption of the building at
time step ¢, and MAE (p}%*°) = £ ZZZ:o |piae — ppreee].
Regarding the NN architectures, we learn the parameters of
three fully connected feedforward NNs with six inputs: the
temperature in each zone (5 inputs) and the outdoor tempera-
ture. The inputs are normalized. The three architectures have
one hidden layer with 2 (NN1), 5 (NN2), and 10 ReLU (NN3).
The last layer of all architectures is a linear layer with five
outputs: the zonal temperatures at the next time step. Each
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combination of architecture and DFL method is run over five
seeds, and the best outcome is reported.

Finally, we also compare the NNs to a lumped RC model, a
linear model of the building based on the aggregated resistance
and capacitance of each zone. For each zone, the RC model
turns constraint (2) into:

h, h CnC amb in
i i NPz — MNPzt Tet — Tzt
Fin = rin 4 B ) ) ) At. (45
z,t+1 z,t < Cz chz ) ( )

gathers the hyperparameters used in this case study.
For more detail, you can visit the (GitHub associated with the

papet.
TABLE II: Hyperparameters.

Optimizer Adam
Learning Rate 10—3 for NN

0.02 for RC
Exponential Decay 0.98
Max. Nb. Epoch 100 (150 for RC)
Patience 15

SS Noise (o) 0.01, 0.05, 0.1, /10, p/10
1

S

NNI1 1 layer, 2 ReLU
NN2 1 layer, 5 ReLU
NN3 1 layer, 10 ReLU

C. DFL Results

reports the results of the various DFL-based
models. For the two smaller NN architectures (NN1 & NN2),
the three DFL methods—i.e., SS, QP-relaxation (QP), and QP
subproblem with fixed binaries (FB)—converge successfully.
For the most complex architecture, NN3, only QP training is
feasible within 24 hours. Indeed, the complexity of the HVAC
MS increases with the number of neurons. Consequently, since
the SS and FB require to solve the MIQP for each sample, the
training time quickly becomes computationally intensive.

The first two rows, Ex-post+ and Hierarchical Loss, are
the metrics used for training. SS can directly minimize Ex-
post+ (i.e., ex-post power cost, thermal discomfort penalty,
and power cost misestimation), whereas QP and FB methods
minimize the error on the HVAC power through the hierarchi-
cal loss (@4).

SS obtains the best ex-post value compared to QP, and FB.
For NN1, SS (o = 0.01) obtains the lowest Ex-post+ at $94.
FB and QP follow at $113 and $130, respectively. All three
NN1 models have an ex-post cost between $41 and $41.5.
However, the model accuracy to predict the cost varies. SS
is the most accurate model with a daily cost underestimation
of $3.7. QP and FB follow with an overestimation of $4.69
and $4.74, respectively. Regarding the temperature penalties,
SS comes first with only $31 of daily penalty compared to
$41 for FB, and $57 for QP. The total computational time
(training, validation, and test) ranges from 95 minutes for QP
to 136 minutes for SS.

For NN2, the same ranking is observed as for NNI1. SS
(o = 0.01) outperforms with an Ex-post+ value at $84. This
is even better than $94 for NN1. FB and QP follow with
$101 ($113 for NN1) and $182 ($130 for NN1). The ex-
post cost ranges from $41.8 for SS to $42.7 for FB. The cost

estimation error is $1.95 for SS, but rises to $6.17 for QP.
The temperature penalty goes from $35 for SS to $59 and
$77 for QP and FB, respectively. In conclusion, SS offers for
both architectures the best thermal comfort and with excellent
estimate of the power cost along with very competitive ex-post
cost and computational burden.

FB outperforms QP on almost all training and ex-post
metrics. For NN1, FB has a better hierarchical loss (12.8)
and Ex-post+ ($113) than QP (hierarchical loss at 14.3 and
Ex-post+ at $130). Even though FB has a similar ex-post
cost ($41.0 versus $41.1 for QP) and cost error ($4.74 versus
$4.69 for QP), FB provides more thermal comfort (temperature
penalty at $41 versus $57 for QP). FB and QP take advantage
of NN2’s stronger modeling abilities to improve their training
loss (FB: 11.4 vs. 12.8; QP: 12.4 vs. 14.3)). However, FB Ex-
post+ falls to $101 reflecting better ex-post metrics whereas it
increases to $182 for QP. These results show (i) the inherent
misalignment between the hierarchical loss and the ex-post
value; (i) the poor quality of the gradient obtained by relaxing
the problem.

The poor gradient approximation generated by QP even
undermines the performance of larger architectures such as
NN3, causing them to underperform relative to smaller SS-
trained architectures. Note that for NN3, the QP relaxation is
also used for validation. Since the complexity of the HVAC
MS grows with the number of neurons, SS and FB become too
cumbersome. Indeed, FB and SS require to solve the MIQP at
each sample. QP hierarchical loss is worse for NN3 than for
NN2 going up from 12.4 to 13.2, while Ex-post+ goes down
from $182 to $125. The ex-post cost stands at $43.2, slightly
above the usual range. The cost overestimation ($2.22) and
the temperature penalty ($58) become competitive. However,
such a large NN with ten ReLU is long to train (almost four
hours) and is still outperformed in terms of Ex-post+ value by
NNT1 trained by SS. Moreover, solving the MIQP with NN3
at test time is about ten times longer than with NN1.

In contrast, since the RC model is linear, the resulting HVAC
MS is inherently a continuous QP problem. Nevertheless,
the RC model cannot capture the complexity of the thermal
dynamics and exhibits the worst metrics among all models.
The RC model is trained to minimize the hierarchical loss,
which converges at 24.7 and Ex-post+ at $252. Regarding the
ex-post metrics, the average daily ex-post cost of HVAC power
is $38.0, but it is largely underestimated at $32.3. The average
daily temperature penalty, reflecting the thermal discomfort, is
$150. Therefore, the ex-post cost is the lowest of all models
because the RC model fails to provide comfortable temper-
atures. The total computational time for training, validation,
and test is about seven hours.

In conclusion, SS outperforms DFL approaches that dif-
ferentiate through the optimization problem (QP or FB),
particularly when the underlying system or its simulator is
non-differentiable. Unlike QP and FB, SS bypasses both the
differentiation of the optimization layer and the system model,
allowing the direct use of the true ex-post value (Ex-post+) as
a training signal instead of relying on surrogate task losses.
This results in superior gradient estimates and more infor-
mative training loss, enabling smaller models to outperform
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TABLE III: Results of the decision-focused learning models: NN with one layer of two ReLU (NN1), five ReLU (NN2), ten ReLU (NN3), and one multi-zone
RC model (RC). Three methods make the MIQP problem differentiable: fixing the binaries to their optimal value (FB), relaxing the integer constraint (QP),

or applying a stochatic smoothing (SS).

RC NNI NN2 NN3
SS QP FB SS QP FB QP
Ex-post+ ($) 252 94 130 113 84 182 101 125
Hierarchical loss 24.7 20.4 14.3 12.8 222 12.4 11.4 13.2
MAE (kW) 0.6 0.52 0.55 0.55 0.5 0.54 0.54 0.54
MSE (kW2) 0.44 0.35 0.37 0.39 0.34 0.39 0.39 0.39
Error mean (kW) -0.07 -0.08 0.07 0.04 -0.01 0.02 0.01 0.03
Error std (kW) 0.39 0.42 0.37 0.36 0.45 0.37 0.39 0.36
Expected cost ($) 323 37.9 45.8 45.8 39.9 474 43.1 454
Ex-post cost ($) 38.0 415 41.1 41.0 41.8 41.2 42.7 432
Cost error ($) 5.74 3.64 -4.69 -4.74 1.95 -6.17 -0.43 -2.22
Temp. Penalty($) 162 31 57 41 35 59 47 58
Nb. Epochs 150 71 36 54 43 25 94 100
Training time 03:30:24  01:08:34  00:48:59  00:56:49  04:17:05 00:49:33  07:19:17 04:25:18
Validation time 03:14:32  01:07:13  00:44:01  00:52:38 ~ 04:22:52  00:59:21  06:16:23  03:54:35
Test time 00:00:46  00:00:49  00:01:51  00:00:57  00:07:59  00:01:57  00:01:05 00:10:1

“4Validation conducted on the continuous relaxation (i.e., QP-relaxation) of the problem.

TABLE IV: Comparison of the performance of the Identify-Then-Optimize approach to decision-focused learning via Stochastic Smoothing (SS) for each
model—NN with one layer of two ReLU neurons (NN1), five ReLU neurons (NN2), ten ReLU neurons (NN3), and one multi-zone RC model (RC).

RC NNI1 NN2 NN3

1TO DFL 1TO SS 1ITO SS ITO QP
Ex-post+ ($) 516 252 318 94 495 84 579 125
Hierarchical loss 54.2 24.7 35.2 20.4 43.7 22.2 394 13.2
MAE (kW) 0.59 0.6 0.5 0.52 0.51 0.5 0.53 0.54
MSE (kW2) 0.45 0.44 0.34 0.35 0.36 0.34 0.38 0.39
Error mean (kW) -0.27 -0.07 -0.26 -0.08 -0.35 -0.01 -0.35 0.03
Error std (kW) 0.55 0.39 0.38 0.42 0.38 0.45 0.35 0.36
Expected cost ($) 21.3 32.3 26.8 37.9 21.7 39.9 20.5 454
Ex-post cost ($) 41.5 38.0 41.6 41.5 422 41.8 42.2 43.2
Cost error ($) 20.2 5.7 14.7 3.6 20.5 2.0 21.7 2.2
Temp. Penalty($) 55 162 32 31 17 35 16 58
Nb. Epochs 0 150 0 71 0 43 0 100
Training time - 03:30:24 - 01:08:34 - 04:17:05 - 04:25:18
Validation time - 03:14:32 - 01:07:13 - 04:22:52 - 03:54:35
Test time 00:01:12  00:00:46  00:01:46  00:00:49  00:02:17  00:07:59  02:15:50 00:10:13

larger QP-trained counterparts while reducing computational
overhead at inference.

D. ITO Results

compares the results of the DFL-trained models
with their ITO counterpart. ITO models are trained over one
year of historical data by Mean Square Error (MSE) mini-
mization. The trained NN is then reformulated as a constraint
of the HVAC MS. The ITO and DFL models are tested over
the same ten days.

All models see a significant improvement with DFL com-
pared to ITO. The three NN models see major improvements
in terms of Ex-post+ and hierarchical loss. Ex-post+ falls from
$318 to $94 for NN1, from $495 to $84 for NN2, and from
$579 to $125 for NN3. The cost errors of the NN1 and NN2
ITO models are $14.7 and $20.5, compared to $3.6 and $2.0
for the SS models. The QP DFL with NN3 reduces the cost
error from $21.7 to $2.2. Similarly, DFL of the RC parameters
improves the hierarchical loss from 54.2 to 24.7 and Ex-post+
from $516 to $252. It shows the possible improvement DFL
can bring even for simple models as already noted in [57].

Because of DFL, the RC model can outperform more complex
ITO models such as NNs. The Ex-post+ value of the RC model
is $252, much lower than $318 for NN1, $495 for NN2, and
$579 for NN3.

When surveying only ITO models, NN1 is the best archi-
tecture, which shows that when ITO is used, a more complex
architecture may not yield better decisions. NN1 reports an
Ex-post+ 1TO value at $318 far below the RC model ($516),
NN2 ($495), and NN3 ($579).

In conclusion, DFL significantly improves the quality of the
ex-post metrics reflecting better and more realistic decisions
compared to the conventional two-stage ITO approach. A
simple DFL-trained model, such as the RC model, is to be
preferred to ITO-trained NNs. Nevertheless, the improvement
brought by DFL is limited by the modeling power of the
architecture, as shown for RC model, and the quality of gra-
dient approximation, as shown for NN3. Caution is warranted
when resorting to ITO: increasing model complexity does not
necessarily yield better decisions and may introduce additional
computational burden.
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E. Effect of Constraint Tightness on Solving Time

TABLE V: Comparison of the solving time for the optimization during test
(i.e., MIQP formulation) with and without the proposed tight formulation.

NNI1 NN2 NN3

sS QP FB SS QP FB qQp &
SOTA 390 234 230 415 726 211 1443 2644
Tight 320 232 198 382 660 180 1422 2540
Gain (%) 179 09 139 80 91 147 15 94

In subsection [[I-D] we analytically showed how to tighten
the MIL equations of a ReLU by dynamically adjusting the
feasible interval of its inputs. In this case study, the NNs
have 11 inputs, among which one is a parameter (i.e., the
ambient temperature) and ten are decision variables (i.e.,
the five zonal indoor temperatures and the related HVAC
power consumption). Applying (3I) and assuming that the
weights have the same magnitude, the expected theoretical
improvement in tightness is approximately 9.1%.

As shown in the tight formulation consistently
reduces solving time across all test cases, with an average gain
of 9.4%. This validates the theoretical prediction from (31)) and
demonstrates the practical advantage of our approach in terms
of computational efficiency. Importantly, this improvement
is achieved without sacrificing model accuracy or solution
quality.

F. Noise intensity analysis

In this section, we analyze the impact of the noise intensity
on the performance of SS-DFL. Since we use a Gaussian noise,
we modify o to investigate five level of noise: 0.01, 0.05, 0.1,
1/10, and p/2. We further enable two modes for o: it can
either remain constant or be learned. Note that for ;/10 and
/2, o is either initialized as a fraction of p and then kept
constant, or evolves with p. We focus on two key metricsE]—
the Ex-post+ loss and the number of epochs necessary to
converge—shown in [Figure 6

The analysis of noise impact on SS-DFL training per-
formance reveals that the Ex-post+ loss increases with the
noise. This is true for both NN1 and NN2, whether o is
constant or variable. Interestingly, setting ¢ as a fraction of
w (i.e., o is a fraction of the pre-training value found for
each parameter) does not yield better results. Allowing o to
be trainable (variable configuration) does not improve the Ex-
post+ loss. Unlike p, o has no clear optimal value. It is a
variable without physical reality introduced by SS. Therefore,
making o a parameter to learn complexifies training without
a clear gain. Ultimately, it results in a loss of performance.

In both variable and constant configurations, the best perfor-
mance is achieved with the smallest constant noise (o = 0.01),
and initializing all the o’s at the same value is to be preferred
to fraction of .

There is no significant effect of o on the training conver-
gence speed, as measured by the number of epochs required.
Additionally, whether o is kept constant or treated as a
trainable parameter does not appear to influence convergence

5The complete tables are available in the [repository!
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Fig. 6: Analysis of Ex-post+ and the number of epochs for various definition
of 0. The mean of the five trainings is in bold. The Ex-post+ loss tends to
increase with higher noises while no clear trend is observe on the number of
epochs indicating little effect on the convergence rate.

rates. This behavior is consistent across both NN1 and NN2
architectures.

G. Number of Samples Analysis

We complement our results by analyzing the impact of
the sample size parameter S on performance, noting that
all previous experiments were conducted with S = 1. The
motivation for S = 1 was threefold. First, it reflects practical
deployment conditions in real buildings, where only a single
true realization of the building’s response is observable at
each time step due to the absence of simulators. Second,
the score-function (REINFORCE) gradient estimator remains
unbiased regardless of S. Increasing S decreases the variance
of the gradient estimate but increases computational cost per
training instance, leading to longer training times. Third, this
choice aligns with the reinforcement learning literature (and
the advice of the SS-DFL authors [39]]), where policy gradient
methods typically use single-sample estimates at each update
to balance computational efficiency and estimator variance.
Therefore, fixing S = 1 provides a practical and theoretically
sound approach for our decision-focused learning framework.

In we can see the Ex-post+ loss, the training time
and the number of epochs for S = 1,2,5, 1(ﬂ All trainings
were performed with o set to its optimal value (i.e., constant
o = 0.01).The Ex-post+ loss tends to increase with more
samples for both NN1 and NN2. We believe this is because
having more samples reduces the exploration during training.
As expected, the number of epochs necessary for the training
to converge decreases with S, reflecting the higher quality of
the gradient estimation. This decrease is extremely steady for
NNI1, but less for NN2. Despite the number of epochs going
down with S, the training time goes up as expected.

5The complete tables are available in the [repository.
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Fig. 7: Analysis of Ex-post+, the number of epochs, and the training time
depending on the number of samples S. The mean of the five trainings is
in bold. The Ex-post+ loss tends to increase with more samples. Despite the
number of epochs going down with S, the training time goes up.

In conclusion, S = 1 leads to the best decision quality (i.e.,
minimal Ex-post+ loss) and training time.

IV. CONCLUSION

We presented an HVAC MS where the building thermal
dynamics are modeled using NN. We started by improving
the formulation of NN as constraints in optimization problem.
Then, we learned the parameters of the NN using DFL. In
order to ensure meaningful gradient and training robustness,
the HVAC MS is formulated as an MIQP where the thermal
comfort is a quadratic penalty in the objective function rather
than a hard constraint. Since MIQP are discrete by nature,
we employed SS to produce an informative gradient without
having to differentiate the MIQP and the building (or its
simulator).

We tested our approach on a realistic five-zone building.
Results show that SS outperforms the conventional two-stage
approach where NN are trained on historical data and then
embedded into the optimization. We also showed that DFL
with SS is to be preferred to more naive approaches that relax
or fix the binaries of the mixed integer problem.

Further research is required to strengthen both scalability
and robustness. On the modeling side, developing optimization
formulations for entire neural networks, rather than individual
neurons, and generating feasible distributions over large sets
of constraint parameters would enhance stochastic smoothing
and enable chance-constrained programming to address model
uncertainty. On the computational side, software advances,
such as parallelization, warm-starting optimization with its

closest neighbor, and multi-fidelity simulation, will further
reduce computation times and support large-scale deployment.
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