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Abstract

Machine learning models are increasingly deployed in high-stakes domains such as healthcare
and autonomous systems, where decisions carry significant risks. Probabilistic machine learning
is valuable in these settings, as it quantifies predictive uncertainty, notably by generating
probabilistic predictions. We focus on regression, where the goal is to predict one or more
continuous outputs given a set of inputs. In this context, we consider two main forms of
uncertainty representation: predictive distributions, which assign probabilities to possible output
values, and prediction sets, which are designed to contain the true output with a pre-specified
probability. For these predictions to be reliable and informative, they must be calibrated and
sharp, i.e., statistically consistent with observed data and concentrated around the true value.

In this thesis, we develop distribution-free regression methods to produce calibrated and sharp
probabilistic predictions using neural network models. We consider both single-output and the
less-explored multi-output regression settings. Specifically, we develop and study recalibration,
regularization, and conformal prediction (CP) methods. The first adjusts predictions after model
training, the second augments the training objective, and the last produces prediction sets with
finite-sample coverage guarantees.

For single-output regression, we conduct a large-scale experimental study to provide a comprehen-
sive comparison of these methods. The results reveal that post-hoc approaches consistently achieve
superior calibration. We explain this finding by establishing a formal link between recalibration
and CP, showing that recalibration also benefits from finite-sample coverage guarantees. However,
the separate training and recalibration steps typically lead to degraded negative log-likelihood. To
address this issue, we develop an end-to-end training procedure that incorporates the recalibration
objective directly into learning, resulting in improved negative log-likelihood while maintaining
calibration.

For multi-output regression, we conduct a comparative study of CP methods and introduce new
classes of approaches that offer novel trade-offs between sharpness, compatibility with generative
models, and computational efficiency. A key challenge in CP is achieving conditional coverage,
which ensures that coverage guarantees hold for specific inputs rather than only on average. To
address this, we propose a method that improves conditional coverage using conditional quantile
regression, thereby avoiding the need to estimate full conditional distributions. Finally, for tasks
requiring a full predictive density, we introduce a recalibration technique that operates in the latent
space of invertible generative models such as conditional normalizing flows. This approach yields
an explicit, calibrated multivariate probability density function. Collectively, these contributions
advance the theory and practice of uncertainty quantification in machine learning, facilitating
the development of more reliable predictive systems across diverse applications.
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CHAPTER 1
Introduction

Machine learning (ML) has become a central scientific discipline for building data-driven predictive
systems. At its core, ML is the science of developing algorithms that can learn from data and
generalize to unseen data. The increasing complexity and capacity of modern ML models,
particularly neural networks (NNs), have enabled them to capture complex patterns in data,
leading to unprecedented predictive accuracy on a wide range of tasks (Bommasani et al., 2021).
In the context of regression, where the output variable is continuous, these models typically return
a point prediction, a single value that does not quantify uncertainty. In contrast, probabilistic
ML provides a more complete view by generating probabilistic predictions (Ghahramani, 2015;
Murphy, 2022). This is necessary for optimal decision-making, exploration, and in settings where
decisions carry tangible costs such as medical prognosis, financial risk assessment, and energy
consumption forecasting (Abdar et al., 2021).

The field of uncertainty quantification (UQ) provides principles and tools to equip ML models
with the ability to quantify the inherent randomness in the data as well as their own ignorance.
A comprehensive UQ framework involves understanding sources of uncertainty (Hüllermeier
and Waegeman, 2021; Gruber et al., 2023), learning representations of uncertainty (Gneiting
and Katzfuss, 2014; Murphy, 2023) and quantifying uncertainty (Gneiting and Resin, 2023).
Probabilistic predictions typically take two complementary forms. Predictive distributions assign
a probability to each set of target values, a representation necessary for decision-makers who
need to optimize utility for a downstream task or perform risk analysis. In contrast, prediction
sets provide a more directly interpretable set of plausible target values designed to contain the
true value with a pre-specified probability.

A predictive distribution is accurate and informative if it is calibrated and sharp. Calibration
refers to the statistical consistency between the predictive distributions and the observations and
can be defined according to different notions (Gneiting et al., 2007; Gneiting and Resin, 2023).
The topic has gained renewed attention with the discovery that modern NN classifiers tend to be
systematically miscalibrated and overconfident (Guo et al., 2017; C. Wang, 2025). Probabilistic
calibration is an important notion which requires that prediction intervals achieve their stated
coverage at all nominal levels on average. For instance, 90% prediction intervals should contain
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4 Chapter 1. Introduction

the true outcome approximately 90% of the time. Sharpness refers to the concentration or
informativeness of the predictive distributions and is a property of the prediction only. Proper
scoring rules (Gneiting and Raftery, 2007; Waghmare and Ziegel, 2025) jointly assess calibration
and sharpness, making them a standard tool for evaluating predictive distributions. However,
by providing a single aggregate measure of performance, they do not provide insights into the
sources of misspecification.

In this thesis, we study and develop algorithms to produce sharp, calibrated, and computationally
efficient probabilistic predictions in NN regression. Our investigation centers on two families of
principled and complementary methods: recalibration and conformal prediction (CP). A key
attribute of these approaches is that they are distribution-free, meaning they do not rely on strong
parametric assumptions about the underlying data-generating process. This generality has made
them increasingly relevant for reliable decision-making across diverse domains, including smart
grids (Arpogaus et al., 2023; Trotta et al., 2024), healthcare (Liou et al., 2024; Gamble et al.,
2025; Yang et al., 2024), autonomous driving (J. Sun et al., 2023; Cao et al., 2024), and weather
forecasting (Price et al., 2025; Allen et al., 2023). While our methods are broadly applicable, we
primarily focus on tabular regression problems, progressing from the well-understood context of
single-output regression to the more complex and less-explored domain of multi-output regression,
where capturing dependencies between outputs is essential.

Recalibration aims to adjust the predictive distributions of a pre-trained model to correct
statistical biases. A notable example is quantile recalibration (Kuleshov et al., 2018), which relies
on a held-out dataset to improve probabilistic calibration. In parallel, CP provides a framework
for constructing prediction sets with rigorous, finite-sample coverage guarantees (Vovk et al.,
1999). For example, a 90% CP set is guaranteed to contain the true outcome with probability at
least 90%. Importantly, in addition to developing new methods, we clarify connections between
recalibration and CP. The following sections outline the specific challenges this thesis addresses
and summarize our contributions.

1.1. Research Challenges and Contributions

Research Contribution 1 (Chapter 3) While NN miscalibration has been documented
in classification settings (Guo et al., 2017; Minderer et al., 2021), there has been less research
on probabilistic calibration for NN regression. A variety of methods have been proposed to
improve their reliability. These methods broadly fall into three categories: post-hoc recalibration
(e.g., quantile recalibration (Kuleshov et al., 2018)), CP (e.g., conformalized quantile regression
(Romano et al., 2019)), and regularization (e.g., quantile regularization (Utpala and Rai, 2020)).
It remains unclear how they compare in balancing probabilistic calibration with sharpness.
Additionally, the calibration and CP literature have historically been studied separately despite
their similarities, and thus theoretical links between them are not well established. Our first
contribution addresses these issues by conducting a large-scale empirical study of probabilistic
calibration on 57 tabular regression datasets. We also introduce novel differentiable recalibration
and regularization objectives based on kernel density estimation, which provide further insights
into the performance of these approaches. A finding of our study is the formal connection between
recalibration and CP; we establish conditions under which quantile recalibration can be seen as
a special case of CP, which helps explain their strong performance in improving probabilistic
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calibration.

Research Contribution 2 (Chapter 4) Our initial study showed that post-hoc recalibration
methods generally outperform regularization techniques in improving probabilistic calibration.
However, the post-hoc step is completely independent of model training. This two-stage process
is suboptimal, as the model is trained to jointly optimize for sharpness and calibration without
any awareness of the final recalibration step (D.-B. Wang et al., 2021). Our second contribution
introduces an end-to-end training procedure for NNs, quantile recalibration training (QRT),
which integrates post-hoc calibration directly into the training process. QRT minimizes the
negative log-likelihood (NLL) to encourage predictive accuracy, while ensuring the model’s
predictive distributions are probabilistically calibrated. This approach captures the paradigm
of minimizing sharpness subject to calibration (Gneiting et al., 2007). This approach improves
upon standard training, regularization and post-hoc baselines (Utpala and Rai, 2020; Kuleshov
et al., 2018; Dheur and Ben Taieb, 2023) without introducing additional model parameters.
Through a large-scale experiment, we show that QRT achieves improved NLL while maintaining
the state-of-the-art calibration of post-hoc recalibration.

Research Contribution 3 (Chapter 5) Many real-world problems require predicting multiple,
often dependent, variables. However, the extension of CP to multi-output tasks presents additional
challenges, including complex output dependencies and high computational costs, and remains
relatively underexplored. Simple approaches that combine univariate regions fail to capture
dependencies between variables, leading to conservative and inflexibly shaped regions (Y. Zhou
et al., 2024). Conversely, more sophisticated sample-based techniques can create sharper regions
but suffer from high computational costs (Z. Wang et al., 2023). For our third contribution, we
conduct a unified comparative study of nine conformal methods for constructing multivariate
prediction regions, examining their properties and interconnections. We also introduce two
classes of conformity scores that generalize their univariate counterparts. These scores ensure
conditional coverage asymptotically while maintaining finite-sample marginal coverage. One
class is compatible with any generative model, offering broad applicability, while the other is
computationally efficient, leveraging the properties of invertible generative models. Finally,
we conduct a large-scale study on 13 tabular datasets and one image dataset, comparing the
different multi-output conformal methods across different sharpness and conditional coverage
metrics, and different base predictors (multivariate quantile function forecaster (Kan et al., 2022),
distributional random forests (Cevid et al., 2022), and Cholesky-based mixture density networks
(Muschinski et al., 2022)). Additionally, we explore the construction of a joint prediction set for
a bivariate output in the context of neural temporal point processes (Shchur et al., 2021).

Research Contribution 4 (Chapter 6) A primary limitation of CP is that it provides a
guarantee that is only marginal, i.e., averaged over all inputs, and thus may undercover for
specific subgroups of the data. While constructing prediction sets with exact conditional coverage
is infeasible without additional distributional assumptions (Foygel Barber et al., 2021b), attempts
to approximate it face their own issues. Methods based on partitioning the covariate space can
lead to overly large prediction sets (Bian and Barber, 2023), while others require estimating the
full conditional distribution of conformity scores, which is both computationally intensive and
difficult to perform accurately (Izbicki et al., 2022). Our fourth contribution is to introduce
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Rectified conformal prediction (RCP), a conformal method designed to enhance conditional
coverage by refining conformity scores. RCP avoids the need to estimate the full conditional
distribution of a multivariate response, relying instead on estimating only the conditional quantile
of a univariate conformity score. By constructing a new conformity score whose quantile at a
given coverage level is independent of inputs, RCP enhances conditional coverage while preserving
marginal coverage guarantees. We provide a theoretical lower bound on the conditional coverage
of the prediction sets generated by RCP as a function of the approximation error in estimating
the conditional quantile of the conformity score distribution. Finally, we evaluate RCP against
several conformal baselines based on point, interval, and distribution estimates, demonstrating
improved performance, particularly in terms of conditional coverage metrics.

Research Contribution 5 (Chapter 7) For many downstream tasks such as risk assessment
or decision-making under uncertainty, a full probability density function (PDF) is more useful
than a prediction set (N. Klein, 2024). However, despite generating multivariate prediction sets
with coverage guarantees, CP does not provide a full PDF. At the same time, recalibration
methods are primarily limited to single-output settings, with the exception of HDR recalibration
(Y. Chung et al., 2024). Yet, HDR recalibration has notable limitations: it does not yield an
explicit predictive PDF and relies on computationally intensive sampling and binning at test time.
To address this gap, our final contribution first introduces a notion of latent calibration, which
assesses the probabilistic calibration of a conditional normalizing flow within its latent space.
Based on this concept, we propose latent recalibration (LR), a post-hoc method that learns
a transformation of the latent space to achieve finite-sample guarantees on latent calibration,
with connections to CP (Fang et al., 2025; Dheur et al., 2025). An advantage of LR is that,
unlike set-based or sampling-based approaches, it produces a recalibrated generative model with
an explicit and computationally efficient multivariate PDF. We demonstrate empirically across
29 multi-output tabular datasets and one high-dimensional image dataset that LR consistently
improves latent calibration, while also improving or maintaining the NLL.

1.2. Research Publications

The content of Chapters 3 to 7 is largely derived from research papers published in international
peer-reviewed conferences and journals. For each publication, we provide a link to a public
repository containing the codebase, enabling the reproduction of the experiments presented in
this thesis.

• Chapter 3: A Study of Probabilistic Calibration in Neural Probabilistic Models

– Victor Dheur and Souhaib Ben Taieb (2023). A Large-Scale Study of Probabilistic
Calibration in Neural Network Regression. The 40th International Conference on
Machine Learning.

∗ Repository: https://github.com/Vekteur/probabilistic-calibration-s
tudy

• Chapter 4: Probabilistic Calibration by Design

– Victor Dheur and Souhaib Ben Taieb. Probabilistic Calibration by Design for

https://github.com/Vekteur/probabilistic-calibration-study
https://github.com/Vekteur/probabilistic-calibration-study
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Neural Network Regression (2024). The 27th International Conference on Artificial
Intelligence and Statistics.

∗ Repository: https://github.com/Vekteur/quantile-recalibration-tra
ining

• Chapter 5: Multi-Output Conformal Regression

– Victor Dheur, Matteo Fontana, Yorick Estievenart, Naomi Desobry, and Souhaib Ben
Taieb (2025). A Unified Comparative Study with Generalized Conformity Scores for
Multi-Output Conformal Regression. The 42nd International Conference on Machine
Learning.

∗ Repository: https://github.com/Vekteur/multi-output-conformal-reg
ression

– Victor Dheur∗, Tanguy Bosser∗, Rafael Izbicki, and Souhaib Ben Taieb (2024).
Distribution-Free Conformal Joint Prediction Regions for Neural Marked Temporal
Point Processes. Machine Learning, Volume 113.

∗ Repository: https://github.com/tanguybosser/conf_tpp

• Chapter 6: Rectifying Conformity Scores

– Vincent Plassier∗, Alexander Fishkov∗, Victor Dheur∗, Mohsen Guizani, Souhaib
Ben Taieb, Maxim Panov, and Eric Moulines (2025). Rectifying Conformity Scores
for Better Conditional Coverage. The 42nd International Conference on Machine
Learning.

∗ Repository: https://github.com/stat-ml/rcp

• Chapter 7: Latent Recalibration

– Victor Dheur, Souhaib Ben Taieb (2025). Multivariate Latent Recalibration for
Conditional Normalizing Flows. The 39th Annual Conference on Neural Information
Processing Systems.

∗ Repository: https://github.com/Vekteur/latent-recalibration

∗Equal contribution

https://github.com/Vekteur/quantile-recalibration-training
https://github.com/Vekteur/quantile-recalibration-training
https://github.com/Vekteur/multi-output-conformal-regression
https://github.com/Vekteur/multi-output-conformal-regression
https://github.com/tanguybosser/conf_tpp
https://github.com/stat-ml/rcp
https://github.com/Vekteur/latent-recalibration
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CHAPTER 2
Background

This chapter provides the foundational concepts essential for understanding the thesis and places
them in their broader context. It establishes the mathematical and conceptual framework for
reliable uncertainty quantification in probabilistic ML, progressing from the general principles
of supervised learning to the specialized topics central to our investigation: calibration and
conformal prediction.

We begin in Section 2.1 by defining the supervised learning problem and reviewing neural networks.
Section 2.2 introduces the core principles of uncertainty quantification: its sources, representations,
and key methods. Section 2.3 covers proper scoring rules, allowing both estimation and evaluation
of predictive distributions. The subsequent sections dive into the two main axes of this work:
Section 2.4 details the theory of calibration for assessing statistical consistency, while Section 2.5
introduces conformal prediction for constructing prediction sets with finite-sample coverage.
Finally, Section 2.6 discusses connections between calibration and decision-making.

2.1. Machine Learning

Machine learning (ML) is a scientific discipline concerned with the development and study of
algorithms that learn from data (Abu-Mostafa et al., 2012; Goodfellow et al., 2016; Murphy,
2023). Essentially, these algorithms build models that generalize beyond the specific data on
which they were trained.

More broadly, ML is one of the core approaches within the field of artificial intelligence (AI),
which aims to build systems capable of performing tasks that normally require human intelligence,
such as reasoning, perception, or decision-making (Russell and Norvig, 2020). In this sense, ML
provides the data-driven foundations that enable many modern AI applications.

ML tasks fall under different paradigms, the main ones being supervised learning, unsupervised
learning, and reinforcement learning. In this thesis, we focus on supervised learning, in which
the learning algorithm has access to a dataset consisting of paired inputs (also called features,
covariates, or predictors) and outputs (also called targets, outcomes, responses, or labels).

9
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Unknown output distribution Dataset Unknown input distribution

Learning
algorithm

Model

Loss function

Hypothesis space

Figure 2.1: The learning diagram, adapted from Abu-Mostafa et al. (2012).

Section 2.1.1 introduces the formal framework of supervised learning, summarized in Figure 2.1,
and Section 2.1.2 provides a brief overview of neural networks. For readers seeking a comprehensive
overview, several foundational texts offer different perspectives. The recent works by Murphy
(2022) and Murphy (2023) and the classic by Bishop (2006) provide a thorough introduction to
probabilistic ML. For a perspective rooted more in statistical foundations, see Hastie (2009).

2.1.1 Supervised Learning

Inputs and outputs are represented as random variables X and Y taking values in spaces X
and Y. When Y “ rKs “ t1, . . . ,Ku is a finite set of K classes, the task is called classification.
When Y Ď Rd, the task is called regression, and more precisely single-output regression when
d “ 1 and multi-output regression when d ą 1. We assume that the pair pX,Y q follows an
unknown joint distribution PX,Y “ PXPY |X , decomposed into the input distribution PX and the
conditional output distribution PY |X . The space of distributions over a set A is denoted PpAq.
The distributions PX and PX,Y belong to PpX q and PpX ˆ Yq, respectively. The conditional
distribution PY |X is interpreted as distribution-valued random variable whose value depends on
X. Equivalently, PY |X is a mapping X Ñ PpYq with PY |X“x P PpYq.

The learning algorithm does not have access to PX,Y and instead observes a finite dataset D of
input-output pairs independently sampled from PX,Y :

D “ tpXpiq, Y piqqu
|D|

i“1 where pXpiq, Y piqq
i.i.d.
„ PX,Y . (2.1)

Hypothesis space. In parametric learning, a model is represented by a hypothesis hθ, a
function governed by a set of parameters θ from a parameter space Θ. Each hypothesis maps an
input x P X to a prediction in a space S. For example, S can be the target space Y for point
predictions, or the space of probability distributions over Y, denoted PpYq, for probabilistic
predictions. The algorithm’s search is confined to the hypothesis space H, which is the set of all
functions accessible by varying the parameters θ:

H “ t hθ : X Ñ S | θ P Θ u . (2.2)
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Risk minimization. A loss function L : S ˆ Y Ñ R evaluates predictions hθpxq given a
realization y according to a real value Lphθpxq, yq. The performance of a hypothesis hθ is
measured by its (expected) risk, defined as the expected loss over the data distribution:

Rphθq “ ErLphθpXq, Y qs . (2.3)

Unless stated otherwise, expectations are over all random variables (here, X and Y ). In univariate
regression, a common loss function is the mean squared error Lpŷ, yq “ pŷ´yq2 for ŷ “ hθpxq P R.
When hθpxq P PpYq is a predictive distribution, L is known as a scoring rule (see Section 2.3).

Parameters yielding the minimum risk are denoted θ˚ P argminθPΘRphθq. Since PX,Y is unknown,
the learning algorithm seeks to minimize the empirical risk

R̂phθq “
1

|D|

|D|
ÿ

i“1
LphθpX

piqq, Y piqq (2.4)

as an approximation of the true risk. Parameters yielding the minimum empirical risk are denoted
θ̂˚ P argminθPΘ R̂phθq.

Approximation-generalization trade-off. A key consideration in machine learning is the
approximation-generalization trade-off. In order to find a hypothesis h with low risk Rphq, the
learning algorithm searches for parameters θ̂ ensuring two properties:

• hθ̂ must generalize well: Rphθ̂q « R̂phθ̂q.

• hθ̂ must have a low empirical risk R̂phθ̂q.

This trade-off is closely linked to the choice of the hypothesis space H. If H is too limited, no
hypothesis may be able to adequately capture the patterns in the data, a situation known as
underfitting. Conversely, if H is too flexible, the model might learn the training data too well,
including its noise, resulting in a low empirical risk but poor performance on new data. This
phenomenon is known as overfitting (Vapnik, 1999). Finding a balance between these competing
objectives is a central aspect of machine learning.

Machine learning models. A variety of model families have been developed to instantiate
the hypothesis space H. Classical approaches include linear models and kernel methods, which
remain central due to their statistical foundations and efficiency (Hastie, 2009). For problems
requiring expressive models, tree-based methods and NNs are widely used.

Tree-based methods partition the input space into regions that are easy to interpret and manipulate.
Decision trees (Breiman et al., 1984) are simple yet expressive models that form the basis of
more advanced ensembles. Random forests (Breiman, 2001) improve stability and accuracy by
averaging predictions over many randomized trees, while boosting methods (Freund and Schapire,
1997) combine weak learners sequentially to reduce errors.

Neural networks (Goodfellow et al., 2016) constitute another major family. They are built from
layers of non-linear transformations and have demonstrated remarkable performance across
domains. A distinguishing feature of NNs is the diversity of architectures tailored to different
modalities, including convolutional networks for images, recurrent and transformer models for
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text, and multimodal architectures that integrate heterogeneous data. Importantly for this thesis,
they are also very flexible in how they can parametrize distributions (see Section 2.2.3).

2.1.2 Neural Networks

This section offers a brief overview of NNs; it introduces no essential notation and may be skipped
on first read. An in-depth treatment is provided by Goodfellow et al. (2016).

Neural networks are powerful function approximators (Cybenko, 1989; Goodfellow et al., 2016)
inspired by biological brains (McCulloch and Pitts, 1943). The term deep learning was popularized
in the mid-2000s to describe NNs with many layers, following breakthroughs that made it practical
to train them effectively (Hinton et al., 2006). Among the many architectures, a foundational one
is the multilayer perceptron (MLP). An MLP is composed of L` 1 layers of size mp0q, . . . ,mpLq,
where mp0q “ p is the size of the input layer and mpLq is the size of the output layer. It computes
representations zp0q, . . . , zpLq with zp0q “ x as the input and zpLq “ hθpxq as the network output.

At each layer l P t1, . . . , Lu, with weights W plq P Rmplqˆmpl´1q and biases bplq P Rmplq , the
representation is computed using a linear combination followed by a non-linear transformation ζ
called an activation function:

zplq “ ζ
´

bplq `W plqzpl´1q
¯

. (2.5)

If all activations are linear, then zpLq “ hθpxq is a linear function of x. To model complex
non-linear relationships, non-linear activations are used. A common choice is the rectified linear
unit (ReLU):

ζptq “ maxt0, tu. (2.6)

During training, the NN updates its parameters θ “
␣`

W plq, bplq
˘(L

l“1 to minimize the empirical
risk R̂ phθq. Let η ą 0 be the learning rate. The parameters are optimized using gradient descent
as follows

θ Ð θ ´ η∇θR̂ phθq . (2.7)

until a stopping criterion is met (for example, a fixed number of passes over the data or no
further improvement on a validation set). Gradients ∇θR̂ phθq are efficiently computed by
backpropagation (Rumelhart et al., 1986).

In practice, R̂ phθq is often estimated on a random mini-batch of training examples at each
step (stochastic gradient descent), and adaptive optimizers such as Adam (Kingma and Ba,
2015) together with learning-rate schedules are commonly used. Early stopping is a common
regularization technique that helps avoid overfitting. It monitors the validation loss on a held-out
dataset and stops training when this validation performance ceases to improve for a number of
epochs.

2.2. Uncertainty Quantification

Uncertainty quantification (UQ) provides the mathematical and conceptual tools to characterize
and manage the unknowns inherent in data-driven modeling. This work focuses on predictive
uncertainty, which refers to the uncertainty associated with a model’s prediction. A robust
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Figure 2.2: Illustrative example of the sources of uncertainty in a prediction task. For high x,
the aleatoric uncertainty (inherent to the data) is high. For low x, the epistemic uncertainty is
high due to lack of data and variations between model fits 1 and 2.

understanding of uncertainty is essential for building reliable ML systems. This section lays the
groundwork for the thesis by first dissecting the fundamental sources from which uncertainty
arises, surveying common representations of uncertainty, and finally presenting several UQ
methods.

2.2.1 Sources of Uncertainty

To effectively characterize predictive uncertainty, it is essential to understand the sources from
which it can arise. A fundamental distinction in ML is between aleatoric and epistemic uncertainty
(Hüllermeier and Waegeman, 2021; Gruber et al., 2023). These two uncertainty types represent
fundamentally different aspects of uncertainty.

Aleatoric and epistemic uncertainty. Aleatoric uncertainty stems from inherent randomness
in the data-generating process PY |X . It is considered irreducible because even a perfect model
with infinite data could not eliminate it. In contrast, epistemic uncertainty, or model uncertainty,
arises from the model’s limited knowledge of the underlying process, due to factors such as
insufficient training data or an inadequate model specification. This type of uncertainty is, in
principle, reducible by providing more data or improving the model.

Example 1. Figure 2.2 illustrates the interplay between aleatoric and epistemic uncertainty, where
predictive uncertainty is represented by a conditional probability density function (PDF). The
PDF is represented as a shading where darker colors correspond to a higher PDF values. The
leftmost panel displays the true conditional PDF fY |X (blue shading), from which the training
data (black dots) are sampled. The true distribution itself exhibits varying levels of randomness.
For small x, the distribution is unimodal with low variance, corresponding to low aleatoric
uncertainty. In contrast, for large x, the distribution is bimodal with high variance, indicating
high aleatoric uncertainty.

The center and right panels depict the predictive distributions of two different models, f̂ p1q

Y |X
and

f̂
p2q

Y |X
, trained on the same data. By comparing their behavior, we can diagnose the epistemic

uncertainty:
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• For high x values, the abundance of data strongly constrains any reasonable model. As a
result, both f̂ p1q

Y |X
and f̂ p2q

Y |X
converge to nearly identical solutions that successfully capture

the bimodal aleatoric uncertainty. This agreement between models is usually interpreted
as low epistemic uncertainty.

• For small x (left of the figure), due to the lack of data, the models are free to extrapolate
in different, albeit plausible, ways. This is visually represented by the stark disagreement
between f̂ p1q

Y |X
and f̂ p2q

Y |X
. Their divergence reveals high epistemic uncertainty in this region

of the input space. An ideal uncertainty-aware model would not commit to a single
hypothesis but would instead signal this high epistemic uncertainty. For example, Bayesian
NNs consider θ P Θ as a random variable and learn a distribution P̂θ over the model
parameters. Denoting a predictive PDF parameterized by ω P Θ as f̂ pωq

Y |X
, they produce

a posterior predictive PDF f̂Y |X“xpyq “
ş

Θ f̂
pωq

Y |X“x
pyqP̂θpdωq whose spread should ideally

increase in case of higher epistemic uncertainty.

Aleatoric and epistemic uncertainty in practice. While the distinction between aleatoric
and epistemic uncertainty is theoretically clear, its practical application can be ambiguous
(Hüllermeier and Waegeman, 2021). For instance, if one assumes a fully deterministic universe
(Laplace’s demon), all uncertainty in real-world applications could theoretically be considered
reducible and thus epistemic. In practice, however, aleatoric uncertainty is defined relative to a
given set of observed variables, representing the variability that cannot be explained by them.
Formally, aleatoric uncertainty can be identified with the true conditional distribution PY |X ,
while epistemic uncertainty is all the remaining uncertainty that arises in predictive modeling
(Gruber et al., 2023). Epistemic uncertainty can be further divided into model uncertainty
(corresponding to the choice of model family) and estimation uncertainty (corresponding to the
correct estimation of model parameters).

UQ methods for epistemic uncertainty. Several methods aim to quantify and disentangle
these uncertainties. Prominent approaches include Bayesian NNs (Jospin et al., 2022; Fortuin,
2022), Monte Carlo dropout (Yarin Gal and Ghahramani, 2016), and ensembling (Lakshmi-
narayanan, Pritzel, et al., 2017; G. Huang et al., 2017). These methods often provide robust
uncertainty estimates but come with significant computational overhead. Evidential deep learning
(Sensoy, Kaplan, et al., 2018; Amini et al., 2020) has been proposed as a more efficient alternative.
However, the statistical interpretation of the uncertainty estimates from this method has been
debated (M. Shen et al., 2024).

In-distribution and out-of-distribution learning. A further distinction in predictive
modeling is between in-distribution (ID) and out-of-distribution (OOD) learning scenarios
(Moreno-Torres et al., 2012; Ye et al., 2021). In-distribution learning refers to the regime where
both training and test data are assumed to be drawn from the same distribution, which is the
setting we consider in Section 2.1.1. In this case, the dominant source of uncertainty is typically
aleatoric, since the model is evaluated under conditions for which it has been trained (Kendall
and Gal, 2017). In contrast, out-of-distribution learning arises when the test data distribution
differs systematically from the training distribution. In this case, the risk w.r.t. the training data
distribution differs from the risk w.r.t. the test data distribution. OOD scenarios are particularly
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challenging because they introduce additional uncertainty that requires explicit mechanisms for
detecting OOD data and robust generalization (Ovadia et al., 2019).

In this work, we restrict our focus to in-distribution learning, where the accurate modeling of
aleatoric uncertainty is of primary importance. Epistemic uncertainty still plays a role in practice,
especially in regions of the input space with scarce data, but capturing aleatoric uncertainty is
the central objective in the setting considered here.

2.2.2 Representations of Uncertainty

To be useful, predictive uncertainty must be captured in a concrete mathematical form. The
choice of representation depends on the task requirements and the desired level of granularity.
This section introduces the notation for several key representations used throughout this work.
In this section, since we only focus on the output representation and not the dependence on X,
we consider unconditional quantities.

Predictive distributions

A standard way of representing predictive uncertainty is via a (probability) distribution P̂Y P PpYq.
Figure 2.3 presents representations of a specific discrete (first row) and continuous (second row)
distribution. The first column shows the probability mass function (PMF) p̂Y : Y Ñ r0, 1s and
PDF f̂Y : Y Ñ R`. The second column shows the CDF F̂Y : Y Ñ r0, 1s, which is defined both
for discrete and continuous distributions as F̂Y pyq “ PpY ď yq. The third column shows the
quantile function (QF) Q̂Y : r0, 1s Ñ Y. Unless mentioned otherwise, it corresponds to the
left-quantile function:

Q̂Y pαq “ infty P Y : α ď F̂Y pyqu. (2.8)

For some generative models like diffusion models (Ho et al., 2020) or generative adversarial
networks (Goodfellow et al., 2014), such precise representations are not available. Instead, the
predictive uncertainty is represented via K samples Ŷ p1q, . . . , Ŷ pKq „ P̂Y from the estimated
distribution. In the fourth column, K “ 50 samples are represented as points on their empirical
CDF.

Prediction sets

Prediction sets, denoted R̂ Ď Y , represent an alternative way to represent predictive uncertainty.
For a given nominal miscoverage level α P p0, 1q, prediction sets are desired to satisfy coverage,
i.e., PpY P R̂q ě 1 ´ α (Vovk et al., 2005). Multiple prediction sets can satisfy this property.
In single-output regression, a well-known example is the equal-tailed interval (Brehmer and
Gneiting, 2021):

”

Q̂Y pα{2q, Q̂Y p1 ´ α{2q
ı

. (2.9)

The fourth column of Figure 2.3 shows a prediction set containing the three values with the
highest mass (first row) and an equal-tailed interval (second row).
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Figure 2.3: Standard representations of a discrete distribution (first row) and a continuous
distribution (second row).

Scalar summaries

For certain tasks, a single scalar measure of predictive uncertainty is desired. Let Ŷ „ P̂Y .
Common choices include the variance VrŶ s “ ErpŶ ´ ErŶ sq2s, the (differential) entropy
HpŶ q “ ´Erlog f̂Y pŶ qs, or the volume of a prediction set |R̂| (Hüllermeier and Waegeman,
2021). Section 2.3.1 introduces the generalized entropy of strictly proper scoring rules, which
offers alternatives.

Second-order representations

The distribution-, set- or scalar-valued representations above are known as first-order. Second-
order representations aim to quantify what the model itself does not know, which allows
quantifying epistemic uncertainty (Section 2.2.1). Such approaches include distributions over
predictive distributions, which are standard in Bayesian inference (Blundell et al., 2015; Jospin
et al., 2022), and sets of distributions, also known as credal sets (Hüllermeier et al., 2024).

2.2.3 Uncertainty Quantification Methods

In this section, we present UQ methods studied in this thesis. We focus on in-distribution learning
and our main interest lies in capturing aleatoric uncertainty. We consider the modeling approaches
themselves, while loss functions are discussed separately in Section 2.3. Our considered models
are instances of conditional generative models.

Generative models constitute a broad family of UQ methods (Murphy, 2023; Bond-Taylor et al.,
2021). They aim to learn the underlying distribution of the training data, thereby enabling the
generation of new samples. In particular, conditional generative models estimate the conditional
distribution PY |X , making them natural tools for uncertainty quantification.

Traditional approaches rely on estimating the parameters of a fixed family of distributions or on
nonparametric methods such as kernel density estimation. More recent deep generative models
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Figure 2.4: Illustrative predictions from UQ methods considered in this thesis.

scale to high-dimensional output spaces Y , with major families including variational autoencoders
(VAEs) (Kingma and Welling, 2014; D. J. Rezende et al., 2014), generative adversarial networks
(GANs) (Goodfellow et al., 2014; Arjovsky et al., 2017), normalizing flows (NFs) (Dinh et al.,
2017; Kobyzev et al., 2021), autoregressive models (Oord et al., 2016), energy-based models
(EBMs) (LeCun et al., 2006; Y. Song and Kingma, 2021), and diffusion models (Sohl-Dickstein
et al., 2015; Ho et al., 2020; Y. Song et al., 2020).

Among these, we consider parametric methods, which are often sufficiently expressive in low-
dimensional spaces, and deep generative approaches. Among deep generative approaches,
normalizing flows and flow matching are of particular interest in this thesis because they yield an
explicit PDF, from which strictly proper scoring rules and calibration metrics can be computed.

Figure 2.4 illustrates predictive PDFs obtained from several methods discussed in this section.
As in Figure 2.2, the training data are represented as black dots. The leftmost panel shows the
true PDF fY |X (blue), while the remaining panels display the PDF f̂Y |X learned by different
models. Other deep generative models such as Glow (Kingma and Dhariwal, 2018) and TarFlow
(Zhai et al., 2025) that only appear in one chapter are not discussed here.

Mixture Density Networks (MDNs)

A straightforward way to represent predictive uncertainty with NNs is to let the NN output the
parameters of a chosen family of probability distributions. For instance, given x P X , suppose a
NN produces two outputs µ̂pxq P R and ρ̂pxq P R. Applying the softplus function yields a positive
scale parameter, σ̂pxq “ logp1` eρ̂pxqq ą 0. These parameters define a conditional Gaussian PDF,

f̂Y |X“xpyq “ N py; µ̂pxq, σ̂pxqq.
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The specific distributional family can be chosen based on prior knowledge.

This idea originates with Bishop (1994), who further suggest using a mixture of distributions
(e.g., Gaussians), leading to the concept of Mixture Density Networks. They argue that with
a sufficiently expressive NN (a property implied by the universal approximation theorem) and
enough mixture components, such models can approximate any conditional PDF fY |X arbitrarily
well.

For multi-output regression, we adopt an extension of this approach, also described in Muschinski
et al. (2022), where a mixture of M multivariate Gaussian components is parameterized. Given
x P X , for each mixture component m P rM s, the NN outputs the logit ẑmpxq P R (for the
categorical distribution over the mixture components), the mean vector µ̂mpxq P Rd (component
location), and the lower triangular Cholesky factor L̂mpxq P Rdˆd (representing the scale of the
covariance matrix).

The normalized mixture weights are obtained via the softmax function:

π̂mpxq “
exppẑmpxqq

řM
j“1 exppẑjpxqq

and the covariance matrix is given by

Σ̂mpxq “ L̂mpxqL̂mpxq
J
,

ensuring it is positive semidefinite. The conditional density of y P Y given x P X is therefore

f̂Y |X“xpyq “

M
ÿ

m“1
π̂mpxq ¨ N py; µ̂mpxq, Σ̂mpxqq.

Distributional Random Forests (DRFs)

DRFs (Cevid et al., 2022) are built upon the random forest algorithm. For any given test point
x P X , they estimate the full conditional distribution PY |X by learning weights over instances
in the training dataset Dtrain “ tpXpiq, Y piqqu

|Dtrain|

i“1 . A forest of trees tTkuKk“1 is grown with
splits that maximize a discrepancy of the outputs across candidate child nodes; the resulting leaf
containing x in tree k is denoted Lkpxq. This induces nonnegative weights

ŵxpXpiqq “
1
K

K
ÿ

k“1

1
`

Xpiq P Lkpxq
˘

|Lkpxq|
, (2.10)

that sum to one:
ř|Dtrain|

i“1 ŵxpXpiqq “ 1. The weight is large if Xpiq often falls in the same leaf as
x and those leaves are small. Then, one can estimate the conditional distribution as

P̂Y |X“x “

|Dtrain|
ÿ

i“1
ŵxpXpiqqδY piq , (2.11)

where δY piq is the point mass at Y piq.
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At each parent node NP , for disjoint candidate splits NL YNR “ NP , DRF selects the split that
maximizes a two-sample discrepancy between the empirical distributions of Y in NL and NR.
The default is the maximum mean discrepancy (MMD) with a Gaussian kernel, so that samples
within each leaf share a similar output distribution, while child nodes differ strongly from each
other. This output-based criterion yields leaves with similar output distribution and thus induces
neighborhoods tailored to distributional similarity. For efficiency, the MMD is computed via a
fast randomized approximation, allowing all thresholds in a node to be scanned quickly.

Given x P X , various conditional quantities can be approximated based on the weights ŵxpXpiqq.
To obtain a conditional predictive PDF, a natural approach is to produce a Gaussian mixture
with each component centered on a training point Y piq and weighted by ŵxpXpiqq:

f̂Y |X“xpyq “

|Dtrain|
ÿ

i“1
ŵxpXpiqq ¨ N py;Y piq, σ2Idq,

where σ is a hyperparameter. Besides σ, hyperparameters include the minimum node size, the
number of trees, and the splitting criterion.

Normalizing Flows (NFs)

NFs (Papamakarios et al., 2021) provide a powerful and flexible method for modeling complex
distributions over continuous random variables. A conditional NF is defined as a parameterized
bijection T̂ : Z ˆ X Ñ Y between a latent space Z Ď Rd and an output space Y Ď Rd given an
input x P X . For any y P Y and x P X , the transformation satisfies

T̂ pT̂´1py;xq;xq “ y.

Given x P X , a latent variable Z „ N p0, Idq is mapped to Ŷ “ T̂ pZ;xq. The conditional PDF is
obtained via the change-of-variables formula:

f̂Y |X“xpyq “ fZpT̂´1py;xqq ¨

ˇ

ˇ

ˇ
detp∇yT̂

´1py;xqq

ˇ

ˇ

ˇ
,

where fZ denotes the density of Z and ∇yT̂
´1py;xq “

´

BT̂´1py;xq

By1
, . . . , BT̂´1py;xq

Byd

¯

P Rdˆd is the
Jacobian of T̂´1p¨;xq. In practice, the likelihood is typically computed in log-scale for numerical
stability.

Composition of normalizing flows. In practice, T̂ is built as a composition of K simple
invertible mappings, each with a tractable Jacobian determinant. Let T̂k : Rd ˆ X Ñ Rd be the
k-th transformation. Define the sequence

z0 “ y, zk “ T̂´1
k pzk´1;xq, k “ 1, . . . ,K.

Thus T̂´1 “ T̂´1
K ˝ ¨ ¨ ¨ ˝ T̂´1

1 and equivalently y “ T̂ pzK ;xq. Applying the change-of-variables
formula repeatedly yields

f̂Y |X“xpyq “ fZpzKq ¨

K
ź

k“1

ˇ

ˇ

ˇ
detp∇zk´1 T̂

´1
k pzk´1;xqq

ˇ

ˇ

ˇ
.
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Coupling flows (Dinh et al., 2017) implement T̂k by splitting the index set into two disjoint
subsets A Y B “ rds. We denote by zA and zB the input z indexed by A and B, respectively.
The model uses two NNs

µ̂ : R|A| ˆ X Ñ R|B|, ρ̂ : R|A| ˆ X Ñ R|B|.

and σ̂pzA;xq “ exppρ̂pzA;xqq ensures positive outputs. In an affine coupling layer, the forward
transformation from an input z to an output y is defined as

yA “ zA, yB “ zB d σ̂pzA;xq ` µ̂pzA;xq,

where d denotes elementwise multiplication. The inverse transformation from y to z is

zA “ yA, zB “ pyB ´ µ̂pyA;xqq m σ̂pyA;xq,

where m denotes elementwise division. Because the Jacobian of the inverse transformation is
block-triangular, its determinant simplifies to

ˇ

ˇ

ˇ
detp∇yT̂

´1
k py;xqq

ˇ

ˇ

ˇ
“

ź

iPB

1
σ̂ipyA;xq

.

By alternating the partition and stacking many coupling layers, NFs can model highly flexible
conditional PDFs while maintaining computational efficiency.

Masked autoregressive flows (MAFs) (Papamakarios, Pavlakou, et al., 2017) implement
T̂´1
k as an autoregressive affine transformation. For each coordinate i P rds, the model uses an

autoregressive NN (e.g., MADE, (Germain et al., 2015)) to parameterize

µ̂i : Ri´1 ˆ X Ñ R, ρ̂i : Ri´1 ˆ X Ñ R,

and σ̂ipyăi;xq “ exppρ̂ipyăi;xqq ensures positive outputs. The masking mechanism ensures that
µ̂ipyăi;xq and σ̂ipyăi;xq depend only on the preceding coordinates yăi “ py1, . . . , yi´1q and the
conditioning variable x.

The inverse transformation for each coordinate is then

zi “
yi ´ µ̂ipyăi;xq

σ̂ipyăi;xq
, i “ 1, . . . , d.

The forward transformation T̂ , from z to y, is obtained by inverting the expression above:

yi “ zi ¨ σ̂ipyăi;xq ` µ̂ipyăi;xq, i “ 1, . . . , d.

This computation is sequential, as calculating yi requires the values of y1, . . . , yi´1.

Since this mapping is triangular in y, the Jacobian of T̂´1
k is also triangular, which makes the

determinant computation efficient:

ˇ

ˇ

ˇ
detp∇yT̂

´1
k py;xqq

ˇ

ˇ

ˇ
“

d
ź

i“1

1
σ̂ipyăi;xq

.
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Beyond affine transformations, more flexible transformations using splines have been developed
(Durkan et al., 2019; Dolatabadi et al., 2020). A detailed overview of NF architectures can be
found in Papamakarios et al. (2021).

Multivariate quantile function forecasters (MQF2) (Kan et al., 2022) are a generalization
of QFs to multivariate outputs. Given x P X , MQF2 satisfies the property of cyclical monotonicity,
defined as

pT̂ pz;xq ´ T̂ pz1;xqqJpz ´ z1q ě 0 (2.12)

for any z, z1 P Z. When d “ 1, this reduces to the standard property that the quantile function
is increasing, i.e., T̂ pz;xq ď T̂ pz1;xq if z ă z1. To guarantee the property of cyclical monotonicity,
Kan et al. (2022) define the quantile function as a convex potential flow (C.-W. Huang et al.,
2021).

A convex potential flow parameterizes the bijective transformation T̂ via a strongly convex
potential whose gradient yields the inverse map. Given x P X , let the model define a scalar
potential V̂ : Y ˆ X Ñ R where V̂ p¨;xq is strongly convex for every fixed x. The associated
transformation is the gradient

T̂´1py;xq “ ∇yV̂ py;xq P Rd.

To ensure convexity in y, V̂ p¨;xq is parameterized by an input-convex neural network (ICNN,
Amos et al., 2017). A small quadratic term α

2 ∥y∥
2 enforces strong convexity of V̂ p¨;xq.

Since V̂ p¨;xq is strongly convex, T̂´1p¨;xq is a bijection Y Ñ Z with inverse T̂ p¨;xq. Generating
new conditional samples requires inverting T̂´1p¨;xq. Given z P Z, one recovers T̂ pz;xq as the
unique minimizer of the convex objective

T̂ pz;xq P argmin
yPY

!

V̂ py;xq ´ zJy
)

. (2.13)

Indeed, since V̂ p¨;xq is differentiable and strongly convex, the minimum is attained when

∇y

´

V̂ py;xq ´ zJy
¯

“ 0 ðñ ∇yV̂ py;xq “ z ðñ T̂´1py;xq “ z ðñ y “ T̂ pz;xq. (2.14)

In practice, (2.13) can be solved efficiently with gradient-based convex optimization (e.g., L-BFGS
(Liu and Nocedal, 1989)), and strong convexity ensures convergence to a unique solution.

The Hessian ∇2
yV̂ py;xq is positive definite, with

ˇ

ˇ

ˇ
detp∇yT̂

´1py;xqq

ˇ

ˇ

ˇ
“ detp∇2

yV̂ py;xqq.

One approach to compute this determinant is by explicitly forming the Hessian H “ ∇2
yV̂ py;xq.

Concretely, T̂´1py;xq “ ∇yV̂ py;xq is first evaluated with a single forward pass and backpropaga-
tion, and then the Hessian is formed as

˜

BT̂´1py;xq

By1
, . . . ,

BT̂´1py;xq

Byd

¸

P Rdˆd,
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requiring d additional backpropagations. Finally, the determinant can be computed explicitly
in Opd3q. Hence, the overall computational complexity is O

`

dCbackprop ` d3
˘

where Cbackprop
denotes the cost of a single backpropagation. This brute-force approach is practical for small d
but becomes prohibitive as d grows; more efficient strategies for large d are discussed in C.-W.
Huang et al. (2021).

This approach is closely related to the optimal transport theory. With a sufficiently expressive
ICNN, the learned map T̂´1p¨;xq can approximate the optimal transport map that pushes the
conditional distribution PY |X“x to the latent distribution PZ while minimizing the average
squared Euclidean distance

ş

Y }y ´ T̂´1py;xq}22 dPY |X“xpyq. Brenier’s theorem states that for
distributions on Rd, such an optimal map is unique and is given by the gradient of a convex
function. The potential V̂ p¨;xq learned by the model serves as an approximation of this convex
function.

Flow Matching (FM)

Flow matching (FM, Lipman et al., 2022) is a recent generative modeling paradigm which has
rapidly been gaining popularity. The key motivation behind FM is to combine the strengths of
normalizing flows (NFs) and diffusion models while alleviating their main limitations. NFs enable
exact likelihood estimation and efficient sampling but often suffer from limited expressiveness due
to architectural constraints. Diffusion models, on the other hand, offer remarkable expressiveness
and stability but typically require slow iterative sampling and do not provide tractable likelihoods.
FM addresses these issues by framing generative modeling as the learning of a continuous-time
flow that transports noise to data, enabling both efficient training and fast sampling while
retaining theoretical connections to likelihood-based methods.

Given x P X , we model the conditional predictive PDF f̂Y |X“x using a transformation defined
by the ordinary differential equation (ODE) dỹ

dt “ v̂ pt, ỹ, xq, with a NN-parameterized vector
field v̂ : r0, 1s ˆ Y ˆ X Ñ Y. Training uses the linear interpolant between latent z „ N p0, Iq

and data y „ fY |X“x,
ỹptq “ p1 ´ tq z ` ty,

whose target velocity is constant w.r.t. t:

d

dt
ỹptq “ y ´ z.

The FM objective is
min
v̂

E }v̂ pt, p1 ´ tqZ ` tY,Xq ´ pY ´ Zq}
2 (2.15)

where the expectation is over t „ U p0, 1q, pX,Y q „ PX,Y , and Z „ N p0, Iq. After training,
forward numerical integration generates samples from f̂Y |X“x (Chen et al., 2018):

T̂ pz;xq “ ỹ p1q “ z `

ż 1

0
v̂ pt, ỹ ptq , xq dt, ỹ p0q “ z. (2.16)

Reverse-time integration encodes y into its latent z:

T̂´1 py;xq “ ỹ p0q “ y `

ż 0

1
v̂ pt, ỹ ptq , xq dt, ỹ p1q “ y. (2.17)
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For y P Y, set z “ T̂´1 py;xq. The log-likelihood follows from the instantaneous change-of-
variables formula along the unique ODE path ỹ ptq with ỹ p0q “ z and ỹ p1q “ y:

log f̂Y |X“xpyq “ log fZ pzq ´

ż 1

0
Tr p∇ỹv̂ pt, ỹ ptq , xqq dt. (2.18)

The trace of the Jacobian can be computed using d backpropagations, which can be prohibitive
if d is large. It can also be efficiently approximated using Hutchinson’s estimator:

Tr p∇ỹv̂ pt, ỹ ptq , xqq “ Eϵ„N p0,Iq

“

ϵJ p∇ỹv̂ pt, ỹ ptq , xqq ϵ
‰

«
1
K

K
ÿ

k“1
ϵJ
k p∇ỹv̂ pt, ỹ ptq , xqq ϵk, (2.19)

with independent ϵk „ N p0, Iq, which enables practical likelihood computation.

2.3. Scoring Rules

Scoring rules (Gneiting and Raftery, 2007; Waghmare and Ziegel, 2025) provide a means to
evaluate predictive distributions. Proper scoring rules were first developed in meteorology as
tools to evaluate probabilistic forecasts. The quadratic score introduced by Brier (1950) and
McCarthy’s (1956) formalization of propriety laid the foundation for ensuring that forecasters
were incentivized to state their true beliefs. General characterizations were later provided by
Hendrickson and Buehler (1971) and Gneiting and Raftery (2007) establishing proper scoring
rules as a central concept in statistical theory. Since then, the framework has been expanded
beyond meteorology into fields such as economics, where it is used for belief elicitation (Schotter
and Trevino, 2014) and machine learning, where it defines principled loss functions (Kan et al.,
2022; Si et al., 2023; Shao et al., 2024; De Bortoli et al., 2025).

Today, proper scoring rules serve two main purposes: estimation and evaluation. On the
estimation side, minimizing proper scoring rules generalizes maximum likelihood estimation.
On the evaluation side, proper scoring rules provide a scalar measure of predictive accuracy
by evaluating predictive distributions against observed outcomes. They are widely applied in
domains ranging from weather and energy forecasting to finance and epidemiology, where they
provide principled means to compare predictive performance (Gneiting and Katzfuss, 2014).

For conciseness, in this section, unless mentioned otherwise, we restrict ourselves to unconditional
distributions over the outcome Y . Furthermore, we omit the index Y , i.e., P “ PY , P̂ “ P̂Y ,
F “ FY , etc. Let R̄ denote the extended real line RY t´8,`8u. Given a predictive distribution
P̂ P PpYq and a realization y „ P , a scoring rule S returns a real number SpP̂ , yq P R̄. The
expected value of a scoring rule w.r.t. the true distribution is denoted

SpP̂ , P q “ E
”

SpP̂ , Y q

ı

“

ż

Y
SpP̂ , yqP pdyq. (2.20)

Note that we use S to denote both the scoring rule and its expectation; the arguments of the
function disambiguate between the two. Following the ML literature, we treat scoring rules as
loss functions, implying that their expected value (also known as the risk function) should be
minimized.



24 Chapter 2. Background

Propriety. A commonly desired property of a scoring rule is propriety (and, more strongly,
strict propriety). A scoring rule is proper if

SpP, P q ď SpP̂ , P q, (2.21)

for any P̂ P PpYq. It is strictly proper if, additionally, SpP, P q “ SpP̂ , P q implies P̂ “ P .

Example 2. In ML, the most commonly used strictly proper scoring rule is the NLL, also known
as logarithmic score, given by SpP̂ , yq “ ´ log f̂pyq.

In practice, for a dataset D “ tY p1q, . . . , Y p|D|qu the expected value is usually estimated by its
empirical average:

1
|D|

|D|
ÿ

i“1
SpP̂ , Y piqq, (2.22)

which is an unbiased and consistent estimator of SpP̂ , P q. Strictly proper scoring rules allow
comparing predictive distributions P̂1, . . . , P̂M , and the ones with the lowest average score
are considered the most accurate. When used as loss functions, they encourage the model’s
predictions to converge to the true distribution. Estimation using (2.22) is known as optimum
score estimation, with maximum likelihood estimation being a special case when S is the NLL.

Remark. If S is a (strictly) proper scoring rule, c ą 0 is a constant, and ψ : Y Ñ R̄ is any
function, then

S1pP̂ , yq “ cSpP̂ , yq ` ψpyq (2.23)

is minimized by the same P̂ and is thus also (strictly) proper.

2.3.1 Divergence and generalized entropy

Any scoring rule induces a generalized entropy

HpP q “ SpP, P q, (2.24)

which is (strictly) concave on PpYq when S is (strictly) proper (Gneiting and Raftery, 2007). It
also induces a divergence

DpP̂ , P q “ SpP̂ , P q ´HpP q, (2.25)

satisfying DpP̂ , P q ě 0 if S is proper and uniquely minimized at P̂ “ P if S is strictly proper.

By definition,
SpP̂ , P q “ DpP̂ , P q `HpP q. (2.26)

When S is strictly proper, the first term is zero if and only if P̂ “ P . Since this term reflects model
suboptimality, it relates to epistemic uncertainty and Kull and Flach (2015) call it epistemic loss.
The second term only depends on the true distribution P and thus on the inherent uncertainty
in the output. In contrast to the epistemic loss, it is related to aleatoric uncertainty.

In practice, only the predictive distribution P̂ is known. It serves as the basis for estimating the
properties of the true distribution P , including its inherent aleatoric uncertainty. Decreasing
DpP̂ , P q can then be interpreted both as decreasing epistemic uncertainty, and improving the
estimation of aleatoric uncertainty.
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2.3.2 Well-Known Strictly Proper Scoring Rules

Many scoring rules have been designed for both classification and regression problems, that is,
for discrete and continuous distributions. In this thesis, we focus on scoring rules for continuous
distributions. Well-known strictly proper scoring rules (Gneiting and Raftery, 2007) for continuous
distributions are presented in Table 2.1.

Uncertainty representation requirements. Scoring rules can depend on various represen-
tations of the predictive distribution P̂ . The NLL (Good, 1952), quadratic score (QS, Brier,
1950) and pseudospherical score (PSS, Good et al., 1971) require a predictive PDF f̂ . The
continuous ranked probability score (CRPS, Matheson and Winkler, 1976) has two equivalent
definitions in terms of the CDF F̂ or QF Q̂. The QF version of the CRPS uses the check
function ραpuq “ u ¨ pα´ 1pu ă 0qq. The kernel score (KS, Gneiting and Raftery, 2007) requires
independent samples Ŷ , Ỹ „ P̂ from the predictive distribution. The Hyvärinen score (HS,
Hyvärinen, 2005) depends on the Laplace operator ∆gpyq “

řd
i“1

B2gpyq

By2
i

. The CRPS is only
compatible with univariate outcomes (d “ 1) while the others are compatible with multivariate
outcomes (d ě 1).

Conditions for strict propriety. Under technical measure-theoretic constraints detailed in
Gneiting and Raftery (2007), the NLL, QS and CRPS are strictly proper. The HS is also strictly
proper (Hyvärinen (2005)). The PSS is strictly proper when γ ą 1. When γ “ 2, the PSS is
known as the spherical score (SS). When γ Ñ 1, the PSS tends to the NLL. The KS is strictly
proper when k : Y ˆ Y Ñ R is positive definite and universal (Gretton et al., 2012). When
kpy, y1q “ ´∥y ´ y1∥β with β P p0, 2q, the KS is known as the energy score (ES). The ES is equal
to the CRPS when β “ 1 and d “ 1.

Divergence and generalized entropy. Table 2.1 also details the divergence and generalized
entropy (introduced in Section 2.3.1) of each scoring rule. For the NLL, the divergence is the KL
divergence:

DpP̂ , P q “ DKL
´

P
›

›

›
P̂
¯

“ E
”

log fpY q ´ log f̂pY q

ı

(2.27)

and the entropy is the differential entropy.

For the HS, the divergence is the Fisher divergence:

DpP̂ , P q “ DF
´

P̂
›

›

›
P
¯

“ 1
2E

”

}∇ log fpY q ´ ∇ log f̂pY q}2
ı

. (2.28)

For the KS, the divergence is the squared Maximum Mean Discrepancy (MMD) with kernel k:

MMD2
kpP̂ , P q “ EŶ ,Ỹ„P̂

”

kpŶ , Ỹ q

ı

` EY 1,Y 2„P

“

kpY 1, Y 2q
‰

´ 2EŶ„P̂ ,Y 1„P

”

kpŶ , Y 1q

ı

. (2.29)

Given a reproducing kernel Hilbert space (RKHS) Hk, another common equivalent definition for
the MMD is the following:

MMDkpP̂ , P q “ sup
}g}Hk

ď1

!

EŶ„P̂ rgpŶ qs ´ EY 1„P rgpY 1qs

)

. (2.30)
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Table 2.1: Well-known strictly proper scoring rules with their associated divergence and general-
ized entropy.

Scoring rule SpP̂ , yq Divergence DpP̂ , P q Gen. entropy HpP q

NLL ´ log f̂pyq DKL
´

P
›

›

›
P̂
¯

´Erlog fpY qs

QS ∥f̂∥22 ´ 2f̂pyq
ş

Ypf̂pyq ´ fpyqq2dy ´∥f∥22
PSS ´f̂pyqγ´1{∥f̂∥γ´1

γ ∥f∥γ´
ş

Y fpyqf̂pyqγ´1dy{∥f̂∥γ´1
γ ´∥f∥γ

CRPS
ş

YpF̂ pzq ´ 1pz ě yqq2dz
ş

YpF̂ pyq ´ F pyqq2dy
ş

Y F pyqp1 ´ F pyqqdy

CRPS 2
ş1
0 ραpy ´ Q̂pαqqdα 2

ş1
0 ErραpY´Q̂pαqq´ραpY´Qpαqqsdα 2

ş1
0
`

α ´ 1
2
˘

Qpαqdα

HS ∆ log f̂pyq ` 1
2}∇ log f̂pyq}2 DF

´

P̂
›

›

›
P
¯

´1
2Er}∇ log fpY q}2s

KS E
Ŷ ,Ỹ„P̂

rkpŶ , Ỹ q ´ 2kpŶ , yqs MMD2
kpP̂ , P q ´E

Y 1,Y 2„P
rkpY 1, Y 2qs

Computational considerations. The computational cost for a strictly proper scoring rule
can vary widely. When f̂ is available, the NLL is practical as it only requires one evaluation
of the predictive PDF. The QS, CRPS, and PSS all require evaluating an integral, which can
require numerical approximations. The HS requires evaluating the Laplacian of log f̂pyq, which in
the general case requires running backpropagation d times, which does not scale well. Denoising
score matching (Vincent, 2011) provides an efficient approximation. The KS typically requires
approximating the expectations E

”

kpŶ , Ỹ q

ı

and E
”

kpŶ , yq

ı

based on samples. However, closed-
form expressions often exist, avoiding potentially costly and imprecise numerical approximations.

Illustrative example for Gaussian mixtures. To accurately compare the strictly proper
scoring rules presented in Table 2.1, we derived closed-form expressions for the QS, SS (i.e.,
PSS with γ “ 2), HS, and KS with an RBF kernel in the context of multivariate Gaussian
mixture predictions. These expressions, which we did not find in the literature, are detailed
in Section B.1 along with their computational complexities. Overall, the HS and NLL are the
fastest to evaluate. As an illustrative example, Figure 2.5 shows the predictions of a MDN with 3
mixture components trained with each of these scoring rules on a synthetic dataset (d “ p “ 1).
In each case, we keep the same architecture and only vary the loss function. The training dataset
is shown as black dots and the conditional predictive PDF is shown as orange shades. In this
specific example, the NLL, QS, and SS are able to capture the true distribution quite precisely,
except that the PDF is too high in certain areas. The PDF of the HS is slightly worse because
it does not capture the upper mode well. KS-RBF provides the worst PDF because it does
not capture the true uncertainty correctly for both low- and high-uncertainty regions. This
example illustrates that, while strictly proper scoring rules are theoretically guaranteed to be
minimized by the true distribution, the predicted and true distribution empirically differ with
varying degrees.

Practical recommendations. There is no universally best strictly proper scoring rule; the
choice depends on the task, the available representation of P̂ , and computational constraints.
While minimizing strictly proper scoring rules under suitable conditions converges to the true
distribution, in practice a scoring rule S emphasizes different statistical properties depending on
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Figure 2.5: Example of predictive PDFs produced by a MDN trained using various strictly proper
scoring rules.

its associated divergence D.

The most immediate constraint is the form in which the predictive distribution P̂ is available:

• If f̂ can be evaluated efficiently, the NLL is a natural and computationally cheap choice.
The HS is another possibility, and is uniquely suited for energy-based models, where the
PDF is known only up to a constant (Gustafsson et al., 2020).

• For univariate predictions, if F̂ or Q̂ is available, the CRPS is a common choice. It does
not require a PDF and is well-defined for discrete, continuous or mixed distributions.

• If only samples tŶiu
K
i“1 „ P̂ are available, the KS is a possibility.

H. Du (2021) argues that the NLL should be prioritized due to its unique properties. The NLL
is the only strictly proper scoring rule that is local, meaning its value only depends on f̂pyq

(or p̂pyq), the density (or mass) assigned to the actual outcome. As a consequence, it has a
direct interpretation related to information theory, and it can be shown that it ranks models
consistently under any bijective transformation of Y .

H. Du (2021) also recommend that non-local scoring rules should be used with more caution than
the NLL. In particular, Pinson and Tastu (2013) find that the energy score is highly sensitive to
errors in the mean but can have poor discrimination ability for errors in the scale or multivariate
dependence structure.

Buchweitz et al. (2025) show that the NLL, CRPS, QS, SS and ES penalize underestimating or
overestimating a given parameter of the target distribution (such as the scale) in different ways,
giving insights on what they incentivize.
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Overall, since each scoring rule provides a different, incomplete summary of the predictive
distribution quality, relying on a single score can be misleading. A more robust evaluation
strategy is to report a small set of complementary scores. This provides a multi-faceted view of
the model’s performance.

2.4. Calibration

While training with strictly proper scoring rules encourages accurate predictions, it does not
guarantee that the resulting predictions are reliable or calibrated, i.e., statistically aligned with
the true distribution of the observations (Gneiting et al., 2007). This issue is particularly relevant
under limited data or model misspecification, and it has gained renewed attention with the
observation that modern neural network classifiers are often systematically miscalibrated and
overconfident (Guo et al., 2017).

Calibration is inherently multi-faceted; no single universal definition exists. Instead, several
notions have been proposed, each with distinct theoretical and practical trade-offs. A minimal
requirement is that an ideal model (the oracle that predicts the true data-generating distribution)
satisfies the notion. In this section, we focus on calibration notions and calibration methods
for regression, with emphasis on probabilistic calibration and its multivariate generalization,
pre-rank calibration.

2.4.1 Unconditional Calibration Notions

Following the framework of Marx et al. (2023), we define unconditional calibration notions as
properties that can be expressed as the equality in distribution between two random variables: a
predictive variable that depends on the model’s prediction, and a target variable that does not.
Table 2.2 lists several notions considered below.

Table 2.2: Unconditional calibration notions (with U „ Up0, 1q standard uniform).

Calibration notion Dimension Predictive variable Target variable

Probabilistic calibration d “ 1 F̂Y |XpY q U
Pre-rank calibration d ě 1 FĜ|XpGq U

HDR-calibration d ě 1 HPDf̂Y |X
pY q U

Marginal calibration d ě 1 Ŷ Y

Probabilistic calibration (Gneiting et al., 2007) is a fundamental calibration notion for single-
output regression (d “ 1). It builds on the probability integral transform (PIT). Recall that FY |X

is a CDF-valued random variable whose value depends on X. Assuming FY |X“x is continuous
for any x P X , the PIT states

FY |XpY q „ Up0, 1q. (2.31)

Proof. Consider the random variable Ũ “ FY |XpY q and u P r0, 1s. We can show that Ũ is
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uniformly distributed on r0, 1s:

FŨ puq “ P
`

FY |XpY q ď u
˘

“ E
“

P
`

FY |XpY q ď u | X
˘‰

(Law of total expectation)
“ E

“

P
`

Y ď QY |Xpuq | X
˘‰

(Invertibility of FY |X)
“ E

“

FY |XpQY |Xpuqq
‰

“ Erus

“ u.

Definition 1 (Probabilistic calibration). A model is probabilistically calibrated if its predictive
CDF satisfies

F̂Y |XpY q „ Up0, 1q. (2.32)

This property is also sometimes called quantile calibration in the literature (Kuleshov et al., 2018).
To better understand this fundamental property, we also consider equivalent characterizations.
In terms of the predictive QF Q̂,

P
´

Y ď Q̂Y |Xpαq

¯

“ α @α P r0, 1s, (2.33)

i.e., all quantile levels are calibrated. Equivalently, all predictive intervals are calibrated:

P
´

Q̂Y |Xpα1q ď Y ď Q̂Y |Xpα2q

¯

“ α2 ´ α1 @α1, α2 P r0, 1s with α1 ď α2. (2.34)

The following definition, closer to the definition of Gneiting et al. (2007), is equivalent to
probabilistic calibration and, assuming X is finite, allows an exact computation in the oracle
setting (i.e., pX and FY |X are known):

EX
”

FY |XpQ̂Y |Xpαqq

ı

“
ÿ

xPX
pXpxqFY |X“xpQ̂Y |X“xpαqq “ α @α P r0, 1s. (2.35)

By introducing a random variable U „ Up0, 1q, probabilistic calibration can be generalized to
non-continuous distributions:

F̂Y |XpY´q ` U ¨ pF̂Y |XpY q ´ F̂Y |XpY´qq „ Up0, 1q. (2.36)

where F̂Y |Xpy´q “ limy1Òy F̂Y |Xpy1q denotes the left-hand limit. This definition handles discrete
values by randomly distributing the probability mass at each discrete point over the corresponding
vertical jump in the step-wise CDF, ensuring the PIT is uniformly distributed. However, since
we focus on continuous predictive distributions, this more general definition is not necessary in
this thesis.

Pre-rank calibration (Allen et al., 2024) generalizes probabilistic calibration to multi-output
regression (d ě 1). Consider a function g : X ˆ Y Ñ R, which we call pre-rank, that projects
input-output pairs to a real value, and set G “ gpX,Y q. Assuming FG|X“x is continuous for any
x P X , by the PIT,

FG|XpGq „ Up0, 1q. (2.37)
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Definition 2 (Pre-rank calibration). Let Ŷ „ P̂Y |X and the corresponding pre-rank variable
Ĝ “ gpX, Ŷ q. A model is pre-rank calibrated w.r.t. the pre-rank g if

FĜ|XpGq „ Up0, 1q. (2.38)

For single-output regression with gpx, yq “ y, pre-rank calibration reduces to probabilistic
calibration because FĜ|XpGq “ F̂Y |XpY q. But in the general case, for a fixed x P X , FĜ|X“x
needs to be estimated, usually using sampling:

FĜ|X“xpGq «
1
K

K
ÿ

i“1
1pĜpiq ď Gq, (2.39)

where Ŷ p1q, . . . , Ŷ pKq „ P̂Y |X“x and Ĝpiq “ gpx, Ŷ piqq.

A notable property of pre-rank calibration is that it is invariant under strictly monotone
transformations of the pre-rank.

Proposition 1 (Invariance of pre-rank calibration under monotone transformations). Consider a
strictly increasing or decreasing function t : R Ñ R. The model is pre-rank calibrated w.r.t. g if
and only if it is pre-rank calibrated w.r.t. t ˝ g.

Proof. Since the model is pre-rank calibrated, FĜ|XpGq „ Up0, 1q. If t is strictly increasing,
then FtpĜq|XptpGqq “ FĜ|XpGq „ Up0, 1q. If t is strictly decreasing, then FtpĜq|XptpGqq “

1 ´ FĜ|XpGq „ Up0, 1q. In both cases the result is uniform on r0, 1s. Using similar arguments,
the converse is true.

In order to interpret multivariate predictions under multiple angles, Allen et al. (2024) proposed
several pre-ranks, such as the mean gpx, yq “ µy “ 1

d

řd
i“1 yi, the variance gpx, yq “ σ2y “

1
d

řd
i“1pyi ´ µyq2 or a variogram-based pre-rank to measure the dependence among dimensions

gpx, yq “ ´
γyphq

σ2
y

with γyphq “ 1
2pd´hq

řd´h
j“1 |yj ´ yj`h|2. They note that every scoring rule is also

a valid pre-rank.

HDR-calibration is a notable special case of pre-rank calibration.

Definition 3 (HDR-calibration). A model is HDR-calibrated (Y. Chung et al., 2024) if it is
pre-rank calibrated w.r.t. the pre-rank gpx, yq “ f̂Y |X“xpyq.

By Proposition 1, it equivalently corresponds to pre-rank calibration w.r.t. the log-likelihood
gpx, yq “ log f̂Y |X“xpyq or the NLL gpx, yq “ ´ log f̂Y |X“xpyq.

The name originates from highest density regions (HDRs, Hyndman, 1996). The HDR w.r.t.
f̂Y |X“x at level 1 ´ α corresponds to the set of values with the highest density such that
Ŷ „ P̂Y |X“x has a probability of at least 1 ´ α to be in the set:

HDRf̂Y |X“x
p1 ´ αq “ ty P Y : f̂Y |X“xpyq ě t1´αu

where t1´α “ suptt : Ppf̂Y |XpŶ q ě t | X “ xq ě 1 ´ αu.
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Assuming FĜ|X“x is bijective, the threshold t1´α can be equivalently written as a function of the
conditional QF of Ĝ:

t1´α “ suptt : PpĜ ě t | X “ xq ě 1 ´ αu (2.40)
“ suptt : FĜ|X“xptq ď αu (2.41)
“ QĜ|X“xpαq, (2.42)

where we use the definition of the upper quantile function in the last step.

An important concept related to the HDR is the highest predictive density (HPD; Box and Tiao
(1992)), defined as

HPDf̂Y |X“x
pyq “ 1 ´ FĜ|X“xpf̂Y |X“xpyqq. (2.43)

For all y P Y, the HPD is involved in the following equivalence:

y P HDRf̂Y |X“x
p1 ´ αq ðñ f̂Y |X“xpyq ě QĜ|X“xpαq (2.44)

ðñ FĜ|X“xpf̂Y |X“xpyqq ě α (2.45)
ðñ HPDf̂Y |X“x

pyq ď 1 ´ α. (2.46)

By definition, the HDR satisfies PpŶ P HDRf̂Y |X“x
p1 ´ αq | X “ xq ě 1 ´ α for all x P X .

This property only depends on the predictive density f̂Y |X“x and not on the true conditional
distribution PY |X .

In contrast, HDR-calibration requires

PpY P HDRf̂Y |X
p1 ´ αqq “ PpHPDf̂Y |X

pY q ď 1 ´ αq “ 1 ´ α, (2.47)

which depends on the true conditional distribution PY |X .

Definition 4 (Marginal calibration). A model is marginally calibrated (Gneiting et al., 2007) if
the marginal distribution of the predictive variable Ŷ matches the marginal distribution of the
true outcome variable Y , i.e.,

Y
d.
“ Ŷ , (2.48)

with d.
“ denoting equality in distribution.

In the literature, marginal calibration has received less attention than probabilistic calibration.
A notable exception is the copula-based approach proposed by N. Klein et al. (2021). This
calibration notion, originally proposed for single-output regression (Gneiting et al., 2007), is
directly generalizable to multi-output regression. However, in contrast to pre-rank calibration, it
becomes more challenging to assess and visualize for large output dimensions d.

Gneiting and Resin (2023) provide a unified framework for assessing unconditional calibration
w.r.t. a specific functional, T : PpYq Ñ R. A functional is a property of a distribution, such
as its mean, median, a specific quantile, or a specific moment. In contrast to the calibration
notions in Table 2.2 which evaluate probabilistic predictions, this concept allows evaluating point
predictions targeting a specific functional of the ideal distribution.
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The framework is built upon an identification function V : R ˆ R Ñ R, which is associated
with the functional T . It is assumed that V p¨, yq is increasing and left-continuous for any
y P R. This function is designed such that, for any distribution P̂ P PpYq, T pP̂ q P R satisfies
EŶ„P̂ rV pT pP̂ q, Ŷ qs “ 0. In the following, for a concise presentation, we assume that this value
is unique.

Definition 5. A model is unconditionally T-calibrated if

E
”

V pT pP̂Y |Xq, Y q

ı

“ 0. (2.49)

In contrast to other unconditional calibrations considered here, the equality is between two
scalars, not two random variables.

Two prominent examples illustrate this general definition:

• Unconditional mean calibration: If T pP̂ q “ EŶ„P̂

”

Ŷ
ı

is the mean functional, the
corresponding identification function is V px, yq “ x´ y. Unconditional T-calibration for
the mean thus requires E

”

T pP̂Y |Xq

ı

“ EY„PY rY s, which is the standard condition that
predictions are unconditionally unbiased.

• Unconditional quantile calibration: If T pP̂ q “ Q̂pαq is the α-quantile functional, the
corresponding identification function is V px, yq “ 1py ď xq ´ α. In this case, unconditional
T-calibration requires P

´

Y ď T pP̂Y |Xq

¯

“ α. Assuming F̂Y |X“x is continuous for any
x P X , unconditional α-quantile calibration for all α P r0, 1s is probabilistic calibration
(Gneiting and Resin, 2023).

2.4.2 Reliability diagrams

Reliability diagrams are standard tools for visualizing calibration. In the context of probabilistic
and pre-rank calibration, they plot the empirical CDF of the predictive variable against its
theoretical uniform target. For a perfectly calibrated model, the curve aligns with the diagonal,
representing the identity function.

Figure 2.6 illustrates these diagrams for five simple predictive PDFs (first panel) where neither the
true nor the predictive distributions depend on X. The true distribution is a standard Gaussian
(N p0, 1q), while the predictive distributions are chosen to be overconfident, underconfident,
right-biased, or left-biased. The reliability diagrams (second and third panels) reveal how these
miscalibrations manifest differently for each notion.

For probabilistic calibration, over- and underconfident predictions result in characteristic S-shaped
curves. Biased predictions, in contrast, shift the curve consistently above or below the diagonal.
For HDR-calibration, the patterns differ: overconfidence leads to a curve above the diagonal,
while underconfidence leads to a curve below it. Notably, both left- and right-biased predictions
result in identical curves below the diagonal because the pre-rank depends only on the value of
the predictive density, not the location of the observation.
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Figure 2.6: Panel 1 shows different predictive PDFs f̂Y independent of X, while Panels 2 and 3
are the corresponding reliability diagrams for probabilistic calibration and HDR-calibration. The
true distribution is assumed to be standard Gaussian (N p0, 1q).

2.4.3 Unconditional Calibration Methods

Beyond diagnostics of calibration, calibration methods update the predictive distributions to
improve calibration. Calibration methods can be divided into recalibration methods, which act
after training (i.e., post-hoc), and regularization methods, which act during training. In this
section, we focus on recalibration methods due to their importance in this thesis. Regularization
methods are discussed within their relevant chapters.

Various recalibration methods have been proposed in classification, with Platt scaling (Platt
et al., 1999) and temperature scaling (Guo et al., 2017) being simple and well established. Other
methods include Dirichlet calibration (Kull et al., 2019) and spline-based methods (Gupta et al.,
2021).

In single-output regression, quantile recalibration (QR, Kuleshov et al., 2018) is a simple and
effective method to achieve probabilistic calibration.

Quantile Recalibration (QR)

Let Û “ F̂Y |XpY q, and define the CDF FÛ of Û as the calibration map. QR defines the
recalibrated CDF as F̂ 1 “ FÛ ˝ F̂ . By construction, F̂ 1

Y |XpY q is uniformly distributed over r0, 1s.
Specifically, for any α P r0, 1s:

PpF̂ 1
Y |X ď αq “ PpF̂Y |X ď F´1

Û
pαqq “ FÛ pF´1

Û
pαqq “ α. (2.50)

Algorithm 1 details the recalibration procedure, where the empirical CDF of Û , denoted ΦEMP,
is used as the calibration map. In Chapter 3, we consider differentiable calibration maps, yielding
a recalibrated predictive PDF.

In multi-output regression, the only proposed recalibration method is HDR recalibration (Y.
Chung et al., 2024), which targets HDR calibration. In contrast to QR which yields a CDF and
possibly a PDF (Utpala and Rai, 2020), HDR recalibration can only yield samples from the
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Algorithm 1 Quantile recalibration.
1: Input: Calibration dataset Dcal, base predictor with predictive CDF F̂Y |X , test input xtest.
2: Calibration:
3: for pxpiq, ypiqq P Dcal
4: Ûi Ð F̂Y |X“xpiq

`

ypiq
˘

5: Define ΦEMPpuq “ 1
|Dcal|

ř|Dcal|
i“1 1

´

Ûi ď u
¯

// Calibration map
6: Prediction:
7: Define F̂ 1

Y |X“xtest
“ ΦEMP ˝ F̂Y |X“xtest

8: return recalibrated predictive CDF F̂ 1
Y |X“xtest

recalibrated distribution. Since it creates samples from the recalibration distribution from an
initial pool of samples, it is called sampling-based. Instead of presenting HDR recalibration, we
propose a direct generalization of this method that we call pre-rank recalibration, which targets
pre-rank calibration and is also sampling-based. HDR recalibration is a special case when the
pre-rank is the density gpx, yq “ f̂Y |X“xpyq or a strictly monotone transformation of the density
as in Proposition 1.

Pre-rank Recalibration

Pre-rank recalibration adapts the idea of QR to multi-output settings by operating on a scalar
pre-rank g : X ˆ Y Ñ R. This is achieved by learning a calibration map from calibration data
and then resampling predictions accordingly.

Calibration step. For each calibration pair pXpiq, Y piqq P Dcal, K samples tŶ pk,iquKk“1 are
generated from the model’s predictive distribution P̂Y |X“Xpiq . Each sample is mapped to a
pre-rank

Ĝpk,iq “ g
´

Xpiq, Ŷ pk,iq
¯

,

yielding an empirical estimate of the conditional CDF F̂Ĝ|X“Xpiq . The estimated PIT value of the
observed pre-rank value gpXpiq, Y piqq, which should ideally be uniformly distributed, is defined as

Ûi “ F̂Ĝ|X“Xpiq

´

g
´

Xpiq, Y piq
¯¯

.

The collection tÛiu
|Dcal|
i“1 defines the empirical CDF F̂Û , which will be used as calibration map in

the prediction step.

Prediction step. Given a new input xtest, K samples tŶ pkquKk“1 are drawn from P̂Y |X“xtest ,
with pre-ranks

Ĝpkq “ g
´

xtest, Ŷ
pkq

¯

.

Sorting these values gives an ordered list Ĝpπp1qq ď ¨ ¨ ¨ ď ĜpπpKqq. Pre-rank recalibration resamples
from the set of candidate samples tŶ pkquKk“1 such that their pre-rank approximately becomes
uniformly distributed. More precisely, B bins corresponding to samples with similar pre-ranks



Chapter 2. Background 35

Algorithm 2 Pre-rank recalibration.
1: Input: Calibration dataset Dcal, pre-rank g : X ˆ Y Ñ R, number of samples K, number of

bins B, base predictor with predictive distribution P̂Y |X , test input xtest.
2: Calibration:
3: for pXpiq, Y piqq P Dcal
4: for k “ 1 to K
5: Ŷ pk,iq „ P̂Y |X“Xpiq

6: Ĝpk,iq Ð g
´

Xpiq, Ŷ pk,iq
¯

7: Define F̂Ĝ|X“Xpiqpcq “ 1
K

řK
k“1 1

´

Ĝpk,iq ď c
¯

8: Ûi Ð F̂Ĝ|X“Xpiq

`

g
`

Xpiq, Y piq
˘˘

9: Define F̂Û puq “ 1
|Dcal|

ř|Dcal|
i“1 1

´

Ûi ď u
¯

// Calibration map
10: Prediction:
11: for k “ 1 to K
12: Ŷ pkq „ P̂Y |X“xtest

13: Ĝpkq Ð g
´

xtest, Ŷ pkq
¯

14: Define a permutation π such that Ĝpπp1qq ď ¨ ¨ ¨ ď ĜpπpKqq

15: S 1 Ð H // Initial set of samples
16: for b “ 1 to B
17: nb Ð tKF̂Û p bB qu ´ tKF̂Û p b´1

B qu // Number of resamples
18: if nb ą 0
19: Bb Ð

!Y

Kpb´1q

B

]

` 1, . . . ,
X

Kb
B

\

)

20: Sb Ð tŶ pπpkqqukPBb
// Samples pool

21: tỸ pkqu
nb
k“1 „ PSb

// Resampling with replacement
22: S 1 Ð S 1 Y tỸ pkqu

nb
k“1

23: return recalibrated predictive samples S 1

are created, and the number of resamples nb within each bin is defined by F̂Û . The union of
these resampled subsets forms the set of recalibrated predictive samples S 1. Algorithm 2 details
the exact recalibration procedure.

While effective in attaining pre-rank calibration, this approach has notable drawbacks: (1) it
does not yield a closed-form recalibrated density f̂ 1

Y |X ; (2) duplicate samples may occur due to
resampling; (3) discretization of bins introduces approximation error; and (4) it is computationally
expensive since K candidate samples must be drawn for every recalibrated prediction.

Figure 2.7 shows an example of applying QR and HDR recalibration on a miscalibrated base
predictor (panel 2). For both recalibration methods (panels 3 and 4), we observe that samples
from both methods approach the true distribution (panel 1). Panel 3 also shows the recalibrated
predictive PDF using the kernel density estimation approach in Section 3.5.1.
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Figure 2.7: Example of predictive PDFs for the ideal model (Panel 1), a miscalibrated model
(Panel 2), the quantile recalibrated model (Panel 3) and the HDR recalibrated model (Panel
4). Black dots on the Panel 1 represent the true data, while orange dots on successive panels
represent samples from the respective models. The blue shade on Panel 1 represents the true
PDF while orange shades on Panels 2 and 3 represents predictive PDFs.

2.4.4 Conditional Calibration Notions

Conditional calibration notions generalize unconditional ones to capture stronger forms of
calibration. This section introduces several such notions, emphasizing the key concept of
auto-calibration. Table 2.3 provides a summary of these conditional calibration notions.

Table 2.3: Conditional calibration notions.

Calibration notion Definition

Ideal model P̂Y |X
a.s.
“ PY |X

Auto-calibration P̂Y |X
a.s.
“ PY |P̂Y |X

Conditional T-calibration T pP̂Y |Xq
a.s.
“ T

´

PY |T pP̂Y |Xq

¯

Threshold calibration PpF̂Y |XpY q ď c | F̂Y |Xpy0q ď αq “ c @y0 P Y, α P r0, 1s, c P r0, 1s

Group calibration PY |XPB “ P̂Y |XPB @B P B

Auto-calibration

In essence, auto-calibration (Tsyplakov, 2013) requires the model to be marginally calibrated
conditional on its own predictions. We limit the discussion to an informal presentation, while a
more formal discussion with proofs is provided in Section B.2.

Definition 6 (Auto-calibration). A model P̂ is auto-calibrated (w.r.t. Y ) if the distribution of
Y conditional on P̂ is P̂ , i.e.,

PY |P̂
a.s.
“ P̂ . (2.51)

Intuitively, it implies that the model is truthful in the sense that the predictive uncertainty
reflects the actual uncertainty. While this notion of calibration is strong, it does not imply that
the model is ideal. For example, the marginal distribution of Y , also known as the climatological
forecast P̂ “ PY , is auto-calibrated but not informative.
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Given a model with predictive distribution PY |X , we can produce a unique auto-calibrated version
of this model as follows.

Proposition 2 (Auto-calibrated version of any model). Let P̂ be a conditional distribution and
let P̄ be the distribution of Y conditional on P̂ :

P̄ “ PY |P̂ .

Then P̄ is auto-calibrated w.r.t. Y .

An auto-calibrated model has the interesting property that its average scoring rule is equal to
its average generalized entropy. Thus, the expected score of an auto-calibrated model can be
evaluated from the predictive distribution alone.

Lemma 1 (Sharpness identity for auto-calibrated predictions). Let P̄ be auto-calibrated w.r.t.
Y . Then

ErSpP̄ , Y qs “ ErHpP̄ qs.

A well-known decomposition (DeGroot and Fienberg, 1981; Bröcker, 2009; Kull and Flach, 2015)
involving the auto-calibrated is given by the following theorem.

Theorem 1. Let P̂ be a conditional distribution, P̄ “ PY |P̂ be its auto-calibrated version, and
P be the true conditional distribution. Then,

ErSpP̂ , Y qs “ ErDpP̂ , P̄ qs ` ErDpP̄ , P qs ` ErSpP, Y qs. (2.52)

Kull and Flach (2015) extend this decomposition with a term corresponding to the marginally
calibrated version of P̂ in the context of classification, with added conditions on the specific
scoring rule as a function of the calibration method.

Theorem 1 does not require S to be proper. However, for a proper scoring rule, ErDpP̂ , P̄ qs ě 0,
hence ErSpP̂ , Y qs ě ErDpP̄ , P qs`ErSpP, Y qs “ ErSpP̄ , Y qs. This shows that the auto-calibrated
version of a model, in addition to improving truthfulness, also improves the predictive accuracy
according to any proper scoring rule.

While auto-calibration is a useful property, it is difficult to achieve in practice because the space
of output distributions PpYq can be inherently as complex as the input space X , especially if
d ą 1. Instead of conditioning on the full predictive distribution, various weaker conditions with
varying degrees of achievability have appeared in the literature.

Other conditional calibration notions

Conditional T-calibration (Gneiting and Resin, 2023) simplifies the requirement of auto-calibration
by first projecting the conditional using a functional T : PpYq Ñ R. Threshold calibration (Sahoo
et al., 2021) is discussed in details in Section 2.6. Given pre-defined disjoint bins B “ B1, . . . , Bm,
group calibration (Pleiss et al., 2017) requires the model to be calibrated within each bin.
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Figure 2.8: Example of predictive PDFs given by a group-recalibrated model.

2.4.5 Conditional Calibration Methods

In this section, we briefly discuss existing methods aiming for conditional calibration notions.

Kuleshov and Deshpande (2022) propose a post-hoc method for auto-calibration in single-
output regression. First, the predictive distribution is projected to a low-dimensional space Rd1

using a projection function ψ : PpYq Ñ Rd1 . Then, a conditional calibration map, defined by
RP̂ “ FY |ψpP̂ q

, is estimated using conditional density estimation. If RP̂ is estimated correctly and
ψpP̂ q is sufficiently representative of P̂ , the recalibrated predictive CDF F̂ 1

Y |X “ RF̂Y |X
˝ F̂Y |X

is nearly auto-calibrated. Allen et al. (2025) also proposes an auto-calibration method in
single-output regression, but they rely on binning.

A simple way of achieving group calibration is to apply any recalibration method separately
within each group. The drawback is that the number of calibration points within each group
becomes smaller as the number of groups increases. Figure 2.8 provides an example of applying
QR within either 1, 2, 5 or 20 groups that partition X . This model has been only trained for five
epochs and is thus highly miscalibrated. In this example, it is clear that increasing the number
of groups to 20 improves the quality of the predictive distribution. However, grouping should be
used with caution when the number of calibration points is small.

With the aforementioned calibration methods, we only discussed asymptotic calibration guarantees.
In the next section, we discuss a framework that is weaker in the sense that it produces prediction
sets, and not full predictive distributions, but also stronger in the sense that it provides finite-
sample guarantees. In Chapters 3 and 7, we will also see cases in which calibration methods and
conformal prediction provide the same guarantees.
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2.5. Conformal Prediction

Conformal prediction (CP) is a framework for constructing prediction sets with distribution-free,
finite-sample coverage under the assumption of exchangeability (Vovk et al., 2005; Shafer and
Vovk, 2008; Fontana et al., 2023; Angelopoulos and Bates, 2023; Angelopoulos et al., 2024a).
Given a target miscoverage level α P p0, 1q and a new input x P X , CP produces a prediction set
R̂pxq Ď Y that contains the true outcome y with probability at least 1 ´ α.

Originally introduced by Vladimir Vovk and colleagues in the mid-1990s, CP remained a fairly
niche topic for much of its history, until recently gaining wide attention in the ML community
due to its compatibility with black-box predictors. In Section 2.5.1, we focus on split conformal
prediction (SCP, Papadopoulos et al., 2002), a particularly important variant of CP in ML due
to its better computational efficiency, at the expense of requiring additional data. To provide
an understanding of how SCP can be generalized beyond controlling coverage, we also present
conformal risk control (Angelopoulos et al., 2024b).

2.5.1 Split Conformal Prediction

SCP (Papadopoulos et al., 2002) is a computationally efficient and popular variant of CP. It
follows the simple procedure detailed in Algorithm 3. First, the available data D is divided
into two disjoint subsets: a training set Dtrain and a calibration set Dcal. A base predictor hθ
is obtained by training on Dtrain using a learning algorithm A . This base predictor is then
used to define a conformity score function s : X ˆ Y Ñ R, which measures the agreement
between an input-output pair px, yq. By convention, smaller scores indicate a better fit. The
conformity scores are computed for all points in the calibration set, yielding a set of scores
Scal “ tspxcal, ycalq | pxcal, ycalq P Dcalu. The threshold q̂ is then set as the rp|Dcal| ` 1qp1´αqs-th
smallest value in Scal Y t`8u. For a new input x, the prediction set is formed by all possible
outputs y whose conformity score does not exceed this threshold:

R̂pxq “ ty P Y : spx, yq ď q̂u. (2.53)

Algorithm 3 Split Conformal Prediction (SCP).
1: Input: Dataset D, miscoverage level α, learning algorithm A , conformity score function s,

test input x.
2: Calibration:
3: Dtrain,Dcal Ð Split D
4: hθ Ð A pDtrainq

5: Scal Ð tspxcal, ycal;hθq | pxcal, ycalq P Dcalu // We omit hθ in the following.
6: kα Ð rp|Dcal| ` 1qp1 ´ αqs

7: q̂ Ð kαth smallest value in the set Scal Y t`8u

8: Prediction:
9: R̂pxq Ð ty P Y | spx, yq ď q̂u

10: return R̂pxq
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2.5.2 Marginal Coverage Guarantee

The marginal coverage guarantee of SCP hinges on the assumption of exchangeability.

Definition 7 (Exchangeability). A finite sequence of random variables pZ1, . . . , Znq is exchange-
able if its joint probability distribution is invariant under any permutation of the indices. That
is, for any permutation π,

Z1, . . . , Zn
d.
“ Zπp1q, . . . , Zπpnq. (2.54)

Informally, this means the order of the data points carries no information. A sufficient condition
for exchangeability is that the data points are drawn independently and identically distributed
(i.i.d.), and a necessary condition is that the data points are identically distributed. Marginal
coverage ensures that, on average, the generated prediction sets will contain the true outcome
with the desired probability.

Theorem 2 (Marginal Coverage). If the input-output pair pX,Y q and the data points in Dcal
are drawn exchangeably, then the prediction set R̂pXq from SCP satisfies:

PpY P R̂pXqq ě 1 ´ α, (2.55)

where the probability is taken over the joint distribution of pX,Y q and Dcal.

This result is powerful because it holds regardless of the underlying data distribution, the choice
of model hθ, or the conformity score, as long as the exchangeability assumption is met. A proof
is provided in Angelopoulos and Bates (2021).

Tightness of the marginal coverage. The guarantee in (2.55) averages over the randomness
of both the input-output pair pX,Y q and the calibration set Dcal. It is natural to ask about the
distribution of the coverage for a fixed calibration set. In this case, the coverage is a random
variable whose distribution can be precisely characterized.

Theorem 3. Let kα “ rp1 ´ αqp|Dcal| ` 1qs. If the input-output pair pX,Y q and the data points
in Dcal are drawn i.i.d., assuming no ties among conformity scores, the coverage conditional on
the calibration set Dcal follows a Beta distribution:

PpY P R̂pXq | Dcalq „ Betapkα, |Dcal| ` 1 ´ kαq. (2.56)

This result, visualized in Figure 2.9a, shows that the coverage conditional on Dcal is concentrated
around 1 ´ α, and this concentration tightens as |Dcal| increases. A proof is provided in
Angelopoulos et al. (2024a).

Tightness of the empirical marginal coverage. In practice, marginal coverage is often
evaluated empirically on a finite test set Dtest:

|Dtest|
´1

ÿ

pXpiq,Y piqqPDtest

1pY piq P R̂pXpiqqq. (2.57)

Conveniently, the distribution of the empirical marginal coverage can also be characterized
precisely.
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Figure 2.9: Distribution of the marginal coverage of any SCP method.

Theorem 4. Let kα “ rp1 ´ αqp|Dcal| ` 1qs. If the input-output pair pX,Y q and the data points
in Dcal are i.i.d., assuming no ties among conformity scores,

ÿ

pXpiq,Y piqqPDtest

1pY piq P R̂pXpiqqq „ BetaBinomp|Dtest|, kα, |Dcal| ` 1 ´ kαq. (2.58)

As shown in Figure 2.9b, this concentration tightens as both the size of the calibration and test
sets, |Dcal| and |Dtest|, increase. A proof is provided in Angelopoulos and Bates (2021).

2.5.3 Desired Properties of Prediction Sets

While marginal coverage is guaranteed, two other properties are highly desirable for prediction
sets to be useful in practice.

Conditional coverage. Ideally, the prediction set should achieve conditional coverage at the
level 1 ´ α, i.e.,

PpY P R̂pXq | Xq ě 1 ´ α (2.59)
holds almost surely. Intuitively, this ensures the guarantee holds uniformly across different
regions of the input space, preventing the method from being overconfident for some inputs
and underconfident for others simply to satisfy marginal coverage. This is a much stronger
requirement than marginal coverage (2.55), and as Foygel Barber et al. (2021b) demonstrate, it is
impossible to achieve without making additional assumptions about the data-generating process.

Sharpness. Beyond coverage, prediction sets should be sharp: as small (or informative) as
possible subject to the coverage constraint. A trivial method that always returns Y attains
100% coverage but is useless. Sharpness is typically measured by the expected size E

”

|R̂pXq|

ı

.
Meaningful sharpness comparisons must always be paired with a verification of coverage (at least
marginal, ideally conditional).
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Figure 2.10: Example of prediction sets produced by conformal methods. The black, green and
yellow regions represent coverage levels 20%, 50% and 80%, respectively.

2.5.4 Conformal Prediction Methods

The choice of conformity score s is central to the performance of conformal prediction methods.
Different scores correspond to different ways of quantifying the agreement between a candidate
label y and the input x, and lead to different prediction sets R̂pxq via (2.53). For single-
output regression, several well-established conformity scores have been proposed, summarized in
Table 2.4.

Table 2.4: Well-known conformity scores for single-output regression (Y “ R).

Method Conformity score spx, yq Prediction set R̂pxq

AR |y ´ µ̂pxq| rµ̂pxq ´ q̂, µ̂pxq ` q̂s

CQR maxtQ̂Y |X“xpαloq ´ y, y ´ Q̂Y |X“xpαhiqu rQ̂Y |X“xpαloq ´ q̂, Q̂Y |X“xpαhiq ` q̂s

DCP
ˇ

ˇ

ˇ
F̂Y |X“xpyq ´ 1

2

ˇ

ˇ

ˇ
rF̂´1

Y |X“x
p´q̂ ` 1{2q , F̂´1

Y |X“x
pq̂ ` 1{2qs

HPD-split HPDf̂Y |X“x
pyq HDRf̂Y |X“x

pq̂q

Absolute Residuals (AR). The AR approach (Vovk et al., 2005) builds prediction sets by
calibrating deviations from a point predictor µ̂pxq. It can perform well when residuals are roughly
symmetric and homoscedastic but it does not adapt to skewness or heteroskedasticity.

Conformalized Quantile Regression (CQR). CQR (Romano et al., 2019) adapts to
skewness and heteroskedasticity and thus typically yields tighter sets than AR, provided the
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quantile estimates are sufficiently well estimated. In case quantiles cross, i.e., Q̂Y |X“xpαloq ´ q̂ ą

Q̂Y |X“xpαhiq ` q̂, the interval is empty.

Distributional Conformal Prediction (DCP). DCP (Chernozhukov et al., 2021) relies on
a predictive CDF and, similarly to CQR, adapts to skewness and heteroskedasticity. Compared
to CQR, it avoids quantile crossing.

Conformalized Highest Density Region (HPD-Split). HPD-split (Izbicki et al., 2022)
relies on a predictive PDF and uses the HPD, defined in (2.43), as conformity score. Compared
to previous methods, since it returns superlevel sets of the PDF, it can produce non-connected
sets and adapt to multimodality.

2.5.5 Conformal Risk Control

Beyond miscoverage, one can control the expected value of a task-specific loss over prediction
sets. Multiple approaches have been proposed, including learn then test (Angelopoulos et al.,
2025), risk-controlling prediction sets (Bates et al., 2021), and conformal risk control (CRC,
Angelopoulos et al., 2024b). In this section, we focus on CRC, which is a generalization of SCP.

Consider the task of producing a prediction set over a space Y 1, which can be different from
Y. Let l : 2Y 1

ˆ Y Ñ p´8, Bs be an upper-bounded loss that evaluates a prediction set over Y 1

compared to an output in Y . We consider a nested family of sets indexed by a scalar λ P Λ Ď R,
built from the conformity score s : X ˆ Y 1 Ñ R:

R̂λpxq “ ty1 P Y 1 : spx, y1q ď λu, (2.60)

so that larger λ yields larger (more conservative) sets. Define, for pXpiq, Y piqq P Dcal, the loss
functions

Lipλq “ l
`

R̂λpXpiqq, Y piq
˘

, i “ 1, . . . , |Dcal|, (2.61)

and the empirical risk R̂calpλq “ 1
|Dcal|

ř|Dcal|
i“1 Lipλq. We assume Lipλq is non-increasing and

right-continuous in λ, and that supλ Lipλq ď B.

Example 3. Consider tumor segmentation for an image of dimension dh ˆ dw. Inputs in X “

r0, 1sdhˆdw correspond to images to segment, while outputs in Y “ 2rdhsˆrdws correspond to the
set of pixels in the segmentation mask. The goal is to create a prediction set over Y 1 “ rdhsˆrdws,
corresponding to the set of pixels that are the most likely to contain the tumor. Given a model
hθ : X Ñ r0, 1sdhˆdw that returns the probability of each pixel to contain a tumor, the conformity
score spx, y1q “ ´hθpxqy1 defines nested prediction sets R̂λpxq “ ty1 P Y 1 : ´hθpxqy1 ď λu

containing pixels whose assigned probability is the highest. Angelopoulos et al. (2024b) propose
controlling the false negative rate (FNR), defined as:

lpC, yq “ 1 ´
|y X C|

|y|
. (2.62)

Intuitively, this loss penalizes the fraction of tumor pixels that are missed by the prediction set
C.
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Risk-control guarantee. Given a target risk level α P p´8, Bq, choose

λ̂ “ inf
"

λ P Λ : n

n` 1R̂calpλq `
B

n` 1 ď α

*

. (2.63)

Since R̂calpλq is a non-increasing function of λ, λ̂ can be found using the bisection method. If
the input-output pair pX,Y q and the data points in Dcal, R̂λ̂ are drawn exchangeably, then

E
”

l
`

R̂λ̂pXq, Y
˘

ı

ď α. (2.64)

Moreover, under mild continuity and i.i.d. assumptions, the procedure is tight up to Op1{nq, i.e.,
E
”

lpR̂λ̂pXq, Y q

ı

ě α ´ 2B{pn` 1q.

In Example 3, by calibrating λ using conformal risk control, one can guarantee that the expected
FNR across new patients does not exceed the target level α. However, it should be kept in mind
that the guarantee is marginal, and not conditional on features x P X .

Finally, Algorithm 4 summarizes the CRC procedure.

Algorithm 4 Conformal Risk Control.
1: Input: Dataset D, risk budget α, learning algorithm A , conformity score function s, bounded

monotone loss lp¨, ¨q with upper bound B, test input xtest.
2: Calibration:
3: Dtrain,Dcal Ð Split D
4: hθ Ð A pDtrainq

5: Define R̂λpxq “ ty1 P Y 1 | spx, y1;hθq ď λu // We omit hθ in the following.
6: Define R̂calpλq “ 1

|Dcal|

ř

pxi,yiqPDcal
l
`

R̂λpxiq, yi
˘

7: λ̂ Ð inf
!

λ P Λ : |Dcal|
|Dcal|`1R̂calpλq ` B

|Dcal|`1 ď α
)

// Using bisection
8: Prediction:
9: R̂pxtestq Ð R̂λ̂pxtestq

10: return R̂pxtestq

Reduction to SCP. If, in addition, Y 1 “ Y and s : X ˆ Y Ñ R is the usual conformity score
over labels, then taking lpC, yq “ 1py R Cq yields Lipλq “ 1pspXpiq, Y piqq ą λq, which is bounded
by 1 and non-increasing in λ. Plugging this into (2.63) with B “ 1 gives

λ̂ “ inf
#

λ P Λ : 1
n` 1

n
ÿ

i“1
1pspXpiq, Y piqq ą λq `

1
n` 1 ď α

+

(2.65)

“ inf
#

λ P Λ : 1
n

n
ÿ

i“1
1pspXpiq, Y piqq ď λq ě

pn` 1qp1 ´ αq

n

+

(2.66)

Thus, λ̂ is the same quantile q̂ used by SCP, and (2.64) reduces to marginal coverage.

CRC inherits the distribution-free, finite-sample properties of SCP, while allowing l to measure
application-specific desiderata.



Chapter 2. Background 45

2.6. Calibration for Decision-Making

The previous sections discussed different approaches to model predictive uncertainty. However,
the ultimate goal is often to convert these probabilistic predictions into actions to solve real-world
problems. Decision theory provides a principled framework for reasoning and acting under
uncertainty. In this section, we review the notion of threshold calibration introduced in Sahoo
et al. (2021), allowing decision makers to confidently estimate the loss of any threshold decision
rule. Thus, the goal is not increase the utility, but instead to allow decision makers to be more
confident in their decision.

2.6.1 The Decision-Making Framework

A desirable property of a probabilistic model is that a decision maker can trust its uncertainty
estimates to inform their actions. We consider tasks where the decision maker selects an action
from an action space A. Formally, the decision maker’s strategy is a decision rule δ : X Ñ A that
maps an input x to an action δpxq. The goal is to select a rule that minimizes a loss function
l : X ˆ Y ˆ A Ñ R.

Because the true label y is unobserved at decision time, the decision maker aims to minimize
the expected loss, where the expectation is taken over the predictive distribution P̂Y |X . We
denote conditional samples from this distribution as Ŷ „ P̂Y |X . The optimal strategy under this
assumption is the Bayes decision rule.

Definition 8. Bayes Decision Rule

The Bayes decision rule δ˚ is the rule that minimizes the expected loss under the predictive
distribution:

δ˚pxq “ argmin
aPA

E
”

lpX, Ŷ , aq | X “ x
ı

. (2.67)

For a decision rule to be deployed confidently, the decision maker needs an accurate estimate of
its true performance. We can quantify the accuracy of the predicted loss with the reliability gap,
which measures the difference between the predicted expected loss and the true expected loss.

Definition 9. Reliability Gap

For a given decision rule δ and loss function l, the reliability gap is:

γpδ, lq “

ˇ

ˇ

ˇ
E
”

lpX, Ŷ , δpXqq

ı

´ ErlpX,Y, δpXqqs

ˇ

ˇ

ˇ
. (2.68)

A reliability gap of zero means the decision maker can perfectly estimate the consequences of
their decisions before deployment. Sahoo et al. (2021) show that, when a model is auto-calibrated,
γpδ, lq “ 0 for any rule and loss.

2.6.2 Threshold Calibration

Achieving auto-calibration is intractable in the general case. Sahoo et al. (2021) introduced
a weaker calibration notion that guarantees a zero reliability gap for a more practical class
of decision problems. Their original approach is based on probabilistic calibration and hence
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limited to univariate target spaces Y (d “ 1). However, in addition to reviewing their method,
we propose a direct generalization to pre-rank calibration with pre-rank g : X ˆ Y Ñ R, allowing
the application of their method to multi-output regression. Recall the definition of pre-rank
calibration:

PpFĜ|XpGq ď cq “ c @c P r0, 1s (2.69)

with Ĝ “ gpX, Ŷ q and G “ gpX,Y q.

Consider a setting where the decision maker makes a binary decision, A “ t0, 1u, based on
whether the pre-rank exceeds a predefined threshold t P R. The costs associated with each
outcome-action pair are given by a cost matrix tci,juiPt0,1u,jPt0,1u. The threshold loss function is:

ltpx, y, aq “ c1pgpx,yqątq,a. (2.70)

H 1. We make the standard assumption that a correct action is strictly less costly than an
incorrect one. This implies that the cost of a true positive is less than a false negative (c1,1 ă c1,0)
and the cost of a true negative is less than a false positive (c0,0 ă c0,1).

The Bayes decision rule δ˚ minimizes the expected loss under the predictive distribution
E
”

ltpX, Ŷ , δ
˚pXqq

ı

pointwise for each input x. It corresponds to a threshold decision rule
with a fixed threshold given by Lemma 2.

Definition 10. Threshold decision rule

Let x P X . A threshold decision rule is a decision rule of the form

δαpxq “ 1
´

FĜ|X“xptq ď α
¯

. (2.71)

To find it, we compute the expected loss for each action a P t0, 1u under the predictive distribution
F̂Y |X“x and choose the action with the minimum expected loss.

Lemma 2. Under H1, the Bayes Decision Rule for a threshold loss function is a threshold
decision rule. Specifically,

δ˚pxq “ 1

ˆ

FĜ|X“xptq ď
c1,0 ´ c1,1

c1,0 ´ c1,1 ` c0,1 ´ c0,0

˙

. (2.72)

The proof is in Section B.3.1.

Definition 11. Threshold calibration

Let Û “ FĜ|XpGq. A model is threshold calibrated if:

PpÛ ď c | FĜ|Xptq ď αq “ c @t P R, α P r0, 1s, c P r0, 1s. (2.73)

This property ensures that the prediction is calibrated on the subsets of the data defined by any
threshold decision rule. As the following theorem shows, this is precisely the condition needed to
guarantee a zero reliability gap.
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Theorem 5. Let L be the space of all threshold loss functions and ∆ be the space of all
threshold decision rules. Assume that, for any x P X , FĜ|X“x is strictly increasing. A predictive
distribution F̂Y |X satisfies threshold calibration if and only if

γpδ, lq “ 0 @δ P ∆, l P L. (2.74)

The proof is in Section B.3.2.

Sahoo et al. (2021) further detailed an algorithm to achieve threshold calibration, which we
omit for conciseness. Overall, this section highlights the potential of calibration for reliable
decision-making, including in the multi-output setting.
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CHAPTER 3
A Study of Probabilistic Calibration in

Neural Probabilistic Models

This chapter is based on the following paper:

Victor Dheur and Souhaib Ben Taieb (2023). A Large-Scale Study of Probabilistic
Calibration in Neural Network Regression. The 40th International Conference on
Machine Learning.

3.1. Introduction

As established in Chapter 1, it is standard practice in probabilistic forecasting to assess whether
models are probabilistically calibrated (Gneiting et al., 2007). This property states that all
quantiles must be calibrated, i.e., the frequency of realizations below these quantiles must match
the corresponding quantile level. Additionally, predictive distributions should be sufficiently sharp
(i.e., concentrated around the realizations) and leverage the information in the inputs. However,
the miscalibration of modern neural networks poses a significant challenge to their reliability in
real-world applications. In the classification setting, Guo et al. (2017) found that common neural
architectures trained on image and text data were miscalibrated, sparking increased interest in
neural network calibration. In a follow-up study, Minderer et al. (2021) showed that more recent
neural architectures demonstrate improved calibration. Yet, calibration for neural probabilistic
regression models has received less attention compared to classification. Therefore, it remains
uncertain whether the same results apply to the regression setting.

Chapter 2 laid the necessary theoretical groundwork for addressing this issue in the context of
regression. Section 2.3 presented a framework for evaluating probabilistic predictions through
strictly proper scoring rules such as the NLL and CRPS. Proper scoring rules provide a princi-
pled way to rank predictive distributions by assigning numerical penalties that jointly reward
calibration and sharpness. However, they may obscure specific deficiencies since two scoring rules
can achieve similar scores with different statistical properties. Probabilistic calibration, defined in
Section 2.4, offers by contrast a more transparent diagnostic of whether predictive distributions

49
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are reliable. Thus, while strictly proper scoring rules are indispensable for overall comparisons,
explicit checks of probabilistic calibration complement them by revealing where systematic biases
remain hidden. Furthermore, we surveyed different post-hoc approaches: quantile recalibration
(QR, Section 2.4.3) and split conformal prediction (SCP, Section 2.5.1). In this chapter, we also
consider regularization methods, which have been shown to perform well in the classification
setting (Karandikar et al., 2021; Popordanoska et al., 2022; Yoon et al., 2023).

In Dheur and Ben Taieb (2023), we make the following main contributions:

1. We conduct the largest empirical study to date on probabilistic calibration of neural
regression models using 57 tabular datasets (Sections 3.4 and 3.6). We consider multi-
ple state-of-the-art calibration methods (Section 3.5), including post-hoc recalibration,
conformal prediction, and regularization methods, with various scoring rules and predictive
models.

2. Building on QR, we propose a new differentiable calibration map using kernel density
estimation, which provides improved NLL compared to baselines. We also introduce two
new regularization objectives based on the probabilistic calibration error (Section 3.5).

3. We show that QR is a special case of SCP, providing an explanation for its superior
probabilistic calibration (Section 3.6).

3.2. Background

We consider the supervised setting (Section 2.1.1), and in particular the single-output regression
setting. Recall that the target variable Y P Y Ď R depends on an input variable X P X Ď Rp.
Our objective is to approximate the conditional (oracle) distribution PY |X using training data
D “ tpXpiq, Y piqquNi“1 where pXpiq, Y piqq

i.i.d.
„ PX,Y .

A probabilistic predictor hθ with parameters θ P Θ maps an input x P X to a predictive
distribution over Y . We denote its cumulative distribution function (CDF) as F̂Y |X“x, its quantile
function (QF) as Q̂Y |X“x, and its probability density function (PDF) as f̂Y |X“x. Similarly, the
marginal CDF, QF, or PDF of a random variable R is denoted by FR, QR, or fR, respectively.

Probabilistic calibration. Given an input x P X , the model is ideal if its predictive distribu-
tion matches the true conditional distribution PY |X . However, learning the oracle distribution
based on finite data is not possible without additional (strong) assumptions (Foygel Barber et al.,
2021b). To avoid additional assumptions, we can instead enforce certain desirable properties
that are attainable in practice and that the oracle distribution exhibits. One such property is
probabilistic calibration (Gneiting et al., 2007).

Let Û “ F̂Y |XpY q P r0, 1s denote the probability integral transform (PIT) of Y conditional on X.
Recall that the model is probabilistically calibrated (also known as PIT-calibrated) if @α P r0, 1s,

FÛ pαq “ P
´

Û ď α
¯

“ α. (3.1)

Let U P r0, 1s be standard uniform and independent of Û . The left and right hand sides of (3.1)
correspond to the CDF of Û and U , respectively, at α. This illustrates that the uniformity of
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the PIT is equivalent to probabilistic calibration (Dawid, 1984).

Since the oracle distribution is probabilistically calibrated, it is sensible to require this property
from any competent model. However, probabilistic calibration, though necessary, is not sufficient
for making accurate probabilistic predictions. Additionally, as discussed by Gneiting and
Resin (2023), probabilistic calibration primarily addresses unconditional aspects of predictive
performance and is implied by more robust conditional notions of calibration, such as auto-
calibration.

Probabilistic calibration error. The most common approach for evaluating probabilistic
calibration is to consider distances of the form

ş1
0 |FÛ pαq´FU pαq|pdα where p ą 0. The particular

cases of p “ 1 and p “ 2 are known as the 1-Wasserstein distance and Cramér–von Mises distance,
respectively. Let Ûi “ F̂Y |X“XpiqpY piqq be an i.i.d. PIT realization. We denote the empirical
PIT CDF as F̂Û pαq “ 1

N

řN
i“1 1pÛi ď αq. A common approach to assess probabilistic calibration

using a discrete approximation is to evaluate it at M equidistant values α1 ă ¨ ¨ ¨ ă αM by
computing

PCEppF̂Y |X ;Dq “
1
M

M
ÿ

j“1

ˇ

ˇ

ˇ
αj ´ F̂Û pαjq

ˇ

ˇ

ˇ

p
. (3.2)

This metric has been previously employed in the literature with p “ 1 (S. Zhao et al., 2020;
T. Zhou et al., 2021), and with p “ 2 (Kuleshov et al., 2018; Utpala and Rai, 2020). Unlike the
classical definition of the p-norm, we do not exponentiate by 1

p in (3.2) to maintain consistency
with prior literature. In the subsequent sections, we focus our analysis on PCE1 and use the
abbreviation PCE for brevity.

One limitation of scalar metrics like PCE is their inability to provide detailed information
regarding calibration errors at individual quantile levels, α1, . . . , αM . Instead, PIT reliability
diagrams offer a visual assessment of probabilistic calibration across all quantile levels by plotting
the empirical CDF of the PIT Û . These diagrams display the right side of (3.1) against its left
side, with a perfectly calibrated model represented by a diagonal line (asymptotically). Figure 3.2
provides examples of such reliability diagrams, which have been used in studies by Pinson and
Hagedorn (2012) and Kuleshov et al. (2018).

3.3. Related Work

Post-hoc recalibration approaches involve adjusting the predictions of a trained model based
on a separate calibration dataset. For classification problems, many such methods have been
proposed (Ananya Kumar et al., 2019; Gupta et al., 2021). Among them, temperature scaling
(Guo et al., 2017) is a simple, popular, and effective method that adjusts predictive confidence
while maintaining accuracy. For regression tasks, quantile recalibration (Kuleshov et al., 2018) is
a method that transforms predictive distributions using a calibration map to achieve probabilistic
calibration. Conformal prediction, pioneered by Vovk et al. (2005), is a general approach that
generates prediction sets with a finite-sample coverage guarantee (Vovk et al., 2020). Multiple
approaches based on this framework have been applied with neural networks, including conformal
quantile regression (Romano et al., 2019) and distributional conformal prediction (Izbicki et al.,
2020; Chernozhukov et al., 2021). The latter has been shown to be closely related to quantile
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recalibration (Marx et al., 2022; Dheur and Ben Taieb, 2023). Furthermore, post-hoc approaches
have also been proposed aiming to target stronger, conditional notions of calibration such as
auto-calibration (H. Song et al., 2019; Kuleshov and Deshpande, 2022).

Regularization approaches aim to improve calibration during training by incorporating
regularization or modifying the loss function. This can be achieved through general methods
such as ensembling (Lakshminarayanan, Pritzel, et al., 2017), mixup (Zhang et al., 2018), label
smoothing (Müller et al., 2019), or penalizing high-confidence predictions (Pereyra et al., 2017).
Numerous regularization objectives have been proposed for both classification (Aviral Kumar
et al., 2018; Karandikar et al., 2021; Popordanoska et al., 2022; Yoon et al., 2023) and regression.
In regression, some methods utilize regularization to target conditional notions of calibration
(S. Zhao et al., 2020; Feldman et al., 2021). T. Zhou et al. (2021) introduced an alternative loss
function involving the simultaneous training of two neural networks. Pearce et al. (2018), Y.
Chung et al. (2021), and Thiagarajan et al. (2020) proposed objectives allowing control over the
trade-off between the coverage and sharpness of prediction intervals, while quantile regularization
(Utpala and Rai, 2020) specifically targets probabilistic calibration. Marx et al. (2023) proposed
a unified framework presenting many existing notions of calibration as distribution matching
constraints. Specifically, they use unbiased estimates of the maximum mean discrepancy, yielding
effective regularization objectives. While these regularization methods can improve calibration,
they may negatively impact other accuracy metrics, especially when combined with post-hoc
recalibration. For instance, Karandikar et al. (2021) and Yoon et al. (2023) reported selecting
hyperparameters that minimize calibration error while decreasing accuracy by about 1%.

3.4. Are Neural Regression Models Probabilistically Calibrated?

We conduct an extensive empirical study to evaluate the probabilistic calibration of neural
regression models. To this end, we calculate the probabilistic calibration error defined in (3.2) for
various state-of-the-art models across multiple benchmark datasets.

Benchmark datasets. We analyze a total of 57 datasets, including 27 from the OpenML
curated benchmark (Grinsztajn et al., 2022), 18 from the AutoML Repository (Gijsbers et al.,
2019), and 12 from the UCI Machine Learning Repository (Dua and Graff, 2017).

These datasets are widely used in the evaluation of probabilistic neural regression models and
uncertainty quantification, as evidenced by previous studies such as Fakoor et al. (2023), Y.
Chung et al. (2021), T. Zhou et al. (2021), Utpala and Rai (2020), and Yarin Gal and Ghahramani
(2016).

Figure 3.1 provides an overview of the utilization of these datasets in previous studies. To the
best of our knowledge, our study represents the most comprehensive assessment of probabilistic
calibration for neural regression models.

Neural probabilistic regression models. We consider three UQ methods. The first predicts
a parametric distribution, where the parameters are obtained as outputs of a hypernetwork.
Previous studies have often focused on the Gaussian distribution (Lakshminarayanan, Pritzel,
et al., 2017; Utpala and Rai, 2020; S. Zhao et al., 2020). To introduce more flexibility, we consider
the mixture density network defined in Section 2.2.3 (Bishop, 1994). We have two variants of
this model depending on the scoring rule used for training: the negative log-likelihood (NLL) or
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Figure 3.1: Multiple regression benchmark datasets with references. Datasets inside parentheses
have not been considered in this study due to categorical outputs or no valid input column after
preprocessing. Full dataset names are available in Table A.1.

the continuous ranked probability score (CRPS). These models are denoted as MIX-NLL and
MIX-CRPS, respectively. For MIX-CRPS, we use a closed-form expression of the CRPS of a
mixture of Gaussians introduced in Grimit et al. (2006).

The second model predicts quantiles of the distribution (Tagasovska and Lopez-Paz, 2019; Y.
Chung et al., 2021; Feldman et al., 2021). Specifically, given an input x P X and a quantile
level α P r0, 1s, the model outputs a quantile Q̂Y |X“xpαq. The loss function is the quantile score
evaluated at α „ Up0, 1q, which is asymptotically equivalent to the CRPS (Bracher et al., 2021).
We denote this model as SQR-CRPS, where SQR stands for simultaneous quantile regression
(Tagasovska and Lopez-Paz, 2019).
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Figure 3.2: The top row shows the PCE for different datasets with one standard error (error
bar). The bottom row gives examples of PIT reliability diagrams for five datasets.

Experimental setup. We adopt the large-sized regime introduced by Grinsztajn et al. (2022),
which involves truncating the datasets to a maximum of 50,000 examples. Among the 57 datasets,
the number of training examples ranges from 135 to 50,000, and the number of features ranges
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from 3 to 3,6111. Each of the 57 datasets is divided into four sets: training (65%), validation
(10%), calibration (15%), and test (10%). We normalize the input X and target Y using the
mean and standard deviation from the training split. The final predictions are then transformed
back to the original scale. For our neural network models, we use the same fully-connected
architecture as previous studies conducted by Kuleshov et al. (2018), Y. Chung et al. (2021),
and Fakoor et al. (2023). Further details regarding the model hyperparameters can be found in
Section C.3.

Results. In Figure 3.2, we consider the PCE averaged over κ “ 5 random train-validation-test
splits D1, . . . ,Dκ, denoted ĘPCEp¨q “ 1

κ

řκ
i“1 PCEp¨,Dκq. The first row displays ĘPCEpF̂Y |Xq

for MIX-NLL in blue on each of the 57 datasets. For comparison, ĘPCEpFY |Xq for a perfectly
calibrated model, i.e. with uniformly distributed PITs is shown in orange, further averaged over
104 simulated values. While the model is probabilistically calibrated, the PCE is not zero because
it is evaluated on a finite test dataset and thus the CDF F̂Û is not exactly the identity function.
The second row presents reliability diagrams for κ “ 5 datasets, with 90% consistency bands
as in Gneiting et al. (2023). Similar information is provided for MIX-CRPS and SQR-CRPS
in Figures C.7 and C.8 in Section C.2.4, respectively. Additionally, reliability diagrams for all
datasets can be found in Figure C.10 in Section C.2.6.

The analysis reveals that ĘPCE is generally high across many datasets, although there are
significant variations between datasets. To test the statistical significance of these results, 104
samples were generated from the sampling distribution of ĘPCE under the null hypothesis of
probabilistic calibration. The resulting sampling distribution for all datasets is presented in
Section C.2.5.

By computing the p-value associated with a one-sided test in the upper tail of the distribution
(as illustrated in Section C.2.5), it was observed that most datasets have a p-value of zero. This
indicates that the average PCE obtained for the considered model is higher than all the simulated
average PCEs of the probabilistically calibrated model. Applying a threshold of 0.01 and a Holm
correction for the 57 hypothesis tests, the null hypothesis is rejected for 11 datasets out of the 57.

Overall, the results indicate that the neural probabilistic models considered in this study are
generally not probabilistically calibrated on a significant number of benchmark tabular datasets.
In Section 3.6, we will further explore how calibration methods can substantially improve the
PCE of neural regression models.

3.5. Calibration Methods

We begin by discussing the three main families of calibration methods in single-output regression:
QR, SCP, and regularization-based calibration. Following that, we introduce two novel variants
of regularization-based calibration. For a general introduction to recalibration and conformal
prediction methods, we refer the reader to Sections 2.4.3 and 2.5.4. This section further details
how to estimate a smooth calibration map. Additionally, compared to Section 2.5.4 which focuses
on prediction sets, this section discusses an approach to estimate calibrated quantiles using SCP.

QR and SCP are post-hoc methods, meaning they are applied after model training. These
1Please refer to Table A.1, for a detailed summary of each dataset.
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approaches utilize a separate calibration dataset Dcal “ tpXpiq, Y piqquni“1, where pXpiq, Y piqq
i.i.d.
„

PX,Y . In contrast, regularization-based calibration operates directly during training and relies
solely on the training data Dtrain. For a fair comparison, the calibration dataset Dcal of post-hoc
methods is included in the training dataset of regularization methods.

3.5.1 Quantile Recalibration

Recall that QR aims to transform a potentially miscalibrated CDF F̂Y |X into a probabilistically
calibrated CDF F̂ 1

Y |X “ FÛ ˝F̂Y |X , using the calibration map FÛ which represents the CDF of the
PITs for F̂Y |X . In practice, FÛ needs to be estimated from data. Kuleshov et al. (2018) proposed
estimating it using isotonic regression, while Utpala and Rai (2020) showed that computing
the empirical CDF is an equivalent and simpler method. Specifically, given a set of PIT values
Ûi “ F̂Y |X“XpiqpY piqq, i “ 1, . . . , n, the calibration map ΦEMP is computed as:

ΦEMPpα; tÛiu
n
i“1q “

1
n

n
ÿ

i“1
1pÛi ď αq, (3.3)

where α P r0, 1s.

Similarly to Utpala and Rai (2020), we also consider a linear and continuous calibration map
ΦLIN, which corresponds to a linear interpolation between the points

tp0, 0q, pÛp1q, 1{n`1q, . . . , pÛpnq, n{n`1q, p1, 1qu,

where Ûpkq is the kth order statistic of Û1, . . . , Ûn.

In addition, we propose a calibration map based on kernel density estimation (KDE), denoted as
ΦKDE. The key idea is to use a relaxed approximation of the indicator function, which allows us
to make the PIT CDF (3.3) differentiable. Specifically, we compute

1τ pa ď bq “ σpτpb´ aqq « 1pa ď bq,

where τ ą 0 is a hyperparameter and σpxq “ 1
1`e´x denotes the sigmoid function. The resulting

smoothed empirical CDF is given by

ΦKDEpα; tÛiu
n
i“1q “

1
n

n
ÿ

i“1
1τ pÛi ď αq. (3.4)

This corresponds to estimating the CDF FÛ using KDE based on n realizations of Û (tÛiuni“1).
Since σ is the CDF of the logistic distribution, we use the PDF of the logistic distribution as the
kernel in the KDE. Algorithm 5 summarizes this method.

Algorithm 5 Quantile recalibration
Input: Predictive CDF F̂Y |X and Dcal “ tpXpiq, Y piqquni“1.
Compute Ûi “ F̂Y |X“XpiqpY piqq pi “ 1, . . . , nq

Compute a calibration map Φ: either ΦEMP, ΦLIN, or ΦKDE
Return: Recalibrated CDF F̂ 1

Y |X “ Φ ˝ F̂Y |X
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3.5.2 Split Conformal Prediction

Let us assume the input-output pair pX,Y q and the data points in our calibration dataset
Dcal “ tpXpiq, Y piqquni“1 are drawn exchangeably from PX,Y

2. Given a predictive model hθ, a
miscoverage level α P r0, 1s and an input x P X , Section 2.5 showed that SCP constructs a
prediction set R̂pxq Ď Y satisfying the property:

P
´

Y P R̂pXq

¯

“
rpn` 1qp1 ´ αqs

n` 1 (3.5)

« 1 ´ α. (3.6)

This is achieved using a conformity score spx, yq with x P X and y P Y , which intuitively quantifies
the similarity between new samples and previously observed samples. As in Section 2.5, we denote
the prpn ` 1qp1 ´ αqsq empirical quantile of the scores spXpiq, Y piqq, . . . , spXpnq, Y pnqq as q̂. Let
us assume that the conformity score increases with y, and let us denote this conformity score as
spy | xq “ spx, yq, with s´1py | xq the inverse w.r.t. y. Then, an interval R̂pxq “ p´8, s´1pq̂ | xqs

can be constructed, ensuring the conformal guarantee (3.5) at level 1 ´ α.

In the context of conformalizing quantiles, we adapt the conformity scores presented in Sec-
tion 2.5.4 to ensure they are increasing in y. For example, a variant of CQR (Romano et al.,
2019) uses spx, yq “ y ´ Q̂Y |X“xp1 ´ αq, and DCP (Izbicki et al., 2020; Chernozhukov et al.,
2021) uses spx, yq “ F̂Y |X“xpyq. Algorithm 6 provides a summary of the procedure to compute
calibrated quantiles using SCP.

Algorithm 6 Calibrated quantiles with SCP
Input: Base predictor hθ, Dcal “ tpXpiq, Y piqquni“1, strictly increasing conformity score s,
quantile level 1 ´ α P r0, 1s, input x.
Compute spiq “ spXpiq, Y piqq pi “ 1, . . . , nq

Compute q̂ “ sprpn`1qp1´αqsq where spkq denotes the kth smallest value among
tsp1q, . . . , spnq,`8u

Return: Calibrated quantile s´1pq̂ | xq

3.5.3 Regularization-based Calibration

Regularization-based calibration methods aim to enhance model calibration by incorporating a
regularization term into the training objective. Compared to classification, there are relatively
fewer methods specifically designed for regression problems. In this section, we discuss two
approaches: quantile regularization (Utpala and Rai, 2020) and the truncation method (Y. Chung
et al., 2021). The main steps of regularization-based calibration are summarized in Algorithm 7.

2This is implied by the common i.i.d. assumption.
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Algorithm 7 Regularization-based calibration
Input: Base predictor hθ, Dtrain “ tpXpiq, Y piqquNi“1, calibration regularizer Rpθq and tuning
parameter λ ě 0.
Define R̂1pθ;Dq “ 1

N

řN
i“1 LphθpX

piqq, Y piqq ` λRpθ;Dq

Compute θ̂˚ “ argminθPΘ R̂1pθ;Dq

Return: Regularized model hθ̂˚

Quantile Regularization

The regularizer proposed by Utpala and Rai (2020) aims to measure the deviation of the PIT
variable Û from a uniform distribution, which is characteristic of a probabilistically calibrated
model. This regularization penalty encourages the selection of calibrated models during training.

The authors observed that the KL divergence between Û and a standard uniform random variable
is equivalent to the negative differential entropy of Û , denoted as HpÛq. To approximate HpÛq,
they employed sample-spacing entropy estimation (Vasicek, 1976) over the set of PITs Û1, . . . , ÛM
with Ûi “ F̂Y |X“XpiqpY piqq. This results in the following regularizer:

RQREGpθ;Dq “
1

N ´ k

N´k
ÿ

i“1
log

„

N ` 1
k

pÛpi`kq ´ Ûpiqq

ȷ

« HpÛq, (3.7)

where k is a hyperparameter satisfying 1 ď k ď N , and Ûpiq represents the ith order statistic of
Û1, . . . , ÛN .

To ensure differentiability during optimization, the authors employed a differentiable relaxation
technique called NeuralSort (Grover et al., 2019), as sorting is a non-differentiable operation.

Truncation-based Calibration

The regularization approach introduced by Y. Chung et al. (2021), that we denote Trunc, involves
truncating the predictive distribution based on the current level of calibration.

Given a quantile model Q̂Y |X , let F̂Û pαq “ 1
N

řN
i“1 1pY piq ď Q̂Y |X“Xpiqpαqq be the estimated

PIT CDF evaluated at α and ρpx, yq “ py ´ xq1px ă yq. The regularization objective for level α
is defined as follows:

RTruncpθ;D, αq (3.8)

“

#

1
N

řN
i“1 ρpQ̂Y |X“Xpiqpαq, Y piqq if F̂Û pαq ă α,

1
N

řN
i“1 ρpY piq, Q̂Y |X“Xpiqpαqq otherwise.

(3.9)

This regularization objective adjusts F̂Û pαq to match α by increasing it when F̂Û pαq ă α, and
vice versa. The final regularization objective is computed by averaging RTruncpθ;D, αq over
equidistant quantile levels α1 ă ¨ ¨ ¨ ă αM :

RTruncpθ;Dq “
1
M

M
ÿ

j“1
Rtruncpθ;D, αjq. (3.10)
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Y. Chung et al. (2021) combine the previous regularization objective with a sharpness objective
that penalizes the width between the quantile predictions, given by 1

M

řM
j“1

1
N

řN
i“1 |Q̂Y |X“Xpiqpαjq´

Q̂Y |X“Xpiqp1 ´ αjq|. Instead, we combine it with a strictly proper scoring rule.

3.5.4 New Regularization-based Calibration Methods

Building upon the quantile calibration method discussed in Section 3.5.3, we propose two
new regularization objectives which compute a differentiable PCEp using alternative statistical
distances.

The first approach, named PCE-KDE, leverages the differentiable calibration map ΦKDE (3.4)
based on KDE. Given a set of quantile levels tαju

M
j“1, the regularization objective is given by

RPCE-KDEpθ;Dq “
1
M

M
ÿ

j“1

ˇ

ˇ

ˇ
αj ´ ΦKDEpαj ; tÛiu

N
i“1q

ˇ

ˇ

ˇ

p
, (3.11)

where p ą 0. Note that RPCE-KDE converges to PCEp in (3.2) as τ in (3.4) goes to `8.

The second approach considers distances of the form
ş1
0 |QÛ pαq ´QU pαq|pdα, where QÛ and QU

denote the quantile functions of the true and uniform distributions, respectively. When p “ 1,
this distance reduces to the 1-Wasserstein distance, equivalent to

ş1
0 |FÛ pαq ´ FU pαq|dα, which

aligns with PCE (see Proposition 6 in Section C.1.1).

It is well known that the ith order statistic of N i.i.d. standard uniform samples follows a Beta
distribution with mean i{N`1. By exploiting the fact that E

”

FÛ pÛpiqq

ı

“ i{N`1, we approximate
QÛ pi{N`1q using the i-th order statistic Ûpiq. The regularization objective is given by

RPCE-Sortpθ;Dq “
1
N

N
ÿ

i“1

∣∣∣∣Ûpiq ´
i

N ` 1

∣∣∣∣p , (3.12)

where, again, p ą 0. Differentiable relaxations to sorting, such as those proposed by Blondel
et al. (2020) and Cuturi et al. (2019), can be employed to obtain the order statistics.

3.6. A Comparative Study of Probabilistic Calibration Methods

In continuation of the empirical study described in Section 3.4, we now proceed to evaluate the
performance of the probabilistic calibration methods outlined in the previous section. Specifically,
we apply eight distinct calibration methods to the three neural regression models introduced in
Section 3.4. These methods are divided into two categories: post-hoc methods and regularization-
based methods.

To assess the effectiveness of these calibration methods, we employ four different evaluation
metrics. The evaluation is conducted on a set of 57 datasets, utilizing the same experimental
setup detailed in Section 3.4. To ensure a fair and consistent comparison, all the methods have
been implemented within a unified codebase3.

3https://github.com/Vekteur/probabilistic-calibration-study

https://github.com/Vekteur/probabilistic-calibration-study
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3.6.1 Experimental Setup

Base probabilistic models and calibration methods. We consider the three probabilistic
models presented in Section 3.4, namely MIX-NLL, MIX-CRPS, and SQR-CRPS. For the MIX models,
when applying QR, we transform the CDF using the empirical CDF estimator (QR-EMP), the
linear estimator (QR-LIN), or the KDE estimator (QR-KDE). For SQR-CRPS, we transform multiple
quantiles using conformalized quantile regression (CQR). For the three models, we consider the four
regularization objectives presented in Sections 3.5.3 and 3.5.4 (with p “ 1), namely RPCE-KDE
(PCE-KDE), RPCE-Sort (PCE-Sort), RQREG (QREG), and RTrunc (Trunc). PCE-Sort is only shown
in the Appendix because it performs similarly to PCE-KDE. To ensure a fair comparison, methods
that are not post-hoc use the calibration dataset as additional training data.

Metrics. We measure the accuracy of the probabilistic predictions using NLL and CRPS. For
the SQR model, we estimate CRPS by averaging the quantile score at 64 equidistant quantile
levels. Probabilistic calibration is measured using PCE, defined in (3.2). Finally, we measure
sharpness using the mean standard deviation of the predictive distributions, denoted by STD.

Hyperparameters. In our experiments, MIX-NLL and MIX-CRPS output a mixture of 3 Gaus-
sians, and SQR-CRPS outputs 64 quantiles. We justify the choice of these hyperparameters in
Section C.3. The hyperparameter τ of QR-KDE and PCE-KDE is fixed at 100, which was found
to perform well empirically. For regularization methods, an important hyperparameter is the
regularization factor λ. As previously observed in classification (Karandikar et al., 2021), we
found that higher values of λ tend to improve calibration but worsen NLL, CRPS, and STD.
Karandikar et al. (2021) proposed to limit the loss in accuracy by a maximum of 1%. We adopt
a similar strategy by selecting λ which minimizes PCE with a maximum increase in CRPS of
10% in the validation set. For each dataset, we select λ in the set t0, 0.01, 0.05, 0.2, 1, 5u, which
corresponds to various degrees of calibration regularization.

Comparison of multiple models over many datasets. Since the NLL, CRPS and STD
have different scales across datasets, direct comparison of their absolute values is misleading.
To address this, we follow Karandikar et al. (2021) and report Cohen’s d, a standardized effect
size (over κ “ 5 independent runs, in our case). For a given dataset, Cohen’s d quantifies
the difference between the sample mean value of a method (µ̃method) and a baseline (µ̃baseline),
standardized by their pooled standard deviation. With unbiased sample variances σ̃2method and
σ̃2baseline, it is defined as

µ̃method ´ µ̃baseline
b

σ̃2
method`σ̃2

baseline
2

.

This metric quantifies the magnitude of the performance difference in units of standard deviation,
making results comparable across datasets. A negative value indicates an improvement over the
baseline, and in Karandikar et al. (2021) values of -0.8 and -2 are considered large and huge
improvements, respectively.

Due to the heterogeneity of the datasets that we consider, the performance of our models can
vary widely across datasets. To visualize the results, we show the distribution of Cohen’s d using
letter-value plots (Hofmann et al., 2011), which indicate the quantiles at levels 1{8, 1{4, 1{2, 3{4
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and 7{8, as well as outliers. A median value below zero indicates that the model improved the
metric on more than half the datasets.

In order to assess whether significant differences exist between different methods, we follow the
recommendations of Ismail Fawaz et al. (2019), which are based on Demšar (2006). First, we test
for a significant difference among model performances using the Friedman test (Friedman, 1940).
Then, we use the pairwise post-hoc analysis recommended by Benavoli et al. (2016), performing
Wilcoxon signed-rank tests (Wilcoxon, 1945) with Holm–Bonferroni correction (Holm, 1979).
The results of this procedure are shown using a critical difference diagram (Demšar, 2006). The
lower the rank (further to the right), the better the performance. A thick horizontal line shows a
group of models whose performance is not significantly different, with a significance level of 0.05.

3.6.2 Results

Figure 3.3 shows the letter-values plots for the Cohen’s d of PCE (left panel) as well as the
associated critical diagram (right panel), for all methods and datasets. The reference model is
MIX-NLL. The results with other models as reference are available in Section C.2.1. Blue, green,
and red colors are used for the post-hoc methods, the regularization-based methods, and the
base predictors, respectively. The same information is given in Figures 3.4 and 3.5 for the CRPS
and the NLL, respectively.

Comparison of PCE. As expected, Figure 3.3 shows that the PCE of calibration methods is
improved compared to the base predictors. Furthermore, independently of the base predictor, we
can see that post-hoc methods achieve significantly better PCE than regularization methods.
When comparing PCE-KDE with QREG, we can see that there is a significantly larger decrease in
PCE with the MIX-CRPS base predictor compared to MIX-NLL. Finally, both PCE-KDE and Trunc
decrease PCE for SQR-CRPS, without a significant difference between them.
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Figure 3.3: Comparison of PCE with multiple base losses and calibration methods.

Comparison of CRPS. While post-hoc methods outperform regularization methods in terms
of PCE, Figure 3.4 shows they have a higher CRPS (except for the SQR base predictor). This
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can be explained by the fact that regularization methods prevent the CRPS from increasing
exceedingly due to the selection criterion for λ.
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Figure 3.4: Comparison of CRPS with multiple base losses and calibration methods.

Comparison of NLL. Figure 3.5 shows the importance of the calibration map. In fact, quantile
recalibration with a linear map significantly increases the NLL, while smooth interpolation
decreases PCE without a large increase in NLL. Note that we only consider MIX models since we
cannot compute the NLL for SQR.
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Figure 3.5: Comparison of NLL with multiple base losses and calibration methods.

On the choice of a calibration method. If probabilistic calibration is critical to the
application, our experiments suggest that post-hoc methods such as quantile recalibration
and conformal prediction should be preferred. However, when we also want to control the
CRPS or the NLL, regularization methods can offer a better trade-off in terms of calibration
and sharpness. In fact, as shown in Figure C.1 in Section C.2.1, when the base predictor is
MIX-NLL, all regularization methods provide a significant improvement in probabilistic calibration
without deteriorating the CRPS, NLL or STD. For the MIX-CRPS model, Figure C.2 shows
that QREG has limited impact on CRPS and NLL, while providing better calibration. For
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the SQR-CRPS base predictor, Figure C.3 shows that the SQR-CRPS + CQR conformal method
significantly outperforms the Trunc and PCE-KDE regularization methods both in terms of PCE
and CRPS. Overall, Section C.2.1 suggests that MIX-NLL + PCE-KDE, MIX-CRPS + QREG and
SQR-CRPS + CQR are good choices for practitioners aiming to improve PCE without significantly
impacting other aspects of the conditional distribution. Finally, since both regularization and
post-hoc methods are able to improve calibration, we investigate whether a combination of these
two methods can lead to better performance. Figure C.4 in Section C.2.2 shows that such a
combination does not significantly improve probabilistic calibration, with an increase in CRPS
and NLL. This indicates that practitioners should exercise caution when applying regularization
to a model that is already well-calibrated.

3.6.3 Link between Quantile Recalibration and Conformal Prediction

Conformal prediction methods are well-known for their finite-sample coverage guarantee. Inter-
estingly, a specific implementation of QR can be considered a special case of conformal prediction.
This implies that QR can also provide a finite-sample coverage guarantee. This observation could
potentially explain why both methods, conformal prediction and QR, are effective in improving
probabilistic calibration.

Theorem 6. Quantile recalibration is equivalent to distributional conformal prediction (DCP)
of left intervals at each coverage level α P r0, 1s. The equivalence is obtained when the estimator
of the calibration map is defined by a slightly different estimator than the conventional one in
(3.3), namely ΦDCPpαq “ 1

n`1
řn
i“1 1pÛi ď αq.

Proof. Given a predictive distribution with CDF F̂Y |X learned from a training dataset D “

tpXpiq, Y piqquNi“1 where pXpiq, Y piqq
i.i.d.
„ PX,Y , let Ûi “ F̂Y |X“XpiqpY piqq represent the PIT values

computed on a separate calibration dataset Dcal “ tpXpiq, Y piqquni“1, where the data points are
also i.i.d. from PX,Y .

In the DCP approach, as outlined in Algorithm 6, the conformal scores are given by the PIT
values Ûi. DCP first computes the α empirical quantile of the scores as q̂ “ Ûprpn`1qαsq, where Ûpkq

represents the kth smallest value among tÛ1, . . . , Ûn,`8u. Then, the conformalized quantile is
computed as Q̂1

Y |X“xpαq “ Q̂Y |X“xpq̂q, which corresponds to conformal prediction with coverage
α for the left interval p´8, Q̂1

Y |X“xpαqs.

Let us consider QR with the calibration map Φ in Algorithm 5 given by ΦDCPpαq “ 1
n`1

řn
i“1 1pÛi ď

αq. It computes a recalibrated CDF F̂ 1
Y |X by composing the original CDF F̂Y |X with ΦDCP,

yielding F̂ 1
Y |X“xpyq “ ΦDCPpF̂Y |X“xpyqq.

We observe that ΦDCP is the CDF of a discrete random variable, with Φ´1
DCPpαq “ Ûprpn`1qαsq

representing its empirical quantile function. Furthermore, the composition ΦDCP ˝ F̂Y |X“x acts
as the inverse function of Q̂Y |X“x ˝ Φ´1

DCP. As a result, both the DCP approach and QR yield
QFs and CDFs that correspond to the same underlying distribution.

QR with other calibration maps (e.g., ΦEMP, ΦLIN, or ΦKDE) would correspond to DCP where
the empirical quantile q̂ is selected using other strategies, which does not provide the exact
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conformal guarantee (3.5).

3.7. Conclusion

The observation that neural network classifiers tend to be miscalibrated (Guo et al., 2017) has
prompted the development of various approaches for calibrating these models. In this paper, we
present the largest empirical study conducted to date on the probabilistic calibration of neural
regression models. Our study provides valuable insights into their performance and the selection
of calibration methods. Notably, we introduce a novel differentiable calibration map based on
kernel density estimation for quantile recalibration, as well as two novel regularization objectives
derived from the PCE.

Our study reveals that regularization methods can provide a favorable trade-off between calibra-
tion and predictive accuracy. However, post-hoc methods demonstrate superior performance in
terms of PCE. We attribute this finding to the finite-sample coverage guarantee offered by CP
and demonstrate that quantile recalibration can be viewed as a specific case of CP. In Chapter 4,
we design a method that achieves the superior PCE of post-hoc methods while also improving
predictive accuracy.

Limitations.

A first limitation of this work is that the study is limited to tabular datasets and simple neural
architectures. Future works could study probabilistic regression in the context of other data
modalities such as images or text. For example, El Nahhas et al. (2024) consider a single-output
regression problem where the input consists of high-resolution digitized tissue images and the
output is a continuous biomarker value.

A second limitation is that the study is limited to probabilistic calibration. Future studies
may explore alternative notions of calibration (Gneiting and Resin, 2023). Notably, auto-
calibration is a potential direction which inspired several calibration methods (H. Song et al.,
2019; Popordanoska et al., 2022; Kuleshov and Deshpande, 2022).

A third limitation is that we only consider calibration on univariate output spaces, which excludes
multi-output problems. We consider multi-output approaches in Chapters 5 to 7.
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CHAPTER 4
Probabilistic Calibration by Design

This chapter is based on the following paper:

Victor Dheur and Souhaib Ben Taieb. Probabilistic Calibration by Design for
Neural Network Regression (2024). The 27th International Conference on Artificial
Intelligence and Statistics.

4.1. Introduction

The preceding chapter established an empirical baseline for uncertainty quantification in single-
output neural network regression. Through a large-scale study, we compared the main families of
methods for improving probabilistic calibration, a foundational concept introduced in Section 2.4.
A key finding from our analysis in Chapter 3 was the consistent ability of quantile recalibration
(QR) in achieving lower PCE compared to training-time regularization techniques. We provided
a theoretical justification for this observation by demonstrating that QR is a special case of split
conformal prediction (SCP), thereby benefiting from its finite-sample guarantees (Theorem 6).

However, this effectiveness comes with a conceptual drawback: the two-stage nature of the process.
The base predictor is first trained to optimize a strictly proper scoring rule such as the NLL,
resulting in informative but potentially miscalibrated probabilistic predictions. Then, post-hoc
recalibration operates independently of the model’s training. This separation is suboptimal, as
the recalibration step can potentially result in lower predictive accuracy. This raises a central
question: can we bridge the gap between the strong performance of post-hoc methods and the
integrated nature of end-to-end learning?

This chapter, based on our paper Dheur and Ben Taieb (2024), introduces a novel neural network
training procedure called quantile recalibration training (QRT) that seamlessly integrates post-hoc
calibration into the training process, resulting in an end-to-end approach. Our method leverages
the principle of minimizing the sharpness of predictions while ensuring calibration (Gneiting et al.,
2007). The method uses the differentiable KDE-based calibration map developed in Section 3.5.1
to allow gradient-based optimization. By minimizing the NLL, our approach directly incentivizes

65
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informative predictions, while simultaneously ensuring calibration at each training step, either
on the minibatch or on a dedicated calibration dataset.

QRT stands apart from other regularization methods by offering improvements in both the NLL
and probabilistic calibration of the final model. Our approach aligns with the recommendation
made by D.-B. Wang et al. (2021) to view model training and post-hoc calibration as an integrated
framework rather than treating them as separate steps. Related works in classification (Stutz
et al., 2022; Einbinder et al., 2022) proposed integrating SCP into neural network training,
resulting in finite-sample coverage with smaller prediction sets after post-hoc SCP. The code
base has been used for the implementation of all methods to ensure a fair comparison.

We make the following main contributions:

1. We propose a novel training procedure to learn predictive distributions that are probabilis-
tically calibrated at every training step, called QRT (see Section 4.3). We also propose
an algorithm which unifies QRT with quantile recalibration, Quantile Regularization and
standard NLL minimization.

2. We demonstrate the effectiveness of our method in a large-scale experiment based on 57
tabular datasets. The results show improved NLL on the test set while at the same time
ensuring calibration (see Section 4.4).

3. We provide an in-depth analysis of the impact of the base predictor and different hyper-
parameters on predictive accuracy and calibration. We also conduct an ablation study
to evaluate the significance of the different components of our proposed method (see
Section 4.5).

4.2. Background

Quantile Recalibration Recall that quantile recalibration (QR, Kuleshov et al. (2018))
computes a probabilistically calibrated CDF F̂ 1

Y |X “ FÛ ˝ F̂Y |X , where Û “ F̂Y |XpY q and FÛ is
estimated from data.

The estimator of FÛ , called a calibration map, can be the empirical CDF ΦEMP computed from
the PITs Ûi “ F̂Y |X“XpiqpY piqq of a separate i.i.d. calibration dataset Dcal “ tpXpiq, Y piqquni“1.
Since ΦEMP is not differentiable, the resulting calibrated CDF F̂ 1

Y |X is not differentiable either.
As introduced in Chapter 3, Dheur and Ben Taieb (2023) proposed to compute a differentiable
calibration map

ΦKDEpαq “
1
n

n
ÿ

i“1
FLogpα; Ûi, b2n´2{5q, (4.1)

based on kernel density estimation (KDE). This corresponds to a mixture of logistic CDFs FLog
with means Û1, . . . , Ûn. Compared to Dheur and Ben Taieb (2023), to obtain more consistent
hyperparameters across datasets, we compute the variance b2n´2{5 following Scott’s rule (Scott,
1992). The bandwidth b ą 0 is a hyperparameter controlling the smoothness of the calibration
map. Note that ΦKDE converges to ΦEMP as b Ñ 0.

Furthermore, Dheur and Ben Taieb (2023) showed that QR provides a finite-sample guarantee
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with a specific calibration map, namely:

P
´

ΦDCPpF̂Y |XpY qq ď α
¯

“
rpn` 1qαs

n` 1 « α, (4.2)

where ΦDCPpαq “ 1
n`1

řn
i“1 1pÛi ď αq is a calibration map derived from distributional conformal

prediction (Chernozhukov et al., 2021; Izbicki et al., 2020). This property is approximately
obtained by other calibration maps such as ΦEMP and ΦKDE. We note that the probability in
(4.2) is also taken over the calibration dataset Dcal.

Quantile Regularization Recall that quantile regularization (QREG, Utpala and Rai (2020))
minimizes a loss function of the form

´
1
N

N
ÿ

i“1
log f̂Y |X“XpiqpY piqq ` λRQREGpθq, (4.3)

where the first term is the NLL and λ ą 0 is a regularization hyperparameter. The regularization
function RQREGpθq encourages calibration by minimizing the KL divergence between Û and a
uniformly distributed random variable U . This reduces to maximizing the differential entropy
HpÛq of Û since DKL

´

Û
›

›

›
U
¯

“ ´HpÛq.

We note that this approach should be distinguished from regularizers in classification (Pereyra
et al., 2017) that maximize the entropy of the target Y and not the differential entropy of the
PIT Û .

4.3. Quantile Recalibration Training

We introduce quantile recalibration training (QRT), a novel method for training neural network
regression models. Predictive distributions are iteratively recalibrated during model training and
are hence calibrated by design.

4.3.1 The QRT learning procedure

Recall that QR involves training F̂Y |X by minimizing the NLL and then adjusting it by producing
a revised predictive distribution F̂ 1

Y |X “ ΦKDE ˝ F̂Y |X . Given that the calibration map ΦKDE
is differentiable, our QRT procedure integrates it end-to-end into the optimization procedure.
Specifically, we directly minimize the NLL of F̂ 1

Y |X which involves iteratively recalibrating it
during training. Using the chain rule, the NLL of F̂ 1

Y |X can be conveniently decomposed as
follows:

řN
i“1´ log f̂ 1

Y |X“XpiqpY piqq (4.4)

“
řN
i“1´ log f̂Y |X“XpiqpY piqq´ log f̂Û pF̂Y |X“XpiqpY piqqq (4.5)

“
řN
i“1 ´ log f̂Y |X“XpiqpY piqq ` ĤpÛq. (4.6)

The first term in (4.6) is the NLL of the base predictor F̂Y |X and ĤpÛq can be interpreted as
the differential entropy of Û .
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Interestingly, the second term ĤpÛq corresponds to the opposite of the regularization term of
QREG (3.7). This observation could seem counter-intuitive since it implies that, when training
QRT, the PCE of F̂Y |X will be maximized by the second term ĤpÛq in the decomposition.
However, QRT is valid since it produces F̂ 1

Y |X by minimizing the NLL of F̂ 1
Y |X , which is a strictly

proper scoring rule.

To compute the second term in (4.5), we estimate f̂Û using the derivative of the calibration map
ΦKDE, which has a closed-form expression given by

φKDEpαq “
BΦKDEpαq

Bα
“

1
N

N
ÿ

i“1
fLogpα; Û piq, b2N

´2{5q, (4.7)

where fLog is the PDF of a logistic distribution, as described in Section 4.2.

During training, φKDE is computed on the current batch and F̂ 1
Y |X is thus, by design, calibrated

on the current batch. However, it does not satisfy the calibration guarantee (4.2) since the current
batch has been observed during training. Hence, as a final step, we perform QR on a separate
calibration dataset to obtain the calibration guarantee. We give more details in Section 4.3.3.

Finally, to account for the finite domain r0, 1s of the PIT Û , we perform a slight adjustment to the
calibration map ΦKDE. The standard approach is to truncate the distribution by redistributing
the density that has been estimated outside of r0, 1s uniformly in r0, 1s. Instead, Blasiok and
Nakkiran (2023) propose to redistribute the density slightly outside of r0, 1s near 0 and 1,
assuming that φKDEpxq “ 0 for x R r´1, 2s. The resulting calibration map ΦREFL has the
following derivative:

φREFLpxq “

#

φKDEpxq ` φKDEp´xq ` φKDEp2 ´ xq if x P r0, 1s

0 if x R r0, 1s.
(4.8)

This approach avoids an ill-defined calibration map and often leads to improved NLL. More
motivation and details, including the definition of the corresponding CDF ΦREFL, are given in
Section D.3.

4.3.2 Illustrative example

Figure 4.1 illustrates the decomposition (4.6), where the NLL of F̂ 1
Y |X (first column) is equal to

the sum of the NLL of the base predictor F̂Y |X (second column) and the differential entropy of the
PIT (third column). To allow a comparison between QRT and BASE, we alter the decomposition by
introducing a coefficient β to the second term. When β “ 1, we obtain the exact decomposition
of QRT. When β “ 0, the first and second column are equal and correspond to the loss of BASE.
Metrics on this figure are computed on the validation dataset and metrics computed on the
training dataset are available in Section D.1.8. The vertical bars correspond to the epoch selected
by early stopping while the horizontal bars correspond to the value of the metric at the epoch
selected by early stopping, on average over 5 runs. The stars indicate the methods QRC and QRTC,
corresponding to BASE and QRT, respectively, after QR on a separate calibration dataset.

We can see that QRT achieves a lower validation NLL, suggesting improved probabilistic predictions,
even though the NLL of F̂Y |X is higher, which means that QRT relies on the calibration map
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Figure 4.1: Comparison of QRT and BASE according to different metrics computed on the
validation dataset. The three first columns show the decomposition of the NLL of QRT, where
β “ 1 for QRT and β “ 0 for BASE. Each row represents one dataset and each column one
metric. The training curves are averaged over 5 runs and the shaded area corresponds to one
standard error. The vertical bars represent the epoch that was selected by early stopping (the
one that minimizes the validation NLL), averaged over the 5 runs. The horizontal bars represent
the value of the metric at the selected epoch, averaged over the 5 runs.

to achieve a lower NLL. We note that the calibration map does not introduce any additional
parameters. In terms of calibration, we can see that the PCE of BASE has a higher variance
across the epochs compared to QRT. The PCE of QRT is more stable during training and often
lower. By constraining the model to be calibrated on a specific dataset at each training step,
QRT involves a form of regularization which is fundamentally different from QREG.

The stars indicate that, after the post-hoc step, QRTC still benefits from improved NLL compared
to QRC, and the PCE is improved in both cases due to the finite-sample guarantee provided by
QR. These metrics reported on the 57 datasets that we consider in Section 4.4 are available in
Section D.1.8, where we obtain similar observations on most datasets despite their heterogeneity.

4.3.3 A Unified Algorithm

Algorithm 8 unifies QRT, QREG and BASE, with or without QR, where the methods only differ
by the hyperparameters β and C, as indicated in Table 4.1. The hyperparameter β, introduced
in Section 4.3.2, is a coefficient for the second term of the decomposition (4.6). A value of β “ 1
corresponds to QRT and β “ 0 corresponds to NLL minimization without QRT. Tuning the
hyperparameter β in order to minimize PCEpF̂Y |Xq corresponds to QREG with regularization
strength λ “ ´β. The hyperparameter C controls whether the final model is recalibrated on a
separate calibration dataset using QR.
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Algorithm 8 QRT framework
1: Input: Predictive CDF F̂Y |X constructed from a neural network model hθ with parameters
θ P Θ, regularization strength β P R, boolean C, training dataset Dtrain, calibration dataset
Dcal.

2: for each minibatch tpXpiq, Y piqquBi“1 Ď Dtrain, until early stopping do
3: Û piq Ð F̂Y |X“XpiqpY piqq for i “ 1, . . . , B.
4: Define φREFL from Û p1q, . . . , Û pBq using (4.8).

5: Lpθq “ ´
1
B

B
ÿ

i“1

”

log f̂Y |X“XpiqpY piqq ` β log φREFLpÛ piqq

ı

loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

log f̂ 1

Y |X“Xpiq
pY piqq

.

6: Update parameters θ using ∇θLpθq.
7: end for
8: if C is True then
9: Ûi Ð F̂Y |X“XpiqpY piqq for each pXpiq, Y piqq P Dcal.

10: Define φREFL from the resulting PITs tÛiu
n
i“1.

11: return the predictive CDF ΦREFL ˝ F̂Y |X .
12: else
13: return the predictive CDF F̂Y |X .
14: end if

In Algorithm 8, the calibration map ΦKDE is computed at each step on the current batch, allowing
QRT to simultaneously use the neural network outputs to compute the first term and the second
term of the decomposition (4.6). In Section D.2.2, we investigate the impact of computing the
calibration map from data sampled randomly in the training dataset, which allows to compute
the calibration map on a larger dataset. We observe that the approach in Algorithm 8 provides
similar NLL than the approach in Section D.2.2, while being more computationally efficient. In
Section D.1.3, we confirm that β “ 1 provides the best NLL compared to other values of β.

Table 4.1: Summary of the compared methods, which differ only by the hyperparameters β and
C in Algorithm 8.

Method BASE QRC QREG QREGC QRT QRTC

β 0 0 Tuned Tuned 1 1
C False True False True False True

4.3.4 Time complexity

The proposed method can introduce increased computational demand due to evaluating log φKDEpÛ piqq,
which results in OpB2q evaluations of fLog per minibatch, where B is the batch size (B “ 512
in our experiments). More precisely, 3B2 evaluations of fLog are performed due to using the
estimator ΦREFL (see Section D.3). This additional computational demand does not depend on
the size of the underlying neural network and hence becomes less significant when training highly
computationally demanding models. In practice, we observe the time per minibatch to be nearly
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Figure 4.2: Difference in test NLL between two post-hoc methods (QRTC and QRC) and BASE,
where negative values indicate an improvement compared to BASE, averaged over 5 runs with
error bars corresponding to one standard error. We observe that QRTC achieves a lower NLL than
BASE and QRC on most datasets. Note that, for BASE, F̂Y |X is trained with a larger dataset that
includes the calibration data of QRTC and QRC. The experimental setup is described in Section 4.4.

two-fold compared to a method without QR, as detailed in Section D.1.7.

4.4. A Large-Scale Experimental Study

We compare the performance of QRTC (Section 4.3) against BASE, QRC and QREG on several metrics
in a large-scale experiment. We also consider multiple ablated versions of QRTC. We build on the
large-scale empirical study of Dheur and Ben Taieb (2023) (Chapter 3) and consider the same
underlying neural network architectures, datasets and metrics. For these experiments, 81926
models were trained during a total of 180 hours on 40 CPUs.

4.4.1 Benchmark datasets

The datasets are the same as in Chapter 3, namely 27 from the recently curated benchmark by
OpenML (Grinsztajn et al., 2022), 18 obtained from the AutoML Repository (Gijsbers et al.,
2019), and 12 from the UCI Machine Learning Repository (Dua and Graff, 2017). We divide
each dataset into four sets: training (65%), validation (10%), calibration (15%), and test (10%).
To ensure robustness, we repeat this partitioning five times randomly and then average the
results. During the training process, we normalize both the features, X, and the target, Y , using
their respective means and standard deviations derived from the training set. After obtaining
predictions, we transform them back to the original scale. For all methods, we use early stopping
(with a patience of 30) to choose the epoch that gives the smallest validation NLL.

To avoid a potential bias in our analysis, we exclude certain datasets that may not suitable for
regression. We identify these datasets using the proportion of targets Y that are among the 10
most frequent values in the dataset, and we call this proportion the level of discreteness. Table A.1
in the Supplementary Material shows that 13 out of 57 datasets have a level of discreteness above
0.5 and these datasets appear in all 4 benchmark suites. Section D.1.5 where full results are
available, shows that QRTC performs better on these datasets.
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Figure 4.3: Comparison of QRTC, QRC, QREGC and BASE, as detailed in Section 4.4.

4.4.2 Experimental setup

Base neural network model The base predictor F̂Y |X is a mixture density network (Sec-
tion 2.2.3) with M “ 3 Gaussians components, where the means µ̂mpXq, standard deviations
σ̂mpXq, and weights π̂mpXq, for each component m “ 1, ...,M are obtained as outputs of a
hypernetwork, which is a 3-layer MLP with 128 hidden units per layer. We also consider other
base predictors in Section D.1.2.

Compared methods We compare all methods in Table 4.1 where QR is applied, namely QRC,
QRTC and QREGC. As in Chapter 3, to ensure a fair comparison, the calibration dataset is used
as additional training data for the base predictor F̂Y |X since there is no need for a calibration
dataset. For QRTC and QREGC, the bandwidth b of φKDE is selected by minimizing the validation
NLL in the set t0.01, 0.05, 0.1, 0.2u. Section D.2.1 shows that QRT does not require extensive
tuning of the hyperparameter b. In fact, good results are already obtained with a default value of
b “ 0.1. For QREGC, we select λ “ ´β where λ P t0, 0.01, 0.05, 0.2, 1, 5u and minimizes PCE with
a maximum increase in continuous ranked probability score (CRPS) of 10% in the validation set,
as in Dheur and Ben Taieb (2023). Since none of the compared methods introduce additional
parameters compared to the baseline, all methods estimate parameters in the same space Θ.

Metrics We evaluate probabilistic predictions using the NLL and CRPS, which are strictly
proper scoring rules. Probabilistic calibration is measured using PCE (3.1). Finally, we measure
sharpness using the mean standard deviation of the predictions, denoted by SD. Similarly to
Section 3.6.1 in the previous chapter, we report Cohen’s d as a standardized effect size metric, and
critical difference diagrams to determine if there’s a significant difference in model performance
compared to a baseline.

4.4.3 Results

Figure 4.2 illustrates the comparison in NLL of QRTC and QRC across various datasets, relative to
BASE. We observe that QRTC consistently achieves a lower NLL on the majority of the datasets.
This suggests that allowing the model to adapt to the calibration map during training improves
the final predictive accuracy, without the need for extra parameters.

Figure 4.3 shows the letter-values plots for Cohen’s d of different metrics (top panel) as well as
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Figure 4.4: Comparison of QRTC, QRGC, QRIC, QRLC and BASE as detailed in Section 4.5.

the associated critical difference diagram (bottom panel), for all methods and datasets. The
reference model is BASE. Figure 4.3b shows that our proposed method, QRTC, is able to significantly
outperform the baseline and other methods in terms of test NLL, as suggested by Figure 4.2. In
terms of PCE, since all considered methods except BASE are combined with QR, they benefit
from the finite-sample guarantee (4.2) and achieve a similar PCE, outperforming BASE.

We also observe that there is no significant difference in terms of the CRPS of QRTC compared to
other methods. This suggests that QRT is able to place a high density at the observed/realized
test data points while the characteristics measured by CRPS, a distance-sensitive scoring rule (H.
Du, 2021), are not significantly impacted. Furthermore, all methods produce sharper predictions
than BASE, suggesting that BASE is underconfident, despite achieving similar NLL than QRC.

4.4.4 The importance of the base predictor

We note that previous studies on calibration have often focused on single Gaussian predictions
with a small number of layers (Lakshminarayanan, Pritzel, et al., 2017; Utpala and Rai, 2020;
S. Zhao et al., 2020). These models have been outperformed in terms of NLL and CRPS by
mixture predictions (Dheur and Ben Taieb, 2023). Following Dheur and Ben Taieb (2023), we
consider a 3-layer MLP that predicts a mixture of 3 Gaussians.

To further understand the role of the flexibility of the base predictor, we consider a 3-layer MLP
with varying number of components in the mixture as well as a ResNet. We observe that, in all
scenarios, QRTC outperforms QRC on most datasets in terms of NLL. Moreover, the enhancement
is most pronounced in the case of misspecified single Gaussian mixture predictions. Detailed
results are available in Section D.1.2.

4.5. An Ablation Study

In addition to the methods compared above, we provide an ablation study in order to understand
the importance of the different components of QRT. We consider three ablated versions of QRT
that differ from QRTC by one aspect each.

QRIC, for QRT at initialization only, corresponds to QRTC except that the calibration map F̂Û is
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computed once before the first training step and is fixed during the rest of training (except for
the last post-hoc step). The goal is to show that improved initialization is not the only strength
of QRT.

QRGC, for QRT without gradient backpropagation, corresponds to QRTC except that backpropagation
does not occur on the computation graph generated by the calibration map, i.e., when computing
Û piq in Algorithm 8. While QRTC considers the calibration map as part of the model, QRGC
considers the calibration map as an external actor that modifies the predictions at each step.
The goal is to show that merely applying QR at each training step is not sufficient unless it is
considered an integral part of the model.

QRLC, for QRT with learned calibration map, corresponds to QRTC except that the PITs Û piq in
Algorithm 8 are replaced by additional learned parameters initialized uniformly between 0 and 1.
Thus, QRLC possesses B more parameters than QRTC. The goal is to show that the benefits of
QRT are not only due to the additional flexibility provided by the calibration map.

Figure 4.4 shows a comparison of these ablated versions of QRTC against QRTC. We observe
that all ablated versions result in significantly decreased NLL compared to QRTC, highlighting
the strengths of the different components of QRT. Additionally, the CRPS and PCE show no
improvement compared to QRTC, and all ablated versions result in slightly sharper predictions
than BASE.

4.6. Conclusion

We introduced quantile recalibration training (QRT), a novel method that produces predictive
distributions that are probabilistically calibrated by design at each training step. We demonstrated
the effectiveness of this approach through a large-scale experiment and an ablation study. Our
results indicate that QRT followed by a post-hoc QR step demonstrates enhanced performance in
predictive accuracy (NLL) while maintaining or improving calibration compared to the baselines.
This combination presents a compelling option to produce predictive distributions that are both
accurate and well-calibrated. We also discussed the issue of training regression models on datasets
with a discrete output variable. For future work, we suggest extending our method to encompass
other calibration notions, such as distribution calibration (H. Song et al., 2019). Additionally,
integrating other calibration methods, such as Conformal Quantile Regression (Romano et al.,
2019), into the training procedure is an interesting direction to explore.

Limitations. While QRT has proven effective in improving both calibration and predictive
accuracy, several limitations should be acknowledged. First, the methodology and theoretical
guarantees are currently restricted to single-output regression under i.i.d. sampling, and do
not extend to multivariate outputs or to scenarios involving distribution shift. Second, the
guarantee established by QRT is marginal, and does not ensure calibration within specific
subgroups or conditionally on the input features. Future work could address this by incorporating
group-calibration approaches Section 2.4.5 or by learning conditional calibration maps (Dey
et al., 2022), though such extensions may come at the cost of weakening the finite-sample
probabilistic calibration guarantee. Third, the differentiable calibration step introduces non-
negligible computational overhead during training; nevertheless, the additional cost is fixed
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per training step, similar to other regularization methods, and not prohibitive. Finally, QRT
requires additional design choices, such as the selection of kernel family and bandwidth b, but
our experiments suggest that stable default settings are sufficient in practice.
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CHAPTER 5
Multi-Output Conformal Regression

This chapter is based on the following papers:

Victor Dheur, Matteo Fontana, Yorick Estievenart, Naomi Desobry, and Souhaib
Ben Taieb (2025). A Unified Comparative Study with Generalized Conformity Scores
for Multi-Output Conformal Regression. The 42nd International Conference on
Machine Learning.

Victor Dheur∗, Tanguy Bosser∗, Rafael Izbicki, and Souhaib Ben Taieb (2024).
Distribution-Free Conformal Joint Prediction Regions for Neural Marked Temporal
Point Processes. Machine Learning, Volume 113.

For the first paper, Victor Dheur developed the methodology and conducted the experimental
studies. Matteo Fontana contributed to the design of the latent-based conformity score method-
ology. The research was carried out under the supervision of Souhaib Ben Taieb. All authors
contributed to the preparation and revision of the manuscript.

For the second paper, Victor Dheur and Tanguy Bosser jointly developed the methodology and
conducted the experiments. The research was carried out under the supervision of Souhaib Ben
Taieb. All authors contributed to the preparation and revision of the manuscript.

5.1. Introduction

Many real-world problems require predicting multiple, often dependent, outputs simultaneously.
For instance, medical diagnostics may involve tracking several correlated health indicators, such
as a patient’s blood pressure and cholesterol levels, to monitor disease progression (Rajkomar
et al., 2018). While modern probabilistic models can capture complex dependencies, they often
produce unreliable or overly confident predictions (Nalisnick et al., 2018).

∗Equal contribution
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Figure 5.1: Examples of bivariate prediction
sets with an 80% coverage level for a toy
example.

Conformal prediction (CP) offers a robust frame-
work for improving model reliability by generating
distribution-free prediction sets with a finite-sample
coverage guarantee. Extending CP to multi-output
settings is non-trivial because the multidimensional
space Rd lacks the natural ordering of the real line.
For example, the conformity scores of DCP and
CQR in Section 2.5.4 require a CDF or QF. Other
approaches achieve only marginal coverage by com-
bining univariate regions, failing to capture depen-
dencies between variables (Y. Zhou et al., 2024).
Others, based on sampling or numerical approxima-
tions, can be computationally prohibitive (Izbicki
et al., 2022; Z. Wang et al., 2023; Plassier et al.,
2025a), while some may not achieve desirable con-
ditional coverage properties (Sadinle et al., 2019). Figure 5.1 illustrates the diverse prediction
sets produced by different methods on a simple bivariate problem.

In Dheur et al. (2025), we conduct a thorough comparative analysis of existing methods and
introduce novel classes of generalized conformity scores designed to produce sharp, reliable, and
computationally efficient prediction sets that adapt to the multivariate structure of the data. We
make the following contributions:

• We present a unified comparative study of nine conformal methods for constructing
multivariate prediction sets within the same framework. This study highlights their key
properties while also exploring the connections between them. We examine different
conformity scores with different multivariate base predictors, discussing prediction sets
derived from the marginal distributions of individual output variables, their joint PDF, or
sampling procedures (e.g., generative models).

• We introduce two novel classes of conformity scores for multi-output regression that
generalize their univariate counterparts. These scores ensure asymptotic conditional
coverage while maintaining exact finite-sample marginal coverage.

The first, CDF-based scores, leverage the cumulative distribution function (CDF) of any
conformity score to achieve asymptotic conditional coverage. This approach generalizes the
univariate HPD-split score, based on univariate highest density region from Izbicki et al.
(2020), to multivariate prediction sets derived from any conformity score. Additionally, we
propose a specific instance of CDF-based scores that builds on PCP (Z. Wang et al., 2023).
This method avoids the estimation of a predictive density, instead relying solely on samples
from any generative model.

The second, latent-based scores are inspired by Feldman et al. (2023) and can be interpreted
as an extension of distributional conformal prediction (Chernozhukov et al., 2021) to
multivariate outputs. Compared to Feldman et al. (2023), it does not require directional
quantile regression, and the conformalization is performed directly in the latent space,
eliminating the need to construct a grid. This enhances both computational efficiency and
scalability.
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• We conduct a large-scale empirical study comparing the different multi-output conformal
methods across 13 tabular datasets with multivariate outputs, evaluating several perfor-
mance metrics. We consider a variety of multi-output regression models, namely multivariate
quantile function forecaster (MQF2, Kan et al., 2022), Distributional random forests (DRFs,
Cevid et al., 2022), and Cholesky-based mixture density networks (MDNs, Bishop, 1994;
Muschinski et al., 2022).

5.2. Background

We focus on the SCP framework, which we reviewed in Section 2.5.1. Many conformal prediction
methods have been proposed in the literature and implemented within the SCP framework for
various base predictors and conformity scores, with a specific focus on univariate prediction
problems. In this section, we survey several conformal methods for constructing multivariate
prediction sets, using different multivariate base predictors and corresponding conformity scores.
Specifically, we discuss density-based, and sample-based methods, which are based on their joint
PDF, or a sampling procedure (e.g., a generative model), respectively. In the following, we
describe the conformity scores for different methods. The methods M-CP and CopulaCPTS, which
produce hyperrectangular sets, are detailed in Section E.2.

Once a conformity score is defined, SCP computes the 1 ´ α empirical quantile of the scores on
the calibration dataset, denoted q̂. Then, the corresponding prediction set is defined by

R̂pxq “ ty P Y : spx, yq ď q̂u. (5.1)
We detail the connection between the conformity score and prediction set of each consider
methods in Section E.3. Furthermore, in Section 5.5, we analyze the properties and relationships
between these methods and provide illustrative examples of the resulting prediction sets.

DR-CP. Given a predictive density f̂Y |X“x, a direct conformity score is the negative density:

sDR-CPpx, yq “ ´f̂Y |X“xpyq. (5.2)
We call this baseline method DR-CP for Density-Rank conformal prediction. The corresponding
prediction set is a density superlevel set, R̂DR-CPpxq “ ty P Y : f̂Y |X“xpyq ě ´q̂u. Sadinle et al.
(2019) use this conformity score in the context of classification.

C-HDR. Izbicki et al. (2022) proposed the HPD-split method, which defines a conformity
score based on the Highest Predictive Density (HPD):

HPDf̂Y |X“x
pyq “

ż

ty1|f̂Y |X“xpy1qěf̂Y |X“xpyqu

f̂Y |X“xpy1qdy1 (5.3)

“ P
´

f̂Y |X“xpŶ q ě f̂Y |X“xpyq | X “ x
¯

, (5.4)

where Ŷ „ f̂Y |X“x. The corresponding prediction set is a highest density region (HDR, Hyndman,
1996) w.r.t. f̂Y |X“x at level q̂:

R̂C-HDRpxq “ ty P Y : f̂Y |X“xpyq ě tq̂u, (5.5)
where tq̂ “ suptt : Ppf̂Y |X“xpŶ q ě t | X “ xq ě q̂u.
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Compared to DR-CP, where the threshold ´q̂ is independent of x, C-HDR allows the threshold tq̂
to vary with x. To compute the HPD in (5.3), Izbicki et al. (2022) use numerical integration,
whereas in our experiments, we approximate (5.4) using Monte Carlo sampling, as described
in (5.10). When using the Monte Carlo sampling approach, we call this method C-HDR for
conformalized HDR.

In the context of classification, the Adaptive Prediction Sets (Romano et al., 2020) method
follows a similar principle by constructing a “highest mass region”, which corresponds to a
superlevel set of the probability mass function with probability content at least q̂.

PCP. Let Ỹ p1q, Ỹ p2q, . . . , Ỹ pLq denote a sample with L points from the (estimated) conditional
distribution P̂Y |X“x. Probabilistic conformal prediction (PCP, Z. Wang et al. (2023)) defines a
conformity score as the closest distance to y:

sPCPpx, yq “ min
lPrLs

}y ´ Ỹ plq}, (5.6)

where Ỹ plq „ P̂Y |X“x, l P rLs. (5.7)

The corresponding prediction set is a union of L balls centered at each sampled point Ỹ plq, i.e.
R̂PCPpxq “

Ť

lPrLsty P Y : }y ´ Ỹ plq} ď q̂u.

HD-PCP. When a predictive density is available alongside a sample of L points, Z. Wang et al.
(2023) proposed an extension to PCP, called HD-PCP. This method uses the same conformity score
as in (5.6), but only retains the tp1 ´ αqLu samples with the highest density, ensuring that the
prediction set is concentrated on high-density points.

ST-DQR. Motivated by the limitation that existing multivariate quantile regression methods
do not allow the construction of prediction sets with arbitrary shapes, Feldman et al. (2023)
proposed to construct convex regions in a latent space Z using directional quantile regression
(Paindaveine and Šiman, 2011). These regions are then mapped to the output space Y using a
conditional variational autoencoder (CVAE), allowing a non-linear mapping between the two
spaces. Specifically, they apply a conformalization step by creating a grid of points within the
region in Z, map the points to the output space Y, and construct d-balls around the mapped
samples, similarly to PCP.

5.3. Related Work

Conformal prediction (CP), introduced by Vovk et al. (1999), forms the foundation of our
work by providing prediction sets with finite-sample coverage guarantees. CP methods are
well established for regression with univariate outputs (Papadopoulos et al., 2008; Lei and
Wasserman, 2014; Romano et al., 2019; Sesia and Romano, 2021) and classification (Romano
et al., 2020; Angelopoulos et al., 2021). In the multi-output regression setting, we need to capture
dependencies between output dimensions, represent more complex prediction sets and handle a
larger computational demand.

To address multivariate prediction challenges, optimal transport methods such as cyclically
monotone mappings (Carlier et al., 2016) define multivariate quantile regions with desirable
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properties such as existence and uniqueness of mappings. Hallin and Šiman (2017), Hallin
et al. (2021), and Barrio et al. (2024) have proposed extensions of these approaches. Neural
network-based techniques leverage normalizing flows (Kan et al., 2022; C.-W. Huang et al., 2021)
or variational autoencoders (Feldman et al., 2023) to learn flexible quantile regions. Additionally,
highest density regions (HDRs) (Hyndman, 1996) handle multimodality and have been applied in
various contexts (Camehl et al., 2024; Izbicki et al., 2022; Dheur et al., 2024). Recently, Z. Wang
et al. (2023) proposed constructing prediction sets as hyperballs centered on generated samples,
with extensions by Plassier et al. (2025a) improving conditional coverage. Other methods use
copulas (Messoudi et al., 2021; S. H. Sun and Yu, 2024) to model the dependency between
variables. Section E.1 provides a more detailed discussion on related work.

Recent research has extended CP in several directions, including methods for handling distribution
shift (Tibshirani et al., 2019; Gibbs and Candes, 2021), non-exchangeable data (Foygel Barber
et al., 2021a; Zaffran et al., 2022), federated learning (C. Lu et al., 2023), and scenarios where
multiple observations of the same input are available at prediction time (Fermanian et al., 2025).

5.4. Generalized Conformity Scores for Multi-Output Regression

In this section, we introduce two new classes of conformity scores: CDF-based and latent-
based scores. These scores generalize existing conformity scores for single-output regression to
accommodate any conformity score for multivariate outputs. The former generalizes HPD-Split
(Izbicki et al., 2020) to any conformity score, allowing to apply this method to multivariate
outputs. We further propose a specific instance that builds on PCP (Z. Wang et al., 2023). The
latter is inspired by Feldman et al. (2023) and can be interpreted as an extension of distributional
conformal prediction (Chernozhukov et al., 2021) for multivariate outputs. Section 5.5 will
present a comparative study of the conformity scores introduced in Section 5.2 alongside those
introduced in this section.

5.4.1 CDF-based conformity scores

Consider a conformity score sW , and define the random variableW “ sW pX,Y q for a random pair
pX,Y q. For an observation px, yq, we introduce a new conformity score based on the conditional
CDF of W given X “ x, evaluated at sW px, yq. Specifically, the score is given by

sCDFpx, yq “ PpsW pX,Y q ď sW px, yq | X “ xq (5.8)
“ FW |X“xpsW px, yqq. (5.9)

This new conformity score measures the rank of sW px, yq relative to the conditional distribution
of W given X “ x.

This method applies to any conformity score sW and generalizes the (oracle) HPD-split introduced
in Izbicki et al. (2020) in the context of single-output regression. Specifically, when sW px, yq “

sDR-CPpx, yq is used in (5.9), we recover the C-HDR method. Additionally, by the probability
integral transform, sCDFpX,Y q | X “ x „ Up0, 1q for x P X , meaning that the conformity score’s
distribution is independent of x. This property ensures that conditional coverage is achieved
as |Dcal| Ñ 8 (see Section E.5.2, Lemma 8). A similar observation was made by Izbicki et al.
(2020) for C-HDR.
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However, in practice, since the distribution of Y | X “ x is unknown, we approximate sCDF
using Monte Carlo sampling:

sECDFpx, yq “
1
K

ÿ

kPrKs

1
´

sW px, Ŷ pkqq ď sW px, yq

¯

,

where Ŷ pkq „ P̂Y |X“x, k P rKs. (5.10)

Dheur et al. (2024) considered a particular case of this empirical CDF-based approach with the
sDR-CP score for a bivariate prediction problem involving temporal point processes, where the
HDR is estimated via Monte Carlo sampling.

C-PCP. We introduce a special case of our new score, called C-PCP (CDF-based Probabilistic
Conformal Prediction), by setting sW px, yq “ sPCPpx, yq in (5.10), which gives:

sC-PCPpx, yq “
1
K

ÿ

kPrKs

1

ˆ

min
lPrLs

}Ŷ pkq ´ Ỹ plq} ď min
lPrLs

}y ´ Ỹ plq}

˙

.

Compared to the methods in Izbicki et al. (2020) and Dheur et al. (2024), this score has the
advantage of not requiring the estimation of a predictive density, relying instead on samples
from the conditional distribution. Consequently, this score can be applied with any generative
model that does not have an explicit density, while still retaining the desirable properties of our
CDF-based score.

Interestingly, C-PCP shares similarities with the recently proposed CP2-PCP method by Plassier
et al. (2025a). For a given x P X , both methods adapt the radius of the balls based on a second
sample from the conditional distribution composed of K points, requiring a total of L ` K
samples. A detailed discussion can be found in Section E.8.

5.4.2 Latent-based conformity scores

Inspired by Feldman et al. (2023), we propose a latent-based conformity score with key distinctions.
First, our method does not require the use of directional quantile regression. Additionally, the
conformalization step is performed in the latent space, eliminating the need to construct a grid,
which improves both computational efficiency and scalability.

Our base predictor is a conditional invertible generative model T̂ : Z ˆ X Ñ Y, which maps a
latent random variable Z P Z (e.g., drawn from a standard multivariate normal distribution) to
the output space Y, conditional on X P X (e.g., using normalizing flows). The model is both
conditional and invertible, meaning that

T̂ pT̂´1py;xq;xq “ y,@x P X , y P Y.

We propose the following conformity score, called L-CP (Latent-based conformal prediction),
defined as:

sL-CPpx, yq “ ρZpT̂´1py;xqq, (5.11)
where ρZ : Z Ñ R is a conformity function in the latent space Z, independent of x. In our
experiments, we use Z „ N p0, Idq and ρZpzq “ }z}.
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Figure 5.2: Prediction sets for a bivariate unimodal dataset, conditional on a univariate input.
The black, green, and yellow contours represent regions with nominal coverage levels of 20%,
40%, and 80%, respectively.

The corresponding prediction set is obtained by mapping a region in the latent space, RZpq̂q “

tz P Z : ρZpzq ď q̂u, to a region in the output space, R̂L-CPpxq “ tT̂ pz;xq : z P RZpq̂qu.

L-CP generalizes distributional conformal prediction (Chernozhukov et al., 2021), which is a
special case when Y is univariate (d “ 1), Z „ Up0, 1q, ρZpzq “ |z´ 1

2 |, and T̂ p¨;xq is the quantile
function of Y given x.

Concurrent work by Fang et al. (2025) introduces CONTRA, sharing the same algorithm as our
latent-based methods. While related, the papers diverge in their primary focus. Fang et al. (2025)
emphasizes the smaller prediction sets achieved by CONTRA, whereas our work concentrates on
the computational complexity and conditional coverage guarantees of the latent-based methods
while obtaining set sizes that are small but not smaller than density-based methods.

5.5. Comparison of Multi-Output Conformal Methods

In this section, we present a unified comparison of the conformity scores introduced in Section 5.2
and the generalized scores proposed in Section 5.4.

5.5.1 Illustrative examples

We provide illustrative examples of bivariate prediction sets for different conformal methods
on simulated data, covering both unimodal (Figure 5.2) and bimodal distributions (Figure E.4
in Section E.4.2). The data-generating processes are given in Section E.4.2. Additionally, we
present bivariate prediction sets for a real-world application, predicting a taxi passenger’s drop-off
location based on the passenger’s information (Figures E.2 and E.3 in Section E.4.1).

In both Figures 5.2 and E.4, the black, green, and yellow contours represent prediction sets with
nominal coverage levels of 20%, 40%, and 80%, respectively. The top-left panel illustrates the
density level sets of the oracle distribution PY |X . The remaining panels display the prediction
sets generated by various conformal methods, all utilizing the MQF2 base predictor, as explained
in Section E.6.2.



84 Chapter 5. Multi-Output Conformal Regression

Table 5.1: Properties of different multivariate conformal methods. (*) M-CP achieves ACC
under certain assumptions (Section E.5.2). (**) STDQR and L-CP require a conditional invertible
generative model T̂ : Z ˆ X Ñ Y. (†) CopulaCPTS has a pre-training cost of OptCq.

Method Type of region
Asymptotic
conditional
coverage

Computational
complexity

Predictive
density

not required

Sampling
procedure

not required
M-CP Hyperrectangle ✗(*) OpdtM q ✓ ✓

CopulaCPTS Hyperrectangle ✗ OpdtM q: ✓ ✓
DR-CP Density superlevel set ✗ OptDq ✗ ✓
C-HDR Density superlevel set K Ñ 8 OpKptD ` tSqq ✗ ✗
PCP Union of d-balls ✗ OpLtSq ✓ ✗
HD-PCP Union of d-balls ✗ OpLptD ` tSqq ✗ ✗
STDQR Union of d-balls ✗ OpLtSq ✓(**) ✗
C-PCP Union of d-balls K Ñ 8 OppK ` LqtSq ✓ ✗
L-CP Quantile region ✓ OptQq ✓(**) ✗

We observe the following for the unimodal case in Figure 5.2. M-CP and CopulaCPTS capture
heteroscedasticity but produce rectangular prediction sets, which do not align with the circular
level sets of the oracle conditional distribution, resulting in a lack of sharpness. DR-CP fails to
maintain conditional coverage, and for X “ 1, the absence of black and green contours indicates
that the predictive density does not reach the threshold ´q̂ defined in (5.2) for coverage levels
of 0.2 and 0.4. C-HDR generates prediction sets that closely resemble the oracle level sets. PCP
generates highly discontinuous regions, especially at lower coverage levels, where the regions
appear as balls centered on individual samples. In contrast, HD-PCP and STDQR yield smoother,
more continuous regions but require the estimation of a predictive PDF or the identification of a
map from the latent space to the output space, respectively.

For our methods, unlike PCP, C-PCP adjusts the radius of the prediction sets to improve conditional
coverage. This is evident in the example, where the radius of the balls for X “ ´1 is smaller than
for X “ 1, as indicated by the tighter regions around the samples. L-CP generates prediction
sets that closely align with the oracle level sets, demonstrating good conditional coverage.

For the bimodal distribution in Figure E.4 (Section E.4.2), the prediction sets generated by
M-CP and L-CP are connected, failing to capture the bimodal nature of the distribution. For
the real-world application, Figures E.2 and E.3 (Section E.4.1) illustrate predictions under low
and high uncertainty, respectively. Our methods, L-CP and C-PCP, alongside M-CP and C-HDR,
demonstrate the best adaptability to outputs with varying levels of uncertainty.

5.5.2 Properties

In this section, we compare conformal methods based on several key properties. In the following,
we use d.

“ to denote equality in distribution and a.s.
“ to denote almost sure equality.

Marginal coverage. All the conformal methods presented achieve the classical finite-sample
marginal coverage. But, as noted by Z. Wang et al. (2023) (Theorem 1), the marginal coverage
of methods such as C-HDR, PCP, HD-PCP, and C-PCP also depends on the randomness of the
generated samples. In Section E.5.1, we demonstrate that the marginal coverage, conditional on
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the calibration dataset Dcal and the samples drawn from it, follows a beta distribution, using
standard arguments. CopulaCPTS is the only method that does not enter into the standard split
conformal algorithm and who does not satisfy the above property.

Asymptotic conditional coverage (ACC). We examine the asymptotic conditional coverage
property, which corresponds to conditional coverage as defined in (2.59) under the assumptions
that |Dcal| Ñ 8 and the base predictor corresponds to the oracle distribution PY |X .

While the assumption of oracle base predictor is strong, it is essential to demonstrate that
the conformal procedure preserves the performance of the base predictor. Specifically, given
x P X , for M-CP and CopulaCPTS, we assume l̂ipxq “ QYi|X“xpαlq and ûipxq “ QYi|X“xpαuq with
i “ 1, . . . , d; for DR-CP, C-HDR, and HD-PCP, f̂Y |X“x “ fY |X“x; for L-CP, T̂ pZ;xq

d.
“ Y |pX “ xq;

and for PCP and C-PCP, P̂Y |X“x “ PY |X“x.

Our empirical results (Section 5.6) demonstrate that methods achieving ACC under these
assumptions also exhibit superior approximate conditional coverage across diverse datasets and
base predictors. L-CP is the only method that achieves ACC without additional assumptions.
C-HDR and C-PCP achieve ACC with K Ñ 8. Finally, M-CP achieves ACC under specific
assumptions. Assuming that Y1, . . . , Yd are conditionally independent givenX, M-CP achieves ACC
if αu´αl “ d

?
1 ´ α. Furthermore, under the unrealistic assumption that Y1 | X

a.s.
“ . . .

a.s.
“ Yd | X,

M-CP achieves ACC if αu ´ αl “ 1 ´ α. The true dependence typically lies between these two
extremes. We provide detailed proofs of these statements in Section E.5.2.

As discussed in Section 5.5.1, DR-CP fails to achieve ACC. Likewise, PCP, HD-PCP and STDQR do
not achieve ACC, as they are constrained to producing sets with upper bounded volume for any
x P X . Assuming each ball has a volume of V , PCP generates sets with a total volume of at most
LV . For a given instance x P X with high uncertainty, it may be impossible to capture sufficient
probability mass to achieve conditional coverage.

Region size. Among the methods that achieve ACC, C-HDR is expected to perform best, as
it converges to the highest density regions, which correspond to the smallest volume regions
(Hyndman, 1996). Prediction sets from C-PCP are expected to have a larger volume since they
are constrained to a union of L d-balls. Similarly, prediction sets from L-CP are less flexible than
those from C-HDR, as they are connected when the region RZpλq in the latent space is connected
for all λ P R and T̂ is continuous. This constraint may be desirable when more interpretable
prediction sets are preferred (Sesia and Romano, 2021).

Among the remaining methods, DR-CP minimizes the mean prediction set size E
”

|R̂pXq|

ı

under
the oracle PDF as |Dcal| Ñ 8, as shown in Theorem 1 by Sadinle et al. (2019). In contrast, M-CP
and CopulaCPTS are expected to yield larger prediction sets, as they do not explicitly account for
dependencies between outputs. While PCP, HD-PCP, and C-PCP can capture multimodality, they
are susceptible to the randomness of the sampling procedure, as evidenced by the shape of the
sets in Figure 5.2. Furthermore, since they rely on a finite union of L d-balls, they are subject to
the curse of dimensionality in high-dimensional spaces, where data sparsity necessitates larger
balls to maintain marginal coverage.

A potential weakness of the mean prediction set size is that it can be disproportionately skewed
by inputs with high uncertainty. To mitigate this sensitivity, we also report the median prediction
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set size as a more robust alternative.

Computational complexity. Table 5.1 reports the computational complexity of each conformity
score. For M-CP and CopulaCPTS, let tM represent the compute time of the univariate conformity
score for a single dimension and tC the optimization time for CopulaCPTS. Let tD, tS , and
tQ denote the time required for density evaluation, sampling, and calculating the inverse of
the quantile function T̂´1, respectively. In many cases, tM and tC are relatively low, while tD,
tS , and tQ are comparable. C-HDR, PCP, HD-PCP, STDQR and C-PCP are significantly slower than
M-CP, L-CP, and DR-CP since they need to generate a large number of samples to compute the
conformity score (we used K “ L “ 100 in our experiments).

Base predictor. Some conformal methods stand out because they do not need to evaluate the
predictive density f̂Y |X or generate samples. M-CP and CopulaCPTS only require a univariate
model for each dimension, without needing a model for the joint distribution of Y . DR-CP does
not require sampling from the model, which is beneficial when using normalizing flows that are
slower to invert (e.g., masked autoregressive flows (MAF, Papamakarios, Pavlakou, et al., 2017)
or convex potential flows (C.-W. Huang et al., 2021)). PCP and C-PCP do not require evaluating
the predictive density f̂Y |X , making them compatible with any generative model, including
diffusion models and GANs. L-CP and STDQR do not require predictive density evaluation but
require the model to be invertible. We summarize the different properties in Table 5.1.

5.5.3 Connection between sample-based and density-based methods

Interestingly, the sample-based methods (PCP, HD-PCP, C-PCP) can be viewed as special cases of
density-based methods (DR-CP, C-HDR). Let us assume a common predictive PDF f̂Y |X is used
for the base predictor of these conformal methods. Let Ỹ plq „ P̂Y |X“x for l P rLs, and fSp¨; Ỹ plqq

be a PDF with spherical level sets, centered at Ỹ plq, such as a standard multivariate Gaussian
N

`

¨; Ỹ plq, Id
˘

. For x P X , we define a new PDF f̂max
Y |X“xpyq “ maxlPrLs fSpy; Ỹ plqq{C, where C

is a normalizing constant ensuring that f̂max
Y |X“xp¨q integrates to 1. The following proposition

establishes the relationship between these methods.

Proposition 3. PCP is equivalent to DR-CP with f̂Y |X“x “ f̂max
Y |X“x. Similarly, HD-PCP is equivalent

to DR-CP with f̂Y |X“x “ f̂max
Y |X“x where only tp1 ´ αqLu samples with the highest density among

tỸ plqulPrLs are kept. Finally, C-PCP is equivalent to C-HDR with f̂Y |X“x “ f̂max
Y |X“x.

C-HDR

Figure 5.3: Connections
between different meth-
ods.

We provide a proof in Section E.5.3. Although these sample-based
methods are special cases of density-based approaches, the key advan-
tage of PCP and C-PCP is that they rely solely on a sampling procedure,
without requiring a predictive density f̂Y |X as a base predictor. Figure
5.3 summarizes the connections between the main conformal methods.

An interesting practical takeaway is that DR-CP and C-HDR are linked in
the same way as PCP and C-PCP. Since DR-CP under the oracle has the
smallest mean set size while C-HDR empirically has a smaller median
set size, similar observations are expected for PCP and C-PCP. This is
verified empirically: PCP has a smaller mean set size across all base
predictors, while C-PCP has a smaller median set size.
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Figure 5.4: Conditional coverage metrics across datasets sorted by size. CEC-X and CEC-Z
should be minimized while WSC should approach 1 ´ α.

5.6. A Large-Scale Study of Multi-Output Conformal Methods

In this section, we present a large-scale study of multi-output conformal methods using 13 tabular
datasets from previous studies (Tsoumakas et al., 2011; Feldman et al., 2023; Z. Wang et al.,
2023; Barrio et al., 2024; Camehl et al., 2024). To ensure sufficient data for training, calibration,
and testing, we include only datasets with at least 2,000 instances. The selected datasets contain
between 7,207 and 50,000 data points, with the number of input features p ranging from 1 to
279 and the number of output variables d ranging from 2 to 16.

We consider three base predictors: the Multivariate Quantile Function Forecaster (MQF2), a
normalizing flow (Kan et al., 2022), Distributional random forests (Cevid et al., 2022), and
a multivariate Gaussian mixture model (Bishop, 1994). We present results for MQF2 in the
main text, while similar results for the other models are provided in Section E.7. We compare
the methods using several metrics, including conditional coverage (WSC, CEC-X, and CEC-
V), marginal coverage (MC), set size, and computational time. A detailed description of the
experimental setup is provided in Section E.6.

Conditional coverage. Figure 5.4 presents the results for all datasets, ordered by increasing
dataset size. On most datasets, C-PCP, L-CP, and C-HDR obtain the best conditional coverage. In
contrast, HD-PCP, STDQR, PCP, and DR-CP are the least conditionally calibrated. Finally, M-CP
and CopulaCPTS attain intermediate conditional coverage, with M-CP performing slightly better.
These results align with our analysis in Section 5.5.2, where we showed that C-PCP, L-CP, and
C-HDR achieve ACC, while HD-PCP, STDQR, PCP, and DR-CP do not, and M-CP achieves it only
under specific conditions. Finally, Figure E.6 shows that all methods achieve marginal coverage,
as expected.

Region size. Figure 5.5 presents a critical difference (CD) diagram (Demšar, 2006) comparing
the median set size of all methods across datasets. Higher-ranked methods (further right) perform
better. Thick horizontal lines indicate models with no statistically significant difference at the
0.05 level (see Section E.6.5 for details).

Among the methods that achieve ACC, C-HDR yields the smallest median set size, as expected,
since its regions converge to the highest density regions (Izbicki et al., 2022). C-PCP and
L-CP produce slightly larger regions, though the difference is not significant for these datasets.
Among the remaining methods, DR-CP yields the smallest median region. In contrast, M-CP and
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CopulaCPTS generate larger regions, which is expected given their less flexible hyperrectangular
shape. PCP tends to obtain the largest set sizes as it includes samples from low-density areas,
whereas STQDR and HD-PCP mitigate this by removing samples from low-density areas, resulting
in more compact regions. Finally, Figure E.7 in Section E.7 provides results for the mean set
size, where DR-CP consistently performs best, under the oracle setting, it minimizes the expected
set size, as explained in Section 5.5.2.

Computation time. Figure 5.6 shows the total computation time for each method. M-CP and
CopulaCPTS have the shortest computation times, as they do not require learning a complex
model for the output joint distribution. L-CP and DR-CP follow, benefiting from the absence of
per-instance sampling. In contrast, sampling-based methods typically require 100 to 200 times
more computation time.

5.7. Application to Continuous-Time Event Data

So far, this chapter has focused on constructing multi-output prediction sets for standard
regression tasks on tabular data. We now turn to another application. Continuous-time event
data, comprising sequences of events occurring at irregular intervals, is ubiquitous across fields
such as healthcare (Enguehard et al., 2020), finance (Bacry and Muzy, 2014), and social media
(Farajtabar et al., 2017). Temporal Point Processes (TPPs) provide a principled mathematical
framework for modeling these sequences. In this section, we apply multi-output conformal
prediction methods to TPPs to predict future events. This task provides a compelling use case for
multi-output conformal regression, as it involves generating a joint prediction set for a bivariate
output composed of a continuous variable (the event’s arrival time) and a categorical one (the
event’s mark). We consider either combining individual predictions regions or directly producing
highest density regions, with both heuristic and conformal methods. This section is based on
Dheur et al. (2024), where more details and related works on TPPs are provided.

5.7.1 Problem Formulation

A marked temporal point process describes a sequence of events tptj , kjqumj“1, where tj P R` is
the arrival time and kj P rKs is the associated mark. The task is to predict the next event given
the history of past events Ht “ tpti, kiq | ti ă tu.
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We frame this as a supervised learning problem. The input X is a fixed-dimensional embedding
h of the history Ht, generated by a neural encoder. The output Y is the next event, represented
as a pair pτ, kq, where τ P R` is the inter-arrival time (time since the last event) and k P rKs is
the mark. The output space is thus Y “ R` ˆ rKs.

Our base predictor is a neural TPP model, specifically the Conditional LogNormMix (CLNM)
model (Shchur et al., 2020; Bosser and Ben Taieb, 2023), which learns an estimate of the
conditional joint PDF f̂pτ, k | hq “ f̂Y |X“xpyq, with y “ pτ, kq and x “ h. This density provides
the foundation for constructing conformal prediction sets.

5.7.2 Individual Prediction Sets for Arrival Times and Marks

Before constructing joint prediction sets, we first define the methods for creating marginal
prediction sets for the arrival time, R̂τ phq, and the mark, R̂kphq. These serve as building blocks
for one of the joint prediction strategies.

Arrival Time. The inter-arrival time τ is a positive, right-skewed variable. A suitable heuristic
approach, Heuristic QRL (H-QRL), constructs an asymmetric interval directly from the estimated
quantile function for a given miscoverage level α:

R̂τ,H-QRLphq “ r0, Q̂τ |X“hp1 ´ αqs. (5.12)

To ensure valid coverage, we use its conformal counterpart, Conformalized Quantile Regression
Left (C-QRL). This method adapts the CQR framework (see Section 2.5.4) using the conformity
score:

sC-QRLph, τq “ τ ´ Q̂τ |X“hp1 ´ αq. (5.13)

Mark. For the categorical mark k, the heuristic method Heuristic RAPS (H-RAPS) forms a
set of likely marks by taking all marks whose RAPS score is below the target level:

R̂k,H-RAPSphq “ tk1 P rKs : sRAPSph, k1q ď 1 ´ αu. (5.14)

Its conformal version, Regularized Adaptive Prediction Sets (C-RAPS) (Angelopoulos et al.,
2021), applies the split conformal algorithm to the same score. The conformity score sorts marks
by their predicted probabilities p̂k|X“hpkq and includes regularization terms to produce smaller
sets:

sRAPSph, kq “
ÿ

k1:p̂k1|X“hpkqěp̂k|X“hpkq

p̂k|X“hpk1q ` U ¨ p̂k|X“hpkq ` γ popkq ´ kregq
` , (5.15)

where U „ Up0, 1q handles ties, opkq is the rank of mark k, and γ, kreg ě 0 are regularization
hyperparameters that penalize large sets.

5.7.3 Joint Prediction Sets for Arrival Time and Mark

Our primary objective is to construct a joint prediction set R̂phq Ď Y for the pair pτ, kq with a
marginal coverage guarantee of at least 1 ´ α. We explore two main strategies to achieve this.
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Combining Individual Regions (Baseline). A simple and valid approach is to combine
the individual conformal prediction sets using a Bonferroni correction. We construct a C-QRL
region for the time and a C-RAPS region for the mark, each with a miscoverage level of α{2.
The joint region is their Cartesian product:

R̂phq “ R̂τ,C-QRLphq ˆ R̂k,C-RAPSphq. (5.16)

This method is guaranteed to achieve the desired joint coverage. However, as shown in Figure 5.7a,
it produces a rigid rectangular region that ignores any correlation between the time and the
mark, which can be inefficient. The prediction interval for the time is forced to be identical for
every mark included in the prediction set.

Highest Density Regions. To create more adaptive and potentially tighter regions, we can
work directly with the joint density f̂pτ, k|hq. The heuristic approach, Heuristic HDR (H-HDR),
constructs a Highest Density Region by finding a threshold t1´α on the density values:

R̂H-HDRphq “ tpτ, kq | f̂pτ, k | hq ě t1´αu, (5.17)

where t1´α is chosen such that the region’s probability mass under f̂ is 1 ´ α. To obtain a
finite-sample guarantee, we use the Conformal Highest Density Region (C-HDR) method from
Section 5.2, which calibrates this threshold. It uses the conformity score:

sC-HDRph, pτ, kqq “ HPDf̂Y |X“hppτ,kqq
“ Ppf̂pτ̂ , k̂ | hq ě f̂pτ, k | hqq, (5.18)

where pτ̂ , k̂q „ f̂p¨, ¨ | hq. As illustrated in Figure 5.7b, this method produces a prediction set
based on the joint density, allowing the prediction interval for time to vary for each mark and
excluding unlikely combinations altogether.

5.7.4 Experiments

We now empirically evaluate the performance of the joint prediction methods on continuous-time
event data. Our goal is to assess both the coverage and efficiency (producing small regions) of
the different approaches.

We use several real-world event sequence datasets, including LastFM, MOOC, Reddit, Retweets,
and Stack Overflow, along with synthetic data generated from a Hawkes process. A detailed
summary of these datasets, along with a full description of the experimental setup and evaluation
metrics, is provided in the appendix. While the appendix also presents a thorough analysis of
marginal prediction sets for arrival times and marks separately, here we focus on the primary
goal: constructing and evaluating joint prediction sets.

Joint Prediction Sets for Arrival Time and Mark

Figure 5.8 presents the results for methods generating bivariate prediction sets for the arrival
time and mark, with a target coverage of 80% (α “ 0.2).

As expected, the first row shows that all conformal methods (C-QRL-RAPS and C-HDR)
successfully achieve the target marginal coverage (MC). In contrast, their heuristic counter-
parts (H-QRL-RAPS and H-HDR) consistently undercover, highlighting the necessity of the
conformalization step to ensure coverage.
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each included mark (e.g., k1, k3) and exclud-
ing unlikely marks (e.g., k2).

Figure 5.7: Example of joint bivariate prediction sets with α “ 0.4 on a synthetic example with
τ P R` and marks rKs “ tk1, k2, k3u.
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Figure 5.8: Performance of different methods producing a joint region for the time and mark on
real-world datasets using the CLNM model. Heuristic methods are hatched.

The second and third rows evaluate the prediction set length (or volume). For the second row,
we define the average prediction set length of a method m over the test dataset as L̄m. Then, for
a better comparison, when comparing a set of M methods with average lengths L1, . . . , LM , we



92 Chapter 5. Multi-Output Conformal Regression

report the relative length of the ith method as

R. Length “
Li

minjPt 1,...,M u Lj
. (5.19)

For the third row, we consider the geometric mean of the lengths computed on Dtest as:

G. Length “
1

|Dtest|

|Dtest|
ÿ

i“1
logp|R̂yphiq| ` ϵq, (5.20)

where ϵ is an offset that we fix at ϵ “ 0.01 to avoid values of ´8 when |R̂yphiq| “ 0.

While the simple average length (second row) can be sensitive to outliers with highly skewed
distributions, the geometric mean length (third row) provides a more robust comparison. On
this metric, C-HDR produces the smallest regions across all datasets. This result empirically
validates the benefit of modeling the joint dependency, as C-HDR is less conservative than the
C-QRL-RAPS baseline, which combines marginals.

Finally, the last two rows assess approximate conditional coverage using either WSC or CEC-V ,
which are described in Section E.6.6. C-HDR again performs competitively, often achieving the
best conditional calibration among the valid methods, particularly on the Reddit dataset.

To provide a qualitative illustration, Figure 5.9 shows example prediction sets for a test instance
from the LastFM dataset. The figure clearly shows the structural difference between the
approaches. C-QRL-RAPS produces a rigid rectangular region, with a constant-width time
interval for all selected marks. In contrast, C-HDR creates a more nuanced region that adapts to
the joint density, yielding variable-length intervals for each mark and capturing the underlying
dependency structure.
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Figure 5.9: Examples of prediction sets generated by CLNM using the C-QRL-RAPS and C-HDR
methods for the last event of a test sequence of the LastFM dataset. The black star corresponds
to the actual event that materializes.

Empirical Coverage for Different Coverage Levels

To ensure our findings are not specific to a single miscoverage level, we also evaluate the empirical
marginal coverage across a range of target coverage levels from 10% to 90%. Figure 5.10 shows
these results for the joint prediction methods.
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Figure 5.10: Empirical marginal coverage for different coverage levels with the CLNM model.
All conformal methods achieve marginal coverage, but the naive method (C-QRL-RAPS) tends
to overcover. The heuristic methods do not achieve coverage in most cases.

The plots confirm that the heuristic methods consistently fail to achieve the nominal coverage,
with the gap widening as the target coverage increases. All conformal methods satisfy the coverage
guarantee, as their empirical coverage lies at or above the diagonal identity line. However, the
plot also reveals the conservativeness of the Bonferroni-based C-QRL-RAPS method, which tends
to significantly overcover, especially at lower coverage levels. In contrast, C-HDR provides much
tighter coverage, staying closer to the nominal level across the entire spectrum. This indicates
that it is not only valid but also more statistically efficient than the baseline approach.

5.7.5 Discussion

This application highlights two key findings. First, conformalization is essential for reliable
uncertainty quantification with neural marked temporal point processes; heuristic methods
consistently undercovered, while their conformal counterparts provided valid coverage guarantees.
Second, modeling dependencies is essential for statistical efficiency. By leveraging the joint
density, the C-HDR method produced significantly tighter and more adaptive prediction sets
than the conservative baseline that combines marginals, confirming the clear advantage of a joint
prediction strategy for mixed-type outputs.

5.8. Application to Image Data

To better understand the behavior of prediction sets in high-dimensional spaces, we apply
conformal methods to the CIFAR-10 dataset (Krizhevsky et al., 2014), which consists of 32x32
RGB images, each labeled with one of 10 possible classes. We train a generative model conditioned
on the image label, where Y “ r0, 1s3ˆ32ˆ32 (d “ 3072) represents the image space, and
X “ t0, . . . , 9u (p “ 1) represents the labels. The training, calibration, and test datasets contain
50,000, 1,500, and 1,500 images, respectively. As noted in Angelopoulos and Bates (2023), this
calibration dataset size is sufficient to ensure good marginal coverage.

Our generative model is a conditional Glow model (Kingma and Dhariwal, 2018) based on the
implementation from Stimper et al. (2022) using a 3-level multi-scale architecture with 32 blocks
per level. Like MQF2 (Section E.6.2), this generative model is a normalizing flow and directly
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compatible with all methods presented, except M-CP. For a direct comparison with M-CP, we
compute quantiles based on samples from the generative model as in Section E.6.2.

The latent space of the conditional Glow model, due to its multi-scale architecture, consists of
three subspaces: Z “ Z1 ˆZ2 ˆZ3, where Z1 “ R48ˆ4ˆ4, Z2 “ R12ˆ8ˆ8, and Z3 “ R6ˆ16ˆ16. As
the distance function ρZ in the latent space, we use the maximum norm across the three spaces
to penalize high norms in any of them: ρZpzq “ maxt∥z1∥, ∥z2∥, ∥z3∥u, where z “ z1 ˆ z2 ˆ z3.

Table 5.2 presents the coverage metrics introduced in Section E.6.4. All methods achieve
marginal coverage despite the high dimensionality of Y, which is expected as the marginal
coverage distribution conditional on the calibration dataset is independent of d (Section E.5.1).
Regarding conditional coverage, as in other experiments, L-CP, C-HDR, C-PCP, and M-CP exhibit
the smallest CEC-X and CEC-Z values, indicating superior conditional coverage. The WSC metric
supports similar conclusions, with DR-CP and PCP being the least calibrated.

Table 5.3 presents other metrics. The median of the logarithm of the set size is the smallest for
C-HDR and DR-CP, which matches results on tabular datasets. The mean set size is not reported
because it sometimes is infinite with machine precision. Instead, we report the mean of the
logarithm of the set size, with similar conclusions to the median set size. M-CP is the fastest,
followed by DR-CP and L-CP.

Table 5.2: Results obtained with a conditional Glow model on CIFAR-10 with 1 ´ α “ 0.9.

MC CEC-X (ˆ100) CEC-Z (ˆ100) WSC
Method

M-CP 0.9000.0035 0.1110.028 0.2010.033 0.8550.012
DR-CP 0.9030.0042 0.1520.030 0.3250.033 0.8610.0064
C-HDR 0.9020.0041 0.05330.010 0.06290.020 0.9030.0030
PCP 0.8990.0038 0.3420.070 0.1950.030 0.8250.0098
HD-PCP 0.8990.0038 0.3590.075 0.1980.030 0.8190.0098
STDQR 0.8980.0046 0.3570.071 0.2050.033 0.8280.015
C-PCP 0.9000.0036 0.1180.021 0.08770.023 0.8800.0067
L-CP 0.9000.0033 0.06680.0086 0.1900.027 0.8770.011

Table 5.3: Results obtained with a conditional Glow model on CIFAR-10 with 1 ´ α “ 0.9.

Median Log Size Mean Log Size Time (s)
Method

M-CP -7.10e+035.7 -7.05e+031.3e+01 0.4650.16
DR-CP -8.30e+031.4e+01 -8.33e+031.4e+01 47.01.7e+01
C-HDR -8.33e+031.9e+01 -8.40e+031.9e+01 4538.7e+01
PCP -7.11e+034.5 -7.06e+031.3e+01 2033.5e+01
HD-PCP -7.12e+034.8 -7.06e+031.2e+01 4066.9e+01
STDQR -7.11e+034.6 -7.06e+031.2e+01 2043.5e+01
C-PCP -7.08e+034.9 -7.04e+031.1e+01 4086.9e+01
L-CP -7.19e+037.0 -7.15e+031.1e+01 47.41.8e+01
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5.9. Conclusion

We investigated the construction of conformal prediction sets for multi-output regression, a topic
that remains relatively underexplored compared to the single-output setting. In particular, we
presented a unified comparative study of several conformal methods along with their associated
conformity scores, highlighting their properties and interconnections. In addition, we introduced
two new classes of conformity scores: CDF-based scores, including a variant compatible with
generative models, and latent-based methods, which exploit invertible generative models for
improved computational efficiency. Both classes generalize existing conformity scores from the
single-output setting.

The choice of conformity score directly influences the geometry and flexibility of the resulting
prediction sets. In the single-output setting, the most flexible regions are typically unions of
intervals. In contrast, the multivariate case allows for a wider variety of geometries, ranging from
hyperrectangles and ellipsoids to highly flexible, nonconvex regions that can be disconnected and
capture distributional bimodality. A simple and computationally efficient approach is to construct
separate univariate prediction sets for each output dimension and apply a correction for joint
coverage. However, these methods do not capture dependencies between output dimensions and
typically result in rigid, (unions of) hyperrectangular regions with limited flexibility. In contrast,
more flexible methods account for correlations and dependencies across outputs by incorporating
the covariance structure, modeling the joint density, or leveraging generative models. These
approaches produce more expressive prediction sets but are generally more computationally
demanding.

While conformal prediction (CP) always guarantees marginal coverage, conformity scores whose
thresholds do not vary instance-wise fail to achieve the desirable property of asymptotic conditional
coverage (ACC). In contrast, our proposed scores enable ACC but require estimating the
conditional distribution of the conformity score—an inherently challenging task in low-data
regimes. Similarly, CP methods based on generative models introduce additional sampling
variability. Finally, our large-scale empirical study systematically compares these conformal
methods across multiple multi-output regression datasets, using various evaluation metrics,
including conditional coverage and prediction set volume.

Limitations. First, the proposed conformity scores have distinct limitations. CDF-based
methods require sampling, which is computationally demanding; moreover, PCP becomes less
efficient as the output dimension d grows due to the curse of dimensionality, and C-PCP inherits
this weakness. Latent-based methods assume access to an invertible conditional generative model,
which restricts modeling choices.

Second, ACC is an important but not sufficient criterion. It is asymptotic and distribution-level,
and does not by itself guarantee small region volume or finite-sample conditional coverage.
Nonetheless, because several methods in our comparison are not ACC, this notion remains a
relevant point of reference.

Third, our empirical evaluation emphasizes tabular data and temporal point processes, and
only briefly touches image data. Our approach could be extended to other semi-structured and
unstructured modalities, including text, graphs, and multi-modal data.
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Fourth, conformal prediction yields prediction sets, which may be insufficient for tasks that
require full predictive distributions. In Chapter 7, we complement region construction with a
recalibrated multivariate distribution equipped with an explicit density function and conformal
coverage guarantees.



CHAPTER 6
Rectifying Conformity Scores

This chapter is based on the following paper:

Vincent Plassier∗, Alexander Fishkov∗, Victor Dheur∗, Mohsen Guizani, Souhaib
Ben Taieb, Maxim Panov, and Eric Moulines (2025). Rectifying Conformity Scores
for Better Conditional Coverage. The 42nd International Conference on Machine
Learning.

Vincent Plassier developed the theoretical framework and established the associated guarantees,
while Alexander Fishkov and Victor Dheur carried out the experimental studies. The research
was conducted under the supervision of Eric Moulines, Maxim Panov, and Souhaib Ben Taieb.
All authors contributed to the preparation of the manuscript.

6.1. Introduction

In the previous chapter, we conducted a comprehensive study of multi-output conformal regression,
introducing conformity scores designed to produce reliable and sharp prediction sets, either
without assumptions on the underlying generative model, or with low computational cost. Our
analysis in Section 5.5.2 and the empirical results in Section 5.6 showed the importance of
achieving asymptotic conditional coverage under the oracle distribution. Methods that satisfied
this property, such as C-HDR and our proposed L-CP and C-PCP scores, consistently produced
regions with better empirical conditional coverage.

However, a first limitation of these methods is their reliance on either a full predictive density
(like C-HDR) or an invertible generative model (like L-CP), which is not always available.
Moreover, estimating a full conditional distribution, especially for high-dimensional outputs,
can be difficult, especially with little data or complex output distributions. This observation
motivates a fundamental question: can we improve conditional coverage without bearing the full
cost of conditional density estimation?

∗Equal contribution
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This chapter introduces a novel method, rectified conformal prediction (RCP), designed precisely
to address this challenge. Instead of modeling the entire conditional distribution of the output
Y , RCP refines the conformity scores themselves by learning to adjust them based on input
features. This extends normalized nonconformity scores; see, e.g., Papadopoulos et al. (2008)
and Papadopoulos and Haralambous (2011). By focusing on estimating only the conditional
quantile of a univariate conformity score, a much simpler task than full density estimation, RCP
produces prediction sets that are adaptive to local data structures while preserving the essential
marginal coverage guarantee of conformal prediction.

The main contributions of this work can be summarized as follows.

• We introduce rectified conformal prediction (RCP), a new conformal method designed
to enhance conditional validity by refining conformity scores (see Sections 6.3 and 6.4).
The proposed method avoids the need to estimate the full conditional distribution of a
multivariate response, relying instead on estimating only the conditional quantile of a
univariate conformity score.

• We provide a theoretical lower bound on the conditional coverage of the prediction sets
generated by RCP (see Section 6.6). This conditional coverage is explicitly governed by
the approximation error in estimating the conditional quantile of the conformity score
distribution.

• We evaluate our method on several benchmark datasets and compare it against state-of-
the-art alternatives1 (see Section 6.7). Our results demonstrate improved performance,
particularly in terms of conditional coverage metrics such as worst slab coverage (Cauchois
et al., 2021) and conditional coverage error (Dheur et al., 2024).

6.2. Background

Construction of prediction sets for regression problems is often based on distributional regression
that focuses on fully characterizing the conditional distribution of a response variable given a
covariate (N. Klein, 2024). This approach improves uncertainty quantification and decision-
making (Berger and Smith, 2019). From the conditional predictive distribution, prediction
sets can be derived to capture values likely to occur with a given probability. However, these
regions rely heavily on the predictive model’s quality, and poorly estimated models can result in
unreliable predictions.

Towards conditional validity of CP methods. In many applications, conditional validity is
a natural requirement, i.e., for all x P X ,

PpY P R̂pXq | X “ xq ě 1 ´ α. (6.1)

Conditional coverage (6.1) is stronger and implies marginal coverage. While classical conformal
methods provide marginal validity, they do not ensure conditional validity.

Let us denote the conditional distribution Ps|X“x with s being a shorthand for spX,Y q. The

1https://github.com/stat-ml/rcp

https://github.com/stat-ml/rcp
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following oracle prediction set

R̂pxq “
␣

y P Y : spx, yq ď Qs|X“xp1 ´ αq
(

(6.2)

satisfies conditional coverage (6.1) by the definition of conditional quantile Qs|X“xp1 ´ αq

(2.8). However, exact conditional validity is not achievable within the conformal prediction
framework (Vovk, 2012; Lei and Wasserman, 2014; Foygel Barber et al., 2021b). In what follows
we will present a new conformal prediction method that will achieve approximate conditional
validity while satisfying exact marginal guarantees.

6.3. Rectified Conformal Prediction

The primary objective of our rectified conformal prediction (RCP) method is to enhance the
conditional coverage of any given conformity score while maintaining their exact marginal validity.
Equation (6.2) suggests that one could approximate the p1 ´ αq-quantile of the conditional
distribution of the scores to construct the prediction set:

R̂pxq “ ty P Y : spx, yq ď Q̂s|X“xp1 ´ αqu.

This prediction set provides approximate conditional coverage that depends on the accuracy of
the quantile estimator. However, it fails to ensure exact marginal coverage which is an essential
property for conformal prediction methods.

A motivation for RCP. Our RCP method is specifically designed to achieve both exact
conformal marginal validity and approximate conditional coverage. To achieve this, RCP first
constructs specially transformed (rectified) scores to enhance conditional coverage. To construct
the rectified scores, it builds on the key observation that marginal and conditional coverage
coincide precisely when the conditional p1 ´ αq-quantile of the conformity score is independent
of the covariates. RCP then applies the SCP procedure to these rectified scores, ensuring the
classical exact conformal marginal validity.

For any given score spx, yq, referred to as the basic score, RCP computes a rectified score s̃px, yq,
which is a transformation of the basic score that satisfies, for PX -a.e. x P X ,

Qs̃p1 ´ αq “ Qs̃|X“xp1 ´ αq. (6.3)

Below we present two examples that show how one can construct the rectified scores satisfy-
ing (6.3).

Example 4. Consider the rectified score s̃px, yq “ spx, yq{Qs|X“xp1´αq, with the assumption that
Qs|X“xp1 ´ αq ą 0 for any x P X . We can define the following prediction set, equivalent to (6.2):
R̂pxq “ ty P Y : s̃px, yq ď 1u. This prediction set satisfies conditional coverage. Furthermore, in
Appendix G.3.1, we prove that this rectified score satisfies the equality in (6.3).

Example 5. Consider the rectified score s̃px, yq “ spx, yq ´ Qs|X“xp1 ´ αq. The corresponding
prediction set, also equivalent to (6.2), is: R̂pxq “ ty P Y : s̃px, yq ď 0u, and it satisfies conditional
coverage. Furthermore, in Appendix G.3.2, we prove that this rectified score satisfies the equality
in (6.3).
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In the following, we generalize over these two basic examples and present a rich family of general
score transformations that allow for score rectification.

RCP with general transformations. Recall that starting from a basic score function spx, yq,
we develop a transformed score s̃px, yq to achieve conditional validity at a given confidence level
α. To do so, we introduce a transformation to rectify the basic conformity score s.

Consider a parametric family tftutPT with pt, vq P TˆR ÞÑ ftpvq P R and T Ď R. For convenience,
we define f̃vptq “ ftpvq and proceed under the following assumption.

H2. The function v P R Y t8u ÞÑ ftpvq is increasing for any t P T. There exists ϕ P R such that
f̃´1
ϕ is continuous, increasing, and surjective on R.

Under H2, we denote by f̃´1
ϕ the inverse of the function f̃ϕ, i.e., f̃´1

ϕ ˝ f̃ϕptq “ t, for all t P T.
Let ϕ P R be such that f̃ϕ is invertible (see H2). Set

sϕpx, yq “ f̃´1
ϕ

`

spx, yq
˘

(6.4)

and denote s “ spX,Y q, and sϕ “ sϕpX,Y q. We now define the following prediction set

R̂pxq “
␣

y P Y : spx, yq ď fτ‹pxqpϕq
(

, (6.5)

where
τ‹pxq “ Qsϕ|X“xp1 ´ αq “ f̃´1

ϕ

`

Qs|X“xp1 ´ αq
˘

, (6.6)
i.e., the p1 ´ αq conditional quantile of the transformed score sϕ given X “ x. We retrieve
Example 4 with ftpvq “ vt, ϕ “ 1. In this case f̃´1

1 ptq “ t and sϕ“1px, yq “ spx, yq. Similarly,
for Example 5, ftpvq “ v ` t, ϕ “ 0. In such a case, f̃´1

0 ptq “ t and sϕ“0px, yq “ spx, yq.

In the following, we show that the prediction set in (6.5) satisfies the conditional validity guarantee
in (6.1) and, subsequently, the marginal coverage guarantee in (2.55). In fact, we can write

PpY P R̂pXq | X “ xq “ Pps ď fτ‹pXqpϕq | X “ xq

paq
“ Pps ď f̃ϕpτ‹pXqq | X “ xq

pbq
“ Ppsϕ ď τ‹pXq | X “ xq

pcq
ě 1 ´ α,

where we have used in (a) that f̃vptq “ ftpvq, in (b) that f̃ϕ is invertible and the definition of
sϕ, and in (c) the definition of τ‹pxq. We may rewrite the prediction set (6.5) in terms of the
rectified score s̃‹px, yq “ f´1

τ‹pxq

`

spx, yq
˘

:

R̂pxq “
␣

y P Y : s̃‹px, yq ď ϕ
(

. (6.7)

In Section G.3.3, we establish that the rectified score satisfies (6.3), more precisely, setting
s̃‹ “ s̃‹pX,Y q, for all x P X ,

ϕ “ Qs̃‹|X“xp1 ´ αq “ Qs̃‹
p1 ´ αq. (6.8)

With the rectified score, conditional and unconditional coverage coincide. However, while the
oracle prediction set in (6.5) provides both conditional and marginal validity, it requires the
precise knowledge of the pointwise quantile function τ‹pxq. In practice, τ‹pxq is not known and
one must construct an estimate τ̂pxq using some hold out dataset. Below we discuss the resulting
data-driven procedure.
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Algorithm 9 The RCP algorithm
Input: Calibration dataset Dcal, miscoverage level α, conformity score function s, transfor-
mation function ft, test input x.
Ź Calibration Stage
Split Dcal into Dcp “ tpXpkq, Y pkqqunk“1 and Dτ “ tpX 1pkq, spX 1pkq, Y 1pkqqqumk“1.
Q̂s|Xp1 ´ αq Ð conditional quantile estimate on Dτ .
Define the estimator τ̂pxq “ f̃´1

ϕ

`

Q̂s|X“xp1 ´ αq
˘

.
for k “ 1 to n do
s̃pkq Ð f´1

τ̂pXpkqq

`

spXpkq, Y pkqq
˘

.
end for
kα Ð rp1 ´ αqpn` 1qs.
q̂ Ð kα-th smallest value in ts̃pkqukPrns Y t`8u.
Ź Test Stage
R̂pxq Ð

␣

y P Y : f´1
τ̂pxq

`

spx, yq
˘

ď q̂
(

.
Output: R̂pxq.

6.4. Implementation of RCP

The RCP algorithm. The RCP approach, as discussed above, requires a basic conformity
score function s, a transformation function ft, and a calibration dataset of n “ n`m points. A
critical step in the RCP algorithm is estimating the conditional quantile τ̂pxq « Qsϕ|X“xp1 ´ αq,
which we discuss in detail below. τ̂ is learned on a separate part of calibration dataset composed
of m data points tpX 1pkq, Y 1pkqq : k “ 1, . . . ,mu. Subsequently, RCP uses SCP with the rectified
scores s̃px, yq :“ f´1

τ̂pxq

`

spx, yq
˘

instead of the basic scores spx, yq. SCP is applied to the rectified
scores computed on the second part of the calibration dataset: s̃pkq “ s̃pXpkq, Y pkqq, k “ 1, . . . , n.

Finally, for a given test input x and miscoverage level α, RCP computes the prediction set as

R̂pxq “
␣

y P Y : s̃px, yq ď q̂
(

. (6.9)

The resulting RCP procedure is summarized in Algorithm 9. We show exact marginal validity
of RCP and give a bound on its approximate conditional coverage in Section 6.6 below.

Estimation of τ‹pxq. We present below several methods for estimating τ‹pxq. Interestingly,
even coarse approximations of this conditional quantile can significantly improve conditional
coverage; see the discussion in Section 6.7.

Quantile regression. For any x P Rd, the conditional quantile, denoted by τ‹pxq, is a minimizer
of the expected risk with the check function:

τ‹pxq P argmin
τ

Erρ1´αpsϕpX,Y q ´ τpXqqs , (6.10)

where the minimum is taken over the function τ : X Ñ R and ρ1´α is the check function (Koenker
and Bassett Jr, 1978; Koenker and Hallock, 2001): ραpuq “ u ¨ pα ´ 1pu ă 0qq. In practice, the



102 Chapter 6. Rectifying Conformity Scores

empirical quantile function τ̂ is obtained by minimizing the empirical risk:

τ̂ P argmin
τPC

1
m

m
ÿ

k“1
ρ1´α

`

sϕpX 1pkq, Y 1pkqq ´ τpX 1pkqq
˘

` λgpτq, (6.11)

where g is a penalty function and C is a class of functions. When τpxq “ θJΦpxq where Φ is a
feature map, and g is convex, the optimization problem in (6.11) becomes convex. Theoretical
guarantees in this setting, are given, e.g., in C. Chen and Wei (2005) and Koenker (2005).

Non-parametric methods have also been extensively explored, see, e.g., Chernozhukov and Hansen
(2005) and Chernozhukov et al. (2022). Takeuchi et al. (2006) introduced the kernel quantile
regression (KQR) framework, formulating quantile regression as minimizing the check function
loss in an RKHS with Tikhonov (squared-norm) regularization. It established some of the first
theoretical guarantees for RKHS-based quantile models, deriving finite-sample generalization
error bounds using Rademacher complexity; these results were later improved in Li et al. (2007).

Local quantile regression. The local quantile can be obtained by minimizing the empirical
weighted expected value of the check function ρ1´α, defined as follows:

τ̂pxq P argmin
tPR

#

m
ÿ

k“1
wkpxqρ1´αpsϕpX 1pkq, Y 1pkqq ´ tq

+

, (6.12)

where twkpxqumk“1 are positive weights; see Bhattacharya and Gangopadhyay (1990).

For instance, we can set wkpxq “ m´1KhX p}x´X 1pkq}q, where for h ą 0, Khp¨q “ h´1K1ph´1¨q is
a kernel function satisfying

ş

K1pxqdx “ 1,
ş

xK1pxqdx “ 0 and
ş

x2K1pxqdx ă 8; hX , the kernel
bandwidth is tuned to balance bias and variance. With appropriate adaptive choice of hpxq, this
approach can be shown to be asymptotically minimax over Hölder balls; see Bhattacharya and
Gangopadhyay (1990), Spokoiny et al. (2013), and Reiß et al. (2009). More recently, G. Shen et al.
(2024) introduced a penalized non-parametric approach to estimating the quantile regression
process (QRP) using deep neural networks with rectifier quadratic unit (ReQU) activations. G.
Shen et al. (2024) derives upper bounds on the mean-squared error for quantile regression using
deep ReQU networks, depending only on the approximation error and network. The bounds are
shown to be tight for broad function classes (e.g., Hölder compositions, Besov spaces), implying
that ReQU neural networks achieve minimax-optimal convergence rates for conditional quantile
estimation. Notably, the theory requires minimal assumptions and holds even for heavy-tailed
error distributions.

6.5. Related Work

It is well known that obtaining exact conditional coverage for all possible inputs within the
conformal prediction framework is impossible without making distributional assumptions (Foygel
Barber et al., 2021b). However, the literature has proposed various relaxations of exact conditional
coverage, focusing on different notions of approximate conditional coverage.

A first class of methods involves group-conditional guarantees (Jung et al., 2023; Ding et al.,
2024), which provide coverage guarantees for a predefined set of groups. Another class partitions
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the covariate space into multiple regions and applies classical conformal prediction within each
region (LeRoy and D. Zhao, 2021; Alaa et al., 2023; Kiyani et al., 2024). The significant limitation
of these methods lies in the need to specify the groups or regions in advance.

In the context of multivariate prediction sets, given a predictor µ̂p¨q, a natural choice for the
conformity score is s8px, yq “ }y ´ µ̂pxq}8, where }u}8 “ max1ďiďdp|ui|q (Diquigiovanni et al.,
2021b). This conformity score measures the prediction error associated with the predictor
µ̂ (Nouretdinov et al., 2001; Vovk et al., 2005; Vovk et al., 2009). Setting ftpvq “ tv and
ϕ “ 1, the rectified conformity scores are given by s̃8px, yq “ s8px, yq{Q̂s8|X“xp1 ´ αq where
Q̂s8|X“xp1 ´ αq is an estimate of the conditional quantile Qs8|X“xp1 ´ αq, with s8 “ s8pX,Y q.
Thus, rectified conformal prediction is similar to the approach proposed in Lei et al. (2018), but
with a different choice of scaling function.

Methods utilizing conditional density estimation have been proposed to produce conformal
prediction intervals that adapt to skewed data (Sesia and Romano, 2021), to minimize the
average volume (Sadinle et al., 2019, denoted DR-CP) or to define more flexible highest density
regions (Izbicki et al., 2022; Plassier et al., 2025a). Probabilistic conformal prediction (PCP;
Z. Wang et al., 2023) bypasses density estimation by constructing prediction sets as unions of
balls centered on samples from a generative model. All these methods are either tailored to
handle the scalar response (d “ 1) or require an accurate conditional distribution estimate which
might be hard to obtain in practical scenarios.

Guan (2023) introduces a localized conformal prediction framework that adapts to data hetero-
geneity by weighting calibration points based on their similarity to the test sample. To do so,
kernel-based localizers assign greater importance to nearby points, tailoring prediction intervals
to local data patterns. Amoukou and Brunel (2023) extend Guan’s approach by replacing kernels
with quantile regression forest estimators for improved performance. Although effective, these
methods face challenges in high-dimensional or mixed-variable settings.

Several methods aim to transform conformity scores to improve approximate conditional coverage.
For example, Johansson et al. (2021), following earlier works by Papadopoulos and Haralambous
(2011), Johansson et al. (2014), and Lei et al. (2018), investigate normalized conformity scores
(NCF), which enhance standard conformal prediction by adjusting prediction sets according to
instance difficulty. NCF can be represented within our framework through a specific choice of the
function ftpvq “ v{pt`βq, where β-values will put a greater emphasis on the difficulty estimation.
Notably, the estimation approach employed in these papers uses least-squares regression on
residuals, in contrast to the quantile regression approach adopted in rectified conformal prediction,
which is essential to satisfy (6.3). Han et al. (2022) presents an approach that uses kernel density
estimation to approximate the conditional distribution. Similarly, Deutschmann et al. (2023)
rescales the conformity scores based on an estimate of the local score distribution using the
jackknife+ technique. However, these methods generally rely on estimating the conditional
distribution of conformity scores, which is challenging in practice. Dewolf et al. (2025) studies
conditional validity of normalized conformal predictors in oracle setting, i.e., when the optimal
normalization is known.

Recent work by Colombo (2024) suggests transforming the conformity score employing a normal-
izing flow: s̃px, yq “ bpspx, yq, xq. The normalizing flow is trained to map the joint distribution
Ps,X of the conformity score and attributes into a product distribution, Ps̃ b PX , where Ps̃ is an
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arbitrary univariate distribution. Notably, this condition is stricter than the conditional coverage
criterion (6.3), as it enforces Ps̃|X“x “ Ps̃ for almost every x under PX . Consequently, learning
such a transformation typically necessitates a larger sample size; see Section 6.7.

One method (Xie et al., 2024) proposes to use a cross-validated boosting procedure to learn
a new score function to be used in split conformal prediction. The authors consider a specific
family of possible score functions and corresponding loss functions tailored either to deviation
from conditional coverage or interval length. This method has several limitations compared to
our approach: limited set of score functions, tailored to one-dimensional targets, requires access
to the train set, and high computation cost.

The rectified conformal prediction method shares some similarities with that of Gibbs et al.
(2025), which also performs a quantile regression of the conformity score w.r.t. the attribute X.
There are two essential differences: firstly, Gibbs et al. (2025) work directly with the conformity
score s, whereas we regress on a transformed score sϕ. Secondly, the manner in which the quantile
regression result is used differs significantly. Rectified conformal prediction uses the quantile
estimator to define the rectified score s̃, to which the standard CP procedure is applied, while
Gibbs et al. (2025) propose a considerably more complex procedure; see Section 6.7.

6.6. Theoretical Guarantees

In this section, we study the marginal and conditional validity of the prediction sets R̂pxq defined
in (6.9). Due to space constraints, we present simplified versions of the results. Full statements
and proofs can be found in Plassier et al. (2025b). Many of the results hold independently of
the specific method used to construct the conditional quantile estimator τ̂pxq. We impose the
following minimal assumption.

H3. For any x P X , we have τ̂pxq P T.

The following theorem establishes the standard conformal guarantee. We stress that for this
statement, the definition of τ̂pxq is not essential. The result is valid for any function τpxq, and
the proof follows from Lemma 7.

Theorem 7. AssumeH2-H3 hold and suppose the rectified conformity scores ts̃p1q, . . . , s̃pnq, s̃pX,Y qu

are almost surely distinct. Then, for any α P p0, 1q, it follows

1 ´ α ď PpY P R̂pXqq ă 1 ´ α `
1

n` 1 .

We will now examine the conditional validity of the prediction set. To do so, we will explore
the relationship between the conditional coverage of R̂pxq and the accuracy of the conditional
quantile estimator τ̂pxq. To simplify the statements, we assume that the distribution of Psϕ|X“x,
where sϕ “ sϕpX,Y q, is continuous. Define

ϵτ pxq “ PpsϕpX,Y q ď τpxq | X “ xq ´ 1 ` α. (6.13)

The function ϵτ represents the deviation between the current confidence level w.r.t. τ and the
desired level 1 ´ α. Define the conditional risk

Rxpτq “ Erρ1´αpsϕpX,Y q ´ τpXqq | X “ xs . (6.14)
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Figure 6.1: Oracle data distribution, sample data and predictor for the toy dataset.

It is shown in Plassier et al. (2025b) that, under weak technical conditions, ϵτ satisfies the
following property: for all x P X ,

|ϵτ pxq| ď
a

2 ˆ tRxpτpxqq ´ Rxpτ‹pxqqu,

where τ‹pxq is defined in (6.6). If τpxq is close to the minimizer of the conditional risk Rx (as
defined in (6.14)), then ϵτ pxq is expected to approach zero.

The CDF of the rectified conformity score is defined as Fs̃ “ Pp̃s ď ¨q. We denote its conditional
version by Fs̃|X“x “ Pps̃px, Y q ď ¨ | X “ xq.

Theorem 8. Assume that H2-H3 and Fs̃ is continuous and that, for any x P X , Fs̃|X“x ˝ F´1
s̃

is L-Lipschitz. Then, for any α P rtn` 1u´1, 1q it holds

PpY P R̂pXq | X “ xq ě 1 ´ α ` ϵτ̂ pxq ´ αL ˆ pFs̃pϕqqn`1. (6.15)

The proof is provided in Plassier et al. (2025b). According to Theorem 8, the conditional validity
of the prediction set R̂pxq directly depends on the accuracy of the quantile estimator τ̂pxq. If
τ̂pxq closely approximates the conditional quantile Qsϕ|X“xp1 ´ αq, then (6.15) ensures that
conditional coverage is approximately achieved.

6.7. Experiments

6.7.1 Toy example

Let us consider the following data-generating process:

X „ Betap1.2, 0.8q, Y | X “ x „ N pµpxq, x4q.

where µpxq “ x sinpxq. Figure 6.1 shows a realization with n “ 100 data points. Our goal is to
investigate the influence of the quality of the p1 ´ αq-quantile estimate τ̂ on performance.

We set α “ 0.1 and consider the conformity score spx, yq “ |y ´ µpxq|. In this case, the p1 ´ αq-
quantile of spx, Y q | X “ x is known and we denote it by Qs|X“xp1 ´ αq. Given ω P r0, 1s, we
set τ̂pxq “ p1 ´ ωqQs|X“xp1 ´ αq ` ωϵpxq, where we consider ϵpxq „ N p0, x4q. We perform 1000
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Table 6.1: Local coverage on the adversarially selected 10% of the data, ω corresponds to the
level of contamination of the score quantile estimate.

ω 0 1{3 2{3 1
Coverage 90 ˘ 01 84 ˘ 01 75 ˘ 03 59 ˘ 07
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Figure 6.2: Examples of prediction sets on a synthetic dataset where the output has a bivariate
and bimodal distribution.

experiments and report the 10% lower value of x P r0, 1s ÞÑ PpY P R̂pxq | X “ xq; the results
can be found in Table 6.1. If ω “ 0, τ̂pxq corresponds to the true p1 ´ αq-quantile. In this case,
our method is conditionally valid, as Theorem 8 shows. However, while all settings of ω yield
marginally valid prediction sets, the conditional coverage decreases as the quantile estimate τ̂pxq

deteriorates.

6.7.2 Real-world experiment

As in Chapter 5, we use publicly available multi-output regression datasets which are also
considered in Tsoumakas et al. (2011), Feldman et al. (2023), and Z. Wang et al. (2023) and only
keep datasets with at least 2000 total instances. The characteristics of the datasets are provided
in Section A.2.

Base predictors. We consider two base predictors, both parameterized by a fully connected
neural network with three layers of 100 units and ReLU activations. The mean predictor
estimates the mean µ̂ipxq of the distribution for each dimension i P rds given x P X . Since it only
provides a point estimate, it does not capture uncertainty. The mixture predictor is described in
Section 2.2.3.

Methods. We compare RCP with four split conformal prediction methods from the literature:
ResCP (Diquigiovanni et al., 2021b), PCP (Z. Wang et al., 2023), DR-CP (Sadinle et al., 2019), and
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Figure 6.3: Worst-slab coverage and volume for three conformal methods and their RCP
counterparts, on datasets sorted by total size.

SLCP (Han et al., 2022). ResCP uses residuals as conformity scores. To handle multi-dimensional
outputs, we follow Diquigiovanni et al. (2021b) and define the conformity score as the l8 norm of
the residuals across dimensions, i.e., spx, yq “ maxiPrds |µ̂ipxq ´ yi|. PCP constructs the prediction
set as a union of balls, while DR-CP defines the prediction set by thresholding the density. ResCP
is compatible with the mean predictor, whereas PCP and DR-CP are compatible with the mixture
predictor. Finally, SLCP, like RCP, is compatible with any conformity score and base predictor.
For RCP, we compute an estimate τ̂pxq (see Section 6.4) using quantile regression with a fully
connected neural network composed of 3 layers with 100 units.

Visualization on a synthetic dataset. Figure 6.2 illustrates example prediction sets for
different methods. The orange and black contour lines represent confidence levels of α “ 0.1 and
α “ 0.8, respectively. The first panel shows the highest density regions of the oracle distribution,
while the subsequent panels display prediction sets obtained by different methods, both before
and after applying RCP. We can see that combining RCP with ResCP, PCP, or DR-CP results in
prediction sets that more closely align with those of the oracle distribution.

Experimental setup. We reserve 2048 points for calibration. The remaining data is split
between 70% for training and 30% for testing. The base predictor is trained on the training set,
while the baseline conformal methods use the full calibration set to construct prediction sets for
the test points. In RCP, the calibration set is further divided into two parts: one for estimating
τ̂pxq and the other as the proper calibration set for obtaining intervals. This ensures that all
methods use the same number of points for uncertainty estimation. When not specified, we used
the adjustment ftpvq “ t` v. Additional details on implementation and hyperparameter tuning
are provided in Section G.1.

Evaluation metrics. To evaluate conditional coverage, we use worst-slab coverage (WSC,
Cauchois et al., 2021; Romano et al., 2019) with δ “ 0.2 and the conditional coverage error,
computed over a partition of X , following Dheur et al. (2025) (Section E.6.6). To evaluate
sharpness, we also report the median of the logarithm of the prediction set volume, scaled by the
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Figure 6.4: Worst-slab coverage for RCP and SLCP in combination with different conformity
scores, on datasets sorted by total size.

dimension d.

Main results. Figure 6.3 presents the worst-slab coverage and volume for different conformity
scores, both with and without RCP. Similarly, Figure 6.4 compares worst-slab coverage between
SLCP and RCP. Additional results, including conditional coverage error and marginal coverage,
are provided in Section G.2.1.

In the left panel of Figure 6.3, we observe that ResCP, PCP, and DR-CP fail to reach the nominal
level of conditional coverage for most datasets. In contrast, all variants of RCP significantly
improve coverage across all datasets. Similarly, Figure 6.4 shows that RCP often achieves better
conditional coverage than SLCP, particularly on larger datasets. Figure G.1 in Section G.2.1
confirms these findings with the conditional coverage error. Finally, as expected, all methods
achieve marginal coverage.

In the right panel of Figure 6.3, we observe that RCP improves the median prediction set volume
compared to non-RCP variants in addition to improving conditional coverage.

Finally, Section G.2.6 compares average and median volumes of prediction sets produced by
direct conformal methods and their RCP counterparts. Direct methods obtain a smaller average
volume while RCP obtains a smaller median volume.

Additional experiments. We complement main results with multiple experiments aiming at
studying variations of the proposed method and comparing it with some additional competitors.

Section G.2.2 discusses the estimation of τ̂pxq using either a neural network or local quantile
regression for which we have bounds on the conditional coverage. On most datasets, the neural
network slightly outperforms local quantile regression, which is expected due to its flexibility.
Sections G.2.3 and G.2.4 discuss the choice of adjustment function. For certain adjustment
functions, the domain of the scores v “ spx, yq must be restricted to a subset of R to satisfy H3.
Notably, ftpvq “ tv requires v ą 0 and ftpvq “ expptvq requires v ą 1.

Section G.2.5 directly compares the proposed method with CQR, showing that CQR already
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obtains a competitive conditional coverage but is outperformed by RCP-DR-CP in average
volume. Section G.2.7 considers an approach to improve data efficiency. Instead of dividing the
calibration dataset Dcal into two parts to estimate τ̂ , we compute out-of-sample conformity scores
on the training dataset Dtrain using K-fold cross-validation. This results in improved conditional
coverage at the cost of training K additional models.

Section G.2.8 provides an additional comparison with Conditional Prediction with Conditional
Guarantees (CPCG; Gibbs et al. (2025)). CPCG obtains a competitive conditional coverage but
is 200-100000 times slower than RCP overall, limiting its applicability.

6.8. Conclusion

In this chapter, we introduced rectified conformal prediction (RCP), a novel framework that
improves the reliability of prediction sets by making them sensitive to local data characteristics.
The primary goal of RCP is to enhance conditional coverage, ensuring predictions are accurate for
specific inputs, while strictly preserving the overall marginal coverage guarantee that is central to
conformal prediction. Our approach achieves this by learning to rectify conformity scores based
on input features, a task significantly simpler than estimating the entire conditional distribution
of the output.

Our theoretical analysis confirms that RCP provides valid marginal coverage, with its conditional
performance directly linked to the accuracy of the learned score adjustment. Across a range
of experiments, RCP consistently improved conditional coverage metrics compared to several
state-of-the-art methods. This improvement was often accompanied by sharper, more informative
prediction sets. In essence, RCP offers a powerful, theoretically sound, and practical method for
making conformal predictions more adaptive and trustworthy.

Limitations Despite its strong performance, this work has some limitations. First, the method’s
ability to improve conditional coverage depends on accurately learning how to adjust the scores,
which can be challenging when the input is high-dimensional or with limited data. Second, our
standard implementation requires splitting the calibration set, which reduces data efficiency.
While we explored cross-validation to mitigate this, it comes at a higher computational cost.
Third, the choice of the score transformation function was manual; future research could explore
data-driven methods for selecting the optimal transformation, potentially leading to further
performance gains. Finally, we did not compare RCP to recent baselines that were proposed in
Dheur et al. (2025).
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CHAPTER 7
Latent Recalibration

This chapter is based on the following paper:

Victor Dheur, Souhaib Ben Taieb (2025). Multivariate Latent Recalibration for
Conditional Normalizing Flows. The 39th Annual Conference on Neural Information
Processing Systems.

7.1. Introduction

Multi-output regression arises in many practical applications, including weather forecasting
(Setiawan et al., 2024), energy consumption prediction (Makaremi, 2025), and healthcare resource
utilization (Cui et al., 2018). Despite this, research on calibration has primarily focused on the
univariate case (Gneiting et al., 2007; H. Song et al., 2019; Sahoo et al., 2021; Kuleshov and
Deshpande, 2022; Dewolf et al., 2022; Fakoor et al., 2023; Marx et al., 2023; Y. Chung et al.,
2023; Gneiting and Resin, 2023).

Motivated by the lack of methods to both assess and recalibrate multi-output models, Y. Chung
et al. (2024) introduced HDR calibration and the sampling-based HDR recalibration (HDR-R)
approach. However, HDR-R does not produce an explicit probability density function (PDF) and
depends on computationally expensive sampling and binning at test time. Other recalibration
methods are restricted to single-output settings (Kuleshov et al., 2018; Vovk et al., 2020; Marx
et al., 2022). Meanwhile, recent multi-output conformal prediction (CP) approaches provide
calibrated prediction sets (Z. Wang et al., 2023; Feldman et al., 2023; Fang et al., 2025; Dheur
et al., 2025), but they do not yield a fully calibrated predictive distribution.

In previous chapters, we developed methods for reliable probabilistic prediction in the form of
univariate predictive distributions (Chapters 3 and 4) and multivariate prediction sets (Chapters 5
and 6). However, we have not addressed calibration techniques that produce multivariate
predictive distributions.

To fill this gap, this final chapter introduces latent calibration and the corresponding latent
recalibration (LR) method, which recalibrates invertible generative models (e.g., normalizing
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flows (NFs) or flow matching (FM)) directly in their latent space. The key idea is to learn
a latent-space transformation such that the model satisfies finite-sample guarantees on latent
calibration. Unlike CP-based set methods or sampling-based recalibration such as HDR-R, LR
outputs a fully recalibrated generative model with an explicit multivariate PDF. This enables
efficient density evaluation and sampling, while providing finite-sample calibration guarantees.
These properties are essential for downstream applications and improved decision-making (N.
Klein, 2024).

Our contributions are as follows:

• We introduce latent calibration, a new notion of calibration defined within the latent
space of invertible generative models, based on the distribution of latent norms.

• We propose LR, a recalibration method that produces multivariate predictive distributions
with an explicit PDF, finite-sample latent calibration guarantees, and strong computational
efficiency.

• We provide empirical evidence on 29 multi-dimensional tabular datasets and one high-
dimensional image dataset, showing that LR consistently improves latent calibration and
reduces negative log-likelihood (NLL). To support adoption and reproducibility, we release
an open-source implementation1.

7.2. Background

Most of the necessary background has been presented in Chapter 2.

Calibration, including probabilistic and HDR calibration, is discussed in Section 2.4.1. Then,
their respective recalibration methods, quantile recalibration (QR) and HDR recalibration (HDR-R),
are discussed in Section 2.4.3. We emphasize several limitations related to HDR-R: (1) it does not
produce an explicit recalibrated PDF f̂ 1

Y |X ; (2) it generates duplicate samples; (3) it is subject to
discretization errors when estimating FG|x; and (4) it is computationally expensive, as it requires
generating K initial samples for every recalibrated output.

Conformal prediction is discussed in Section 2.5. In this section, we emphasize that specific
choices of conformity scores correspond to recalibration statistics: distributional conformal
prediction (DCP) (Chernozhukov et al., 2021) uses sDCPpx, yq “ F̂Y |X“xpyq, while HPD-split
(Izbicki et al., 2022) uses sHPD-splitpx, yq “ HPDf̂Y |X“x

pyq; these match the transformations
used in QR and HDR-R, respectively. In Section 2.4.3, we also considered pre-rank recalibration
as a direct generalization of HDR-R. This highlights a unified framework connecting conformal
prediction and recalibration, summarized in Table 7.1.

Invertible generative models that we consider in this chapter are reviewed in Section 2.2.3.
These include normalizing flows (NFs) and flow matching (FM). Various NF architectures exist,
including RealNVP (Dinh et al., 2017), MAF (Papamakarios, Pavlakou, et al., 2017), Glow
(Kingma and Dhariwal, 2018), spline flows (Durkan et al., 2019), convex potential flows (C.-W.
Huang et al., 2021) and transformer flows (Zhai et al., 2025). NFs are well-suited for LR due to
their invertible mapping and explicit density.

1https://github.com/Vekteur/latent-recalibration

https://github.com/Vekteur/latent-recalibration
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Table 7.1: Comparison of calibration notions, the associated random variable S (uniform under
calibration), recalibration methods, and related conformal conformity scores.

Calibration notion Random variable Recalibration method Conformal method

Probabilistic (d “ 1) F̂Y |XpY q Quantile recalibration (QR) DCP
HDR (d ě 1) HPDf̂Y |X

pY q HDR recalibration (HDR-R) HPD-split
Pre-rank (d ě 1) FĜ|XpGq Pre-rank recalibration /
Latent (d ě 1) FρZpZqpℓT̂ pY ;Xqq Latent recalibration (LR) CONTRA/L-CP

7.3. Related Work

Our work builds upon and contributes to generative modeling, calibration, conformal prediction,
and methods that combine these concepts in the context of multi-dimensional regression.

Various notions of calibration have been studied, including probabilistic (Gneiting et al., 2007),
marginal (Gneiting et al., 2007) and HDR (Y. Chung et al., 2024) calibration. Ziegel and
Gneiting (2014) and Allen et al. (2024) also proposed multivariate notions of calibration but, to
our knowledge, no calibration methods for these notions have been proposed.

While traditional CP focuses on univariate intervals (Romano et al., 2019; Sesia and Romano,
2021), recent multivariate CP methods create flexible regions. HPD-split (Izbicki et al., 2022)
uses HPD values as scores. PCP (Z. Wang et al., 2023) uses balls around samples. ST-DQR
(Feldman et al., 2023) selects samples based on a region in a latent space and creates balls around
these samples. CONTRA (Fang et al., 2025) and L-CP (Dheur et al., 2025) operate in the latent
space of NFs.

Certain methods explicitly merge CP and recalibration. Vovk et al. (2020) and Vovk et al. (2019)
developed conformal predictive systems for calibrated univariate distributions. Marx et al. (2022)
unified univariate recalibration methods under a CP lens. Our work extends this direction to
multivariate outputs via a transformation in the latent space.

7.4. A New Latent Recalibration Method for Normalizing Flows

We propose a new recalibration method, called latent recalibration (LR), for conditional NFs. LR
operates in the latent space and is specifically designed to achieve our newly introduced notion
of multivariate latent calibration.

7.4.1 A New Notion of Multivariate Latent Calibration

Recall that, given a latent variable Z P Z with a known distribution and an input x P X ,
conditional NFs estimate the conditional distribution of Y , FY |X“x, by learning a conditional
bijective transformation T̂ : Z Ñ Y such that the PDF f̂Y |X of the transformed variable T̂ pZ;xq

approximates fY |X“x. However, model misspecification or significant estimation errors in the
learned transformation T̂ can lead to poor calibration of the induced distribution of T̂ pZ;xq.

We propose to leverage the simple structure of the latent space Z and assess calibration directly
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in this space, a notion we refer to as latent calibration. By definition, if the NF is well-specified
for FY |X“x, then the inverse transformation T̂´1 satisfies T̂´1pY ;Xq

d.
« Z, where d.

« denotes
approximate equality in distribution. Building on this observation, we define a norm ρZ : Z Ñ R`

over Z (e.g., ρZpzq :“ }z}). The goal is to test whether ρZpT̂´1pY ;Xqq
d.
« ρZpZq.

Since the distribution of Z is known and standard (e.g., standard Gaussian), the distribution
of ρZpZq is often known in closed-form. For instance, if Z „ N p0, Idq and ρZpzq “ }z}, then
ρZpZq follows a Chi distribution with d degrees of freedom (χd), whose PDF, CDF, and quantile
function can be computed efficiently. As another example, if Z „ UpBdq is uniformly distributed
over the unit hyperball and ρZpzq “ }z}, then ρZpZq follows a Betapd, 1q distribution.

Definition 12. Consider a NF defined by a latent variable Z and a bijective transformation T̂ .
For a pair pX,Y q, define the latent norm w.r.t. T̂ as

L̂ “ ℓT̂ pY ;Xq “ ρZpT̂´1pY ;Xqq. (7.1)

The NF is said to be latent calibrated w.r.t. Z and the norm ρZ if the PIT of the latent norm
follows a standard uniform distribution, i.e.,

Û “ FρZpZqpL̂q „ Up0, 1q. (7.2)

To assess whether a model is latent calibrated, we define the latent expected calibration error
(L-ECE) as the L1 distance between the CDF of the PIT variable Û and the CDF of the uniform
distribution:

L-ECEpT̂ q “

ż 1

0

ˇ

ˇFÛ pαq ´ α
ˇ

ˇ dα, (7.3)

The L-ECE is minimized at 0 when T̂ is perfectly latent calibrated, and has a maximum value of
0.5.

7.4.2 Multivariate Latent Recalibration

We propose a multivariate latent recalibration method, called LR, which performs a post-hoc
adjustment of the latent space of a NF to ensure that the resulting model is latent calibrated.
Key advantages of LR are that it yields a recalibrated distribution with an explicit PDF, remains
computationally efficient, and has finite-sample guarantees on latent calibration (see Section 7.4.3).

Latent space transformation. LR uses the CDF FL̂ as its calibration map. We define a
scalar strictly increasing transformation r : R` Ñ R` using the quantile function F´1

L̂
, which

maps the original latent norms l P R` to recalibrated norms as follows:

rplq “ F´1
L̂

pFρZpZqplqq. (7.4)

We also define a vector-valued transformation R : Z Ñ Z based on the scalar transformation r,
which maps latent vectors z such that ρZpRpzqq “ rpρZpzqq. When using the Euclidean norm
ρZpzq “ ∥z∥, R is a radial transformation:

Rpzq “
rp∥z∥q

∥z∥
¨ z pwith Rp0q “ 0q. (7.5)
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The transformation R rescales each vector z along its original direction by replacing its norm
}z} with rp}z}q. This procedure defines a new latent variable Z 1 “ RpZq, and the associated
recalibrated NF T̂ pZ 1;Xq.

Proposition 4. The recalibrated NF T̂ pZ 1;Xq defined with the new latent variable Z 1 “ RpZq is
latent calibrated, i.e. Û 1 “ FρZpZ1qpL̂q „ Up0, 1q.

Proof. Consider the inverse transformation r´1plq “ F´1
ρZpZq

`

FL̂plq
˘

for a latent norm l P R`.
Then, using ρZpRpzqq “ rpρZpzqq the following identity holds:

FρZpZ1qplq “ FrpρZpZqqplq “ FρZpZq

`

r´1plq
˘

“ FL̂plq, @l P R`. (7.6)

Then, it follows that

PpÛ
1

ď αq “ PpFρZpZ1qpL̂q ď αq “ PpFL̂pL̂q ď αq “ α. (7.7)

Recalibrated predictive density. A distinctive feature of our LR recalibration procedure is
that it produces a recalibrated distribution with an explicit multivariate PDF.

Note that the recalibrated NF can be interpreted as a composite transformation T̂ 1 “ T̂ ˝ R,
applied to the original latent variable Z with density fZ , typically a standard multivariate
Gaussian. Given x P X and y P Y, assuming the transformation R is differentiable, the
recalibrated predictive density f̂ 1

Y |X“xpyq can be computed using the change of variables formula.
Let z1 “ T̂´1py;xq and z “ R´1pz1q. Then, we have

f̂ 1
Y |X“xpyq “ fZ pzq |det p∇zRpzqq|

´1
ˇ

ˇ

ˇ
det

´

∇yT̂
´1py;xq

¯ˇ

ˇ

ˇ
. (7.8)

Let us consider the case where ρZpzq “ }z}. The inverse transformation takes the form R´1pz1q “
r´1p}z1}q

}z1}
¨ z1 and the Jacobian determinant of R can be computed efficiently as:

|det p∇zRpzqq| “

ˆ

rplq

l

˙d´1
¨

Brplq

Bl
, with l “ }z}. (7.9)

A detailed proof is provided in Section H.1.1. The term Brplq
Bl in (7.9) is computed using the chain

rule as:
Brplq

Bl
“

BF´1
L̂

puq

Bu
¨

BFρZpZqplq

Bl
, where u “ FρZpZqplq. (7.10)

To compute BFρZpZqplq{Bl, we leverage the fact that ρZpZq „ χd, whose PDF is available in
closed-form and can be evaluated efficiently.

In practice, FL̂ is estimated by computing latent norms L̂i “ ℓT̂ pXpiq, Y piqq using samples
pXpiq, Y piqq from the calibration set Dcal. Section H.2 details how this can be achieved using
kernel density estimation or monotonic splines, resulting in a differentiable estimate F̂L̂ of FL̂.
All operations are carried out in log-space to ensure numerical stability. Figure 7.1 illustrates LR,
with the recalibrated predictive density f̂ 1

Y |X shown in the second column of the second row.
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Figure 7.1: Illustration of LR for a bivariate output. The first column shows the latent distribu-
tion, the second column displays the predictive PDF, and the third and fourth columns show
reliability diagrams for latent and HDR calibration, respectively. The first row corresponds to an
uncalibrated NF, and the second row is the same model after LR. Calibration points and their
projections in the latent space are shown in blue. The PDF for both the latent distribution
and the predictive distribution is shown in orange. Level sets of the PIT of the latent norm at
levels 0.01, 0.1, 0.5, and 0.9 are indicated with black contours in the second column, and their
corresponding preimages are shown in the first column. LR improves both latent calibration (third
column) and HDR calibration (fourth column). Additional prediction examples on real-world
datasets are presented in Section H.4.3.

7.4.3 Useful Properties of Multivariate Latent Recalibration

We present finite-sample coverage guarantees for LR and highlight its connections to conformal
prediction methods. We assume that R depends on an estimate F̂L̂ of FL̂ based on latent norms
L̂1, . . . , L̂n.

Finite-sample coverage guarantees for recalibrated latent norms. Let us assume that
the estimated calibration map F̂L̂ maps the i-th order statistic L̂piq of L̂1, . . . , L̂n within a margin
λ{pn` 1q ě 0 of the target quantile i{pn` 1q, that is,

F̂L̂pL̂piqq P

„

i´ λ

n` 1 ,
i` λ

n` 1

ȷ

. (7.11)

Then, letting ϵ “ 1`λ
n`1 , Theorem 1 of Marx et al. (2022) yields the following finite-sample coverage

guarantee for the recalibrated latent norms:

P
`

FρZpZ1q

`

ℓT̂ pY ;Xq
˘

ď α
˘

“ P
´

F̂L̂pL̂q ď α
¯

P rα ´ ϵ, α` ϵs , (7.12)

where we used (7.6) for the first equality and the probabilities are taken over X, Y , and the
recalibrated latent norms L̂1, . . . , L̂n.
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Equivalence with conformal prediction sets. We observe that the prediction sets derived
from the recalibrated predictive density of LR coincide exactly with those obtained by the
multivariate conformal methods CONTRA (Fang et al., 2025) and L-CP (Dheur et al., 2025).
Specifically, this equivalence holds when LR uses the empirical CDF of the calibration scores
L “ tL̂1, . . . , L̂n,`8u as its calibration map, i.e., F̂L̂plq “ 1

n`1
řn
i“1 1pL̂i ď lq.

CONTRA and L-CP are conformal methods that construct prediction sets using the conformity
score sCONTRApx, yq “ sL-CPpx, yq “ ℓT̂ py;xq. Under this choice of calibration map, for any
x P X and α P p0, 1q, we have

ty P Y : FρZpZ1qpℓT̂ py;xqq ď αu “ ty P Y : F̂L̂pℓT̂ py;xqq ď αu (7.13)
“ ty P Y : sCONTRApx, yq ď F̂´1

L̂
pαqu, (7.14)

where F̂´1
L̂

pαq “ L̂prαpn`1qsq denotes the p1 ´ αq right empirical quantile of the calibration scores
L. This shows that the α-sublevel sets of the PIT of the latent norm of LR (7.13) correspond
exactly to the conformal prediction sets produced by CONTRA and L-CP at coverage α (7.14).
While this equivalence is notable, it is important to point out that the chosen calibration map
F̂L̂, being non-differentiable, does not yield a well-defined recalibrated predictive density function
f̂ 1
Y |X . This equivalence is summarized in the last row of Table 7.1.

Equivalence of LR and QR in the single-output setting. QR is a special case of LR where
d “ 1, Z “ r0, 1s, Z „ Up0, 1q, T̂´1py;xq “ F̂Y |X“xpyq and ρZpzq “ z. In this case, R “ F̂´1

L̂

and thus T̂ 1´1p¨;xq “ R´1 ˝ T̂´1p¨;xq “ F̂L̂ ˝ F̂Y |X“x “ F̂ 1
Y |X“x, showing that both methods

perform exactly the same transformation.

7.5. Experiments

We present an extensive experimental study using 29 tabular datasets widely used in prior
research (Tsoumakas et al., 2011; Cevid et al., 2022; Y. Chung et al., 2024; Feldman et al., 2023;
Z. Wang et al., 2023; Barrio et al., 2024; Camehl et al., 2024). Furthermore, while recent work
on model recalibration (Y. Chung et al., 2024; Fang et al., 2025) has primarily focused on data
modalities with relatively low output dimensionality, we also include a high-dimensional output
setting with an image dataset with a larger output dimension (Choi et al., 2020).

7.5.1 Datasets

Tabular datasets. The tabular datasets range in size from 103 to 50,000 data points, with
the number of input features (p) varying from 1 to 368, and the number of output variables (d)
ranging from 2 to 16. A detailed summary of these datasets is provided in Table A.2. Following
the protocol of Y. Chung et al. (2024), we use a 65/20/15 split for training, validation, and
testing. All input features and output targets are normalized to have zero mean and unit variance
on the training set. Experiments are repeated 10 times with a different random splitting. For
each run, we compare the same base predictor with or without recalibration.
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Image dataset. We use the AFHQ dataset (Choi et al., 2020), which consists of high-resolution
animal face images. The input x P X “ t0, 1, 2u indicates one of three classes (cat, dog, or wild
animal), and the output is a 256 ˆ 256 RGB image y P Y “ r´1, 1s3ˆ256ˆ256, resulting in an
output dimension of d “ 196,608. We follow the standard split with 14,630 training instances
and 1,500 test instances. To improve sample quality, Zhai et al. (2025) add Gaussian noise
ϵ „ N p0, 0.072q to each image y during training.

7.5.2 Experimental Setup

(Non-recalibrated) base predictor. For the tabular datasets, we consider convex potential
flows (C.-W. Huang et al., 2021), MAFs (Papamakarios, Pavlakou, et al., 2017) and FM (Lipman
et al., 2022). Results for the latter are deferred to Sections H.4.6 and H.4.7. As is standard,
these NFs use a latent variable Z „ N p0, Iq. Details on hyperparameter tuning are provided
in Section H.3. A key difference between our setup and that of Y. Chung et al. (2024) is that
their predictive distributions are restricted to multivariate Gaussians with diagonal covariance,
whereas NFs can model dependencies between output dimensions. For the image dataset, we
use the TarFlow model (Zhai et al., 2025), a transformer-based conditional NF pre-trained on
AFHQ, which achieves state-of-the-art likelihood performance. In the following, we denote the
non-recalibrated base predictor as BASE.

Compared methods. For our latent recalibration method, LR, we use the Euclidean norm
ρZpzq “ }z} and estimate FL using kernel density estimation with a Gamma kernel; details
are provided in Section H.2. For both tabular and image datasets, we compare LR with the
base predictor BASE. Additionally, we include HDR-R for tabular datasets only, as it becomes
computationally prohibitive for TarFlow. For tabular datasets, following Y. Chung et al. (2024),
the recalibration map F̂U is learned on the validation set. This avoids using additional data for
calibration and ensures a fair comparison with BASE, but sacrifices finite-sample guarantees. For
the image dataset, since no separate calibration set is available, calibration is performed on the
training data. This also sacrifices finite-sample guarantees, but we will show below that it still
leads to substantial improvements in calibration.

Error metrics. We consider several error metrics to compare the different methods. For
the tabular datasets, we evaluate model calibration using the latent expected calibration error
(L-ECE) and the HDR expected calibration error (HDR-ECE). Both metrics range from 0 (best)
to 0.5 (worst). Predictive accuracy is assessed using two strictly proper scoring rules: the NLL
and the energy score (ES). Notably, LR yields a recalibrated density with a closed-form PDF,
enabling direct computation of the NLL, which is not possible with HDR-R. Since the scales of
NLL and ES vary across datasets, we report relative values, defined as the difference with the
score achieved by BASE. All metrics are negatively oriented. Exact definitions are provided in
Section H.3.1. For the image dataset, we report L-ECE and the bits per dimension (BPD),
following Zhai et al. (2025). BPD corresponds to a rescaled version of the NLL (details in
Section H.3.1).
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Figure 7.3: L-ECE and HDR-ECE on datasets sorted by size for a convex potential flow.

7.5.3 Results

Tabular datasets. Figure 7.2 presents the normalized difference relative to BASE for NLL and
ES. We observe that LR reduces the NLL on the majority of datasets. Since NLL is a strictly
proper scoring rule, this indicates that the recalibrated density f̂ 1

Y |X produced by LR generally
provides a better fit to the true data distribution than the original model f̂Y |X . Both LR and
HDR-R achieve an energy score close to that of BASE, with no significant differences. As noted by
Alexander et al. (2022), the energy score has weaker discriminative ability compared to the NLL.

Figure 7.3 also shows the L-ECE (as a measure of latent calibration) and HDR-ECE (as a measure
of HDR calibration), respectively. We see that BASE exhibits significant latent miscalibration
across many datasets, with L-ECE values reaching up to 0.3 out of a maximum of 0.5. In contrast,
LR consistently and substantially reduces L-ECE, demonstrating its effectiveness in achieving
the desired latent calibration. Moreover, L-ECE tends to decrease as dataset size increases,
which aligns with the finite-sample guarantees discussed in Section 7.4.3. Reliability diagrams
in Section H.4.2 further confirm this improvement. Additional experiments on a misspecified
model are provided in Section H.4.8, with significant improvements given by LR across all metrics
including ES.
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Figure 7.2: Relative NLL and ES on datasets sorted by
size for a convex potential flow.

In Figure 7.3, while LR does not ex-
plicitly target HDR calibration, we
observe that it significantly improves
HDR-ECE compared to BASE on
most datasets, often performing on
par with HDR-R. As expected, HDR-R
achieves low HDR-ECE values by
design. These results suggest that
improving latent calibration also en-
hances the calibration of HDRs.

Access to a full, calibrated PDF is es-
sential for any task requiring estima-
tion of the probability mass within
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Table 7.2: Performance of LR compared to BASE on the AFHQ dataset with TarFlow (standard
errors across 20 evaluations).

L-ECE (ˆ100) BPD
BASE LR BASE LR

47.430.06253 0.89540.1609 5.4773.523e-05 5.4651.772e-05

an arbitrary, non-standard region of the output space, a capability that set-based methods
(like CP) or pure sampling-based methods (like HDR-R) do not provide. A direct application is
anomaly detection, where low-density points are classified as anomaly (Rozner et al., 2024; Perini
et al., 2024). Other examples include risk assessment in engineering, targeted material design, or
optimal control. To make the benefits of a full PDF concrete, we provide an experiment on a
decision-making task in Section H.4.1.

Further detailed results with the same convex potential flow base predictor are provided in
Section H.4.4. Section H.4.4 shows that the primary NLL gain obtained by LR is due to
finding more “plausible” latent codes for the observed data under the base latent distribution.
Section H.4.4 shows that LR significantly improves the time to compute the calibration map
compared to HDR-R. Section H.4.4 hypothesizes through theoretical and empirical considerations
that the reason the ES remains largely unchanged after LR is due to its relative insensitivity to
misspecifications in variance and correlation.

Image dataset. The goal of our image data experiment is to understand the behaviour of
latent calibration and recalibration in a very-high dimensional setting. We consider both noiseless
and noisy settings, where the noisy test images include the same noise ϵ used during training.

Table 7.2 shows that BASE suffers from severe latent miscalibration, with L-ECE values approach-
ing the maximum of 0.5. LR dramatically improves latent calibration, reducing L-ECE to below
0.01. We also report the bits-per-dimension (BPD), a scaled version of the NLL. Notably, LR
does not degrade the original NLL; in fact, it slightly reduces it. LR preserves the visual quality
of the samples from the base predictor, with no perceptually visible changes, which aligns with
the very small change we observed in NLL.

7.6. Conclusion

We introduced latent recalibration (LR), a novel post-hoc method for calibrating conditional
normalizing flows in multi-output regression. By transforming the latent space based on calibration
scores derived from latent distances, LR achieves latent calibration, ensuring that prediction sets
defined in the latent space have correct coverage. Unlike many conformal prediction methods that
only output sets, and unlike sampling-based recalibration methods, LR yields a fully specified,
recalibrated PDF. This offers significant advantages in terms of computational efficiency and
applicability to tasks requiring density estimates. Our extensive experiments on tabular and
high-dimensional image data demonstrate that LR consistently improves NLL, latent calibration,
and HDR calibration.
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Limitations. We identify the main limitations of LR as follows. Firstly, LR intentionally adjusts
only the magnitude of latent vectors, not their direction, and thus cannot fix miscalibration
arising from errors in the orientation of the learned latent manifold. While LR can only perform
simple adjustments, this allows simplifying the difficult multivariate calibration problem into a
tractable univariate one (calibrating norms). This enables connections with conformal prediction
and recalibration methods, and has good empirical performance. Secondly, LR requires the
norm of the latent distribution to follow a simple distribution. This is usually the case, as
normalizing flows predominantly use a standard Gaussian latent variable. Thirdly, LR requires an
invertible transformation between the response and latent spaces, and a latent random variable
with a known, tractable density, which makes it incompatible with models such as variational
auto-encoders (Kingma and Welling, 2014) or denoising diffusion probabilistic models (Ho et al.,
2020). Instead, NF and FM models are natural fits for LR. Despite these considerations, LR
provides a practical and effective tool for obtaining reliable, calibrated multivariate predictive
distributions from generative models.
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CHAPTER 8
Conclusion

Uncertainty quantification (UQ) is essential to making machine learning systems reliable and useful
in practice. Beyond point accuracy, probabilistic machine learning provides a more complete view
by producing probabilistic predictions such as predictive distributions and sets. In this thesis, we
focused on single and multi-output regression problems and developed distribution-free algorithms
that produce sharp, calibrated, and computationally efficient probabilistic predictions. In this
concluding chapter, we summarize these contributions and discuss limitations and directions for
future research.

8.1. Summary of Contributions

Post-hoc recalibration and recalibration training. Quantile recalibration (QR) is a state-
of-the-art method for probabilistic calibration, but it is known to worsen negative log-likelihood
(NLL). In Chapter 3, we designed smooth calibration maps based on kernel density estimation
(KDE) for QR. This yields near state-of-the-art probabilistic calibration while substantially
improving NLL relative to standard QR (Kuleshov et al., 2018). Moreover, the calibration map
can be injected as a training-time regularizer, offering a practical trade-off between probabilistic
calibration and predictive accuracy, as measured by the NLL and CRPS. In Chapter 4, we
observed that separating the training of the base predictor and the post-hoc recalibration step
is suboptimal, explaining the lower predictive accuracy of QR compared to standard training.
To address this, we introduced quantile recalibration training (QRT), an end-to-end approach
that integrates the effect of QR directly into training. This approach follows the principle of
minimizing sharpness subject to calibration (Gneiting et al., 2007), improving predictive accuracy
while maintaining state-of-the-art calibration after post-hoc recalibration.

A bridge between recalibration and conformal prediction. Recalibration and conformal
prediction (CP) have largely been studied in parallel, yet they share deep structural similarities.
In Chapter 3, we established an equivalence between QR and conformalizing quantiles via
distributional conformal prediction (DCP, Chernozhukov et al., 2021). This connection permits
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the transfer of conformal marginal guarantees between the two domains and explains the strong
calibration performance of QR. In Chapter 7, we made a similar connection between latent
recalibration (LR) and existing CP methods (Fang et al., 2025; Dheur et al., 2025).

A unified study of multi-output conformal regression. Many real-world problems require
predicting multiple, often dependent, variables. However, the extension of UQ methods to this
setting is relatively underexplored. In Chapter 5, we provided a unified comparative study of
conformal methods for constructing multivariate prediction regions. This work systematically
organized and analyzed nine distinct approaches, clarifying their properties and interconnections.
To address existing limitations, we introduced two novel classes of conformal methods, CDF-
based and latent-based, which generalize their univariate counterparts. These scores ensure
the desirable property of asymptotic conditional coverage while maintaining exact finite-sample
marginal coverage, offering new trade-offs between computational efficiency, sharpness, and
compatibility with different types of generative models. This unified framework and the new
scores contribute to the methodology for multi-output UQ.

Learning to improve conditional coverage. Although CP ensures coverage, the guarantee
is marginal, i.e., averaged over all inputs, and may not hold for specific subgroups. To address this,
in Chapter 6 we introduced rectified conformal prediction (RCP), a method designed to enhance
conditional coverage while preserving the exact marginal guarantee. RCP refines conformity
scores by learning their conditional quantiles, thereby avoiding the difficult and computationally
intensive task of estimating their full conditional distribution. This allows the prediction sets
to adapt to local data structure and heteroscedasticity. We provided a theoretical lower bound
on the conditional coverage of RCP, explicitly linking its performance to the accuracy of the
conditional quantile estimate and demonstrating its ability to improve the reliability of predictions
for specific inputs.

Multivariate latent recalibration. For many downstream tasks, a prediction set is insuffi-
cient; a full, calibrated probability density function (PDF) is required for optimal decision-making.
CP, however, does not provide a PDF, while existing recalibration methods are either limited
to single-output settings or are computationally intensive and do not yield an explicit density.
To address this, in Chapter 7, we introduce latent recalibration (LR), a recalibration method
operating within the latent space of invertible generative models such as conditional normalizing
flows. It is designed to improve latent calibration, ensuring that norms in the latent space of
a model are statistically aligned with the ground truth. By leveraging KDE-based calibration
maps as in Chapter 3, LR produces explicit and efficiently evaluable multivariate PDFs. Our
empirical results showed that LR provides consistent improvements in latent calibration, HDR
calibration, and NLL.

Comprehensive empirical studies. The evaluation of recalibration and conformal methods
is inherently multi-faceted, yet prior empirical studies often relied on limited datasets, metrics,
and on predictive distributions that were too restrictive (e.g., single Gaussians), potentially
inflating the apparent gains of calibration methods (Kuleshov et al., 2018; Utpala and Rai,
2020; Marx et al., 2023; Y. Chung et al., 2024). In Chapters 3 and 5, we addressed this by
conducting large-scale studies for both probabilistic calibration and multi-output CP under
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flexible base predictors, such as mixture density networks and normalizing flows. This setup
enabled a fairer assessment of methods across strictly proper scoring rules and calibration metrics,
and provided a better picture of when and why methods succeed or fail. Other chapters also
relied on comprehensive experiments to ensure the statistical significance of the results.

8.2. Limitations and Future Work

The methods developed in this thesis contribute to advancing the state of UQ in regression, yet
they also highlight the field’s remaining challenges. Recalibration and conformal prediction (CP)
methods offer valuable guarantees and lend themselves to clear interpretations. For instance,
probabilistic calibration ensures that all predictive intervals achieve their nominal coverage; HDR
calibration aligns with highest-density region (HDR) coverage; and latent calibration corresponds
to coverage within latent regions. However, these guarantees alone are not sufficient. Strictly
proper scoring rules provide a principled framework for assessing predictive accuracy, yet they
do not offer finite-sample guarantees. In the following, we suggest several concrete directions for
future research in this area.

First, our empirical studies could be expanded along several important axes. Our work has
primarily focused on capturing aleatoric uncertainty. A promising direction is to leverage
epistemic UQ methods. For instance, Cabezas et al. (2025) leverage Bayesian models to predict
the distribution of conformity scores, yielding more conservative prediction sets in regions
with sparse data. Furthermore, our evaluations in Chapters 3 and 7 centered on the most
common scoring rules, namely NLL, CRPS, and ES. A more complete picture would emerge
from assessing performance under other strictly proper scoring rules, such as those presented
in Section 2.3. When dealing with multivariate Gaussian mixtures, we provide closed-form
expressions in Section B.1.

A valuable contribution to the community would be a systematic review and comparison of the
rapidly growing number of proposed methods. While we compared a large set of baselines in
Chapters 5 and 6, some methods were only included in one of the two studies. Given the growing
number of methods in this area (Thurin et al., 2025; M. Klein et al., 2025; Braun et al., 2025), a
comprehensive benchmark would help clarify the relative strengths and weaknesses of existing
approaches and guide future development.

The contributions of this thesis operate within the standard in-distribution learning framework.
Extending our methods to non-exchangeable data (Vovk, 2025), online (Gibbs and Candès, 2024)
or federated settings (C. Lu et al., 2023) is a promising avenue, with initial ideas already available.
In temporal settings such as TPPs, conformal methods that adapt to dependencies by iteratively
modifying either the targeted coverage level (Gibbs and Candes, 2021) or the targeted quantile of
the scores (Angelopoulos et al., 2023), are especially promising. However, they lose the marginal
coverage guarantee, which is expected in the presence of distribution shift.

While this thesis focused on improving conditional reliability, further work is needed to develop
methods with stronger and more practical conditional guarantees. As discussed in Section 2.4.5,
applying calibration methods to pre-defined groups can yield significant gains in conditional
coverage and predictive accuracy but at the cost of weaker marginal guarantees. An alternative
approach involves local weighting schemes that can make more efficient use of limited calibration
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data (Luo et al., 2022). Combining the training procedures developed in this thesis, such as QRT
and LR, with locally weighted calibration maps is a compelling direction for developing methods
that achieve approximate conditional calibration without requiring pre-defined groups.

The literature on calibration for regression, including this thesis, primarily centers on probabilistic
calibration, which is an essentially unconditional notion (Gneiting and Resin, 2023). A more
ambitious goal is to pursue stronger, conditional notions like auto-calibration (Section 2.4.4),
which has been well-studied in classification (Kull et al., 2019; Popordanoska and Blaschko, 2025).
Differentiable estimators have shown promise for achieving this in classification (Popordanoska
et al., 2022), but adapting these ideas to the regression setting, particularly for multi-output
problems with flexible generative models, remains a challenging open problem. Nevertheless,
ideas based on low-dimensional density estimation may offer a path forward (Kuleshov and
Deshpande, 2022).

Our work in Chapter 5 highlighted the complementary strengths of different multi-output
conformal methods: density-based methods such as C-HDR yield sharp prediction sets but can
be computationally intensive, while latent-based methods are computationally fast but may
produce larger sets. A potential research direction is to design methods combining these strengths.
One could, for example, enforce a monotonic relationship between the latent and output-space
densities using a regularization term based on monotonic neural networks (H. Kim and Lee,
2023). The central challenge would be to design a latent representation that is expressive enough
for accurate modeling while strictly preserving this monotonicity, thereby ensuring that highest
density regions in latent space map to highest density regions in the output space.

A direct extension of our work is to develop a training-time procedure for latent recalibration,
analogous to the quantile recalibration training (QRT) we introduced. Such a method, which
could be termed latent recalibration training (LRT), would integrate the latent recalibration
step from Chapter 7 directly into the end-to-end training process. This can be achieved using
the readily available differentiable quantile functions for chi-squared or gamma distributions
in TensorFlow Probability (Dillon et al., 2017), or by developing a custom implementation
for PyTorch. This would enable the training of calibrated invertible generative models that
could potentially further improve predictive accuracy while maintaining finite-sample calibration
properties.

More broadly, the tools developed in this thesis can be applied to control risks beyond simple
miscoverage. As outlined in Section 2.5.5, frameworks like conformal risk control (Angelopoulos
et al., 2024b) and learn then test (Angelopoulos et al., 2025) can be used to provide finite-sample
guarantees for task-specific losses, such as the false negative rate in image segmentation. The
conformity scores proposed in Chapters 5 and 6 are fully compatible with this framework, opening
the door to controlling custom risks while benefiting from the adaptive nature of our methods.

The last point connects to the goal of more reliable decision-making. We share the view of
Y. Chung (2025) that an important future direction lies in elucidating connections between
calibration notions and their implications for downstream decision-making, a task only attempted
by a few studies. In classification, models satisfying decision calibration (S. Zhao et al., 2021)
accurately estimate the utility associated with a decision-making task. In regression, Sahoo et al.
(2021) established an analogous result for threshold-calibrated models, for which we present a
direct generalization to pre-rank calibration in Section 2.6. Nonetheless, neither of these works
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claim that calibration necessarily leads to higher utility. In a different approach, Y. Chung
(2025) (Chapter 5) propose constructing tailored proper scoring rules to improve utility in specific
decision-making tasks. Their method, however, is limited to classification settings with a finite
number of actions. Thus, a central challenge remains to navigate the trade-offs among calibration,
sharpness, and computational efficiency to enhance downstream decision-making.

While gradient-boosted decision trees such as XGBoost (Tianqi Chen and Guestrin, 2016) have
remained strong performers for tabular data, the design of competitive neural architectures
remains an active area of research. Efforts have explored diverse approaches, from novel
architectures such as the attention-based TabNet (Arik and Pfister, 2021) to retrieval-augmented
models (Gorishniy et al., 2024). Alongside these, another promising direction focuses on refining
the foundational Multi-Layer Perceptron (MLP). Research has shown that well-tuned MLPs
can be highly competitive (Kadra et al., 2021), and their performance can be further enhanced
with techniques such as ensembling. A notable recent example is TabM (Gorishniy et al.,
2025), which trains a parameter-efficient ensemble of MLPs by sharing the vast majority of
parameters between its submodels, achieving state-of-the-art performance and efficiency on public
benchmarks. While mixture density networks or normalizing flows in our study are based on
standard MLPs, extensions involving these approaches could be considered, potentially yielding
a more informative uncertainty quantification.

Finally, our empirical analyses primarily relied on tabular benchmarks, whose datasets typically
contain at most 50,000 instances. While recent benchmarks aim to identify the hardest tabular
datasets (McElfresh et al., 2023), the scale of tabular data is still far behind vision and language,
where training on billions of images (Schuhmann et al., 2022) or trillions of tokens (DeepSeek-AI
et al., 2024) is typical, reflecting a broader trend in tabular machine learning where progress
has been perceived to lag behind other modalities (Borisov et al., 2024; Gorishniy et al., 2021;
Shwartz-Ziv and Armon, 2022; Grinsztajn et al., 2022). Van Breugel and Van Der Schaar (2024)
argue that this may be partly due to the limited scale of existing benchmarks. They push for the
development of Large Tabular Models (LTMs), tabular models trained on a large collection of
data, with recent developments in this direction (Hollmann et al., 2022; M. J. Kim et al., 2024).
Studying the calibration of such models is timely, as they are often evaluated under distribution
shift. Other emerging application frontiers include calibrating the uncertainty of large language
models (Band et al., 2024; Cherian et al., 2024; Xiao et al., 2025).

Taken together, the methods and comparative studies in this thesis contribute foundational com-
ponents for reliable UQ in regression. We hope these contributions will support the development
of UQ methods that are well calibrated, sharp, and computationally efficient.
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APPENDIX A

Datasets

Tables A.1 and A.2 summarize the characteristics of the single-output and multi-output tabular
datasets considered in this study. For each dataset, we report the total size |D|, the number of
input variables p, and the number of output variables d. To identify datasets that may be less
suitable for regression, we also compute the proportion of instances in D whose outcome belongs
to the top κ most frequent values, as described in Section D.1.4. This measure is reported for
κ “ 1 and κ “ 10, with values greater than 0.5 highlighted in bold.

A.1. Single-Output Tabular Regression Datasets

Table A.1 presents the single-output datasets used in Chapters 3 and 4. As detailed in Section 3.4,
these datasets are gathered from different repositories: Grinsztajn et al. (2022) (oml_297 and
oml_299), Gijsbers et al. (2019) (oml_269), and Dua and Graff (2017) (uci).

Splitting. In Chapters 3 and 4, we shuffle each dataset and split it into training, validation,
calibration, and test sets using proportions of 65%, 10%, 15%, and 10%, respectively. Before
splitting, we downsample each dataset (without replacement) to ensure that the training set
contains at most 50,000 instances, corresponding to the large-data regime defined in Grinsztajn
et al. (2022).

In Chapter 4, following Angelopoulos and Bates (2023), we observe that a large calibration set is
not always necessary. For example, for α “ 0.9, Figure 2.9a shows that PpF̂Y |XpY q ď αq is close
to 0.9, typically between 0.88 and 0.9. Hence, we limit the calibration set to 2048 points and
redistribute the remaining instances equally across the training, validation, and test sets.
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Table A.1: Characteristics of all considered single-output tabular datasets (d “ 1).

|D| p
Proportion of
top 1 most

frequent values

Proportion of
top 10 most

frequent values
Group Dataset Abbrev.

uci CPU CP1 209 7 0.043 0.297
oml_269 tecator TEC 240 124 0.025 0.171
uci Yacht YAC 308 6 0.010 0.088

MPG MPG 392 7 0.051 0.362
oml_269 boston BOS 506 22 0.032 0.142
uci Energy ENE 768 9 0.005 0.046

Fish FIS 908 6 0.004 0.031
Concrete CON 1030 8 0.005 0.036

oml_269 MIP-2016-regression MIP 1090 111 0.006 0.043
house_prices_nominal HO2 1094 234 0.016 0.104
socmob SOC 1156 39 0.201 0.349
Moneyball MON 1232 18 0.009 0.080

uci Airfoil AI1 1503 5 0.002 0.015
Crime CRI 1993 102 0.052 0.380

oml_269 us_crime US_ 1993 101 0.052 0.380
quake QUA 2178 3 0.317 0.998
space_ga SPA 3107 6 0.001 0.004

oml_299 analcatdata_supreme ANA 4052 12 0.701 1.000
oml_269 abalone ABA 4177 10 0.165 0.895
oml_299 Mercedes_Benz

_Greener_Manufacturing MER 4209 735 0.002 0.015

oml_269 SAT11-HAND-
runtime-regression SAT 4440 118 0.007 0.061
Santander_transaction
_value SAN 4459 3611 0.046 0.301

oml_297 wine_quality WIN 6497 11 0.437 1.000
oml_269 colleges COL 6695 34 0.009 0.029
oml_297 isolet ISO 7797 613 0.038 0.385
uci Kin8nm KIN 8192 8 0.000 0.002
oml_297 cpu_act CP2 8192 21 0.056 0.507
oml_299 visualizing_soil VIS 8641 5 0.070 0.426
oml_269 topo_2_1 TOP 8885 252 0.005 0.038
oml_299 yprop_4_1 YPR 8885 82 0.005 0.038
uci Power POW 9568 4 0.001 0.008
oml_297 sulfur SUL 10081 6 0.003 0.013

Brazilian_houses BRA 10692 8 0.004 0.015
uci Naval NAV 11934 17 0.038 0.385
oml_297 Ailerons AIL 13750 33 0.135 0.860

MiamiHousing2016 MIA 13932 13 0.014 0.115
pol POL 15000 26 0.623 0.983
elevators ELE 16599 16 0.151 0.796
Bike_Sharing_Demand BIK 17379 6 0.015 0.115
fifa FIF 18063 5 0.156 0.693
california CAL 20640 8 0.047 0.086
superconduct SUP 21263 79 0.007 0.053
house_sales HO3 21613 15 0.008 0.069
house_16H HO1 22784 16 0.137 0.170

oml_299 OnlineNewsPopularity ONL 39644 73 0.058 0.353
uci Protein PRO 45730 9 0.006 0.010
oml_297 diamonds DIA 53940 6 0.002 0.023
oml_269 Allstate_Claims_Severity ALL 76924 477 0.001 0.001

Yolanda YOL 76924 100 0.076 0.582
oml_297 medical_charges MED 76924 3 0.000 0.001

oml_299 SGEMM_GPU
_kernel_performance SGE 76924 15 0.000 0.003
black_friday BLA 76924 23 0.000 0.004

oml_297 nyc-taxi-green-dec-2016 NYC 76924 9 0.152 0.384
year YEA 76924 90 0.077 0.582

oml_269 Buzzinsocialmedia_Twitter BUZ 76924 70 0.037 0.251

oml_299 particulate-matter
-ukair-2017 PAR 76924 26 0.006 0.053

oml_269 Airlines_DepDelay_10M AI2 76924 5 0.189 0.625
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A.2. Multi-Output Tabular Regression Datasets

Table A.2 presents the multi-output datasets considered in Chapters 5 to 7 and gathered from
other studies (Tsoumakas et al., 2011; Feldman et al., 2023; Z. Wang et al., 2023; Barrio et al.,
2024; Camehl et al., 2024). In Chapters 5 and 6, we only include datasets with at least 7000
instances. Datasets introduced in Cevid et al. (2022) are used starting from Chapter 7.

Splitting. As for the univariate case, we first downsample each dataset (without replacement)
to a maximum of 50,000 instances. In Chapters 5 and 6, we allocate 2048 points to calibration,
and split the remainder into 55% for training, 15% for validation, and 30% for testing. In
Chapter 7, we follow Y. Chung et al. (2024), using a split of 65% for training, 20% for validation,
and 15% for testing, with the validation set serving also as the calibration set.

Table A.2: Characteristics of all considered multi-output tabular datasets.

|D| p d
Proportion of
top 1 most

frequent values

Proportion of
top 10 most

frequent values
Group Dataset Abbrev.

Tsoumakas et al. (2011) slump SLU 103 7 3 0.010 0.097
edm EDM 154 16 2 0.390 1.000
atp7d AT2 296 355 6 0.030 0.230
sf1 SF1 323 31 3 0.820 0.988
oes97 OE2 334 263 16 0.003 0.030
atp1d AT1 337 354 6 0.018 0.116
jura JUR 359 15 3 0.003 0.028
oes10 OE1 403 298 16 0.002 0.025
enb ENB 768 3 2 0.005 0.029
wq WQ 1060 16 14 0.006 0.039
sf2 SF2 1066 31 3 0.811 0.986
scpf SCP 1137 8 3 0.383 0.659

Barrio et al. (2024) ansur2 ANS 1986 1 2 0.003 0.024
Camehl et al. (2024) households HO2 7207 14 4 0.000 0.001
Tsoumakas et al. (2011) scm20d SC2 8966 60 16 0.000 0.001

rf1 RF1 9005 64 8 0.000 0.002
scm1d SC1 9803 279 16 0.000 0.001

Cevid et al. (2022) air AIR 10000 15 6 0.000 0.001
births2 BI2 10000 24 4 0.010 0.083
births1 BI1 10000 23 2 0.005 0.043
wage WAG 10000 78 2 0.019 0.137

Feldman et al. (2023) meps_21 ME3 15656 138 2 0.121 0.490
meps_19 ME1 15785 138 2 0.133 0.505
meps_20 ME2 17541 138 2 0.116 0.483
house HO1 21613 17 2 0.000 0.001
bio BIO 45730 8 2 0.000 0.002
blog_data BLO 50000 269 2 0.021 0.173

Barrio et al. (2024) calcofi CAL 50000 1 2 0.000 0.001
Z. Wang et al. (2023) taxi TAX 50000 4 2 0.000 0.000

A.3. Event Sequence Datasets

In Section 5.7.4, our evaluation is based on five marked event sequence datasets from real-world
scenarios, which have been previously considered in neural TPP research. Section F.3.2 also
reports results on additional datasets. Below, we provide a description of these datasets:

• LastFM (S. Kumar et al., 2019): This dataset comprises records of individuals’ song-
listening events over time, with each song’s artist serving as the mark.
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• MOOC (S. Kumar et al., 2019): It captures the activities of students on an online course
platform, where the mark denotes the specific type of activity, such as watching a video.

• Reddit (S. Kumar et al., 2019): This consists of sequences of posts made to various
subreddits. Each sequence is associated with a user, and the mark is the post that the user
responds to.

• Retweets (Omi et al., 2019): It includes sequences of retweets occurring after an initial
tweet over time. Each sequence is linked to a specific tweet, with the mark being a category
assigned to the retweeter (small, medium, or large retweeter).

• Stack Overflow (N. Du et al., 2016): This dataset records the badges awarded to users
on Stack Overflow. Each user is assigned a sequence, and the type of badge received is
used as the mark.

• Github (Trivedi et al., 2019): Records of developers’ actions on the open-source platform
Github. A sequence refers to a developer, and the marks correspond to the action being
performed.

• MIMIC2 (N. Du et al., 2016) Electronic health records (EHR) of patients in an intensive
care units for seven years. A sequence corresponds to a patient, and the marks are the
types of diseases.

• Wikipedia (S. Kumar et al., 2019) Records of edits made to Wikipedia pages. Each
sequence is a page, and the marks refer to the users that made the edits.

Table A.3: Real-world Datasets statistics

#Seq. #Events Mean Length Max Length Min Length #Marks
LastFM 856 193441 226.0 6396 2 50
MOOC 7047 351160 49.8 416 2 50
Reddit 4278 238734 55.8 941 2 50
Retweets 12000 1309332 109.1 264 50 3

Stack Overflow 7959 569688 71.6 735 40 22
Github 173 20656 119.4 4698 3 8
MIMIC2 599 1812 3.0 32 2 43
Wikipedia 590 30472 51.6 1163 2 50
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B.1. Closed-form scoring rules for Gaussian mixtures

This section details closed-form expressions for the strictly proper scoring rules discussed in
Section 2.3.2 assuming that the predictive distribution is a mixture of multivariate Gaussians.

Setup. Consider a Gaussian mixture density

f̂pyq “

M
ÿ

m“1
π̂mN

´

y; µ̂m, L̂mL̂J
m

¯

, y P Rd,

with mixture weights pπ̂mq
M
m“1, means pµ̂mq

M
m“1, and Cholesky matrices

´

L̂m
¯M

m“1
. Let Σ̂m “

L̂mL̂
J
m and Λ̂m “ Σ̂´1

m . The expression for the QS, SS and KS are based on the following identity:
ż

Rd

N
´

y1; µ̂m, Σ̂m
¯

N
´

y1; µ̂j , Σ̂j
¯

dy1 “ N
´

µ̂m; µ̂j , Σ̂m ` Σ̂j
¯

.

Quadratic score (QS).

SQSpP̂ , yq “

›

›

›
f̂
›

›

›

2

2
´ 2f̂pyq “

M
ÿ

m“1

M
ÿ

j“1
π̂mπ̂jN

´

µ̂m; µ̂j , Σ̂m ` Σ̂j
¯

´ 2f̂pyq.

Spherical score (SS).

SPSpP̂ , yq “ ´
f̂pyq
›

›

›
f̂
›

›

›

2

“ ´
f̂pyq

´

řM
m“1

řM
j“1 π̂mπ̂jN

´

µ̂m; µ̂j , Σ̂m ` Σ̂j
¯¯1{2 .
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Table B.1: Computational complexities for evaluating closed-form strictly proper scoring rules
from Section B.1. We consider the general case with full covariance or the special case of diagonal
covariance.

Scoring rule Full covariance Diagonal covariance

NLL OpMd3q OpMdq

QS OpM2d3q OpM2dq

SS OpM2d3q OpM2dq

HS OpMd2q OpMdq

KS-RBF OpM2d3q OpM2dq

Hyvärinen score (HS). Define the responsibilities and component score vectors at y:

rmpyq “

π̂mN
´

y; µ̂m, Σ̂m
¯

f̂pyq
, ampyq “ Λ̂m pµ̂m ´ yq , āpyq “

M
ÿ

m“1
rmpyqampyq “ ∇ log f̂pyq.

Then

∆ log f̂pyq “

M
ÿ

m“1
rmpyq

´

}ampyq}
2

´ tr
´

Λ̂m
¯¯

´ }āpyq}
2 ,

and the Hyvärinen score is

SHSpP̂ , yq “ ∆ log f̂pyq ` 1
2

›

›

›
∇ log f̂pyq

›

›

›

2
“

M
ÿ

m“1
rmpyq

´

}ampyq}
2

´ tr
´

Λ̂m
¯¯

´ 1
2 }āpyq}

2 .

Kernel score with RBF kernel (KS-RBF). For kpy, y1q “ exp
´

´
}y´y1}

2

2ℓ2
¯

with ℓ ą 0,

EŶ ,Ỹ„P̂

”

k
´

Ŷ , Ỹ
¯ı

“ p2πℓ2q
d
2

M
ÿ

m“1

M
ÿ

j“1
π̂mπ̂jN

´

µ̂m; µ̂j , Σ̂m ` Σ̂j ` ℓ2I
¯

,

EŶ„P̂

”

k
´

Ŷ , y
¯ı

“ p2πℓ2q
d
2

M
ÿ

m“1
π̂mN

´

y; µ̂m, Σ̂m ` ℓ2I
¯

,

and thus

SRBF
KS pP̂ , yq

“ p2πℓ2q
d
2

«

M
ÿ

m“1

M
ÿ

j“1
π̂mπ̂jN

´

µ̂m; µ̂j , Σ̂m ` Σ̂j ` ℓ2I
¯

´ 2
M
ÿ

m“1
π̂mN

´

y; µ̂m, Σ̂m ` ℓ2I
¯

ff

.

Computational complexities Table B.1 summarizes the computational costs. For full
covariance matrices, assuming that covariance matrices are parameterized by their Cholesky
factor, evaluating a multivariate Gaussian density requires Opd3q time due to determinant
computation, while the quadratic form py ´ µ̂mq

J Λ̂m py ´ µ̂mq costs Opd2q. With diagonal
covariances, each Gaussian evaluation reduces to Opdq. Assuming full covariance matrices, the
HS is the most efficient, followed by the NLL, and then the QS, SS, and KS-RBF. With diagonal
covariances, the HS and NLL are fastest, followed by the QS, SS, and KS-RBF.
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B.2. Formalization and Proofs of Auto-Calibration Properties

This section formalizes auto-calibration and provides proofs for the theorems and lemmas in
Section 2.4.4. We use Chapter IV of Cinlar (2009) as reference.

B.2.1 Preliminaries

Assume pΩ,F ,Pq is a probability space and pY,Bq is a standard Borel space. Let PpYq be the set
of all probability measures on pY,Bq. A random probability measure on pY,Bq is a measurable
map P : Ω Ñ PpYq. Equivalently, it is a Markov kernel P : Ω ˆ B Ñ r0, 1s such that for each
A P B the map ω ÞÑ P pω,Aq is F-measurable and, for each ω P Ω, the map A ÞÑ P pω,Aq is a
probability measure. When Y is standard Borel, these two descriptions agree; we identify them
via

P pω,Aq “ P pωqpAq.

Let X : pΩ,Fq Ñ pX ,Aq and Y : pΩ,Fq Ñ pY,Bq be random variables. In particular, a regular
conditional distribution of Y given X, denoted PY |X , is a random probability measure on pY,Bq.

Definition 13 (Scoring Rule and Divergence). A scoring rule is a measurable function S :
PpYq ˆ Y Ñ R̄. We extend S to PpYq ˆ PpYq by

SpP̂ , P q :“
ż

Y
SpP̂ , yqdP pyq.

A scoring rule is proper if for all P̂ , P P PpYq, SpP, P q ď SpP̂ , P q, and strictly proper if equality
holds only for P̂ “ P . The associated generalized entropy is HpP q “ SpP, P q and the divergence
is DpP̂ , P q :“ SpP̂ , P q ´HpP q. Throughout, assume all expectations/integrals below are finite.

Definition 14 (Conditional Expectation). Let G Ď F be a sub-σ-algebra. For an integrable real-
valued random variable Z, the conditional expectation ErZ | Gs is the (a.s. unique) G-measurable
random variable Z 1 such that

ż

G
Z dP “

ż

G
Z 1 dP for all G P G.

Intuitively, a σ-algebra encodes information. If G Ď F , then G is a coarser view than F . A
G-measurable function can only depend on what is visible under G and therefore can encode
less information than an F-measurable one. The random variable Z 1 “ ErZ | Gs is the best
G-measurable summary of Z.

Now let P be a random probability measure on pY,Bq. Its conditional expectation w.r.t. G is
defined setwise by

pErP | Gsq pAq :“ ErP pAq | Gs, A P B.
Equivalently, for any G b B-measurable g : Ω ˆ Y Ñ R with

E
„
ż

Y
|gpω, yq|P pω, dyq

ȷ

ă 8,

we have
ż

Y
gpω, yq pErP | Gsq pω, dyq “ E

„
ż

Y
gpω, yqP pω, dyq

ˇ

ˇ

ˇ

ˇ

G
ȷ

a.s.
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This equivalence is justified by Theorem 2.10 (existence of regular conditional distributions) and
Theorem 2.19 (disintegration property) in Cinlar (2009), since pY,Bq is standard Borel.

B.2.2 Auto-Calibration

Definition 15 (Auto-calibration). A predictive distribution P taking values in PpYq is auto-
calibrated (w.r.t. Y ) if for all A P B,

PpY P A | σpP qq “ P pAq a.s.

Equivalently, PpY P ¨ | σpP qq “ P a.s. (in what follows we always condition on σ-algebras,
writing σpP q rather than P ). Intuitively, σpP q is the information revealed by the predictive
distribution. Auto-calibration requires that, once we condition on exactly this information and
nothing more, the conditional law of Y matches the announced P .

Proposition 5 (Auto-calibrated version of any predictive distribution). Let P̂ be a random
probability measure and let P̄ be a regular conditional probability of Y given σpP̂ q:

P̄ pAq “ PpY P A | σpP̂ qq for A P B.

Then P̄ is auto-calibrated.

Proof. Since P̄ is σpP̂ q-measurable, we have σpP̄ q Ď σpP̂ q. Intuitively, P̄ uses no more information
than P̂ . For any A P B,

PpY P A | σpP̄ qq “ E
”

PpY P A | σpP̂ qq

ˇ

ˇ

ˇ
σpP̄ q

ı

“ E
“

P̄ pAq
ˇ

ˇσpP̄ q
‰

“ P̄ pAq a.s.,

which shows that P̄ is auto-calibrated. The first equality follows from the repeated conditioning
property (Theorem 1.10b), the second from the definition of P̄ , and the third from the conditional
determinism property (Theorem 1.10a) in Cinlar (2009).

B.2.3 Properties of Auto-Calibration

Lemma 3 (Sharpness identity for auto-calibrated predictive distributions). Let P̄ be auto-
calibrated w.r.t. Y . Then

ErSpP̄ , Y qs “ ErHpP̄ qs.

This indicates that the expected score of an auto-calibrated model can be evaluated from the
model alone.

Proof. By auto-calibration, we have PpY P ¨ | σpP̄ qq “ P̄ a.s. Equivalently (Definition 14), for
any σpP̄ q b B-measurable function g,

E
“

gpω, Y q
ˇ

ˇσpP̄ q
‰

pωq “

ż

gpω, yq P̄ pω, dyq a.s.

Choosing gpω, yq :“ SpP̄ pωq, yq gives

SpP̄ , P̄ q “

ż

SpP̄ , yq P̄ pdyq “ E
“

SpP̄ , Y q
ˇ

ˇσpP̄ q
‰

a.s.
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Taking expectations yields

ErSpP̄ , P̄ qs “ ErSpP̄ , Y qs “ ErHpP̄ qs.

Lemma 4 (Projection identity and decomposition). Let G Ď F , let P1 be G-measurable, and let
P3 be any random probability measure. Define P2 :“ ErP3 | Gs. Then,

(i) SpP1, P2q “ ErSpP1, P3q | Gs a.s.,
(ii) SpP2, P2q “ ErSpP2, P3q | Gs a.s.,
(iii) ErDpP1, P3qs “ ErDpP1, P2qs ` ErDpP2, P3qs.

Proof. Define h1pω, yq :“ SpP1pωq, yq and h2pω, yq :“ SpP2pωq, yq. Since P1, P2 are G-measurable
and S is measurable, h1, h2 are G b B-measurable and integrable. By the defining property of
conditional expectation of random measures,

SpP1, P2q “

ż

h1 P2 “ E
„
ż

h1 P3

ˇ

ˇ

ˇ

ˇ

G
ȷ

“ ErSpP1, P3q | Gs,

and similarly,
SpP2, P2q “

ż

h2 P2 “ E
„
ż

h2 P3

ˇ

ˇ

ˇ

ˇ

G
ȷ

“ ErSpP2, P3q | Gs.

Taking conditional expectations given G and using that DpP1, P2q is G-measurable,

ErDpP1, P2q `DpP2, P3q | Gs “ DpP1, P2q ` ErDpP2, P3q | Gs

“ SpP1, P2q ´ SpP2, P2q ` ErSpP2, P3q | Gs ´ ErSpP3, P3q | Gs

“ ErSpP1, P3q | Gs ´ SpP2, P2q ` SpP2, P2q ´ ErSpP3, P3q | Gs

“ ErSpP1, P3q ´ SpP3, P3q | Gs

“ ErDpP1, P3q | Gs,

and the claim (iii) follows by taking expectations.

Theorem 9. Define the initial prediction P̂ “ hθpXq for some measurable hθ : X Ñ PpYq, the
auto-calibrated prediction P̄ “ PpY P ¨ | σpP̂ qq and the true conditional law P “ PpY P ¨ | σpXqq.
Then

ErDpP̂ , P qs “ ErDpP̂ , P̄ qs ` ErDpP̄ , P qs.

Proof. Since P̂ “ hθpXq, we have σpP̂ q Ď σpXq, so by the tower property

ErP pAq | σpP̂ qs “ ErPpY P A | σpXqq | σpP̂ qs “ PpY P A | σpP̂ qq “ P̄ pAq a.s.

Apply Lemma 4(iii) with P1 “ P̂ , P2 “ P̄ , P3 “ P , G “ σpP̂ q.

Remark. Propriety of S is not needed for the algebraic identity, but if S is (strictly) proper then
DpP,Qq ě 0 (and equals 0 iff P “ Q; for random P,Q, equality is a.s.), so each term has the
usual nonnegative interpretation.
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B.3. Proofs on Calibration for Decision-Making

This section provides proofs for theorems and lemmas in Section 2.6.

B.3.1 Bayes Decision Rule for Threshold Loss Function

Lemma 2. Under H1, the Bayes Decision Rule for a threshold loss function is a threshold
decision rule. Specifically,

δ˚pxq “ 1

ˆ

FĜ|X“xptq ď
c1,0 ´ c1,1

c1,0 ´ c1,1 ` c0,1 ´ c0,0

˙

. (2.72)

Proof. Define p̂x “ FĜ|X“xptq “ PpgpX, Ŷ q ď t | X “ xq. The expected loss for an arbitrary
action a P t0, 1u and a given input x is:

E
”

ltpX, Ŷ , aq | X “ x
ı

“ E
”

c1pgpX,Ŷ qątq,a | X “ x
ı

(B.1)

“ c0,ap̂x ` c1,ap1 ´ p̂xq. (B.2)

The Bayes rule δ˚pxq selects action a “ 1 if its expected loss is less than or equal to the loss for
a “ 0. We choose a “ 1 if:

E
”

ltpX, Ŷ , 1 | X “ xq

ı

ď E
”

ltpX, Ŷ , 0 | X “ xq

ı

(B.3)

c0,1p̂x ` c1,1p1 ´ p̂xq ď c0,0p̂x ` c1,0p1 ´ p̂xq (B.4)
c1,1 ` p̂xpc0,1 ´ c1,1q ď c1,0 ` p̂xpc0,0 ´ c1,0q (B.5)

p̂xpc0,1 ´ c1,1 ` c1,0 ´ c0,0q ď c1,0 ´ c1,1. (B.6)

By H1, the term pc0,1 ´ c1,1 ` c1,0 ´ c0,0q is positive. Dividing yields the threshold:

p̂x ď
c1,0 ´ c1,1

c1,0 ´ c1,1 ` c0,1 ´ c0,0
. (B.7)

Setting the decision threshold α to the right-hand side, we get δ˚pxq “ 1pp̂x ď αq, which concludes
the proof.

B.3.2 Equivalence to Zero Reliability Gap

Theorem 5. Let L be the space of all threshold loss functions and ∆ be the space of all
threshold decision rules. Assume that, for any x P X , FĜ|X“x is strictly increasing. A predictive
distribution F̂Y |X satisfies threshold calibration if and only if

γpδ, lq “ 0 @δ P ∆, l P L. (2.74)

First, we establish two helper lemmas. The first shows that if a model is threshold-calibrated on
a set, it is also calibrated on its complement. Let At,α be the event tx P X | FĜ|X“xptq ď αu.

Lemma 5. If a model satisfies threshold calibration, i.e., @t P R, α P r0, 1s, c P r0, 1s,PpÛ ď c |

At,αq “ c, then it also holds that @t P R, α P r0, 1s, c P r0, 1s,PpÛ ď c | Act,αq “ c.
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Proof. By the definition of pre-rank calibration (the specific case of threshold calibration with
α “ 1), we have PpÛ ď cq “ c. By the law of total probability:

PpÛ ď cq “ PpÛ ď c | At,αqPpAt,αq ` PpÛ ď c | Act,αqPpAct,αq (B.8)
c “ c ¨ PpAt,αq ` PpÛ ď c | Act,αqPpAct,αq (B.9)

cp1 ´ PpAt,αqq “ PpÛ ď c | Act,αqPpAct,αq (B.10)
c ¨ PpAct,αq “ PpÛ ď c | Act,αqPpAct,αq (B.11)

c “ PpÛ ď c | Act,αq (B.12)

The second lemma establishes that threshold calibration, which is a property on sets, implies a
stronger pointwise calibration property.

Lemma 6. Let p̂X “ FĜ|Xptq. If a model satisfies threshold calibration for a fixed t P R, i.e.,

PpÛ ď c | p̂X ď αq “ c @α P r0, 1s, c P r0, 1s, (B.13)

then it follows that PpÛ ď z | p̂X “ zq “ z for almost all z in the support of p̂X .

Proof. Let c P r0, 1s be a fixed constant. The assumption of threshold calibration is E
”

IpÛ ď cq | p̂X ď α
ı

“

c. By the law of total expectation (tower property), we can introduce conditioning on the random
variable p̂X :

E
”

E
”

IpÛ ď cq | p̂X

ı

| p̂X ď α
ı

“ c. (B.14)

Let us define the function hcpzq :“ E
”

IpÛ ď cq | p̂X “ z
ı

“ PpÛ ď c | p̂X “ zq. The equation
becomes:

Erhcpp̂Xq | p̂X ď αs “ c. (B.15)

This states that the expected value of the function hc over the event set tp̂X ď αu is equal to the
constant c. Since this holds for all α P r0, 1s, the function itself must be equal to the constant
almost everywhere. Thus, for a fixed c:

hcpzq “ PpÛ ď c | p̂X “ zq “ c for almost all z. (B.16)

Since this identity holds for any arbitrary constant c P r0, 1s, it must also hold when we substitute
the specific value z for c, leading to the desired result: PpÛ ď z | p̂X “ zq “ z.

We now proceed to the main theorem.

Proof. Let p̂X “ FĜ|Xptq and pX “ FG|Xptq “ PpG ď t | Xq. The decision rule is δαpXq “

1pp̂X ď αq.
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(ñ) Assume the model satisfies threshold calibration. The reliability gap is γpδα, ltq “

ˇ

ˇ

ˇ
E
”

ltpX, Ŷ , δαpXqq

ı

´ ErltpX,Y, δαpXqqs

ˇ

ˇ

ˇ
.

We show the difference is zero.

ErltpX,Y, δαpXqqs ´ E
”

ltpX, Ŷ , δαpXqq

ı

(B.17)

“ E
”

E
”

ltpX,Y, δαpXqq ´ ltpX, Ŷ , δαpXqq | X
ıı

(B.18)

“ E
“`

c0,δαpXqpX ` c1,δαpXqp1 ´ pXq
˘

´
`

c0,δαpXqp̂X ` c1,δαpXqp1 ´ p̂Xq
˘‰

(B.19)
“ E

“

pc0,δαpXq ´ c1,δαpXqqppX ´ p̂Xq
‰

(B.20)
“ pc0,1 ´ c1,1qErppX ´ p̂Xq1pp̂X ď αqs ` pc0,0 ´ c1,0qErppX ´ p̂Xq1pp̂X ą αqs (B.21)

This difference is zero if ErppX ´ p̂Xq | p̂X ď αs “ 0 and ErppX ´ p̂Xq | p̂X ą αs “ 0. We show
the first; the second follows from Lemma 5. We must show ErpX |p̂X ď αs “ Erp̂X | p̂X ď αs.

ErpX | p̂X ď αs “ ErPpG ď t|Xq | p̂X ď αs (B.22)
“ Er1pG ď tq | p̂X ď αs (B.23)

“ E
”

1pFĜ|XpGq ď FĜ|Xptqq | p̂X ď α
ı

(B.24)

“ E
”

1pÛ ď p̂Xq | p̂X ď α
ı

(B.25)

“ E
”

PpÛ ď p̂X | p̂Xq | p̂X ď α
ı

(B.26)

“ Erp̂X | p̂X ď αs (B.27)

Line (B.23) follows from the tower property of conditional expectation, since p̂X ď α is a function
of X. Line (B.24) assumes FĜ|X is strictly increasing. Line (B.26) also follows from the tower
property of conditional expectation. Line (B.27) follows from Lemma 6. Thus the reliability gap
is zero.

(ð) Assume γpδα, ltq “ 0 for all δα P ∆ and lt P L. From the forward proof, this means the
following identity holds for all t, α and any cost matrix tci,ju satisfying H1:

pc0,1 ´ c1,1qErppX ´ p̂Xq1pp̂X ď αqs
looooooooooooooomooooooooooooooon

E1

`pc0,0 ´ c1,0qErppX ´ p̂Xq1pp̂X ą αqs
looooooooooooooomooooooooooooooon

E2

“ 0. (B.28)

The terms E1 and E2 are fixed for a given t and α, but the cost coefficients can be varied. Let
A “ c0,1 ´ c1,1 and B “ c0,0 ´ c1,0. The equation is AE1 `BE2 “ 0. By choosing two different
valid cost matrices, we can form a system of two linear equations for E1 and E2.

1. Choose c0,1 “ 1, c1,1 “ 0, c0,0 “ 0, c1,0 “ 2. This satisfies H1. Here, A “ 1, B “ ´2. The
equation is E1 ´ 2E2 “ 0.

2. Choose c0,1 “ 2, c1,1 “ 0, c0,0 “ 0, c1,0 “ 2. This also satisfies the assumption. Here,
A “ 2, B “ ´2. The equation is 2E1 ´ 2E2 “ 0, which implies E1 “ E2.

Substituting E1 “ E2 into the first equation gives E1 ´ 2E1 “ 0, which implies E1 “ 0. It follows
that E2 “ 0. Therefore, for all t P R and α P r0, 1s:

ErppX ´ p̂Xq1pp̂X ď αqs “ 0 (B.29)
ErpX ´ p̂X | p̂X ď αsPpp̂X ď αq “ 0 (B.30)

ErpX ´ p̂X | p̂X ď αs “ 0. (B.31)
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This is equivalent to the condition ErpX | p̂X ď αs “ Erp̂X | p̂X ď αs. From the forward proof,
Erp̂X | p̂X ď αs “ E

”

PpÛ ď p̂X | p̂Xq | p̂X ď α
ı

. This implies that the functions inside the outer
expectation are equal almost everywhere. Thus, PpÛ ď z | p̂X “ zq “ z for almost all z in
the support of p̂X . As argued in Lemma 6, this property implies that for a fixed c P r0, 1s,
PpÛ ď c | p̂X “ zq “ c for almost all z.

Using this fact, we can prove threshold calibration directly:

PpÛ ď c | p̂X ď αq “ E
”

PpÛ ď c | p̂Xq | p̂X ď α
ı

(B.32)

“ Erc | p̂X ď αs “ c. (B.33)

This holds for all t, α, c, which is the definition of threshold calibration.
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APPENDIX C
Supplementary Material for Chapter 3

C.1. Proofs

C.1.1 Integral of the Absolute Difference between CDFs or QFs

Proposition 6. Let FA, FB : r0, 1s Ñ r0, 1s denote two strictly increasing CDFs of random variables
defined on r0, 1s with corresponding QFs QA and QB. Then,

ż 1

0
|FApqq ´ FBpqq|dq “

ż 1

0
|QAppq ´QBppq|dp. (C.1)

Proof. We define two functions r, s : r0, 1s ˆ r0, 1s Ñ t 0, 1 u where

rpq, pq “

#

1 if FApqq ď p ď FBpqq or FBpqq ď p ď FApqq

0 otherwise,
(C.2)

and spq, pq “

#

1 if QAppq ď q ď QBppq or QBppq ď q ď QAppq

0 otherwise.
(C.3)

Let us show that r and s are equal. Considering q P r0, 1s and p P r0, 1s, we can write

FApqq ď p ď FBpqq (C.4)
ðñ pFApqq ď pq ^ pp ď FBpqqq (C.5)
ðñ pq ď QAppqq ^ pQBppq ď qq (C.6)
ðñ QBppq ď q ď QAppq, (C.7)

where (C.6) holds since both FA and FB are strictly increasing.

Similarly, FBpqq ď p ď FApqq ðñ QAppq ď q ď QBppq. Hence rpq, pq “ 1 ðñ spq, pq “ 1
and r and s are equal.

163
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By Fubini’s theorem, we have
ż 1

0

ż 1

0
rpq, pqdpdq “

ż 1

0

ż 1

0
spq, pqdqdp. (C.8)

Furthermore, upon evaluating the inner integrals, we obtain

ż 1

0
rpq, pqdp “

$

’

’

’

&

’

’

’

%

ż FBpqq

FApqq

1dp if FApqq ď FBpqq

ż FApqq

FBpqq

1dp otherwise
(C.9)

“ |FApqq ´ FBpqq|. (C.10)

Similarly, we have
ż 1

0
spq, pqdq “ |QAppq ´QBppq|. Finally, by substituting these results in (C.8),

we prove (C.1).

C.2. Additional Results

This section presents additional experimental results.

C.2.1 Comparison between Recalibration, Conformal Prediction and Regu-
larization Approaches per Base Predictor

First, we present the results of our experiments comparing recalibration, conformal prediction,
and regularization approaches. Our objective is to determine which metrics are improved by
these methods compared to a vanilla model. We divide our comparisons based on the three base
predictors considered: MIX-NLL (Figure C.1), MIX-CRPS (Figure C.2) and SQR-CRPS (Figure C.3).

Since NLL, CRPS, and standard deviation cannot be directly compared across different datasets,
we utilize Cohen’s d as an effect size measure, with the baseline being a vanilla model of the same
base predictor. For instance, the baseline for MIX-CRPS + QR-EMP is MIX-CRPS. Additionally, we
provide critical difference diagrams to assess the significance of differences.

Overall, recalibration and conformal prediction demonstrate significantly improved PCE compared
to the baseline, although there is a trade-off with other metrics. For both MIX-NLL and MIX-CRPS,
QR-EMP yields infinite NLL, QR-LIN substantially increases NLL, while QR-KDE has a lesser impact
on NLL. However, QR-KDE results in a significant degradation of CRPS compared to other
recalibration methods when the base predictor is MIX-CRPS. In the case of quantile predictions,
CQR significantly improves PCE.

While regularization methods generally lead to improved PCE, they are still outperformed by
recalibration and conformal prediction in this regard. However, we observe that with the MIX-NLL
base predictor, regularization methods (PCE-KDE, PCE-Sort and QREG) have minimal impact on
CRPS, NLL, and STD compared to recalibration methods. With the MIX-CRPS base predictor,
the difference in CRPS between recalibration and regularization is less pronounced. Nevertheless,
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it is evident that regularization methods PCE-KDE and PCE-Sort, which rely on PCE, result in
less sharp predictions compared to recalibration methods, which produce sharper predictions.

Regarding quantile predictions, the case is reversed: conformal prediction (SQR-CRPS + CQR)
yields less sharp predictions, while regularization with SQR-CRPS + Trunc leads to sharper
predictions.
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(a) Boxplots of Cohen’s d of different metrics on all datasets, w.r.t. MIX-NLL.
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Figure C.1: Comparison of different metrics where the base predictor is MIX-NLL.
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Figure C.2: Comparison of different metrics where the base predictor is MIX-CRPS.
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Figure C.3: Comparison of different metrics where the base predictor is SQR-CRPS.
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C.2.2 Combining Regularization and Post-hoc Methods

In this paper, we have established that post-hoc methods are generally more favorable than
regularization methods when the primary objective is to enhance probabilistic calibration. Since
regularization methods operate during training and do not alter the form of predictions (e.g.,
Gaussian mixture predictions), they can be easily combined with post-hoc methods. In this
section, we address the question: "Which metrics do regularization methods improve when
combined with a post-hoc method compared to the same model without regularization?"

To ensure clarity, we focus our presentation on a selection of paired regularization and post-hoc
methods. Figure C.4 illustrates the impact of regularization on various metrics for these pairs.
In Figure C.4a, the baseline corresponds to the same post-hoc method without regularization,
enabling a direct measurement of the effect of adding regularization to a post-hoc method. It
is important to note that the boxplots in this figure cannot be directly compared due to the
different baselines.

The critical difference diagrams provide a comparison of all methods, with and without regular-
ization. Overall, when combined with post-hoc methods, regularization has a negative impact: no
regularization method significantly improves probabilistic calibration, and they tend to negatively
affect CRPS, NLL, and STD metrics.
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is not applied.
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Figure C.4: Comparison of different metrics showing the effect of regularization when combined
with a post-hoc method, compared to the same model without regularization.

C.2.3 Post-hoc Calibration based on the Training Dataset

In this paper, the calibration map or conformity scores have been computed on a separate
calibration dataset, following common practice in the literature. However, holding out data for
post-hoc calibration reduces the quantity of training data. For the sake of clarity, we focus our
analysis on the MIX-NLL and SQR-CRPS base losses.

In this section, we compare post-hoc calibration based on the training dataset to post-hoc
calibration based on the calibration dataset. We aim to answer the question: "Can it be
beneficial to use post-hoc calibration based on the training dataset, and should it be preferred
over regularization methods when there is no calibration dataset available?" One advantage of
regularization methods and post-hoc calibration methods based on the training dataset is that
the base predictor can be trained on more data (80% in our experiments, compared to 65% when
holding out the calibration dataset).

Figure C.5 presents a comparison of different methods, with post-hoc methods trained on the
calibration dataset indicated by (calib) and those trained on the training dataset indicated by
(train). We observe that post-hoc methods based on the calibration dataset tend to significantly
outperform their counterparts based on the training dataset in terms of probabilistic calibration.
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Specifically, MIX-NLL + QR-LIN and MIX-NLL + QR-KDE achieve significantly better calibration
when the calibration map is learned on the calibration dataset. Similarly, SQR-CRPS + CQR tends
to improve calibration when conformal prediction is based on the calibration dataset. It is worth
noting that even without a calibration dataset, post-hoc methods tend to be better calibrated
than regularization methods.

Finally, we observe that post-hoc methods based on the training dataset tend to achieve better
CRPS and NLL scores, although not significantly. Additionally, they are also significantly sharper.
This may be attributed to the larger training dataset available to the base predictor when there
is no held-out dataset.
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Figure C.5: Comparison of different metrics.

C.2.4 Calibration of Vanilla Models

Figure C.7 and Figure C.8 provide additional results from our empirical study in Section 3.4,
specifically focusing on the PCE obtained with MIX-CRPS and SQR-CRPS. The datasets are ordered
in the same manner as shown in Figure 3.2 for comparison. We observe that SQR-CRPS is less
calibrated compared to MIX-NLL.
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Figure C.6: PCE obtained on different datasets, with examples of reliability diagrams. The
height of each bar is the mean PCE of 5 runs with different dataset splits while the error bar
represents the standard error of the mean. For 5 datasets, the PIT reliability diagrams of 5 runs
are displayed in the bottom row.

Figure C.7: PCE of SQR-CRPS, on all datasets.
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Figure C.8: PCE of MIX-CRPS, on all datasets.



Appendix C. Supplementary Material for Chapter 3 171

C.2.5 Distribution of the Test Statistic

Figure C.9 shows the distribution of the test statistic, as described in Section 3.4. We observe
that, in a lot of cases, the average PCE of the compared models is larger than all the 104 samples
of the average PCE from a probabilistically calibrated model. Among the different calibration
methods, post-hoc calibration with MIX-NLL + QR-EMP achieves the highest level of calibration
performance in the majority of cases.
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Figure C.9: Distribution of the test statistic on all datasets for different models.

C.2.6 Reliability Diagrams

Figure C.10 and Figure C.11 compare reliability diagrams obtained on models with and without
post-hoc calibration, respectively. With only a few exceptions, the post-hoc calibrated models
exhibit a visual proximity to the diagonal line.
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Figure C.10: Reliability diagrams on all datasets for different models.



Appendix C. Supplementary Material for Chapter 3 173

0.0

0.2

0.4

0.6

0.8

1.0

Ob
se

rv
ed

 fr
eq

ue
nc

y Ailerons Airfoil Airlines_DepDelay_10MAllstate_Claims_SeverityBike_Sharing_Demand Brazilian_houses Buzzinsocialmedia_Twitter

0.0

0.2

0.4

0.6

0.8

1.0

Ob
se

rv
ed

 fr
eq

ue
nc

y CPU Concrete Crime Energy Fish Kin8nm MIP-2016-regression

0.0

0.2

0.4

0.6

0.8

1.0

Ob
se

rv
ed

 fr
eq

ue
nc

y MPG Mercedes_Benz_Greener_ManufacturingMiamiHousing2016 Moneyball Naval OnlineNewsPopularity Power

0.0

0.2

0.4

0.6

0.8

1.0

Ob
se

rv
ed

 fr
eq

ue
nc

y Protein SAT11-HAND-runtime-regressionSGEMM_GPU_kernel_performanceSantander_transaction_value Yacht Yolanda abalone

0.0

0.2

0.4

0.6

0.8

1.0

Ob
se

rv
ed

 fr
eq

ue
nc

y analcatdata_supreme black_friday boston california colleges cpu_act diamonds

0.0

0.2

0.4

0.6

0.8

1.0

Ob
se

rv
ed

 fr
eq

ue
nc

y elevators fifa house_16H house_prices_nominal house_sales isolet medical_charges

0.0

0.2

0.4

0.6

0.8

1.0

Ob
se

rv
ed

 fr
eq

ue
nc

y nyc-taxi-green-dec-2016particulate-matter-ukair-2017 pol quake socmob space_ga sulfur

0.0

0.2

0.4

0.6

0.8

1.0

Ob
se

rv
ed

 fr
eq

ue
nc

y superconduct tecator topo_2_1 us_crime visualizing_soil wine_quality year

0.0 0.2 0.4 0.6 0.8 1.0
Forecasted probability

0.0

0.2

0.4

0.6

0.8

1.0

Ob
se

rv
ed

 fr
eq

ue
nc

y yprop_4_1

Models
MIX-CRPS + QR-EMP MIX-NLL + QR-EMP SQR-CRPS + CQR

Figure C.11: Reliability diagrams on all datasets for different models with post-hoc calibration.
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C.3. Hyperparameters

In our experiments, we adopt a specific architecture consisting of 3 hidden layers with 100 units
per layer, ReLU non-linearities, and a dropout rate of 0.2 on the last hidden layer. Early stopping
with a patience of 30 is applied to select the epoch with the lowest base loss on the validation
dataset.

In this section, we delve into the performance of different model parameters, including the number
of components in Gaussian mixture predictions, the number of quantiles in quantile predictions,
and the number of hidden layers in the underlying models.

Figure C.12 compares models that predict mixtures with varying numbers of components
compared to the reference of 3 components. Notably, when there is only 1 component (yielding a
single Gaussian prediction), the model’s performance significantly deteriorates in terms of CRPS,
NLL, and sharpness. However, as the number of components increases beyond 3, the differences
become less pronounced.

Figure C.13 compares models with different numbers of quantiles compared to a reference of
64 quantiles. The results reveal a consistent pattern: predicting more quantiles consistently
enhances performance in terms of probabilistic calibration, CRPS, and sharpness.

Figure C.14 compares models with different numbers of layers relative to a 3-layer model. It
highlights that models with 2, 3, or 5 layers tend to yield superior performance in terms of CRPS
and NLL.
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Figure C.12: Comparison of models whose predictions are Gaussian mixtures with different
numbers of components. All models are trained with NLL loss, without regularization or post-hoc
method. The box plots show Cohen’s d of different metrics on all datasets. Cohen’s d is computed
w.r.t. a model whose predictions are Gaussian mixtures with 3 components.
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Figure C.13: Comparison of models whose predictions are different numbers of quantiles. All
models are trained with CRPS loss, without regularization or post-hoc method. The box plots
show Cohen’s d of different metrics on all datasets. Cohen’s d is computed w.r.t. a model whose
predictions are 64 quantiles.
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Figure C.14: Comparison of models with different number of layers. All models predict Gaussian
mixtures and are trained with NLL loss, without regularization or post-hoc method. The box
plots show Cohen’s d of different metrics on all datasets. Cohen’s d is computed w.r.t. a model
with 3 hidden layers.

C.4. Tabular Regression Datasets

Table A.1 presents the datasets considered in our experiments. To ensure consistency, when
datasets are available from multiple sources, we select one specific source per dataset, as indicated
in Figure 3.1. Our selection prioritizes the suites 297, 299, and 269 of OpenML, followed by UCI
datasets.

In the OpenML suite 297, we discovered that the datasets houses and california are identical,
and thus, we only included the california dataset in our analysis. Moreover, the UCI archive
for the dataset wine_quality contains two separate datasets for red and white wine. As there
was no indication regarding the specific dataset(s) used in previous studies, we solely considered
the dataset related to white wine as in Grinsztajn et al. (2022). In Figure 3.1, other studies may
have employed the alternative dataset or a combination of both datasets.
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Supplementary Material for Chapter 4

D.1. Additional Results

D.1.1 Detailed Metrics on Individual Datasets

For a more comprehensive view, Figure D.1 presents a diagram analogous to Figure 4.2 from the
main text, but extends the comparison across NLL, PCE, CRPS, and SD metrics. Additionally,
these diagrams incorporate datasets previously omitted in Section 4.4.1. With respect to NLL,
QRTC consistently surpasses QRC in the majority of datasets. In terms of PCE, both post-hoc
methods perform similarly. In terms of CRPS, both post-hoc methods display comparable
performances but are sometimes outperformed by BASE. Analyzing SD, QRC exhibits greater
sharpness than BASE in nearly all instances, while QRTC sometimes does not exhibit increased
sharpness.
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Figure D.1: Comparison of QRTC and QRC w.r.t. BASE by showing the difference between the
compared methods and BASE according to a given metric, in average over 5 runs.

D.1.2 Results on Different Base Predictors

We present detailed results on the significance of the base predictor in influencing the performance
of QRT, as discussed in Section 4.4.4 of the main paper. While our primary experiments utilize a
3-layer MLP predicting a mixture of three Gaussians, we also explore both less flexible mixtures
with a single Gaussian and more flexible mixtures comprising ten Gaussians. Additionally,
we evaluate a neural network adopting a ResNet-like architecture, referred to as ResNet. In
Figures D.2 to D.4, we follow the exact same setup as in the main experiments except that the
underlying neural network is modified.
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Figure D.2 presents the results where the neural network is 3-layer MLP predicting a single
Gaussian (i.e., one mean and one standard deviation). In this misspecified case, we observe
on Figure D.2a that, on many datasets, both QRTC and QRC provide an improvement in NLL
compared to BASE, despite BASE having access to the calibration data. Moreover, QRTC provides
an improvement in NLL compared to QRC in almost all cases. As in the main experiments,
QRTC, QRC and QREG are all able to provide a significant improvement in PCE compared to BASE,
with no significant difference between these three post-hoc models. There is also no significant
difference in CRPS.
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(b) Letter-value plots showing Cohen’s d for different metrics w.r.t. BASE.
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(c) CD diagrams

Figure D.2: Same setup as the main experiments (Figure 4.3 in the main text), except that the
underlying neural network produces a single Gaussian instead of a mixture of 3 Gaussians.

Figure D.3 shows the same experiment except that the underlying neural network produces a
mixture of 10 Gaussians (i.e., 10 means, 10 standard deviations, and 10 weights for each mixture
component), offering high flexibility. In this case, QRTC provides an improvement in NLL in
slightly more than half the datasets and the improvement is not significant, in contrast to the
case of mixtures of size one and three. However, if we compare the post-hoc models, QRTC is
still significantly better than QRC and QREGC in terms of NLL while achieving a similar PCE as
QRC and QREGC. In terms of CRPS, BASE is slightly better than the post-hoc methods, but not
significantly, which could be explained by the fact that the training dataset of BASE also contains
the calibration data. All post-hoc methods achieve a similar CRPS. Finally, all post-hoc methods
are significantly sharper than BASE, with QREG being slightly sharper than QRTC and QRC.
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Figure D.3: Same setup as the main experiments (Figure 4.3 in the main text), except that
the underlying neural network produces a mixture of 10 Gaussians instead of a mixture of 3
Gaussians.

Figure D.4 shows the same experiments except that the model is a ResNet-like architecture
predicting a mixture of size 3, with 18 fully-connected hidden layers in total. The architecture
was proposed by Gorishniy et al. (2021) and implemented with the default hyperparameters of
Grinsztajn et al. (2022). The architecture from Gorishniy et al. (2021) is reproduced here for
completeness:

ResNetpxq “ PredictionpResNetBlockp. . . ResNetBlockpLinearpxqqqq

ResNetBlockpxq “ x` DropoutpLinearpDropoutpReLUpLinearpBatchNormpxqqqqqq

Predictionpxq “ LinearpReLUpBatchNormpxqqq

Since we predict a mixture of size K “ 3, Outputpxq is of dimension K ˚ 3 “ 9. As for our MLP
model, Outputpxq is split into µpxq, ρpxq and lpxq. Then, we define σpxq “ Softpluspρpxqq and
wpxq “ Softmaxplpxqq. Finally, the mixture is defined as:

fθpy | xq “

K
ÿ

k“1
wkpxqN py;µkpxq, σ2kpxqq,

where N py;µ, σ2q is the density of a normal distribution with mean µ and standard deviation σ
evaluated at y.

Figure D.4a shows that QRTC remains advantageous even in deep models, with a notable improve-
ment in NLL on most datasets compared to QRC. Similarly, observations from Figure D.4 align
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with previous findings in PCE. Finally, QRTC is both significantly better than QRC in CRPS and
significantly sharper.
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Figure D.4: Same setup as the main experiments (Figure 4.3 in the main text), except that the
underlying neural network is a ResNet.

Finally, we provide a comparison of the performance of QRTC on all base predictors under
consideration. Each model is denoted by QRTC-<BM>-K where <BM> is the base predictor and K
is the mixture size. As illustrated in Figure D.5, mixtures of size 3 and 10 achieve the best NLL
and CRPS, and a simple MLP achieves a better performance than a ResNet on these datasets.
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predictions of size 3 as in the main text).
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Figure D.5: Comparison of QRTC with different base predictors.
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D.1.3 Results With Different Values of β

We provide detailed results regarding the hyperparameter β of Algorithm 8 in the main text.
As discussed in Section 4.3.3, it is possible to design an algorithm unifying QRTC, QRC and
QREGC, where the methods only differ by the hyperparameter β. We assume here that quantile
recalibration is applied (C “ True) and only consider variations of the hyperparameter β. As
discussed previously, a value of β “ 1 corresponds to QRTC, β “ 0 corresponds to QRC and tuning
β in order to minimize PCEpFθq corresponds to QREGC with regularization strength λ “ ´β.

In Figure D.6, we provide results with different values of β. Values of β between 0 and 1 can be
considered as an intermediate version between QRC and QRTC, while negative values correspond
to QREGC. We also explore values greater than 1 to visualize trends.

As expected, β “ 1, corresponding to the NLL decomposition of the recalibrated model, obtains
the best NLL, and is significantly better than other values of β. In terms of CRPS, there is no
significant differences for values of β between 0 and 1.

(a) Boxplots of Cohen’s d of different metrics on all datasets, w.r.t. QRC.

(b) CD diagrams

Figure D.6: Comparison of different values of the hyperparameter β.

D.1.4 Relationship Between the Discreteness of a Dataset and the Perfor-
mance of Different Models

In this section, we discuss the issue that certain datasets from the UCI and OpenML benchmarks
may not be suitable for regression, as introduced in Section 4.4.1. Although we consider regression
benchmarks, we observe that, in many datasets, the target Y presents some level of discreteness.
This is not surprising due to the finite precision of numbers and to the roundings that can appear
during data collection. For example, Table A.1 shows that, on 44 out of 57 datasets, more than
half of the targets Y appear at least twice. This potential issue is more important for certain
datasets where some values of the targets Y appear very frequently.



Appendix D. Supplementary Material for Chapter 4 183

We propose to identify these datasets using the proportions of values Y in the dataset that
are among the 10 most frequent values, and we call this proportion the level of discreteness.
For example, if a dataset only contains 10 distinct values, the level of discreteness would be
100%. Table A.1 in the Supplementary Material shows that 13 out of 57 datasets have a level of
discreteness above 0.5, i.e., more than half of the targets are among the 10 most frequent ones.
These datasets appear in all 4 benchmark suites.

In Figures D.7 and D.8, we plot for each dataset the Cohen’s d of different metrics, averaged
over 5 runs, compared to the discreteness level of the dataset. For the NLL, CRPS and PCE,
negative values of the Cohen’s d correspond to an improvement. In order to show the average
Cohen’s d conditional on the discreteness level, we provide an isotonic regression estimate in red.

Figure D.7 shows that QRTC tends to provide a decreased NLL and increased CRPS for higher
discreteness levels. This can be explained by the ability of QRTC to put a high likelihood on
a few values by minimizing the NLL but neglect other aspects of the distributions. While
previous work (Kohonen and Suomela, 2006) has highlighted the unsuitability of NLL as a metric
for discrete datasets, they are still commonly found in regression benchmarks. For example,
Lakshminarayanan, Pritzel, et al. (2017) and Amini et al. (2020) trained a model based on NLL
on the wine_quality dataset for which the output variable only takes 7 distinct values.
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Figure D.7: Cohen’s d of different metrics compared to the discreteness level of a dataset for the
QRTC model relative to the BASE model.

Figure D.8 shows the same metrics for QRC, where we observe that the improvement in NLL is
less marked on datasets with a higher discreteness level. The CRPS, however, is not decreased
as much as with QRTC, which suggests that QRTC is not suitable for datasets with a high level of
discreteness. We do not observe a notable trend in terms of PCE.
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Figure D.8: Cohen’s d of different metrics compared to the discreteness level of a dataset for the
QRC model relative to the BASE model.

D.1.5 Results on All Datasets

As discussed in Section 4.4.1, we provide the full results including the datasets with a high
discreteness level. Despite the potential issues discussed in Section D.1.4, the conclusions drawn
in Section 4.4 remain unchanged. QRTC demonstrates a significant improvement in NLL with a
negligible loss in CRPS. Figure detailing metrics on the individual datasets are also available in
Section D.1.1.
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(b) Critical difference diagrams for different metrics.

Figure D.9: Same setup as the main experiments (Figure 4.3 in the main text), with all the
datasets.

D.1.6 Results Where Base Does Not Have Access to Calibration Data

As discussed in Section 4.4.2, we aimed to provide a fair comparison between BASE and the
post-hoc methods by training it on a larger dataset than the post-hoc methods QRTC, QRC and
QREGC in all of our experiments. Since the post-hoc methods benefit from the calibration data
during the post-hoc step, all methods end up benefiting from the same amount of data.

In order to gain deeper insights into the effect of the post-hoc step, we repeat our main experiments
with the exception that BASE does not have access to calibration data. Thus, QRC has the same
base predictor than BASE and performs an additional post-hoc step.

In Figure D.10a, QRC shows that the post-hoc step never degrades NLL and sometimes results
in a notable NLL improvement, which suggests that a post-hoc step on additional calibration
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data is always beneficial. Figure D.10c shows that QRC results in a significant NLL improvement
compared to BASE, and QRTC results in an additional significant NLL improvement compared to
QRC. In terms of CRPS, there is no significant difference, and post-hoc methods result in sharper
predictions.
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Figure D.10: Same setup as the main experiments (Figure 4.3 in the main text), except that
BASE is not trained on the calibration data.

D.1.7 Computational Time

In Table D.1, we present a comparative analysis of the training time for various methods across
all datasets. Notably, QRTC occasionally exhibits a training time that is approximately two times
slower per epoch compared to BASE. As discussed in Section 4.3.4, this disparity can be attributed
to the extra computational overhead associated with the computation of the calibration map,
i.e., ´ 1

B

řB
i“1 log φREFLpZiq.
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Table D.1: Comparison of the training time for different methods on all datasets.

Training time Number of epochs Time per epoch
BASE QREGC QRTC BASE QREGC QRTC BASE QREGC QRTC

Dataset

Airlines_DepDelay_10M 485.59 521.41 732.92 31.40 35.40 44.20 15.46 14.73 16.58
Allstate_Claims_Severity 284.53 1152.66 425.80 7.00 65.80 5.20 40.65 17.52 81.89
Buzzinsocialmedia_Twitter 923.56 997.29 863.84 84.60 93.00 53.20 10.92 10.72 16.24
MIP-2016-regression 14.97 22.07 39.65 167.00 181.40 228.00 0.09 0.12 0.17
Moneyball 7.55 22.62 14.63 78.00 141.00 74.60 0.10 0.16 0.20
SAT11-HAND-runtime-regression 119.73 150.92 113.64 241.40 232.60 182.60 0.50 0.65 0.62
Santander_transaction_value 24.01 26.02 26.60 3.80 5.00 3.80 6.32 5.20 7.00
Yolanda 364.63 834.97 406.50 6.60 55.40 9.80 55.25 15.07 41.48
abalone 35.27 31.20 77.67 52.60 49.60 107.80 0.67 0.63 0.72
boston 7.38 5.56 7.32 72.60 57.00 48.20 0.10 0.10 0.15
colleges 40.12 59.70 53.58 29.50 32.00 25.00 1.36 1.87 2.14
house_prices_nominal 6.74 7.07 10.22 51.80 7.50 28.20 0.13 0.94 0.36
quake 26.22 44.89 166.82 100.20 132.20 577.40 0.26 0.34 0.29
socmob 9.04 20.84 15.47 112.60 118.60 67.80 0.08 0.18 0.23
space_ga 42.02 59.70 67.64 137.80 167.80 142.40 0.30 0.36 0.48
tecator 11.87 7.37 7.83 195.00 185.80 111.80 0.06 0.04 0.07
topo_2_1 41.00 38.62 33.81 15.80 14.20 11.40 2.60 2.72 2.97
us_crime 10.19 28.18 16.38 21.00 67.40 22.60 0.49 0.42 0.72
Ailerons 66.42 87.46 136.04 21.00 37.80 41.00 3.16 2.31 3.32
Bike_Sharing_Demand 291.76 355.97 328.56 161.00 162.20 136.80 1.81 2.19 2.40
Brazilian_houses 159.17 337.55 169.54 137.40 230.20 128.20 1.16 1.47 1.32
MiamiHousing2016 118.08 181.59 125.74 62.20 101.80 64.20 1.90 1.78 1.96
california 254.69 414.27 278.82 110.60 151.00 125.00 2.30 2.74 2.23
cpu_act 62.56 105.46 65.00 63.00 84.20 46.60 0.99 1.25 1.39
diamonds 646.27 755.47 782.51 107.00 88.60 85.40 6.04 8.53 9.16
elevators 92.17 97.59 308.20 21.00 30.20 103.00 4.39 3.23 2.99
fifa 392.70 634.12 297.08 207.80 288.20 107.60 1.89 2.20 2.76
house_16H 200.43 539.11 388.17 67.80 185.00 115.40 2.96 2.91 3.36
house_sales 138.38 325.24 121.14 34.60 113.80 29.40 4.00 2.86 4.12
isolet 128.97 222.28 187.13 136.20 222.60 167.00 0.95 1.00 1.12
medical_charges 687.66 984.32 840.41 62.20 75.00 49.80 11.06 13.12 16.88
nyc-taxi-green-dec-2016 1058.06 2083.84 1289.36 109.40 172.20 94.20 9.67 12.10 13.69
pol 164.51 364.97 409.18 91.80 165.00 214.60 1.79 2.21 1.91
sulfur 324.37 323.69 272.26 319.00 264.60 218.40 1.02 1.22 1.25
superconduct 342.96 553.18 514.55 147.80 196.20 164.40 2.32 2.82 3.13
wine_quality 83.41 163.38 157.51 110.20 175.00 148.60 0.76 0.93 1.06
year 327.90 392.19 465.72 7.40 9.00 9.40 44.31 43.58 49.54
Mercedes_Benz_Greener_Manufacturing 16.23 24.78 26.14 8.60 9.80 7.80 1.89 2.53 3.35
OnlineNewsPopularity 137.57 182.44 232.98 7.80 10.20 14.60 17.64 17.89 15.96
SGEMM_GPU_kernel_performance 1229.68 1046.17 901.34 117.80 80.20 83.80 10.44 13.04 10.76
analcatdata_supreme 103.73 213.92 141.89 255.80 323.40 203.60 0.41 0.66 0.70
black_friday 558.56 742.27 1164.06 42.20 65.00 77.40 13.24 11.42 15.04
particulate-matter-ukair-2017 690.45 756.80 760.01 35.80 59.40 34.60 19.29 12.74 21.97
visualizing_soil 124.87 242.37 135.87 123.80 166.60 99.60 1.01 1.45 1.36
yprop_4_1 36.91 53.51 34.24 11.80 13.80 17.50 3.13 3.88 1.96
Airfoil 32.33 52.81 44.84 270.20 370.60 329.40 0.12 0.14 0.14
CPU 4.59 6.80 5.64 160.60 170.60 140.60 0.03 0.04 0.04
Concrete 12.40 20.60 16.92 179.80 149.40 119.40 0.07 0.14 0.14
Crime 4.76 8.83 7.27 43.00 53.80 42.20 0.11 0.16 0.17
Energy 14.45 25.44 22.17 219.00 219.00 201.80 0.07 0.12 0.11
Fish 6.13 10.07 11.06 76.20 66.60 72.20 0.08 0.15 0.15
Kin8nm 49.79 72.99 58.75 45.00 51.40 40.60 1.11 1.42 1.45
MPG 3.54 6.02 5.27 64.20 87.00 73.00 0.06 0.07 0.07
Naval 180.63 318.65 261.46 145.40 200.60 190.60 1.24 1.59 1.37
Power 174.46 207.21 238.07 203.80 186.20 193.00 0.86 1.11 1.23
Protein 1030.51 1329.29 1275.15 244.60 235.00 216.60 4.21 5.66 5.89
Yacht 6.73 8.85 11.13 189.40 169.40 228.40 0.04 0.05 0.05

D.1.8 Metrics Per Epoch

In this section, we compare the behavior of training and validation NLL and PCE for both
QRT and BASE throughout the training process. We present learning curves for all the datasets
considered in this study, sorted by the number of training points. For detailed information and
the complete names of these datasets, please refer to Table A.1.

The setup mirrors the illustrative example presented in Section 4.3.2. The training curves are
averaged over 5 runs, while the shaded area corresponds to one standard error. The vertical bars
represent the epoch selected through early stopping, which minimizes the validation NLL, averaged
over the 5 runs. The horizontal bars represent the average metric value at the selected epoch
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across the 5 runs. We draw the same conclusions as in the illustrative example (Section 4.3.2).
The CRPS and SD are not provided due to the high computational time required to computed
these metrics after quantile recalibration.

In Figures D.11 and D.13, we observe that the NLL of QRT tends to be lower after the same number
of epochs, indicating improved probabilistic predictions on both the training and validation
datasets. Importantly, this improvement in NLL is consistent across datasets of different size.
While the most significant enhancement in NLL is seen in datasets with a high level of discreteness
such as WIN, ANA and QUA, noticeable improvements are also observed in most non-discrete datasets
like CP1, YAC and PAR.

Referring to Figure D.12 and Figure D.14, we can observe that the PCE of BASE often exhibits
higher variability across epochs compared to QRT on both the validation and training datasets.
This phenomenon indicates the regularization effect of QRT. Additionally, we notice that the PCE
is frequently lower at the same epochs for QRT, although there are instances where this is not the
case.

After reaching a certain epoch (indicated by the vertical bar), the model starts to overfit, leading
to an expected increase or stabilization of NLL and PCE on the validation dataset. On the
other hand, the NLL on the training dataset continues to decrease as anticipated, while the PCE
exhibits high variation depending on the dataset.
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Figure D.11: NLL on the validation dataset per epoch.
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Figure D.12: PCE on the validation dataset per epoch.
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Figure D.13: NLL on the training dataset per epoch.
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Figure D.14: PCE on the training dataset per epoch.
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D.1.9 Examples of Predictions

To offer a deeper understanding of the shape of the predictions, Figures D.15 to D.20 display
prediction examples across various datasets. In these figures, each row illustrates density
predictions from the same model, while every column denotes the same instance, with the
realization y marked by a green vertical bar. The associated NLL for each prediction is also
presented.

Figures D.15 to D.18 are from datasets where QRTC outperformed QRC in terms of NLL. Notably,
within these, QRTC exhibits heightened confidence in its predictions for Figures D.16 and D.17.
However, in other datasets, the NLL improvements are more subtle. Figure D.20 represents
predictions on a dataset with a high level of discreteness which has not been considered in the
main experiments. In this case, QRTC assigns a high density to individual values y, highlighting
a limitation of NLL minimization, as discussed in Section D.1.4. Overall, the shape of the
predictions can vary greatly w.r.t. the dataset.
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Figure D.15: Examples of predictions of BASE, QRC and QRTC on dataset Allstate_Claims_-
Severity (ALL).
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Figure D.16: Predictions of BASE, QRC and QRTC on dataset house_prices_nominal (HO2).
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Figure D.17: Predictions of BASE, QRC and QRTC on dataset Mercedes_Benz_Greener_-
Manufacturing (MER).
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Figure D.18: Predictions of BASE, QRC and QRTC on dataset yprop_4_1 (YPR).
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Figure D.19: Predictions of BASE, QRC and QRTC on dataset space_ga (SPA).
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Figure D.20: Predictions of BASE, QRC and QRTC on dataset abalone (ABA).

D.2. Hyperparameters

D.2.1 Impact of the Bandwidth Hyperparameter b

We evaluate the effect of tuning the bandwidth hyperparameter b in QRT. In Figure D.21, the
bandwidth is either selected by minimizing the validation NLL from the set 0.02, 0.05, 0.1, 0.2,
0.5, 1 (denoted by Tuned b), or it is set to a fixed value. The results show that tuning b results
in a significant improvement in NLL compared to fixed values of b. Values of 0.1, 0.2 and 0.05
yield the best NLL improvement while values of 0.2 and 0.5 yield the best CRPS improvement
compared to BASE.
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Figure D.21: Comparison of QRTC with different values of the hyperparameter b.

D.2.2 Impact of the Size of the Calibration Map

As discussed in Section 4.3.3, we investigate the impact of computing the calibration map from
a dataset of size M sampled randomly from the training dataset instead of the current batch.
Specifically, this would correspond to changing the training loop of Algorithm 8 as depicted by
Algorithm 10.

Algorithm 10 QRT framework where φREFL is computed from a random sample of the training
dataset.
1: Input: Predictive CDF F̂Y |X , training dataset Dtrain, sample size m, regularization strength
β P R

2: m Ð mintm, |Dtrain|u

3: for each minibatch tpXpiq, Y piqquBi“1 Ď Dtrain, until early stopping do
4: Sample tpX 1piq, Y 1piqqumi“1 from Dtrain without replacement
5: Û 1piq Ð F̂Y |X“X 1piqpY 1piqq for i “ 1, . . . ,m
6: Define φREFL from Û 1p1q, . . . , Û 1pmq using (4.8)
7: Û piq Ð F̂Y |X“XpiqpY piqq for i “ 1, . . . , B

8: Lpθq “ ´
1
B

B
ÿ

i“1

”

log f̂Y |X“XpiqpY piqq ` β log φREFLpÛ piqq

ı

looooooooooooooooooooooooooomooooooooooooooooooooooooooon

log f̂ 1

Y |X“Xpiq
pY piqq

9: Update parameters θ using ∇θLpθq

10: end for

While the approach proposed in the main text requires B neural network evaluations per
minibatch, Algorithm 10 requires M `B neural network evaluations per minibatch, making it
relatively slower.

In Figure D.22, we investigate the performance of QRTC using Algorithm 10 with calibration
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maps of size M , and denote these models QRTC-M . The model QRTC in blue corresponds to the
same model as in the main paper, with a calibration map computed from the current batch of
size B “ 512. It is worth noting that the post-hoc step is still performed on a calibration dataset
of the same size for all models. In terms of NLL, models with a larger calibration map tend
to perform better. In terms of PCE, all post-hoc models perform similarly. While no decisive
conclusions can be drawn, Figure D.22b suggests that larger calibration maps tend to result in
improved CRPS and sharper predictions. Overall, estimating the NLL of QRT using a larger
calibration map tends to give more accurate predictions.
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Figure D.22: Comparison of QRTC, where the calibration map has been computed on calibration
datasets of different sizes.

D.3. Kernel Density Estimation on a Finite Domain

We provide more motivation and details regarding the calibration map ΦREFL discussed in
Section 4.3.1 in the main paper.

The limitation of a standard kernel density estimation within a finite domain ra, bs using a kernel
like the logistic distribution is that the resulting distribution becomes ill-defined due to non-null
density values extending below a and beyond b. In the following, to simplify notation, we denote
ΦKDE and φKDE by F and f respectively.

We would like to highlight that following our independent development of the "Reflected Kernel",
we later discovered that this concept had originally been introduced by Blasiok and Nakkiran
(2023).
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D.3.1 Truncated distribution

A standard approach is to truncate the distribution and redistribute the density below a and
above b, namely F pbq ´ F paq, such that the distribution is normalized. The resulting CDF is:

ΦTRUNCpxq “

$

’

&

’

%

F pxq´F paq{F pbq´F paq if x P ra, bs

0 if x ă a

1 if x ą b

(D.1)

and the resulting PDF is:

φTRUNCpxq “

#

fpxq{F pbq´F paq if x P ra, bs

0 if x R ra, bs.
(D.2)

A drawback of truncating the distribution on a finite domain is that the resulting distribution
will be biased to have lower density close to a and b and higher density elsewhere, as illustrated
on Figure D.23.

D.3.2 Proposed approach: Reflected distribution

To remedy this problem, we define a new PDF φREFL that "reflects" the base density f around a
and b. More precisely, for a given z ą 0, the density in a´ z is redistributed to a` z and the
density in b` z is redistributed to b´ z. We assume that the density f is not too spread out,
specifically fpxq “ 0 for x R ra´ pb´ aq, b` pb´ aqs. The resulting CDF is defined by:

ΦREFLpxq “

$

’

&

’

%

F pxq ´ F p2a´ xq ` 1 ´ F p2b´ xq if x P ra, bs

0 if x ă a

1 if x ą b

(D.3)

and the corresponding PDF is defined by:

φREFLpxq “

#

fpxq ` fp2a´ xq ` fp2b´ xq if x P ra, bs

0 if x R ra, bs.
(D.4)

Figure D.23 compares four methods to estimate the calibration map from PIT realizations
Z1, . . . , ZN . The method ΦEMP was introduced in Section 4.2 and corresponds to the empirical
CDF, which is not smooth. In contrast, the methods ΦKDE, ΦTRUNC and ΦREFL offer smooth
estimations. This figure shows that ΦREFL is closer to the empirical CDF than ΦTRUNC and the
value of the corresponding PDF φREFL is not overestimated, suggesting the superiority of this
estimator.
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Figure D.23: Comparison of different methods to estimate the calibration map. In this example,
512 PITs have been sampled from a beta distribution Z „ Betap0.2, 0.2q and the calibration map
is estimated using ΦKDE with b “ 0.1 (Equation (4.1) in the main text).

Figure D.24 compares QRTC where the calibration map of the post-hoc model has been estimated
using either ΦKDE, ΦTRUNC and ΦREFL. We denote these methods QRTC-KDE, QRTC-TRUNC and
QRTC-REFL respectively. It is worth noting that QRTC-REFL corresponds to the method QRTC in
the main text. In terms of NLL, QRTC-REFL performs significantly better in terms of NLL and
QRTC-KDE is the least effective. In terms of PCE, QRTC-REFL and QRTC-KDE perform similarly
and QRTC-TRUNC is the least effective. This confirms that the method of Reflected Kernel should
be preferred.
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Figure D.24: Comparison between different kernel density estimation approaches. Note that
the metrics CRPS and SD are not provided because they are ill-defined for QRTC-KDE. More
precisely, since the quantile function pΦKDEq

´1 returns values outside the interval r0, 1s, we can
not correctly sample from the model.
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E.1. Related Work

Our research builds on a broad body of literature that spans several closely related themes. This
supplementary section provides a concise overview of these topics.

In the realm of multivariate functional data, Diquigiovanni et al. (2021a) introduced conformal
predictors that create adaptive, finite-sample valid prediction bands, with extensions into time
series applications, particularly in energy markets (Diquigiovanni et al., 2024). In image processing,
recent applications (Horwitz and Hoshen, 2022; Teneggi et al., 2023) apply CP in a pixel-wise
manner, resulting in hyperrectangular regions that may not capture pixel dependencies effectively.

For multi-step-ahead or multi-horizon forecasting, predictions can be made across multiple
outputs simultaneously rather than sequentially, aligning with a multi-output forecasting frame-
work. Stankeviciute et al. (2021) explored multi-horizon time series forecasting using recurrent
neural networks (RNNs), incorporating univariate conformal techniques with nominal coverage
adjustments via Bonferroni correction. Similarly, English et al. (2024) adapted the Amplitude-
Modulated L-inf norm method from Diquigiovanni et al. (2021b) for multi-output, multi-step
forecasting.

In multi-target regression, Messoudi et al. (2021) applied copula functions in deep neural networks
to provide multivariate predictions with guaranteed coverage. Their findings suggest that simple
parametric copulas can work for certain datasets, but more complex copulas may be required for
well-calibrated predictions, which introduces challenges, as complex copulas typically require
significant calibration data. Building on this, S. H. Sun and Yu (2024) proposed a copula-
based method for multi-step time series forecasting, optimizing the calibration and efficiency
of confidence intervals. However, this method requires two calibration phases and is primarily
feasible with large calibration datasets. Moreover, its coverage relies on the empirical copula,
limiting applicability to other learnable copula classes. One very recent advancement on the
subject, following ideas expressed by Messoudi et al. (2021) in their conclusions, is Park et al.
(2024), where the dependence structure between marginal distributions is recovered via the use
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of vine copulas.

Another set of methodologies that tackle multi-output problems are based on multiplicity-
correction approaches for multiple testing. Timans et al. (2025) improve over Bonferroni
correction using permutation tests, and obtain tighter and globally valid prediction. Methods
based on multiplicity correction such as controlling the Family-Wise Error Rate (FWER) are
valuable for providing error control guarantees across multiple outputs. In contrast, the methods
we survey and propose aim for potentially tighter prediction sets by directly modeling the
multivariate structure.

In the context of conformal prediction, the flexibility in configuring the prediction set is a degree of
freedom for the modeler. To overcome the limitations of traditional hyper-rectangular prediction
sets, Messoudi et al. (2022) introduced ellipsoidal uncertainty sets that enable instance-specific
adaptation of confidence regions. Johnstone and Ndiaye (2025) advanced multi-output regression
by developing efficient techniques for approximating conformal prediction sets without retraining
the model, although their approach relies heavily on the predictive model being a linear function
of Y . S. H. Sun and Yu (2024) constructed ellipsoidal prediction sets for time series, capable of
modeling dependencies between outputs, though this method does not handle multimodality. Our
work closely connects with the multivariate conformal prediction literature, where multi-horizon
prediction is viewed as a prediction across multiple outputs.

Overall, as this study demonstrates, the flexibility of conformal prediction allows for coherent
handling of diverse data types. Multi-output problems represent one facet of a broader taxonomy,
as explored by X. Zhou et al. (2025), who discuss further developments in multi-output conformal
prediction.

E.2. Additional multi-output conformal methods

In this section, we describe the prediction sets R̂ for M-CP and CopulaCPTS, which both produce
hyperrectangular regions.

M-CP. Y. Zhou et al. (2024) applied a univariate conformal method to each output i P rds of
the multivariate response. Specifically, given a conformity score si for the i-th dimension, joint
coverage across all dimensions can be achieved using the following conformity score:

sM-CPpx, yq “ max
iPrds

sipx, yiq. (E.1)

A similar score has been considered by Diquigiovanni et al. (2021b) in the context of functional
regression.

In this work, we use conformalized quantile regression (CQR, Romano et al., 2019) for each
output i P rds, where the conformity score is given by:

sipx, yiq “ maxtl̂ipxq ´ yi, yi ´ ûipxqu, (E.2)
with l̂ipxq and ûipxq representing the conditional quantiles of Yi|X “ x at levels αl and αu,
respectively. In our experiments, we consider equal-tailed prediction intervals, where αl “ α

2 ,
αu “ 1 ´ α

2 , and α denotes the miscoverage level. The corresponding prediction set R̂M-CPpxq “
Śd

i“1rl̂ipxq ´ q̂, ûipxq ` q̂s is a hyperrectangle.



Appendix E. Supplementary Material for Chapter 5 201

CopulaCPTS. CopulaCPTS (S. H. Sun and Yu, 2024) is originally designed for time-series
but the calibration procedure is valid for any multi-dimensional variable. It models the joint
probability of uncertainty for each output with a copula. The calibration set is divided into
two subsets Dcal´1 and Dcal´2. Dcal´1 serves for the estimation of a CDF on the conformity
score of each output and Dcal´2 allows to calibrate the copula. CopulaCPTS can combine any
univariate or multivariate conformity scores. In this paper, we use the CQR score si (E.2) for
each dimension i P rds.

Denote F̂i the empirical CDF of the conformity scores tsipx, yiqupx,yqPDcal´1 for i P rds, and F̂´1
i

the corresponding empirical quantile function. In practice, to minimize set sizes while achieving
marginal coverage, CopulaCPTS computes the optimal s˚

1 , . . . , s
˚
d that minimize the following

loss using stochastic gradient descent:

Lpŝ1, . . . , ŝdq “
1

|Dcal´2|

ÿ

px,yqPDcal´2

d
ź

i“1
1
´

F̂ipsipx, yiqq ă F̂´1
i pŝiq

¯

´ p1 ´ αq. (E.3)

Then, the prediction set is defined as:

R̂CopulaCPTSpxq “ ty P Y : @i P rds, sipx, yiq ă s˚
i u (E.4)

S. H. Sun and Yu (2024) proved that this prediction set achieves marginal coverage. However,
since CopulaCPTS does not follow the SCP algorithm, it does not achieve properties on the
marginal coverage from Section E.5.1.

E.3. Relationship between conformity scores and regions

Section 5.2 and Section 5.4 in the main text presented several multi-output conformal methods
through their conformity scores s. As explained in Section 2.5.1, their corresponding prediction
set R̂ can be computed as follows:

R̂pxq “ ty P Y : spx, yq ď q̂u.

In this section, we explicitly derive the prediction set associated with these methods.
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M-CP. Following Y. Zhou et al. (2024), the prediction set R̂M-CP can be derived from sM-CP
as follows:

sM-CPpx, yq ď q̂ ðñ max
iPrds

sipx, yiq ď q̂ (E.5)

ðñ @i P rds, sipx, yiq ď q̂ (E.6)
ðñ @i P rds,maxtl̂ipxq ´ yi, yi ´ ûipxqu ď q̂ (E.7)
ðñ @i P rds, l̂ipxq ´ yi ď q̂ ^ yi ´ ûipxq ď q̂ (E.8)
ðñ @i P rds, l̂ipxq ´ q̂ ď yi ^ yi ď ûipxq ` q̂ (E.9)
ðñ @i P rds, yi P rl̂ipxq ´ q̂, ûipxq ` q̂s (E.10)

ðñ y P

d
ą

i“1
rl̂ipxq ´ q̂, ûipxq ` q̂s (E.11)

ðñ y P R̂M-CPpxq. (E.12)

DR-CP The equivalence is straightforward.

C-HDR. Given Ŷ „ P̂Y |X“x and U “ f̂Y |X“xpŶ q, for any y P Y, we can write

sC-HDRpx, yq (E.13)
“ HPDf̂Y |X“x

pyq (E.14)

“ Ppf̂Y |X“xpŶ q ě f̂Y |X“xpyq | X “ xq (E.15)
“ PpU ě f̂Y |X“xpyq | X “ xq (E.16)
“ 1 ´ PpU ď f̂Y |X“xpyq | X “ xq (E.17)
“ 1 ´ FU |X“xpf̂Y |X“xpyqq, (E.18)

where FU |X“x is the conditional CDF of U given X “ x.

Recall that the prediction set for C-HDR is given by

R̂C-HDRpxq “ ty P Y : f̂Y |X“xpyq ě tq̂u, where tq̂ “ suptt : Ppf̂Y |X“xpŶ q ě t | X “ xq ě q̂u.

(E.19)

The threshold tq̂ in (E.19) can be equivalently written as follows:

tq̂ “ suptt : Ppf̂Y |X“xpŶ q ě t | X “ xq ě q̂u (E.20)
“ suptt : PpU ě t | X “ xq ě q̂u (E.21)
“ suptt : 1 ´ PpU ď t | X “ xq ě q̂u (E.22)
“ suptt : 1 ´ q̂ ě FU |X“xptqu (E.23)
“ F´1

U |X“x
p1 ´ q̂q, (E.24)

where we use the definition of the upper quantile function in the last step.



Appendix E. Supplementary Material for Chapter 5 203

Using (E.13), (E.19), and (E.24), we can write

sC-HDRpx, yq ď q̂ ðñ HPDf̂Y |X“x
pyq ď q̂ (E.25)

ðñ 1 ´ FU |X“xpf̂Y |X“xpyqq ď q̂ (E.26)
ðñ FU |X“xpf̂Y |X“xpyqq ě 1 ´ q̂ (E.27)
ðñ f̂Y |X“xpyq ě F´1

U |X“x
p1 ´ q̂q (E.28)

ðñ f̂Y |X“xpyq ě tq̂ (E.29)
ðñ y P R̂C-HDRpxq. (E.30)

PCP. Let Bpµ, rq represent a ball with center µ and radius r. Following Z. Wang et al. (2023),
we show that, for any x P X , R̂PCPpxq corresponds to a union of balls:

sPCPpx, yq ď q̂ ðñ min
lPrLs

}y ´ Ỹ plq} ď q̂ (E.31)

ðñ Dl P rLs, }y ´ Ỹ plq} ď q̂ (E.32)
ðñ Dl P rLs, y P BpỸ plq, q̂q (E.33)
ðñ y P

ď

lPrLs

BpỸ plq, q̂q (E.34)

ðñ y P R̂PCPpxq, (E.35)

where Ỹ plq „ P̂Y |X“x, l P rLs.

HD-PCP. For HD-PCP, the reasoning is similar to PCP with the difference that only the
tp1 ´ αqLu samples with the highest density are kept.

CDF-based conformity scores. We note that the region R̂CDFpxq has a similar form to
R̂W pxq “ ty P Y : sW px, yq ď q̂u, except that the threshold on sW px, yq is different and depends
on x. In fact, we can write

R̂CDFpxq “ ty P Y : sCDFpx, yq ď q̂u (E.36)
“ ty P Y : FW |X“xpsW px, yqq ď q̂u (E.37)
“ ty P Y : sW px, yq ď F´1

W |X“x
pq̂qu. (E.38)

In the special case where sW “ sPCP, since PCP always generates predictions as a union of balls,
we can conclude that C-PCP will do the same.

Latent-based conformity scores. Since T̂ p¨;xq is bijective, for every y P Y, there exists a
unique z P Z such that y “ T̂ pz;xq. Therefore, the condition ρZpT̂´1py;xqq ď q̂ is equivalent to
ρZpzq ď q̂, where z “ T̂´1py;xq. This gives the prediction set:

R̂L-CPpxq “ ty P Y : ρZpT̂´1py;xqq ď q̂u (E.39)
“ tT̂ pz;xq : z P Z and ρZpzq ď q̂u. (E.40)
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E.4. Additional illustrative examples

E.4.1 A real-world application

Following J. Wang et al. (2023), we apply the multi-output conformal methods to the taxi dataset,
where the goal is to predict the drop-off location of a New York taxi passenger based on the
passenger’s information.

Figures E.1a and E.2a display five randomly selected samples from the dataset, showing the
pick-up (red pin) and drop-off (blue pin) locations of taxi passengers. The remaining panels
show a specific input-output pair px, yq and the corresponding prediction sets generated by the
conformal methods discussed in this paper. The coverage level 1 ´ α for these regions is set to
0.8, with MQF2 as the base predictor, as introduced in Section E.6.2.

Figure E.2 corresponds to the same data and prediction sets as Figure E.1 except that it is
zoomed out for better comparison with Figure E.3. Each region is labeled with its size, calculated
using the estimator from Section E.6.4, displayed in the bottom left corner. Notably, C-PCP
generates regions similar in shape to PCP but with an input-adaptive radius, resulting in smaller
set sizes (8.2 compared to 8.67) in this case. Additionally, HD-PCP produces more clustered
regions, while PCP and C-PCP show more dispersed regions.

(a) Sample Data (b) M-CP (c) CopulaCPTS (d) DR-CP (e) C-HDR

(f) PCP (g) HD-PCP (h) STDQR (i) C-PCP (j) L-CP

Figure E.1: Conformal methods applied on the NYC Taxi dataset for an input with low
uncertainty.
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(a) Sample Data (b) M-CP (c) CopulaCPTS (d) DR-CP (e) C-HDR

(f) PCP (g) HD-PCP (h) STDQR (i) C-PCP (j) L-CP

Figure E.2: Zoomed out version of Figure E.1.

Figure E.3 presents the same example for an input-output pair where the input is associated with
higher uncertainty, resulting in larger set sizes. As in the first figure, the shapes of the regions
(e.g., unions of hyperrectangles, quantile regions, etc.) remain consistent but expand to cover
a larger area. Conformal methods with the best set sizes differ between the two figures, with
C-HDR producing the smallest region in the first figure and DR-CP in the second. In this case,
C-PCP selects a larger radius than PCP, resulting in larger regions than PCP. The observation
that PCP and C-PCP produce more dispersed regions, while HD-PCP generates more clustered
regions, also holds true for this higher uncertainty case.

(a) Sample Data (b) M-CP (c) CopulaCPTS (d) DR-CP (e) C-HDR

(f) PCP (g) HD-PCP (h) STDQR (i) C-PCP (j) L-CP

Figure E.3: Conformal methods applied on the NYC Taxi dataset for an input with high
uncertainty.
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E.4.2 Toy examples

We define two data-generating processes to evaluate the models compared to a known distribution:
a unimodal heteroscedastic distribution and a bimodal heteroscedastic distribution. The input
variable X P R is univariate (p “ 1) and the output variable Y P R2 is bidimensional (d “ 2).
The variables X and Y are scaled linearly such that the mean and variances on each dimension
are 0 and 1. The figures are inspired by Barrio et al. (2024).

Unimodal heteroscedastic process. The first process is illustrated in Figure 5.2 in the main
text. The data generating process is as follows:

X „ Up0, 1q, (E.41)

Y | X “ x „
1
k

k
ÿ

j“1
N
`

p1.3 ´ xqµpjqpxq, σ2I2
˘

, (E.42)

(E.43)

where k “ 200, σ “ 0.2, I2 is the 2 ˆ 2 identity, and, for j “ 1, . . . , k,

µ
pjq

1 “ cosαj (E.44)

µ
pjq

2 “ p0.5 ´ sinαjq (E.45)

αj “
pj ´ 1qπ

k ´ 1 (E.46)

Detailed metrics for this dataset, supporting Section 5.5.1, are provided in Table E.1.

Table E.1: Detailed metrics for the unimodal heteroscedastic process from Figure 5.2.

MC Median Size CEC-X CEC-Z WSC Test time
Method (ˆ100) (ˆ100)

M-CP 0.8050.0039 8.470.14 0.1100.023 0.08120.018 0.8030.011 0.03360.022
CopulaCPTS 0.8150.011 8.780.25 0.1910.049 0.1630.047 0.8140.015 1.040.021
DR-CP 0.8080.0042 7.030.071 0.6130.045 0.5600.042 0.7100.016 0.02090.00047
C-HDR 0.8100.0038 6.800.059 0.06370.016 0.08250.012 0.7980.0070 3.520.085
PCP 0.8050.0039 9.160.089 0.6680.052 0.5870.046 0.7130.0080 1.690.021
HD-PCP 0.8040.0037 7.440.056 0.2870.031 0.2560.034 0.7580.013 3.380.043
STDQR 0.8060.0027 7.870.070 0.3430.025 0.3050.027 0.7460.011 1.770.022
C-PCP 0.8080.0049 9.140.12 0.04640.013 0.04840.013 0.8220.0085 3.440.056
L-CP 0.8030.0039 8.240.11 0.05440.0073 0.06540.012 0.8110.011 0.02170.00052

Bimodal heteroscedastic process. Figure E.4, similar to Figure 5.2 but with a bimodal
distribution for the output, is introduced in Section 5.5.1.

The data generating process is as follows:

X „ Up0.5, 2q, (E.47)
Y | X “ x „ 0.5 ¨ N p4, xIdq ` 0.5 ¨ N p´4, Id{xq. (E.48)
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Figure E.4: Examples of prediction sets on a bivariate bimodal dataset, conditional on a univariate
input.

E.5. Proofs

E.5.1 Distribution of the marginal coverage conditional on calibration data

In contrast to M-CP, L-CP, and DR-CP, the methods C-HDR, PCP, HD-PCP, and C-PCP rely on a
non-deterministic conformity score. For each calibration and test point, C-HDR, PCP, HD-PCP, and
C-PCP require sampling K, L, L, and L`K points, respectively.

Let Dcal “ tpXpjq, Y pjqqujPr|Dcal|s represent the calibration dataset and pX,Y q be the test instance.
Let Ŷcal “ tŶ

pjq

cal ujPr|Dcal|s represent samples from the calibration dataset where Ŷ
pjq

cal is generated
based on input Xpjq and Ŷtest the samples generated based on input X. Despite the added
sampling uncertainty, these methods still provide a marginal coverage guarantee:

PX,Y,Ŷtest,Dcal,Ŷcal
pY P R̂pXqq ě 1 ´ α. (E.49)

Compared to (2.55), the probability is additionally on Ŷcal and Ŷtest. This result, specifically for
PCP and HD-PCP, was demonstrated by Z. Wang et al. (2023).

In Lemma 7, we further show that the marginal coverage conditional on the calibration dataset
Dcal and the samples Ŷcal follows a beta distribution, using standard arguments. Assuming no
ties among the scores, this lemma applies to any conformity score s.

Lemma 7. Assuming no ties among the scores and i.i.d. inputs, outputs and samples, the
distribution of the coverage, conditional on the calibration dataset and its samples, is given by:

PpY P R̂pXq | Dcal, Ŷcalq „ Betapkα, |Dcal| ` 1 ´ kαq, (E.50)

where kα “ rp1 ´ αqp|Dcal| ` 1qs. Moreover, PpY P R̂pXqq “ kα
|Dcal|`1 , which implies

1 ´ α ď PpY P R̂pXqq ă 1 ´ α `
1

|Dcal| ` 1 .
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Proof. For the methods C-HDR, PCP, HD-PCP, and C-PCP, the conformity score s is non-deterministic
due to sampling uncertainty. To clarify, we define a deterministic conformity score s̄ : X ˆ Y ˆ S,
where S represents the space of samples for a given method.

For j “ 1, . . . , |Dcal|, let Sj “ s̄pXpjq, Y pjq, Ŷ
pjq

cal q denote the conformity score on the calibration
dataset, and let S “ s̄pX,Y, Ŷtestq represent the conformity score for the test instance. Since s̄ is
deterministic and the tuples pXp1q, Y p1q, Ŷ

p1q

cal q, . . . , pXp|Dcal|q, Y p|Dcal|q, Ŷ
p|Dcal|q
cal q, pX,Y, Ŷtestq are

i.i.d. random variables, S1, . . . , S|Dcal|, S are also i.i.d. random variables.

Since S1, . . . , S|Dcal|, S are identically distributed, they share the same CDF. Using the probability
integral transform, FSpSq „ Up0, 1q. Thus, FSpS1q, . . . , FSpS|Dcal|q correspond to uniform variates
U1, . . . , U|Dcal|. Since there are no ties among the scores, FS is strictly increasing, and FSpSpjqq “

Upjq for j “ 1, . . . , |Dcal|, where Spjq and Upjq are the j-th order statistics. Hence:

PpY P R̂pXq | Dcal, Ŷcalq “ PpS ď Spkαq | S1, . . . , S|Dcal|q (E.51)
“ FSpSpkαqq (E.52)
“ Upkαq (E.53)
„ Betapkα, |Dcal| ` 1 ´ kαq. (E.54)

The final step results from the distribution of uniform order statistics. Taking the expectation of
the Beta distribution gives:

PpY P R̂pXqq “ E
”

PpY P R̂pXq | Dcal, Ŷcalq
ı

“
kα

|Dcal| ` 1 , (E.55)

which implies

1 ´ α ď PpY P R̂pXqq ă 1 ´ α `
1

|Dcal| ` 1 .

E.5.2 Proofs of asymptotic conditional coverage

L-CP

Proposition 7. Assuming |Dcal| Ñ 8 and T̂ pZ;Xq
d.
“ Y |X, L-CP achieves conditional coverage.

Proof. We first show that the conditional coverage of L-CP is equal to the CDF of the random
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variable ρZpZq in q̂, i.e., FρZpZqpq̂q. Given x P X , we have:

PpY P R̂L-CPpXq | X “ xq (E.56)
“PpY P tT̂ pz;xq : z P RZpq̂qu | X “ xq (E.57)
“PpT̂´1pY ;Xq P RZpq̂q | X “ xq (Invertibility of T̂ p¨;Xq) (E.58)

“PpZ P RZpq̂qq (T̂ pZ;Xq
d.
“ Y |X) (E.59)

“PpρZpZq ď q̂q (E.60)
“FρZpZqpq̂q. (E.61)

Marginalizing over X, we obtain that the marginal coverage is also equal to FρZpZqpq̂q:

PpY P R̂L-CPpXqq (E.62)

“EX
”

PpY P R̂L-CPpXq | Xq

ı

(E.63)

“EX
“

FρZpZqpq̂q
‰

(E.64)
“FρZpZqpq̂q (E.65)

In the limit of |Dcal| Ñ 8, thanks to the Glivenko-Cantelli theorem, PpY P R̂L-CPpXqq “ 1 ´ α
and the quantile q̂ obtained by SCP is thus F´1

ρZpZq
p1 ´ αq.

Finally, we obtain that the conditional coverage is equal to 1 ´ α:

PpY P R̂L-CPpXq | X “ xq (E.66)
“FρZpZqpF

´1
ρZpZq

p1 ´ αqq (E.67)

“1 ´ α. (E.68)

C-HDR and C-PCP

Lemma 8. Assuming |Dcal| Ñ 8, any conformal method with conformity score sCDF (5.9)
achieves conditional coverage, independently from the conformity score sW of the base method.
With the additional assumption that K Ñ 8 and f̂ “ f , sECDF (5.10) achieves conditional
coverage.

Proof. Let W “ sW pX,Y q and consider x P X and y P Y . By the probability integral transform,
sCDFpx, Y q “ FW |X“xpW | X “ xq „ Up0, 1q.

Marginalizing over X, we obtain:

PpY P R̂CDFpXqq “ PpsCDFpX,Y q ď q̂q (E.69)
“ EXrPpsCDFpX,Y q ď q̂ | Xqs (E.70)
“ EXrPpU ď q̂qs (E.71)
“ EXrq̂s (E.72)
“ q̂, (E.73)
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where U „ Up0, 1q. In the limit of |Dcal| Ñ 8, thanks to the Glivenko-Cantelli theorem,
PpY P R̂CDFpXqq “ 1 ´ α and the quantile q̂ obtained by SCP is thus 1 ´ α.

Finally, we note that:

PpY P R̂CDFpXq | X “ xq “ PpsCDFpX,Y q ď q̂ | X “ xq (E.74)
“ PpU ď 1 ´ αq (E.75)
“ 1 ´ α. (E.76)

Assuming f̂ “ f , observe that, for any x P X and y P Y , sECDFpx, yq Ñ sCDFpx, yq as K Ñ 8 by
the law of large numbers. Thus, under these conditions, any conformal method with conformity
score sECDF achieves conditional coverage.

Proposition 8. Assuming |Dcal| Ñ 8 and K Ñ 8, both C-HDR and C-PCP with the oracle base
predictor f̂ “ f achieve conditional coverage.

Proof. The proof is direct by Lemma 8 with sW px, yq “ sDR-CPpx, yq for C-HDR and sW px, yq “

sPCPpx, yq for C-PCP.

M-CP

Consider M-CP with exact quantile estimates l̂ipxq “ QYi|X“xpαlq and ûipxq “ QYi|X“xpαuq, where
QYi|X“xpαq is the quantile function of Yi conditional on X “ x evaluated in α. This section
introduces two propositions where M-CP requests two different nominal coverage levels αu ´ αl,
namely d

?
1 ´ α and 1 ´ α. The propositions show that M-CP can achieve conditional coverage

under two contrasting scenarios: independence or total dependence between the dimensions of
the output.

Proposition 9. Assuming Y1, . . . , Yd are conditionally independent given X, M-CP achieves condi-
tional coverage if αu ´ αl “ d

?
1 ´ α.

Proof. For any x P X and i P rds, we first establish that the d
?
1 ´ αth quantile of the distribution

of sipX,Yiq given X “ x equals 0:

PpsipX,Yiq ď 0 | X “ xq “ Ppmaxtl̂ipXq ´ Yi, Yi ´ ûipXqu ď 0 | X “ xq (E.77)
“ Ppl̂ipXq ď Yi ^ Yi ď ûipXq | X “ xq (E.78)
“ 1 ´ Ppl̂ipXq ą Yi _ Yi ą ûipXq | X “ xq (E.79)
“ 1 ´ Ppl̂ipXq ą Yi | X “ xq ´ PpYi ą ûipXq | X “ xq (E.80)
“ 1 ´ αl ´ p1 ´ αuq (E.81)
“ αu ´ αl (E.82)
“

d
?
1 ´ α. (E.83)



Appendix E. Supplementary Material for Chapter 5 211

Using (E.83), we show that the 1 ´ αth quantile of the distribution of sM-CPpX,Y q given X “ x
is 0:

PpsM-CPpX,Y q ď 0 | X “ xq “ PpsipX,Yiq ď 0,@i P rds | X “ xq (E.84)
“ Pps1pX,Y1q ď 0 ^ ¨ ¨ ¨ ^ sdpX,Ydq ď 0 | X “ xq (E.85)
“ Pps1pX,Y1q ď 0 | X “ xq . . .PpsdpX,Ydq ď 0 | X “ xq (E.86)

“
d
?
1 ´ α

d (E.87)
“ 1 ´ α, (E.88)

where (E.86) is obtained by conditional independence of Y1, . . . , Yd given X. Marginalizing over
X, we obtain that the 1 ´ αth quantile of sM-CPpX,Y q is 0:

PpsM-CPpX,Y q ď 0q “ EXrPpsM-CPpX,Y q ď 0 | Xqs (E.89)
“ EXr1 ´ αs (E.90)
“ 1 ´ α. (E.91)

In the limit of |Dcal| Ñ 8, thanks to the Glivenko-Cantelli theorem, PpY P R̂M-CPpXqq “ 1 ´ α
and the quantile q̂ obtained by SCP is thus 0.

Finally, using (E.88) and q̂ “ 0, we obtain that M-CP achieves conditional coverage:

PpY P R̂M-CPpXq | X “ xq “ PpsM-CPpX,Y q ď q̂ | X “ xq “ 1 ´ α. (E.92)

Proposition 10. Assuming Y1|X
a.s.
“ . . .

a.s.
“ Yd|X, M-CP achieves conditional coverage if αu ´ αl “

1 ´ α.

Proof. Let x P X . Using (E.82), we first show that the 1 ´ αth conditional quantile of the
distribution of sipX,Yiq, for any i P rds, is 0:

PpsipX,Yiq ď 0 | X “ xq “ αu ´ αl (E.93)
“ 1 ´ α. (E.94)

Using (E.94), we show that the 1 ´ αth quantile of the distribution of sM-CPpX,Y q given X is 0:

PpsM-CPpX,Y q ď 0 | X “ xq “ PpsipX,Yiq ď 0,@i P rds | X “ xq (E.95)
“ Pps1pX,Y1q ď 0 ^ ¨ ¨ ¨ ^ sdpX,Ydq ď 0 | X “ xq (E.96)
“ Pps1pX,Y1q ď 0 | X “ xq (E.97)
“ 1 ´ α, (E.98)

where (E.97) is due to Y1|X
a.s.
“ . . .

a.s.
“ Yd|X, which implies that, conditional on X “ x,

l̂1pxq “ ¨ ¨ ¨ “ l̂dpxq and û1pxq “ ¨ ¨ ¨ “ ûdpxq, and thus s1pX,Y1q “ ¨ ¨ ¨ “ sdpX,Ydq. Using (E.91),
we obtain that q̂ “ 0. Finally, using (E.98), we obtain that M-CP achieves conditional coverage:

PpY P R̂M-CPpXq | X “ xq “ PpsM-CPpX,Y q ď 0 | X “ xq “ 1 ´ α. (E.99)
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E.5.3 Connection between sample-based and density-based methods

This section proves the connections between sample-based and density-based methods as intro-
duced in Section 5.5.3. We start by restating a known lemma of conformal prediction.

Lemma 9. Consider a conformal prediction method with conformity score s. If g : R Ñ R is a
strictly increasing function, then the method with conformity score g ˝ s will produce the same
prediction sets.

Proof. For any x P X , consider the prediction set created with s as in Section 2.5.1:

R̂pxq “
␣

y P Y : spx, yq ď Quantile
`

tsiuiPr|Dcal|s Y t8u; kα
˘(

. (E.100)

Since g is strictly increasing,

R̂pxq “
␣

y P Y : gpspx, yqq ď g
`

Quantile
`

tsiuiPr|Dcal|s Y t8u; kα
˘˘(

(E.101)
“
␣

y P Y : gpspx, yqq ď Quantile
`

tgpsiquiPr|Dcal|s Y t8u; kα
˘(

. (E.102)

Since (E.102) corresponds to the prediction set with conformity score g ˝ s, this shows that the
two methods create the same regions.

Proposition 3. PCP is equivalent to DR-CP with f̂Y |X“x “ f̂max
Y |X“x. Similarly, HD-PCP is equivalent

to DR-CP with f̂Y |X“x “ f̂max
Y |X“x where only tp1 ´ αqLu samples with the highest density among

tỸ plqulPrLs are kept. Finally, C-PCP is equivalent to C-HDR with f̂Y |X“x “ f̂max
Y |X“x.

Proof. In the following proof, we note a Ò b to signify that there exists a strictly increasing
function g such that a “ gpbq. Consider DR-CP with f̂Y |X “ f̂max

Y |X . We have:

sDR-CPpx, yq “ ´f̂max
Y |X“xpyq (E.103)

Ò ´max
lPrLs

fSpy; Ỹ plqq (f̂max
Y |X“xpyq “ max

lPrLs
fSpy; Ỹ plqq{C) (E.104)

“ min
lPrLs

´fSpy; Ỹ plqq (E.105)

Ò min
lPrLs

}y ´ Ỹ plq} (fSpy; Ỹ plqq has spherical level sets) (E.106)

“ sPCPpx, yq. (E.107)

We obtain the equivalence between the two methods by Lemma 9. The proof for HD-PCP follows
the same arguments.

We now consider C-HDR with f̂Y |X “ f̂max
Y |X . We have:

sC-HDRpx, yq “
1
K

ÿ

kPrKs

1pf̂max
Y |X“xpŶ pkqq ě f̂max

Y |X“xpyqq where Ŷ pkq „ P̂Y |X“x, k P rKs. (E.108)
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Developing the inequality for k P rKs, we obtain:

f̂max
Y |X“xpŶ pkqq ě f̂max

Y |X“xpyq (E.109)

ðñ max
lPrLs

fSpŶ pkq; Ỹ plqq ě max
lPrLs

fSpy; Ỹ plqq (f̂max
Y |X“xpyq “ max

lPrLs
fSpy; Ỹ plqq{C) (E.110)

ðñ min
lPrLs

´fSpŶ pkq; Ỹ plqq ď min
lPrLs

´fSpy; Ỹ plqq (E.111)

ðñ min
lPrLs

}Ŷ pkq ´ Ỹ plq} ď min
lPrLs

}y ´ Ỹ plq}. (fSpy; Ỹ plqq has spherical level sets) (E.112)

Noting that (E.108) with (E.112) corresponds to the conformity score of C-PCP, we obtain the
equivalence.

E.6. Experimental setup

This section describes our experimental setup in more details. Computations were performed
based on 2 workstations, one with with 2 A6000 GPUs and 64 CPU threads, and one with 2
A5000 GPUs and 64 CPU threads, running for 48 hours.

E.6.1 Datasets

We consider a total of 13 datasets that have been used in previous studies. Since our focus
is on multivariate prediction sets, we select only datasets with an output that is at least two-
dimensional. Specifically, we include 6 datasets from Feldman et al. (2023), 4 datasets from
Tsoumakas et al. (2011) (MULAN benchmark), 1 dataset from Z. Wang et al. (2023), 1 datasets
from Barrio et al. (2024), and 1 dataset from Camehl et al. (2024).

Each dataset is split into training, validation, calibration, and test sets with 2048 points reserved
for calibration. The remaining data is split into 55% for training, 15% for validation and 30% for
testing. The preprocessing follows the setup described in Grinsztajn et al. (2022). Table A.2
provides the detailed characteristics of each dataset.

E.6.2 Base predictors

We consider multiple base predictors that were presented in Section 2.2.3 and focus on MQF2 for
our main experiments (Section 5.6). In this section, we give further details on hyperparameters.

MQF2. The underlying model of MQF2 is a partially input-convex neural network (PINN,
Amos et al., 2017) with two hidden layers, each containing 30 units. Increasing the number of
parameters did not significantly improve performance, which is partly due to the efficiency of
Convex Potential Flows compared to other normalizing flows (C.-W. Huang et al., 2021). While
hyperparameter tuning for each dataset could enhance performance, it is not the primary focus
of this paper.

MQF2 is trained using maximum likelihood estimation with early stopping, with a patience of 15
epochs, where validation loss is measured every two epochs.



214 Appendix E. Supplementary Material for Chapter 5

Distributional random forests. The minimum node size is set to 15, the forest consists of
2000 trees, and the splitting criterion is the maximum mean discrepancy (MMD).

Since this method does not operate in a latent space, we do not consider L-CP in combination
with this base predictor. CD diagrams for this predictor are presented in Section E.7.2.

Cholesky-based mixture density network. The model is trained using maximum likelihood
estimation and produces Gaussian mixtures with M “ 10 components.

Similarly to DRF, this method does not operate in a latent space, and thus we do not consider
L-CP. CD diagrams for this predictor are presented in Section E.7.3.

E.6.3 Adaptation of conformal methods into a common framework.

To ensure a fair comparison among conformal methods, we apply the calibration step using the
same base predictors. Only M-CP, CopulaCPTS, and STDQR require slight modifications from their
original formulations.

For M-CP and CopulaCPTS, direct estimation of marginal distributions for each output Yi, i P rds

is infeasible with MQF2. Instead, we estimate the lower and upper quantiles by first sampling
tỸ plqulPrLs from P̂Y |X“x given x P X , and then computing the empirical quantiles Ỹ ptLα

2 uq
i and

Ỹ
ptLp1´α

2 quq
i . Sampling time is not accounted for in time computations for these methods. While

a more computationally efficient base predictor could be used, this approach ensures a direct
comparison with other conformal methods by maintaining consistency in the base predictor.

For STDQR, we modify the original method by replacing the conditional variational autoencoder
(CVAE) with a normalizing flow. Following recommendations for future work from Feldman et al.
(2023), we exploit the property that the output is normally distributed in the latent space and
replace the base predictor by a normalizing flow. This adaptation leverages the assumption that
the output is normally distributed in the latent space, allowing for an exact inverse transformation
and eliminating a potential source of noise. To construct a region RZ with coverage 1 ´ α in the
latent space, we select the 1 ´ α proportion of samples closest to the origin, ensuring correct
coverage without the need for directional quantile regression. The calibration procedure remains
unchanged.

E.6.4 Metrics

Marginal coverage. Marginal coverage is measured using

MC “
1

|Dtest|

ÿ

px,yqPDtest

1py P R̂pxqq. (E.113)

Region size. We report the mean set size

Mean Size “
1

|Dtest|

ÿ

px,yqPDtest

|R̂pxq|. (E.114)
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To avoid large regions disproportionately affecting the result, we also report the median of the
set sizes

Median Size “ Quantilept|R̂pxq|upx,yqPDtest ; 0.5q (E.115)

Computing the size of the region is challenging in high dimensions. Hence, we propose an
unbiased estimator of the set size using importance sampling:

|R̂pxq| “

ż

Y
1py P R̂pxqqdy “ EŶ„P̂Y |X“x

«

1pŶ P R̂pxqq

f̂Y |X“xpŶ q

ff

«
1
K

K
ÿ

k“1

1pŶ pkq P R̂pxqq

f̂Y |X“xpŶ pkqq
, (E.116)

where Ŷ pkq „ P̂Y |X“x, k P rKs. This estimator is compatible with all base predictors in
Section E.6.2 since it is both possible to sample from their predictive distribution and evaluate
the PDF. In Section E.6.7, we discuss the efficiency of this estimator.

Conditional coverage. To ensure a robust evaluation of conditional coverage, we consider
three different conditional coverage metrics, detailed in Section E.6.6. The Worst Slab Coverage
(WSC, Cauchois et al., 2021) groups inputs into “slabs” and evaluates the worst obtained coverage.
The coverage error conditional on X (CEC-X) partitions the input space X and evaluates coverage
on each subset. The coverage error conditional on V “ f̂Y |XpŶ q, where Ŷ „ P̂Y |X , (CEC-V,
Izbicki et al., 2022; Dheur et al., 2024), creates a partition based on the distribution of V , which
is more robust to high-dimensional inputs.

Computing time. We report the total time required for calibration and testing the marginal
coverage. Specifically, this requires evaluating conformity scores on Dcal followed by evaluating
conformity scores on Dtest.

E.6.5 Multi-Model, Multi-Dataset Comparison

In order to determine whether there are significant differences in model performance, we construct
CD diagrams using the procedure described in Section 3.6.1. For MC and WSC, the CD diagrams
report |MC ´ p1 ´ αq| and |WSC ´ p1 ´ αq|, both of which should be minimized.

E.6.6 Metrics of Conditional Coverage

In this section, P̂DtestpEq denotes the empirical probability of an event E over the dataset Dtest,
i.e., the fraction of points in Dtest for which E is true.

Worst Slab Coverage. Introduced in Cauchois et al. (2021), the Worst Slab Coverage (WSC)
metric quantifies the minimal coverage over all possible slabs in Rd, where each slab contains
at least a fraction δ of the total mass, with 0 ă δ ď 1. For a given vector v P Rd, the WSC
associated with v, denoted as WSCv, is defined by:

WSCv “ inf
aăb

!

P̂Dtest

´

y P R̂pxq | a ď vJx ď b
¯

s.t. P̂Dtestpa ď vJx ď bq ě δ
)

, (E.117)
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where a, b P R. This metric assesses conditional coverage by focusing on inputs x that lie within
a slab defined by v, using the inner product vJx to measure similarity.

To estimate the worst-case slab, we follow the method from Cauchois et al. (2021), uniformly
sampling 1,000 vectors vj from the unit sphere Sd´1 and calculating:

WSC “ min
vjPSd´1

WSCvj . (E.118)

To mitigate overfitting on the test dataset, we partition the test set into two subsets, Dtest “

Dp1q

test Y Dp2q

test, as in Romano et al. (2020) and Sesia and Romano (2021). We identify the worst
combination of a, b, and v on Dp1q

test by minimizing the WSC metric with δ “ 0.2, and then
evaluate conditional coverage on the separate subset Dp2q

test.

As noted by Cauchois et al. (2021), the worst-slab coverage for a given projection can be computed
in linear time (Opnq) using an algorithm for the maximum density segment problem (K.-M.
Chung and H.-I. Lu, 2005). However, existing Python implementations are inefficient, typically
relying on a simpler, non-vectorized Opn2q approach. To address this gap, we introduce a Python
package1 featuring an optimized Opnq C++ backend, making this metric practical for large-scale
use.

CEC-X. CEC-X approximates conditional coverage by partitioning the input space X P X Ď

Rp. We apply the k-means++ clustering algorithm on the inputs Xpiq in the validation dataset
Dval, creating a partition A “ A1 Y ¨ ¨ ¨ YAJ over X . The Coverage Error Conditional on X is
defined as:

CEC-X “
1

|Dtest|

|Dtest|
ÿ

i“1

1
J

J
ÿ

j“1

´

P̂Dtest

´

y P R̂pxq

ˇ

ˇ

ˇ
x P Aj

¯

´ p1 ´ αq

¯2
. (E.119)

CEC-V. CEC-V is similar to CEC-X, but the conditioning is on the distribution of logpV q “

logpf̂Y |XpŶ qq, where Ŷ „ P̂Y |X . Unlike CEC-X, CEC-V is more robust to high-dimensional
inputs. This approach originates from the CD-split` method (Izbicki et al., 2022) and has been
adapted to multivariate outputs in Dheur et al. (2024).

In practice, given an input x, a new feature vx is created. First, samples vi from V | X “ x
are generated by sampling y1, . . . , ym „ P̂Y |X“x and evaluating vi “ f̂Y |X“xpyiq. The resulting
vector vx “ pvp1q, . . . , vpmqq consists of the order statistics vpiq from v1, . . . , vm.

The k-means++ clustering algorithm is applied on the vectors logpvXpiqq in the validation dataset
Dval, and a partition AV “ A1 Y ¨ ¨ ¨ YAJ over Rm is obtained. The Coverage Error Conditional
on the distribution of V is then computed according to (E.119), using the partition AV .

Dheur et al. (2024) notes that the distance function corresponding to this partitioning approach
is the 2-Wasserstein distance w.r.t. the distribution of V .

1https://github.com/Vekteur/max-density-segment

https://github.com/Vekteur/max-density-segment
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E.6.7 Estimator for the set size

In this section, we discuss the efficiency of the set size estimator introduced in Section E.6.4.
This estimator is based on a density estimator f̂Y |X“x and a sample Ŷ pkq, k P rKs, drawn i.i.d.
from the conditional distribution Y | X “ x for any x P X . Specifically, the estimator is given
by:

V̂ pxq “
1
K

K
ÿ

k“1

1pŶ pkq P R̂pxqq

f̂Y |X“xpŶ pkqq
.

While the estimator is unbiased, i.e., E
”

V̂ pxq

ı

“ |R̂pxq|, we want to study its variance. Let
I “ 1pŶ P R̂pxqq represent the indicator that a sample Ŷ lies within the prediction set R̂pxq, and
let ρ “ PpŶ P R̂pxqq denote the coverage probability obtained from the samples based on our
density estimator. Using the law of total variance, we obtain the following expression for the
variance of V̂ pxq:

V
”

V̂ pxq

ı

“
1
K

V

«

I

f̂Y |X“xpŶ q

ff

“
1
K

˜

E

«

V

«

I

f̂Y |X“xpŶ q
| I

ffff

` V

«

E

«

I

f̂Y |X“xpŶ q
| I

ffff¸

“
1
K

¨

˝ρV

«

1
f̂Y |X“xpŶ q

ff

` ρp1 ´ ρqE

«

1
f̂Y |X“xpŶ q

ff2
˛

‚.

Assuming that the density estimate corresponds to the true density, i.e. f̂Y |X“x “ fY |X“x and
that R̂ achieves conditional coverage, then ρ “ 1 ´ α, and we obtain:

V
”

V̂ pxq

ı

“
1
K

˜

p1 ´ αqV
„

1
fY |X“xpY q

ȷ

` αp1 ´ αqE
„

1
fY |X“xpY q

ȷ2
¸

.

This indicates that the variance of our estimator only depends on the variance and expectation
of the random variable 1

fY |X“xpY q
. In this case, the variance does not directly depend on the

output dimension d.

Figure E.5 shows how the estimator behaves in a scenario with a specific density estimator
and prediction set with varying output dimension d and an 80% coverage level. Since there
is no dependence on X, we abbreviate the notation as follows: R̂ “ R̂pxq, f̂pyq “ f̂Y |X“xpyq,
and V̂ “ V̂ pxq for any x P X . The density estimator is a standard normal distribution
f̂pyq “ N py; 0, Idq and the prediction set is a ball R̂ “

!

y P Y : }y} ď Qχ2
d
p1 ´ αq

)

, where χ2
d is

the chi-squared distribution with d degrees of freedom and Qχ2
d
is its quantile function. It can be

shown that PpŶ P R̂q “ 1 ´ α. In this case, the volume V of R̂ can be computed exactly.

Each of the first four panels in Figure E.5 shows five trajectories for log V̂ as K increases from 1
to 100. The true volume, log V , of the prediction set is indicated by a dashed line. We observe



218 Appendix E. Supplementary Material for Chapter 5

0 20 40 60 80 100

K

0.4

0.6

0.8

1.0

1.2

1.4

lo
g
V̂

d = 1

0 20 40 60 80 100

K

12.5

13.0

13.5

14.0

14.5

15.0

15.5
d = 10

0 20 40 60 80 100

K

140

142

144

146

d = 100

0 20 40 60 80 100

K

1420.0

1422.5

1425.0

1427.5

1430.0

1432.5

1435.0
d = 1000

100 101 102 103 104

d

100

101

102

103

104

K = 100

log V

log V̂

Figure E.5: Panels 1 to 4: Trajectories of the log volume estimator with increasing K compared
to the true log volume (dashed line) for different output dimensions d. Panel 5: Log volume
estimator with K “ 100 compared to the true log volume (dashed line).

that the estimator converges within a reasonable range of the true volume for varying output
dimensions d. The last panel illustrates the value of log V̂ as a function of d, with log V again
marked by a dashed line. From this, we observe that the estimator remains close to the true
volume across different output dimensions d.

E.7. Additional results

This section presents additional results for the models MQF2 (Section E.7.1), DRF (Section E.7.2)
and MDN (Section E.7.3). The experimental setup is described in Section E.6.

E.7.1 MQF²

Figure E.6 presents the marginal coverage and median set size across datasets of increasing size
for MQF2. In Panel 1, all methods except CopulaCPTS attain precise marginal coverage. This is
expected since these methods follow the SCP algorithm (Section 2.5.1) and their marginal coverage
conditional on the calibration dataset and samples from the calibration dataset follows a Beta
distribution whose parameters only depend on the size of the calibration dataset (Section E.5.1).
While CopulaCPTS attains marginal coverage, the larger variance in its marginal coverage arises
because it does not follow the SCP algorithm.

In Panel 2, the median set size is normalized between 0 and 1 for each dataset in order to
facilitate comparison. We observe that C-HDR often obtains the smallest median set size. The
performance of the other methods can vary highly across datasets for the median set size and is
better visualized in a CD diagram (see Figure E.7).
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Table E.2: Median set size with the base predictor MQF2.

Dataset M-CP CopulaCPTS DR-CP C-HDR PCP HD-PCP STDQR C-PCP L-CP

households 14.20.48 12.30.87 13.20.29 10.60.33 20.50.38 15.60.39 17.80.41 15.50.74 18.60.80
scm20d 67.68.5 1.12e+022.1e+01 2.33e+022.2e+01 42.07.9 1.05e+021.1e+01 94.49.4 99.41.0e+01 26.03.1 72.01.0e+01
rf2 0.005470.0027 0.005550.0033 0.002150.0010 0.0006900.00032 0.007000.0036 0.006170.0030 0.006240.0031 0.002620.0012 0.001040.00048
rf1 0.005470.0027 0.005550.0033 0.002150.0010 0.0006900.00032 0.007000.0036 0.006170.0030 0.006240.0031 0.002620.0012 0.001040.00048
scm1d 0.5280.046 0.3230.050 0.8670.078 0.2390.026 0.6980.065 0.6840.062 0.6710.069 0.2160.024 0.1970.020
meps_21 0.1850.013 0.1710.014 0.2270.013 0.1320.024 0.3590.021 0.2460.015 0.2830.015 0.2200.021 0.2440.052
meps_19 0.2140.022 0.5950.42 0.1750.011 0.1190.019 0.3960.059 0.2660.033 0.3070.043 0.2380.026 0.2320.043
meps_20 0.3710.061 0.3620.059 0.2230.020 0.1140.012 0.5350.050 0.4360.066 0.4720.052 0.3410.039 0.2800.028
house 1.170.023 1.220.043 0.6640.021 0.6510.016 0.8820.023 0.6800.018 0.7990.023 0.8580.018 1.190.017
bio 0.3030.0066 0.2960.0092 0.2570.0067 0.2180.0053 0.3430.0076 0.2590.0065 0.2690.0067 0.3020.0074 0.2670.0061
blog_data 0.1700.039 0.09480.015 0.03740.0056 0.01550.0031 0.1410.023 0.1250.023 0.1630.036 0.1060.021 0.06760.017
calcofi 2.130.024 2.380.12 1.670.022 1.990.026 2.330.029 1.890.029 1.970.021 2.810.042 2.700.024
taxi 4.260.068 4.720.11 2.620.029 2.620.033 4.030.040 3.180.030 3.630.058 4.020.064 4.940.12
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Figure E.6: Marginal coverage and median set size with the base predictor MQF2 across datasets
sorted by size.

Figure E.7 presents critical difference diagrams for three conditional coverage metrics (CEC-X,
CEC-Z and WSC), the mean set size and median set size, the total calibration and test time.
Results are consistent with the results from the main text.
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Figure E.7: CD diagrams with the base predictor MQF2 with 10 runs per dataset and method.
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Table E.3: Mean set size with the base predictor MQF2.

Dataset M-CP CopulaCPTS DR-CP C-HDR PCP HD-PCP STDQR C-PCP L-CP

households 36.90.86 35.11.4 15.70.63 40.11.2 33.82.1 30.12.1 28.82.1 62.62.5 50.61.4
scm20d 7.03e+062.5e+06 3.82e+071.6e+07 6.40e+031.9e+03 5.30e+092.1e+09 1.61e+045.1e+03 1.56e+045.1e+03 1.59e+045.1e+03 1.37e+091.0e+09 2.20e+109.1e+09
rf1 1.86e+021.0e+02 1.83e+029.6e+01 15.19.9 3.50e+021.7e+02 1.29e+028.1e+01 1.09e+026.7e+01 4.05e+052.1e+05 9.85e+024.8e+02 4.01e+021.9e+02
rf2 1.86e+021.0e+02 1.83e+029.6e+01 15.19.9 3.51e+021.7e+02 1.29e+028.1e+01 1.09e+026.7e+01 4.05e+052.1e+05 9.87e+024.8e+02 4.02e+021.9e+02
scm1d 2.37e+055.7e+04 1.81e+055.1e+04 78.41.6e+01 2.73e+085.3e+07 57.31.8e+01 43.01.1e+01 43.61.1e+01 1.48e+084.9e+07 1.52e+082.6e+07
meps_21 1.210.045 1.170.046 0.3150.020 1.440.14 0.6170.029 0.5580.026 0.5530.025 2.070.10 1.960.34
meps_19 1.140.027 1.110.031 0.2930.018 1.290.056 0.5810.027 0.5590.021 0.5370.021 1.960.072 1.520.053
meps_20 1.200.045 1.170.038 0.3090.014 1.300.047 0.6060.020 0.5620.020 0.5460.018 2.010.11 1.590.064
house 1.830.027 1.810.038 0.8870.033 1.090.033 1.230.034 0.9640.030 1.140.030 1.440.040 1.710.013
bio 1.400.39 1.420.39 0.2690.010 0.4860.037 0.3960.014 0.2970.0090 0.3110.010 1.410.31 2.570.77
calcofi 2.040.023 2.220.071 1.420.018 1.950.040 2.220.031 1.700.022 1.780.026 2.830.036 2.340.044
blog_data 0.3900.017 0.3900.016 0.08520.0050 0.3750.018 0.1730.0097 0.1630.0078 0.1880.0067 0.6130.028 0.5200.027
taxi 5.680.084 6.350.16 2.670.047 3.210.049 4.550.090 3.540.075 3.990.071 5.360.090 6.510.12

E.7.2 Distributional random forests

Figure E.8 presents additional results for the base predictor DRF. Since this model does not rely
on a latent space, results for STDQR and L-CP are not included.

In terms of conditional coverage, the results align with those of MQF2, with C-PCP and C-HDR
outperforming DR-CP, PCP, and HD-PCP. Notably, M-CP achieves competitive conditional coverage,
suggesting it pairs well with DRF-KDE. Similar to MQF2, all methods except for CopulaCPTS
attain precise marginal coverage.

The median set size is normalized to a [0,1] range for each dataset to facilitate comparison.
We observe that C-HDR generally achieves the smallest median set size, followed by DR-CP. The
test time is the lowest for M-CP and CopulaCPTS while C-PCP and C-HDR obtain the highest
computation times.
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Figure E.8: Metrics across datasets sorted by size with the base predictor DRF.

Figure E.9 shows CD diagrams obtained with DRF as the base predictor. The results are
consistent with Figure E.8.
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Figure E.9: CD diagrams with the base predictor DRF based on 10 runs per dataset and method.

E.7.3 Cholesky-based mixture density network

Figure E.10 presents additional results for the Cholesky-based mixture density network. Similarly
to DRF, this model does not rely on a latent space and thus results for STDQR and L-CP are not
included.

The conditional coverage also aligns with MQF2, C-PCP and C-HDR outperforming DR-CP, PCP,
and HD-PCP. M-CP and CopulaCPTS achieving intermediate conditional coverage. As expected,
marginal coverage is precise for all methods except CopulaCPTS.

C-HDR often obtains the smallest median set size, while DR-CP consistently attains the best mean
set size.
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Figure E.10: Metrics across datasets sorted by size with the multivariate Gaussian mixture model
base predictor.

CD diagrams in Figure E.11 are consistent with Figure E.10.
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Figure E.11: CD diagrams based on Multivariate Gaussian Mixture Model parameterized by a
hypernetwork with M “ 10 and 10 runs per dataset and method.

E.7.4 Impact of the number of samples K

Figures E.12 and E.13 illustrate how conditional coverage, marginal coverage and prediction
set size change as a function ofK on all datasets. For a better comparison among datasets, the
metrics CEC-X, CEC-Z, the median set size and the mean set size are normalized between 0
and 1, with results averaged over 10 runs. Furthermore, the red line indicates a linear regression
fit, allowing to see the trend.

Conditional coverage metrics decreasing with K indicate that conditional coverage tends to
improve with an increasing number of samples. This is expected since an increasing number of
Monte-Carlo samples allows a better estimation of the CDF of the scores in (5.10). Marginal
coverage is obtained with any K. However, small sizes of K will lead to more duplicated
conformity scores and thus a possibility of overcoverage. Median set sizes and mean set sizes
also tend to decrease with K as the CDF approximation improves.
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Figure E.12: Evolution of conditional coverage, marginal coverage and set sizes of C-PCP as a
function of the number of samples K using the base predictor MQF2. The metrics CEC-X, and
CEC-Z should be minimized, while the marginal coverage and WSC should approach 1 ´ α
(indicated by the dashed black line). The red line, obtained by linear regression, indicates the
general trend.
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Figure E.13: Reproduction of Figure E.12 for C-HDR.

E.7.5 Comparison with Bonferroni correction

To better understand the prediction sets produced by FWER control methods, we provide a
qualitative and quantitative comparison with Bonferroni correction. We consider Bonferroni
correction applied to the scores of CQR (see (E.2)), similarly to M-CP. Figure E.14 provides
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Figure E.14: Prediction sets for a bivariate unimodal dataset, conditional on a univariate input.
The black, green, and yellow contours represent regions with nominal coverage levels of 20%,
40%, and 80%, respectively. The figure is similar to Figure 5.2 in the main text, with Bonferroni
added as a comparison. Both Bonferroni and M-CP are based on Conformal Quantile Regression
(CQR) applied separately for each dimension.

an illustrative example, and Table E.4 provides results on this same dataset. This shows that
Bonferroni is computationally fast but produces larger regions due to the rectangular shape.

Table E.4: Detailed metrics for the unimodal heteroscedastic process from Figure E.14, with
1 ´ α fixed to 0.8.

MC Median Size CEC-X CEC-Z WSC Test time
Method (ˆ100) (ˆ100)

Bonferroni 0.8130.0036 9.070.15 0.02410.012 0.02490.0098 0.8150.0063 0.003395.9e-05
M-CP 0.8010.0037 8.620.074 0.02400.0031 0.01570.0031 0.7960.012 0.09590.058
DR-CP 0.7960.0019 6.830.042 0.4320.019 0.4030.015 0.6970.0093 0.05570.00075
C-HDR 0.8090.0025 6.970.039 0.01290.0059 0.01550.0037 0.8150.0030 14.20.11
L-CP 0.7980.0024 8.060.035 0.005860.00095 0.005490.0014 0.7940.0039 0.05840.0012

E.8. Comparison between C-PCP and CP²-PCP

In this section, we compare our proposed method, C-PCP, with the CP2-PCP method recently
proposed by Plassier et al. (2025a). More generally, we also compare the methods from the CP2

framework of Plassier et al. (2025a) with our class of CDF-based conformity scores (Section 5.4.1
in the main text). In Section E.8.1, we present the more general CP2 framework using our own
notation for clarity, with CP2-PCP as a particular case of CP2. In Section E.8.2, we discuss the
asymptotic properties of CP2 and show the asymptotic equivalence with CDF-based methods.
In Section E.8.3, we discuss the relationship between CDF-based and CP2-based methods.
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E.8.1 The CP² framework

Let us define a family of non-decreasing nested regions tRpx; tqutPR such that
Ş

tPRRpx; tq “ H

and
Ť

tPRRpx; tq “ Y, and
Ş

t1ătRpx; t1q “ Rpx; tq. Without loss of generality, these nested
regions are expressed in terms of a conformity score sW px, yq P R as follows:

Rpx; tq “ ty P Y : sW px, yq ď tu, (E.120)

where sW px, yq is continuous in y.

As the next step, we introduce a family of transformation functions fτ pλq : R Ñ R parameterized
by τ P R. It is assumed that for any τ , the function λ ÞÑ fτ pλq is increasing and bijective. Let
ϕ P R be a constant (e.g., ϕ “ 1). We also define the function f̃ϕpτq “ fτ pϕq and assume that
τ ÞÑ f̃ϕpτq is increasing and bijective.

As a first step towards defining CP2, we construct a prediction set assuming knowledge of the
conditional distribution FY |X . For a given input x P X , the prediction set is defined as:

R̄CP2pxq “ Rpx; fτ‹pxqpϕqq, (E.121)

where
τ‹pxq “ inf tτ : P pY P RpX; fτ pϕqq | X “ xq ě 1 ´ αu (E.122)

implies that R̄CP2pxq guarantees conditional coverage given x. Furthermore, using (E.120) and
defining the random variable W “ sW pX,Y q, we can equivalently express (E.122) as

τ‹pxq “ inf tτ : P psW pX,Y q ď fτ pϕq | X “ xq ě 1 ´ αu (E.123)
“ inf

␣

τ : P
`

f̃´1
ϕ psW pX,Y qq ď τ | X “ x

˘

ě 1 ´ α
(

(E.124)
“ Qf̃´1

ϕ pW q|X“xp1 ´ αq (E.125)

“ f̃´1
ϕ pQW |X“xp1 ´ αqq, (E.126)

where we used that f̃ϕ is increasing and bijective, with f̃´1
ϕ pfτ pϕqq “ τ . In other words, τ‹pxq is

the 1 ´ α quantile of f̃´1
ϕ pW q.

However, in practice, τ‹pxq cannot be computed directly because the true conditional distribution
FY |X“x is unknown. Instead, it can be estimated using a sample Ŷ pkq, k P rKs, drawn from
the estimated conditional distribution P̂Y |X“x. If Q̂W |X“xp1 ´ αq is the 1 ´ α quantile of the
empirical distribution 1

K

ř

kPrKs δsW px,Ŷ pkqq
, we can compute

τ̂pxq “ f̃´1
ϕ pQ̂W |X“xp1 ´ αqq. (E.127)

It should be noted that this estimated prediction set loses the exact conditional and marginal
coverage properties due to the reliance on the estimated conditional distribution. The following
shows how conformal prediction can restore some coverage properties.

From (E.120), using (E.121), we can write

R̄CP2pxq “
␣

y P Y : sW px, yq ď fτ‹pxqpϕq
(

(E.128)

“

!

y P Y : f´1
τ‹pxq

psW px, yqq ď ϕ
)

, (E.129)
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where we used the invertibility of fτ for any τ P R.

Based on (E.129), Plassier et al. (2025a) defined the following conformity score:

sCP2px, yq “ f´1
τ̂pxq

psW px, yqq, (E.130)

for which the corresponding prediction set R̂CP2 is given by

R̂CP2pxq “ ty P Y : sCP2px, yq ď q̂u, (E.131)

where we used (2.53) from the main text.

As an example, taking fτ pλq “ τλ and ϕ “ 1, the conformity score becomes:

sCP2px, yq “ sW px, yq{τ̂pxq, (E.132)

where τ̂pxq is defined in (E.127). Finally, we obtain CP2-PCP simply by replacing sW with sPCP
in (E.132).

E.8.2 Asymptotic properties

Asymptotic equivalence of prediction sets

In the following, we prove that the prediction sets generated by CP2 (for any fτ and ϕ) and
CDF-based methods are identical in the oracle setting, asymptotically, as |Dcal| Ñ 8. Specifically,
for any x P X , both methods select the same threshold t1´α “ QW |X“xp1 ´ αq for the prediction
set Rpx; t1´αq, which ensures a coverage level of 1 ´ α.

Proposition 11. Provided that the assumptions in Section E.8.1 hold, for any x P X , the prediction
sets R̄CP2pxq (for any choice of fτ and ϕ) and R̄CDFpxq are equivalent.

Proof. Using the fact that f̃´1
ϕ pfτ pϕqq “ τ for any τ P R and that f̃ϕ is increasing and bijective,

we can write:

R̄CP2pxq “ ty P Y : sW px, yq ď fτ‹pxqpϕqu (E.133)
“ ty P Y : f̃´1

ϕ psW px, yqq ď τ‹pxqu (E.134)
“ ty P Y : f̃´1

ϕ psW px, yqq ď f̃´1
ϕ pQW |X“xp1 ´ αqqu (E.135)

“ ty P Y : sW px, yq ď QW |X“xp1 ´ αqu. (E.136)

Let R̄CDFpxq denote the prediction set obtained using the conformity score sCDF as |Dcal| Ñ 8.
As shown in Section 5.4.1, sCDFpX,Y q „ Up0, 1q, which implies q̂ “ 1 ´ α. Therefore:

R̄CDFpxq “ ty P Y : sCDFpx, yq ď 1 ´ αu (E.137)
“ ty P Y : FW |X“xpsW px, yqq ď 1 ´ αu (E.138)
“ ty P Y : sW px, yq ď QW |X“xp1 ´ αqu. (E.139)

This shows that R̄CP2pxq “ R̄CDFpxq and that the threshold t1´α “ QW |X“xp1 ´ αq is identical
for both methods.
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Asymptotic conditional coverage

Proposition 12. Provided that the assumptions in Section 5.5.2 of the main text hold, specifically
that F̂Y |X“x “ FY |X“x for all x P X , and |Dcal| Ñ 8, CP2 achieves ACC as K Ñ 8.

Proof. Under these assumptions, we have Q̂W |X“x “ QW |X“x, which implies τ̂pxq “ τ‹pxq for
all x P X . Hence, the prediction set for CP2 is given by:

R̄CP2pxq “ ty P Y : sCP2px, yq ď ϕu.

Since this prediction set provides conditional coverage, it also ensures marginal coverage:

PpY P R̄CP2pXqq “ PpsCP2pX,Y q ď ϕq (E.140)
“ EXrPpsCP2pX,Y q ď ϕ | Xqs (E.141)
“ EXr1 ´ αs (E.142)
“ 1 ´ α. (E.143)

Since q̂ is the 1 ´ α quantile of sCP2pX,Y q, and as |Dcal| Ñ 8, we have q̂ “ ϕ by definition.
Therefore, since R̄CP2pxq achieves conditional coverage (see (E.122)), the region R̂CP2pxq also
achieves ACC:

PpY P R̂CP2pXq | X “ xq “ PpsCP2pX,Y q ď q̂ | X “ xq (E.144)
“ PpsCP2pX,Y q ď ϕ | X “ xq (E.145)
ě 1 ´ α. (E.146)

E.8.3 Relationship between CDF-based and CP²-based methods

A natural question is whether there exists tfτuτPR and ϕ P R (with the assumptions introduced
in Section E.8.1) such that CDF-based and CP2-based methods produce the same regions. In
the simple case where the distribution of the base conformity score is in a location family,
Proposition 13 shows that the two methods are equivalent for a simple choice of fτ and ϕ.
However, the proof is not easily generalizable to a location-scale family. Further development of
existing classes of conformal methods with ACC and their intersections is a promising avenue for
future research. Interestingly, we discuss below that answering this question would also draw
links between established univariate conformal methods.

Analogy to univariate conformal prediction. To further clarify the distinction between
CDF- and CP²-based methods, we can draw an analogy to the established univariate methods
dist-split (DS, Izbicki et al. (2020)) and conformalized quantile regression (CQR, Romano et al.
(2019)). Since CDF- and CP²-based methods calibrate one quantile instead of an interval, we
only consider the right-tail version of DS and CQR:

• sECDF is analogous to DS but operates in the space of conformity instead of the output space
Y. DS uses the estimated conditional CDF of the output variable, sDSpx, yq “ F̂Y |X“xpyq,
transforming y based on its rank.
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• sCP² with difference adjustment is analogous to CQR, and also operates in the space of
conformity instead of the output space Y . Note that CP2 with difference adjustment can be
simplified to sCP²px, yq “ sW px, yq ´ Q̂W |X“xp1´αq. Similarly, CQR uses a score based on
the difference from a single estimated conditional quantile, sCQRpx, yq “ y´ Q̂Y |X“xp1´αq.

Both CDF-based and CP2-based methods rely on a sample tŶ pkquKk“1 where Ŷ pkq „ P̂Y |X“x.
The difference lies in the way they transform sW px, yq to obtain ACC. Recall that the conformity
scores sECDF and sCP2 are given by

sECDFpx, yq “
1
K

ÿ

kPrKs

1
´

sW px, Ŷ pkqq ď sW px, yq

¯

“ F̂W |X“xpsW px, yqq, (E.147)

sCP2px, yq “ f´1
τ̂pxq

psW px, yqq where τ̂pxq “ f̃´1
ϕ pQ̂W |X“xp1 ´ αqq. (E.148)

It is known that two conformal methods produce equal regions if and only if their conformity
scores are equal after applying a strictly increasing function φ : R Ñ R, i.e.:

sECDFpx, yq “ φpsCP2px, yqq @x P X , y P Y. (E.149)

Given x P X , when K is finite, the conformity score sECDFpx, ¨q is discontinuous and is thus
necessarily different from the conformity score sCP2px, ¨q, which is continuous. A more interesting
setting is the case where K Ñ 8 and sECDFpx, ¨q becomes continuous. We define the random
variable Ŵ “ sW pX, Ŷ q, with Ŷ „ P̂Y |X . Let FŴ |X“x and QŴ |X“x denote the conditional CDF
and QF of Ŵ given X “ x. The conformity scores are defined as follows:

s̄ECDFpx, yq “ FŴ |X“xpsW px, yqq, (E.150)
s̄CP2px, yq “ f´1

τ̂pxq
psW px, yqq where τ̂pxq “ f̃´1

ϕ pQŴ |X“xp1 ´ αqq. (E.151)

Thus, we require that

f´1
τ̂pxq

psW px, yqq “ φpFŴ |X“xpsW px, yqqq @x P X , y P Y (E.152)

or equivalently
f´1
τ̂pxq

pwq “ φpFŴ |X“xpwqq @x P X , w P R. (E.153)

In Proposition 13, we show that, in the particular case where the conditional distributions
tFŴ |X“xuxPX belong to a location family, there exists a simple choice of tfτuτPR, ϕ P R and
strictly increasing φ : R Ñ R such that the two methods are equivalent.

Proposition 13. Consider a scenario where all conditional distributions tFŴ |X“xuxPX belong to a
location family, i.e.,

FŴ |X“xpwq “ F pw ´ µ̂xq and QŴ |X“xpαq “ F´1pαq ` µ̂x, (E.154)

for some continuous and strictly increasing base CDF F and location parameter µ̂x. The
conformity scores s̄ECDF and s̄CP2 lead to the same prediction sets.
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Proof. We will show that there is a family of transformations tfτuτPR, ϕ P R and strictly
increasing φ : R Ñ R with the assumptions above such that, for any x P X and w P R,

f´1
τ̂pxq

pwq “ φpFŴ |X“xpwqq (E.155)

Define the transformation function fτ as:

fτ pλq “ F´1pλq ` τ, (E.156)

where τ ą 0, and define ϕ “ 1 ´ α and φpλq “ λ.

The inverse transformations are:

f´1
τ pλq “ F pλ´ τq, (E.157)

and

f̃´1
ϕ pwq “ w ´ F´1pϕq. (E.158)

Now, for x P X , compute

τ̂pxq “ F´1p1 ´ αq ` µ̂x ´ F´1pϕq “ µ̂x. (E.159)

Finally, we obtain the required equality

f´1
τ̂pxq

pwq “ F pw ´ τ̂pxqq “ F pw ´ µ̂xq “ FŴ |X“xpwq. (E.160)

E.8.4 Empirical comparison

We perform a direct empirical comparison between CDF-based methods (C-PCP, C-HDR) and
the corresponding CP2 methods (CP2-PCP, CP2-HPD using both linear (-L) and difference (-D)
adjustments from Plassier et al. (2025a)). Figure E.15 shows that:

• C-PCP performs comparably to CP²-PCP-L (best CP² variant for PCP).

• C-HDR performs comparably to CP²-HPD-D (best CP² variant for HPD).

• Other CP² variants (CP²-PCP-D, CP²-HPD-L) are generally outperformed by their CDF-
based version.
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Figure E.15: Comparison of CDF-based methods and CP2-based methods.

The worsened conditional coverage of CP2-PCP-D is an interesting observation that was not
observed in the smaller scale study of Plassier et al. (2025a). In the case of CP2-HPD-L, the
poor conditional coverage is due to an incompatibility of the linear adjustment function with the
(log-scaled) conformity score sDR-CPpx, yq “ ´ log f̂py|xq, which can present negative values and
thus a decreasing (instead of increasing) adjustment function fτ pλq “ τλ.

This shows that our simpler sECDF formulation achieves the same practical benefits as sCP2

without the sensibility of choosing an adjustment function fτ .

E.9. Full results

Tables E.5 and E.6 show the full results obtained with the setup described in Section 5.6. Each
metric is the mean over 10 independent runs. The standard error of the mean is indicated as an
index. For each dataset and metric, bold values indicate results statistically similar to the best
performer (α “ 0.05) according to a Z-test.
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Table E.5: Full results obtained with the setup described in Section 5.6 (Part 1).

MC Median Size CEC-X CEC-Z WSC Test time
Dataset Method (ˆ100) (ˆ100)

households M-CP 0.8010.0051 14.20.48 0.3400.068 0.3640.032 0.7790.010 5.690.49
CopulaCPTS 0.7820.0094 12.30.87 0.5240.057 0.6510.058 0.7450.016 8.860.77
DR-CP 0.8020.0046 13.20.29 0.9870.10 1.880.14 0.6560.018 0.2250.0092
C-HDR 0.8070.0054 10.60.33 0.2090.039 0.1490.020 0.7950.010 6.120.50
PCP 0.7980.0048 20.50.38 1.070.085 2.350.15 0.6320.015 5.480.46
HD-PCP 0.8000.0043 15.60.39 0.7760.091 1.380.10 0.7070.014 5.760.47
STDQR 0.8040.0050 17.80.41 0.9180.073 1.970.098 0.6770.019 8.450.79
C-PCP 0.8030.0066 15.50.74 0.1790.045 0.1200.026 0.8000.0061 11.20.95
L-CP 0.8000.0034 18.60.80 0.2040.040 0.1180.018 0.7880.014 0.1010.0043

scm20d M-CP 0.8000.0039 67.68.5 0.06820.011 0.9140.061 0.7770.0090 8.080.17
CopulaCPTS 0.8330.0086 1.12e+022.1e+01 0.2210.063 0.8780.043 0.8020.012 10.90.21
DR-CP 0.7990.0048 2.33e+022.2e+01 0.4290.044 2.720.16 0.6910.018 0.5600.025
C-HDR 0.8060.0055 42.07.9 0.1590.024 0.1020.017 0.7960.0065 9.420.18
PCP 0.7980.0051 1.05e+021.1e+01 0.5810.045 5.280.23 0.6210.016 6.270.39
HD-PCP 0.7990.0049 94.49.4 0.5040.047 4.780.23 0.6710.011 7.110.42
STDQR 0.8010.0047 99.41.0e+01 0.5400.052 4.860.17 0.6200.016 8.150.29
C-PCP 0.8090.0038 26.03.1 0.1050.020 0.08960.014 0.7890.0066 14.30.44
L-CP 0.7960.0035 72.01.0e+01 0.1660.033 0.08730.018 0.7860.0063 0.09870.0059

rf1 M-CP 0.7970.0046 0.005470.0027 0.2020.030 0.9680.15 0.6670.018 20.92.5
CopulaCPTS 0.7850.010 0.005550.0033 0.2990.045 1.180.17 0.6350.019 29.84.1
DR-CP 0.7990.0028 0.002150.0010 0.9490.21 5.420.70 0.5490.038 0.3350.016
C-HDR 0.8010.0033 0.0006900.00032 0.1110.036 0.2300.047 0.7320.018 21.72.5
PCP 0.8010.0022 0.007000.0036 0.8630.20 5.950.48 0.5380.030 17.92.4
HD-PCP 0.8000.0024 0.006170.0030 0.7760.19 5.580.49 0.5630.029 18.42.4
STDQR 0.8000.0032 0.006240.0031 0.7880.19 5.670.50 0.5660.025 25.74.1
C-PCP 0.8020.0051 0.002620.0012 0.09250.016 0.1690.027 0.7320.017 38.84.9
L-CP 0.8000.0026 0.001040.00048 0.1070.032 0.2360.042 0.7300.0093 0.09760.0057

scm1d M-CP 0.7960.0027 0.5280.046 1.020.060 2.420.094 0.6360.017 85.62.4e+01
CopulaCPTS 0.7320.011 0.3230.050 1.720.20 3.490.27 0.5820.017 87.82.4e+01
DR-CP 0.7930.0036 0.8670.078 1.500.087 5.170.20 0.5590.0097 0.5840.025
C-HDR 0.8120.0046 0.2390.026 0.4520.062 0.1140.015 0.7610.010 87.02.4e+01
PCP 0.7950.0054 0.6980.065 1.770.12 8.110.23 0.5160.013 5.530.34
HD-PCP 0.7950.0053 0.6840.062 1.750.11 7.960.22 0.5300.017 6.410.38
STDQR 0.7950.0064 0.6710.069 1.780.13 8.070.23 0.5020.017 6.870.23
C-PCP 0.8030.0053 0.2160.024 0.4560.066 0.1540.028 0.7510.0044 91.12.4e+01
L-CP 0.7990.0045 0.1970.020 0.4630.059 0.1080.017 0.7310.014 0.1020.0056

meps_21 M-CP 0.8000.0051 0.1850.013 0.9260.096 0.7750.099 0.7010.010 1.35e+021.7e+01
CopulaCPTS 0.7780.0064 0.1710.014 0.9570.13 0.6930.099 0.6840.011 1.61e+021.9e+01
DR-CP 0.8030.0023 0.2270.013 3.750.16 4.380.52 0.5310.012 0.2280.011
C-HDR 0.8070.0046 0.1320.024 0.4370.045 0.2600.041 0.7450.013 1.35e+021.7e+01
PCP 0.8010.0031 0.3590.021 3.170.13 3.750.44 0.5500.0078 78.48.3
HD-PCP 0.8020.0024 0.2460.015 2.090.15 2.180.28 0.6010.010 78.78.3
STDQR 0.8020.0022 0.2830.015 2.600.12 2.970.36 0.5820.011 96.09.9
C-PCP 0.8050.0026 0.2200.021 0.1650.044 0.08510.025 0.7750.0065 2.13e+022.3e+01
L-CP 0.8010.0034 0.2440.052 0.7700.13 0.4220.11 0.6850.026 0.1250.0073

meps_19 M-CP 0.8030.0027 0.2140.022 0.7020.049 0.6220.086 0.7090.0095 1.44e+022.3e+01
CopulaCPTS 0.8040.022 0.5950.42 1.130.26 0.9260.29 0.7210.030 1.77e+022.8e+01
DR-CP 0.7950.0028 0.1750.011 3.910.18 3.980.73 0.5010.013 0.2240.011
C-HDR 0.8070.0039 0.1190.019 0.3800.036 0.2450.039 0.7530.013 1.44e+022.3e+01
PCP 0.7940.0033 0.3960.059 2.950.23 3.510.53 0.5420.013 99.91.7e+01
HD-PCP 0.7960.0032 0.2660.033 1.980.14 2.050.35 0.5830.0090 1.00e+021.7e+01
STDQR 0.7910.0032 0.3070.043 2.630.23 2.950.49 0.5570.014 1.17e+021.8e+01
C-PCP 0.8100.0021 0.2380.026 0.1280.016 0.07570.024 0.7970.0088 2.44e+023.9e+01
L-CP 0.8030.0033 0.2320.043 0.6790.13 0.4150.13 0.7020.022 0.1230.0069
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Table E.6: Full results obtained with the setup described in Section 5.6 (Part 2).

MC Median Size CEC-X CEC-Z WSC Test time
Dataset Method (ˆ100) (ˆ100)

meps_20 M-CP 0.8060.0042 0.3710.061 0.8680.10 0.4550.12 0.7020.014 1.93e+022.1e+01
CopulaCPTS 0.7940.0091 0.3620.059 0.9630.12 0.4970.12 0.6920.016 2.30e+022.4e+01
DR-CP 0.8050.0036 0.2230.020 3.520.11 2.790.76 0.5300.0098 0.2270.010
C-HDR 0.8050.0044 0.1140.012 0.4390.10 0.1220.036 0.7450.010 1.94e+022.1e+01
PCP 0.8010.0036 0.5350.050 2.830.091 2.420.67 0.5440.0088 1.20e+021.4e+01
HD-PCP 0.8040.0039 0.4360.066 1.890.13 1.340.37 0.6220.012 1.20e+021.4e+01
STDQR 0.8030.0048 0.4720.052 2.450.15 1.840.50 0.5750.016 1.40e+021.6e+01
C-PCP 0.8060.0041 0.3410.039 0.1860.061 0.04840.010 0.7920.013 3.13e+023.1e+01
L-CP 0.7990.0033 0.2800.028 0.6620.073 0.2590.081 0.7030.014 0.1270.0062

house M-CP 0.8010.0023 1.170.023 0.2540.023 0.1900.019 0.7300.0098 56.03.8e+01
CopulaCPTS 0.8120.0082 1.220.043 0.3160.035 0.2760.027 0.7500.012 60.73.8e+01
DR-CP 0.8010.0041 0.6640.021 0.8950.045 1.200.073 0.6270.011 0.2830.011
C-HDR 0.8070.0039 0.6510.016 0.3880.026 0.1140.013 0.7090.010 56.63.8e+01
PCP 0.8010.0026 0.8820.023 0.7530.030 1.140.038 0.6430.0076 17.60.98
HD-PCP 0.8030.0034 0.6800.018 0.6940.033 0.7890.035 0.6490.0089 18.00.99
STDQR 0.8010.0042 0.7990.023 0.6700.022 0.7880.038 0.6490.0077 19.50.88
C-PCP 0.8090.0030 0.8580.018 0.2750.026 0.08310.011 0.7290.0091 73.73.8e+01
L-CP 0.8020.0035 1.190.017 0.1740.020 0.05420.0079 0.7560.0090 0.1460.0067

bio M-CP 0.8090.0021 0.3030.0066 0.1370.0093 0.2530.013 0.7640.0055 1.27e+026.0
CopulaCPTS 0.8000.0045 0.2960.0092 0.1370.0083 0.2600.015 0.7510.0068 1.45e+027.1
DR-CP 0.8050.0020 0.2570.0067 0.5070.028 1.140.034 0.6460.0066 0.5110.020
C-HDR 0.8080.0015 0.2180.0053 0.03720.0073 0.03600.0056 0.7940.0054 1.29e+026.0
PCP 0.8020.0021 0.3430.0076 0.5670.029 1.320.023 0.6280.0052 1.27e+026.1
HD-PCP 0.8040.0016 0.2590.0065 0.3520.020 0.8030.020 0.6730.0043 1.27e+026.1
STDQR 0.8030.0024 0.2690.0067 0.3890.019 0.9120.036 0.6670.0058 86.66.5
C-PCP 0.8100.0029 0.3020.0074 0.03690.0063 0.04040.0069 0.7980.0052 2.54e+021.2e+01
L-CP 0.8050.00093 0.2670.0061 0.02030.0045 0.01980.0021 0.7890.0039 0.2510.013

blog_data M-CP 0.8020.0049 0.1700.039 0.2920.051 0.1530.072 0.7360.012 5.06e+037.0e+02
CopulaCPTS 0.8130.0078 0.09480.015 0.3130.050 0.2310.063 0.7420.010 5.13e+037.1e+02
DR-CP 0.8080.0014 0.03740.0056 1.060.098 1.500.43 0.6440.0059 0.5150.026
C-HDR 0.8090.0030 0.01550.0031 0.2370.068 0.06110.019 0.7510.013 5.06e+037.0e+02
PCP 0.8010.0033 0.1410.023 0.9380.081 1.520.36 0.6430.0052 5.74e+027.9e+01
HD-PCP 0.8030.0038 0.1250.023 0.7940.075 0.9450.22 0.6600.0080 5.75e+027.9e+01
STDQR 0.8100.0072 0.1630.036 0.8050.074 0.8810.18 0.6780.012 5.84e+028.0e+01
C-PCP 0.8040.0045 0.1060.021 0.1630.049 0.1130.056 0.7640.012 5.63e+037.3e+02
L-CP 0.8010.0023 0.06760.017 0.3270.088 0.06240.023 0.7220.012 0.2580.012

calcofi M-CP 0.8030.0023 2.130.024 0.4330.015 0.4460.016 0.7340.0069 26.41.1
CopulaCPTS 0.8150.0075 2.380.12 0.4800.048 0.4920.048 0.7460.0096 29.61.2
DR-CP 0.8050.0027 1.670.022 1.440.040 1.560.039 0.6540.0061 0.5290.023
C-HDR 0.8050.0018 1.990.026 0.02940.012 0.01870.0037 0.7940.0053 27.71.2
PCP 0.8020.0026 2.330.029 1.640.042 1.790.041 0.6380.0034 26.51.2
HD-PCP 0.8020.0033 1.890.029 0.9800.033 1.050.030 0.6830.0050 27.31.2
STDQR 0.7990.0034 1.970.021 1.130.031 1.230.033 0.6760.0080 26.40.99
C-PCP 0.8090.0030 2.810.042 0.03320.0093 0.02530.0048 0.8060.0050 52.92.3
L-CP 0.8000.0020 2.700.024 0.03320.019 0.01790.0040 0.7920.0035 0.2640.012

taxi M-CP 0.8020.0032 4.260.068 0.05850.0034 0.04210.0058 0.7840.0052 60.68.6
CopulaCPTS 0.8220.0040 4.720.11 0.1140.018 0.09890.019 0.7990.0050 68.49.7
DR-CP 0.8050.0024 2.620.029 0.3830.016 0.4510.024 0.7070.0048 0.5390.031
C-HDR 0.8090.0030 2.620.033 0.03880.0049 0.04410.0053 0.7930.0040 61.98.6
PCP 0.8040.0016 4.030.040 0.3410.022 0.3990.025 0.7150.0042 60.28.5
HD-PCP 0.8050.0018 3.180.030 0.1940.012 0.2190.012 0.7500.0055 61.18.5
STDQR 0.8050.0035 3.630.058 0.2030.011 0.2240.013 0.7480.0080 32.41.1
C-PCP 0.8070.0026 4.020.064 0.03070.0053 0.03380.0048 0.8020.0050 1.21e+021.7e+01
L-CP 0.8050.0033 4.940.12 0.02640.0030 0.01960.0035 0.7960.0046 0.2430.012
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F.1. Experimental setup

Each model mentioned is trained by minimizing the NLL across training sequences contained in
Dtrain. For optimization, we use mini-batch gradient descent with the Adam optimizer (Kingma
and Ba, 2015) and a learning rate of η “ 10´3. The models are trained for at most 500 epochs,
and training is interrupted through an early-stopping procedure if there is no improvement in
NLL on the validation dataset Dval for 100 consecutive epochs. In such instances, the model’s
parameters revert to the state where the validation loss was lowest.

To compute individual prediction sets for the arrival time and the mark, we need to compute the
predictive marginals, f̂τ |X“hpτq and p̂k|X“hpkq, respectively. To derive f̂τ |X“hpτq, we sum over
the joint density for each mark, as follows: f̂τ |X“hpτq “

řK
k“1 f̂pτ, k|hq. Meanwhile, p̂k|X“hpkq

is approximated through integration over the positive real line:

p̂k|X“hpkq “

ż

R`

f̂pτ, k|hqdτ “ Eτ
“

p̂k|τ,X“hpkq
‰

»
1
L

L
ÿ

i“1
p̂k|τi,X“hpkq, (F.1)

where L “ 100 samples τi are generated from f̂τ |X“h. This sampling is achieved with the inverse
transform sampling method using a binary search algorithm.

F.2. Results on independent regions for the time and mark

F.2.1 Methods

In this section, we present methods to create univariate prediction sets for the event arrival time
and the event mark of new test inputs. This is achieved through the application of conformal
regression and classification methods. We also consider heuristic versions, which correspond
to non-conformal versions of these methods, by simply replacing the model estimate in the
corresponding oracle prediction set. We provide a summary of these methods below.

233
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Prediction sets for the event arrival time. We explore methods to generate a prediction
set for τn`1 of a test input hn`1, targeting marginal coverage 1 ´ α. We consider three main
families of conformity scores based on quantile regression and density estimation:

sC-QRph, τq “ maxtQ̂τ |X“hpα{2q ´ τ, τ ´ Q̂τ |X“hp1 ´ α{2qu, (F.2)
sC-QRLph, τq “ τ ´ Q̂τ |X“hp1 ´ αq, (F.3)
sC-HDRph, τq “ HPDf̂τ |X“h

pτq. (F.4)

Heuristic methods (H-QR, H-QRL, H-HDR) form prediction sets by setting a score-specific
threshold designed to achieve 1 ´ α coverage under the estimated model. For H-QR and H-
QRL, this yields the intervals rQ̂τ |X“hn`1pα{2q, Q̂τ |X“hn`1p1 ´ α{2qs and r0, Q̂τ |X“hn`1p1 ´ αqs,
respectively. For H-HDR, the set is tτ P R` : f̂τ |X“hn`1pτq ě z1´αu, where z1´α is chosen such
that the set has probability mass 1 ´ α under f̂τ |X“hn`1 .

Their conformal counterparts (C-QR, C-QRL, and C-HDR) apply the SCP algorithm from
Section 2.5.1 to these same scores. The resulting prediction sets are of the form tτ P R` :
sphn`1, τq ď q̂u, where q̂ is the calibrated quantile. Additionally, we analyze C-CONST, a simple
conformal baseline whose conformity score sCph, τq “ τ produces a model-agnostic prediction
interval r0, q̂s.

Prediction sets for the event mark. We explore various methods to generate a prediction set
for kn`1 given a test input hn`1. We consider conformity scores based on cumulative probabilities,
including the APS score and its regularized RAPS variant from (5.15):

sAPSph, kq “
ÿ

k1:p̂k1|X“hpkqěp̂k|X“hpkq

p̂k|X“hpk1q. (F.5)

Heuristic methods (H-APS and H-RAPS) form prediction sets by comparing these scores to a
fixed threshold of 1 ´ α, yielding sets of the form tk1 P rKs : sphn`1, k1q ď 1 ´ αu.

Their conformal counterparts (C-APS and C-RAPS) apply the SCP algorithm to find a calibrated
threshold q̂ and form prediction sets tk1 P rKs : sphn`1, k1q ď q̂u. Additionally, we explore
the C-PROB conformal baseline, which uses the score sC-PROBph, kq “ 1 ´ p̂k|X“hpkq. For all
mark prediction methods considered, the mark with the highest estimated probability is always
included in the set to avoid generating empty predictions.

F.2.2 Experiments

We detail the results for individual prediction sets for the arrival time and the mark in Section F.2.2,
respectively. Our primary focus is on a probability miscoverage level of α “ 0.2.

Prediction sets for the arrival time

In Figure F.1, the results are systematically organized in a table where each row represents a
specific metric, and each column corresponds to one of the datasets. This figure gives the results
for various methods that are used to generate prediction sets solely for the arrival time. Each
heuristic method and its corresponding conformal counterpart are represented in matching colors.
To differentiate them, the heuristic methods are marked with hatching patterns.
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Figure F.1: Performance of different methods producing a region for the time on real-world
datasets using the CLNM model. Heuristic methods are hatched.

The first row of the figure demonstrates that all CP methods attain the desired marginal coverage.
In contrast, heuristic methods generally undercover, which aligns with expectations. The second
row focuses on the average length of the prediction sets. Here, it is evident that heuristic methods
generate smaller regions compared to their conformal counterparts. While this might seem
beneficial, it is important to note that these smaller regions result from undercoverage, which
diminishes their practical utility.

Among the heuristic methods, H-HDR consistently produces regions of smaller or equal lengths
compared to H-QR and H-QRL for each prediction instance. Consequently, H-HDR emerges
as the method with the smallest average region length. H-QR, not adjusting adequately to the
right-skewed nature of the distributions, tends to yield larger regions.

Focusing now on the conformal methods, we exclude heuristic methods from this analysis due to
their inability to achieve marginal coverage, which can lead to arbitrarily small regions. In the
second row, the variations in average region length among CP methods differ across datasets.
Notably, C-HDR, unlike its heuristic counterpart H-HDR, often yields larger average region
lengths, especially in the LastFM, MOOC, and Retweets datasets. This difference arises because
C-HDR adjusts the initial H-HDR prediction sets adaptively based on the individual predictive
distributions. In contrast, C-QR and C-QRL modify their respective heuristic initial regions by
a constant amount. While C-Const generates identical regions regardless of the history h, it
occasionally has the smallest average region length while still maintaining marginal coverage.
This occurs because C-Const does not tailor its regions to account for extreme right-skewed
distributions, leading to regions that are either slightly larger or significantly smaller compared
to other conformal methods. These two phenomena are exemplified in a toy example shown in
Figure F.2.

This figure demonstrates a scenario where the average region length of C-HDR is larger than that
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of other conformal methods in inter-arrival time prediction. The first row shows predictive distri-
butions in blue and their corresponding realizations as dashed lines, based on three observations
from a calibration dataset. In the second row, the prediction sets for seven methods are depicted
with α “ 0.5. All heuristic methods underperform, achieving a maximum coverage of only 1{3,
which is less than the desired coverage of 0.5. Conformal prediction methods, in response, adjust
their prediction sets to achieve coverage in at least two out of three cases. Despite H-HDR always
producing shorter or equivalent lengths compared to H-QR and H-QRL, C-HDR generates larger
regions on average than other conformal methods. Again, C-Const, which does not adapt to
individual predictive distributions, presents the smallest average regions among the conformal
methods in this particular example. C-Const however does not achieve conditional coverage even
asymptotically.

0.0

0.5

0.0 2.5 5.0 7.5 10.0

H-QR
H-QRL
H-HDR

C-Const
C-QR

C-QRL
C-HDR

0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0

Figure F.2: The figure showcases predictive distributions (blue) and realizations (dashed lines)
in the first row, based on a calibration dataset. The second row illustrates prediction sets for
various methods with α “ 0.5. It highlights the undercoverage of heuristic methods, the adaptive
adjustments of conformal methods, and the notable differences between C-HDR and other
methods in terms of set size. We provide an additional example with α “ 0.2 in Section F.3.4.

Returning to Figure F.1, the third row introduces an alternative aggregation method for region
lengths – the geometric mean. This method assigns less weight to larger regions and more
to smaller ones. Here, C-HDR’s performance is more in line with other conformal methods,
indicating that average region length might not be a reliable metric, particularly in cases of high
variability in conditional distributions.

The fourth and fifth rows of the figure assess conditional coverage. WSC denotes coverage over the
worst slab, with methods closer to 1 ´ α being preferable, whereas CCE represents a conditional
coverage error, which should be minimized. Conformal methods, already proficient in achieving
marginal coverage, exhibit a conditional coverage that is usually better than heuristic methods
based on the evaluated metrics. Methods capable of tailoring prediction sets to specific instances
are expected to exhibit enhanced conditional coverage. Although the WSC metric reveals no
marked distinction among conformal methods, the CCE metric shows that C-HDR frequently
attains one of the highest levels of conditional coverage. Moreover, C-QR often outperforms
C-QRL in conditional coverage. As anticipated, the CCE metric reveals that C-Const generally
exhibits the poorest conditional coverage, attributable to its lack of adaptability.
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Prediction sets for the mark

Figure F.3 presents similar metrics to those in Figure F.1, but focuses on methods that generate
prediction sets exclusively for the mark. Here, the heuristic methods H-APS and H-RAPS
already meet the marginal coverage criteria, meaning that conformal prediction primarily offers
theoretical backing rather than significant changes in predictions.

Turning our attention to the conformal methods, these methods show similar region lengths
across all datasets, with the exception of Reddit, where C-PROB exhibits smaller region lengths.
However, on this same dataset and on Stack Overflow, C-PROB has a poor conditional coverage
compared to both other conformal methods and heuristic methods. This reflects similar findings
discussed in Section Section F.2.2, where the method C-Const manages to attain short prediction
sets, albeit with weak conditional coverage. This is explained due to the fact that, in contrast to
C-APS, C-PROB does not achieve conditional coverage asymptotically.
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Figure F.3: Performance of different methods producing a region for the mark on real-world
datasets using the CLNM model. Heuristic methods are hatched.

F.3. Additional Results

F.3.1 Results on Other Neural TPP Models

In Section 5.7.4, we provided results for the CLNM neural TPP model. In this section, we
present additional findings for the FNN, RMTPP, and SAHP models, on the datasets discussed
in the main text. The architecture of these neural TPP models is detailed in Dheur et al. (2024).
Across all these models, our conclusions align with those outlined in Section 5.7.4, applicable to
all scenarios considered, namely, predictions for the time, the mark, or joint predictions on the
time and mark.
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FNN
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Figure F.4: Performance of different methods producing a joint region for the time and mark on
real-world datasets using the FNN model.

RMTPP
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Figure F.5: Performance of different methods producing a joint region for the time and mark on
real-world datasets using the RMTPP model.
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SAHP
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Figure F.6: Performance of different methods producing a joint region for the time and mark on
real-world datasets using the SAHP model.

F.3.2 Results on other real-world and synthetic datasets

In this section, we report the results on the Github, MIMIC2, Wikipedia, and Hawkes datasets
for all models and all scenarios. We note that the findings on these datasets are also generally
consistent with our conclusions from Section 5.7.4. Nonetheless, we usually observe a large
variability in the results for Github, MIMIC2, and Wikipedia, explained by the few number of
observations in the calibration and test sequences. We therefore invite the reader to exercise
caution when interpreting the findings on these real-world datasets.

Finally, for the Hawkes dataset, we observe that heuristic methods tend to already attain the
desired coverage level. This finding may be explained by a too simplistic underlying generative
Hawkes process, which is already well fitted by the MTPP models. We plan to investigate more
complex simulated point processes as part of our future work.
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Figure F.7: Performance of different methods producing a joint region for the time and mark on
the datasets not discussed in the main text using the CLNM model.
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Figure F.8: Performance of different methods producing a joint region for the time and mark on
the datasets not discussed in the main text using the FNN model.
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Figure F.9: Performance of different methods producing a joint region for the time and mark on
the datasets not discussed in the main text using the RMTPP model.
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Figure F.10: Performance of different methods producing a joint region for the time and mark
on the datasets not discussed in the main text using the SAHP model.



242 Appendix F. Supplementary Material for Section 5.7

F.3.3 Coverage per level

The last paragraph of Section 5.7.4 discussed the empirical marginal coverage obtained at different
coverage levels for methods that generate a joint prediction set on the arrival time and mark. In
this section, we present additional results for methods that generate a prediction set individually
for either the time or mark.
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Figure F.11: Empirical marginal coverage for different coverage levels for methods that produce
a prediction set for the time with the CLNM model.

Figure F.11 shows that conformal methods for the time attain the desired coverage at all levels
while heuristic methods generally undercover. This is expected and mirrors the observations in
Section 5.7.4.

Figure F.12 shows that all methods, either heuristic or conformal, overcover for small coverage
levels, while coverage is attained for high coverage levels. The reason is that all methods that
generate a prediction set for the mark guarantee that prediction sets are not empty by always
adding the class with the highest probability. We do not observe overcoverage for high coverage
levels because the class with highest probability will almost always be included. However, for
low coverage levels, prediction sets that would normally be empty now include the mark with
the highest probability, which leads to increased coverage.
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Figure F.12: Empirical marginal coverage for different coverage levels for methods that produce
a prediction set for the mark with the CLNM model.



Appendix F. Supplementary Material for Section 5.7 243

F.3.4 Additional example

In Figure F.2 in Section F.2.2, we presented an example illustrating prediction sets for the
time for seven methods with α “ 0.5. For completeness, we provide an additional toy example
with α “ 0.2 and a calibration dataset of 6 data points in Figure F.13. As in Figure F.2, the
heuristic methods undercover, achieving a maximum coverage of 4{6, which is less than the
desired coverage of 0.8. Notably, H-QRL and H-HDR produce exactly the same prediction sets
because the densities are decreasing in this case. Conformal methods adjust the prediction sets
to achieve coverage in at least five out of six cases. Similarly to Figure F.2, C-HDR generates
larger regions on average than other conformal methods despite H-HDR always producing shorter
or equivalent lengths compared to H-QR and H-QRL.
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Figure F.13: Toy example with α “ 0.2 and a calibration dataset of 6 data points.

F.3.5 Computation time

In Table F.1, we present the computation times for evaluating the scores and regions across each
conformal method utilized in our experiments. Except for C-Const, which incurs a minimal
computation time primarily due to data loading, the computational demands of the other methods
are of a comparable magnitude.

For all methods excluding C-Const, computation time is primarily governed by the calculation
of the CDF of the time and the joint PDF of the time and mark. Specifically, the most resource-
intensive tasks involve computing the quantiles of the time or generating samples from the time
distribution, as these operations require inverting the CDF using the bisection method, typically
necessitating around 30 evaluations.

In the cases of C-QR and C-QRL, the computation time is dominated by computing the quantiles
of the time. For C-HDR (time and joint), C-PROB, C-APS, and C-RAPS, the primary computational
load comes from generating time samples. More specifically, for C-HDR, these samples are needed
to compute HPD values. For C-PROB, C-APS, and C-RAPS, computing the marginal PMF of the
mark relative to the time involves averaging the joint density over the time across these samples.

F.3.6 Additional examples of joint prediction sets

Figures F.14 to F.17 present additional prediction sets generated by conformal methods on the
datasets MOOC, Reddit, Retweets and Stack Overflow, respectively. We observe that C-HDR
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Table F.1: Time to compute the scores and regions for all considered conformal methods on
real-world datasets using the CLNM model, averaged over 5 runs, in seconds.

Time Mark Joint

Dataset Compute
type C-Const C-QR C-QRL C-HDR C-PROB C-APS C-RAPS C-QRL

-RAPS
C-HDR
-RAPS C-HDR

LastFM Score 0.07 15.01 8.10 8.63 8.40 8.40 8.36 16.56 17.11 8.71
Region 0.10 9.97 5.42 10.51 5.61 5.62 5.61 10.34 15.55 11.70

MOOC Score 0.38 93.17 47.64 51.70 49.68 49.33 49.71 96.90 102.07 51.88
Region 0.75 62.32 32.06 66.46 33.30 33.36 33.58 64.24 99.40 74.98

Reddit Score 0.25 56.47 29.04 31.51 30.34 30.23 30.19 59.48 61.97 31.93
Region 0.48 38.31 19.84 40.60 20.72 20.78 20.73 39.48 60.66 45.68

Retweets Score 0.60 159.38 80.30 85.84 84.54 84.27 84.13 165.46 171.16 86.88
Region 0.56 106.49 53.93 112.55 56.77 56.43 56.60 110.03 169.60 114.00

Stack
Overflow

Score 0.45 105.68 53.33 57.20 55.86 55.92 55.76 113.25 112.95 57.55
Region 0.58 71.12 35.91 75.17 37.90 38.14 37.88 79.21 111.91 79.11

generally selects more marks than C-QRL-RAPS and C-HDR-RAPS. However, the joint region
produced by C-HDR is usually smaller.

1.45 1.50 1.55 1.60 1.65
0

6

12

18

24

30

36

42

48
C-QRL-RAPS

1.45 1.50 1.55 1.60 1.65
t

0

6

12

18

24

30

36

42

48
C-HDR-RAPS

1.45 1.50 1.55 1.60 1.65
0

6

12

18

24

30

36

42

48
C-HDR

kkk

Figure F.14: Example of joint prediction sets generated for the last event of a test sequence in
the MOOC dataset.
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Figure F.15: Example of joint prediction sets generated for the last event of a test sequence in
the Reddit dataset.
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Figure F.16: Example of joint prediction sets generated for the last event of a test sequence in
the Retweets dataset.
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Figure F.17: Example of joint prediction sets generated for the last event of a test sequence in
the Stack Overflow dataset.
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APPENDIX G
Supplementary Material for Chapter 6

G.1. Details on Experimental Setup

This section aims to provide additional details on our experimental setup and implementation of
the RCP algorithm.

Models. To facilitate fair comparison of different uncertainty estimation methods, we assume
that the base prediction models are already trained. We focus on the regression problem and
aim to construct prediction sets for these pre-trained models. All our models are based on a
fully connected neural network of three hidden layers with 100 neurons in each layer and ReLU
activations. We consider three types of base predictors with appropriate output layers and
loss functions: the mean squared error for the mean predictor, the pinball loss for the quantile
predictor or the negative log-likelihood loss for the mixture predictor. Training is performed with
Adam optimizer.

Each dataset is split randomly into train, calibration, and test parts. We reserve 2048 points
for calibration and the remaining data is split between 70% for training and 30% for testing.
Each dataset is shuffled and split 10 times to replicate the experiment. This way we have 10
different models for each dataset and these models’ predictions are used by every method that is
tailored to the corresponding model type to estimate uncertainty. One fifth of the train dataset
is reserved for early stopping.

RCPMLP. This variation reserves a part (50%) of the original calibration set to train a quantile
regression model for the p1 ´ αq-level quantile of the scores V . We again use three hidden layers
with 100 units per layer for that task. The remaining half of the calibration set forms the “proper
calibration set” and is used to compute the conformal correction.

RCPlocal. The local quantile regression variant is similar to the previous one, so we use the
same splitting of the available calibration data. Since only one bandwidth needs to be tuned, we
use a simple grid search on a log-scale grid in the interval r10´3, 1s.

Datasets. Table A.2 presents characteristics of multi-output tabular datasets from Tsoumakas

247
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et al. (2011), Feldman et al. (2023), and Z. Wang et al. (2023). We restrict our selection to
those with at least a total of 2000 instances. For data preprocessing, we follow the procedure
of (Grinsztajn et al., 2022).

G.2. Additional Results

G.2.1 Additional results on marginal and conditional coverage

Figure G.1 extends the results of Figure 6.3 by displaying additionally the marginal coverage and
worst-slab coverage. As expected, all methods obtain a correct marginal coverage. Furthermore,
the methods with the best worst slab coverage (closest to 1 ´ α) also obtain a small conditional
coverage error, supporting our conclusions in Section 6.7.
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Figure G.1: Marginal coverage and worst-slab coverage for three conformal methods and their
RCP counterparts, on datasets sorted by total size.

G.2.2 Estimation of conditional quantile function

Figure G.2 compares two ways of estimating pτ (see Section 6.4). RCPMLP corresponds to
quantile regression based on a neural network as in Section 6.7, while RCPlocal corresponds
to local quantile regression. On many datasets, the more flexible RCPMLP is able to obtain
better conditional coverage. However, local quantile regression has theoretical guarantees on its
conditional coverage (see Section 6.6).
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Figure G.2: Marginal coverage and worst-slab coverage for two types of quantile estimators in
combination with different conformal methods, on datasets sorted by total size.

G.2.3 Choice of adjustment function

Figure G.3 compares RCP with difference (´) and linear (˚) adjustments when combined with
the DR-CP method. Since RCP with any adjustment function adheres to the SCP framework,
marginal coverage is guaranteed, as shown in Panel 1.

The conformity score for DR-CP is defined as V px, yq “ ´ log p̂py | xq, which can take negative
values, implying that T “ R. However, the linear adjustment requires T Ď R˚

`, violating H2 and
resulting in a failure to approximate conditional coverage accurately. This issue is evident in
Panel 2. In contrast, the difference adjustment does not impose such a restriction.

Panel 3 compares PCP and ResCP when used with difference and linear adjustments. Since the
conformity scores for these methods are always positive, i.e., T “ R˚

`, both adjustment methods
satisfy H2. In general, we observe no significant differences between the two adjustment methods.
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Figure G.3: Marginal coverage and worst-slab coverage obtained for two types of adjustments.

G.2.4 Additional adjustment functions

We consider two additional adjustment functions, namely ftpvq “ exp pt` vq, denoted exp´, and
ftpvq “ exp ptvq, denoted exp ˚. To apply these custom adjustment functions we need to ensure
that the conditionsH2 andH3 are satisfied. For the first function we have: f̃´1

ϕ pvq “ pln vq´ϕ P T
and ϕ “ 0. Then f̃´1

ϕ pvq ą 0 ñ ln v ą 0 ñ v ą 1. For the second function we can take ϕ “ 1
and by similar argument we arrive at the same requirement v ą 1. In practice, conformity scores
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are usually non-negative as is the case with PCP and residual scores that we consider here, and
we can always add a constant 1 to satisfy this requirement.

Figures G.4 and G.5 show the marginal coverage and worst-slab coverage obtained with these
adjustment functions.
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Figure G.4: Marginal coverage and worst-slab coverage for two additional types of adjustments
combined with the method PCP.
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Figure G.5: Marginal coverage and worst-slab coverage for two additional types of adjustments
combined with the method ResCP.

G.2.5 Direct comparison with CQR

Here we present a direct comparison of RCP with conformalized quantile regression (CQR;
Romano et al. (2019)). We use the same underlying neural network architectures for the models
as in our main experiment. Similarly to ResCP, to handle multi-dimensional outputs, we
follow (Diquigiovanni et al., 2021b) and define the conformity score of CQR as the l8 norm of
the CQR conformity scores across dimensions. Specifically, we compare CQR to DR-CP and its
RCP-DR-CP counterpart, which achieves the best median volume overall.

Figure G.6 shows that CQR matches the conditional coverage of RCP-DR-CP. However, it
produces larger median prediction sets due to less flexible shapes.
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Figure G.6: Worst slab coverage and (logarithm) median prediction set volume (scaled by d).

G.2.6 Comparison of prediction set volumes

Table G.1 shows the average volume obtained by the methods compared in Section 6.7. Non-RCP
methods obtain a smaller average volume across all datasets. The larger average volume of RCP
is explained by the larger sets produced for instances with larger uncertainty.

Table G.1: Mean prediction set volume per dataset.

dataset PCP RCP-PCP DR-CP RCP-DR-CP ResCP RCP-ResCP

households 88.3 1.33e+02 47.4 1.02e+02 1.81e+02 4.51e+02
scm20d 4.26e+05 7.92e+06 1.11e+06 3.95e+07 5.22e+05 7.15e+12
rf1 0.0274 0.190 0.000562 4.35e+04 0.0276 7.94e+08
scm1d 1.92e+04 1.30e+08 2.30e+04 1.67e+08 6.27e+04 2.04e+15
meps_21 1.65 10.0 0.746 6.07 5.35 8.32e+12
meps_19 90.0 3.27e+04 3.64 3.27e+04 5.56 3.56e+22
meps_20 1.68 5.50 0.761 6.20 5.38 6.27e+13
house 0.676 0.936 0.519 0.751 2.92 3.88
bio 0.579 1.12 0.414 0.645 1.05 1.16
blog_data 0.459 8.45e+02 0.143 6.37e+02 1.26 6.79e+21
calcofi 3.47 4.12 2.45 3.06 4.53 4.47
taxi 9.21 9.63 5.69 6.40 12.4 12.8

In contrast, Table G.2 shows that RCP obtains smaller sets across most datasets when comparing
the median volume, avoiding outliers.
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Table G.2: Median prediction set volume per dataset.

dataset PCP RCP-PCP DR-CP RCP-DR-CP ResCP RCP-ResCP

households 67.4 56.5 39.2 32.1 1.81e+02 1.67e+02
scm20d 3.11e+04 1.42e+04 7.03e+05 7.74e+04 5.22e+05 2.00e+05
rf1 0.0110 0.00525 0.000583 33.1 0.0276 0.0231
scm1d 1.16e+02 2.05 1.01e+04 25.7 6.27e+04 1.70e+03
meps_21 1.04 0.704 0.433 0.227 5.35 2.42
meps_19 3.85 0.754 2.10 0.303 5.56 2.54
meps_20 1.05 0.616 0.416 0.254 5.38 2.51
house 0.596 0.519 0.471 0.386 2.92 2.67
bio 0.507 0.435 0.374 0.344 1.05 0.829
blog_data 0.229 0.209 0.0869 0.0597 1.26 1.16
calcofi 3.83 3.98 2.85 2.77 4.53 4.75
taxi 8.67 8.25 5.22 5.27 12.4 10.1

G.2.7 Improved data efficiency using cross-validation

As explained in Section 6.7, RCP requires to divide the calibration dataset D into two parts, one
to estimate pτ , and one for SCP.

In this section, we consider a more data-efficient approach using the training dataset Dtrain.
Using K-fold cross-validation on Dtrain, for each fold index k, we train a model on the K ´ 1
remaining folds and evaluate the conformity score on the fold k. This yields a dataset Dτ of
size |Dtrain| with inputs and their associated conformity scores based on which pτ is estimated.
This also removes the need to split the calibration dataset. An additional model is fitted on the
complete training dataset Dtrain to produce the non-rectified conformity scores.

Figure G.7 shows a comparison of learning pτ on half the calibration dataset (cal), or using 10-fold
cross-validation (CV). The cross-validation approach yields improved worst-slab coverage on
most datasets. This improved conditional coverage comes at the computational cost of training
K additional models.
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Figure G.7: Worst-slab coverage of RCP with pτ trained on half the calibration dataset (cal) or
using 10-fold cross-validation (CV).
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G.2.8 Comparison with CPCG

We conduct an additional experiment comparing RCP with Conditional Prediction with Condi-
tional Guarantees (CPCG; Gibbs et al. (2025)). We evaluate RCP using both the full calibration
dataset (RCPcal) and cross-validation (RCPCV), as described in Section G.2.7. All methods are
run on CPU (AMD Ryzen Threadripper PRO 5965WX) with 6 CPU threads per experiment.

Table G.3 shows that all methods achieve comparable worst-slab coverage, close to the nominal
level. However, Table G.4 reveals a stark contrast in computational efficiency: CPCG is 200-
100,000 times slower than RCPcal and 10-100 times slower than RCPCV overall. This significant
overhead is because CPCG must solve an optimization problem involving the entire calibration
set for each test instance. Consequently, CPCG’s computational demands become prohibitive for
large calibration and test sets, hindering its practical application. Moreover, CPCG failed to find
a solution on the “house” and “calcofi” datasets, precluding results for these cases. These factors
highlight RCP’s substantial practical advantage in efficiency, especially for large-scale datasets.

Table G.3: Comparison of worst-slab coverage on multi-output datasets.

PCP RCPcal-PCP RCPCV-PCP CPCG-PCP DR-CP RCPcal-DR-CP RCPCV-DR-CP CPCG-DR-CP

households 0.825 0.905 0.899 0.888 0.853 0.891 0.900 0.900
scm20d 0.830 0.892 0.891 0.897 0.877 0.877 0.868 0.899
rf1 0.731 0.830 0.877 0.838 0.715 0.863 0.827 0.872
scm1d 0.758 0.882 0.895 0.910 0.756 0.902 0.896 0.882
meps_21 0.739 0.874 0.904 0.881 0.789 0.881 0.879 0.905
meps_19 0.762 0.875 0.867 0.880 0.788 0.884 0.889 0.878
meps_20 0.731 0.842 0.871 0.890 0.719 0.880 0.884 0.892
house 0.835 0.895 0.903 / 0.817 0.878 0.906 /
bio 0.784 0.860 0.900 0.887 0.774 0.879 0.880 0.880
blog_data 0.770 0.877 0.893 0.886 0.749 0.844 0.888 0.888
calcofi 0.810 0.889 0.888 / 0.828 0.885 0.892 /
taxi 0.837 0.885 0.884 0.881 0.846 0.872 0.879 0.879

Table G.4: Comparison of computational time (in seconds) on multi-output datasets.

PCP RCPcal-PCP RCPCV-PCP CPCG-PCP DR-CP RCPcal-DR-CP RCPCV-DR-CP CPCG-DR-CP

households 0.258 0.604 104 8840 0.00759 0.531 104 8164
scm20d 2.63 4.22 772 6409 0.0182 0.852 766 6012
rf1 0.667 1.35 340 10682 0.00836 0.348 339 9674
scm1d 2.27 3.57 1209 4971 0.0133 0.867 1205 4692
meps_21 0.236 0.607 581 6283 0.0123 0.261 581 6031
meps_19 0.272 0.515 493 6411 0.0123 0.184 492 6128
meps_20 0.255 0.520 621 7147 0.0119 0.238 621 7032
house 0.315 0.594 1034 / 0.0159 0.327 1033 /
bio 0.630 1.22 3161 79422 0.0279 0.782 3163 63178
blog_data 0.752 0.850 1119 41192 0.0336 0.155 1121 43289
calcofi 0.699 1.02 456 / 0.0356 0.200 455 /
taxi 0.680 1.17 866 77828 0.0269 0.276 866 70139

G.3. Proofs

G.3.1 Proof for the first example

We provide here a completely elementary proof. The result actually follows from Theorem 10. In
this example, we set τ‹pxq “ Qs|X“xp1 ´ αq, where s “ spX,Y q. We assume that for all x P X ,
τ‹pxq ą 0. We denote s̃px, yq “ spx, yq{τ‹pxq and s̃ “ s̃pX,Y q.

Qs̃p1 ´ αq “ inftt P R : PpspX,Y q ď tτ‹pXqq ě 1 ´ αu.
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We will first prove that, for all x P X , we get that 1 “ Qs̃|X“xp1 ´ αq:

Qs̃|X“xp1 ´ αq “ inftt P R : PpspX,Y q ď tτ‹pxq|X “ xq ě 1 ´ αu

“ inftt P R : Pps ď tQs|X“xp1 ´ αq|X “ xq ě 1 ´ αu “ 1.

We then show that Qs̃p1 ´ αq ď 1. Indeed, for any t ą 1, by the tower property of conditional
expectation, we get:

PpspX,Y q ď tτ‹pXqq “ Pps ď tQs|Xp1 ´ αqq

“ E
“

Pps ď tQs|Xp1 ´ αq|Xq
‰

ě 1 ´ α.

Assume now that Qs̃p1 ´ αq ă 1. Then for any t P pQs̃p1 ´ αq, 1q, using again the tower property
of conditional expectation, we get

1 ´ α ď PpspX,Y q ď tτ‹pXqq “ E
“

Pps ď tQs|Xp1 ´ αq|Xq
‰

(G.1)
“ E

“

Pps ď tQs|Xp1 ´ αq|Xq
‰

ă 1 ´ α (G.2)

by the definition of the conditional quantile. This yields a contradiction. Therefore, for PX -a.e.
x P X ,

Qs̃p1 ´ αq “ Qs̃|X“xp1 ´ αq.

G.3.2 Proof for the second example

We set in this case s̃px, yq “ spx, yq ´ τ‹pxq, where τ‹pxq “ Qs|X“xp1 ´ αq and s̃ “ s̃pX,Y q. We
will show that Qs̃|X“xp1 ´ αq “ 0 for all x P X . We have indeed:

Qs̃|X“xp1 ´ αq “ inftt P R : Pps̃pX,Y q ď t|X “ xq ě 1 ´ αu (G.3)
“ inftt P R : PpspX,Y q ď τ‹pxq ` t|X “ xq ě 1 ´ αu “ 0. (G.4)

We will now show that Qs̃p1 ´ αq ď 0. Indeed, for all t ą 0, by the tower property of conditional
expectation and the definition of the conditional quantile, we get

Pps̃pX,Y q ď tq “ ErPpspX,Y q ď τ‹pXq ` t|Xqs ě 1 ´ α. (G.5)

On the other hand, assume Qs̃p1 ´ αq ă 0. Set t P pQs̃p1 ´ αq, 0q. We get

1 ´ α ď Pps̃pX,Y q ď tq “ PpspX,Y q ď t` τ‹pXqq (G.6)
“ ErPpspX,Y q ď t` τ‹pXq|Xqs ă 1 ´ α, (G.7)

which leads to a contradiction.

G.3.3 Proof of equality (6.8)
Theorem 10. Assume H2-H3 hold. For x P X , set τ‹pxq “ Qsϕ|X“xp1 ´ αq, where sϕpx, yq “

f̃´1
ϕ pspx, yqq. Set s̃‹px, yq “ f´1

τ‹pxq
pspx, yqq and s̃‹ “ s̃‹pX,Y q. Then, for all x P X ,

ϕ “ Qs̃‹|X“xp1 ´ αq “ Qs̃‹
p1 ´ αq.
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Proof. Set ψpxq “ Qs̃‹|X“xp1 ´ αq. We must prove that ψpxq “ ϕ for all x P X . First, we will
show ψpxq ď ϕ. Note indeed

Pps̃‹pX,Y q ď ϕ|X “ xq “ PpspX,Y q ď fτ‹pXqpϕq|X “ xq
paq
“ PpspX,Y q ď f̃ϕpτ‹pXqq|X “ xq

(G.8)
pbq
“ Ppf̃´1

ϕ pspX,Y qq ď τ‹pXq|X “ xq
pcq
ě 1 ´ α, (G.9)

where (a) follows from ftpϕq “ f̃ϕptq, (b) from the fact that f̃ϕ is invertible, and (c) from the
definition of τ‹pxq.

Now, suppose that ψpxq ă ϕ. Since for any t, ft is increasing, we get that fτ‹pxqpψpxqq ă fτ‹pxqpϕq.
Moreover, using that τ‹pxq belongs to the interior of T, combined with the continuity of t P T ÞÑ

f̃ϕptq; it implies the existence of t̃ P T such that t̃ ă τ‹pxq and also fτ‹pxqpψpxqq ă ft̃pϕq. We can
rewrite

1 ´ α ď PpspX,Y q ď fτ‹pXqpψpXqq | X “ xq ď PpspX,Y q ď ft̃pϕq | X “ xq

“ Ppf̃´1
ϕ pspX,Y qq ď t̃ | X “ xq ă 1 ´ α.

which yields to a contradiction.

We now show that Qs̃‹
p1 ´ αq “ ϕ. We first show that Qs̃‹

p1 ´ αq ď ϕ. This follows from

Pps̃‹pX,Y q ď ϕq
paq
“ ErPps̃‹pX,Y q ď ϕ|Xqs

pbq
ě 1 ´ α,

where (a) follows from the tower property of conditional expectation and (b) from ϕ “ Qs̃‹|X“xp1´

αq for all x P X .

Assume now that Qs̃‹
p1 ´ αq ă ϕ. Choose q P pQs̃‹

p1 ´ αq, ϕq. Then,

1 ´ α ď Pps̃‹pX,Y q ď qq
paq
“ ErPps̃‹pX,Y q ď q|Xqs

pbq
ă 1 ´ α,

where (a) follows from the tower property of conditional expectation and (b) q ă ϕ “ Qs̃‹|X“xp1´

αq for all x P X . This yields to a contradiction which concludes the proof.
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APPENDIX H
Supplementary Material for Chapter 7

H.1. Proofs

H.1.1 Jacobian determinant of the radial transform

Recall that the transformation R is defined as

Rpzq “
rplq

l
z (H.1)

where l “ ∥z∥, for z ‰ 0. It maps z to a new vector Rpzq such that its norm becomes rplq while
its direction z{l is preserved (for z ‰ 0). We analyze this transformation using hyperspherical
coordinates pl, ω1, . . . , ωd´1q, where l “ ∥z∥ is the radial distance and pω1, . . . , ωd´1q are the
angular coordinates. The transformation R maps these coordinates from pl, ω1, . . . , ωd´1q to
prplq, ω1, . . . , ωd´1q, as only the radial distance is altered.

The Cartesian volume element ddz is related to the hyperspherical volume element by ddz “

ld´1dl dΩd´1, where dΩd´1 is the surface element on the unit pd´ 1q-sphere. Under the transfor-
mation R, the new radial coordinate is l1 “ rplq, so its differential is dl1 “

Brplq
Bl dl. The angular

part dΩd´1 remains unchanged. The transformed volume element ddRpzq is thus given by:

ddRpzq “ prplqqd´1
ˆ

Brplq

Bl
dl
˙

dΩd´1. (H.2)

The Jacobian determinant |det p∇zRpzqq| is the ratio of the transformed volume element ddRpzq

to the original volume element ddz:

|det p∇zRpzqq| “
prplqqd´1 Brplq

Bl dl dΩd´1
ld´1dl dΩd´1

“

ˆ

rplq

l

˙d´1
Brplq

Bl
, (H.3)

which corresponds to (7.9). This holds for l “ ∥z∥ ą 0. Since r : R` Ñ R`, rplq ě 0.
Furthermore, rplq, as defined by (7.4), is a composition of non-decreasing functions (a CDF and
an inverse CDF), making it non-decreasing, so Brplq

Bl ě 0. Thus, the expression is non-negative.
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We note that radial flows (D. Rezende and Mohamed, 2015) are a special case of (H.1) with
rplq “ l ¨ pα ` l ` βq{pα ` lq where α P R` and β P R are learned parameters.

H.2. Differentiable calibration maps using density estimation

To obtain a differentiable calibration map F̂L̂, we estimate the PDF f̂L̂ of the calibration data
using density estimation. We identified two approaches that performed well in our experiments.

As an implementation detail for both approaches, density estimation was generally improved
by first applying the transformation gptq “ t1{3 to the calibration scores tL̂iu

n
i“1. After density

estimation in the transformed space, the data is rescaled using the inverse transformation
g´1ptq “ t3.

H.2.1 Kernel density estimation with Gamma kernels

We found that kernel density estimation (KDE) with Gamma kernels is effective because the
Gamma distribution has positive support, which is appropriate for the calibration scores L̂i ě 0.
Let ΓpαΓ, λΓq denote a Gamma distribution with shape αΓ ą 0 and rate λΓ ą 0. A Gamma
distribution ΓpµλΓ, λΓq has a mean of µ. We center a Gamma kernel at each calibration score
L̂i, using the distribution ΓpL̂iλΓ, λΓq, which has a mean of L̂i.

The resulting estimated CDF F̂L̂ptq is given by the average of the individual kernel CDFs:

F̂L̂ptq “
1
n

n
ÿ

i“1
FΓpL̂iλΓ,λΓq

ptq. (H.4)

The rate parameter λΓ is chosen by minimizing the NLL of the calibration dataset under the
KDE model. This is done using 10-fold cross-validation over the grid

!

10´5`10¨ i
99

)99

i“0
. This

hyperparameter selection process is efficient and performed once per run.

Figure H.1 shows an example fit on all datasets, illustrating the empirical and estimated smooth
CDFs (left y axis) and the estimated log PDF (right y axis).
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Figure H.1: Density estimation using KDE with a Gamma kernel.

H.2.2 Rational Quadratic Splines

Rational Quadratic Splines (Durkan et al., 2019) provide a flexible framework for defining
invertible and differentiable transformations. A base spline Φ maps r´1, 1s to r´1, 1s. To handle
the unbounded domain of the latent norms, we use the transformation Ψ “ tanh´1 ˝ Φ ˝ tanh,
which maps R to R and retains invertibility and differentiability. This transformation is used
to model the distribution of the latent norms by learning a mapping from a standard Gaussian
distribution to the data distribution.

For training, the data is normalized to have zero mean and unit variance. The parameters of the
spline are optimized to minimize the NLL of the calibration dataset under the defined model.
Optimization is performed using Adam (Kingma and Ba, 2015). To maximize data information,
we perform early stopping on the training dataset itself and stop if the loss did not improve by
1e-4 for 50 epochs. Overfitting is prevented by limiting the number of bins and thus the flexibility
of the spline. Specifically, we use 4 bins if n ď 30, 5 bins if n ď 50, 6 bins if n ď 70, 7 bins if
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n ď 80, 8 bins if n ď 90, and 9 bins if n ď 100.

Similar to Figure H.1, Figure H.2 shows an example fit for all datasets.
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Figure H.2: Density estimation using a rational quadratic spline.

H.2.3 Challenges with numerical precision

In this section, we address a potential alternative approach and explain why it is impractical due
to numerical precision constraints. Theoretically, one could attempt to estimate the calibration
map F̂Û using density estimation on the quantity Û “ FρZpZqpℓT̂ pY ;Xqq. Since Û is expected
to follow a standard uniform distribution under ideal conditions, estimating its density might
appear practical.

However, this approach faces significant numerical precision issues, particularly when the latent
space dimensionality d is large. When d is large, the CDF FρZpZq for ρZpZq „ χd becomes
extremely steep around its mode

?
d´ 1. For example, in our image application with d “ 196, 608,

a proportion 99% of the probability mass is concentrated in the narrow interval r440.7, 446.2s. In
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single-precision floating-point arithmetic, the CDF saturates quickly: Fχdptq is numerically 0.0
for t ă 433.4 and 1.0 for t ą 447.2.

If the latent model is miscalibrated, the values of ℓT̂ pY ;Xq for the calibration data can fall
outside this narrow range where the CDF has fine-grained variation. This results in many Û
values being numerically 0.0 or 1.0. For smaller dimensions, similar issues can occur, although
less frequently. For instance, with d “ 1, Fχ1ptq is numerically 1.0 for t ą 5.54 in single precision.
When a significant portion of the calibration data for Û consists of values numerically identical
to 0.0 or 1.0, accurate density estimation becomes impossible.

For this reason, in Section 7.4.2, we based our calibration map on density estimation of L̂ “

ℓT̂ pY ;Xq directly, using F̂L̂.

H.3. Additional details on experimental setup

Computing the main tabular data results requires approximately 24 hours on an RTX A6000
GPU, and reproducing the image results requires approximately 6 hours on an RTX 6000 GPU.
Experiments can require up to 48 GB of VRAM, primarily due to large batch sizes during
sampling for evaluation metrics. Decreasing the batch size reduces VRAM requirements but
increases computation time.

For tabular datasets, we tune hyperparameters using grid search, selecting those that yield the
lowest NLL on the validation set. The number of units in the input convex neural network
is chosen from r10, 20, 40s, the number of layers from r2, 3, 5s, and the learning rate from
r5 ˆ 10´3, 10´3, 2 ˆ 10´4s. All models are trained by minimizing the NLL with the Adam
optimizer (Kingma and Ba, 2015) using a batch size of 1024.

H.3.1 Evaluation metrics

NLL. We compute the average NLL over the test set as Dtest:

zNLL “
1

|Dtest|

ÿ

pX,Y qPDtest

´ log f̂Y |X“XpY q. (H.5)

L-ECE. For each test point pXpiq, Y piqq P Dtest, we compute the PIT of the latent norm
Ûi “ FρZpZq

`

ℓT̂ pY piq;Xpiqq
˘

. The Latent Expected Calibration Error (L-ECE) is then estimated
as the L1 distance between the empirical CDF of tÛiu

|Dtest|

i“1 and the uniform CDF:

{L-ECE “
1

|Dtest|

|Dtest|
ÿ

j“1

ˇ

ˇ

ˇ

ˇ

Ûpjq ´
j

|Dtest| ` 1

ˇ

ˇ

ˇ

ˇ

, (H.6)

where Ûpjq denotes the j-th order statistic of the computed PIT values.

Energy Score. For each test point pX,Y q P Dtest, we generate two independent sets of K
samples, Sx and S 1

x, from the predictive distribution f̂Y |X“xp¨q. The Energy Score (ES) is
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estimated as:

xES “
1

|Dtest|

ÿ

pX,Y qPDtest

¨

˝

1
K

ÿ

ŷPSx

}ŷ ´ Y } ´
1

2K2

ÿ

ŷPSx,ŷ1PS1
x

}ŷ ´ ŷ1}

˛

‚. (H.7)

In our experiments, we use K “ 100.

HDR-ECE. For each test point pXpiq, Y piqq P Dtest, we compute Gi “ HPDf̂
Y |X“Xpiq

pY piqq, as
defined in Table 7.1. The HDR Expected Calibration Error (HDR-ECE) is estimated similarly
to L-ECE:

{HDR-ECE “
1

|Dtest|

|Dtest|
ÿ

j“1

ˇ

ˇ

ˇ

ˇ

Gpjq ´
j

|Dtest| ` 1

ˇ

ˇ

ˇ

ˇ

, (H.8)

where Gpjq is the j-th order statistic of the computed HDR pre-ranks. Note that computing the
HDR-ECE for HDR-R exactly is not possible as HDR-R does not yield an explicit recalibrated density
f̂ 1
Y |X . Following Y. Chung et al. (2024), we use the density f̂Y |X of the original (non-recalibrated)
model for HDR-R when evaluating its HDR-ECE.

BPD. For image datasets, we report Bits Per Dimension (BPD), calculated as in Zhai et al.
(2025), where d is the output dimensionality (e.g., d “ 3 ˆ 256 ˆ 256 for AFHQ). The BPD is
then:

zBPD “ pzNLL{d` log 128q{ log 2. (H.9)

Here, the log 128 term accounts for the scaling of pixel values from r0, 255s to r´1, 1s, and division
by log 2 converts the NLL from nats to bits.

Relative NLL or ES. To better visualize improvements in NLL or ES relative to the baseline
model BASE, we report the difference in these scores, normalized by the absolute value of the score
of BASE. For example, the relative NLL for LR is computed as pzNLLLR ´ zNLLBASEq{|zNLLBASE|. A
negative value indicates improvement by LR.

H.4. Additional Results

H.4.1 Decision-making experiment

To make the benefits of a full PDF concrete, we have conducted an experiment on a decision-
making task.

Experiment setup. We use the SLUMP dataset, where inputs are ingredients for producing
concrete and outputs Y “ pS, F,Cq P R3 are three concrete properties. A manufacturer must
decide among 3 actions A “ tA,B,Du whether a given batch of ingredients is suitable for one of
two projects (A or B), each with specific requirement regions, or if it should be discarded (D).
The decision has different financial utilities and risks:



Appendix H. Supplementary Material for Chapter 7 263

Table H.1: Comparison of estimation strategies and methods. The best performing combination
is highlighted in bold.

Method Estimation Strategy Average Utility

BASE Sampling 62.53 ˘ 11.33
HDR-R Sampling 32.38 ˘ 10.81
BASE PDF (Numerical Integration) 76.23 ˘ 11.99
LR PDF (Numerical Integration) 113.31 ˘ 12.91

• Requirements for Project A: 7 ď S ď 20, 55 ď F ď 65, 25 ď C ď 40.

• Requirements for Project B: 20 ď S ď 29, 70 ď F ď 100, 15 ď C ď 30.

The expected utility for an agent with policy a : X Ñ A is given by

ErupY, apXqqs with upy, aq “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

2000, if a “ A and y P RegionA
´30, if a “ A and y R RegionA
1500, if a “ B and y P RegionB
´15, if a “ B and y R RegionB
´10, if a “ C.

(H.10)

The optimal action is chosen by maximizing the estimated expected utility. This requires
estimating the probabilities P̂ pY P RegionA | Xq and P̂ pY P RegionB | Xq, which are computed
using two approaches: (1) Monte Carlo estimation with 125 samples, or (2) numerical integration
of the PDF over a 5x5x5 grid via the trapezoidal rule.

The agent acts according to the policy a˚pXq “ argmaxaPtA,B,Cu uapXq with

uApXq “ 2000P̂ pY P RegionA | Xq ´ 30P̂ pY R RegionA | Xq

uBpXq “ 1500P̂ pY P RegionB | Xq ´ 15P̂ pY R RegionB | Xq

uCpXq “ ´10.

Results. Table H.1 shows two key observations:

1. Using the PDF via numerical integration leads to better decisions (higher utility) than
relying on a finite number of samples.

2. The improved calibration from LR provides a more accurate PDF, leading to a significant
further increase in utility. HDR-R, which relies on resampling from the original uncalibrated
density, actually harmed decision quality in this task.

This demonstrates a concrete scenario where an explicit, calibrated PDF is not just a theoretical
advantage but a practical necessity for optimal decision-making.
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H.4.2 Reliability diagrams

Figure H.3 shows reliability diagrams for latent calibration. These diagrams plot the nominal prob-
ability levels α P r0, 1s against the empirical probabilities F̂Û pαq, where Û “ FρZpZq

`

ℓT̂ pY ;Xq
˘

are the PIT values computed on the test set. We also report 90% consistency bands, represented
by the shaded area around the diagonal, as described by Gneiting et al. (2023). The BASE model
often exhibits miscalibration (deviations from the diagonal), whereas LR consistently aligns closely
with the diagonal, demonstrating significantly improved latent calibration.
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Figure H.3: Latent calibration diagrams
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Figure H.4 shows reliability diagrams for HDR calibration. These diagrams plot nominal
probability levels α against empirical probabilities F̂Û pαq, where Û “ HPDf̂Y |X

pY q are the HDR
pre-rank values from the test set. Again, the BASE model frequently shows miscalibration. Both
LR and HDR-R improve HDR calibration, though for LR this improvement is a beneficial side effect
rather than a direct optimization target, unlike its consistent improvement of latent calibration
shown in Figure H.3.
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H.4.3 Examples of predictive distributions on real-world tabular datasets

Figures H.5 and H.6 display examples of predictive PDFs on real-world tabular datasets with
two-dimensional outputs (d “ 2). Each row corresponds to a different dataset. For each dataset,
two random test instances, pxp1q, yp1qq and pxp2q, yp2qq from Dtest, are shown.

Columns 1 and 3 show the predictive densities from the uncalibrated base predictor BASE (i.e.,
f̂Y |X“xp1qp¨q and f̂Y |X“xp2qp¨q). Columns 2 and 4 show the corresponding predictive densities
from the LR-recalibrated model (i.e., f̂ 1

Y |X“xp1qp¨q and f̂ 1

Y |X“xp2qp¨q). All densities are visualized
in orange. The true target observations (yp1q and yp2q) are marked with a blue dot. The negative
log-likelihood of the true target under the respective predictive density is provided in the bottom
right corner of each plot. Black contour lines indicate level sets of the PIT of the latent norm
(FρZpZ1qpℓT̂ py;xqq for the LR model, and FρZpZqpℓT̂ py;xqq for the BASE model) at probability levels
0.01, 0.1, 0.5, and 0.9.

In many cases, when the BASE model is already reasonably well-calibrated, LR applies a subtle
adjustment that is difficult to perceive visually. In other instances, the recalibration effect is
more pronounced, visibly altering the shape and spread of the predictive distribution to better
align with latent calibration. Note that two-dimensional datasets often benefit from smaller NLL
improvements according to Table H.7, suggesting that stronger adjustments should be perceived
in higher dimensions.
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Figure H.5: Examples of 2D predictive densities on real-world datasets for random test points
px, yq P Dtest.
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Figure H.6: Examples of 2D predictive densities on real-world datasets for random test points
px, yq P Dtest.

H.4.4 Additional results with convex potential flows

Investigating the NLL performance gain

To investigate the source of the NLL improvement, we consider the decomposition of the NLL of
the recalibrated model:

´ log f̂ 1
Y |X“xpyq “ ´ log fZ pzq ´ log |det p∇zRpzqq|

´1
´ log

ˇ

ˇ

ˇ
det

´

∇yT̂
´1py;xq

¯ˇ

ˇ

ˇ
(H.11)
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with z1 “ T̂´1py;xq and z “ R´1pz1q. The third term is identical for both BASE and LR. All
reported terms are averaged over the test set and over 10 runs.

Table H.2: Analysis of the NLL of LR compared to BASE with the terms described in (H.11).

BASE LR LR BASE LR
´ log fZpz1

q ´ log fZpzq ´ log |det p∇zRpzqq|
´1

´ log f̂Y |X“xpyq ´ log f̂ 1
Y |X“xpyq

SLU 5.49 4.35 0.828 2.61 2.29
EDM 4.94 2.81 2.04 -0.0350 -0.123
AT2 11.7 8.65 0.889 4.05 1.86
SF1 11.7 4.33 2.53 4.41 -0.381
OE2 54.6 22.6 0.896 37.6 6.46
AT1 11.6 8.47 1.56 1.63 0.0783
JUR 5.17 4.24 0.638 2.16 1.87
OE1 98.0 22.6 -1.65 80.0 2.93
ENB 3.08 2.80 0.244 -1.08 -1.12
WQ 74.3 19.9 1.51 60.8 7.95
SF2 10.9 4.29 -1.10 -3.37 -11.1
SCP 32.1 4.19 -0.757 20.1 -8.55
ANS 2.82 2.78 0.0700 1.76 1.79
HO2 5.81 5.67 0.143 2.39 2.38
SC2 25.1 22.6 1.80 0.795 0.189
RF1 9.70e+02 11.3 -0.0264 9.54e+02 -4.50
SC1 24.9 22.7 1.39 -1.86 -2.63
AIR 9.15 8.47 0.565 3.03 2.91
BI2 6.99 5.68 -0.208 -11.5 -13.0
BI1 3.10 2.82 0.151 -2.27 -2.40
WAG 3.09 2.82 0.184 -3.25 -3.34
ME3 3.07 2.83 0.146 -2.60 -2.69
ME1 3.21 2.81 0.225 -2.00 -2.17
ME2 3.19 2.82 0.143 -3.00 -3.22
HO1 3.03 2.82 0.144 -0.299 -0.364
BIO 3.08 2.82 0.128 -1.12 -1.25
BLO 9.18 2.82 1.14 3.11 -2.11
CAL 2.84 2.82 0.0255 0.575 0.575
TAX 2.85 2.83 0.0208 1.53 1.53

The table reveals a clear pattern. The NLL improvement from LR is primarily driven by the first
term. By radially transforming the latent codes z1 to new points z that are more consistent with
the base density fZ , the latent density term ´ log fZpzq is significantly reduced. The recalibration
Jacobian (second term) typically adds a small penalty (increases NLL), but this is almost always
outweighed by the large gains from the first term. This confirms that LR works by finding more
“plausible” latent codes for the observed data under the base latent distribution.

Computational efficiency

The difference in computation time can be measured in two aspects:

• For calibration, the computational complexity of HDR-R is OpMFnq and LR is OpRnq where
M “ 100 corresponds to the number of samples of HDR-R per instance, F the time for the
forward mapping T̂ and R the time for the reverse mapping T̂´1.
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• For inference, it is a bit more subtle. Given a test instance x, HDR-R requires to sample at
least M times (OpMF q) to obtain a recalibrated sample, which can be a weakness, e.g., if
only one conditional sample is needed. LR only incurs a low fixed cost C for evaluating the
recalibration map (OpC ` F q). Thus, the inference time is not directly comparable.

We report the calibration time of HDR-R and LR in seconds on the largest datasets using the
convex potential flow model and averaged over 10 runs.

Table H.3: Calibration times (part 1)

Method HO2 SC2 RF1 SC1 AIR BI2 BI1 WAG
HDR-R 1.56 2.78 4.90 2.57 4.86 18.80 8.80 15.00
LR 0.232 0.185 0.156 0.187 0.149 0.142 0.133 0.133

Table H.4: Calibration times (part 2)

Method ME3 ME1 ME2 HO1 BIO BLO CAL TAX
HDR-R 9.98 12.70 19.30 7.19 37.70 168.00 8.53 10.50
LR 0.152 0.153 0.163 0.192 0.290 0.328 0.482 0.324

On CIFAR-10 with TarFlow, the time difference is larger and can be prohibitive for HDR-R:

Method CIFAR-10
HDR-R 183182
LR 1259

Discriminative ability of the energy score and NLL

For a comprehensive evaluation of LR, we report the ES in addition to the NLL. While LR often
leads to improved NLL, the ES remains largely unchanged. We hypothesize that this stems from
the score’s fundamental limitations in discriminative ability.

Theoretical considerations. As established in Pinson and Tastu (2013) and corroborated
by Alexander et al. (2022), the ES is sensitive to shifts in the mean but notoriously insensitive
to misspecifications in variance, correlation, and overall dependency structure. LR is a post-hoc
procedure that primarily corrects the shape and spread of the predictive distribution. Therefore,
the ES is fundamentally ill-suited to capture the specific improvements LR provides.

In contrast, the NLL is uniquely suited for this evaluation. As the only local strictly proper scoring
rule, its value depends only on the probability density at the precise location of the observed
outcome (H. Du, 2021). This locality makes it highly discerning of the very improvements
LR makes to the distributional shape, which is why we observe significant and consistent NLL
reductions.
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Empirical illustration. To provide a clear, empirical illustration, we designed a controlled
synthetic experiment based on the dataset in Figure 7.1. The goal here is to isolate this specific
property of the scoring rules in a setting free from the confounding variables of complex, real-world
data.

We use an oracle predictor that knows the true data-generating distribution from Figure 7.1
for everything except the spread around the arc, which is controlled by a standard deviation
parameter σ. We then evaluate the predictor’s NLL and ES (based on 100 samples) as we vary
its estimate of σ. The true value is σ “ 0.05.

Table H.5: Metrics averaged over 10 runs, with standard error

σ NLL ES
0.01 12.010.195 0.87330.00298
0.03 1.2740.0222 0.87240.00267
0.04 0.92320.0129 0.87230.00295
0.05 (True) 0.85570.00870 0.87400.00171
0.06 0.87810.00629 0.87410.00182
0.07 0.93650.00483 0.87530.00214
0.10 1.1610.00272 0.87410.00163
0.20 1.7740.00106 0.87820.00176

This experiment clearly illustrates the issue:

• The NLL shows a sharp, clear minimum at the true value of σ “ 0.05, correctly identifying
the best model.

• The ES remains almost completely flat for a wide range of σ values (from 0.01 to 0.10). It
fails to reliably distinguish a model with the correct variance from one that is substantially
over- or under-confident.

This insensitivity is so profound that detecting a statistically significant signal with the ES
requires an impractically large number of samples. The table below shows that only with 5000
runs does the ES minimum align with the true σ, and even then the differences are minuscule:

Table H.6: Metrics averaged over 5000 runs, with standard error

σ NLL ES
0.01 11.910.00773 0.87540.000139
0.03 1.2630.000868 0.87510.000139
0.04 0.91770.000495 0.87510.000139
0.05 (True) 0.84870.000323 0.87500.000139
0.06 0.87320.000231 0.87510.000138
0.07 0.93290.000176 0.87510.000138
0.10 1.1590.000104 0.87560.000137
0.20 1.7746.91e-05 0.87970.000133
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This controlled experiment, therefore, proposes an explanation for the insensitivity of the ES to
LR.

H.4.5 Additional tables

For reference, Tables H.7 and H.8 provide the precise mean values and standard errors for
NLL, Energy Score, L-ECE, and HDR-ECE across all tabular datasets when using convex
potential flows as the base predictor. For each metric and dataset, all values that are statistically
indistinguishable from the best value according to a Z-test at significance level 0.1 are highlighted
in bold.

Table H.7: Full comparative table where the base predictor is a convex potential flow.

NLL Energy score
BASE LR BASE HDR-R LR

SLU 2.610.19 2.290.14 0.7910.038 0.7950.033 0.7850.033
EDM -0.03500.46 -0.1231.3 0.6470.049 0.6480.050 0.6350.044
AT2 4.050.88 1.860.42 0.8610.044 0.8700.044 0.8620.042
SF1 4.413.2 -0.3813.6 0.6730.086 0.6390.093 0.6700.085
OE2 37.63.0e+01 6.461.3 1.250.083 1.260.083 1.260.085
AT1 1.630.46 0.07830.29 0.5820.032 0.5870.031 0.5910.030
JUR 2.160.24 1.870.15 0.6170.034 0.6180.033 0.6180.034
OE1 80.06.9e+01 2.930.71 1.230.15 1.230.15 1.170.15
ENB -1.080.11 -1.120.10 0.2490.010 0.2500.010 0.2490.010
WQ 60.83.7e+01 7.953.6 2.470.025 2.490.024 2.470.024
SF2 -3.373.0 -11.10.63 0.5870.044 0.5930.046 0.5980.045
SCP 20.12.6e+01 -8.550.49 0.3890.094 0.3830.095 0.3820.095
ANS 1.760.022 1.790.020 0.5290.0052 0.5310.0047 0.5290.0053
HO2 2.390.034 2.380.035 0.8620.0076 0.8660.0075 0.8620.0076
SC2 0.7950.17 0.1890.15 1.250.011 1.280.012 1.260.011
RF1 9.54e+026.8e+02 -4.501.5 0.5340.073 0.5280.071 0.5290.072
SC1 -1.860.080 -2.630.075 0.8240.0047 0.8330.0045 0.8250.0045
AIR 3.030.30 2.910.30 1.170.0086 1.190.0090 1.180.0084
BI2 -11.50.71 -13.00.61 0.8330.013 0.8480.015 0.8340.014
BI1 -2.270.26 -2.400.26 0.7080.0056 0.7110.0053 0.7080.0057
WAG -3.250.31 -3.340.32 0.8020.048 0.8030.043 0.8050.046
ME3 -2.600.13 -2.690.12 0.3580.0082 0.3620.0082 0.3600.0083
ME1 -2.000.13 -2.170.13 0.3570.0075 0.3700.0095 0.3650.0087
ME2 -3.000.12 -3.220.13 0.3610.0041 0.3620.0039 0.3620.0040
HO1 -0.2990.038 -0.3640.029 0.3460.0074 0.3510.0079 0.3400.012
BIO -1.120.072 -1.250.019 0.2070.0038 0.2100.0039 0.2040.0051
BLO 3.112.8 -2.110.25 0.3050.029 0.3650.037 0.4730.081
CAL 0.5750.0097 0.5750.0088 0.4190.0014 0.4210.0015 0.4190.0014
TAX 1.530.0069 1.530.0068 0.6920.0019 0.6960.0021 0.6900.0027
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Table H.8: Full comparative table where the base predictor is a convex potential flow.

L-ECE HDR-ECE
BASE LR BASE HDR-R LR

SLU 0.1460.026 0.1060.016 0.1290.022 0.1160.014 0.1020.013
EDM 0.1220.016 0.09050.016 0.1280.014 0.1010.019 0.1690.014
AT2 0.1290.0076 0.06370.010 0.1490.0094 0.08170.0095 0.06880.012
SF1 0.2790.026 0.07010.0082 0.3210.022 0.1710.019 0.07860.0096
OE2 0.1360.011 0.07850.0076 0.1290.0098 0.07680.012 0.07660.0079
AT1 0.1240.013 0.06680.0098 0.1250.012 0.09060.0095 0.06430.012
JUR 0.08830.011 0.05200.0052 0.08660.011 0.05150.0063 0.05370.0049
OE1 0.1970.044 0.05890.0068 0.1950.044 0.1440.049 0.06360.0074
ENB 0.02720.0034 0.02920.0034 0.03750.0049 0.03470.0039 0.03970.0061
WQ 0.08830.0048 0.04790.0044 0.09750.0032 0.04430.0060 0.04320.0086
SF2 0.2720.0084 0.04340.0050 0.3120.0061 0.1640.015 0.07970.010
SCP 0.2180.025 0.05020.0060 0.2230.025 0.05430.010 0.06140.0093
ANS 0.01900.0029 0.02540.0036 0.01990.0030 0.02340.0026 0.02490.0037
HO2 0.01620.0024 0.01580.0018 0.01790.0023 0.01220.00080 0.01210.0017
SC2 0.1010.0034 0.01220.00087 0.1050.0030 0.02230.00081 0.01170.0011
RF1 0.1120.021 0.02600.0049 0.1290.024 0.01930.0034 0.02880.0045
SC1 0.08450.0015 0.01060.0013 0.08570.0017 0.02290.0011 0.01160.0016
AIR 0.05270.0059 0.01620.0010 0.04490.0083 0.01600.0012 0.02860.0052
BI2 0.1220.016 0.01700.0022 0.1670.019 0.02190.0023 0.07310.011
BI1 0.02790.0023 0.01020.00084 0.1110.026 0.05800.024 0.09230.023
WAG 0.04780.0082 0.01370.0018 0.2670.050 0.1610.071 0.2900.046
ME3 0.07320.012 0.009570.00084 0.05200.010 0.008990.00064 0.03230.0042
ME1 0.08530.010 0.01030.00078 0.07790.010 0.009760.00092 0.04320.0050
ME2 0.04970.0099 0.01010.00066 0.04150.0061 0.01360.0023 0.04170.0061
HO1 0.01660.0023 0.009500.0013 0.01030.0014 0.007820.00071 0.01090.0018
BIO 0.01780.0019 0.005610.00076 0.02200.0027 0.006670.00051 0.007270.0015
BLO 0.2310.036 0.007350.0010 0.2070.040 0.04850.024 0.1140.014
CAL 0.007490.00096 0.005020.00074 0.007600.00079 0.005550.00026 0.005430.00064
TAX 0.009490.0013 0.005220.00053 0.005840.00063 0.006840.00050 0.005610.00086

H.4.6 Results with MAFs

For completeness, this section reports results using a MAF (Papamakarios, Pavlakou, et al.,
2017) as the base predictor. The architecture consists of stacked flow layers, where each layer’s
conditioner is a masked autoencoder (Germain et al., 2015) parameterizing rational quadratic
spline transformations (Durkan et al., 2019). We tune hyperparameters using grid search. The
number of stacked flows is chosen from r3, 5, 8s, the number of hidden units per flow from
r32, 64s, and the number of hidden layers per flow from r2, 3s. The learning rate is selected from
r5 ˆ 10´3, 10´3s. Each flow learns a rational quadratic spline transformation.

The findings, illustrated in Figure H.7 and Figure H.8 (and detailed in Tables H.9 and H.10), are
consistent with the main tabular results reported in Section 7.5. Specifically, LR provides notable
improvements in L-ECE, NLL, and HDR-ECE, while achieving an energy score comparable to
that of the BASE model.
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Figure H.7: Latent calibration and NLL on datasets sorted by size.
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Figure H.8: HDR calibration and energy score on datasets sorted by size.

Table H.9: Full comparative table where the base predictor is a MAF.

NLL Energy score
BASE LR BASE HDR-R LR

SLU 4.500.37 5.080.52 0.8310.051 0.9450.034 0.8580.025
EDM 0.2020.30 0.5900.35 0.5770.035 0.6020.033 0.5780.022
AT2 7.450.52 6.220.24 0.9700.054 1.110.044 1.050.029
SF1 -1.470.39 -3.420.26 0.6980.087 0.7100.085 0.7000.053
OE2 22.42.6 16.80.90 1.670.13 1.850.13 1.790.087
AT1 4.630.61 3.800.32 0.6980.049 0.8150.043 0.7540.029
JUR 3.990.29 3.650.15 0.6800.037 0.7100.031 0.6860.022
OE1 16.92.7 9.680.75 1.310.13 1.510.12 1.480.080
ENB -0.9390.10 -0.8770.071 0.2730.0080 0.2730.0077 0.2750.0054
WQ 0.9440.91 -1.230.57 2.500.035 2.560.030 2.470.019
SF2 -6.211.3 -8.720.77 0.6400.051 0.6370.048 0.6410.034
SCP -5.172.2 -7.580.51 0.3920.099 0.3980.099 0.4000.069
ANS 1.890.025 1.910.017 0.5310.0053 0.5360.0049 0.5320.0036
HO2 3.060.052 2.870.029 0.8810.0077 0.8940.0068 0.8810.0050
SC2 1.880.25 0.9360.12 1.010.0091 1.170.0096 1.090.0060
RF1 -14.31.3 -15.50.28 0.2030.023 0.2100.023 0.2080.016
SC1 -4.482.9 -5.002.0 2.620.19 2.520.18 2.650.14
AIR 4.290.15 3.740.10 1.210.0097 1.230.0090 1.210.0065
BI2 -11.60.27 -12.30.16 0.8310.018 0.8390.017 0.8300.011
BI1 0.6220.12 0.4430.077 0.7190.0049 0.7220.0049 0.7180.0034
WAG -2.120.089 -2.220.060 0.7210.0045 0.7160.0037 0.7100.0027
ME3 -1.950.097 -2.370.049 0.4010.0080 0.4030.0078 0.3980.0054
ME1 -1.510.36 -1.960.23 0.5310.066 0.5170.052 0.5400.053
ME2 -1.940.076 -2.350.045 0.4120.0047 0.4120.0045 0.4090.0033
HO1 -0.1530.045 -0.3230.023 0.3270.0068 0.3350.0070 0.3300.0048
BIO -1.100.075 -1.420.016 0.2030.0040 0.2070.0040 0.2040.0027
BLO -3.370.35 -3.850.24 0.3720.015 0.3720.018 0.3620.0093
CAL 0.5810.0083 0.5780.0055 0.4190.0014 0.4210.0014 0.4190.00094
TAX 1.620.0069 1.540.0042 0.6960.0023 0.6980.0021 0.6950.0015
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Table H.10: Full comparative table where the base predictor is a MAF.

L-ECE HDR-ECE
BASE LR BASE HDR-R LR

SLU 0.1460.024 0.1010.013 0.3280.026 0.1100.014 0.2770.020
EDM 0.1280.020 0.07340.0064 0.1530.021 0.08490.010 0.08890.013
AT2 0.2620.019 0.06510.0070 0.3760.014 0.1180.016 0.2080.010
SF1 0.1760.0083 0.04870.0044 0.1950.013 0.1290.012 0.09350.0062
OE2 0.3000.015 0.05950.0048 0.4180.011 0.2010.021 0.2200.013
AT1 0.2580.013 0.05660.0069 0.3420.011 0.1060.010 0.1590.011
JUR 0.1850.013 0.05400.0042 0.3140.011 0.07170.0094 0.2120.010
OE1 0.2920.013 0.06760.0043 0.3910.0097 0.1740.016 0.1530.015
ENB 0.02770.0044 0.03460.0035 0.03620.0059 0.04280.0085 0.04610.0060
WQ 0.3280.0095 0.03120.0037 0.3490.0067 0.1340.0083 0.1880.0052
SF2 0.1740.014 0.03100.0026 0.1970.018 0.1230.016 0.07260.0042
SCP 0.08850.029 0.03970.0038 0.08130.020 0.04450.0052 0.04640.0051
ANS 0.02120.0032 0.02720.0020 0.04430.0055 0.02530.0021 0.04780.0036
HO2 0.08060.0038 0.01390.00094 0.1310.0043 0.01570.0018 0.07120.0023
SC2 0.2500.011 0.01660.0015 0.3130.0083 0.06720.0061 0.1360.0032
RF1 0.09230.0046 0.01720.0038 0.08600.0062 0.01390.0012 0.01890.0028
SC1 0.1120.013 0.009130.00061 0.4170.017 0.1630.013 0.3940.013
AIR 0.09360.0028 0.01320.0013 0.1440.0049 0.01930.0012 0.07900.0037
BI2 0.06070.0068 0.01220.0013 0.08850.0062 0.01560.0014 0.03850.0024
BI1 0.04080.0039 0.01050.00081 0.07390.0064 0.01280.00080 0.04630.0027
WAG 0.1130.0050 0.01180.0010 0.1940.0036 0.01340.00090 0.1190.0015
ME3 0.07440.0058 0.007960.00065 0.09190.0046 0.01280.0011 0.03950.0022
ME1 0.06730.013 0.01130.00091 0.09320.016 0.02740.0093 0.07660.016
ME2 0.07160.0057 0.008010.00052 0.08480.0034 0.01350.00087 0.03330.0018
HO1 0.08430.0019 0.006930.00053 0.09860.0030 0.008960.00069 0.02920.0014
BIO 0.07130.0048 0.006150.00056 0.08500.0054 0.007230.00034 0.02300.0016
BLO 0.1050.019 0.005650.00068 0.1020.016 0.01520.0026 0.02850.0034
CAL 0.004910.00067 0.005910.00065 0.005430.00065 0.005290.00036 0.004160.00027
TAX 0.02350.00098 0.005630.00050 0.04240.0017 0.007970.00075 0.02350.0012

H.4.7 Results with Flow Matching

While our paper focuses on normalizing flows, LR is fully compatible with flow matching (FM)
models (Section 2.2.3), which also learn invertible mappings and assume a known latent distribu-
tion. For these models, we tune hyperparameters using grid search. The number of hidden units
is chosen from r32, 64s, the number of hidden layers from r2, 3, 5s, and the learning rate from
r5 ˆ 10´3, 10´3, 2 ˆ 10´4s.

The FM results are aligned with the NF results, with LR standing out particularly on the L-ECE
and NLL metrics.
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Figure H.9: Latent calibration and NLL on datasets sorted by size.
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Figure H.10: HDR calibration and energy score on datasets sorted by size.

Table H.11: Full comparative table.

NLL Energy score
BASE LR BASE HDR-R LR

SLU 2.160.20 2.090.13 0.7560.033 0.7590.033 0.7540.029
EDM 2.200.18 2.360.35 0.6420.036 0.6390.037 0.6430.033
AT2 4.760.52 2.930.21 0.7700.036 0.7700.032 0.7560.032
SF1 2.380.59 0.9010.17 0.8450.091 0.8260.092 0.8410.084
OE2 9.531.1 8.941.4 1.200.066 1.220.066 1.180.061
AT1 1.460.30 1.220.24 0.5710.032 0.5730.032 0.5710.031
JUR 2.450.25 2.020.11 0.6130.027 0.6150.027 0.6130.026
OE1 3.991.4 2.240.83 0.8610.057 0.8660.058 0.8550.057
ENB 0.1390.041 0.1720.035 0.3130.0042 0.3160.0047 0.3130.0041
WQ 15.00.27 14.30.25 2.400.026 2.440.023 2.410.025
SF2 2.303.0 -1.060.36 0.6680.043 0.6480.043 0.6620.041
SCP -2.040.59 -3.300.18 0.3910.092 0.3950.097 0.3860.096
ANS 1.780.023 1.770.021 0.5290.0053 0.5330.0048 0.5290.0052
HO2 2.530.029 2.530.029 0.8520.0069 0.8560.0066 0.8520.0068
SC2 2.200.17 1.820.17 1.020.0089 1.020.0090 1.020.0089
RF1 0.5702.7 -4.530.20 0.3670.018 0.3670.018 0.3640.018
SC1 0.5250.14 0.07190.13 0.8180.0077 0.8250.0078 0.8190.0078
AIR 4.210.039 4.200.040 1.160.0090 1.170.0089 1.160.0090
BI2 -4.200.17 -4.310.18 0.7880.013 0.7960.013 0.7920.013
BI1 2.110.013 2.100.010 0.7030.0057 0.7060.0053 0.7030.0056
WAG 0.3460.036 0.3080.035 0.6990.0032 0.7000.0034 0.6970.0031
ME3 -0.3500.073 -0.4230.069 0.3920.0087 0.3930.0090 0.3910.0086
ME1 -0.4440.067 -0.5180.070 0.3840.0077 0.3840.0078 0.3830.0076
ME2 -0.3420.058 -0.4220.054 0.3950.0045 0.3970.0048 0.3960.0045
HO1 -0.6190.021 -0.6360.018 0.2140.0036 0.2160.0038 0.2150.0036
BIO -0.5610.040 -0.5700.036 0.2360.0050 0.2360.0051 0.2360.0049
BLO -1.060.030 -1.140.026 0.2580.0031 0.2590.0030 0.2570.0030
CAL 0.6450.0065 0.6430.0064 0.4210.0014 0.4220.0014 0.4210.0014
TAX 1.660.0079 1.660.0077 0.6930.0021 0.6960.0020 0.6930.0021
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Table H.12: Full comparative table where the base predictor is a MAF.

L-ECE HDR-ECE
BASE LR BASE HDR-R LR

SLU 0.1050.022 0.08090.0088 0.1090.021 0.08880.0089 0.07610.0092
EDM 0.09060.015 0.07760.0057 0.09260.014 0.08200.0097 0.06540.0042
AT2 0.1600.030 0.06210.010 0.1650.030 0.07840.016 0.06050.0097
SF1 0.1190.015 0.05930.0072 0.1120.017 0.06040.0090 0.05720.0078
OE2 0.1990.036 0.06150.0063 0.2100.036 0.07220.0098 0.06260.0072
AT1 0.09590.012 0.05970.0074 0.08310.0089 0.06790.0057 0.06150.0051
JUR 0.09180.015 0.05960.011 0.08650.014 0.06390.011 0.05900.010
OE1 0.1090.019 0.06470.0049 0.08630.017 0.05140.0078 0.06180.0077
ENB 0.03300.0037 0.03140.0021 0.03400.0044 0.03120.0042 0.03180.0048
WQ 0.1100.0086 0.03490.0049 0.08420.0061 0.04370.0078 0.03850.0042
SF2 0.2390.016 0.03390.0023 0.2260.015 0.03970.0051 0.04000.0030
SCP 0.2680.020 0.04570.0070 0.2530.019 0.04830.0053 0.06070.0067
ANS 0.02220.0042 0.02360.0027 0.02310.0040 0.02440.0025 0.02360.0033
HO2 0.02320.0038 0.01380.0011 0.01800.0028 0.01090.0011 0.01160.0013
SC2 0.05900.0028 0.01290.0017 0.05320.0032 0.01420.0011 0.01270.0012
RF1 0.08430.0078 0.02730.0037 0.07400.0082 0.01250.0021 0.03530.0039
SC1 0.05730.0056 0.01330.0020 0.07200.0066 0.01560.0021 0.02670.0037
AIR 0.01300.0027 0.01510.0023 0.01580.0027 0.01320.0021 0.02200.0035
BI2 0.1090.014 0.009790.0014 0.09160.013 0.01120.0016 0.02880.0059
BI1 0.02430.0023 0.009240.00093 0.02490.0020 0.009270.00061 0.01010.0013
WAG 0.04070.0051 0.01440.0013 0.04190.0050 0.01200.0014 0.03070.0031
ME3 0.04120.0077 0.009650.0011 0.03300.0065 0.01040.00098 0.01760.0029
ME1 0.02990.0086 0.009150.0014 0.02510.0075 0.009350.00058 0.01430.0020
ME2 0.05370.0060 0.008830.0013 0.05410.0063 0.008920.00094 0.01560.0014
HO1 0.02850.0046 0.009900.0016 0.02390.0043 0.009740.0011 0.01190.0016
BIO 0.02530.0053 0.007660.0019 0.02210.0058 0.007260.00062 0.01020.0016
BLO 0.03460.010 0.004980.00047 0.04020.0099 0.006480.00050 0.01530.0018
CAL 0.009510.0014 0.003950.00043 0.01120.0018 0.005470.00030 0.007460.0011
TAX 0.01100.0018 0.005050.00059 0.01220.0017 0.006600.00054 0.01330.0022

H.4.8 Results with a misspecified convex potential flow

Tables H.13 and H.14 along with Figure H.11 and Figure H.12 present results for a deliberately
misspecified convex potential flow. This misspecification was induced by training the base
predictor for only two epochs, ensuring it has low predictive accuracy and is likely poorly
calibrated.

We observe that, in this additional scenario, LR also leads to improved L-ECE and NLL on most
datasets, indicating enhanced predictive accuracy compared to the BASE misspecified model. LR
achieves similar or improved HDR-ECE and ES compared to HDR-R. These results highlight LR’s
ability to improve misspecified base predictors.

Figure H.11: Latent calibration and NLL on datasets sorted by size.
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Figure H.12: HDR calibration and energy score on datasets sorted by size.

Table H.13: Full comparative table where the base predictor is a misspecified convex potential
flow.

NLL Energy score
BASE LR BASE HDR-R LR

SLU 3.860.13 3.930.16 1.010.043 1.030.050 1.010.047
EDM 2.840.059 1.530.32 0.8800.028 0.8790.029 0.8710.029
AT2 7.990.29 6.030.14 1.390.051 1.360.051 1.340.054
SF1 4.050.39 0.7360.22 0.8570.075 0.7540.083 0.7530.079
OE2 23.12.2 13.50.80 2.240.14 2.240.15 2.070.16
AT1 7.680.38 5.990.26 1.420.070 1.400.078 1.390.076
JUR 4.190.13 4.090.075 1.080.034 1.080.036 1.080.034
OE1 23.82.1 11.10.65 2.140.13 2.120.14 1.910.15
ENB 2.050.093 2.020.090 0.8150.020 0.8230.020 0.8140.019
WQ 20.00.15 19.60.15 2.590.027 2.610.028 2.590.027
SF2 4.710.55 0.2980.25 0.8210.038 0.7030.039 0.6880.038
SCP 5.062.1 1.250.36 0.7380.10 0.6570.11 0.6580.11
ANS 2.610.021 2.610.020 0.8170.0089 0.8190.0087 0.8170.0090
HO2 5.460.020 5.180.021 1.230.0063 1.230.0070 1.220.0067
SC2 22.20.12 20.80.12 2.670.019 2.690.020 2.660.021
RF1 10.80.84 16.87.5 1.690.026 1.700.026 1.690.032
SC1 21.40.099 20.00.10 2.560.023 2.580.024 2.540.023
BI2 5.620.10 3.510.085 1.080.016 1.030.016 1.020.016
BI1 2.660.030 2.390.020 0.7790.0057 0.7760.0057 0.7730.0055
AIR 8.330.068 7.580.044 1.500.0089 1.500.0089 1.490.0090
WAG 2.780.0069 2.430.17 0.8760.0029 0.8750.0027 0.8680.0029
ME3 2.310.045 1.120.046 0.6020.010 0.5480.0087 0.5490.0091
ME1 2.200.046 1.100.048 0.5880.0092 0.5390.0073 0.5400.0073
ME2 2.150.027 1.130.038 0.5910.0055 0.5450.0059 0.5460.0058
HO1 2.460.029 2.340.030 0.7430.0068 0.7430.0072 0.7410.0071
BIO 0.9630.14 0.3020.046 0.3350.0085 0.3080.0058 0.3110.0062
CAL 1.370.043 1.280.035 0.4720.0061 0.4680.0050 0.4680.0052
BLO 1.210.033 0.7850.036 0.6850.0024 0.6910.0030 0.6870.0029
TAX 2.290.019 2.310.11 0.7240.0024 0.7250.0024 0.7230.0024
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Table H.14: Full comparative table where the base predictor is a misspecified convex potential
flow.

L-ECE HDR-ECE
BASE LR BASE HDR-R LR

SLU 0.1200.018 0.1070.017 0.1270.018 0.1190.017 0.1010.015
EDM 0.1350.0052 0.07340.0068 0.1280.0051 0.07780.0097 0.08460.012
AT2 0.3190.0075 0.05930.0083 0.3270.0078 0.06730.011 0.06420.0095
SF1 0.3510.011 0.1100.0094 0.3540.011 0.08380.012 0.1770.014
OE2 0.3790.012 0.07730.0067 0.3790.012 0.3350.013 0.07690.0071
AT1 0.2780.010 0.05330.0051 0.2970.011 0.1000.0080 0.05650.0063
JUR 0.07850.0070 0.04940.0064 0.08190.0078 0.05180.0062 0.05010.0068
OE1 0.4100.013 0.07330.0057 0.4100.013 0.3950.013 0.07490.0054
ENB 0.04580.0030 0.03260.0028 0.08540.0099 0.03670.0049 0.1140.010
WQ 0.1120.0060 0.04050.0054 0.1140.0060 0.04670.0051 0.03910.0053
SF2 0.3860.0057 0.08690.0087 0.3870.0057 0.1500.0090 0.1390.011
SCP 0.3610.013 0.08080.0082 0.3690.013 0.05170.0063 0.1150.014
ANS 0.04280.0043 0.01720.0012 0.05240.0047 0.01620.0011 0.01830.0019
HO2 0.1250.0038 0.01550.0019 0.1300.0035 0.01550.0016 0.01560.0020
SC2 0.1500.0030 0.01230.00093 0.1530.0032 0.04910.00096 0.01240.00095
RF1 0.1730.0076 0.01720.0024 0.1860.0081 0.04220.0030 0.01800.0025
SC1 0.1640.0033 0.008880.0010 0.1700.0040 0.05410.0016 0.01030.0014
BI2 0.2860.0034 0.01330.0014 0.2870.0034 0.06160.0019 0.01460.0013
BI1 0.09610.0039 0.009620.0014 0.1000.0040 0.01260.0016 0.01020.00095
AIR 0.1780.0034 0.01460.0016 0.1810.0033 0.01510.0013 0.01400.0016
WAG 0.1160.0011 0.01270.0021 0.1130.0011 0.01580.0019 0.01660.0033
ME3 0.2870.0047 0.01050.0016 0.2940.0040 0.03040.0025 0.01400.0022
ME1 0.2870.0029 0.01100.0011 0.2950.0027 0.02370.0031 0.01490.0020
ME2 0.2820.0031 0.008930.00095 0.2900.0030 0.02200.0021 0.01440.0017
HO1 0.08010.0046 0.01020.0012 0.08800.0041 0.009890.00082 0.01200.0024
BIO 0.2000.0086 0.006950.00065 0.2130.0080 0.009850.00048 0.009160.0013
CAL 0.07110.013 0.005490.00046 0.08830.013 0.006810.00041 0.01690.0024
BLO 0.09720.0039 0.006570.00092 0.1170.0025 0.008430.00092 0.02410.0033
TAX 0.04440.0032 0.004900.00060 0.05650.0020 0.008040.00053 0.009180.0015
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