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We study the spectral properties of flipped Toeplitz matrices of the form H,(f)=Y,T,(f), where
T,(f) is the n X n Toeplitz matrix generated by the function f and Y, is the n X n exchange (or
flip) matrix having 1 on the main anti-diagonal and O elsewhere. In particular, under suitable
assumptions on f, we establish an alternating sign relationship between the eigenvalues of H,(f),
the eigenvalues of T,(f), and the quasi-uniform samples of f. Moreover, after fine-tuning a
few known theorems on Toeplitz matrices, we use them to provide localization results for the
eigenvalues of H,(f). Our study is motivated by the convergence analysis of the minimal residual
(MINRES) method for the solution of real non-symmetric Toeplitz linear systems of the form
T, (f)x =b after pre-multiplication of both sides by Y,, as suggested by Pestana and Wathen [26].
A selection of numerical experiments is provided to illustrate the theoretical results and to show
how to use the spectral localizations for predicting the MINRES performance on linear systems
with coefficient matrix H,(f).

1. Introduction

A matrix of the form
fo o
S
[fi—j]:l,j:l =

foog A

* Corresponding author.

, (1.1

E-mail addresses: giovanni.barbarino@umons.ac.be (G. Barbarino), sven-erik.ekstrom@uu.se (S.-E. Ekstrom), garoni@mat.uniromaZ2.it (C. Garoni),
david.meadon@uu.se (D. Meadon), s.serracapizzano@uninsubria.it, stefano.serra@it.uu.se (S. Serra-Capizzano), pvassal@aueb.gr (P. Vassalos).

https://doi.org/10.1016/j.amc.2025.129408

Received 23 July 2024; Received in revised form 27 January 2025; Accepted 13 March 2025

0096-3003/© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).


http://www.ScienceDirect.com/
http://www.elsevier.com/locate/amc
http://orcid.org/0000-0003-0504-7361
http://orcid.org/0000-0002-7875-7543
http://orcid.org/0000-0001-9720-092X
http://orcid.org/0000-0001-8956-2998
http://orcid.org/0000-0001-9477-109X
http://orcid.org/0000-0002-2131-7643
mailto:giovanni.barbarino@umons.ac.be
mailto:sven-erik.ekstrom@uu.se
mailto:garoni@mat.uniroma2.it
mailto:david.meadon@uu.se
mailto:s.serracapizzano@uninsubria.it
mailto:stefano.serra@it.uu.se
mailto:pvassal@aueb.gr
https://doi.org/10.1016/j.amc.2025.129408
https://doi.org/10.1016/j.amc.2025.129408
http://crossmark.crossref.org/dialog/?doi=10.1016/j.amc.2025.129408&domain=pdf
http://creativecommons.org/licenses/by/4.0/

G. Barbarino, S.-E. Ekstrom, C. Garoni et al.
Applied Mathematics and Computation 499 (2025) 129408

whose entries are constant along each diagonal, is called a Toeplitz matrix. In the case where the entries f; are the Fourier coefficients
of a function f : [-x,z] —» C in L'([-x,x]), i.e.,

fe=5 / fe vy, kez
T
-

the matrix (1.1) is denoted by T,,(f) and is referred to as the nth Toeplitz matrix generated by f.

The efficient solution of a linear system with a coefficient matrix of the form 7,,(f) by means of Krylov subspace methods is
a research topic that involved several researchers over time. The main efforts focused on the case where T,(f) is real symmetric
positive definite, so that the conjugate gradient (CG) method can be applied as well as its preconditioned version. Whenever T, (f)
is real symmetric but indefinite, an alternative to (preconditioned) CG is the (preconditioned) minimal residual (MINRES) method.
A common feature of CG and MINRES is that their convergence bounds are formally identical and rely only on the eigenvalues of
the system matrix, or on the eigenvalues of the preconditioned system matrix if preconditioning is applied; see [8, Sections 2.1.1
and 2.2] for CG and [8, Sections 6.1 and 6.2.4] for MINRES. In the case where the Fourier coefficients of f are real but 7,,(f) is not
symmetric, Pestana and Wathen [26] suggested pre-multiplying 7,,(f) by the n X n exchange (or flip) matrix

1

Y, = . (1.2)

In this way, the resulting flipped matrix H,(f) =Y, T,(f) is real symmetric and (preconditioned) MINRES can be applied. Solving
a real non-symmetric Toeplitz linear system 7,(f)x = b by (preconditioned) MINRES applied to the symmetrized linear system
H,(f)x =Y,b has some advantages over solving the original system through either direct methods or iterative methods for non-
symmetric Toeplitz matrices. For a detailed discussion on this topic, we refer the reader to [26, Sections 1-2], where a comparison
between the proposed symmetrization approach and other relevant Toeplitz solvers available in the literature is presented. We also
emphasize that the flipping strategy along with the solution by (preconditioned) MINRES of the resulting symmetrized linear system,
originally proposed in [26] for real non-symmetric Toeplitz matrices, is gaining more and more popularity over time. In particular, this
approach has recently been used for real non-symmetric multilevel Toeplitz matrices [18,19,25] as well as for the numerical treatment
of evolutionary partial differential equations [17-19,24], optimal control problems [12,16] and image deblurring [7,11]—where real
non-symmetric (multilevel block) Toeplitz structures naturally arise—and it proved to be a viable alternative to other notable solvers
for the related non-symmetric linear systems [20,21,32].

A main reason behind the interest in the spectral properties of flipped Toeplitz matrices such as H, (f) is precisely the convergence
analysis of MINRES for symmetrized Toeplitz systems. In this regard, a precise asymptotic spectral distribution theorem for the
sequence of flipped Toeplitz matrices { H,(f)}, was established independently by Ferrari et al. [9] through techniques based on the
notion of approximating classes of sequences [13, Chapter 5], and by Mazza and Pestana [22] through the theory of block generalized
locally Toeplitz sequences [2]. The same type of study was later extended to flipped multilevel Toeplitz matrices in [10,23]. However,
no localization result for the eigenvalues of H,(f) was provided so far in the literature, despite the importance of spectral localization
in the convergence analysis of MINRES.

In this paper, based on classical results for Toeplitz matrices [4,5,13] and on recent results on the asymptotic spectral distribution
of arbitrary sequences of matrices [1], we delve deeper into the spectral properties of H,(f) under suitable assumptions on the
function f. In particular:

+ We show that the eigenvalues of H,(f) can be subdivided into two subsets of cardinalities [#/2] and |n/2] such that

- the [n/2] eigenvalues belonging to the first subset coincide with [n/2] eigenvalues of T,,(f) and have an asymptotic distribu-
tion described by f;

- the |n/2| eigenvalues belonging to the second subset coincide with |n/2]| eigenvalues of —T,(f) and have an asymptotic
distribution described by —f.

As an extension of the previous result, we show that, for every n, the eigenvalues of H,(f) are given by the following alternating

sign relationship:

LH ()= DT NT) =D ) e, i=1an,

where 4,(T,(f)), i=1,...,n, are the eigenvalues of T, (f), {x;,};=;, ., is an asymptotically uniform grid (see Section 2.1), and
max;_; ., €, = 0 as n — co; moreover, ¢; , =0 for every i = 1,...,n if f has a finite number of local maximum/minimum
points and discontinuities.

After fine-tuning a few known theorems on the singular values of Toeplitz matrices, we use them and other related theorems to
provide localization results for the eigenvalues of H,(f).

The paper is organized as follows. Section 2 contains preliminaries. Section 3 contains statements and proofs of our main spectral
results for flipped Toeplitz matrices of the form H,(f). Section 4 contains numerical experiments that illustrate part of the main
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theorems and show how the obtained localizations for the eigenvalues of H,(f) can be used to predict the MINRES performance on
linear systems with coefficient matrix H,(f). Section 5 contains final remarks.

2. Preliminaries
2.1. Notation and terminology

We denote by u the Lebesgue measure in R. Throughout this paper, all terminology from measure theory (such as “measurable”,
“almost everywhere (a.e.)”, etc.) always refers to the Lebesgue measure. The closure of a set E is denoted by E. We use a notation
borrowed from probability theory to indicate sets. For example, if f,g : [a,b] = R, then {f <1} ={x € [a,b] : f(x) <1}, u{f >
0, g <0} is the measure of the set {x € [a,b] : f(x)>0, g(x) <0}, etc.

Given a measurable function f : [a,b] — C, the essential range of f is denoted by ER(f). We recall that ER(f) is defined as

ER(f)=1{z€C: u{|f -zl <e} >0 forall £ >0}.

It is clear that ER(f) C f([a, b]). Moreover, ER(f) is closed and f € ER(f) a.e.; see, e.g., [13, Lemma 2.1]. If f is real a.e. then
ER(f) is a subset of R. In this case, we define the essential infimum (resp., supremum) of f on [a, b] as the infimum (resp., supremum)
of ER(f):

es[s'})r]lff:inffR(f), esssup f =supER(f).
s [a.b]

Throughout this paper, any finite sequence of points in R is referred to as a grid. Consider an interval [a, b] and, for every n, let
Gn=A{%in}iz1....a, be a grid of d, points in [a, b] with d, — co as n — co. The number

b—
m(Gn) = nax, |Xin = (”+’ d +a1 )'

,,,,,,

measures the distance of G, from the uniform grid {a +i(b—a)/(d, + 1)} i=1,...d,5 We refer to it as the uniformity measure of the grid
G, We say that G, is asymptotically uniform (a.u.) in [a, b] if

lim m(G,) =0.
n—oo
2.2. Asymptotic singular value and eigenvalue distributions of a matrix-sequence

Throughout this paper, a matrix-sequence is a sequence of the form {A,},, where A, is a square matrix and size(4,) =d, - o
as n — . We denote by C,.(R) (resp., C.(C)) the space of continuous complex-valued functions with bounded support defined on R
(resp., C). If A € C™™, the singular values and eigenvalues of A are denoted by o,(A), ...,0,,(A) and 4,(A), ..., 4,,(A), respectively.
The minimum and maximum singular values of A are also denoted by 6,;,(4) and ,,,,(A). A matrix-valued function f : [a, b] - CK*k
is said to be measurable (resp., bounded, continuous, continuous a.e., in L”([a, b]), etc.) if its components f;; : [a,b] - C,i,j=1,....k,
are measurable (resp., bounded, continuous, continuous a.e., in L?([a, b]), etc.).

Definition 2.1 (asymptotic singular value and eigenvalue distributions of a matrix-sequence). Let { A, },, be a matrix-sequence with A, of
size d,,, and let f : [a,b] — Ck*k be measurable.

+ We say that {A,}, has an asymptotic eigenvalue (or spectral) distribution described by f if

d b <k
R 1[I PO
nlirﬁlod—n;F(Ai(An))_ E/de, VFeC,(C). 2.1)

In this case, f is called the eigenvalue (or spectral) symbol of {A,}, and we write {A,}, ~, f.
+ We say that {4, }, has an asymptotic singular value distribution described by f if

b

dn k F .
lim di Y F(o,(A,) = 1 / wdx VF eC,(R). (2.2)
n =1

b—a k ’

a

In this case, f is called the singular value symbol of {A,}, and we write {A,}, ~, f.

We remark that Definition 2.1 is well-posed as the functions x +— Z{;l F(4;(f(x))) and x — 2?:1 F(o;(f(x))) appearing in
(2.1)-(2.2) are measurable [2, Lemma 2.1]. Throughout this paper, whenever we write a relation such as {A,}, ~, f or {A,}, ~, f,
it is understood that {A,}, and f are as in Definition 2.1, i.e., {A,}, is a matrix-sequence and f is a measurable function taking
values in C**¥ for some k and defined on some compact real interval [a, b].
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Remark 2.1. The informal meaning behind the asymptotic spectral distribution (2.1) is the following: assuming that f possesses k
a.e. continuous eigenvalue functions 4;(f(x)), i = 1,..., k, the eigenvalues of A,, except possibly for o(d,) outliers, can be subdivided
into k different subsets of approximately the same cardinality; and, for n large enough, the eigenvalues belonging to the ith subset
are approximately equal to the samples of the ith eigenvalue function A;(f(x)) over a uniform grid in the domain [a, b]. For instance,
if d,, = nk then, assuming we have no outliers, the eigenvalues of A, are approximately equal to

/1[<f(a+jb_a)>, J=1,n =1,k
n

A completely analogous meaning can also be given for the asymptotic singular value distribution (2.2). A noteworthy class of matrix-
sequences { A, },, that, under suitable assumptions, enjoy an asymptotic singular value and spectral distribution described by a function
f taking values in C**¥ is the class of k X k block generalized locally Toeplitz (GLT) sequences [2].

Since any finite multiset of numbers can always be interpreted as the spectrum of a matrix, a byproduct of Definition 2.1 is the
following definition.

Definition 2.2 (asymptotic distribution of a sequence of finite multisets of numbers). Let {A, = {4y, ..., A4 n}}, De a sequence of fi-
nite multisets of numbers such that d,, - o0 as n — o, and let f be as in Definition 2.1. We say that {A,}, has an asymptotic
distribution described by f, and we write {A,}, ~ f, if {A,}, ~, f, where A, is any matrix whose spectrum equals A, (e.g.,

A, =diag(dy,, ..., A, »))-
The next lemma is a slight generalization of [1, Lemma 3.12] and it can be proved in the same way.

Lemma 2.1. Let {A,}, be a matrix-sequence, let f : [a,b] — C**k be measurable, and suppose that {A,}, ~; f. Let A{(f),.... 44 (f):
[a,b] — C be k measurable functions such that A,(f (X)), ..., A (f(x)) are the eigenvalues of f(x) for every x € [a, b]. Then, forevery a, f € R
with a < f, we have {A,}, ~, f, where f is the following concatenation on the interval [a, f] of resized versions of MU, A ()

(S (a+ S5 (y = a)), a<y<a+lt,
Az(f(a+(b D (y—a— L2y, a+ Bt <y<ar2le
Filapl—C  fy={hU +“’ Sro-a-250) a2 <y<a3ie

A(fa+ Sy —a— (k- DED). a+k-DEE<y<p.

Theorems 2.1-2.2 are fundamental asymptotic distribution results obtained in [1]. They play a central role hereinafter. Throughout
this paper, we use “increasing” as a synonym of “non-decreasing”.

Theorem 2.1. Let f : [a,b] — R be bounded and continuous a.e. with ER(f) = [infr, ) f,suppap f1. Let {A, ={4y,,.... 44 41}, be a
sequence of finite multisets of real numbers such that d,, — co as n — co. Assume the following.

* {An}i’l ~ f
C [inf(, 41 f — €,,5Upp) [ +€,] for every n and for some €, — 0 as n — co.

Then, for every a.u. grid {x; , };—y,.. 4, inla,b], if o, and r, are two permutations of {1, ..., d, } such that the vectors [ f (x (1)) ---» [ (X5, (a,).n)]
and [A; (1yps -+ A1,(a,).n] are sorted in increasing order, we have

i*IinaXd |f(x6n(i),n) - j'r,,(i),nl -0 as n—oco.
In particular,
rn1n rlnax |f(x1n) r(l),nl -0 as n— oo,

where the minimum is taken over all permutations 7 of {1,...,d,}.
To properly state Theorem 2.2, we need the following definition.

Definition 2.3 (local extremum points). Given a function f : [a,b] — R and a point x( € [a,b], we say that x, is a local maximum
point (resp., local minimum point) for f if f(xy) > f(x) (resp., f(xy) < f(x)) for all x belonging to a neighborhood of x in [a, b].
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We point out that, according to Definition 2.3, by “local maximum/minimum point” we mean “weak local maximum/minimum
point”. For example, if f is constant on [a, b], then all points of [a, b] are both local maximum and local minimum points for f.

Theorem 2.2. Let f : [a,b] - R be bounded with a finite number of local maximum points, local minimum points, and discontinuity points,
and with ER(f) = [inf , y) f,supy, ) f1. Let {A, = {4, ..., Aq, »}}, De a sequence of finite multisets of real numbers such that d, — oo as
n — oo. Assume the following.

* {An}n Nf'
« A, C f(la, b)) for every n.

Then, for every n, there exist an a.u. grid {x;,},—; .. 4, in [a,b] and a permutation =, of {1,...,d,} such that

Ae iy = T (X ), i=1,....d,
2.3. Toeplitz matrices

It is not difficult to see that the operator 7),(-) : LY([—7,x]) - C™", which associates with each f € L!([—r, z]) the corresponding
nx n Toeplitz matrix T,(f), is linear and satisfies T, (1) = I,, where I, is the n X n identity matrix. Moreover, the conjugate transpose
of T,,(f) is given by

T,(f)* =T,(f)

for every f € L'([—x,x]) and every n; see, e.g., [13, Section 6.2]. In particular, if f is real a.e., then 7 = f a.e. and the matrices
T,(f) are Hermitian. Moreover, if f is real a.e. and even, then its Fourier coefficients are real and even (see Lemma 3.4 below), and
therefore the matrices T,(f) are real and symmetric. The next theorems collect relevant properties of Toeplitz matrices generated by
a function. For the related proofs, see [13, Theorems 6.1 and 6.5].

Theorem 2.3. For every f € LY([-x,x]) we have {(T,(NH}y~s f-

Theorem 2.4. Let f € L!([—x, z]) be real and let

mfzessinjff, M, =esssup f.

[-7.x [-m.x]

Then, the following properties hold.

1. T,(f) is Hermitian and the eigenvalues of T,(f) lie in the interval [m Myl for all n.
2. If f is not a.e. constant, then mp< Mg and the eigenvalues of T, (f) lie in (mg, Mf)for all n.
BTNy~ f.

The next localization results for the singular values of Toeplitz matrices have been proved in [31, Lemma 1.2] and [29, Theo-
rem 4.4], respectively. Throughout this paper, if .S is any subset of C, we denote by Co(.S) its convex hull.

Lemma 2.2. Let f € L!([-x, z]) and let ds be the distance of 0 from Co(ER(f)) in C. Then, the singular values of T, (f) lie in [dp. M1
for all n, where M| ;| = esssup_, .1 |fI.

Lemma 2.3. Let f : [—x,n] — C belong to the Krein algebra, i.e., f € L®([—x,x]) and the Fourier coefficients of f satisfy

D1kl fil? < oo.

kez

Then, for every € > O there exists a constant C, such that the singular values of T,(f) lie in the e-expansion of ER(| f|) given by
(ERUSDN),={s€[0,00) : |s—t| <€ for some t € ER(|f])}

except for at most C, outliers.

2.4. Flipped Toeplitz matrices

If f : [-x, 7] - C is a function in L'([—z,x]) and n € N, we define the Hankel matrix

Hn(f) = YnTn(f)’
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where Y, = H,(1) is the nXn exchange matrix in (1.2). We remark that our definition of H,(f) is different from the standard definition
of Hankel matrices generated by a function f [4, Section 11.4]. We therefore refer to H,(f) as the flipped Toeplitz matrix generated
by f rather than the Hankel matrix generated by f. A vector v € R" is called symmetric (resp., skew-symmetric) if Y, v = v (resp.,
Y, v=-v).

Remark 2.2 (eigendecomposition of the exchange matrix). Let V¥ and V- be the subspaces of R” consisting of symmetric and skew-
symmetric vectors, respectively:
Vi={reR":Yv=v}, Vo ={veR":Y,v=-v}.

It is easy to see that dimV," = [#/2] and dimV," = |n/2]. Indeed, a basis for V* is

e[+en—i+17 i=l’---’[n/2]’

and a basis for V"~ is

e, —e, i, i=1,...,|n/2],

where ey, ..., e, are the vectors of the canonical basis of R”. Note that \/;r and V" are, by definition, eigenspaces of Y, associated
with the eigenvalues 1 and —1, respectively, and we have dimV;} 4 dimV, = n. This yields the eigendecomposition of the exchange
matrix Y,, which has only two distinct eigenvalues 1 and —1 with corresponding eigenspaces V* and V.. We can thus write the
eigendecomposition of Y, as follows:

i

Y,=V,AV7h A= diag DLV =(v vy -y, 2.3)

n
i=1,...,n

where {v; : i is odd} is any basis of V. and {v;, : i is even} is any basis of V.

If f : [-#, 7] - C is a function in L'([—z, z]) with real Fourier coefficients, then T,(f) is real for all n. In this case, H,(f) is real
and symmetric for every n, and the next theorem appeared in [9,22] gives the asymptotic spectral distribution of the matrix-sequence

{H,(N}y

Theorem 2.5. If f is a function in LY([~x, x]) with real Fourier coefficients then {H,(f)}, ~, H, where

H:[-m,7x]->C>,  H(x)=diag(|f ()], ~|/ ().

The next lemma is a corollary of the Cantoni-Butler theorem [5, Theorem 2]; see also [33, Section 5]. An n X n matrix A is
called centrosymmetric if it is symmetric with respect to its center, i.e., A;; = A,_;y ,_;4 for all i,j =1,...,n. Equivalently, A is
centrosymmetric if ¥, AY, = A. Note that any symmetric Toeplitz matrix is centrosymmetric.

Lemma 2.4. Let T, be a real symmetric Toeplitz matrix of size n and let H, =Y, T,. Then, the following properties hold.

1. There exists an orthonormal basis of R" consisting of eigenvectors of T,, such that [n/2] vectors of this basis are symmetric and the other
|n/2] vectors are skew-symmetric.

2. Let {vy,...,v,} be a basis of R" such that, setting V,, = [V1 [y | = | v,,], we have:
* v, is alternately symmetric or skew-symmetric (starting with symmetric), i.e., in view of Remark 2.2,

Y, =V,A, V" A, = diag (-1,

n’np> n
i=l,...,n

s T,v,=4(T,)v; fori=1,...,n, ie.,

n"p-> n

i=1,...,

T,=V,D,V* D, = diag A;(T,).
n

Then,
s H,v; = A(H,)v; with 4,(H,)=(=1)*1A(T,) fori=1,...,n, ie,
H,=V,EV*

n"n°’

E,=A,D,.

Proof. Since T}, is symmetric centrosymmetric, the first property follows from [5, Theorem 2]. The second property is a consequence
of the first property and the definition H, =Y,7,. [

Taking into account that the matrices T,,(f) are real and symmetric whenever f is real and even, the following result is a corollary
of Lemma 2.4 and Theorem 2.4.
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Corollary 2.1. Let f € L([—x, z]) be real and even. Then, for every n, there exists a real unitary matrix V,, such that

Y, =V,A V5, A, = _dliag (=1)*1, 2.9
T,(f)=V,D,V}, D,= _dllag AT (), (2.5)
H,(f)=V,EV?, E:A_D dlag A(H, (), (2.6)

LHL(O) = (DT, i=1,...,n 2.7

In particular, if f is not a.e. constant, the eigenvalues of H,(f) lie in (-M f—mp)U(me, Mp), where

m, =essinf f, M, =esssu
f fon] S f [oﬂ]Pf

3. Main results: spectral properties of flipped Toeplitz matrices

In this section, we state and prove the main results of this paper. Theorem 3.1 is our first main result. It shows, among others, that,
for a real even function f bounded from below or above, the eigenvalues of H,(f) can be subdivided into two subsets of cardinalities
[n/2] and |n/2] such that

« the [n/2] eigenvalues belonging to the first subset coincide with [n/2] eigenvalues of T, (f) and have an asymptotic distribution
described by f;

« the |n/2] eigenvalues belonging to the second subset coincide with |n/2] eigenvalues of —T,(f) and have an asymptotic distri-
bution described by —f.

Throughout this paper, if A is a multiset of numbers and @ € C, we denote by A + a and A — & the multisets {A+a : A€ A} and
{A—a: A€ A}, respectively.

Theorem 3.1. Let f € L!([—x, z]) be real and even, and suppose that my =essinfig 1 f > —oc0 or M, = esssupyg 5 f < 0. Then, for
every n, there exists a real unitary matrix V,, such that (2.4)-(2.7) hold and

(AT~ 1, ={ A1 (H, (N} iz1.....[ny2) = it U D Yizi g2 (B.1
At~ =1 An = {4 (H,(N}i=1.. w2y = =AU N izt g2y (3.2)
Proof. We prove the theorem in the case where m £ >—00 (the proof in the case where M £ <o is similar). Let g = f + «, where

a € R is a constant such that my +a > 0. Note that g is a real even function in L!([—z, z]) like f, and moreover g > mp+a>0ae.
in [0, 7], so £R(g) is a closed subset of (0, o). By Corollary 2.1, for every n, there exists a real unitary matrix V,, such that

Y, =V,A,V7 A, = diag (—1)f+‘, (3.3)
i=l,.
T,(8) =V, DV, D= diag 3(T,(). (3.4)
H()=V,EV}, E/ =A,D = diag 1;(H,(g)), (3.5)
i=l,...,n
A(H,(8) = (=D 4T, (2)). i=1,...n. (3.6)

Let

AF = {4y (H,(8))} iz
A ={4y(H, ()} iz

We prove that {A; }. ~ g. Forevery F € C,(C), let Fe C.(C) be a function such that F=Fon [m;+a,00) and F =0 on (—oo0, —my—
a). Note that 1~\;r Clms+a,00) and A; C (-0, —ms —a] by Theorem 2.4. By Theorem 2.5 and the fact that g is a real even function,

tny2] = {Aoici (L@} izt /21>

,,,,, lny2) = {=22:(T, &N }i=1,... 1n/2)-

[n/2] [n/2]

Z Flai (Hy (@) = lim s /21 Z Flgr(Hy (@) = Jim =1 - 23" F(A,(H, ()
i=1

L Nl % [n / 2]

=2-l/wdx:l/F(g(x))dx:l/F(g(x))dx.
T 2 T T

0 0 0

Hence, {AT}, ~ g. Similarly, one can show that {A}}, ~ —g.
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To conclude the proof, we note that, by (3.3)~(3.4) and the linearity of the operator T,,(-),

T,(f)=T,(g —a)=T,(g)—al, =V, (D} —al, )V}, 3.7

H,(f)=Y,T,(f)=V,A,(D, —al )V} (3.8)
Define the following ordering for the eigenvalues of T, (f) and H,(f):

(T, () = 4(T,(8) — a, i=1,....n, (3.9

WH () =DM AT @) - ) =D AT, i=1...n (3.10)
In view of (3.7)-(3.8), it is now easy to check that (2.4)-(2.7) are satisfied with

D,=D! —al,

E,=A, D —al)=A,D,.

Moreover, also (3.1)—(3.2) are satisfied, because {1~\: },. ~ g is equivalent to {A; .~ f and {/~\; }n ~ —g is equivalent to {A;}, ~ —f.
These equivalences follow from Definition 2.2, the equation g = f + «, and the observation that

N = {1 (T@) izt g2 = LA (TN + @) iy
A, = (=T @izt ny2) = =2 () = @izt ) = A, —. O

2 = Ay +a.

Theorem 3.2 is our second main result. It shows, among others, that, for a real even bounded and a.e. continuous function f, the
eigenvalues of H,(f) are given by the following alternating sign relationship:

AH () =DM LT, =DM f(x ) + e, i=1n, (3.11)

where {x;,};-; ., is any a.u. grid and max,_; _,|¢;,| = 0 as n — co. To prove Theorem 3.2, we need the following lemma about
a.u. grids. Throughout this paper, if {a,}, and {b,}, are any two numerical sequences such that a,, b, # 0 eventually as n — oo, we
write a, ~ b, as n — oo to indicate that a,/b, — 1 as n — 0.

Lemma 3.1. Let {x; , };—, . g and {y;,}i=i,.. ., betwo grids, withd, — co and e, ~ d, asn — co. Let {z; .}, .. 4, +, De the grid obtained
by alternately picking one point from the first grid and one point from the second grid, and by positioning the remaining points of the largest
grid at the end. In formulas,
_ {xl,n’ yl,n’x2,n’y2,n’ B xd,,,n’ yd,,,n’ yd,,+l,n’ B ye,,,n }’ ifdn < €ns
{Z[,n}[=l,m,dn+en - .
{xl,n’ yl,n’x2,n’y2,m R xen,n’ ye,,,n7 xe,,+l,n7 R} xd,,,n }’ Ifdn > €y-

Then, for every real interval [a, b], the grid {z; ,}; . 4, 4, i @.u. in [a,b] if and only if the grids {x; , };1 a4, and {y;,}i=1,.. ., are a.u. in

[a, b].

Proof. Set
Xn = {xi,n i=1,....d,> yn = {yi,n}i=1,...,e"’ Zn = {Zi,n}i=1 ,,,,, d,+e,’
£, =a+il=2 —a+il=e (o o—a+i—279
b d,+1 Vi et 1 b dte,+1°

Note that the uniformity measures of the grids X,,, Y,, Z, with respect to the interval [a, b] are given by

m(Xn) = i—rlnaxd |xi,n - Si,nlv m(yn) = i—rlnax |yi,n - l//i,n |! m(Zn) = i1 max+ |Zi,n - gi,n|~

T i=lha, e, sy tey,

Before proving the lemma, we make the following observations.

« Fori=1,...,min(d,,e,),
i 2i—1 (e, —d,)+d,—i+1

d,+1 d, +e,+1 (d,+ D, +e,+1)

<b-a) dyle,—d,|+d, (b—a)d}%

- d,+1d,+e,+1) - d,+1d,+e,+1)

where «, depends only on n and a, — 0 as n — co due to the assumptions that d,, - oo and e, ~ d,, as n — oco. Similarly, for
i=1,...,min(d,e,),

1&in— Coicinl =(0—a) ‘z(b—a)

e, 1
2+ =)=
)=

n
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vt |~ (h—a)| _L|z(,,_a)‘wf
hn 52 e,+1 d,+e,+1 (e, + )(d, +e,+1)
e,d,—e,|+e (b—a)e? d
<(b-a o enlten . _n_l|+l =Py
(e, +1)d,+e,+1) (e, +1)d,+e,+1) \|e, e,

where f, depends only on » and f, — 0 as n — oo due to the assumptions that d, — o and ¢, ~ d, as n - .
« Ifd,<e, then, foreveryi=d, +1,....¢,,

_— | d,+i | " )‘ d,(i—e,)—d,
Vin =524, +(—d,).n e, +1 d,+e, +1 (e, + D, +e,+1)
de,—d,)+d, (b—a)d; ,
< (b— @)L~ &) = I
(e, +)(d,+e,+1) (e, +1)(d,+e,+D \d, d,

where y, depends only on n and y,, — 0 as n — oo due to the assumptions that d,, - o and e, ~ d,, as n — oo. Similarly, if d, > ¢,
then, for every i=e, +1,...,d

by

i e, +1i e,(i—d,)—e,
- ) =(b- T —p—g)|— T n
160 = C2e,1-eynl = (b= @) d,+1 d,+e,+1 ‘ b-a | (d,+1)d,+e,+1)
<o Gl (-, b v L) s,
d,+d,+e,+1) d,+Dd,+e,+1) \ e, e,

where 6, depends only on n and 6, — 0 as n — oo due to the assumptions that d,, - o0 and e, ~d, as n — 0.

We now prove the lemma. For every i =1, ..., min(d,, e,), we have

||xi,n - gi,nl - |Z2i—l,n - §2i—1,n| = ‘lxi,n - éi,nl - |xi,n - CZi—l,nl < |§i,n - §2i—1,n| < Xy,

|yi,n - Wi,nl - |Z2i,n - é‘Zi,nl < |Wi,n - §2i,n| < ﬂn'

= ‘lyi,n _Wi.nl - |yi,n _€2i,n|

Moreover, if d, <e, then, for every i=d, +1,...,¢,, we have

||yi,n = Vinl = 1204, +G-d,)n = S2d,+-dypnl| = ||yi,n = Winl = 1Yin = C2d,+-d,)n
S \Win = S2a,4ti=dyynl < Voe

If instead d,, > e, then, for every i=e¢, +1,...,d,, we have

= |1Xin = &l = 1 = G2 wt1-e0

< |§i,n - C2e,,+(i—e,,),n| < 5n'

||xi,n - éi,nl - |Z2en+(i—en),n - g2e,,+(i—e,,),n|

In any case, we have

|max(m(X,,), m(Y,)) — m(Z,,)| < max(a,, B,,7,.6,)-
This implies that Z, is a.u. in [a, b] if and only if both X, and Y, are a.u. in [a,b]. []

Theorem 3.2. Let f : [-x, 7] — R be even, bounded and continuous a.e. with ER(f) = [inf o ,; f supjg - /1. Then, for every n and every
au grid {x; ,};_y. ., in [0, 7], there exists a real unitary matrix V, such that (2.4)-(2.7) hold and

A_IIllaX [f(xX; ) = A(T,(f D] =0 as n— co. (3.12)

Proof. By Theorem 3.1, for every n there exists a real unitary matrix V, such that (2.4)—(2.7) are satisfied and

{AT)~ 1. Ay = o (H, (P iz ngm) = ot (G Yizi g2 (3.13)
NV~ = A=A (H, (D Yizi w2y = =0T U izt g2y (3.14)
Note that if we permute the columns of V, and the eigenvalues of T,,(f) and H,(f) through the same permutation = of {1,...,n}

such that = maps odd indices to odd indices and even indices to even indices, then (2.4)—(2.7) continue to hold.

By (3.13)—(3.14), Theorem 2.4, and the assumptions on f, the hypotheses of Theorem 2.1 are satisfied for f and A; as well as
for —f and A . Hence, by Theorem 2.1 applied first with f and A} and then with —f and A}, we infer that, for every pair of a.u.
grids {x7, }i=1,. (/21> (X7, izt (n2) 0 [0, 7], we have

min ma[x/ﬂ |f(x?'n) = Aariy—1 (T,(fN] = 0 as n — oo, (3.15)
T [n i
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min _max | = f0,) + day (L) = 0 @ n— oo, (3.16)
where the minima are taken over all permutations 7 of {1,...,[n/2]} and {1,..., |n/2]}, respectively.

Now let {x,-’” }i=1,..., beana.u. grid in [0, z]. The two subgrids {x,;_ , },-=1w,[,,/2], {xz,-,,, izt
We can therefore use these subgrids in (3.15)-(3.16) and we obtain

ln/2) area.u. in [0, 7] by Lemma 3.1.

Hl}ﬂi:l?jaﬁz/z] |f(x2i_1,n) - /lzr(i)_l(Tn(f)N —0as n— oo, (3.17)
min lma[x/2J | = fx2i) + Aoy (T,(S)] — 0 as n— oo. (3.18)
T i=1,...,|n

For every n, we rearrange the eigenvalues of H,(f) and T,,(f) as follows:

{AHL (), oo A (H (DY = Lyt )2t (H()s Ag (1) (H ()s Aget -1 (H()s Aoz ) (H, (), - 1
{4 @ AT UNY = { Ao (1)1 (T (UD)s A ()T (s Aot -1 (T (P A )T ()5 - )

where 17;' and T, are two permutations for which the minima in (3.17)—(3.18) are attained. Then, (3.17)-(3.18) imply
max | (x,) = A(T,()] =0 as n— oo,

which yields (3.12). Moreover, after the above rearrangement of the eigenvalues of 7,,(f) and H,(f), (2.4)—(2.7) continue to hold,
because, by construction, the considered rearrangement is associated with a permutation 7, of the columns of V, and the eigenvalues
of T,(f) and H,(f) such that r, maps odd indices to odd indices and even indices to even indices. Of course, (2.4)-(2.7) continue
to hold with a new matrix V, obtained by permuting the columns of the old V, through the permutation z,,. With abuse of notation,
we denote again by V, the new matrix V,, so that (2.4)-(2.7) hold unchanged. The thesis is proved. []

Theorem 3.3 is our third main result. It shows, among others, that, for a real even bounded function f with a finite number of
local maximum/minimum points and discontinuities, the alternating sign relationship (3.11) holds for a suitable a.u. grid {x; ,},;
with £,=0 forevery i =1,...,n and every n.

Theorem 3.3. Let f : [-n,z] - R be even and bounded with a finite number of local maximum points, local minimum points, and dis-
continuity points, and with ER(f) = [inf (0.21.f »SUP[o 7 f] and (inf (0.1 +8uPpo 1 f) € (10, z]). Then, for every n, there exist an a.u. grid
{x;n}iz1,...n in [0, 7] and a real unitary matrix V,, such that (2.4)-(2.7) hold and

WT() = fx,),  i=1,...n (3.19)

Proof. By Theorem 3.1, for every n there exists a real unitary matrix V,, such that (2.4)—(2.7) are satisfied and

(A}~ 1, Ay = (g (Hy (D Yizr g1 = it T izt g2 (3.20)
N Y~ =S A =1 H (N izt g2y = =20 im1 g2y (3.21)
Note that if we permute the columns of V, and the eigenvalues of 7,(f) and H,(f) through the same permutation = of {1,...,n}

such that 7 maps odd indices to odd indices and even indices to even indices, then (2.4)—(2.7) continue to hold.

By (3.20)-(3.21), Theorem 2.4, and the assumptions on f, the hypotheses of Theorem 2.2 are satisfied for f and A,T as well as for
—/f and A} . Hence, by Theorem 2.2 applied first with f and A} and then with —f and A, we infer the existence of two a.u. grids
{x;tn}iil.m.['l/ﬂ’ {x;n}i:I,A..,Ln/ZJ in [0, #] and two permutations ‘r;f of {1,...,[n/2]} and 7 of {1,..., n/2]} such that, for every n,

/12T,,+(i)—l(Tn(f)) = f(x;fn), i=1,...,[n/2], (3.22)

Ay (LN ==f(x; ), i=1..,n/2] (3.23)
Define

{Xl,n’ ,xn’n} = {xtn,xin,xzn,xin, .

and rearrange the eigenvalues of H,(f) and T,(f) as follows:

{4 (H, (D, - A (H ()} = { Aot )1 (Ha()s Aoz 1y (Hu () Aot )1 (Hu(F))s A 0)(H (), -}
{4 (T, - AT (N = ot ()= 1 T()s Aa (1) (T () Aot 21 (T (s gm0y (T, (D)5 -3

Note that {x;,};—; , is an a.u. grid in [0, 7] by Lemma 3.1. Moreover, after the above rearrangement of the eigenvalues of T, (f)
and H,(f), by (3.22)—(3.23) we have

AT, =Fx,), i=1...n

10
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which is (3.19). In addition, (2.4)—(2.7) continue to hold, because, by construction, the considered rearrangement is associated with
a permutation 7, of the columns of V, and the eigenvalues of T,,(f) and H,(f) such that 7, maps odd indices to odd indices and
even indices to even indices. Of course, (2.4)—(2.7) continue to hold with a new matrix ¥, obtained by permuting the columns of
the old V,, through the permutation z,. With abuse of notation, we denote again by V), the new matrix V), so that (2.4)-(2.7) hold
unchanged. The thesis is proved. []

Theorem 3.4 is our fourth main result. It is an extension of Corollary 2.1 to the case where f € Li([~x,x)) is only assumed to
have real Fourier coefficients. In this case, the moduli of the eigenvalues of H,(f) coincide with the singular values of T,(f), as
shown by the following remark.

Remark 3.1. For every matrix A € C"™", the singular values of A and Y, A coincide because Y, is a unitary (permutation) matrix. In
particular, for every f € L!([—z, x]), the singular values of T,(f) and H,(f) coincide. In the case where T),(f) is real, which happens
whenever the Fourier coefficients of f are real, the matrix H,(f) is real and symmetric, and so the singular values of H,(f), i.e., the
singular values of T),(f), coincide with the moduli of the eigenvalues of H,(f).

Theorem 3.4. Suppose that the Fourier coefficients of f € L'([—x,x]) are real. For every n, let

n“n"pn>

i=l,...,n

T,(/H=Uz2V" X, = diag o;(T,(f)),
L...,

be a singular value decomposition of T,(f). Then, for every n, we can arrange the eigenvalues of H,(f) so that

[A;(H, ()| = o:(T,(f), i=1,...,n, (3.24)
H,(f)*=V,22V}, (3.25)
H,(f)*=Y,U,2(Y,U,)". (3.26)

In particular, the columns of V,, (right singular vectors of T,(f)) and the columns of Y, U, (flipped left singular vectors of T,(f)) are
orthonormal bases of C" consisting of eigenvectors of H,(f)?.

Proof. This proof of Theorem 3.4 is simpler than the original one proposed by the authors and is due to an anonymous reviewer.
We know from Remark 3.1 that the eigenvalues of H,(f) can be arranged so that (3.24) holds. (3.25)-(3.26) follow from (3.24) by
taking into account the singular value decomposition T, (f) =U,Z,V," and the fact that H,(f) =Y, T,(f) is real and symmetric:

H,(f)* = H,(f) H,(f) =T,(/)' T, (/) =V, 22V},
H,(f)*=H,(HH,(f)* =Y, T,(NT,()'Y, =Y, U2, U,)". O

Remark 3.2. For every diagonalizable matrix A € C™", the eigenvectors of A and A? coincide whenever the eigenvalues of A2 (i.e.,
the squares of the eigenvalues of A) are distinct. More precisely, in this case we have that v is an eigenvector of A associated with
the eigenvalue 4 if and only if v is an eigenvector of A% associated with A2. It follows that, in Theorem 3.4, we can replace (3.25) with
H,(f)=V,|diag,_, ., A;(H,(f)|V;* and (3.26) with H,(f) =Y, U, [diag,_; _, 4,(H,(/)|(Y,U,)* whenever the eigenvalues of H,(f)*
are distinct.

Theorem 3.5 is our fifth main result. It provides localization results for the eigenvalues of H,(f) under different assumptions on
the function f. To prove Theorem 3.5, we need two auxiliary lemmas. The first one is a plain extension of Widom’s Lemma 2.2. The
second one combines a few classical results on Toeplitz matrices [13].

Lemma 3.2. Let f € L([-x, 7)) and let d '+ be the distance of 0 from Co(ER(f)) in C. Suppose that | f| is not a.e. constant. Then, the
singular values of T,,(f) lie in [d s, M| z|) for all n, where M| ;| = esssup|_; .1 |f]-

Proof. By Widom’s Lemma 2.2, the singular values of T,,(f) lie in [d r»M, 7] for all n. We show that no singular value of 7,,(f) can be
equal to M 1) 1-e. |1 T,(OIl < M IFl> where ||T,,(f)]| is the spectral (or Euclidean) norm of T, (f) (the largest singular value of T, (f)).
It is known that ||7,,(/)|| < IT,(|fDIl; see, e.g., [13, Lemma 6.3] applied with p = 0. By Theorem 2.4 and the assumption that | f]|
is not a.e. constant, we infer that 7,,(| f|) is a Hermitian positive definite matrix whose eigenvalues lie in (my s, M 7)) S0, M, z)). In
particular, the largest eigenvalue of 7, (| f|) coincides with ||7,,(| f])|| and is smaller than M ;. Thus, || T,(NI < IT, (| fDII < M,;. O

Lemma 3.3. Let f(0) = Z,’{:_r £ be a trigonometric polynomial of degree r, and let
g = min 1S Mgy = max ]

Then, for every n, the singular values of T,(f) lie in [m s, M, ;] except for at most 2r outliers.

11
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Proof. The thesis is obvious for n < 2r. Suppose that n > 2r+ 1. Let C,(f) be the circulant matrix defined in [13, p. 109]. By the first
inequality in [13, p. 110], we have

rank(T,(f) — C,(f)) <2r.

Hence, by the interlacing theorem for singular values [13, Theorem 2.11], the singular values of T,,(f) lie between o,,;,(C,(f))
and o0,,,,,(C,(f)), except for at most 2r singular values smaller than o,;,(C,(f)) and 2r singular values larger than o,,,,(C,(f)).
The singular values of 7, (f) larger than o, (C,(f)), if any, are anyway < M, £l by Lemma 2.2. Moreover, we know from [13,
Theorem 6.4] that ¢,,;,(C,(f)) and 0,,,,(C,(f)) lie between [m s My 4] Thus, all the singular values of T,(f) lie in [my s My ]
except for at most 2r outliers (smaller than m, fl)' O

Theorem 3.5. Suppose that the Fourier coefficients of f € L'([—x, z]) are real, and let
d; = distance of 0 from Co(ER(f)) in C,
my | =essinf | f|, M, =esssup|f].
[-7.7] [-7,x]
Then, for every n, the following properties hold.

1. The eigenvalues of H,(f) lie in [—M|f|, —df] ] [df, M|f|].

2. Assume that | f| is not a.e. constant. Then, the eigenvalues of H,(f) lie in (=Mf,—d1Ulds, Mf)).

3. Assume that | f| # m s ae. and | f| # M ae. Then, the eigenvalues of H,(f) lie in (=M, g, —m s U m g, M, 7)) except for at most
o(n) outliers lying in (—=mj |, m| 7).

4. Assume that f(6) = Z;=_r fke”‘g is a trigonometric polynomial of degree r. Then, the eigenvalues of H,(f) lie in [-M L —mpl Y
[m s, M, 5|1 except for at most 2r outliers lying in (—m ¢, m|z|).

5. Assume that f belongs to the Krein algebra. Then, for every € > O there exists a constant C, such that the eigenvalues of H,(f) lie in
[=M\p),—m s + I3]0 (mm —& Ml except for at most C, outliers.

Proof. We know that |4;(H,(f))| =0;(T,(f)), i=1,...,n. Hence, item 1 follows from Lemma 2.2; item 2 follows from Lemma 3.2;
item 3 follows from item 2 and the asymptotic singular value distribution {T,(f)}, ~, f in Theorem 2.3, which implies that the
number of singular values of T,(f) lying outside ER(|f|) C [m s, M, ;] is o(n) by [3, Theorem 4.7]; item 4 follows from item 1 and
Lemma 3.3; and, finally, item 5 follows from item 1 and Lemma 2.3.

Our last main result (Theorem 3.6) is more an observation than a “main result”, but we decided anyway to state it here, in the
section of main results, as it completes our spectral study of flipped Toeplitz matrices. To prove Theorem 3.6, we need the following
basic lemmas, which can be seen as corollaries of [15, Proposition 3.1.2]; see also [30, Exercise 4.5]. For the reader’s convenience,
we include the short proofs.

Lemma 3.4. Let f € L'([—x, x]). Then, the following are equivalent.

1. fisreal and even a.e. in [—n,x], ie, f(—x)= f(x) €R for ae. x € [-x,x].
2. The Fourier coefficients of f are real and even, i.e., f_, = f; ER forall k € Z.

Proof. (I = 2) Suppose that f(—x) = f(x) € R for almost every x € [-x, x]. Then, for every k € Z,
pa pa pa
_1 ihx g L kg L ikt g, _
k=5, / Fedx= o [ fne M=o | feMar= gy
- - -
and f is real, because
Fa p4 V4
fi= l( fon+ f)= L / foe*dx + 1 / foe k¥ dx [ = 1 / F(x) cos(kx)dx
k= M=k T o 2n 27 27 ’

(2 = 1) Suppose that the Fourier coefficients of f are real and even. In order to prove that f is real and even a.e. in [—x, x], it
suffices to prove that the three functions f(—x), f(x), f(x) have the same Fourier coefficients, which means that they coincide a.e.

[27, Theorem 5.15]. Let {a; } <7 (resp., {b; } ez, { fi }kez) De the sequence of Fourier coefficients of f(—x) (resp., f(x), f(x)). Then,
taking into account that the Fourier coefficients of f are real and even, for every k € Z we have

b4 pa V4 V4
1 - 1 : —_— 1 i 1 i
be=75- / FGe dx = o~ / Fekrdx =T = f = 5- / Fedx = o~ / f(=ne Mdr = a,,

12
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hence by =a;, =f_,=f,. O
Lemma 3.5. Suppose that the Fourier coefficients of f € L'([—x, z]) are real. Then, f(—x)= f(x) for almost every x € [—r, ].

Proof. It suffices to prove that the two functions f(—x) and f(x) have the same Fourier coefficients, which means that they coincide
a.e. [27, Theorem 5.15]. Let {a; };c7 (resp., {b;}rez, { fi}kez) be the sequence of Fourier coefficients of f(—x) (resp., f(x), f(x)).
Then, taking into account that the Fourier coefficients of f are real, for every k € Z we have

T K s s
1 — 1 . - 1 i 1 i
b= 5— / Feedx = / St dx=f=fp=5- / Feoelrdx = o~ / f=ne Mdr =,
- - - -
hence b, =q,. [

To simplify the statement of Theorem 3.6, we borrow a notation from [9]: for every g : [0,z] — C, we define the function
|77 [0,27] — C by setting

g(x), x €[0, ],
Y, (x)=
—g(x—n), x€(x2x].

Moreover, for every f : [-z,z] — C, we denote by f|, ,; the restriction of f to the interval [0, z].

Theorem 3.6. Let f € L'([—x, z]). Then, the following properties hold.

1. Suppose that the Fourier coefficients of f are real. Then,

TN ~e flomr {H(DY~o fliom)-

2. Suppose that the Fourier coefficients of f are real and even. Then,

(LY~ Floar HD W~ HO e~ w0

Proof. 1. By Lemma 3.5, we have f(—x) = m for almost every x € [—x, z], hence | f(—x)| = | f(x)| for almost every x € [—x, x].
Thus, the relation {T,(f)}, ~, flj0.) is @ consequence of the relation {T,(f)}, ~, f (which holds by Theorem 2.4) and the
definition of asymptotic singular value distribution. The relation { H,(f)}, ~, fljo ) follows immediately from {T,(f)}, ~,
S0, and the fact that the singular values of H,(f) and T, (f) coincide; see Remark 3.1.

2. By Lemma 3.4, f isreal and even a.e. Thus, the relation {T,,(/)}, ~, flj.-) is @ consequence of the relation {T,(f)}, ~, f (which
holds by Theorem 2.4) and the definition of asymptotic spectral distribution. The relation { H,(f)}, ~, ¥ ol is a consequence
of the relation

{H, (N}, ~y diag(lf L=, xe[0,x], (3.27)

(which holds by Theorem 2.5 and the evenness of f) and Lemma 2.1 applied with [a,f] = [0,27]. Finally, the relation
{H,(N},~ v liow] is a consequence of the relation {H,(f)}, ~; ¥\ £l and the definition of asymptotic spectral distribu-
tion, taking into account the f isreal a.e. [] '

4. Numerical experiments

We present in Examples 4.1-4.3 a few numerical experiments that illustrate Theorems 3.2 and 3.3. Note that the thesis of The-
orem 3.3 is stronger than the thesis of Theorem 3.2, because the existence of an a.u. grid {x;,},=; ., in [0,z] such that (3.19) is
satisfied implies that (3.12) is satisfied for every a.u. grid {x;,},; , in [0, z]. Thus, for functions f satisfying the hypotheses of
both Theorems 3.2 and 3.3, we just illustrate Theorem 3.3.

Example 4.1. Let f : [-7,7] - R,

1, 0<0<1/2,
f@=30+1-x/2, n/2<0<n, (4.1)
£(=0), —7<0<0.

Fig. 4.1 shows the graph of f over the interval [0, z]. The function f satisfies the hypotheses of Theorem 3.2. Hence, by Theorem 3.2,
for every n and every a.u. grid {x; ,};,—;.._, in [0, x], there exists a real unitary matrix ¥}, such that (2.4)-(2.7) hold and
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m
I+ 2 ‘ ‘ ‘ Table 4.1
Example 4.1: Computation of M,
2L 1 for increasing values of n.
n M,
8 0.0851
1 | 16 0.0632
32 0.0454
64 0.0312
128 0.0206
256 0.0132
0 : : 3 512 0.0082
s s pus
0 a1 5 v T 1024 0.0050
Fig. 4.1. Example 4.1: Graph on the interval [0, z] of the function f(6) defined in
(4.1).
1.2 ' ' ' Table 4.2
Example 4.2: Computation of m(G,)
0.9l 1 for increasing values of n.
n m(G,)
0.6 i 8 0.2475
16 0.1304
32 0.0753
0.3+ 1 64 0.0403
128 0.0328
256 0.0245
0 ‘ ‘ . 512 0.0119
s us T
0 1 5 7} T 1024 0.0060
Fig. 4.2. Example 4.2: Graph on the interval [0, z] of the function f(6) defined in
(4.3).
Mn=_rr]1ax [f(x;) = A(T,(f N = 0 as n— co. (4.2)
i=l,...,n

To provide numerical evidence of this, for the values of n considered in Table 4.1, we arranged the eigenvalues of 7,(f) so that
(2.4)-(2.7) are satisfied. In other words, we arranged the eigenvalues of T,(f) so that the eigenvector associated with the ith
eigenvalue A,(T,(f)) is either symmetric or skew-symmetric depending on whether i is odd or even. Then, we computed M,
in the case of the a.u. grid x;, = n%, i=1,...,n. We see from the table that M, —» 0 as n - oo, though the convergence is
slow.

Now we observe that f does not satisfy the hypotheses of Theorem 3.3. Actually, f satisfies all the hypotheses of Theorem 3.3
except for the assumption that f has a finite number of local maximum/minimum points. Indeed, f is constant on [0, /2] and so
all points in [0,z /2) are both local maximum and local minimum points for f according to our Definition 2.3. We observe that, in
fact, the thesis of Theorem 3.3 does not hold in this case, because there is no a.u. grid {x;,};-; , in [0,z] such that, for every
n,

AT, =1 (x,),  i=1...n

for a suitable ordering of the eigenvalues of T,,(f). Indeed, the eigenvalues of T, (f) are contained in (1, 1 + 7 /2) by Theorem 2.4 and
so any grid {x; ,},=; . , C [0, ] satisfying the previous condition must be contained in (x/2, z), which implies that it cannot be a.u.
in [0, z].

Example 4.2. This example is suggested by the cubic B-spline Galerkin discretization of second-order eigenvalue (and Poisson)
problems [14, Section 2.4.1]. Let f : [-z, 7] - R,

_2_1 _2 _1
f) = 371 cos(0) 3 cos(20) 0 cos(36). (4.3)

Fig. 4.2 shows the graph of f over the interval [0, z]. The function f satisfies the hypotheses of Theorem 3.3. Hence, by Theorem 3.3,
for every n there exist an a.u. grid {x; ,},; _, in [0, 7] and a real unitary matrix ¥, such that (2.4)~(2.7) hold and

AT, = f(x;,), i=1,...,n “4.4)

To provide numerical evidence of this, for the values of n considered in Table 4.2, we arranged the eigenvalues of 7,(f) so that
(2.4)-(2.7) are satisfied. In other words, we arranged the eigenvalues of 7,(f) so that the eigenvector associated with the ith
eigenvalue 4;(T,(f)) is either symmetric or skew-symmetric depending on whether i is odd or even. Then, we computed a grid
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Q ‘ ‘ ‘ Table 4.3
Example 4.3: Computation of m(G,)
2 1 for increasing values of n.
1l ] n m(G,)
8 0.5771
0L 1 16 0.4633
32 0.2421
1! | 64 0.2082
128 0.1127
9 256 0.0812
- - - P 512 0.0336
0 1 b) vy T 1024 0.0183

Fig. 4.3. Example 4.3: Graph on the interval [0, z] of the function f(6) defined in
(4.5).

G, ={x;,}i=1,. n satisfying (4.4) and we reported in Table 4.2 its uniformity measure m(G, ). We see from the table that m(G,) — 0
as n — oo, meaning that G, is a.u. in [0, z], though the convergence to 0 of m(G,) is slow.

Example 4.3. In this example, we consider a discontinuous function. Let f : [-z,7] — R,

cos(20) + cos(36), 0<0<x/2,
f(O)=10, z/2<60<mr, (4.5)
f(=0), —7<6<0.

Fig. 4.3 shows the graph of f over the interval [0, z]. The function f satisfies the hypotheses of Theorem 3.3 just as the function f of
Example 4.2. Hence, we proceeded exactly as in Example 4.2. The results are collected in Table 4.3, which is the version of Table 4.2
for this example.

In Examples 4.4-4.6, we show how the spectral localization results in Theorem 3.5 can be used to predict the MINRES performance
on linear systems with coefficient matrix H,(f). We recall that the interest behind solving linear systems with coefficient matrix
H,(f) lies in the fact that solving H,(f)x =Y, b is equivalent to solving the Toeplitz linear system T,(f)x = b. We also recall that
the convergence bounds for CG and MINRES are formally identical and rely only on the eigenvalues of the system matrix; cf. [8,
Egs. (2.12) and (6.50)]. In particular, a fast convergence of both methods is usually observed when the eigenvalues of the system
matrix are clustered at a small subset of R bounded away from 0. For more details on this subject, see [8, Sections 2.1.1 and 2.2] for
CG and [8, Sections 6.1 and 6.2.4] for MINRES. In what follows, we denote by 1, the vector of all ones in R".

Example 4.4. Let f : [-x, 7] > C,

—2i6 + e—3i€_ (4.6)

F(0)=—e + % +e ¥ te
The Fourier coefficients of f are real as in the hypotheses of Theorem 3.5. A direct computation shows that the values d rampp, Mg
in the statement of Theorem 3.5 are given by

dp=0, my~L1L M, =353

In particular, O lies inside the convex hull Co(ER(f)); see also Fig. 4.4. By items 2 and 4 in Theorem 3.5, for every n, the eigenvalues
of H,(f) are contained in (—3.53,3.53) and, moreover, at most 6 eigenvalues can lie outside (-3.53,—-1.11]U[1.11,3.53). Therefore,
even if d, =0, we can predict a fast convergence of MINRES for linear systems with coefficient matrix H,(f), due to the clustering
of the eigenvalues of H,(f) at (—3.53,—1.11] U [1.11,3.53), which is the union of two intervals sufficiently bounded away from
0. This prediction is confirmed by Table 4.4, which shows that the number of MINRES iterations for solving the linear system
H,(f)x =1, up to a precision of 107 is essentially independent of the matrix size n. In this sense, the MINRES convergence is
optimal with respect to n. Table 4.4 also reports for each n the number of outliers, i.e., the number of eigenvalues of H,(f) lying
outside (—3.53,—1.11JU[1.11,3.53). As expected, the number of outliers is smaller than 6 (actually, equal to 0) for all the considered
values of n.

Example 4.5. Let f : [-z, 7] > C,

__ 1 ep
fO)= =35+, 4.7)

The Fourier coefficients of f are real as in the hypotheses of Theorem 3.5; they are explicitly given by
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3 _SR(f) Table 4.4
L] CO(SR(f) ) Example 4.4: Number of outliers and number of MINRES
2 —myy iterations for solving the linear system H,(f)x =1, up
to a precision of 10~ for increasing values of n.
1 n Outliers MINRES iterations
0 32 0 28
64 0 35
128 0 37
-1 256 0 35
512 0 35
-2 1024 0 33
2048 0 33
-3 4096 0 31

o 1 2 3 4

Fig. 4.4. Example 4.4: (Essential) range of the function f(6) defined in (4.6) and
its convex hull. The value m, | is also indicated.

1 —ER(f) Table 4.5
[ ICo(ER(S)) Example 4.5: Number of outliers and number of MINRES
—myy iterations for solving the linear system H,(f)x =1, up
0.5 to a precision of 10~ for increasing values of n.
n Outliers MINRES iterations
0 o > 10
128 3 11
256 3 11
=05 512 3 10
1024 3 10
2048 3 10
-1 4096 4 12

0 0.5 1

Fig. 4.5. Example 4.5: (Essential) range of the function f(6) defined in (4.7) and
its convex hull. The value m, | is also indicated.

L,z ifk=0,
fi= 10 =«
i s ifk#0
72k +1) |

A direct computation shows that the values d, m 7|, M|, in the statement of Theorem 3.5 are given by

dp=0,  my;=09, M ~100.

In particular, 0 lies inside the convex hull Co(E€R(f)); see also Fig. 4.5. Note that f does not belong to the Krein algebra, because

4|k|
k 2= —— =®
kEZZ| A kezzfﬂ@kﬂﬁ

In particular, we are not in the hypotheses of item 5 of Theorem 3.5. Nevertheless, we are in the hypotheses of item 3 of Theorem 3.5,
because

1£(0)] = % 101 —2cos<§>

cannot be equal to m|;; or M|, on a set of positive measure. By items 2 and 3 in Theorem 3.5, for every n, the eigenvalues of
H,(f) are contained in (—1.00, 1.00) and, moreover, the number of eigenvalues lying outside (—1.00,—-0.9] U [0.9,1.00) is at most
o(n). Therefore, even if d, = 0, we can predict a fast convergence of MINRES for linear systems with coefficient matrix H,(f), due
to the clustering of the eigenvalues of H,(f) at (—1.00,—0.9] U [0.9, 1.00), which is the union of two intervals sufficiently bounded
away from 0. This prediction is confirmed by Table 4.5, which shows that the number of MINRES iterations for solving the linear
system H,(f)x =1, up to a precision of 1070 is essentially independent of the matrix size n. In this sense, the MINRES convergence
is optimal with respect to n. Table 4.5 also reports for each »n the number of outliers, i.e., the number of eigenvalues of H,(f) lying
outside (—1.00,-0.9] U [0.9, 1.00). As expected, the number of outliers is small compared to the matrix size n for all the considered
values of n.
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Table 4.6
1 Example 4.6: Number of outliers and number of MINRES and PMINRES
iterations for solving the linear system H,(f)x =1, up to a precision
of 107 for increasing values of .
0 n Outliers MINRES iterations PMINRES iterations
32 0 31 14
-1 64 0 62 13
128 0 118 13
256 0 163 11
0 1 2 3 512 0 225 1
1024 0 237 11
Fig. 4.6. Example 4.6: (Essential) range of the function f(6) defined in (4.8) and 2048 0 233 11
its convex hull. The value m|, is also indicated. 4096 0 225 10
Example 4.6. Let f : [-z, 7] > C,
9 0% 4. 20 3
fO) = = + (=€ 4+ %0 —30), (4.8)
20 #2
The Fourier coefficients of f are real as in the hypotheses of Theorem 3.5; they are explicitly given by
9 49 .
—+ —, if k= 0,
20 182
1 5 .
-, ifk=1,3,
3 2x2
—J1 4 .
fi=924+ 2, if k=2,
3 72
of 14 3 2 49
6(—1)*( k* — 8k’ + 24k — 32k + 3
s ifk#0,1,2,3.
720k — D2(k — 2)2(k — 3)2

A direct computation shows that the values d, m| 7|, M|, in the statement of Theorem 3.5 are given by

d;=0, m g ~0.13, My =3.45.
In particular, O lies inside the convex hull Co(E€R(f)); see also Fig. 4.6. Note that f does not belong to the Krein algebra, because

49

61kl [k — 8K° +24k7 32k + =

D AKIf P = 1P+ 2057+ 3151 +

kez kez\{0.,1,2.3} w2k = 1)*(k = 2)*(k = 3)?

In particular, we are not in the hypotheses of item 5 of Theorem 3.5. Nevertheless, we are in the hypotheses of item 3 of Theorem 3.5,
because

/8174 + 1200 6% — (36072 + 1600 62) 62 cos(8) + (36072 + 800 62) 62 cos(26) — 3607262 cos(30)
2072

cannot be equal to m, ;| or M, ;| on a set of positive measure. By items 2 and 3 in Theorem 3.5, for every n, the eigenvalues of H,(f)
are contained in (—3.45,3.45) and, moreover, the number of eigenvalues lying outside (—3.45,—-0.13] U [0.13,3.45) is at most o(n).
Therefore, even if d ; = 0, we can (in principle) predict a fast convergence of MINRES for linear systems with coefficient matrix H,(f),
due to the clustering of the eigenvalues of H,(f) at (=3.45,—0.13] U [0.13,3.45). This prediction is confirmed by Table 4.6, which
shows that the number of MINRES iterations for solving the linear system H,(f)x =1, up to a precision of 10~ is bounded by a
constant independent of the matrix size n. In this sense, the MINRES convergence is optimal with respect to n. Table 4.6 also reports
for each n the number of outliers, i.e., the number of eigenvalues of H,(f) lying outside (—3.45,—0.13] U [0.13,3.45). As expected,
the number of outliers is small (actually, equal to 0) for all the considered values of n.

The only unpleasant aspect of Table 4.6 is that the number of MINRES iterations, although optimal with respect to n, is not so
small for large n. This is due to the fact that the clustering set for the eigenvalues of H,(f), i.e., (=3.45,—0.13]U[0.13,3.45), is not so
bounded away from 0, because 0.13 is close to 0. In order to improve the number of MINRES iterations, we can use preconditioning.
This is shown in the last column of Table 4.6, which reports the number of preconditioned MINRES (PMINRES) iterations for solving
the linear system H,(f)x =1, up to a precision of 1076. The chosen preconditioner is

[f(Ol=

IC,| =(CrC)',

where C, is the Frobenius optimal circulant preconditioner for 7),(f) first introduced by Chan in [6]. The efficiency of the precon-
ditioner |C,| observed in Table 4.6 could have been predicted on the basis of the clustering results in [26, Proposition 4.1] and [9,
Theorem 3.6], which essentially say that the eigenvalues of |C,|~ H,(f) are clustered “around” the two points 1 and —1. However, a
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spectral localization for the eigenvalues of |C,|~! H,(f) analogous to Theorem 3.5 is not available in the literature and, consequently,
a mathematically rigorous justification of the efficiency of the preconditioner |C,| is missing. Providing a spectral localization result
for |C,|~! H,(f) analogous to Theorem 3.5 may represent an interesting topic for future research.

5. Conclusions

We have studied the spectral properties of flipped Toeplitz matrices of the form H,(f) =Y, T,(f), where T, (f) is the nX n Toeplitz
matrix generated by f and Y, is the exchange (flip) matrix in (1.2). Our spectral results are collected in Theorems 3.1-3.6. The spectral
properties obtained in this paper can be used in the convergence analysis of MINRES for the solution of real non-symmetric Toeplitz
linear systems of the form 7),(f)x = b after pre-multiplication of both sides by Y,, as suggested by Pestana and Wathen [26]. This
has been illustrated through numerical experiments in Section 4. We conclude this paper by mentioning two possible future lines of
research.

1. Extend the spectral localizations in Theorem 3.5 to preconditioned matrices of the form P 1Hn(f ), where P, is either the
preconditioner |C,| in Example 4.6 or the Toeplitz matrix 7,,(| f|) generated by | f|. The first step in this direction could be the
spectral analysis of T),(| f D H ,(f), taking into account the following results.

+ By the theory of GLT sequences [13], we have {T,(|f|) — |C,|}, ~ 0, where O is the identically zero function. This implies
that the singular values of T,,(| f|) — |C,,| are clustered “around” 0.

» Suppose that f is real, f # 0 a.e., and f has non-constant sign. By the theory of GLT sequences [13], we have
(T, (DT}, ~4 | £I7Lf = sgn(f), which implies that the eigenvalues of T,,(| f|)"'T,,(f) are clustered “around” the two
points 1 and —1.

« Suppose that f is as in the previous item. By the localization result in [28, Theorem 2.1], the eigenvalues of T,(|f|)~'T,(f)
belong to the open interval (-1, 1).

2. Extend the main results of this paper (Theorems 3.1-3.6) to flipped multilevel (block) Toeplitz matrices, also in view of possible
applications to evolutionary partial differential equations in multidimensional domains. This extension presents some challenges.
In particular, one of the starting points of the analysis carried out herein is Corollary 2.1, which is deeply connected to [5,
Theorem 5]. It would therefore be necessary to first generalize [5, Theorem 5] to the multilevel case. Then, Theorems 3.1-3.3
should be reformulated accordingly, using the multi-index language typical of the multilevel setting and taking into account that
f is now a multivariate function. Concerning the generalization to the multilevel case of the localization Theorem 3.5, this might
be achieved by exploiting/extending the “multilevel results” in [29, Section 2].
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