
Higher-spins on Taub-NUT and higher-spin Taub-NUT

Evgeny Skvortsov∗†‡a & Yihao Yin‡b,c

a Service de Physique de l’Univers, Champs et Gravitation,
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Abstract

We consider higher-spin extensions of self-dual Yang-Mills (HS-SDYM) and self-dual

Gravity (HS-SDGR), which are also truncations of chiral higher-spin gravity. Higher-spin

fields can consistently propagate on gravitational instantons and we construct solutions

to the higher-spin equations on the Taub-NUT background. We show that these solutions

remain exact solutions of HS-SDYM. For HS-SDGR the perturbation theory converges

for any given spin to give a higher-spin generalization of Taub-NUT and we identify a

commutative non-associative algebra that governs the structure of the perturbation theory.
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Introduction

At least at present, massless higher-spin states do not show any preference for any value of

the cosmological constant. For example, there is a one-to-one correspondence between cubic

interactions/amplitudes in Minkowski and (anti)-de Sitter spaces [1, 2]. All well-defined higher-

spin gravities, i.e. the numerous 3d ones with massless and conformal fields [3–8], the 4d

conformal [9–11] and the 4d chiral [12–17] can tolerate any sign and value of the cosmological

constant, see e.g. [18] for a review. Therefore, it is tempting to use the flat space background

as a simple playground for more challenging holographic/cosmological applications. From the

S-matrix point of view, massless higher-spin fields in flat space should display trivial scattering,

see e.g. [19], but this, as in self-dual theories, results from a nontrivial cancellation of diagrams

[15] (see, however, [20, 21] for some exceptions to this lore).

There are many ways to introduce Lorentz-covariant fields that carry the degrees of freedom

of massless higher-spin particles. However, many of them are obstructed early on. For example,

within the most natural description based on totally symmetric tensor fields Φµ1...µs , called

Fronsdal fields [22], it is impossible to construct two-derivative gravitational interactions [23]

and put the fields on any background but the maximally symmetric spaces. At the same time,

such cubic gravitational interactions do exist [1, 2]. The chiral formulation [24], which originates

from twistor theory and where positive and negative helicities are treated differently, is more

flexible and allows one to put massless higher-spin fields on any self-dual background, which

leads to self-duality playing an important role for massless higher-spin fields.

It turns out that both self-dual Yang-Mills (SDYM) and self-dual gravity (SDGR) have

simple higher-spin extensions [25] where fields interact either via one-derivative interactions

of Yang-Mills type (HS-SDYM) or via two-derivative interactions of gravitational type (HS-

SDGR). Self-dual theories, e.g. self-dual Yang-Mills (SDYM) and self-dual gravity (SDGR)

[25], admit simple formulations in the light-cone gauge [25–27] or in terms of chiral fields [24],

which are straightforward generalizations of SDYM and SDGR, see also [21, 27–31]. In addition,

HS-SDYM and HS-SDGR are truncations of chiral higher-spin gravity. All of these theories

are smooth in the cosmological constant and within the AdS/CFT context chiral higher-spin

gravity is dual to a closed subsector of Chern-Simons vector models [17, 32, 33].

(Higher-spin) self-dual theories are useful toy models for a great number of reasons out of

which we mention a few: they are integrable theories [25] with simple formulations, especially on

twistor space (see [21, 28, 31, 34] for HS-SDYM and HS-SDGR); all solutions are also solutions

of the full theories as well as amplitudes are. Lastly, the full theories can be understood as

perturbations over the self-dual subsector.
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Solutions of SDYM and SDGR are usually called instantons. Likewise, solutions of chiral

higher-spin gravity and of HS-SDYM, HS-SDGR can be called higher-spin instantons. In yet not

understood way higher-spin instantons should combine the usual Yang-Mills and gravitational

instantons and, perhaps, enrich them with some genuine higher-spin moduli. In [35], it was

shown that the simplest BPST-instanton [36] can be uplifted to chiral theory where it switches

on some other low-spin fields. However, the BPST-instanton (one-instanton solution) is too

symmetric to trigger any higher-spin fields. Recently, a class of pp-wave solutions of chiral

theory was constructed in [37].

In this paper, in an attempt to chart out the space of higher-spin instantons more, we

consider a higher-spin extension of Taub-NUT black-holes [38, 39] within HS-SDYM and HS-

SDGR, which are “toy models” for chiral higher-spin gravity. Apart from trying to understand

the space of solutions of a theory, an additional, a purely higher-spin argument, is that black-

hole-type solutions play an important and surprising role in holography since they are dual to

a generating function of the single-trace operators, see [40–42]. Another idea, see e.g. [43], is

that higher-spin fields/higher-derivative interactions can smoothen black-hole singularities.

In Section 1, we begin by recalling the Gibbons-Hawking ansatz and gravitational instan-

tons. Apart from fixing some notation we recast the ansatz in terms of variables suitable for

the self-dual gravity, see e.g. [44–46]. Next, in Section 2 we consider free higher-spin fields

on gravitational instanton backgrounds, a problem already impossible within the Fronsdal for-

mulation, where we give explicit solutions for Taub-NUT. The main results are in Section 3,

where we first review the simple actions for HS-SDYM and HS-SDGR and then proceed to

constructing higher-spin extensions of Taub-NUT.

In the case of HS-SDYM the linearized solutions turn out to be exact, which is not rare,

in general.1 It is also easy to explain this effect by noticing that the gauge interactions of HS-

SDYM do not see the gravitational “nature” of Taub-NUT. On the contrary, the gravitational

interactions2 of HS-SDGR are binding enough to trigger backreaction. However, two fields with

helicities s1,2 > 0 source a field with helicity s1 + s2 − 2. Therefore, the perturbation theory

converges for any fixed spin. The most general solution is parameterized by the numerical

factors in front of the free parts. We identify a commutative non-associative algebra A that

1For example, the Kerr black hole solution in the Kerr-Schild form solves both free and full nonlinear Einstein

equations. Also, the recently constructed family of pp-wave solutions has this property [37].
2By gravitational/gauge interactions we mean those that are two/one-derivative in the light-cone gauge.

They are natural higher-spin generalization of the usual ones. This is also confirmed by the fact that it is with

these two types of interactions one can have consistent theories, HS-SDGR/HS-SDYM. Turning on a genuine

higher-spin interaction would lead to chiral theory as a completion.
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governs the perturbation theory. For negative helicity fields the situation is the opposite as

they, in principle, can receive infinitely many contributions from fields with even higher spins.

They form a representation of A. We conclude with some remarks in Section 4, after which a

number of appendices provide further details of the calculations.

1 Gravitational instantons: Taub-NUT, ...

Let us introduce the 4d coordinates xµ, which we convert into the spinorial language as xAA′
.3

In addition, we split xAA′
= tϵAA′

+ ξAA′
, where ξAB = ξBA are 3d coordinates. A convenient

starting point is the Gibbons-Hawking ansatz for the vierbein [47]

eAA′
=

1√
V
ϵAA′

(dt+ hAB dξ
AB) +

√
V dξAA′

, (1.1)

which gives the metric

ds2 = V −1(dt+ h · dx)2 + V dξ2 . (1.2)

Here, V = V (ξ) and hAB = hAB(ξ) is the vector potential in 3d that depends on ξAB only. The

next step is to solve for the spin-connection. The honest torsion constraint is

deAA′
= ωA

C ∧ eCA′
+ ωA′

C′ ∧ eAC′
. (1.3)

For self-dual solutions ωAB is pure gauge and can be set to zero, which we immediately do.

It should not be confused with another field with the same name ωAB below. Sometimes it is

useful to perform the 3 + 1 decomposition of various differential forms and to this end we can

split the vierbein as

e = ϵAA′
e0 + eAA′

3 , e0 =
1√
V
(dt+ hAB dξ

AB) , eCC
3 =

√
V dξCC . (1.4)

The spin-connection is found to have the following form

ωA′A′
= gA

′A′
e0 + gA

′
C e

A′C
3 = gA

′
C e

A′C , (1.5)

where

gCC = −V −3/2∂CCV = −2V −3/2∂CMh
M

C . (1.6)

3The indices are raised and lowered following the Penrose-Rindler convention, i.e. vA = ϵABvB , vB = vAϵAB ,

idem. for the primed indices and ϵAB = −ϵBA is the invariant tensor. If some spin-tensor expression is symmetric

or is to be symmetrized in certain indices, we often denote all such indices by the same letter, e.g. ξAA.
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The latter equality implies the Bogomolny equation4

∂CCV = 2∂CMh
M

C , (1.7)

i.e. dV = ∗dh or ∂iV = ϵi
jk ∂jhk, i, j, k = 1, ..., 3. Out of the vierbein one can construct

self-dual and anti-selfdual two-forms

ΣAA = eAC′ ∧ eAC′
= +2eAA

3 ∧ e0 + EAA , (1.8)

ΣA′A′
= eC

A′ ∧ eCA′
= −2eA′A′

3 ∧ e0 + EA′A′
, (1.9)

where EAA = e3
A
C ∧ eAC

3 . It is easy to see that ΣAB = eAC′ ∧ eBC′
are closed self-dual two-

forms, dΣAB = 0. They obey ΣAA ∧ ΣAA = 0 and, hence, define a hyper-Kähler structure. It

is also possible to represent ΣAA in a locally exact form:

ΣAA = dωAA , (1.10)

but we postpone solving this equation to Section 3.1.

It is time to have a look at the (anti-self-dual component of the) Weyl tensor ΨA′B′C′D′
,

which determines the Petrov type of the solution. It is defined via

dωA′A′
= ωA′

C′ ∧ ωA′C′
+ ΣC′C′ΨA′A′C′C′

. (1.11)

The latter equation also imposes the Einstein equation, which requires □V = 0, where □ ≡
1
2
∂ξAB∂

AB
ξ .

To summarize, gravitational instantons solve Einstein equations and have vanishing self-

dual component of the Weyl tensor, ΨAAAA = 0. The anti-self-dual Weyl tensor, as can be

derived from (1.11), is

ΨA′A′A′A′
= −3

2
V −3∂A′A′V ∂A′A′V + 1

2
V −2∂A′A′∂A′A′V . (1.12)

It satisfies the Bianchi identities

∇MM ′ΨA′A′A′M ′
= 0 . (1.13)

4One may wonder if one can just take any Yang-Mills instanton, e.g. the BPST solution, and map it to a

gravitational one. No such map seems to exit in general, but it is possible to do so if there are two commuting

killing vector fields [48]. However, one can go the opposite direction: any gravitational instanton gives a

Yang-Mills one for the same metric. We are grateful to Kirill Krasnov for the comment.
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The latter equation has a straightforward higher-spin generalization [49], which we discuss later.

Assuming that there is no t-dependence, the covariant derivative acts as5

eCC′∇CC′χB′
= eCC′

(
V −1/2∂ξCC′ϵB′

A′ − 1
2
(gC′

A′
ϵCB′ + ϵC

A′
gB′C′)

)
χB′

(1.14)

for any χB′
. For an unprimed object χB that does not depend on t the covariant derivative is

just

eCC′∇CC′χB = eCC′
(
V −1/2∂ξCC′ϵB

A
)
χB . (1.15)

The main advantage of the t-independent solutions is that we do not have to know hAB dξ
AB

as it remains hidden in the vierbein.

Petrov type and Instantons. In order to have type-D the Weyl tensor should factorize as

ΨA′A′A′A′
= ψA′A′ψA′A′ , (1.16)

where ψA′A′ is some symmetric bi-spinor. The latter can always be factorized as ψA′A′ = ξA′ηA′ .

The first term of Ψ (1.12) is already type-D, but the second one is so only if

∂AA∂AAV = vAAvAAV (1.17)

for some vAA (of course, the factors of the sum is not the product of the factors and, hence,

we also assume that ∂AAV ∼ vAA to have the same factors). Taub-NUT black-hole has type-D

and the usual choice for harmonic V is

V = v0 +
m

|ξ|
= v0 +

m
√
ρ
, (1.18)

where ρ ≡ ξ2 ≡ 1
2
ξAAξ

AA or we can replace ξ by ξ − a everywhere, where a is the position of

the center. Other simple solutions are the multi-center instantons

V = v0 +
N∑
i=1

mi

|ξ − ai|
, (1.19)

which are not type-D unless N = 1. Another special solution is the Eguchi-Hanson instanton

[50, 51], for which v0 = 0 and N = 2.

5One trick here is that ∂ξ
CC′ , being symmetric, picks the eCC′

3 component of eCC′
.
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2 Free higher spin fields on gravitational instantons

In this section we study free higher-spin fields on the background of gravitational instantons,

specifically on Taub-NUT.

Free higher-spin fields. A massless field of, say, positive helicity6 +s can be described [49]

by a symmetric rank-2s spin-tensor ΨA′(2s) that satisfies

∇M
M ′ ΨA′(2s−1)M ′

= 0 . (2.1)

We already know one solution for s = 2, (1.12). The negative helicity −s field can be described

by a “conjugate” spin-tensor ΨA(2s) that obeys

∇M
B′
ΨA(2s−1)M = 0 . (2.2)

This suffices for free fields, but interesting interactions, e.g. gravitational and Yang-Mills in-

teractions, require gauge potentials. At this moment the description becomes asymmetric with

respect to the helicities since it is sufficient to introduce the gauge potential for, say, positive

helicities only [52, 53]. The gauge potential is ΦA(2s−1),A′ and satisfies

∇A
M ′

ΦA(2s−1),M ′ = 0 (2.3)

that is gauge-invariant under

δΦA(2s−1),A′ = ∇AA′ζA(2s−2) (2.4)

provided ∇A
M ′ ∇AM ′χA = 0 for any spinor χA. The latter implies that the background ∇ is

self-dual. Indeed, ∇A
M ′ ∇AM ′ selects a part of the commutator [∇AA′ ,∇BB′ ] that contains the

self-dual component of the Weyl tensor ΨABCD, ∇A
M ′ ∇AM ′χA ∼ ΨAAABχ

B (the traceless Ricci

tensor and the scalar curvature disappear from this particular projection). Therefore, for the

equations to be gauge-invariant we need ΨABCD = 0.

The gauge potential ΦA(2s−1),A′ is also related in a simple way to the Penrose equation (2.1):

ΨA′(2s) can be interpreted as a gauge-invariant field-strength

ΨA′(2s) =

2s−1︷ ︸︸ ︷
∇A

A′
...∇A

A′
ΦA(2s−1),A′

. (2.5)

6The formulas below work in any signature and it is usually wise to extend them to a complexified spacetime

until some reality conditions are really needed. The notion of helicity appeals to the Minkowski signature, while

instantons are solutions of Euclidean theories. Nevertheless, we will refer to fields by their helicity.
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We will not use the field-strength, since the important interactions, gauge and gravitational

ones, we are going to consider, require the gauge potential.

The gauge potential can be replaced by a one-form connection ωA(2s−2) [24, 52] provided

the action/equations of motion are invariant under

δωA(2s−2) = ∇ζA(2s−2) + eAC′ ηA(2s−3),C′
, (2.6)

where in addition to ζA(2s−2) there is a new gauge parameter ηA(2s−3),A′
to eliminate the extra

components of ωA(2s−2) as compared to ΦA(2s−1),A′ . Here, ∇ = eCC′∇CC′ is the one-form

Lorentz-covariant derivative. Indeed, one can decompose ωA(2s−2) as

ωA(2s−2) = eCC′ΦA(2s−2)C,C′
+ eAC′ ΥA(2s−3),C′

(2.7)

and the job of ηA(2s−3),C′
is to make Υ non-propagating. There is a simple gauge-invariant

action [24]

S =

∫
ΨA(2s) ∧ ΣAA ∧∇ωA(2s−2) , ΣAA ≡ eAB′ ∧ eAB′

, (2.8)

which is gauge invariant on any self-dual background, i.e. ∇2χA ∼ ΣA
B χ

B, see the discussion

after (2.4).7 Therefore, one can consistently put massless higher-spin fields on any gravitational

instanton background. The equation for ωA(2s−2) is

ΣAA ∧∇ωA(2s−2) = 0 , (2.9)

and is equivalent to (2.3). It is also equivalent to (thanks to ΣAA ∧ eAC′ ≡ 0)

dωA(n) = eAB′ ∧ ωA(n−1),B′
, (2.10)

where we have introduced another one-form field ωA(n−1),B′
. The equation for Ψ is

ΣBB ∧ dΨA(2s−2)BB = 0 , (2.11)

and is equivalent to (2.2). Let us find solutions for the equations above on the Taub-NUT

background.

7In more detail: ∇2χA ∼ ΣA
B χB +Σ̄C′C′RA

B
,C′C′

χB +ΣCCΨ
CCA

B χB . The first (cosmological) term will

disappear in the action due to one more ΣAA in there, as well as the traceless Ricci tensor, ΣAB ∧ Σ̄A′B′ ≡ 0.
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Taub-NUT and not only, Negative helicity. The simplest case is that of the negative

helicity fields, where, assuming Ψ = Ψ(ξ), we need to solve

∇M
B′

ΨA(2s−1)M = V −1/2∂ξM
B′
ΨA(2s−1)M = 0 (2.12)

i.e. the solutions are as if in the 3d flat space. This applies to any gravitational instanton,

not necessarily Taub-NUT. It is now convenient to package all spins into a single generating

function (yA are auxiliary commuting spinors)

Ψ(y) =
∑
s

ΨA(2s−1) y
A...yA . (2.13)

As an ansatz for Ψ we have nothing to think of but

ΨA(2s) = κs(ρ)ξ
AA... ξAA ←→ Ψ = κsu

s , (2.14)

where u ≡ yAyBξAB ≡ (yξy) will be used many times in what follows. To find κs we need

dΨ = eAA′∇AA′Ψ = V −1/2eAA′
(sκsu

s−1yAyA′ + κ′sξAA′us) . (2.15)

This needs to be projected onto the right component, which is achieved with the help of

∂B∇B
A′ Ψ, where ∂A ≡ ∂/∂yA. The solution to the free equations can be obtained from

∂B∇B
A′ Ψ = V −1/2us−1yA′s((2s+ 1)κs + 2κ′sρ) = 0 . (2.16)

We find κs ∼ ρ−s−1/2.

Taub-NUT, Positive helicity. For the positive helicity fields the spin-connection enters the

game and it does not seem easy to solve the equations for arbitrary instanton solution. Again,

we choose to package all fields into a generating function (ȳA
′
is one more auxiliary spinor)

Φ(y, ȳ) =
∑
s

ΦA(2s−1),A′ yA...yA ȳA
′
. (2.17)

Likewise, a generating function for ωA(2s−2) can be defined as8

ω = eCC′
∂C ∂̄C′Φ . (2.18)

A simple solution can be found by using the data we already have in the Taub-NUT background,

i.e. let us take the ansatz

Φ(y, ȳ) = us−1(yξȳ)σ1(ρ) + us−1wσ(ρ) , (2.19)

8This gives a slightly different normalization as compared to (2.7).
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where u ≡ (yξy) and w ≡ (ȳy) ≡ ȳCyC . The first term is pure gauge. Indeed, for the gauge

parameter (2.6), which is independent of ȳ, we can write

ζ(y) = σ2(ρ)u
s−1 . (2.20)

The second term with the indices released is σξAA...ξAAϵAA′
. The covariant derivative acts as

∇CC′ = V −1/2∂ξCC′ and the first term of Φ can be eliminated with the help of ζ above. To get

an equation for σ we note that

∇CC′σ(ρ) = V −1/2σ′ξCC′ , (2.21a)

∇CC′u = V −1/2yCyC′ , (2.21b)

∇CC′w = −1
2
gC′

B′
(ȳB′yC + ȳCyB′) . (2.21c)

The projection of ∇AA′Φ onto the equation of motion (2.3) can be implemented as yC ∂̄B′∇C
B′

,

which gives

yC ∂̄B′∇C
B′
Φ = us[−V −1/2σ′ + 1

2
gσ] . (2.22)

Note that the equation does not actually depend on spin, because the spin-connection acts on

the single primed index. Recall that g = −V −3/2V ′. It is easy to solve for σ for “arbitrary”

V .9 We find

σ = V −1/2 (2.23)

for all spins. This solves for the positive helicity fields on the Taub-NUT background.

3 Higher spin black holes

In this Section we first define SDYM and SDGR and the higher-spin extensions thereof and

then try to uplift free higher-spin fields on the Taub-NUT instanton to become higher-spin

Taub-NUT instantons.

3.1 SDYM and SDGR

Self-dual Yang-Mills theory. The Lorentz covariant action, the Chalmers-Siegel action

[54], for SDYM can be found as follows. One begins with the Yang-Mills action (in the two-

component spinorial language)

SYM = 1
4

∫
F 2
µν = 1

8

∫ (
FABF

AB + FA′B′FA′B′)
, (3.1)

9It is not arbitrary since we have already used ∂AA′V = V ′ξAA′ to get the spin-connection.
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where we defined

Fµν ≡ FAA′BB′ = 1
2
FABϵA′B′ + 1

2
FA′B′ϵAB , (3.2)

and FµνF
µν = 1

2

(
FABF

AB +FA′B′FA′B′)
. We add the right amount of the topological invariant∫

F ∧ F ∼
∫
d4x

(
FABF

AB − FA′B′FA′B′
)

(3.3)

to reduce the action to

SYM = 1
4

∫
FABF

AB . (3.4)

Next, one introduces an auxiliary field φAB

SYM[A,φ] =

∫
d4x

(
+ 1

2
φABF

AB − 1
4
φABφ

AB
)
. (3.5)

The action is still equivalent to the standard Yang-Mills action, modulo a total derivative. One

can drop the second term, the resulting action is SDYM

SSDYM[A,φ] =
1
2

∫
d4xφABF

AB . (3.6)

By rescaling the fields one can introduce a parameter ϵ in front of φABφ
AB in SYM[A,φ] and

treat Yang-Mills theory as a deformation of SDYM. The last step, which is relevant below, is

to allow for an arbitrary gravitational background

SSDYM[A,φ] =
1
2

∫
φAA ΣAA ∧ F . (3.7)

We recall that ΣAA ≡ eAB′ ∧ eAB′
. In the free field limit, F = dA and the action is the s = 1

case of (2.8).

Self-dual gravity. The self-dual gravity with vanishing cosmological constant has a simple

action [46] (another option is [55])10

SSDGR[Ψ, ω] =
1
2

∫
ΨAAAA dωAA ∧ dωAA . (3.8)

Here, ΨAAAA is reminiscent of the self-dual part of the Weyl tensor and ωAA is a one-form,

which is reminiscent of the self-dual component of the spin-connection. Let us explain why

10We do not review a path from the Einstein-Hilbert action to this one, see [46], but it is just a bit longer

route of integrating in/out auxiliary fields as compare to the YM/SDYM relation.
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this action leads to the equations we went through in Section 1. The equation of motion for Ψ

implies that ΣAA∧ΣAA = 0, where ΣAA = dωAA. This means that ΣAA = eAB′ ∧ eAB′
for some

eAA′
. dΣAA = 0 implies the half-torsion constraint

deAA′
= ωA′

C′ ∧ eAC′
(3.9)

for some ωA′A′
. Thus, we have recovered the field content introduced in Section 1. When

linearized over some background ΣAA = dωAA
0 , the action reduces to

S =

∫
ΨAAAA ΣAA ∧ dωAA , (3.10)

which is the s = 2 case of the free action (2.8). The equation of motion for the fluctuation ωAA

implies the known equation for Ψ, (2.2), in the form ΣAA ∧ dΨAAAA = 0, (2.11) (note that the

spin-connection with unprimed indices vanishes).

Potential for Taub-NUT. Let us fill in one gap. We already know the vierbein and, hence,

ΣAA for Taub-NUT. Solving the equation dωAA
0 = eAB′ ∧ eAB′

= ΣAA with the Taub-NUT

vierbein, we obtain a simple solution (not unique) for ωAA:

ωAA
0 = ϕAAA,A′

eAA′ + ϕA
A′eAA′

, (3.11)

where (with V = v0 +
m√
ρ
)

ϕAAA,A′
= ξAAϵAA′ v0

2
√
V

and ϕAA′
= ξAA′

(
2
√
V − 2v0

3
√
V

)
. (3.12)

How black hole instantons fluctuate. Since Taub-NUT is an instanton one should expect

that all fluctuations correspond to changes in the free parameters that determine the instanton.

Let us recall that with the Gibbons-Hawking ansatz

V = v0 +
m

|ξ − a|
. (3.13)

Starting from the exact solution of ωAA
0 above, we can derive

ωAA
0 = 2ξAA

(
dt+ hBBdξ

BB
)
+ 2V ξAA′dξAA′ − v0ξAA′dξAA′

, (3.14)

then, using δV = δv0, we find

δωAA
0 = (δv0) ξ

A
A′dξAA′

= (δv0)V
− 1

2

(
−1

2
ξAAϵAA′

eAA′ + 2
3
ξAA′eAA′

)
. (3.15)

11



Now, we recall that we found in (2.23) a class of linearized fluctuations, which for s = 2 reads

ϕAAA,A′ ∼ V −1/2ξAAϵAA′
, ϕA,A′

= 0 . (3.16)

We observe that this fluctuation corresponds to a variation of v0 plus a certain diffeomorphism.

Note that ϕA,A′
can be eliminated with the help of the algebraic (shift or Stueckelberg) sym-

metry, which is the last term in (2.6). For s = 2 this corresponds to diffeomorphisms. The first

term in (3.15) is exactly the linearized fluctuation (3.16), which satisfies the free equation of

motion by itself. Therefore, we can assume that the gravitational background is kept fixed.

3.2 Higher-spin extension of SDYM

HS-SDYM. There is a simple higher-spin extension of SDYM.

S =
∑
m

Tr

∫
ΨA(m+2) ΣAA ∧ FA(m) , (3.17)

where the curvatures FA(m) are better defined in terms of generating functions as

F = dω − 1
2
[ω, ω] , (3.18)

where [•, •] is the Lie bracket, i.e we assume that ω ≡ ω(y) ≡ ωa(y)Ta, where Ta are generators

of some Lie algebra. Without loss of generality one can take a matrix realization, i.e. ω(y) =

ω(y)i
j . Then we can simply write F = dω − ωω, implying the matrix multiplication. Let

us note that the ωω-piece is just the commutative limit of the Moyal-Weyl star-product for

the gluonic chiral higher-spin gravity [16, 26]. In principle, one can alter the relative coupling

constants between various higher-spin fields, but it makes more sense and is also easier to keep

them as in the chiral higher-spin gravity. Let us note that there are further contractions [56]

of HS-SDYM that can even have finitely-many fields.

Positive helicity. With the interactions turned on we have for the equations of motion

(matrix product is implied)

ΣAA ∧

(
dωA(n) −

∑
k

ωA(n−k) ∧ ωA(k)

)
= 0 . (3.19)

With the solution (2.23) to the free equations we have

dω = dω(Σ̄) = 1
2
Σ̄C′C′

(
χ
(s)
1 us−2yC′yC′ + χ

(s)
2 us−1ξC′C′ + χ

(s)
3 us−2ξC′By

BξC′By
B
)
, (3.20)

12



where we define

χ
(s)
1 = −2V −1/2(s− 1)(ρσ′ + sσ) , (3.21a)

χ
(s)
2 = −(V −1/2σ′ + (s+ 1

2
)gσ) , (3.21b)

χ
(s)
3 = −gσ(s− 1) . (3.21c)

On the other hand

ω ∧ ω =
∑

s1+s2=s+1

us−2 1
2
[σs1 , σs2 ](s1 − s2)(ΣCCyCξCBy

B − Σ̄C′C′
yC′ξC′By

B) (3.22)

where we put the color into σ, i.e. σs = σaTa. We observe that

yAyAΣ
AA ∧ dω ≡ 0 , yAyAΣ

AA ω ∧ ω ≡ 0 . (3.23)

Therefore, the solution of the free equations is also a solution of the nonlinear ones! As a result,

if the higher-spin interactions are of the Yang-Mills type the higher-spin Taub-NUT black-hole

is just a collection of free higher-spin fields on the Taub-NUT background.

Negative helicity. In the first approximation Ψ are just the free negative helicity fields

propagating on the Taub-NUT background. In the next approximation they can scatter off the

ω-background via (
dΨA(2s) +

∑
m

[ΨA(2s)B(m), ωB(m)]

)
∧ ΣAA = 0 . (3.24)

A somewhat lengthy calculation in Appendix C for the second term and (3.56) for the first

reveal that they simply have different tensor structures. Therefore, it is impossible to match

them. Note that with the maximal symmetry assumed here (everything depends on ξAA only)

the ansatz (2.14) for Ψ is unique.

We observe that the tensor structure of the source is inconsistent with the field Ψ it is

a source to. In the higher-spin gravity it has so far been possible to introduce color only

via Chan-Paton-type approach [13, 16, 57], with the groups being U(N), O(N) and USp(N).

While there can be multiple spin-two fields, the true graviton (there can be only one metric

to determine the spacetime geometry) is the one that is a singlet under the gauge group: for

U(N) it corresponds to U(1) in SU(N) × U(1), for O(N)/USp(N) even spins are rank-two

symmetric/antisymmetric tensors of the gauge group, i.e. are always reducible and contain the

trivial representation. In practice, the true graviton is a multiple of the unit matrix. Now, if
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we associate the higher-spin generalizations of the Taub-NUT solution with the unit matrix as

well, the source vanishes.

HS-SDYM allows for any gauge group (in some sense, the gauge interactions are not as

restrictive and allow for other gaugings, while the genuine higher-spin interactions seem to

allow only for the Chan-Paton-type gaugings). In this case, one should require Ψ to live in a

subspace that commutes to all ωs. To summarize, the source vanishes (can be made to vanish)

and the linearized solution Ψ is still a solution.

3.3 Higher-spin extension of SDGR

HS-SDGR. Chiral higher-spin gravity admits a truncation to the two-derivative (gravita-

tional) interactions, which has a simple action

S = 1
2

∑
n,m

an,m

∫
ΨA(m+n) dωA(n) ∧ dωA(m) . (3.25)

The coefficients an,m are not yet fixed above, but they do have specific values as1,s2 = a2,s = 1,

when coming from the chiral theory, see Appendix A. Again, there are various contractions [56]

of HS-SDGR. Let us expand this action over the gravitational instanton ΣAA = dωAA
0

S =
∑
n,m

a2,m

∫
ΨA(m+2)ΣAA ∧ dωA(m) +

1
2

∑
n,m

an,m

∫
ΨA(m+n) dωA(n) ∧ dωA(m) . (3.26)

It will also be useful to introduce a pairing ⟨f |g⟩ for any two generating functions f(y), g(y) as

⟨f |g⟩ = exp[∂B1 ∂
2
B] f(y1)g(y2)

∣∣∣
yi=0

= f(−∂)g(y)
∣∣∣
y=0

= g(∂)f(y)
∣∣∣
y=0

. (3.27)

Now, the action can also be written without any explicit indices

S =

∫
⟨Ψ|ΣAAy

AyA dω⟩+ 1
2
⟨Ψ|dω ∧ dω⟩ (3.28)

The two equivalent forms above can be used to vary the action.

3.3.1 Positive helicity

The linearized equation is the same as before, of course,

ΣAA ∧ dωA(n) = 0 , (3.29)
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and it has the same solution (2.23). We can add the interactions between higher-spin fields

themselves to find

a2,sΣ
AA ∧ dωA(n) + 1

2

∑
k

an+2−k,k dω
A(n+2−k) ∧ dωA(k) = 0 . (3.30)

With the couplings coming from chiral theory, in the language of generating function we find

simply

yAyAΣ
AA ∧ dω(y) + 1

2
dω(y) ∧ dω(y) = 0 . (3.31)

As different from HS-SDYM, the source does not vanish. Indeed, with the help of (3.20) one

finds

dω ∧ dω = − 1
12
vol

∑
s1+s2=s−2

as1,s2χ
s1,s2
− us , (3.32)

and, hence, we have to correct the free solution. Here, we defined11

χs1,s2
− =

(
χ
(s1)
1 χ

(s2)
2 + χ

(s1)
2 χ

(s2)
1 + 2ρχ

(s1)
2 χ

(s2)
2 + χ

(s1)
1 χ

(s2)
3 + χ

(s1)
3 χ

(s2)
1 + ρ(χ

(s1)
2 χ

(s2)
3 + χ

(s1)
3 χ

(s2)
2 )

)
and

vol = ΣAA ∧ ΣAA = −Σ̄A′A′ ∧ Σ̄A′A′
. (3.33)

A solution to the nonlinear equations can be found by using the data we already have in the

Taub-NUT background. Let us take the same ansatz

ω = eCC′
∂C ∂̄C′Φ , Φ(y, ȳ) = us−1wσs(ρ) , (3.34)

as for the linearized solution (2.23), but keep σs free for a moment, which leads to

dω = dω(Σ̄) + dω(Σ) , (3.35)

where

dω(Σ) = 1
2
ΣCC

(
ξCBy

BξCBy
B2(s− 1)us−2 + us−1ξCC

)
χ
(s)
0 , (3.36a)

χ
(s)
0 = V −1/2σ′

s − 1
2
gσs . (3.36b)

11The same definitions (3.21a) apply, but we are going to replace σ with σs that depends on spin and is not

necessarily equal to the linearized solution.
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We get an additional contribution to the source of the form

dω(Σ) ∧ dω(Σ) = 1
12

∑
s1+s2=s+2

as1,s22u
sρ(s+ 1)χ

(s1)
0 χ

(s2)
0 . (3.37)

The linear part of Eq. (3.30) gives

yAyAΣ
AA ∧ dω = 1

3
1
2
χ
(s)
0 (2s− 1)us . (3.38)

Finally, Eq. (3.30) boils down to, schematically,

yAyAΣ
AA ∧ dω(Σ) + 1

2
dω(Σ) ∧ dω(Σ) + 1

2
dω(Σ̄) ∧ dω(Σ̄) = 0 , (3.39)

where we displayed the terms that do contribute upon splitting ω into (anti)self-dual compo-

nents (3.35). Concretely, we find

α
6
(2s− 1)a2,sχ

(s)
0 us + 1

2

∑
s1+s2=s+2

1
12
as1,s2(−χ

s1,s2
− + χ

(s1)
0 χ

(s2)
0 2(s+ 1)ρ)us = 0 , (3.40)

where we introduced α in αyAyAΣ
AA, which is a formal coupling constant and α−1 is supposed

to be small.

General perturbation theory. The equation for a spin-s field has a source built from pairs

of fields with spins s1, s2, such that ŝ = ŝ1 + ŝ2, where s = ŝ + 2, i.e. s = s1 + s2 − 2. There

is always a linearized solution to (3.30). We recall that the spin-two sector is frozen to be

the background since there are no nontrivial fluctuations there. The equation has a hierarchy

structure: lower spin fields can be sources of higher spin fields but not vice versa. For example,

1̂, i.e. s = 3, field is always free.12 Next, 2̂ is sourced by two 1̂s. 3̂ is sourced by 2̂ and 1̂, while

2̂ consists of the free solution and the one obtained via 1̂+ 1̂ source. For 4̂ we have 1̂+ 1̂+ 1̂+ 1̂,

2̂ + 1̂ + 1̂, 3̂ + 1̂, 2̂ + 2̂, where again 2̂ and 3̂ can also have some linearized pieces. An important

consequence of this “hierarchy” is that the perturbation theory converges for any given spin.

To systematize the perturbation theory, let the free solution for a spin-s field have weight ŝ.

The source for a spin-s field can be enumerated by all binary trees with k ≤ ŝ leaves. The leaves

correspond to the initial (free) fields that build the source (by passing through the equations

for lower spins). Now, one needs to list all partitions of ŝ into exactly k numbers and distribute

them over the leaves. The number, say n̂, on a leaf corresponds to the free solution for spin n̂

equation. There is an ambiguity in how to normalize the free solutions, which leads to infinitely

many parameters we denote cs,0 for the full nonlinear solutions. Any chosen normalization is

12As always, one can truncate to even spins only, which would eliminate s = 3 and make s = 4 free.
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accompanied by a small ’coupling’ constant g ∼ α−1 to make sure that the higher-spin fields do

not dominate and have a well-defined perturbation theory over the gravitational background.

The perturbation theory for HS-SDGR has an additional feature that is absent in the chiral

theory: for any given spin the expansion converges in the sense that it stops at a certain order,

which is thanks to the “hierarchy” mentioned above.

One iteration of perturbation theory. The free equations are solved by (2.23) with σs ∼
V −1/2. Let us take two such free solutions an plug them into the source term. The resulting

equation can be solved with respect to the spin-s field for any values of as1,s2 to find

σs = as1,s2
s1s2 (2 (s+ 1)V − v0)

α (2s− 1)V 5/2
, (3.41)

where s = s1+ s2− 2. One can notice that this, next-order, solution just contains V −1, V −2 on

top of the free solution. It can easily be checked that the pattern persists and the deeper we go

into the perturbation theory the more negative powers of V are generated and nothing else pops

up. Therefore, it makes sense to find out what two generic negative powers σs1 ∋ V −1/2V −m1

and σs2 ∋ V −1/2V −m2 lead to. The symbol ∋ is to emphasize that two monomials do not

represent a consistent solution yet. These two monomials produce for σs

σs ∋ (s1+s2+3)(m1(s2+2)+(s1+2)m2+2(s1+2)(s2+2))V −m1−m2−1

2α(m1+m2+1)(2s1+2s2+3)
− (s1+2)(s2+2)v0V −m1−m2−2

2α(2s1+2s2+3)
. (3.42)

Here, we just displayed a contribution for a single term in the sum
∑

s1,s2
. The complete

contribution will be twice that if s1 ̸= s2 due to the sum. See Appendix B.1 for more detail.

Clearly, with the help of the formula above one can construct the most general perturbative

solution by starting with a superposition of free ones.

Commutative non-associative algebra behind instantons. To formalize what happens

in the perturbation theory one can define a commutative but non-associative product for gen-

erators V m
s (here s is actually ŝ as the latter is more convenient since it is additive) that

reproduces the operation above (from now on we fix as1,s2 = 1), i.e.

V m1
s1
◦ V m2

s2
= f 1

s1,s2|m1,m2
V m1+m2+1
s1+s2

+ f 2
s1,s2|m1,m2

V m1+m2+2
s1+s2

, (3.43)

where the structure constants are

f 1
s1,s2|m1,m2

=
(s1 + s2 + 3) (m1 (s2 + 2) + (s1 + 2)m2 + 2 (s1 + 2) (s2 + 2))

2α (m1 +m2 + 1) (2s1 + 2s2 + 3)
, (3.44a)

f 2
s1,s2|m1,m2

= −v0
(s1 + 2) (s2 + 2)

2α (2s1 + 2s2 + 3)
(3.44b)
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This product encodes the complete information about the perturbation theory. The basis

element V 0
s corresponds to the free solutions. We see, for example,

V 0
1 ◦ V 0

1 =
45V 1

2

7α
− 9V 2

2 v0
14α

, (3.45)

which is the spin-4 field generated by the source made of two spin-3 fields, cf. (3.41). Suppose

we would like to ignore the free parts of all fields except for s = 3, i.e. ŝ = 1. Then, the

generating function of the solution is

V 0
1 + V 0

1 ◦ V 0
1 + all possible bracketings of V 0

1 . (3.46)

A general solution is parameterized by the free coefficients in front of the free solutions

F =
∑

cs,0V
0
s . (3.47)

The solution to any order in perturbation theory can be obtained by evaluating the sum of all

products of F

F + F ◦ F + (F ◦ (F ◦ F )) + ((F ◦ F ) ◦ F ) + (F ◦ F ) ◦ (F ◦ F ) + ... = (3.48)

F + (F ◦ F ) + 2((F ◦ F ) ◦ F ) + (F ◦ F ) ◦ (F ◦ F ) + 4((((F ◦ F ) ◦ F ) ◦ F )) + ... (3.49)

We can also package all orders of perturbation theory into a generating function F (t) that

obeys (some combinatorial aspects can be found in [58] and refs therein)

∂tF = F ◦ F . (3.50)

3.3.2 Negative helicity

The linearized equation for Ψ reads as before

ΣAA ∧ dΨA(n) = 0 (3.51)

and was solved in (2.16), which we recall for the spin-s field to be

Ψ = κs(ρ)u
s , κs ∼ ρ−1/2−s . (3.52)

As for the positive helicity case, in order to account for interactions, we allow κs to deviate

from the solution above. The interactions lead to

a2,mdΨ
A(m+2) ∧ ΣAA +

∑
n

an,m dΨ
A(m+n) ∧ dωA(n) = 0 . (3.53)
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It is more efficient to use the definition of the pairing (3.27) to present the equations as (as-

suming the chiral theory’s normalization)[
αΣAA∂A∂A + dω(∂)

]
dΨ(y) = 0 , (3.54)

i.e. all ys in the brackets are replaced by ∂, which contracts the indices of the fields in the

brackets with dΨ. Let us collect the two pieces of dω together

dω(Σ) + dω(Σ̄) = 1
2
ΣCC

(
ξCBy

BξCBy
B2(s− 1)us−2 + us−1ξCC

)
χ
(s)
0 +

+ 1
2
Σ̄C′C′

(
χ
(s)
1 us−2yC′yC′ + χ

(s)
2 us−1ξC′C′ + χ

(s)
3 us−2ξC′By

BξC′By
B
)
=

= 1
2
ΣCCFCC + 1

2
Σ̄C′C′

F̄C′C′ . (3.55)

Where all yAs should be replaced with ∂A. After some lengthy but straightforward calculation,

see Appendix B.2 for more detail, the contraction is found to be

dω(n) ∧ dΨ(s) = 1
3
V −1/2EAA′ (

T 1(ξy)(AyA′) + T 2ϵAA′
)
,

where we defined (see Appendix B.2 for the definitions of the coefficients an,s)

T 1 = us−n an,s
8ρ(s− n+ 2)(s− n+ 1)

t1 ,

T 2 = us−n+1 an−1,s

4ρ
t2 ,

and (the sources have spin-s with κs and spin-n with σn)

t1rV 3/2 = −2V (n− 1)nσn (2ρκ
′
s + (1 + 2s)κs)− 4V nρ(s+ 1)κsσ

′
n + 2nρ(s+ 1)κsσnV

′ ,

t2V 3/2 = 2(n− 1)V (nσn (2ρκ
′
s + (1 + 2s)κs) + 2ρ(s+ 1)κsσ

′
n)+

− 2ρσnV
′ (4nρκ′s + (n(s− 1) + s+ 1)κs) .

The last ingredient of the equation is the free part

αΣAA∂A∂AdΨ(y) = −2
3
αV −1/2EAB′

(K1(ξy)(AyB′) +K2ϵAB′) , (3.56)

K1 = us−22s(s− 1)[(2s+ 1)κs + 2ρκ′s] ,

K2 = us−1s2[(2s+ 1)κs + 2ρκ′s] .

Let us factor out the free solutions and consider the following ansatz

κs → ρ−1/2−sκs[V ] , σs → V −1/2σs[V ] . (3.57)
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Upon dividing the equations by a certain numerical factor to give the same unit normalization

to the free term, we get

κ′s′ +
gs,n
α

{
(n− 1)V −1σnκ

′
s − (s+ 1)

[
V −2σn − V −1σ′

n

]
κs
}
= 0 ,

κ′s′ −
gs,n
α

{
(nV −1 − v0V −2)σnκ

′
s + (s+ 1)

[
V −2σn +

n− 1

n
V −1σ′

n

]
κs

}
= 0 ,

(3.58)

where we defined

gs,n = 4n−2n

[
s!

(s− n+ 2)!

]2
. (3.59)

The spins of the source and of the output are related by s′ = s − n + 2 or, in other words,

ŝ′ = ŝ − n̂. It appears problematic to have two different equations for just one functions κs.

Nevertheless, as the initial data let us take the free solutions for κs and σn, i.e. κs = bs,0 and

σn = cn,0 (with the free solutions factored out in (3.57), the initial data are just constants). It

is already a miracle that both tensor structures lead to the same equation, which is solved by

κs′ = −
(s+ 1)gs,n

αV
bs,0cn,0 . (3.60)

Therefore, the equations are not overdetermined at the first order in perturbation theory. We

could also see that for Ψs-perturbations the same pattern persists as for ω, i.e. the solutions

admit an expansion in the negative powers of V and the deeper we go into the perturbation

theory the higher the powers one meets. Therefore, it is sufficient to evaluate the general

response to σn = cn,mV
−m and κs = bs,kV

−k, i.e. for monomials. Since the two equations (3.58)

are supposed to be consistent, it is easier to solve the first one, which gives

κs−n+2 ∋ −
V −k−m−1gs,n(k(n− 1) + (m+ 1)(s+ 1))

α(k +m+ 1)
cn,mbs,k . (3.61)

Similarly to the ω perturbation theory, we can formalize this by defining an action of the com-

mutative non-associative algebra with basis V m
j on generators Uk

s via (we use hatted variables

ŝ below)

Uk
s � V m

j = −gs+2,j+2(k(j + 1) + (m+ 1)(s+ 3))

α(k +m+ 1)
Uk+m+1
s−j (3.62)

Now let us have a look at the second order consistency. We need to consider various contribu-

tions of the form

(Ψs+s1+s2−4 � ωs1)� ωs2 + (Ψs+s1+s2−4 � ωs2)� ωs1 + 2Ψs+s1+s2−4 � (ωs1 ◦ ωs2) . (3.63)
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The terms in the brackets create intermediate fields that are used at the next order and the ◦/�-

operations show in which order we need to merge the fields. Eventually, we form a source for the

spin-s field Ψs. It is then can be checked with the formulas above that the two equations (3.58)

lead to the same Ψs. This supports, but does not prove, the statement that various contributions

at the nth order conspire to give the same solution to the two equations (3.58). We leave the

higher order consistency as a conjecture. Note that (3.63) is not a form of “associativity” as

it involves very specific generators: the V 0
s1
, V 0

s2
and U0

s+s1+s2−4, i.e. those that represent free

solutions. The consistency condition at higher orders would be the statement that the sum of

all possible terms of type ∑
bracketings

Ψ� ω ◦ ...ω � ...ω ◦ ... ◦ ω (3.64)

gives the same solution for the two equations (3.58) if we start with the free solutions for Ψ

and ωs.

4 Conclusions and Discussion

In this paper we continue to explore the solution space of chiral higher-spin gravity and its two

contractions: HS-SDYM and HS-SDGR. One interesting feature of HS-SDYM and HS-SDGR

models studied in the paper is the pyramid structure of interactions and gauge transforma-

tions. For example, the spin-two forms a closed subsector of HS-SDGR. Usually, higher-spin

symmetries make all spins contribute to any give one. In particular, one can try to redefine

any given spin with the help of a gauge transformation. For example, one can map a black hole

into something that does not look like a black hole anymore in its spin-two subsector, see [59]

for an explicit example in a 3d matter-free higher-spin theory (Chern-Simons theory). This is

impossible in HS-SDYM and HS-SDGR. Therefore, in these theories it should be possible to

use the usual geometrical concepts, e.g. horizon. In general, one has to develop new higher-spin

symmetry friendly tools to replace the usual geometric notions, see e.g. [60]. For example, it

was shown in [61, 62] that the chiral higher-spin gravity as well as HS-SDGR cannot couple to

a point particle.

There is an obvious extension of the present work: one can uplift the higher-spin Taub-

NUT solutions of HS-SDYM an HS-SDGR to the full chiral theory in flat space and then to

anti-de Sitter space.13 Apart from the general interest in the space of higher-spin instantons,

the AdS higher-spin Taub-NUT solution should play an important role in the chiral higher-spin

13In this regard, some of the techniques and ideas from [63] can be very much relevant since it has self-dual
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gravity/Chern-Simons vector model duality [17, 32, 33, 64], which is an extrapolation of the

ideas of [40] for the vector model/higher-spin duality [65, 66, 66–68]. In this case, the Taub-

NUT solution should be dual the multiplet of higher-spin currents that has, say, only ⟨J+sJ+s⟩
two-point functions nonvanishing, while ⟨J−sJ−s⟩ = 0.

The recent advances in the twistor description of the chiral higher-spin gravity and its con-

tractions [30, 31] should pave the way to direct applications of twistor techniques to constructing

exact solutions, see e.g. [69–72] for closely related results.
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A Normalization

We want to adjust the coupling constants in the action to make them consistent with the

equations. In the action, one can rescale (fluctuations) fields ωs → αsωs without affecting any

physics, the net result being

ΣAA ∧ dωA(2s) + 1
2

∑
s1+s2−2=s

as1,s2αs1αs2

a2,sαs

dωA(2s1−2) ∧ dωA(2s2−2) = 0 (A.1)

The relevant part of the equations of motion is

dω = ∂Cω ∧ ∂Cω + ... (A.2)

This is not a complete equation of motion, but we only need to look at the ȳ = 0 components

and the one linear in ȳ. We can make the following ansatz

ω = −1
2
eAA′

yAȳA′ − 1
4
ωAAyAyA +

∑
s

βsωA(2s−2) y
A...yA +

∑
s

ωA(2s−3),A′ yA...yA ȳA
′

(A.3)

solutions of Type-D, see also [43]. However, the solutions are not in a gauge that could potentially lead to

local interactions of the chiral theory or its contractions: HS-SDYM and HS-SDGR. One can also rephrase the

problem of finding the Taub-NUT solution as a problem of constructing a field-redefinition that would make

the interactions chiral and local in the gauge used in [63].
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With the normalization as above, we have dωAA = ΣAA and at the free level

βsdω
A(n) = eAB′ ωA(n−1),B′

(A.4)

This allows us to evaluate the interaction term

dωA(n) ∧ dωA(m) = −1
2
ΣAAωA(n−1),B′

∧ ω
A(m−1),B′

(A.5)

The equations of motion, as obtained from the equation acquire the following form

ΣAA ∧

(
dωA(2s) + 1

2
(−1

2
)

∑
s1+s2−2=s

as1,s2αs1αs2

a2,sαsβs1βs2
ωA(n−1),B′

∧ ω
A(m−1),B′

)
= 0 (A.6)

The equations of motion, as obtained from the chiral theory, need the source term

∂Cω ∧ ∂Cω + ... ∋ −ωA(n−1),B′
∧ ω

A(m−1),B′
yA...yA (A.7)

Finally, we get

ΣAA ∧

(
dωA(2s) + 1

βs

∑
s1+s2−2=s

ωA(2s1−2),B′
∧ ω

A(2s2−2),B′

)
= 0 (A.8)

Therefore, to relate the normalizations we have to impose

−1

4

as1,s2αs1αs2

a2,sαsβs1βs2
=

1

βs
(A.9)

We choose αs = 1 (not to rescale anything in the action), βs = −1/4 and as1,s2 = a2,s = 1.

For HS-SDYM it is easier to normalize the action since the relevant part of the equations is

dω = ω ∧ ω + ... (A.10)

where ω is assumed to carry some color, which makes the r.h.s. nonvanishing. Therefore, in

terms of generating functions, we have F = dω − ω ∧ ω.

B Solution to HS-SDGR

B.1 Positive helicity

The differential equation for σs (note that we convert the equation by making σ depend on V

instead of ρ)

σs (V ) + 2V σ′
s (V ) =

∑
s1+s2=s+2
s1,s2≥3

fs1,s2 (V ) , (B.1)
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where

fs1,s2 (V ) =
1

2s− 1

{[
(s+ 1)V

1
2 − s1v0V − 1

2

]
s2σ

′
s1
(V )σs2 (V )+ (B.2)

+
[
(s+ 1)V

1
2 − s2v0V − 1

2

]
s1σs1 (V )σ′

s2
(V )+

+

[
(s+ 1)

(
1

2
s− 2s1s2 + 1

)
V − 1

2 + s1s2v0V
− 3

2

]
σs1 (V )σs2 (V )

}
. (B.3)

The solution to (B.1) for σs is

σs =
1
2
V − 1

2

∫
V − 1

2

∑
s1+s2=s+2
s1,s2≥3

fs1,s2 (V ) dV , (B.4)

where the indefinite integral gives an integration constant, which multiplied by 1
2
V − 1

2 gives the

free part of the solution.

B.2 Negative helicity

In order to contract dω(∂) with dΨ(y) we introduce ∆ = (∂ξ∂), which is the dual of u = (yξy).

One needs the following contractions

∆n(us) = [1]n,s = an,su
s−n ,

∆n(usyAyA) = [2]n,s;AA = b1n,su
s−nyAyA + b2n,su

s−n+1ξAA ,

∆n∂C∂C(u
s) = [3]n,s;CC = c1n,su

s−n−1ξCC + c2n,su
s−n−2(ξy)C(ξy)C ,

∆n(ξ∂)C(ξ∂)C(u
s) = [3]ξn,s;CC = c1n,sρu

s−n−1ξCC + c2n,sρ
2us−n−2yCyC ,

∆n∂C∂C(u
syAyA) = [4]n,s;CC,AA = d1n,su

s−n−2(ξy)C(ξy)CyAyA + d2n,su
s−n−1ξCCyAyA+

+ d3n,su
s−n−1(ξy)CϵCAyA ++d4n,su

s−nϵCAϵCA+

+ d5n,su
s−n−1(ξy)C(ξy)CξAA + d6n,su

s−nξCCξAA ,

∆n(ξ∂)C(ξ∂)C(u
syAyA) = [4]ξn,s;CC,AA = d1n,su

s−n−2ρ2yCyCyAyA + d2n,su
s−n−1ρξCCyAyA+

+ d3n,su
s−n−1ρyCξCAyA ++d4n,su

s−nξCAξCA+

+ d5n,su
s−n−1ρ2yCyCξAA + d6n,su

s−nρξCCξAA ,

where

an,s = 4n[s!/(s− n)!]2ρn , (B.5)

b1n,s = an,s + 8ρn(s− n+ 1)an−1,s + 16n(n− 1)an−2,s(s− n+ 2)(s− n+ 1)ρ2 , (B.6)

b2n,s = 2nan−1,s + 8n(n− 1)an−2,sρ(s− n+ 2) , (B.7)
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c1n,s = 2(s− n)an,s , (B.8)

c2n,s = 4(s− n)(s− n− 1)an,s , (B.9)

d1n,s = b1n,s4(s− n)(s− n− 1) , (B.10)

d2n,s = b1n,s2(s− n) , (B.11)

d3n,s = b1n,s8(s− n) , (B.12)

d4n,s = b1n,s2 , (B.13)

d5n,s = b2n,s4(s− n)(s− n+ 1) , (B.14)

d6n,s = b2n,s2(s− n+ 1) . (B.15)

In fact, b1n,s = (s+1)(s+2)
(s−n+1)(s−n+2)

an,s and b2n,s = 2n s+1
s−n+2

an−1,s, but above we have revealed how

different coefficients are related to each other. Since the equation is a three-form, it is necessary

to introduce the basis of those

EAA′ ≡ eB
A′ ∧ ΣAB , (B.16)

eAA′ ∧ ΣBB = +2
3
ϵABEBA′

, (B.17)

eAA′ ∧ Σ̄B′B′
= −2

3
ϵA

′B′
EAB′

, (B.18)

together with some useful identities. Now we need to compute

dω(∂) ∧ dΨ(y) = 1
2
eAA′

ΣCCFCC∇AA′Ψ+ 1
2
eAA′

Σ̄C′C′F̄C′C′∇AA′Ψ = (B.19)

− 1
3
ECA′

FMC∇M
A′ Ψ+ 1

3
EAC′

FM ′C′∇A
M ′

Ψ . (B.20)

We can put together dω of spin n and dΨ of spin s to find for the coefficients of the two terms

above

−1
3
V −1/2ECA′

: 2(n− 1)χn
0sκs × [4]ξn−2,s−1;CM |A′

M + 2(n− 1)χn
0κ

′
s × [3]ξn−2,s;CMξ

M
A′ +

χn
0sκs × ξCM [2]n−1,s−1;

M
A′ + χn

0κ
′
s × [1]n−1,sρϵCA′

+1
3
V −1/2EAC′

:χn
1sκs × [4]n−2,s−1;C′M ′|A

M ′
+ χn

1κ
′
s × [3]n−2,s;C′M ′ξA

M ′
+

χn
2sκs × ξC′M ′ [2]n−1,s−1;A

M ′
+ χn

2κ
′
s × [1]n−1,sρϵC′A+

χn
3sκs × [4]ξn−2,s−1;C′M ′|A

M ′
+ χn

3κ
′
s × [3]ξn−2,s;C′M ′ξA

M ′
,

25



where some of the tensor structures are in fact the same and we need just

ξC′M ′ [2]n,s;A
M ′

= b1n,su
s−n(ξy)C′yA + b2n,su

s−n+1ϵC′Aρ ,

[3]n,s;CMξ
M

A′ = c1n,su
s−n−1ϵCA′ρ+ c2n,su

s−n−2(ξy)CρyA′ ,

[3]ξn,s;C′M ′ξA
M ′

= c1n,su
s−n−1ϵC′Aρ

2 + c2n,su
s−n−2(−ρ2)(ξy)AyC′ ,

[4]n,s;CM ′|A
M ′

= d1n,su
s−n−1(ξy)CyA + d2n,su

s−n−1(ξy)CyA+

+ d3n,su
s−n−1((ξy)CyA + 1

4
uϵCA) + d4n,su

s−n 3
2
ϵCA+

+ d5n,su
s−n−1ρ(ξy)CyA + d6n,su

s−nρϵCA ,

[4]ξn,s;CM |A
M = d2n,su

s−n−1ρ(ξy)CyA + d3n,su
s−n(−ρ1

4
)ϵCA + d4n,su

s−nρ(−1
2
)ϵCA+

+ d5n,su
s−n−1(−)ρ2(ξy)AyC + d6n,su

s−nρ2ϵCA .

At the end we can write everything as

dω(n) ∧ dΨ(s) = 1
3
V −1/2EAA′ (

T 1(ξy)(AyA′) + T 2ϵAA′
)
,

where two irreducible tensor structures are isolated. Once we plug in the actual coefficients we

find

T 1 = us−n an,s
8ρ(s− n+ 2)(s− n+ 1)

(
χn
1 [2κ

′
s +

(2s+1)
ρ

κs] + χn
22(s+ 1)κs + χn

3 [κs − 2ρκ′s]+

+ χ0(4(n− 1)ρκ′s − 2(n+ s)κs)
)
,

T 2 = us−n+1 an−1,s

4ρ

(
χn
1 [−2ρκ′s − (1 + 2s)κs]− 2ρχn

2 [sκs + 2ρκ′s] + ρχn
3 [κs − 2ρκ′s]+

+ χ0(−4nρ2κ′s − 2(s− n+ 1)ρκs)
)
.

Now we can also recall what χ0,1,2,3 are and plug them into the expressions above to get the

rest of the formulas in the main text.

C HS-SDYM negative helicity

The equation we want to solve is:

ΣAA ∧ ∂A∂A

(
αdΨ(s) −

∑
q

[
ω(q)(∂),Ψ(s+q−1)

])
= 0 , (C.1)

and let us investigate the term in the sum:

ΣAA ∧ ∂A∂Aω(q)(∂)Ψ(s+q−1) (C.2)
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by substituting the ansatz

ω(q) = eCC′
∂C ∂̄C′

[
uq−1wσ(q)

]
and Ψ(s) = usκ(s) .

First, ω(q) can be written as

ω(q) = eCC′ [
2 (q − 1)uq−2 (ξy)C yC′ + uq−1ϵCC′

]
σ(q) , (C.3)

then ω(q)(∂)Ψ(s+q−1) can be calculated:

ω(q)(∂)Ψ(s+q−1) = eCC′ [
2 (q − 1)∆q−2 (ξ∂)C ∂C′ +∆q−1ϵCC′

]
us+q−1σ(q)κ(s+q−1)

= eCC′ [
2 (q − 1) c1q−2,s+q−1ρu

sϵCC′ − 2 (q − 1) c2q−2,s+q−1ρu
s−1yC (ξy)C′ + aq−1,s+q−1u

sϵCC′
]
σ(q)κ(s+q−1)

= eCC′ [
2 (s+ q) c1q−2,s+q−1ρu

sϵCC′ − 2 (q − 1) c2q−2,s+q−1ρu
s−1yC (ξy)C′

]
σ(q)κ(s+q−1) .

Next, using ΣAA ∧ eCC′
= 2

3
ϵCAEAC′

we further calculate

ΣAA ∧ ∂A∂Aω(q)(∂)Ψ(s+q−1) =

=
2

3
ECC′

σ(q)κ(s+q−1)
{
2 (s+ q) c1q−2,s+q−1ρ

[
2sus−1ξCC′ + 4s (s− 1)us−2 (ξy)C (ξy)C′

]
+2 (2s+ 1) (q − 1) c2q−2,s+q−1ρ

[
us−1ξCC′ + 2 (s− 1)us−2 (ξy)C (ξy)C′

]}
=

2

3
ECC′

σ(q)κ(s+q−1) (2q − 1)
{
c1q−1,s+q−1u

s−1ξCC′ + c2q−1,s+q−1u
s−2 (ξy)C (ξy)C′

}
.

Bibliography

[1] A. K. H. Bengtsson, I. Bengtsson, and N. Linden, “Interacting Higher Spin Gauge Fields on the Light

Front,” Class. Quant. Grav. 4 (1987) 1333.

[2] R. R. Metsaev, “Light-cone gauge cubic interaction vertices for massless fields in AdS(4),” Nucl. Phys.

B936 (2018) 320–351, arXiv:1807.07542 [hep-th].

[3] M. Blencowe, “A Consistent Interacting Massless Higher Spin Field Theory in D = (2+1),”

Class.Quant.Grav. 6 (1989) 443.

[4] E. Bergshoeff, M. P. Blencowe, and K. S. Stelle, “Area Preserving Diffeomorphisms and Higher Spin

Algebra,” Commun. Math. Phys. 128 (1990) 213.

[5] C. N. Pope and P. K. Townsend, “Conformal Higher Spin in (2+1)-dimensions,” Phys. Lett. B225 (1989)

245–250.

[6] E. S. Fradkin and V. Ya. Linetsky, “A Superconformal Theory of Massless Higher Spin Fields in D =

(2+1),” Mod. Phys. Lett. A4 (1989) 731. [Annals Phys.198,293(1990)].

[7] M. Grigoriev, I. Lovrekovic, and E. Skvortsov, “New Conformal Higher Spin Gravities in 3d,” JHEP 01

(2020) 059, arXiv:1909.13305 [hep-th].

27

http://dx.doi.org/10.1016/j.nuclphysb.2018.09.021
http://dx.doi.org/10.1016/j.nuclphysb.2018.09.021
http://arxiv.org/abs/1807.07542
http://arxiv.org/abs/1909.13305


[8] M. Grigoriev, K. Mkrtchyan, and E. Skvortsov, “Matter-free higher spin gravities in 3D:

Partially-massless fields and general structure,” Phys. Rev. D 102 no. 6, (2020) 066003,

arXiv:2005.05931 [hep-th].

[9] A. Y. Segal, “Conformal higher spin theory,” Nucl. Phys. B664 (2003) 59–130, arXiv:hep-th/0207212

[hep-th].

[10] A. A. Tseytlin, “On limits of superstring in AdS5 × S5,” Theor. Math. Phys. 133 (2002) 1376–1389,

arXiv:hep-th/0201112 [hep-th]. [Teor. Mat. Fiz.133,69(2002)].

[11] X. Bekaert, E. Joung, and J. Mourad, “Effective action in a higher-spin background,” JHEP 02 (2011)

048, arXiv:1012.2103 [hep-th].

[12] R. R. Metsaev, “Poincare invariant dynamics of massless higher spins: Fourth order analysis on mass

shell,” Mod. Phys. Lett. A6 (1991) 359–367.

[13] R. R. Metsaev, “S matrix approach to massless higher spins theory. 2: The Case of internal symmetry,”

Mod. Phys. Lett. A6 (1991) 2411–2421.

[14] D. Ponomarev and E. D. Skvortsov, “Light-Front Higher-Spin Theories in Flat Space,” J. Phys. A50

no. 9, (2017) 095401, arXiv:1609.04655 [hep-th].

[15] E. D. Skvortsov, T. Tran, and M. Tsulaia, “Quantum Chiral Higher Spin Gravity,” Phys. Rev. Lett. 121

no. 3, (2018) 031601, arXiv:1805.00048 [hep-th].

[16] E. Skvortsov, T. Tran, and M. Tsulaia, “More on Quantum Chiral Higher Spin Gravity,” Phys. Rev.

D101 no. 10, (2020) 106001, arXiv:2002.08487 [hep-th].

[17] A. Sharapov and E. Skvortsov, “Chiral higher spin gravity in (A)dS4 and secrets of Chern–Simons

matter theories,” Nucl. Phys. B 985 (2022) 115982, arXiv:2205.15293 [hep-th].

[18] X. Bekaert, N. Boulanger, A. Campoleoni, M. Chiodaroli, D. Francia, M. Grigoriev, E. Sezgin, and

E. Skvortsov, “Snowmass White Paper: Higher Spin Gravity and Higher Spin symmetry,”

arXiv:2205.01567 [hep-th].

[19] S. Weinberg, “Photons and Gravitons in S Matrix Theory: Derivation of Charge Conservation and

Equality of Gravitational and Inertial Mass,” Phys. Rev. 135 (1964) B1049–B1056.

[20] T. Tran, “Constraining higher-spin S-matrices,” JHEP 02 (2023) 001, arXiv:2212.02540 [hep-th].

[21] T. Adamo and T. Tran, “Higher-spin Yang–Mills, amplitudes and self-duality,” Lett. Math. Phys. 113

no. 3, (2023) 50, arXiv:2210.07130 [hep-th].

[22] C. Fronsdal, “Massless fields with integer spin,” Phys. Rev. D18 (1978) 3624.

[23] C. Aragone and S. Deser, “Consistency Problems of Hypergravity,” Phys. Lett. B86 (1979) 161.

[24] K. Krasnov, E. Skvortsov, and T. Tran, “Actions for Self-dual Higher Spin Gravities,”

arXiv:2105.12782 [hep-th].

[25] D. Ponomarev, “Chiral Higher Spin Theories and Self-Duality,” JHEP 12 (2017) 141, arXiv:1710.00270

[hep-th].

[26] R. Monteiro, “From Moyal deformations to chiral higher-spin theories and to celestial algebras,” JHEP

03 (2023) 062, arXiv:2212.11266 [hep-th].

[27] Y. Neiman, “Higher-spin self-dual General Relativity: 6d and 4d pictures, covariant vs. lightcone,” JHEP

07 (2024) 178, arXiv:2404.18589 [hep-th].

28

http://dx.doi.org/10.1103/PhysRevD.102.066003
http://arxiv.org/abs/2005.05931
http://arxiv.org/abs/hep-th/0207212
http://arxiv.org/abs/hep-th/0207212
http://arxiv.org/abs/hep-th/0201112
http://arxiv.org/abs/1012.2103
http://arxiv.org/abs/1609.04655
http://arxiv.org/abs/1805.00048
http://arxiv.org/abs/2002.08487
http://dx.doi.org/10.1016/j.nuclphysb.2022.115982
http://arxiv.org/abs/2205.15293
http://arxiv.org/abs/2205.01567
http://dx.doi.org/10.1007/JHEP02(2023)001
http://arxiv.org/abs/2212.02540
http://dx.doi.org/10.1007/s11005-023-01673-z
http://dx.doi.org/10.1007/s11005-023-01673-z
http://arxiv.org/abs/2210.07130
http://arxiv.org/abs/2105.12782
http://arxiv.org/abs/1710.00270
http://arxiv.org/abs/1710.00270
http://dx.doi.org/10.1007/JHEP03(2023)062
http://dx.doi.org/10.1007/JHEP03(2023)062
http://arxiv.org/abs/2212.11266
http://dx.doi.org/10.1007/JHEP07(2024)178
http://dx.doi.org/10.1007/JHEP07(2024)178
http://arxiv.org/abs/2404.18589


[28] T. Tran, “Twistor constructions for higher-spin extensions of (self-dual) Yang-Mills,” JHEP 11 (2021)

117, arXiv:2107.04500 [hep-th].

[29] T. Tran, “Toward a twistor action for chiral higher-spin gravity,” Phys. Rev. D 107 no. 4, (2023) 046015,

arXiv:2209.00925 [hep-th].

[30] T. Tran, “Anomaly-free twistorial higher-spin theories,” arXiv:2505.13785 [hep-th].

[31] L. Mason and A. Sharma, “Chiral higher-spin theories from twistor space,” arXiv:2505.09419

[hep-th].

[32] S. Jain, D. K. S, and E. Skvortsov, “Hidden sectors of Chern-Simons matter theories and exact

holography,” Phys. Rev. D 111 no. 10, (2025) 106017, arXiv:2405.00773 [hep-th].

[33] O. Aharony, R. R. Kalloor, and T. Kukolj, “A chiral limit for Chern-Simons-matter theories,” JHEP 10

(2024) 051, arXiv:2405.01647 [hep-th].

[34] Y. Herfray, K. Krasnov, and E. Skvortsov, “Higher-spin self-dual Yang-Mills and gravity from the twistor

space,” JHEP 01 (2023) 158, arXiv:2210.06209 [hep-th].

[35] E. Skvortsov and Y. Yin, “Low spin solutions of higher spin gravity: BPST instanton,” JHEP 07 (2024)

032, arXiv:2403.17148 [hep-th].

[36] A. A. Belavin, A. M. Polyakov, A. S. Schwartz, and Y. S. Tyupkin, “Pseudoparticle Solutions of the

Yang-Mills Equations,” Phys. Lett. B 59 (1975) 85–87.

[37] T. Tran, “Self-dual pp-wave solutions in chiral higher-spin gravity,” arXiv:2501.06445 [hep-th].

[38] A. H. Taub, “Empty space-times admitting a three parameter group of motions,” Annals Math. 53

(1951) 472–490.

[39] E. Newman, L. Tamburino, and T. Unti, “Empty space generalization of the Schwarzschild metric,” J.

Math. Phys. 4 (1963) 915.

[40] A. David and Y. Neiman, “Bulk interactions and boundary dual of higher-spin-charged particles,” JHEP

03 (2021) 264, arXiv:2009.02893 [hep-th].

[41] V. Lysov and Y. Neiman, “Bulk locality and gauge invariance for boundary-bilocal cubic correlators in

higher-spin gravity,” JHEP 12 (2022) 142, arXiv:2209.00854 [hep-th].

[42] V. Lysov and Y. Neiman, “Higher-spin gravity’s “string”: new gauge and proof of holographic duality for

the linearized Didenko-Vasiliev solution,” JHEP 10 (2022) 054, arXiv:2207.07507 [hep-th].

[43] C. Iazeolla and P. Sundell, “Families of exact solutions to Vasiliev’s 4D equations with spherical,

cylindrical and biaxial symmetry,” JHEP 12 (2011) 084, arXiv:1107.1217 [hep-th].

[44] Y. Herfray, “Pure Connection Formulation, Twistors and the Chase for a Twistor Action for General

Relativity,” J. Math. Phys. 58 no. 11, (2017) 112505, arXiv:1610.02343 [hep-th].

[45] K. Krasnov, “Self-Dual Gravity,” Class. Quant. Grav. 34 no. 9, (2017) 095001, arXiv:1610.01457

[hep-th].

[46] K. Krasnov and E. Skvortsov, “Flat self-dual gravity,” JHEP 08 (2021) 082, arXiv:2106.01397

[hep-th].

[47] G. W. Gibbons and S. W. Hawking, “Gravitational Multi - Instantons,” Phys. Lett. B 78 (1978) 430.

[48] P. Tod, “Rod Structures and Patching Matrices: a review,” arXiv:2411.02096 [math.DG].

29

http://dx.doi.org/10.1007/JHEP11(2021)117
http://dx.doi.org/10.1007/JHEP11(2021)117
http://arxiv.org/abs/2107.04500
http://dx.doi.org/10.1103/PhysRevD.107.046015
http://arxiv.org/abs/2209.00925
http://arxiv.org/abs/2505.13785
http://arxiv.org/abs/2505.09419
http://arxiv.org/abs/2505.09419
http://dx.doi.org/10.1103/PhysRevD.111.106017
http://arxiv.org/abs/2405.00773
http://dx.doi.org/10.1007/JHEP10(2024)051
http://dx.doi.org/10.1007/JHEP10(2024)051
http://arxiv.org/abs/2405.01647
http://dx.doi.org/10.1007/JHEP01(2023)158
http://arxiv.org/abs/2210.06209
http://dx.doi.org/10.1007/JHEP07(2024)032
http://dx.doi.org/10.1007/JHEP07(2024)032
http://arxiv.org/abs/2403.17148
http://dx.doi.org/10.1016/0370-2693(75)90163-X
http://arxiv.org/abs/2501.06445
http://dx.doi.org/10.2307/1969567
http://dx.doi.org/10.2307/1969567
http://dx.doi.org/10.1063/1.1704018
http://dx.doi.org/10.1063/1.1704018
http://dx.doi.org/10.1007/JHEP03(2021)264
http://dx.doi.org/10.1007/JHEP03(2021)264
http://arxiv.org/abs/2009.02893
http://dx.doi.org/10.1007/JHEP12(2022)142
http://arxiv.org/abs/2209.00854
http://dx.doi.org/10.1007/JHEP10(2022)054
http://arxiv.org/abs/2207.07507
http://dx.doi.org/10.1007/JHEP12(2011)084
http://arxiv.org/abs/1107.1217
http://dx.doi.org/10.1063/1.5012268
http://arxiv.org/abs/1610.02343
http://dx.doi.org/10.1088/1361-6382/aa65e5
http://arxiv.org/abs/1610.01457
http://arxiv.org/abs/1610.01457
http://dx.doi.org/10.1007/JHEP08(2021)082
http://arxiv.org/abs/2106.01397
http://arxiv.org/abs/2106.01397
http://dx.doi.org/10.1016/0370-2693(78)90478-1
http://arxiv.org/abs/2411.02096


[49] R. Penrose, “Zero rest mass fields including gravitation: Asymptotic behavior,” Proc. Roy. Soc. Lond.

A284 (1965) 159.

[50] T. Eguchi and A. J. Hanson, “Selfdual Solutions to Euclidean Gravity,” Annals Phys. 120 (1979) 82.

[51] T. Eguchi and A. J. Hanson, “Asymptotically Flat Selfdual Solutions to Euclidean Gravity,” Phys. Lett.

B 74 (1978) 249–251.

[52] N. J. Hitchin, “Linear field equations on selfdual spaces,” Proc. Roy. Soc. Lond. A370 (1980) 173–191.

[53] N. M. J. Woodhouse, “Real methods in twistor theory,” Class. Quant. Grav. 2 (1985) 257–291.

[54] G. Chalmers and W. Siegel, “The Selfdual sector of QCD amplitudes,” Phys. Rev. D54 (1996)

7628–7633, arXiv:hep-th/9606061 [hep-th].

[55] W. Siegel, “Selfdual N=8 supergravity as closed N=2 (N=4) strings,” Phys. Rev. D47 (1993) 2504–2511,

arXiv:hep-th/9207043 [hep-th].

[56] M. Serrani, “On classification of (self-dual) higher-spin gravities in flat space,” JHEP 08 (2025) 032,

arXiv:2505.12839 [hep-th].

[57] S. E. Konstein and M. A. Vasiliev, “Extended higher spin superalgebras and their massless

representations,” Nucl. Phys. B331 (1990) 475–499.

[58] S. J. Malham, “Coagulation, non-associative algebras and binary trees,” Physica D: Nonlinear

Phenomena 460 (2024) 134054.

https://www.sciencedirect.com/science/article/pii/S0167278924000058.

[59] M. Ammon, M. Gutperle, P. Kraus, and E. Perlmutter, “Spacetime Geometry in Higher Spin Gravity,”

JHEP 10 (2011) 053, arXiv:1106.4788 [hep-th].

[60] E. Sezgin and P. Sundell, “Geometry and Observables in Vasiliev’s Higher Spin Gravity,” JHEP 07

(2012) 121, arXiv:1103.2360 [hep-th].

[61] V. Ivanovskiy and D. Ponomarev, “Inconsistency of point-particle dynamics on higher-spin backgrounds,”

JHEP 07 (2025) 040, arXiv:2503.11546 [hep-th].

[62] V. Ivanovskiy and D. Ponomarev, “Inconsistency of point-particle dynamics on higher-spin backgrounds:

massive particles,” arXiv:2506.13976 [hep-th].

[63] C. Iazeolla, E. Sezgin, and P. Sundell, “Real forms of complex higher spin field equations and new exact

solutions,” Nucl. Phys. B791 (2008) 231–264, arXiv:0706.2983 [hep-th].

[64] E. Skvortsov, “Light-Front Bootstrap for Chern-Simons Matter Theories,” JHEP 06 (2019) 058,

arXiv:1811.12333 [hep-th].

[65] I. R. Klebanov and A. M. Polyakov, “AdS dual of the critical O(N) vector model,” Phys. Lett. B550

(2002) 213–219, arXiv:hep-th/0210114.

[66] E. Sezgin and P. Sundell, “Massless higher spins and holography,” Nucl.Phys. B644 (2002) 303–370,

arXiv:hep-th/0205131 [hep-th].

[67] R. G. Leigh and A. C. Petkou, “Holography of the N=1 higher spin theory on AdS(4),” JHEP 0306

(2003) 011, arXiv:hep-th/0304217 [hep-th].

[68] S. Giombi, S. Minwalla, S. Prakash, S. P. Trivedi, S. R. Wadia, and X. Yin, “Chern-Simons Theory with

Vector Fermion Matter,” Eur. Phys. J. C72 (2012) 2112, arXiv:1110.4386 [hep-th].

30

http://dx.doi.org/10.1098/rspa.1965.0058
http://dx.doi.org/10.1098/rspa.1965.0058
http://dx.doi.org/10.1016/0003-4916(79)90282-3
http://dx.doi.org/10.1016/0370-2693(78)90566-X
http://dx.doi.org/10.1016/0370-2693(78)90566-X
http://dx.doi.org/10.1098/rspa.1980.0028
http://dx.doi.org/10.1088/0264-9381/2/3/006
http://dx.doi.org/10.1103/PhysRevD.54.7628
http://dx.doi.org/10.1103/PhysRevD.54.7628
http://arxiv.org/abs/hep-th/9606061
http://dx.doi.org/10.1103/PhysRevD.47.2504
http://arxiv.org/abs/hep-th/9207043
http://dx.doi.org/10.1007/JHEP08(2025)032
http://arxiv.org/abs/2505.12839
http://dx.doi.org/https://doi.org/10.1016/j.physd.2024.134054
http://dx.doi.org/https://doi.org/10.1016/j.physd.2024.134054
https://www.sciencedirect.com/science/article/pii/S0167278924000058
http://dx.doi.org/10.1007/JHEP10(2011)053
http://arxiv.org/abs/1106.4788
http://arxiv.org/abs/1103.2360
http://dx.doi.org/10.1007/JHEP07(2025)040
http://arxiv.org/abs/2503.11546
http://arxiv.org/abs/2506.13976
http://arxiv.org/abs/0706.2983
http://arxiv.org/abs/1811.12333
http://arxiv.org/abs/hep-th/0210114
http://arxiv.org/abs/hep-th/0205131
http://arxiv.org/abs/hep-th/0304217
http://arxiv.org/abs/1110.4386


[69] W. Bu, S. Heuveline, and D. Skinner, “Moyal deformations, W1+∞ and celestial holography,” JHEP 12

(2022) 011, arXiv:2208.13750 [hep-th].

[70] R. Bittleston, S. Heuveline, and D. Skinner, “The celestial chiral algebra of self-dual gravity on

Eguchi-Hanson space,” JHEP 09 (2023) 008, arXiv:2305.09451 [hep-th].

[71] T. Adamo, G. Bogna, L. Mason, and A. Sharma, “Scattering on self-dual Taub-NUT,” Class. Quant.

Grav. 41 no. 1, (2024) 015030, arXiv:2309.03834 [hep-th].

[72] T. Adamo, G. Bogna, L. Mason, and A. Sharma, “Graviton scattering on self-dual black holes,”

arXiv:2507.18605 [hep-th].

31

http://dx.doi.org/10.1007/JHEP12(2022)011
http://dx.doi.org/10.1007/JHEP12(2022)011
http://arxiv.org/abs/2208.13750
http://dx.doi.org/10.1007/JHEP09(2023)008
http://arxiv.org/abs/2305.09451
http://dx.doi.org/10.1088/1361-6382/ad12ee
http://dx.doi.org/10.1088/1361-6382/ad12ee
http://arxiv.org/abs/2309.03834
http://arxiv.org/abs/2507.18605

	Gravitational instantons: Taub-NUT, ...
	Free higher spin fields on gravitational instantons
	Higher spin black holes
	SDYM and SDGR
	Higher-spin extension of SDYM
	Higher-spin extension of SDGR
	Positive helicity
	Negative helicity


	Conclusions and Discussion
	Normalization
	Solution to HS-SDGR
	Positive helicity
	Negative helicity

	HS-SDYM negative helicity
	Bibliography

