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Introduction

At least at present, massless higher-spin states do not show any preference for any value of
the cosmological constant. For example, there is a one-to-one correspondence between cubic
interactions/amplitudes in Minkowski and (anti)-de Sitter spaces [I}, 2]. All well-defined higher-
spin gravities, i.e. the numerous 3d ones with massless and conformal fields [3-8], the 4d
conformal [9HTT] and the 4d chiral [I2HI7] can tolerate any sign and value of the cosmological
constant, see e.g. [18] for a review. Therefore, it is tempting to use the flat space background
as a simple playground for more challenging holographic/cosmological applications. From the
S-matrix point of view, massless higher-spin fields in flat space should display trivial scattering,
see e.g. [19], but this, as in self-dual theories, results from a nontrivial cancellation of diagrams
[15] (see, however, [20] 21] for some exceptions to this lore).

There are many ways to introduce Lorentz-covariant fields that carry the degrees of freedom
of massless higher-spin particles. However, many of them are obstructed early on. For example,
within the most natural description based on totally symmetric tensor fields ®,, ., called
Fronsdal fields [22], it is impossible to construct two-derivative gravitational interactions [23]
and put the fields on any background but the maximally symmetric spaces. At the same time,
such cubic gravitational interactions do exist [I, 2]. The chiral formulation [24], which originates
from twistor theory and where positive and negative helicities are treated differently, is more
flexible and allows one to put massless higher-spin fields on any self-dual background, which
leads to self-duality playing an important role for massless higher-spin fields.

It turns out that both self-dual Yang-Mills (SDYM) and self-dual gravity (SDGR) have
simple higher-spin extensions [25] where fields interact either via one-derivative interactions
of Yang-Mills type (HS-SDYM) or via two-derivative interactions of gravitational type (HS-
SDGR). Self-dual theories, e.g. self-dual Yang-Mills (SDYM) and self-dual gravity (SDGR)
[25], admit simple formulations in the light-cone gauge [25H27] or in terms of chiral fields [24],
which are straightforward generalizations of SDYM and SDGR, see also [21, 27H3T]. In addition,
HS-SDYM and HS-SDGR are truncations of chiral higher-spin gravity. All of these theories
are smooth in the cosmological constant and within the AdS/CFT context chiral higher-spin
gravity is dual to a closed subsector of Chern-Simons vector models [17, 32}, 33].

(Higher-spin) self-dual theories are useful toy models for a great number of reasons out of
which we mention a few: they are integrable theories [25] with simple formulations, especially on
twistor space (see [21], 28, [31], 34] for HS-SDYM and HS-SDGR); all solutions are also solutions
of the full theories as well as amplitudes are. Lastly, the full theories can be understood as

perturbations over the self-dual subsector.



Solutions of SDYM and SDGR are usually called instantons. Likewise, solutions of chiral
higher-spin gravity and of HS-SDYM, HS-SDGR can be called higher-spin instantons. In yet not
understood way higher-spin instantons should combine the usual Yang-Mills and gravitational
instantons and, perhaps, enrich them with some genuine higher-spin moduli. In [35], it was
shown that the simplest BPST-instanton [36] can be uplifted to chiral theory where it switches
on some other low-spin fields. However, the BPST-instanton (one-instanton solution) is too
symmetric to trigger any higher-spin fields. Recently, a class of pp-wave solutions of chiral
theory was constructed in [37].

In this paper, in an attempt to chart out the space of higher-spin instantons more, we
consider a higher-spin extension of Taub-NUT black-holes 38, B9] within HS-SDYM and HS-
SDGR, which are “toy models” for chiral higher-spin gravity. Apart from trying to understand
the space of solutions of a theory, an additional, a purely higher-spin argument, is that black-
hole-type solutions play an important and surprising role in holography since they are dual to
a generating function of the single-trace operators, see [40H42]. Another idea, see e.g. [43], is
that higher-spin fields/higher-derivative interactions can smoothen black-hole singularities.

In Section [T, we begin by recalling the Gibbons-Hawking ansatz and gravitational instan-
tons. Apart from fixing some notation we recast the ansatz in terms of variables suitable for
the self-dual gravity, see e.g. [44H46]. Next, in Section [2| we consider free higher-spin fields
on gravitational instanton backgrounds, a problem already impossible within the Fronsdal for-
mulation, where we give explicit solutions for Taub-NUT. The main results are in Section [3]
where we first review the simple actions for HS-SDYM and HS-SDGR and then proceed to
constructing higher-spin extensions of Taub-NUT.

In the case of HS-SDYM the linearized solutions turn out to be exact, which is not rare,
in general[l] It is also easy to explain this effect by noticing that the gauge interactions of HS-
SDYM do not see the gravitational “nature” of Taub-NUT. On the contrary, the gravitational
interactiong| of HS-SDGR are binding enough to trigger backreaction. However, two fields with
helicities 512 > 0 source a field with helicity s; + s, — 2. Therefore, the perturbation theory
converges for any fixed spin. The most general solution is parameterized by the numerical

factors in front of the free parts. We identify a commutative non-associative algebra A that

IFor example, the Kerr black hole solution in the Kerr-Schild form solves both free and full nonlinear Einstein

equations. Also, the recently constructed family of pp-wave solutions has this property [37].
2By gravitational/gauge interactions we mean those that are two/one-derivative in the light-cone gauge.

They are natural higher-spin generalization of the usual ones. This is also confirmed by the fact that it is with
these two types of interactions one can have consistent theories, HS-SDGR/HS-SDYM. Turning on a genuine

higher-spin interaction would lead to chiral theory as a completion.



governs the perturbation theory. For negative helicity fields the situation is the opposite as
they, in principle, can receive infinitely many contributions from fields with even higher spins.
They form a representation of A. We conclude with some remarks in Section [4] after which a

number of appendices provide further details of the calculations.

1 Gravitational instantons: Taub-NUT, ...

Let us introduce the 4d coordinates z*, which we convert into the spinorial language as z44’ .

AN _ AN | cAN ¢AB — ¢BA

In addition, we split z , Where are 3d coordinates. A convenient

starting point is the Gibbons-Hawking ansatz for the vierbein [47]

M = M (dt 4 hap dEP) + V'V der (1.1)

%H

which gives the metric
ds®* =V (dt + h-dx)? + VdE*. (1.2)

Here, V = V(£) and hap = hap(€) is the vector potential in 3d that depends on £47 only. The

next step is to solve for the spin-connection. The honest torsion constraint is

de?? = wiho N e Fwh o A et (1.3)

4B is pure gauge and can be set to zero, which we immediately do.

For self-dual solutions w
It should not be confused with another field with the same name w42 below. Sometimes it is
useful to perform the 3 + 1 decomposition of various differential forms and to this end we can

split the vierbein as

/ / 1
ey + et o = —=(dt + hap dEAP) e§C = VV decc. (1.4)

VvV

The spin-connection is found to have the following form

e =

wh = g ey + g% 6?/0 =g¥ce?, (1.5)
where
goc = =V 20ccV = =2V 3200 kM (1.6)

A _ _AB _ A
=€ 'UB,UB—U 6AB7

3The indices are raised and lowered following the Penrose-Rindler convention, i.e. v
idem. for the primed indices and e4g = —€p 4 is the invariant tensor. If some spin-tensor expression is symmetric

or is to be symmetrized in certain indices, we often denote all such indices by the same letter, e.g. £44.



The latter equality implies the Bogomolny equatiorﬁ
dccV = 20cuh™c (1.7)

ie. dV = xdh or O,V = €*0hy, i,j,k = 1,...,3. Out of the vierbein one can construct

self-dual and anti-selfdual two-forms

YA = eAn N e = 42ef Neg + B4, (1.8)

SAA = oo N eCY = —2e' N Ney + BEAY (1.9)

where E44 = 340 A efC. Tt is easy to see that 4P = edcr A P are closed self-dual two-
forms, d¥4” = 0. They obey 44 A 44 = 0 and, hence, define a hyper-Kahler structure. It

is also possible to represent ¥44 in a locally exact form:
»A4 = A (1.10)

but we postpone solving this equation to Section 3.1}

It is time to have a look at the (anti-self-dual component of the) Weyl tensor pABCD

which determines the Petrov type of the solution. It is defined via
delA/ = CLJA/C/ VAN WA/C/ + EC/C/\I/A/AIC/C/ . (111)

The latter equation also imposes the Einstein equation, which requires LJV = 0, where [1 =
1055080

To summarize, gravitational instantons solve Einstein equations and have vanishing self-
dual component of the Weyl tensor, 4444 = (. The anti-self-dual Weyl tensor, as can be
derived from ([1.11)), is

pAAAAT —%V_33A/A/V3A/A/V + %V_28A/A/8A/A/V. (1.12)
It satisfies the Bianchi identities

Varap PAAAM — (1.13)

4One may wonder if one can just take any Yang-Mills instanton, e.g. the BPST solution, and map it to a
gravitational one. No such map seems to exit in general, but it is possible to do so if there are two commuting
killing vector fields [48]. However, one can go the opposite direction: any gravitational instanton gives a

Yang-Mills one for the same metric. We are grateful to Kirill Krasnov for the comment.



The latter equation has a straightforward higher-spin generalization [49], which we discuss later.

Assuming that there is no t-dependence, the covariant derivative acts asﬂ

!/

GCC/VCC'XB/ =7 (V_l/zagCIEB'A - %(QC’A/ €cp + €CA/ 93/0/)) XB/ (1.14)

for any x®'. For an unprimed object x® that does not depend on ¢ the covariant derivative is

just
CCV ooy = ¢ (v—l/QagC,eBA> . (1.15)

The main advantage of the t-independent solutions is that we do not have to know hp dé4?

as it remains hidden in the vierbein.

Petrov type and Instantons. In order to have type-D the Weyl tensor should factorize as
JAAAA Varatdaar, (1.16)

where 14/ 4/ is some symmetric bi-spinor. The latter can always be factorized as ¥4 ar = £amar.
The first term of ¥ ((1.12)) is already type-D, but the second one is so only if

044044V = vasvaaV (1.17)

for some va4 (of course, the factors of the sum is not the product of the factors and, hence,
we also assume that daaV ~ vaa to have the same factors). Taub-NUT black-hole has type-D
and the usual choice for harmonic V' is

m

— =

m
RN

\/ﬁ )

where p = €2 = %5 44644 or we can replace € by € — a everywhere, where a is the position of

V =+ (1.18)

the center. Other simple solutions are the multi-center instantons

N

my;
V:vg+z|€_a'|, (1.19)
i=1 v

which are not type-D unless N = 1. Another special solution is the Eguchi-Hanson instanton
[50, B1], for which vy = 0 and N = 2.

®One trick here is that 8570/» being symmetric, picks the egcl component of 0



2 Free higher spin fields on gravitational instantons

In this section we study free higher-spin fields on the background of gravitational instantons,
specifically on Taub-NUT.

Free higher-spin fields. A massless field of, say, positive helicityﬂ +s can be described [49]

by a symmetric rank-2s spin-tensor W4 (2%) that satisfies
VM A Cs—DMT — (2.1)

We already know one solution for s = 2, (1.12)). The negative helicity —s field can be described

by a “conjugate” spin-tensor ¥4(%) that obeys
V' wACs=OM — (2.2)

This suffices for free fields, but interesting interactions, e.g. gravitational and Yang-Mills in-
teractions, require gauge potentials. At this moment the description becomes asymmetric with
respect to the helicities since it is sufficient to introduce the gauge potential for, say, positive

helicities only [52] [53]. The gauge potential is ®4(25_1),4- and satisfies
VaM @ y05 1y =0 (2.3)
that is gauge-invariant under

0P A25-1),4 = VaaCas—2) (2.4)

provided VM "V oanr x4 = 0 for any spinor y4. The latter implies that the background V is
self-dual. Indeed, V4™ V 45 selects a part of the commutator [V 44/, Vgp/] that contains the
self-dual component of the Weyl tensor WABCP v M "V oan x4~ Waaapx? (the traceless Ricci
tensor and the scalar curvature disappear from this particular projection). Therefore, for the
equations to be gauge-invariant we need WABCP = (.

The gauge potential ® 4(2,_1),4 is also related in a simple way to the Penrose equation ([2.1)):

UA'(25) can be interpreted as a gauge-invariant field-strength
25—1

—_———
YA (28) — VAA/ ...VAA, PARZs—1),A" (25)

6The formulas below work in any signature and it is usually wise to extend them to a complexified spacetime
until some reality conditions are really needed. The notion of helicity appeals to the Minkowski signature, while

instantons are solutions of Euclidean theories. Nevertheless, we will refer to fields by their helicity.



We will not use the field-strength, since the important interactions, gauge and gravitational
ones, we are going to consider, require the gauge potential.
The gauge potential can be replaced by a one-form connection w42 [24] 52] provided

the action/equations of motion are invariant under

SwACs=2) — g eACs2) 4 oA pARs=Y)C (2.6)

A(25-3)

where in addition to (4(>*=2) there is a new gauge parameter 7 4" to eliminate the extra

components of wAZ5=2) a9 compared to ®4(2,_1),ar. Here, V = e““'Veer is the one-form

Lorentz-covariant derivative. Indeed, one can decompose wA(=2) as

A(25—2)

W _ €CC/®A(2S—2)C,C’ + eAC’ TA(QS—?)),C' (27>

and the job of nA=3)-¢" is to make YT non-propagating. There is a simple gauge-invariant
action [24]

S = /\I/A(zs) A2aa N VOJA(QS,Q) , Yaa = eap N\ eAB, , (2.8)

which is gauge invariant on any self-dual background, i.e. V2x4 ~ 45 x?, see the discussion

after ([2.4)) D Therefore, one can consistently put massless higher-spin fields on any gravitational
A(25-2)
w

instanton background. The equation for is
SAAN V@2 = (2.9)
and is equivalent to (2.3)). It is also equivalent to (thanks to X244 A eAY" = 0)

duwA®) = Ay A AMDB (2.10)

n=1.B" The equation for U is

where we have introduced another one-form field w4(
Ypp A dUACIBE — (2.11)

and is equivalent to (2.2). Let us find solutions for the equations above on the Taub-NUT
background.

"In more detail: V2y4 ~ 45 B + Z_]C/C/RAB’C/C/ XE+2ccWCC4p vB. The first (cosmological) term will

disappear in the action due to one more ¥ 44 in there, as well as the traceless Ricci tensor, 245 A $AB =,



Taub-NUT and not only, Negative helicity. The simplest case is that of the negative

helicity fields, where, assuming ¥ = (&), we need to solve
VMB/ \IJA(Qs—l)M _ V—l/?anB’ \IJA(ZS—I)M -0 (212)

i.e. the solutions are as if in the 3d flat space. This applies to any gravitational instanton,
not necessarily Taub-NUT. It is now convenient to package all spins into a single generating

function (y*4 are auxiliary commuting spinors)
U(y) =Y Vapenyt.y?. (2.13)
S

As an ansatz for ¥ we have nothing to think of but
GARS) — o (p)eAh. e — U = gou®, (2.14)
where u = y2yP&ap = (y&y) will be used many times in what follows. To find &, we need
AU = MV 0 U = VV2AY (s 0 Yy aya + Kilaau®). (2.15)

This needs to be projected onto the right component, which is achieved with the help of

OV 4 U, where 04 = 0/ OyA. The solution to the free equations can be obtained from
OgVE 4 U =V V2057 05((25 4 1)k + 264p) = 0. (2.16)
We find kg ~ p~571/2,

Taub-NUT, Positive helicity. For the positive helicity fields the spin-connection enters the

game and it does not seem easy to solve the equations for arbitrary instanton solution. Again,

we choose to package all fields into a generating function (QA' is one more auxiliary spinor)

Py, y) = Z P a(2s-1),47 vyt gt (2.17)

Likewise, a generating function for w?2s=2 can be defined ag
W = 600/8060/(1) . (218)

A simple solution can be found by using the data we already have in the Taub-NUT background,

i.e. let us take the ansatz

D(y,y) = v (yéy)or(p) + v wa(p) (2.19)

8This gives a slightly different normalization as compared to (2.7).

8



where u = (y€y) and w = (Jy) = §yc. The first term is pure gauge. Indeed, for the gauge

parameter ([2.6), which is independent of y, we can write

((y) = aa(p)u*™". (2.20)

The second term with the indices released is o€44...44¢44" The covariant derivative acts as
Veor =VY 2330, and the first term of ® can be eliminated with the help of ¢ above. To get

an equation for o we note that

Voca(p) =V 20 ¢cer, (2.21a)
Veoou=V"ycye, (2.21b)
Veoew = —1ge® (Gpye + Geys) - (2.21c)

The projection of V 44® onto the equation of motion (2.3)) can be implemented as y“95 VP,

which gives
yCop Vel & = u -V 2% + 1g0]. (2.22)

Note that the equation does not actually depend on spin, because the spin-connection acts on
the single primed index. Recall that ¢ = —V =32V’ It is easy to solve for ¢ for “arbitrary”
V Il We find

o=V (2.23)

for all spins. This solves for the positive helicity fields on the Taub-NUT background.

3 Higher spin black holes

In this Section we first define SDYM and SDGR and the higher-spin extensions thereof and
then try to uplift free higher-spin fields on the Taub-NUT instanton to become higher-spin
Taub-NUT instantons.

3.1 SDYM and SDGR

Self-dual Yang-Mills theory. The Lorentz covariant action, the Chalmers-Siegel action
[54], for SDYM can be found as follows. One begins with the Yang-Mills action (in the two-

component spinorial language)

Sym =1 / 2, =1 / (FapF*? + Fap FYP') (3.1)

9Tt is not arbitrary since we have already used 944/V = V'€44/ to get the spin-connection.

9



where we defined
F, = Fanpp = 5Fapean + 3Fapean, (3.2)

and F),, " = %(F W FAB + Fyp F A/B/). We add the right amount of the topological invariant

/ FAF~ / d'z (FABFAB - FA,B,FA’B’) (3.3)
to reduce the action to
Sym =1 / FupF48. (3.4)

Next, one introduces an auxiliary field pap

Syml[A, ¢] = /d4$ < + 30apF*P — i@ABQOAB) . (3.5)

The action is still equivalent to the standard Yang-Mills action, modulo a total derivative. One

can drop the second term, the resulting action is SDYM
SSDYM[A, QD] = % /d4x QDABFAB . (36)

By rescaling the fields one can introduce a parameter € in front of ¢ 4504% in Sy [A, ¢] and
treat Yang-Mills theory as a deformation of SDYM. The last step, which is relevant below, is

to allow for an arbitrary gravitational background

SSDYM[A,(,O] == %/(,OAA EAA NEF. (37)

We recall that Y44 = eap A es? . In the free field limit, F = dA and the action is the s = 1

case of (12.8).

Self-dual gravity. The self-dual gravity with vanishing cosmological constant has a simple
action [46] (another option is [55] |

Sspar[¥, w] = 3 / UM dwgg A dwas . (3.8)

\I]AAAA

Here, is reminiscent of the self-dual part of the Weyl tensor and w?4 is a one-form,

which is reminiscent of the self-dual component of the spin-connection. Let us explain why

10We do not review a path from the Einstein-Hilbert action to this one, see [46], but it is just a bit longer

route of integrating in/out auxiliary fields as compare to the YM/SDYM relation.

10



this action leads to the equations we went through in Section [I} The equation of motion for W

implies that 344 A 244 = 0, where ©44 = dw?4. This means that 244 = ez AeAP for some

e d¥44 = 0 implies the half-torsion constraint

de = w' o N et (3.9)

for some w44, Thus, we have recovered the field content introduced in Section . When

linearized over some background ¥44 = dwg'“, the action reduces to
S = / ALY AN dwaa, (3.10)

which is the s = 2 case of the free action (2.8)). The equation of motion for the fluctuation w4
implies the known equation for ¥, (2.2)), in the form Y44 A d¥4444 =0, (2.11) (note that the

spin-connection with unprimed indices vanishes).

Potential for Taub-NUT. Let us fill in one gap. We already know the vierbein and, hence,
44 for Taub-NUT. Solving the equation dwi® = etp A AP = %44 with the Taub-NUT

vierbein, we obtain a simple solution (not unique) for w44:
wan = ¢AAA’AIGAA/ + ¢AA/€AA/ , (3.11)
where (with V = v + \%)
AAA,A' AA_AA’ Yo AA AA 2vg
A gMAN T and = WV — ) 3.12
R I X (.12

How black hole instantons fluctuate. Since Taub-NUT is an instanton one should expect
that all fluctuations correspond to changes in the free parameters that determine the instanton.
Let us recall that with the Gibbons-Hawking ansatz

m
V=vg+ —. 3.13
° e —dl (3.13)

Starting from the exact solution of wi'#* above, we can derive
wit = 26 (dt + hppde®P) + 2V EA 4 deM — voe? pde™ (3.14)
then, using 6V = dvg, we find

5W64A = ((SU()) fAA/deA,

1

= ((51}0) V™2 <—%5AA€AA/€AA/ + %gAA,eAA’) . (315)

11



Now, we recall that we found in (2.23)) a class of linearized fluctuations, which for s = 2 reads
¢AAA,A’ ~ V*l/ZgAA€AA’ (bA,A/ —0. (316)

We observe that this fluctuation corresponds to a variation of vg plus a certain diffeomorphism.
Note that ¢*4" can be eliminated with the help of the algebraic (shift or Stueckelberg) sym-
metry, which is the last term in (2.6). For s = 2 this corresponds to diffeomorphisms. The first
term in (3.15)) is exactly the linearized fluctuation , which satisfies the free equation of

motion by itself. Therefore, we can assume that the gravitational background is kept fixed.

3.2 Higher-spin extension of SDYM

HS-SDYM. There is a simple higher-spin extension of SDYM.

S = ZTr/\IfA (M2 54 A Fagmy (3.17)

where the curvatures Fy,) are better defined in terms of generating functions as
F=dw— iw,uw], (3.18)

where [o, o] is the Lie bracket, i.e we assume that w = w(y) = w*(y) T,, where T, are generators
of some Lie algebra. Without loss of generality one can take a matrix realization, i.e. w(y) =
w(y)# . Then we can simply write F' = dw — ww, implying the matrix multiplication. Let
us note that the ww-piece is just the commutative limit of the Moyal-Weyl star-product for
the gluonic chiral higher-spin gravity [16], 26]. In principle, one can alter the relative coupling
constants between various higher-spin fields, but it makes more sense and is also easier to keep
them as in the chiral higher-spin gravity. Let us note that there are further contractions [50]
of HS-SDYM that can even have finitely-many fields.

Positive helicity. With the interactions turned on we have for the equations of motion

(matrix product is implied)

SAAN (de<”) =) WA wA(k)) =0. (3.19)
2
With the solution ([2.23)) to the free equations we have
dw = dw(X) = %iclcl ( ) 2y cyor + Xé) oo + X3 oy’ Eopy > (3.20)

12



where we define

i = =2V (s = 1)(po’ + s0). (3.21a)
ng) — _(V_l/QO—/ + (S + %)go’) , (321b)
X:(,)S) =—go(s—1). (3.21c)
On the other hand
wAw= Z w30y, 05, (51 = $2) (S ycéeny® — S yeréorsy®) (3.22)

S1+s2=s+1

where we put the color into o, i.e. o, = 0%T,. We observe that
Yaya X A dw =0, YayaXwAw=0. (3.23)

Therefore, the solution of the free equations is also a solution of the nonlinear ones! As a result,
if the higher-spin interactions are of the Yang-Mills type the higher-spin Taub-NUT black-hole
is just a collection of free higher-spin fields on the Taub-NUT background.

Negative helicity. In the first approximation ¥ are just the free negative helicity fields
propagating on the Taub-NUT background. In the next approximation they can scatter off the

w-background via

(d\DA(Zs) + Z[\IJA(QS)B(m)’wB(m)]) AXaa=0. (3.24)

A somewhat lengthy calculation in Appendix |C| for the second term and (3.56) for the first
reveal that they simply have different tensor structures. Therefore, it is impossible to match

them. Note that with the maximal symmetry assumed here (everything depends on ¢44

the ansatz (2.14) for ¥ is unique.
We observe that the tensor structure of the source is inconsistent with the field ¥ it is

only)

a source to. In the higher-spin gravity it has so far been possible to introduce color only
via Chan-Paton-type approach [13] [16, 57], with the groups being U(N), O(N) and USp(N).
While there can be multiple spin-two fields, the true graviton (there can be only one metric
to determine the spacetime geometry) is the one that is a singlet under the gauge group: for
U(N) it corresponds to U(1) in SU(N) x U(1), for O(N)/USp(N) even spins are rank-two
symmetric/antisymmetric tensors of the gauge group, i.e. are always reducible and contain the

trivial representation. In practice, the true graviton is a multiple of the unit matrix. Now, if

13



we associate the higher-spin generalizations of the Taub-NUT solution with the unit matrix as
well, the source vanishes.

HS-SDYM allows for any gauge group (in some sense, the gauge interactions are not as
restrictive and allow for other gaugings, while the genuine higher-spin interactions seem to
allow only for the Chan-Paton-type gaugings). In this case, one should require ¥ to live in a
subspace that commutes to all ws. To summarize, the source vanishes (can be made to vanish)

and the linearized solution W is still a solution.

3.3 Higher-spin extension of SDGR

HS-SDGR. Chiral higher-spin gravity admits a truncation to the two-derivative (gravita-

tional) interactions, which has a simple action
S = % Z Gn,m / gAlmn) dwa(n) N dwA(m) - (3.25)

The coefficients a,, ,, are not yet fixed above, but they do have specific values as, 5, = a2s = 1,
when coming from the chiral theory, see Appendix . Again, there are various contractions [56]

of HS-SDGR. Let us expand this action over the gravitational instanton 244 = dwg'4

S=Yasm / VA A A dwaim) + 5 Y o / TAMED) G gy A dwagmy - (3.26)

n,m n,m

It will also be useful to introduce a pairing (f|g) for any two generating functions f(y), g(y) as

(flg) = expdF ] f(y1)g(ys) =09 =9@0)f )| - (3.27)
Now, the action can also be written without any explicit indices
S— / (OIS aayy? do) + L (]dw A doo) (3.28)
The two equivalent forms above can be used to vary the action.
3.3.1 Positive helicity
The linearized equation is the same as before, of course,
SAYNA dw?™ =0, (3.29)
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and it has the same solution (2.23). We can add the interactions between higher-spin fields

themselves to find

a2, SN dwt™ + 13 " app g dw? T A dw?®) =0 (3.30)
k

With the couplings coming from chiral theory, in the language of generating function we find
simply
Yaya S A dw(y) + tdw(y) A dw(y) = 0. (3.31)

2

As different from HS-SDYM, the source does not vanish. Indeed, with the help of (3.20]) one
finds

dw A dw = —35vol Z sy s X007 (3.32)

S1+82=5—2

and, hence, we have to correct the free solution. Here, we deﬁnedE|
X = (X?”X?) 60 2008 G 6™ A p0GNE s ng2))>
and

vol = Syu A = —% 0 ASAA (3.33)

A solution to the nonlinear equations can be found by using the data we already have in the
Taub-NUT background. Let us take the same ansatz

w=e"“0cdx® D(y,y) = u* two,(p), (3.34)

as for the linearized solution (2.23)), but keep o, free for a moment, which leads to

dw = dw(Z) + dw(X), (3.35)

where
dw (%) = 15 (opyPeopy®2s — 1w~ + v’ eoe) XY, (3.36a)
X = V12 g (3.36D)

" The same definitions (3.21a]) apply, but we are going to replace o with o, that depends on spin and is not

necessarily equal to the linearized solution.
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We get an additional contribution to the source of the form

dw(Z) A dw(E) = & Z s, 5,2u°p(s + 1))(881))((()82) . (3.37)
S1+s2=s5+2

The linear part of Eq. (3.30) gives
Yaya XA dw = %%X((]S)(Qs — u’. (3.38)
Finally, Eq. (3.30) boils down to, schematically,

YayaZ A dw(E) 4 3dw () A dw(S) + 2dw(E) A dw(S) =0, (3.39)

2

where we displayed the terms that do contribute upon splitting w into (anti)self-dual compo-

nents (3.35)). Concretely, we find

2(2s — 1)a2,sxgs)us +3 Z Ty 0 (=X + Xésl)x(()s2)2(s +1)p)u® =0, (3.40)
S1+82=5+2
where we introduced « in ay y4344, which is a formal coupling constant and o' is supposed

to be small.

General perturbation theory. The equation for a spin-s field has a source built from pairs
of fields with spins sy, s, such that § = §; + S, where s = 5§+ 2, i.e. s = 51 + 5o — 2. There
is always a linearized solution to . We recall that the spin-two sector is frozen to be
the background since there are no nontrivial fluctuations there. The equation has a hierarchy
structure: lower spin fields can be sources of higher spin fields but not vice versa. For example,
1,1e s=3, field is always free Next, 2 is sourced by two 1s. 3 is sourced by 2 and 1, while
2 consists of the free solution and the one obtained via 1+ 1 source. For 4 we have 1+1+1+1,
24+1+1, 341, 2+2, where again 2 and 3 can also have some linearized pieces. An important
consequence of this “hierarchy” is that the perturbation theory converges for any given spin.
To systematize the perturbation theory, let the free solution for a spin-s field have weight 3.
The source for a spin-s field can be enumerated by all binary trees with £ < § leaves. The leaves
correspond to the initial (free) fields that build the source (by passing through the equations
for lower spins). Now, one needs to list all partitions of § into exactly k£ numbers and distribute
them over the leaves. The number, say n, on a leaf corresponds to the free solution for spin n
equation. There is an ambiguity in how to normalize the free solutions, which leads to infinitely

many parameters we denote ¢4 for the full nonlinear solutions. Any chosen normalization is

12 As always, one can truncate to even spins only, which would eliminate s = 3 and make s = 4 free.
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accompanied by a small "coupling’ constant g ~ a~! to make sure that the higher-spin fields do

not dominate and have a well-defined perturbation theory over the gravitational background.
The perturbation theory for HS-SDGR has an additional feature that is absent in the chiral

theory: for any given spin the expansion converges in the sense that it stops at a certain order,

which is thanks to the “hierarchy” mentioned above.

One iteration of perturbation theory. The free equations are solved by (2.23) with o ~
V=12 Let us take two such free solutions an plug them into the source term. The resulting
equation can be solved with respect to the spin-s field for any values of as, 5, to find

B 5152 (2(s+ 1)V — )
0‘5 - a‘shsg a (25 _ 1) V5/2 )

(3.41)

where s = s; + s — 2. One can notice that this, next-order, solution just contains V!, V=2 on
top of the free solution. It can easily be checked that the pattern persists and the deeper we go
into the perturbation theory the more negative powers of V' are generated and nothing else pops
up. Therefore, it makes sense to find out what two generic negative powers o,, > V12 —m™
and o,, > V2V ~™2 lead to. The symbol 3 is to emphasize that two monomials do not

represent a consistent solution yet. These two monomials produce for oy

(s1+s52+3)(ma (s242)+(s1+2)ma+2(s14+2)(s2+2))V " m1—m2—1 (51 42)(s942)vpV M1 M2 2 (3 42>
2a(m1+ma+1)(2s1+2s2+3) 20(2s1+2s2+3) :

Os D

Here, we just displayed a contribution for a single term in the sum 251782. The complete
contribution will be twice that if s; # s, due to the sum. See Appendix for more detail.
Clearly, with the help of the formula above one can construct the most general perturbative

solution by starting with a superposition of free ones.

Commutative non-associative algebra behind instantons. To formalize what happens
in the perturbation theory one can define a commutative but non-associative product for gen-
erators V" (here s is actually § as the latter is more convenient since it is additive) that

reproduces the operation above (from now on we fix ay, 5, = 1), i.e.

VsTl o Vs?;w _ fl matme+l + fs21,52|m1, ‘/7711—&-7712—&-27 (343)

s1,82|/m1,ma ¥ s1+s2 ma ¥ s1+52

where the structure constants are
7l _ (145 +3)(mi(s2+2)+(s1+2)ma+2(s1+2) (s2+2))
sus2fmime 2a0(my +mao + 1) (251 + 259 + 3) ’
2 (81 + 2) (Sg + 2)

= —
51.52Ima,m2 20 (251 + 255 + 3)

(3.44a)

(3.44D)
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This product encodes the complete information about the perturbation theory. The basis

element V? corresponds to the free solutions. We see, for example,
45‘/21 9‘/221}0

Ta l4a '
which is the spin-4 field generated by the source made of two spin-3 fields, cf. (3.41)). Suppose

we would like to ignore the free parts of all fields except for s = 3, i.e. § = 1. Then, the

V0o VP = (3.45)

generating function of the solution is
VY 4+ Vo V) + all possible bracketings of V. (3.46)
A general solution is parameterized by the free coefficients in front of the free solutions
F=> coV. (3.47)

The solution to any order in perturbation theory can be obtained by evaluating the sum of all

products of F'

F+FoF+(Fo(FoF))4+((FoF)oF)+ (FoF)o(FoF)+..= (3.48)
F4+(FoF)+2((FoF)oF)+ (FoF)o(FoF)+4(((FoF)oF)oF))+ .. (3.49)

We can also package all orders of perturbation theory into a generating function F(t) that

obeys (some combinatorial aspects can be found in [58] and refs therein)

OF =FoF. (3.50)

3.3.2 Negative helicity

The linearized equation for ¥ reads as before
Saa A dTA™ =0 (3.51)
and was solved in , which we recall for the spin-s field to be
U = kr(p)u’, Fog ~ p 28 (3.52)

As for the positive helicity case, in order to account for interactions, we allow ks to deviate

from the solution above. The interactions lead to

2 AT NS yp + D g AT A dwgy = 0. (3.53)

n
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It is more efficient to use the definition of the pairing (3.27) to present the equations as (as-

suming the chiral theory’s normalization)
[aX40404 + dw(9)] d¥(y) = 0, (3.54)

i.e. all ys in the brackets are replaced by 0, which contracts the indices of the fields in the
brackets with dW. Let us collect the two pieces of dw together

dw(S) + dw(E) = 15 (eopyPeony®2(s — V™% + s Eoo) x§+
%i (ng) yC’Z/C' +X2 §C'c’ +X3) o 2€C'By EorBY )
= 1% Foc + 1899 Foer . (3.55)

Where all y4s should be replaced with d4. After some lengthy but straightforward calculation,
see Appendix for more detail, the contraction is found to be

dw™ A U = LV V2 EAY (TY(ey) ayan + TPean)

where we defined (see Appendix for the definitions of the coefficients a,, ;)

a
Tl — 5T n,s 1
" 8p(s—n+2)(s—n+1)
T2 _ us—n+1 An—1,s t2
4p

)

and (the sources have spin-s with x4 and spin-n with o,,)

t'rV3? = =2V (n — 1)noy (2pk} + (14 25)ks) — 4Vnp(s + 1)ke0), + 2np(s + 1)k0,V
PV = 20— 1)V (0 (298] + (1+ 25)1) + 2p(s + Dia) +
2oV (A, + (nls — 1)+ 5+ D)

The last ingredient of the equation is the free part

aX9,404dV (y) = —2aV 2EAP (K (&y) (aysy + Kean) (3.56)
K = u*225(s — 1)[(25 + 1)ks + 2pK.]
K? = u*1s%[(25 + 1)k, + 2pK.] .

Let us factor out the free solutions and consider the following ansatz

Ks — p’l/Z’S/is[V] , o, — V1 2g s[V]. (3.57)
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Upon dividing the equations by a certain numerical factor to give the same unit normalization

to the free term, we get

Ky + g;" {(n=1)V7lour, — (s+1) [V %0, =V '0,] Ky}

(3.58)
Kl — g;n {(nV VgV okl + (s + 1) [V2an + = 1 /is}
where we defined
g2 ' 2 3.59
Gon = 4" {m} ' (3:59)

The spins of the source and of the output are related by ' = s —n + 2 or, in other words,
s’ = § — f. It appears problematic to have two different equations for just one functions k.
Nevertheless, as the initial data let us take the free solutions for ks and o, i.e. ks = bso and
Op = Cnp (With the free solutions factored out in , the initial data are just constants). It

is already a miracle that both tensor structures lead to the same equation, which is solved by

(3 + 1)93 n
¢ = —————b,0Cno - 3.60

Therefore, the equations are not overdetermined at the first order in perturbation theory. We
could also see that for W -perturbations the same pattern persists as for w, i.e. the solutions
admit an expansion in the negative powers of V' and the deeper we go into the perturbation
theory the higher the powers one meets. Therefore, it is sufficient to evaluate the general
response to o, = ¢,V " and Ky = b&kV_k , i.e. for monomials. Since the two equations

are supposed to be consistent, it is easier to solve the first one, which gives

VR lgsa(k(n — 1) + (m + 1)(s + 1))
alk+m+1)

Ks—n+42 2 — Cn,mbs,k . (361)

Similarly to the w perturbation theory, we can formalize this by defining an action of the com-
mutative non-associative algebra with basis V™ on generators U, * via (we use hatted variables

§ below)

Yst+2,+2(k(j + 1)+ (m+1)(s +3)) [rhm1
5—j

Uk qvm =—
s Y alk+m+1)

(3.62)

Now let us have a look at the second order consistency. We need to consider various contribu-

tions of the form

(Wotsrhom—a QWs;) Qwsy + (Voysy1apa Qws,) Qg +2Wgpg 16,4 < (Ws;, O Wsy) - (3.63)
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The terms in the brackets create intermediate fields that are used at the next order and the o/<-
operations show in which order we need to merge the fields. Eventually, we form a source for the
spin-s field Wy. It is then can be checked with the formulas above that the two equations
lead to the same W,. This supports, but does not prove, the statement that various contributions
at the nth order conspire to give the same solution to the two equations . We leave the
higher order consistency as a conjecture. Note that is not a form of “associativity” as

it involves very specific generators: the V

0 0 :
s Ve, and Ug, o 4, i.e. those that represent free

solutions. The consistency condition at higher orders would be the statement that the sum of

all possible terms of type

Z UVdqwo..w<d..wo..ow (3.64)
bracketings
gives the same solution for the two equations (3.58)) if we start with the free solutions for ¥

and ws.

4 Conclusions and Discussion

In this paper we continue to explore the solution space of chiral higher-spin gravity and its two
contractions: HS-SDYM and HS-SDGR. One interesting feature of HS-SDYM and HS-SDGR
models studied in the paper is the pyramid structure of interactions and gauge transforma-
tions. For example, the spin-two forms a closed subsector of HS-SDGR. Usually, higher-spin
symmetries make all spins contribute to any give one. In particular, one can try to redefine
any given spin with the help of a gauge transformation. For example, one can map a black hole
into something that does not look like a black hole anymore in its spin-two subsector, see [59]
for an explicit example in a 3d matter-free higher-spin theory (Chern-Simons theory). This is
impossible in HS-SDYM and HS-SDGR. Therefore, in these theories it should be possible to
use the usual geometrical concepts, e.g. horizon. In general, one has to develop new higher-spin
symmetry friendly tools to replace the usual geometric notions, see e.g. [60]. For example, it
was shown in [61, [62] that the chiral higher-spin gravity as well as HS-SDGR cannot couple to
a point particle.

There is an obvious extension of the present work: one can uplift the higher-spin Taub-
NUT solutions of HS-SDYM an HS-SDGR to the full chiral theory in flat space and then to
anti-de Sitter space[l’| Apart from the general interest in the space of higher-spin instantons,

the AdS higher-spin Taub-NUT solution should play an important role in the chiral higher-spin

13Tn this regard, some of the techniques and ideas from [63] can be very much relevant since it has self-dual
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gravity /Chern-Simons vector model duality [17, 32} [33], [64], which is an extrapolation of the
ideas of [40] for the vector model/higher-spin duality [65, 66, 66H68]. In this case, the Taub-
NUT solution should be dual the multiplet of higher-spin currents that has, say, only (J,  J,)
two-point functions nonvanishing, while (J_sJ_) = 0.

The recent advances in the twistor description of the chiral higher-spin gravity and its con-
tractions [30, [31] should pave the way to direct applications of twistor techniques to constructing

exact solutions, see e.g. [69H72] for closely related results.
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A Normalization

We want to adjust the coupling constants in the action to make them consistent with the
equations. In the action, one can rescale (fluctuations) fields ws; — aw,s without affecting any

physics, the net result being

EAA A de(Qs) + Z Qg 590y gy de(23172) A de(25272) -0 (Al)

1
2
a2,sas

$1+820—2=s
The relevant part of the equations of motion is

dw = 0°w A Opw + ... (A.2)

This is not a complete equation of motion, but we only need to look at the § = 0 components

and the one linear in y. We can make the following ansatz

w = —%eAAIyAQA' - iwAAyAyA + Z 55(*}14(2372) yA---yA + ZWA(Qs—?,),A’ yA---yA @A, (A-3)

solutions of Type-D, see also [43]. However, the solutions are not in a gauge that could potentially lead to
local interactions of the chiral theory or its contractions: HS-SDYM and HS-SDGR. One can also rephrase the
problem of finding the Taub-NUT solution as a problem of constructing a field-redefinition that would make

the interactions chiral and local in the gauge used in [63].

22



— ZAA

With the normalization as above, we have dw?4 and at the free level

BydwA ™ = A g A1 (A.4)
This allows us to evaluate the interaction term
de(n) A de(m) _ _%ZAAWA(n—l),B’AwA(m—l),B’ (A5)

The equations of motion, as obtained from the equation acquire the following form

N

A4 A <de(25) + %<_ ) Z Usy,59Ws) Osy wA(n—l),B’/\wA(m—l),B’> —0 (A.6)

s1+s2—2=s a275a3/881 /852

The equations of motion, as obtained from the chiral theory, need the source term

%W A dpw + ... 3 —wWARTDE [ pAm=D.B A A (A.7)
Finally, we get
B4 A (deQs) DY wA@sﬂ)’B’AwA(?sz?%B’) =0 (A.8)
81+82—2=s
Therefore, to relate the normalizations we have to impose
1050005 1 (A.9)
4 aQ,s@sﬁm 532 ﬁs
We choose oy = 1 (not to rescale anything in the action), 8, = —1/4 and as, 5, = a2 = 1.

For HS-SDYM it is easier to normalize the action since the relevant part of the equations is
dw=wAw+ .. (A.10)

where w is assumed to carry some color, which makes the r.h.s. nonvanishing. Therefore, in

terms of generating functions, we have F' = dw — w A w.

B Solution to HS-SDGR

B.1 Positive helicity

The differential equation for o, (note that we convert the equation by making o depend on V'

instead of p)
o (V)+2Ve, (V)= Y fou(V), (B.1)

S1+82=5+2
81,5223
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where

Foo (V) = ﬁ{ (s + DV —si00V 3] sa0, (V) 0y (V) + (B.2)

+ [(8 + 1) V% — SQUovié] 510, (V) O'/ (V) -+

]_ 1 3
+ {(s +1) (55 — 25189 + 1) V72 4 31521}0‘/2] 05, (V) os, (V) } : (B.3)

The solution to (B.1]) for oy is

=t [V S gL, (B.)

S1+s2=s+2
51,8223

where the indefinite integral gives an integration constant, which multiplied by %V’% gives the

free part of the solution.

B.2 Negative helicity

In order to contract dw(0) with d¥(y) we introduce A = (0£0), which is the dual of u = (y&y).

One needs the following contractions

A™(u®) = [, = ansu™",
A™(uyaya) = [2lnsian = by 0 " yaya + by T A
A"9c0c(u®) = [Blns.00 = ¢ u* " oo + ¢ uT" T (Ey)e (y)e
A™MED)c(€0)c(u®) = [B]f, weo = cpu® " oo + ¢ PP P yoye
A"0cOc(u’yaya) = [4]nsCCAA = d}zs T 2(59) <§y)CyAyA+di,sus_n_1§CCyAyA+

+dy w* N (Ey)cecaya + +d,, 1t ecaecat
+ di,sus_n_l(fy)C(fy)CgAA +dy " Eocban,
A™M(E0)c(£0)c(uyaya) = 45 socma = dy "2 pPycycyaya + di " plocyayat
+di w5 pycoaya + +dp T Ecabont
+ &) T P yeycban + d) T plocaa,

where
an. = 4"[s!/(s —n)!?p", (B.5)
b,lljs =ays +8pn(s —n+1)a,_1 5+ 16n(n — 1)a,_2s(s —n+2)(s —n + 1)p?, (B.6)
by o =2na, 1, + 8n(n — 1)ay_sp(s —n+2), (B.7)
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dfl,s = bi,s4<3 - n)<s —n-+ 1) )
dy =b) 2(s—n+1).

Cps=2(5 —n)ans, (B.8)
A =4(s—n)(s—n—1)an,, (B.9)
dy,=by A(s—n)(s—n—1), (B.10)
A2, =b, 2(s —n), (B.11)
&> = by 8(s—n), (B.12)
dys =0y 2, (B.13)

(B.14)

(B.15)

In fact, b, , = %am and b, = 2n8f:iQan,1,s, but above we have revealed how

different coefficients are related to each other. Since the equation is a three-form, it is necessary

to introduce the basis of those

EA = e AXAB (B.16)
e N EPE = 4 2ABRBA (B.17)
A NDIE = 2 AT pAB (B.18)

together with some useful identities. Now we need to compute

dw(a) N d‘I’(y) = %BAAlzch00VAA/\II + %eAAlic/C/FC/C/VAA/‘IJ = (B19>
— LECY Py VY 4 O 4+ LB Fpe VM T (B.20)

We can put together dw of spin n and dW¥ of spin s to find for the coefficients of the two terms

above

_%Vil/ZECAI 2(?7’ - 1)X88/ﬁ;3 X [4]2—2,5—1;CM\A'M + 2(7’1, - 1)X6L"€/s X [B]i—Z,s;CMgMA’ +

ng'%s X gCM[2]n—1,s—1;MA’ + Xg/{; X [Hn—l,speCA’
+%V_1/2EAC, :XTS/{S X [4]n—2,s—1;C’M/|AM, + X?/{; X [3]n—2,s;C’M’€AM, +

X5Sks X Ecrnr [Q]n—l,s—l;AMl + X5kl X [1]p-1,specrat

M’ M’
Xisks X (A5 o romma™ 4+ 5K, % B aonr€a™
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where some of the tensor structures are in fact the same and we need just

/ _ _
€C’M’ [Q]n,s;AM = brll,sus n(gy)c'yA + bi,sus nHEC/AP»
1 s—n—1

Blnsson€™a = cp 0" ecap+ o T (EY)epya
B somr€a™ = ek T ecap® + 2 w2 (—p) (Ey) ayer
Ansonra™ = dy 0" (Ey)eya + di T (Ey)eyat
+ di,sus_n_l((fy)cyA + iUGCA) + di’ 5 ”3ECA+
+ di,su#nilﬂ(fy)cyfl + dg’susfnpecA ,
[4]75175;CM|AM = divsu‘g*”*lp(é“y)cyA + dfusu‘sf"(—p%)ecfl + di7su5*”p( %)ECA-F
+d) TN (=) P (EY) aye + dyy T peca

At the end we can write everything as
dw™ AU = LV IREAY (T (Ey) (ayan + T ean)

where two irreducible tensor structures are isolated. Once we plug in the actual coefficients we
find

s—n an,s n S n
T =u Sp(s—n+2)(s—n+1) <X1 2, + E k) + x32(s + ks + x5 (ks — 2pR0)+

+ Xo(4(n = 1w, = 2(n + )r,))

T2 _ - n+1an Ls

<X —2pr; — (L4 28)k] — 2px3[sks + 2pK] + px3 (ks — 2pr,]+
- XO(—4np K, —2(s—n+ 1)pﬁs)> :

Now we can also recall what xo ;23 are and plug them into the expressions above to get the

rest of the formulas in the main text.

C HS-SDYM negative helicity

The equation we want to solve is:

AN 0404 (ad\IJ(S) =) [w (), qz<5+q—1>}> =0, (C.1)

q

and let us investigate the term in the sum:
YA 040,400 (9)WeHaY (C.2)

26



by substituting the ansatz

w@ = e Jrden [uqflwa(q)] and UG = y°k0)
First, w@ can be written as

w@ =Y [2(q— D) u™2 (Ey) o yor +u' ece] 0@ (C.3)
then w(@ (9) W+ can be calculated:

W@ (a)\y(sw—l) — CC [2 (g —1)AT? (£0)y Dor + Aq_lECC/] w1 5(@)  (s+a-1)
=7 12(¢ = 1) ¢gpgigrpv’ecer —2(q = 1) ¢y g 1Pw" " Yo (§Y)cr + 3g-1,54g 10 €] oD glera=l)

= GCC/ |:2 (S + Q) C;—Q S+q_1pusec(;/ -2 (q - 1) 63—2,s+q—1pu8_1y0 (Sy)c’] U(q)/{(s+q_1) :

)

SAA p LCC" _ 2 CAAC

Next, using % we further calculate

SAYN 0404w D (9)WHY =
2 ’ _ S— S—
B §ECC G DREFII L2 (5 4 q) ¢ naq10 [250° Ecor + 45 (s = 1) w2 (E)¢ (§9) ]
+2 (25 +1) (¢ = 1) cgpsigrp [0 cor +2 (s = 1w (E9) o (EY) ] }
2

= §ECC/U(Q)H(S+(I*1) (2¢ - 1) {C;fl,wq—lus*lgCC’ + 0271,s+q—1u372 (53/)0 (fy)cf} .
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