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1 Introduction

The basic idea to look for extensions of gravity by massless fields with higher spins dates
back to at least as early as [1]. The first candidate spectrum of a higher-spin theory was
proposed in [2] and contains massless fields of all spins from 0 to ∞. It was obtained via the
representation theory of the AdS4 symmetry group, which in modern terms would correspond
to working out the spectrum of single-trace operators in the free vector model and using
the AdS/CFT dictionary to read off the spectrum of the dual theory. It also came with an
idea [3] that interactions of higher-spin fields have something to do with the scattering of
dipoles — bilinears in the free fields — on the boundary of AdS4, which was a precursor to
the modern AdS/CFT duality with vector models on the boundary, see e.g. [4–8].

Despite the above mentioned initial input, where it is AdS4 and not the flat space that
played a role, the systematic study of possible interactions had first been started in the

– 1 –



J
H
E
P
0
8
(
2
0
2
5
)
0
3
2

light-front approach1 by Bengtsson, Bengtsson and Brink [10–12] in the flat space with the
complete classification of cubic vertices obtained in [12]. Around the same time, the first
covariant cubic vertices had been found in [13, 14], where it also became evident that the
smallest spectrum of fields to admit consistent interactions has to be infinite and unbounded
in spin. One cannot help mentioning numerous no-go theorems, most notably the Weinberg
low energy theorem [15] and the Coleman-Mandula theorem [16] that seem to shut down the
whole higher-spin idea. Analogues of both Weinberg’s and Coleman-Mandula theorems can be
extended to AdSd [17–22].2 However, these results mostly indicate that higher-spin theories
should be integrable in some sense, in particular, the S-matrix must be trivial or simple enough,
rather than telling anything about the (non)-existence of these theories as field theories.

The present understanding of the problem of higher-spin interactions is that it is difficult
for the masslessness of higher-spin fields to coexist with the usual requirements of locality
within the field theory approach.3 This problem is insensitive to the sign of the cosmological
constant. However, it takes a rather technical argument to see how the construction of
interactions order by order breaks down in the flat space, see e.g. [26–28], while it is much
easier to arrive at the same conclusion for the negative cosmological constant by using
AdS/CFT [29–32], see, however, [33].

There are a number of well-defined, i.e. local or perturbatively local, higher-spin gravities
known to date. In lower dimensions, d < 4, the graviton and massless higher-spin fields do
not have propagating degrees of freedom, which neutralizes the locality problem. Also, the
famous no-go theorems do not apply. For example, there is a great number of (matter-free)
higher-spin gravities in 3d (purely massless, conformal and partially-massless) that can be
formulated with the help of the Chern-Simons theory with a Lie algebra into which the
gravitational sl2 subalgebra is embedded in a sufficiently nontrivial way, [34–41]. An example
of a matter-coupled theory has recently been constructed in [42]. In d = 2 one can use
the BF-theory in a similar way [43].

In d ≥ 4 the situation has been more complicated and, for that reason, less rich in models.
The first perturbatively local theory has been the conformal higher-spin gravity of Segal
and Tseytlin [44–47], which is a higher-spin extension of conformal gravity. The local Weyl
symmetry keeps interactions perturbatively local. A recent example is chiral higher-spin

1Introduced in a seminal paper by Dirac [9].
2The initial impulse towards anti-de Sitter space [23] was triggered by the fact that these analogues had

not yet been available and by the encouraging result [23] on the construction of “gravitational interactions” of
higher-spin fields that avoid the no-go of [24]. However, the cubic gravitational interactions in the flat space
were also constructed with the help of the light-front approach, the same year, as a part of the complete
classification [12]. As discussed in [25], the “non-existence” of the gravitational interactions for higher-spin
fields in flat space [24] is related to a somewhat degenerate nature of the description based on symmetric
(Fronsdal) fields and is not an invariant statement about higher-spin fields. In particular, the “gravitational”
interaction of [23] is a linear combination of several independent (the minimal and nonminimal) vertices in the
light-cone gauge.

3One of the possible applications of higher-spin gravities, apart from the general search for fundamental
interactions, is to provide simple models of quantum gravity where the extended symmetry associated with
massless fields should eliminate counterterms. One would not expect a quantum gravity model to be a local
field theory, which can partially explain why it is difficult to stick to the usual definitions of locality when
higher-spin fields are involved. Therefore, the higher-spin problem can also be rephrased as how to deal with
nonlocalities that higher-spin fields usually lead to.
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gravity [27, 48–50], which can be thought of as a higher-spin extension of self-dual Yang-Mills
theory and of self-dual gravity at the same time. The theory admits two simple contractions
that are higher-spin extensions either of self-dual Yang-Mills (HS-SDYM) or of self-dual
gravity (HS-SDGR) [25, 27]. Chiral theory and its contractions can also be double-copied [51]
to give theories with even bigger spectra. Recently, a quasi-chiral theory has also been
found [52]. All of these theories have an infinite, unbounded in spin, spectrum of fields.4

Let us stress that the light-front approach has always played an important role in the
study of higher-spin interactions, see e.g. [55–58].5 Its main appealing feature is that all
unphysical degrees of freedom are eliminated and one can get unambiguous results concerning
(non)existence of certain interactions.6 In the present paper, we study the consistency
condition that appears at the quartic order in the light-cone gauge. It was obtained and
analysed by Metsaev in [48, 49]. An immediate consequence [50] of this result is the existence
of chiral higher-spin gravity.7 What we show is that there are more sufficiently interesting
solutions hidden in there.

In a few words, the analysis of the quartic consistency proceeds as follows. One begins
with some cubic interaction vertex Vλ1,λ2,λ3 , which also implies the presence of fields with
helicities λ1,2,3 in the spectrum. Every light-cone vertex leads to the standard spinor-helicity
amplitude, e.g.

Vλ1,λ2,λ3

∣∣∣
on-shell

∼ [12]λ1+λ2−λ3 [23]λ2+λ3−λ1 [13]λ1+λ3−λ2 ,
∑

λi > 0 (1.1)

and there is a similar expression with ⟨|⟩ when ∑λi < 0. The propagator connects +λ to −λ.
The quartic light-cone constraint is equivalent to the Poincaré invariance of the S-matrix,
see e.g. [80]. To have a nontrivial quartic constraint, one either has λi = −λj among the
already introduced vertices or has to add more fields/interactions to “make them talk” to
each other.8 However, the quartic constraint may not be satisfied as is and may force one to
introduce more exchange diagrams and, hence, more fields/interactions.

4One can also mention a higher-spin extension of the IKKT matrix model [53], which is a noncommutative
field theory with higher-spin fields in the spectrum. Also, one can try to reverse-engineer the AdS/CFT duals
of the vector models, see e.g. [54].

5To be fair, one should also mention covariant results, e.g. [59–62], see also a very general review [63].
6Any covariant approach picks a certain embedding of the physical degrees of freedom into a Lorentz-

covariant field and, depending on the embedding, may miss important types of interactions. For example,
the conclusion of [24] that there are no gravitational interactions of higher-spin fields relied on a particular
choice of a Lorentz-covariant field, while gravitational two-derivative interactions are present on the list [12]
within the light-front approach. Similarly, while the graviton described by the symmetric tensor allows one
to construct the usual gravitational interactions, it is impossible to do so if a different Lorentz tensor is
chosen [64].

7Note that the light-cone approach is instrumental in getting sharp no-go’s [27] or existence statements [50].
However, once some positive result is established, it is also helpful to have a Lorentz-invariant formulation,
e.g. to study solutions, compute amplitudes, extend the results into (anti)-de Sitter space, some of which was
achieved for chiral higher-spin gravity in [65–71]. Still, the first quantum corrections have been computed
in the light-cone gauge [72–76]. Another interesting direction is AdS/CFT duality for chiral higher-spin
gravity [67, 77–79].

8Of course, one can always introduce abelian interactions, which correspond to all λ1,2,3 > 0 or λ1,2,3 < 0
in a vertex or have a non-abelian interaction that is, nevertheless, consistent on its own because one cannot
even form an exchange diagram, e.g. one can take vertex V666,−13,−42 and it does not lead to any nontrivial
quartic constraint.
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Quite often, the process does not stop till the chiral higher-spin gravity is reached. One
can confine oneself to gauge and gravitational interactions (i.e. one- and two-derivative ones)
that are present in the contractions — HS-SDYM and HS-SDGR — of the chiral higher-spin
gravity. As we show, there are still many nontrivial solutions in this subclass of interactions,
and we classify them all. Therefore, all the theories we found belong to the class of higher-spin
extensions of self-dual Yang-Mills and of self-dual gravity. In a bit more detail, we have found
9 families of HS-SDGR-like theories with finitely many fields (plus 4 particular cases) and 3
families with infinitely many fields. As for HS-SDYM-like theories, we have found 8 families
with finitely many fields (plus 2 particular cases) and 2 families with infinitely many fields.

It is tempting to make a parallel with the matter-free higher-spin gravities in 3d, which can
always be formulated as Chern-Simons theories [38]. They provide a huge variety of options to
have a finite number of higher-spin fields. Our results reveal that the case of 4d is somewhat
similar if one restricts oneself to holomorphic/anti-holomorphic interactions/amplitudes.

Among other highlights, one can mention that there are particular low-spin couplings,
e.g. V−1,0,2, that induce higher-spin amplitudes from the Poincaré invariance of the S-matrix,
which is surprising. There are also consistent solutions with both a finite spectrum and
higher-derivative nonabelian interactions. We also find that it is possible for the graviton
to have colour (multi-graviton theories) once we restrict to the self-dual subsector. Another
curiosity is that there are solutions with fractional helicities, e.g. λ = 2/3, 4/3, . . ., which,
at least at present, are more of an oddity.

The outline of the paper is as follows: in section 2, we briefly summarise the derivation
of the holomorphic quartic constraint, along with some basics of the light-front approach to
higher-spin interactions. In section 3, we review and extend the solution of the holomorphic
constraint [27, 48–50, 81] to all integer spins, allowing for arbitrary couplings involving both
even- and odd-derivative interactions. We also analyse the constraint in the presence of a
U(N) gauge group. In section 4, we present our main results: the complete classification of
two-derivative chiral higher-spin theories, all of which are contained within HS-SDGR, and
the classification of all one-derivative chiral higher-spin theories in the presence of a gauge
group, contained within HS-SDYM. We also discuss the higher-derivative case and highlight
some interesting features. Additionally, we provide explicit solutions for the couplings in
certain chiral higher-spin theories. In section 5, we compute the 4-pt amplitudes of a generic
chiral higher-spin theory. Finally, in section 6, we conclude with some comments and outline
possible directions for future work.

We also include five appendices. In appendix A, we settle our notation and review
standard results of the light-front approach to massless higher-spin fields. In appendix B,
we provide some simple yet useful formulas used in the main text. In appendix C, we
solve the holomorphic constraint for the low-derivative cases. In appendix D, we consider
the holomorphic constraint for the gauge groups SO(N) and USp(N). In appendix E, we
consider the holomorphic constraint for the case where all fields take values in the adjoint
representation of some Lie algebra of internal symmetry.
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2 Quartic higher-spin Lorentz constraints

We begin by reviewing the derivation of the quartic holomorphic constraint. To construct
higher-spin vertices in 4d flat space using the light-cone gauge, one begins by expressing the
Poincaré algebra generators in terms of free fields. These are initially quadratic in the fields.
The idea is to deform them by adding higher-order local terms and require that the modified
generators continue to satisfy the Poincaré algebra, order by order in the fields.

An extensive study of this approach to construct consistent interactions for massless
higher-spin fields, along with various results, can be found in [50]. We review some relevant
notation and results in appendix A. Here, we begin by recalling the results for the cubic
vertices and boost generators, which are fixed up to field redefinitions to be

hλ1,λ2,λ3 = Cλ1,λ2,λ3 P̄λ123

βλ1
1 βλ2

2 βλ3
3

+ C̄−λ1,−λ2,−λ3 P−λ123

β−λ1
1 β−λ2

2 β−λ3
3

, (2.1)

jλ1,λ2,λ3 = 2
3 Cλ1,λ2,λ3 P̄λ123−1

βλ1
1 βλ2

2 βλ3
3

Λλ1,λ2,λ3 , (2.2)

j̄λ1,λ2,λ3 = −2
3 C̄−λ1,−λ2,−λ3 P−λ123−1

β−λ1
1 β−λ2

2 β−λ3
3

Λλ1,λ2,λ3 , (2.3)

where λ123 = λ1 + λ2 + λ3. Here, Cλ1,λ2,λ3 are coupling constants and the main task is
to determine which ones lead to consistent theories, i.e. which couplings may not be zero
and what the relations between various couplings are. Written in this form, the cubic
vertices exhibit a clear separation between holomorphic and anti-holomorphic components,
corresponding respectively to the terms involving P̄ and P in the equations above. These
expressions can be used to construct the Hamiltonian H and the dynamical boost generators
Jz− and J z̄− via eqs. (A.8) and (A.9).

By examining the expressions for H and the dynamical boosts Jz−, J z̄−, we can assume
certain symmetry properties of the couplings Cλ1,λ2,λ3 to simplify our computations.9 Indeed,
one can observe that the parity under the exchange (λi, qi) ↔ (λj , qj) of both hq1,q2,q3

λ1,λ2,λ3
and

jq1,q2,q3
λ1,λ2,λ3

is given by (−1)λ123 . Indeed, we have10

Hλ1,λ2,λ3
3 = Cλ1,λ2,λ3

∫
d9q δ

(∑
i

qi

) P̄λ123

βλ1
1 βλ2

2 βλ3
3

ϕλ1
q1 ϕλ2

q2 ϕλ3
q3 , (2.4)

Hλ2,λ1,λ3
3 = Cλ2,λ1,λ3

∫
d9q δ

(∑
i

qi

) P̄λ123

βλ2
1 βλ1

2 βλ3
3

ϕλ2
q1 ϕλ1

q2 ϕλ3
q3

q1↔q2= (−1)λ123Cλ2,λ1,λ3

∫
d9q δ

(∑
i

qi

) P̄λ123

βλ1
1 βλ2

2 βλ3
3

ϕλ1
q1 ϕλ2

q2 ϕλ3
q3 , (2.5)

and the same symmetry considerations apply to the boost generators. Therefore, we can
assume that the coupling constants are symmetric for even-derivative interactions and
antisymmetric for odd-derivative ones:

Cλ1,λ2,λ3 = (−1)λ123Cλσ1 ,λσ2 ,λσ3 , (2.6)
9This assumption is harmless, as it can be made without loss of generality.

10For simplicity, we focus only on the holomorphic part, but the same reasoning applies more generally.
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where σ ∈ Σ3 represents an odd permutation. Then we can use the following form for
the generators:

H3 =
∑

λ1,λ2,λ3

∫
d9q δ

(∑
i

qi

)
hq1,q2,q3

λ1,λ2,λ3
ϕλ1

q1 ϕλ2
q2 ϕλ3

q3 , (2.7)

Jz−
3 =

∑
λ1,λ2,λ3

∫
d9q δ

(∑
i

qi

)[
jq1,q2,q3

λ1,λ2,λ3
− 1

3 hq1,q2,q3
λ1,λ2,λ3

(∑
j

∂

∂q̄j

)]
ϕλ1

q1 ϕλ2
q2 ϕλ3

q3 , (2.8)

i.e. to sum over all triplets of helicities instead of all distinct (up to permutation) triplets.
This observation also implies that odd-derivative couplings involving at least two identical
fields11 vanish by symmetry Cλ,λ,λ′ ≡ 0.

The quartic dynamical constraint takes the simple form

H2jz−
4 = Jz−

2 h4 + [H3, Jz−
3 ] . (2.9)

We can observe, by examining the degree of homogeneity of q, that these two conditions
must be satisfied independently

[H3(P̄), J3] = 0, [H3(P), J̄3] = 0 . (2.10)

We refer to them, respectively, as holomorphic and anti-holomorphic quartic constraints.
In particular, it is worth noting that if we assume the theory to be purely holomorphic (or

anti-holomorphic) and to satisfy the holomorphic quartic constraints, it will be a well-defined
theory at any order and will contain only cubic interactions. These are the theories we will
study. We can explicitly write down the holomorphic constraint as

[H3, Jz−
3 ] =

∑
λi,αj

∫
d9p d9q δ

(∑
i

qi

)[
jλi

3 (qi) −
hλi

3 (qi)
3

(∑
k

∂

∂q̄k

)]

× δ

∑
j

pj

h
αj

3 (pj)

 3∏
i=1

ϕλi
qi

,
3∏

j=1
ϕ

αj
pj

 .

(2.11)

In computing the Poisson bracket, we get∑
λ1,λ2,λ3

∑
α1,α2,α3

[ϕλ1
q1 ϕλ2

q2 ϕλ3
q3 , ϕα1

p1 ϕα2
p2 ϕα3

p3 ] = 9
∑

λ1,λ2

∑
α1,α2

∑
ω

ϕλ1
q1 ϕλ2

q2 ϕα1
p1 ϕα2

p2 [ϕω
q3 , ϕ−ω

p3 ] , (2.12)

and the constraint can be brought to the form

[H3, Jz−
3 ] =

∑
λi,αj

∫
d9p d9q δ

(∑
i

qi

)
δ

∑
j

pj

 9 δλ3,−α3 δ(q3 + p3)
2q+

3
ϕλ1

q1 ϕλ2
q2 ϕα1

p1 ϕα2
p2

×

jλi
3 (qi) +

∑
k ̸=3

∂

∂q̄k

hλi
3 (qi)

3

h
αj

3 (pj) .

(2.13)

11In this context, “identical” refers to fields with the same helicity, since no additional quantum numbers
are yet considered.
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Once we substitute the explicit form of the generators in (2.7), we get

[H3, Jz−
3 ] =

∑
λi,ω

∫
d12q δ

(∑
i

qi

)
9
2

[
(−1)ω (λ1 + ω − λ2)β1 − (λ2 + ω − λ1)β2

(β1 + β2)βλ1
1 βλ2

2 βλ3
3 βλ4

4
(2.14)

× Cλ1,λ2,ωC−ω,λ3,λ4P̄λ12+ω−1
12 P̄λ34−ω

34 ϕλ1
q1 ϕλ2

q2 ϕλ3
q3 ϕλ4

q4

]
,

where λij ≡ λi + λj and we have to remember that the couplings Cλ1,λ2,λ3 have the sym-
metry (2.6).

In general, we can also assume that the fields live in some representation of a gauge
group G. The simplest option is to take the fields to be N × N matrices, i.e. ϕ ∈ MatN

and make the replacement:

ϕλ
q → (ϕλ

q )aT a ≡ (ϕλ
q )A

B , H3 ∼ ϕλ1
q1 ϕλ2

q2 ϕλ3
q3 → H3 ∼ Tr(ϕλ1

q1 ϕλ2
q2 ϕλ3

q3 ) . (2.15)

In the presence of a gauge group the holomorphic constraint takes the form

[H3, Jz−
3 ] =

∑
λi,αj

∫
d9p d9q δ

(∑
i

qi

)[
jλi

3 (qi) −
hλi

3 (qi)
3

(∑
k

∂

∂q̄k

)]

× δ

∑
j

pj

h
αj

3 (pj)

Tr
3∏

i=1
ϕλi

qi
, Tr

3∏
j=1

ϕ
αj
pj

 ,

(2.16)

and once we compute the Poisson bracket and substitute the explicit form of the gener-
ators, we get

[H3, Jz−
3 ] =

∑
λi,ω

∫
d12q δ

(∑
i

qi

)
9
2
[
(−1)ω (λ1 + ω − λ2)β1 − (λ2 + ω − λ1)β2

(β1 + β2)βλ1
1 βλ2

2 βλ3
3 βλ4

4
(2.17)

× Cλ1,λ2,ωC−ω,λ3,λ4P̄λ12+ω−1
12 P̄λ34−ω

34 Tr(ϕλ1
q1 ϕλ2

q2 ϕλ3
q3 ϕλ4

q4 )
]

.

In this case, we have used the following form for the generators:

H3 =
∑

λ1,λ2,λ3

∫
d9q δ

(∑
i

qi

)
hq1,q2,q3

λ1,λ2,λ3
Tr(ϕλ1

q1 ϕλ2
q2 ϕλ3

q3 ) , (2.18)

Jz−
3 =

∑
λ1,λ2,λ3

∫
d9q δ

(∑
i

qi

)[
jq1,q2,q3

λ1,λ2,λ3
− 1

3hq1,q2,q3
λ1,λ2,λ3

(∑
j

∂

∂q̄j

)]
Tr(ϕλ1

q1 ϕλ2
q2 ϕλ3

q3 ) . (2.19)

Note that both hq1,q2,q3
λ1,λ2,λ3

and jq1,q2,q3
λ1,λ2,λ3

are symmetric under the cyclic permutation of (λi, qi).
By applying the same argument as before, we can assume Cλ1,λ2,λ3 to be cyclic symmetric.

We will now proceed to solve the holomorphic constraint explicitly, both with and
without a gauge group.

3 Quartic holomorphic constraint

In this section, we solve the light-cone holomorphic constraint for any integer helicity. We
begin by studying the case without a gauge group, and then extend the analysis to several
cases where the fields take values in certain representations of G = U(N), SO(N), and
USp(N). Our primary focus will be on the U(N) case, as the others follow a similar pattern.
Additional comments on the other cases are provided in appendix D.
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3.1 Light-cone holomorphic constraint

We solve the holomorphic constraint (2.14) for fixed integer helicities λ1,2,3,4 on the external
legs, considering both even- and odd-derivative interactions. As we will see, however, eq. (2.14)
may require additional couplings to be nonzero on top of the initial input. These, in turn, can
trigger further instances of eq. (2.14) involving different helicity configurations, leading to an
iterative process where new constraints arise. Consequently, finding a consistent solution to
the cubic deformation involves more than solving the constraint for fixed external helicities.
Complete solutions to (2.14) will be presented in the next section.

The analysis begins by following appendix A of [50]. We rewrite the light-cone holomorphic
constraint as12

∑
ω

Sym
[
(−1)ω (λ1 + ω − λ2)β1 − (λ2 + ω − λ1)β2

β1 + β2
Cλ1,λ2,ωC−ω,λ3,λ4P̄λ12+ω−1

12 P̄λ34−ω
34

]
= 0 .

(3.1)
Here, Sym denotes the sum over 6 distinct contributions

(1234) = {1234} + {1324} + {1423} + {3412} + {2413} + {2314} . (3.2)

Starting from the variables P̄ij and βi, using momentum conservation, only 5 of them are
independent. For instance, we can choose P̄12, P̄34 and three of the βi’s. The various relations
can be found in appendix B.

Now we can sum the two contributions (1234) ↔ (3412) and ω ↔ −ω, and after defining
new independent variables

2A = P̄12 + P̄34 = P̄23 − P̄14 , 2B = P̄13 − P̄24 = P̄34 − P̄12 , 2C = P̄14 + P̄23 = −P̄13 − P̄24 ,

(3.3)
and using the relations in appendix B, the β dependence disappears

(λ1 + ω − λ2)β1 − (λ2 + ω − λ1)β2
β1 + β2

P̄34 + (λ3 − ω − λ4)β3 − (λ4 − ω − λ3)β4
β3 + β4

P̄12

= (λ1 − λ2)P̄34 + (λ3 − λ4)P̄12 + ω

2 (P̄13 − P̄23 + P̄24 − P̄14)

= (λ1 − λ2 + λ3 − λ4)A + (λ1 − λ2 − λ3 + λ4)B − 2ωC .

(3.4)

The constraint (3.1) can then be rewritten as a polynomial in just 3 independent variables

∑
ω

(−1)ω[((λ13 − λ24)A + (λ14 − λ23)B − 2ωC) C1234ω(A − B)λ12+ω−1(A + B)λ34−ω−1

+ (−1)λ24+ω((λ14 − λ23)B + (λ12 − λ34)C − 2ωA) C1324ω(B − C)λ13+ω−1(B + C)λ24−ω−1

+ ((λ12 − λ34)C + (λ13 − λ24)A − 2ωB) C1423ω(C − A)λ14+ω−1(C + A)λ23−ω−1] = 0 , (3.5)

12Note that we use a different notation compared to [50], writing the pair of couplings with the exchanged
helicity in the middle, as in Cλ1,λ2,ωC−ω,λ3,λ4 . This is equivalent, since, as we have seen above, the couplings
are always cyclic symmetric.
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where λij ≡ λi + λj and C1234ω ≡ Cλ1,λ2,ωC−ω,λ3,λ4 . We will use the fact that C1234ω is a
product of two couplings only at the end; for now, we will treat it as a generic function.
Before we begin solving the constraint, we set the following definitions:

k1234
+ ≡(−1)λ12

∑
ω

C1234ω , k1234
− ≡

∑
ω

(−1)ωC1234ω , k1234
ω+ ≡(−1)λ12

∑
ω

ωC1234ω ,

k1234
ω− ≡

∑
ω

(−1)ωωC1234ω , k1234
ω2+ ≡(−1)λ12

∑
ω

ω2C1234ω , k1234
ω2− ≡

∑
ω

(−1)ωω2C1234ω , (3.6)

f1234
+ (A,B)≡(−1)λ34

∑
ω

C1234ω(A−B)λ12+ω−1(A+B)λ34−ω−1 ,

f1234
ω+ (A,B)≡(−1)λ34

∑
ω

ωC1234ω(A−B)λ12+ω−1(A+B)λ34−ω−1 ,

f1234
− (A,B)≡

∑
ω

(−1)ωC1234ω(A−B)λ12+ω−1(A+B)λ34−ω−1 , (3.7)

f1234
ω− (A,B)≡

∑
ω

(−1)ωωC1234ω(A−B)λ12+ω−1(A+B)λ34−ω−1 ,

where the upper index 1234 indicates the order of the external helicities. We can then rewrite
the constraint (3.5) using the functions (3.7) just defined as

((λ13 − λ24)A + (λ14 − λ23)B)f1234
− (A, B) − 2ωCf1234

ω− (A, B)
+ ((λ14 − λ23)B + (λ12 − λ34)C)f1324

+ (B, C) − 2ωAf1324
ω+ (B, C)

+ ((λ12 − λ34)C + (λ13 − λ24)A)f1423
− (C, A) − 2ωBf1423

ω− (C, A) = 0 .

(3.8)

We divide the solution into four distinct cases, which differ based on the form of the constraint
once specific relations among the external helicities are imposed. The general approach
proceeds as follows:

• First, we determine the polynomial form of the functions appearing in (3.8) — up
to some free coefficients (later identified with those in (3.6)) — by setting to zero all
monomials except those that can be generated by at least two different functions f ····

± .

• Second, we substitute these polynomial expressions back into the constraint (3.8) to
derive relations among the coefficients in (3.6).

• Third, once all coefficients in (3.6) are fixed, the equation (3.5) is solved and we can
extract the products of couplings C1234ω from the functions f ····

± via a simple change of
variables.

As we will see, we always end up with a system of the general form

C1234ω ∼ (Λ − 2)!
2Λ−2(λ12 + ω − 1)!(λ34 − ω − 1)! ∀ ω , Λ ≡ λ1 + λ2 + λ3 + λ4 . (3.9)

Assuming this form and using the formulas collected in appendix B, we obtain the following
simple relations, which will be useful later:

(λ34 − λ12)k1234
ω+ − 2k1234

ω2+ = 1
2 (2 − Λ)k1234

+ , (λ34 − λ12)k1234
ω− − 2k1234

ω2− = 1
2 (2 − Λ)k1234

− ,

k1234
ω+ = 1

2 (λ34 − λ12)k1234
+ , k1234

ω− = 1
2 (λ34 − λ12)k1234

− , (3.10)

k1212
ω2+ = Λ − 2

4 k1212
+ , k1212

ω2− = Λ − 2
4 k1212

− .
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These relations allow us to solve k····
ω± and k····

ω2± in terms of k····
± . Given the symmetry

properties of the couplings (2.6), we obtain the relations

k1234
∓ = k2134

± = (−1)Λk1243
± , k3412

− = k1234
− , k3412

+ = (−1)Λk1234
+ . (3.11)

In all cases, we will present both the general solution and the solution assuming only even-
derivative vertices (i.e. k····

+ = k····
− ). In the following, we focus on Λ ≥ 4; for lower-derivative

cases, fewer constraints arise due to the somewhat degenerate structure of the monomials.
The cases Λ = 2, 3 are analysed separately in appendix C.

Case 1. Here, we assume that all helicities are equal, i.e. λ1 = λ2 = λ3 = λ4. The
constraint (3.5) becomes∑

ω

ω C1111ω[(−1)ωC(A − B)2λ+ω−1(A + B)2λ−ω−1 + A(B − C)2λ+ω−1(B + C)2λ−ω−1

+ (−1)ωB(C − A)2λ+ω−1(C + A)2λ−ω−1] = 0 . (3.12)

First, we determine the polynomial form of the functions (3.7) as

f1111
ω− (A, B) = 2(k1111

ω2+ ABΛ−3 − k1111
ω2−AΛ−3B) , (3.13a)

f1111
ω+ (B, C) = 2(k1111

ω2−BCΛ−3 − k1111
ω2+ BΛ−3C) , (3.13b)

f1111
ω− (C, A) = 2(k1111

ω2+ CAΛ−3 − k1111
ω2−CΛ−3A) . (3.13c)

By changing variables and using S = A + B, D = A−B, we can derive a system of equations
for the couplings by solving (3.13) for fixed ω. The resulting system is

C1111ω =
k1111

ω2− + (−1)ωk1111
ω2+

2Λ−4

(
Λ − 3

2λ − ω − 1

)
∀ω ̸= 0 . (3.14)

Now, substituting (3.13) into (3.12), we obtain an additional constraint

(k1111
ω2− − k1111

ω2+ )AΛ−3BC = 0 ⇒ k1111
ω2− = k1111

ω2+ ⇒ k1111
ω2E ̸= 0, k1111

ω2O = 0 ,

k1111
ω2E ≡

∑
ω∈even

ω2 C1111ω , k1111
ω2O ≡

∑
ω∈odd

ω2 C1111ω . (3.15)

Only the solutions with even ω survive. This was expected, since by symmetry, odd-derivative
vertices with at least two equal helicities vanish. The final solution is

C1111ω =
k1111

ω2E (Λ − 3)!
2Λ−5(2λ + ω − 1)!(2λ − ω − 1)! ∀ω ̸= 0 even . (3.16)

Consistency is guaranteed by the relation
∑

ω∈even

ω2(Λ − 3)!
2Λ−5(2λ + ω − 1)!(2λ − ω − 1)! = 1 . (3.17)

Note that the product Cλ,λ,0C0,λ,λ decouples from the system; indeed, it does not contribute
to the constant k1111

ω2E and does not appear in the constraint (3.12); it is then unconstrained.
As we will see, this has important consequences, such as allowing for non-vanishing amplitudes
and ensuring the correct relations among the couplings.

– 10 –



J
H
E
P
0
8
(
2
0
2
5
)
0
3
2

Case 2. Here, we assume λ12 = λ34 and λ14 = λ23, which implies λ1 = λ3 and λ2 = λ4.
The constraint (3.5) becomes∑

ω

[
(−1)ω((λ1 − λ2)A − ωC) C1212ω(A − B)λ12+ω−1(A + B)λ12−ω−1

− ωA C1122ω(B − C)2λ1+ω−1(B + C)2λ2−ω−1

+ (−1)ω((λ1 − λ2)A − ωB) C1221ω(C − A)λ12+ω−1(C + A)λ12−ω−1] = 0 .

(3.18)

First, we determine the polynomial form of the functions (3.7) as

f1212
− (A, B) = k1212

− AΛ−2 − 2k1212
ω− AΛ−3B − k1212

+ BΛ−2

= k1212
− AΛ−2 − k1212

+ BΛ−2 , (3.19a)
f1212

ω− (A, B) = k1212
ω− AΛ−2 − 2k1212

ω2−AΛ−3B + 2k1212
ω2+ ABΛ−3

= 2(k1212
ω2+ ABΛ−3 − k1212

ω2−AΛ−3B) , (3.19b)
f1122

ω+ (B, C) = k1122
ω+ BΛ−2 + 2((λ2 − λ1)k1122

ω+ − k1122
ω2+ )BΛ−3C

− 2((λ2 − λ1)k1122
ω− − k1122

ω2− )BCΛ−3 − k1122
ω− CΛ−2 . (3.19c)

In this case k1212
ω+ and k1212

ω− are zero because the sum runs over both ω and −ω, then

k1212
ω+ = (−1)λ12

∑
ω

ω C1212ω = 0 , k1212
ω− =

∑
ω

(−1)ωω C1212ω = 0 . (3.20)

The same happens to the coefficients k1221
ω+ and k1221

ω− . The functions f1221
− (C, A) and

f1221
ω− (C, A) have the same form as f1212

− (A, B) and f1212
ω− (A, B).

Now, by using (3.11), we have k1212
± = k1221

∓ and by substituting the functions back
into (3.18), we obtain the constraints

k1122
ω− = (λ2 − λ1)k1212

− = k1122
ω+ , (3.21)

and

k1122
ω2− + (λ1 − λ2)k1122

ω− = k1212
ω2− , k1122

ω2+ + (λ1 − λ2)k1122
ω+ = k1212

ω2+ . (3.22)

Notice that the only nontrivial constraints are those in (3.21), while (3.22) are automatically
satisfied, as can be seen using (3.10). From the relations above, we can rewrite (3.19) as

f1212
− (A, B) = k1212

− AΛ−2 − k1212
+ BΛ−2 , (3.23a)

f1212
ω− (A, B) = 2(k1212

ω2+ ABΛ−3 − k1212
ω2−AΛ−3B) , (3.23b)

f1122
ω+ (B, C) = (λ2 − λ1)k1212

− (BΛ−2 − CΛ−2) + 2(k1212
ω2−BCΛ−3 − k1212

ω2+ BΛ−3C) . (3.23c)

From the functions (3.23a) and (3.23b), we obtain

C1212ω = k1212
− + (−1)λ12+ωk1212

+
2Λ−2

(
Λ − 2

λ12 − ω − 1

)
∀ω , (3.24)

C1212ω =
k1212

ω2− + (−1)λ12+ωk1212
ω2+

2Λ−4(Λ − 2)

(
Λ − 2

λ12 − ω − 1

)
∀ω . (3.25)
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These systems are, in fact, equivalent due to the relation given in (3.10). From the func-
tion (3.23c), we obtain

C1122ω = k1212
− + (−1)ωk1212

+
2Λ−2

(
Λ − 2

2λ2 − ω − 1

)
∀ω ̸= 0 . (3.26)

Also in this case, the product Cλ1,λ1,0C0,λ2,λ2 remains unconstrained. Now, assuming we
only have even-derivative vertices, we can rewrite (3.24) and (3.26) as

C1212ω = k1212
− (Λ − 2)!

2Λ−3(λ12 + ω − 1)!(λ12 − ω − 1)! ∀ω , (3.27)

C1122ω = k1212
− (Λ − 2)!

2Λ−3(2λ1 + ω − 1)!(2λ2 − ω − 1)! ∀ω ̸= 0 . (3.28)

Here, the sum runs over odd or even values of ω, depending on the parity of the external
helicities. Everything discussed above holds for Λ ≥ 5. For Λ = 4, although some monomial
powers become degenerate, the conditions in (3.21) are still satisfied, leading to the same
solution.

Case 3. Here, we assume λ12 = λ34, in which case the constraint becomes∑
ω

[
(−1)ω((λ13 − λ24)A + (λ14 − λ23)B − 2ωC) C1234ω(A − B)λ12+ω−1(A + B)λ12−ω−1

+ (−1)λ24((λ14 − λ23)B − 2ωA) C1324ω(B − C)λ13+ω−1(B + C)λ24−ω−1

+ (−1)ω((λ13 − λ24)A − 2ωB) C1423ω(C − A)λ14+ω−1(C + A)λ23−ω−1] = 0 . (3.29)

First, we determine the polynomial form of the functions (3.7) as

f1234
− (A,B) = k1234

− AΛ−2−k1234
+ BΛ−2 , (3.30a)

f1324
+ (B,C) = (−1)Λ(k1324

+ BΛ−2+((λ24−λ13)k1324
+ −2k1324

ω+ )CBΛ−3−k1324
− CΛ−2) , (3.30b)

f1423
− (C,A) = k1423

− CΛ−2−((λ23−λ14)k1423
+ −2k1423

ω+ )CAΛ−3−k1423
+ AΛ−2 , (3.30c)

f1234
ω− (A,B) = k1234

ω− AΛ−2+((λ34−λ12)k1234
ω− −2k1234

ω2− )AΛ−3B

−((λ34−λ12)k1234
ω+ −2k1234

ω2+ )ABΛ−3−k1234
ω+ BΛ−2 . (3.30d)

The functions f1324
ω+ and f1423

ω− have the same form as f1234
ω− . We can now substitute these

functions into (3.29), leading to the constraints

k1234
− = k1423

+ , k1324
+ = (−1)Λk1234

+ , k1234
ω+ = k1234

ω− = 0 ,

k1324
ω− = 1

2(−1)Λ(λ24 − λ13)k1423
− , k1423

ω− = 1
2(−1)Λ(λ23 − λ14)k1324

− ,

((λ23 − λ14)k1423
ω− − 2k1423

ω2− ) = (−1)Λ((λ24 − λ13)k1324
ω− − 2k1324

ω2− ) ,

(3.31)

and

k1324
ω+ = 1

2(λ24 − λ13)k1324
+ , k1423

ω+ = 1
2(λ23 − λ14)k1423

+ ,

k1234
ω2− = 1

2((λ14 − λ23)k1423
ω+ + 2k1423

ω2+ ) , k1234
ω2+ = 1

2(−1)Λ((λ23 − λ14)k1324
ω+ + 2k1324

ω2+ ) .
(3.32)

– 12 –



J
H
E
P
0
8
(
2
0
2
5
)
0
3
2

Using the relations above, we can rewrite (3.30) as

f1234
− (A, B) = k1234

− AΛ−2 − k1234
+ BΛ−2 , (3.33a)

f1324
+ (B, C) = (−1)Λ(k1324

+ BΛ−2 − k1324
− CΛ−2) , (3.33b)

f1423
− (C, A) = k1423

− CΛ−2 − k1423
+ AΛ−2 , (3.33c)

f1234
ω− (A, B) = 2(k1234

ω2+ ABΛ−3 − k1234
ω2−AΛ−3B) . (3.33d)

Notice that the only nontrivial constraints are those in (3.31), while (3.32) are automatically
satisfied, as can be seen using (3.10). From the function (3.33a), we find

C1234ω = (k1234
− + (−1)ω+λ12k1234

+ )(Λ − 2)!
2Λ−2(λ12 + ω − 1)!(λ34 − ω − 1)! ∀ ω , (3.34)

and an identical expression holds for the external helicity configurations (1324) and (1423).
Now, assuming only even-derivative vertices, from the constraints (3.31) we obtain

k1234
+ = k1324

+ = k1423
+ , (3.35)

that leads to the solution

C1234ω = k1234
+ (Λ − 2)!

2Λ−3(λ12 + ω − 1)!(λ34 − ω − 1)! ∀ ω . (3.36)

The same solution applies to the other two orderings of external helicities (1324) and (1423).
Everything discussed above holds for Λ ≥ 5. For Λ = 4, although some monomial powers
become degenerate, the conditions in (3.31) are still satisfied, leading to the same solution.

Case 4. Here, we solve (3.5) assuming generic helicities. First, we determine the polynomial
form of the functions (3.7) as

f1234
− (A, B) = k1234

− AΛ−2 − k1234
+ BΛ−2 , (3.37a)

f1234
ω− (A, B) = k1234

ω− AΛ−2 + ((λ34 − λ12)k1234
ω− − 2k1234

ω2− )AΛ−3B

+ ((λ12 − λ34)k1234
ω+ + 2k1234

ω2+ )ABΛ−3 − k1234
ω+ BΛ−2 . (3.37b)

The functions f1324
+ (B, C) and f1423

− (C, A) have the same form as f1234
− (A, B), and the

functions f1324
ω+ (B, C) and f1423

ω− (C, A) have the same form as f1234
ω− (A, B).

From equation (3.37a), we can extract the system for the couplings and by substituting
the functions (3.37) into (3.5), also the relations among them:

C1234ω = (k1234
− + (−1)ω+λ12k1234

+ )(Λ − 2)!
2Λ−2(λ12 + ω − 1)!(λ34 − ω − 1)! ∀ ω , same for (1324) and (1423) ,

k1234
− = k1423

+ , k1324
+ = (−1)Λk1234

+ , k1423
− = (−1)Λk1324

− .

(3.38)
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This gives the most general solution to the constraint (3.5) in the presence of both even- and
odd-derivative couplings. We also find these further constraints

k1234
ω− = 1

2(λ34 − λ12)k1234
− , k1234

ω+ = 1
2(λ34 − λ12)k1234

+ , k1324
ω+ = 1

2(λ24 − λ13)k1324
+ ,

k1324
ω− = 1

2(λ24 − λ13)k1324
− , k1423

ω− = 1
2(λ23 − λ14)k1423

− , k1423
ω+ = 1

2(λ23 − λ14)k1423
+ ,

(λ34 − λ12)k1234
ω− − 2k1234

ω2− = ((λ23 − λ14)k1423
ω+ − 2k1423

ω2+ ) , (3.39)
(λ24 − λ13)k1324

ω+ − 2k1324
ω2+ = (−1)Λ((λ34 − λ12)k1234

ω+ − 2k1234
ω2+ ) ,

(λ23 − λ14)k1423
ω− − 2k1423

ω2− = (−1)Λ((λ24 − λ13)k1324
ω− − 2k1324

ω2− ) .

However, these are automatically satisfied, as can be seen using (3.10). Everything discussed
above holds for Λ ≥ 5. For Λ = 4, although some monomial powers become degenerate, the
conditions in (3.38) are still satisfied, leading to the same solution.

The next problem is to find a meaningful solution13 to (3.38). This can be done by
examining each case individually; however, finding a general procedure to classify all solutions
is not straightforward.

For instance, we observe that a solution involving only odd-derivative vertices (i.e.
k····

+ = −k····
− ) is inconsistent with (3.38). Consequently, any consistent solution must involve

a nontrivial combination of both even- and odd-derivative couplings (or only even).
Let us rewrite the coefficients in a more convenient form, which will facilitate the

identification of additional constraints:

k1234
E = 1

2(k1234
− + k1234

+ ) =
∑

(λ12+ω)∈even
(−1)ωC1234ω , (3.40)

k1234
O = 1

2(k1234
− − k1234

+ ) =
∑

(λ12+ω)∈odd
(−1)ωC1234ω . (3.41)

We can then rewrite the system governing the couplings in the form

C1234ω = k1234
E (Λ − 2)!

2Λ−3(λ12 + ω − 1)!(λ34 − ω − 1)! ∀ (λ12 + ω) ∈ even , (3.42)

C1234ω = k1234
O (Λ − 2)!

2Λ−3(λ12 + ω − 1)!(λ34 − ω − 1)! ∀ (λ12 + ω) ∈ odd . (3.43)

Recall that C1234ω is a product of two terms. Therefore, following the procedure outlined
in appendix A of [50], assuming that all even couplings are non-vanishing, and using (3.42)
we find that the unique solution (Metsaev solution) for the couplings is

Cλ1,λ2,λ3 ∼ 1
(λ1 + λ2 + λ3 − 1)! ,

3∑
i=1

λi ∈ even . (3.44)

Similarly, assuming that all odd-derivative vertices are activated and using (3.43), we obtain

Cλ1,λ2,λ3 ∼ ϵλ1λ2λ3

(λ1 + λ2 + λ3 − 1)! ,
3∑

i=1
λi ∈ odd , (3.45)

13By this, we mean a solution that involves several couplings, perhaps, including the gravitational ones.
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where ϵλ1λ2λ3 is a totally antisymmetric tensor. Using (3.40) and (3.41), the constraint (3.38)
becomes

k1234
E + k1234

O = k1423
E − k1423

O , k1324
E − k1324

O = (−1)Λ(k1234
E − k1234

O ) ,

k1423
E + k1423

O = (−1)Λ(k1324
E + k1324

O ) .
(3.46)

Now, assuming (3.44), which implies k1234
E = k1324

E = k1423
E , we arrive at

k1234
O = −k1423

O , k1234
O = (−1)Λk1324

O = k1423
O , (3.47)

that implies k····
O = 0. Therefore, in the presence of all even-derivative couplings, no consistent

solution can accommodate the inclusion of any odd-derivative interactions.
On the other hand, assuming (3.45), we have k1234

O = k1324
O = k1423

O = kO, which leads to

k1234
E − k1423

E + 2kO = 0, k1324
E + (−1)Λ+1k1234

E + (−1)ΛkO − kO = 0 ,

k1423
E + (−1)Λ+1k1324

E + (−1)Λ+1kO + kO = 0 .
(3.48)

Attempting to find a solution for even or odd Λ leads to kO = 0. Therefore, this case
is also ruled out.

We conclude that any viable solution must involve a truncated spectrum — i.e. one
that cannot contain all even- and/or odd-derivative couplings — and must feature nontrivial
relations among the couplings. A detailed investigation of this possibility is left for future work.
From this point onward, we restrict our analysis to the case in which only even-derivative
vertices are present.

When only even-derivative vertices are present (i.e. k····
+ = k····

− ), the solution to (3.38)
yields

k1234
+ = k1324

+ = k1423
+ = k1234

− = k1324
− = k1423

− , (3.49)

and these are the solutions we will study in detail.

Summary. The general solution to the holomorphic constraint (3.5) is given by

C1234ω = (k1234
− + (−1)ω+λ12k1234

+ )(Λ − 2)!
2Λ−2(λ12 + ω − 1)!(λ34 − ω − 1)! ∀ ω , same for (1324) and (1423) , (3.50)

k1234
− = k1423

+ , k1324
+ = (−1)Λk1234

+ , k1423
− = (−1)Λk1324

− , Cλ1,λ1,0C0,λ2,λ2 = generic .

Assuming only even-derivative vertices, the solution to the holomorphic constraint is given by

C1234ω = k1234
+ (Λ − 2)!

2Λ−3(λ12 + ω − 1)!(λ34 − ω − 1)! ∀ ω , same for (1324) and (1423) , (3.51)

k1234
+ = k1324

+ = k1423
+ , Cλ1,λ1,0C0,λ2,λ2 = generic .

Let us stress that C1234ω is not assumed to factorize into Cλ1,λ2,λ3 .
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Lower-spin analysis. We begin by examining solutions for lower helicities, specifically
0, 1, 2. The corresponding even-derivative couplings are given by

{C−2,2,2, C−1,1,2, C0,0,2, C0,1,1, C0,2,2, C1,1,2, C2,2,2} . (3.52)

In total, we have 7 couplings: 5 abelian and 2 non-abelian.14 We can now explore all possible
chiral theories that can be constructed from these couplings.

We begin with two-derivative theories, involving the couplings
{C−2,2,2, C−1,1,2, C0,0,2, C0,1,1}. All possible two-derivative chiral theories with lower-
spin fields that solve the constraints are

{C−2,2,2} , graviton coupling , (3.53a)
{C1,1,0} , photons coupled to scalars , (3.53b)
{C−2,2,2 = C0,0,2} , graviton coupled to scalars , (3.53c)
{C−2,2,2 = C−1,1,2} , graviton coupled to photons , (3.53d)
{C−2,2,2 = C−1,1,2 = C0,0,2, C0,1,1} , graviton, photons and scalars . (3.53e)

We use the following notation: within {· · · }, we list the active couplings. When a coupling
appears alone, it is considered unconstrained — that is, it can appear in the theory’s action
with a free coefficient. However, the constraints may sometimes impose nontrivial relations
among these couplings. It is important to specify the active couplings before solving the
constraints. Notably, the resulting theories do not always correspond to truncations of the
larger one. For instance, the above theories do not always correspond to a truncation of the
larger one (3.53e) by setting to zero certain couplings, but rather to distinct theories. For
example, to obtain (3.53d) from (3.53e), we remove C0,0,2, which is not equivalent to setting
it to zero in (3.53e). Note that the relations above follow from the well-known universality
of gravitational interactions.

If we allow for the higher-derivative terms, the most general theory we obtain is

{C−2,2,2 = C−1,1,2 = C0,0,2, C0,1,1, C0,2,2, C1,1,2, C2,2,2} . (3.54)

The fact that the couplings satisfy the constraints implies that a consistent action can
be written in the light-cone gauge. In principle,15 it may be possible to find a covariant
formulation of the theory with an appropriate gauge symmetry.

Let us consider, for example, the largest two-derivative theory (3.53e). In this case,
the covariant (parity completed) action corresponds to the truncation to the cubic order

14The non-abelian vertices are the most interesting ones, as they deform the gauge algebra in a covariant
formulation. The abelian ones do not. Nevertheless, it is worth noting that, in general, abelian vertices can
also be constrained and may play an important role in ensuring the consistency of the theory. Since we work
in the light-cone gauge and with holomorphic theories, we define abelian couplings as those with λi ≥ 0
and

∑
i
λi > 0. Note that (0, s, s) is still considered abelian this way, which is justified since the spin-zero

exchange disappears from the constraint. Such couplings are, obviously, consistent on their own unless there
are non-abelian couplings.

15In some cases, a covariant formulation of the theory may not exist or may require introducing non-localities.
However, a covariant description can often be found, as is the case here.

– 16 –



J
H
E
P
0
8
(
2
0
2
5
)
0
3
2

of the Einstein-Maxwell-scalar theory

S =
∫

d4x
√
−g

( 1
2k

R − 1
2∇

µφ∇µφ − 1
4F µνFµν + 1

4a φF µνFµν

)
, (3.55)

where ∇ is the gravitational covariant derivative, g is the determinant of the metric, k = 8πG

is the gravitational coupling, R is the Ricci scalar, φ is the scalar field, and Fµν = ∂µAν−∂νAµ

is the Maxwell-Faraday 2-form. The parameter a is the coupling constant between the scalar
and the vector field. The values of the coefficients in the action are directly related to those
appearing in light-cone gauge: we have k ∼ C−2,2,2, while the relations among the other
couplings are determined by minimal couplings imposed by diffeomorphism invariance, and
a ∼ C0,1,1. Note that we can always include a scalar cubic coupling C0,0,0, corresponding
to a potential term of the form V (φ) ∼ φ3. As expected from the covariant perspective,
most of the abelian couplings remain unconstrained.16

The covariant (parity completed) higher-derivative action of (3.54) corresponds to the
truncation to the cubic order of

S =
∫

d4x
√
−g

( 1
2k

R − 1
2∇

µφ∇µφ − 1
4F µνFµν + 1

4a φF µνFµν + bR3 + cRF 2 + dR2φ

)
,

R3 = RµνρσRµν
αβRρσαβ , RF 2 = RµνρσF µνF ρσ , R2 = RµνρσRµνρσ ,

k ∼ C−2,2,2 , a ∼ C0,1,1 , b ∼ C2,2,2 , c ∼ C1,1,2 , d ∼ C0,2,2 . (3.56)

It is worth emphasising the importance of the freedom in the product Cλ1,λ1,0C0,λ2,λ2 . Without
this freedom, we would obtain the constraint (as in the case of chiral higher-spin gravity)

C2,2,2 = 3
10

(C0,2,2)2

C−2,2,2 , C1,1,2 = C0,1,1C0,2,2

C−2,2,2 . (3.57)

This would be in contrast with the covariant framework, where it is perfectly possible to
introduce both R3 and FR2 terms with arbitrary coefficients in a Lorentz-invariant way.
This is a further consistency check for our solutions.

We also point out that a method for constructing covariant chiral Lagrangians was recently
developed in [25], using the spinorial representation of the Lorentz group in four dimensions,
SO(3, 1). This formalism appears to be the most suitable for formulating Lagrangian
descriptions of all consistent chiral higher-spin theories identified in the light-cone approach.

Higher-spin analysis. We now begin to search for complete solutions involving higher-
spin fields. In particular, we need to require that C1234ω factorizes into the product of two
couplings. While it is commonly believed that the presence of higher-spin fields imposes
strong constraints on the theory, requiring an infinite spectrum of fields, we will show that
this is not always the case. In fact, we can find many interesting families of solutions, some
with finite spectra and others with infinite ones. Well-known examples such as HS-SDGR,
HS-SDYM, and chiral higher-spin gravity will appear as special cases.

To better understand the underlying logic, particularly for higher-derivative interactions,
we will sometimes label the couplings by their number of derivatives, rather than by the specific

16This is a typical feature of lower-spin theories. As we introduce higher-spin interactions, we will see that
many abelian couplings become constrained as well.
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helicities. We denote a generic n-derivative coupling as Cn, allowing us to schematically
rewrite the system of couplings (3.51) as

CnCm = CmCn = kΛ(Λ − 2)!
2Λ−3(n − 1)!(m − 1)! , kΛ =

∑
ω

C1234ω , Λ = n + m . (3.58)

Remember, we consider n, m even and n, m ≥ 2. The key observation is that (3.5) decomposes
into independent constraints at fixed total derivative order Λ; the same can be seen from the
system above. Let us assume a chiral theory that includes 2- and 4-derivative interactions.
Using (3.58), we can write the system (very schematically)17 as

C2C2 = C2C2 ,

C2C4 = C2C4 ,

C4C4 = 5
8(C4C4 + 2 C2C6) .

(3.59)

The first line corresponds to the 2-derivative sector, which is consistent on its own and
includes HS-SDGR and other theories all contained in the former. However, problems arise
when we try to go beyond 2-derivative interactions.

If we include 4-derivative interactions, the second constraint above is consistent and
admits solutions, but the third equation becomes inconsistent unless 6-derivative couplings
are introduced. Proceeding to the next order, we can resolve the previous inconsistency,
but another one will arise:

C4C4 = 5
8(C4C4 + 2 C2C6) ,

C2C6 = 3
16(C4C4 + 2 C2C6) ,

C4C6 = 7
16(2 C4C6 + 2 C2C8) ,

C6C6 = 63
128(C6C6 + 2 C4C8 + 2 C2C10) .

(3.60)

The first two equations are consistent and fix the previous problem. However, truncating the
theory at 6 derivatives makes the remaining equations inconsistent, thereby requiring the
inclusion of terms up to 10-derivative couplings. This structure arises from the identity∑

ω

(Λ − 2)!
2Λ−3(λ12 + ω − 1)!(λ34 − ω − 1)! = 1 ∀ ω , (3.61)

which underlies the consistency of the system (3.51).
This pattern persists at all orders: truncating the theory at any finite number of

derivatives generally introduces inconsistencies at higher orders, pointing toward a unique
solution with all couplings turned on, which is the full chiral higher-spin theory.

However, there is an alternative. One can impose that lower-derivative couplings do
not generate higher-order constraints. For instance, a theory involving only C2 and C4

couplings must be arranged so that no C4C4 term ever arises. Surprisingly, this condition
can be satisfied, and it provides a pathway for classifying all consistent chiral higher-spin
theories in 4d flat space.

17We emphasize that this is just a sketch to understand the main logic behind the existence of a truncated
spectrum, especially for higher derivative theories. To identify consistent theories, one must solve all the
constraints explicitly. This will be carried out in the next section for lower-derivative theories.
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3.2 Light-cone holomorphic constraint with U(N) gauge group

Here, we solve the holomorphic constraint in the presence of a U(N) gauge group in the
most general setting, allowing for both even- and odd-derivative vertices. The generators
of the u(N) algebra satisfy the Poisson bracket

[(ϕλ
p)A

B, (ϕµ
q )C

D] = δλ,−µδ3(p + q)
2p+ θλδC

BδA
D , (3.62)

where θλ = eixλ is a phase factor reflecting a possible ambiguity in the commutator.
The constraint is given in (2.17). Due to the trace, we can decompose the contributions

into several colour-ordered terms, as

(1234) = [1234] + [1342] + [1423] + [1324] + [1243] + [1432] ,

[1234] = {1234} + {2341} + {3412} + {4123} .
(3.63)

We will focus on a single colour-ordered term, [1234], as the same will follow for the other
orders. The constraint for [1234] takes the form

∑
ω

Cycl
[
(−1)ωθω

(λ1 + ω − λ2)β1 − (λ2 + ω − λ1)β2
β1 + β2

C1234ωP̄λ12+ω−1
12 P̄λ34−ω

34

]
= 0 . (3.64)

As before, we can apply the trick of summing the terms (1234) ↔ (3412) and ω ↔ −ω,
followed by a change of variables to A, B, C. However, we must now account for the phase
θω, and the simplification works only if we have θω = θ−ω. This is the case due to the
antisymmetry of the Poisson bracket.18 The constraint then becomes

∑
ω

[
(−1)ωθω((λ13−λ24)A+(λ14−λ23)B−2ωC)C1234ω(A−B)λ12+ω−1(A+B)λ34−ω−1 (3.66)

+(−1)λ14θω((λ12−λ34)C+(λ13−λ24)A−2ωB)C4123ω(C−A)λ14+ω−1(C+A)λ23−ω−1]=0.

In the following, we continue to use the same coefficients defined in (3.6), but now these
will include the phase factor θω in the sum over ω.

As in the previous case, we divide the solution into several subcases. However, we
note that the constraints (3.5) and (3.66) are structurally very similar. In fact, the only
difference lies in the form of the functions, which, in this case, include only half of the
terms present in the previous one. Therefore, we focus on two representative cases, as the
others follow straightforwardly.

In the following, we assume Λ ≥ 3. Indeed, as in the previous case, for lower derivatives,
fewer constraints arise due to the partially degenerate structure of the monomials. Therefore,
the case Λ = 2 is treated separately in appendix C.

18Using the antisymmetric property of the Poisson bracket, we have

[(ϕλ
p )A

B , (ϕµ
q )C

D] = δλ,−µδ3(p + q)
2p+ θλδC

BδA
D = −[(ϕµ

q )C
D, (ϕλ

p )A
B ] = δµ,−λδ3(p + q)

2p+ θ−λδA
DδC

B , (3.65)

that implies θλ = θ−λ.
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Case 1. Here, we assume all helicities are equal, i.e. λ1 = λ2 = λ3 = λ4. In this case,
the constraint (3.66) becomes∑

ω

ω θω C1111ω((−1)ωC(A − B)2λ+ω−1(A + B)2λ−ω−1

+ B(C − A)2λ+ω−1(C + A)2λ−ω−1) = 0 .

(3.67)

First, we determine the polynomial form of the functions (3.7) as

f1111
ω− (A, B) = −2k1111

ω2
−

AΛ−3B , f1111
ω+ (C, A) = 2k1111

ω2
−

CAΛ−3 . (3.68)

Upon substituting them back into the constraint, we find it is trivially satisfied. From the
functions (3.68), we find the system

C1111ω =
k1111

ω2− (Λ − 3)!
2Λ−4(2λ + ω − 1)!(2λ − ω − 1)! ∀ ω ̸= 0 ,

k1111
ω2− =

∑
ω

(−1)ωθω ω2 C1111ω .
(3.69)

We then have to impose θω = (−1)ω. Indeed, for consistency∑
ω

(−1)ωθω ω2 C1111ω =
∑
ω

(−1)ωθω ω2(Λ − 3)!
2Λ−4(2λ + ω − 1)!(2λ − ω − 1)! = 1 ⇔ θω = (−1)ω . (3.70)

As in the previous analysis, also here, just by looking at (3.66), one can see that the product
Cλ1,λ1,0C0,λ2,λ2 decouples from the system; then it is unconstrained.

Case 2. Here, we solve (3.66) assuming generic helicities. First, we determine the polynomial
form of the functions (3.7) as

f1234
− (A, B) = k1234

− AΛ−2 , (3.71a)
f1234

ω− (A, B) = k1234
ω− AΛ−2 + ((λ34 − λ12)k1234

ω− − 2k1234
ω2− )AΛ−3B . (3.71b)

The functions f4123
+ and f4123

ω+ have the same form as f1234
− (A, B) and f1234

ω− (A, B), respectively.
Upon substituting these into (3.66) gives

k1234
− = k4123

− . (3.72)

From the function (3.71a), we find the system

C1234ω = k1234
− (Λ − 2)!

2Λ−2(λ12 + ω − 1)!(λ34 − ω − 1)! ∀ ω ,

k1234
− =

∑
ω

(−1)ωθω C1234ω .
(3.73)

and an identical expression holds for the external helicity configurations (4123). Again, the
consistency of the system requires θω = (−1)ω. In all other cases, when particular relations
among the couplings are imposed, the same pattern follows.

The same procedure used to find a solution to the constraint for U(N) can be applied
to other gauge groups, such as G = SO(N), USp(N), where the case of SO(N) was first
studied in [49]. We comment on them in appendix D.

Another interesting case is when all fields are taken to live in the adjoint representation
of a Lie algebra. This scenario is studied in appendix E.
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Summary. A solution to the holomorphic constraint in the presence of U(N) gauge group
is given by even- and odd-derivative vertices that satisfy

C1234ω = k1234
− (Λ − 2)!

2Λ−2(λ12 + ω − 1)!(λ34 − ω − 1)! ∀ ω , same for (4123) ,

k1234
− = k4123

− , Cλ1,λ1,0C0,λ2,λ2 = generic .

(3.74)

Lower-spin analysis. We now examine all solutions in the presence of a gauge group,
focusing on lower helicities 0, 1, 2. The complete set of even- and odd-derivative couplings
that can be constructed is given by

{C−2,1,2, C−2,2,2, C−1,0,2, C−1,1,1, C−1,1,2, C−1,2,2, C0,0,1, C0,0,2,

C0,1,1, C0,1,2, C0,2,2, C1,1,1, C1,1,2, C1,2,2, C2,2,2} .
(3.75)

In total, we have 15 couplings: 9 abelian and 6 non-abelian. We now search for possible
consistent chiral theories.

We highlight the lower-spin couplings as follows: blue indicates those which, on their
own, require higher-spin couplings for consistency; red denotes those which, when combined
with any other coupling, also require higher-spin ones; uncoloured couplings are, as we will
show in more detail below, the only consistent lower-spin couplings.

We begin by considering one-derivative interactions, involving the subset of couplings

{C−2,1,2, C−1,0,2, C−1,1,1, C0,0,1} . (3.76)

Consistent theories are given by

{C−1,1,1} , Yang-Mills coupling , (3.77a)
{C−1,1,1 = C0,0,1} , Yang-Mills coupled to scalars , (3.77b)
{C−2,1,2 = C−1,1,1} , coloured graviton . (3.77c)

Note that including C−1,0,2 and at least one other of the couplings in (3.76) leads, by
consistency, to an infinite tower of higher-spin fields.

If instead we look for the minimal consistent theory that includes C−1,0,2, we still
necessarily generate at least one higher-spin field. Indeed, C−1,0,2 gives rise to an exchange
via the scalar field, which is proportional to C−1,0,2C−1,0,2. Next, the minimal consistent
set of couplings is given by19

C2,−1,0C0,2,−1, C2,2,−3C3,−1,−1, C2,−1,0C0,−1,2 . (3.78)

In particular, the solutions for the couplings give{
C−1,0,2, C−3,2,2, C−1,−1,3 = (C−1,0,2)2

C−3,2,2

}
. (3.79)

This is a surprising result on its own: a one-derivative lower-spin coupling induces higher-spin
couplings!

19We are making use of the concept of the small crystal (4.52), which will be introduced and justified in the
next section.
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Another interesting option is the coloured graviton. It is well known that, under the usual
assumptions, gravitons cannot carry colour [82]. However, we find that it is possible to have
multi-graviton theories provided we restrict to the self-dual case, which is thanks to C−2,1,2.
However, we expect that once the unitary completion is considered — via the inclusion
of its parity-related anti-self-dual counterpart C−2,−1,2 — the general quartic constraint
will lead to non-localities.

Now we can start to include higher-derivative couplings, then the most general consistent
theory is

{C−1,1,1 = C−2,1,2 = C0,0,1, C0,1,1, C1,1,1} . (3.80)

Indeed, any attempt to include one of the couplings highlighted in blue or red in (3.75)
leads to inconsistencies, forcing us to introduce higher-spin fields. This is consistent with
expectations from the covariant formalism. For example, the coupling C−2,2,2 would lead to
“colour gravity”, which is known not to be consistent [82], at least including only lower spins.

Save for the C−2,1,2 coupling, the covariant (parity completed) action, corresponding
to (3.80), is the truncation to the cubic order of

S =
∫

d4x

(
− 1

2α2 Tr(FµνF µν) − 1
2DµφDµφ + aF 3 + b φF 2

)
,

F 3 = Tr(FµνF µ
αF να) , φF 2 = Tr(φFµνF µν) ,

α ∼ C−1,1,1 , a ∼ C1,1,1 , b ∼ C0,1,1 .

(3.81)

Here, D denotes the covariant derivative, F a
µν = ∂µAa

ν − ∂νAa
µ + fabcAb

µAc
ν is the YM field

strength and α ∼ C−1,1,1 indicates the YM coupling. The relations among the couplings are
determined by the minimal coupling, required by the gauge invariance.

Higher-spin analysis. The study of solutions involving higher-spin fields follows the same
logic as in the case without a gauge group.

4 Low-derivative chiral higher-spin theories

In this section, we provide a complete classification of chiral higher-spin theories with one-
and two-derivatives. In particular, we identify new families of theories beyond the well-known
HS-SDYM, HS-SDGR, and full chiral higher-spin gravity. These novel higher-spin theories
feature a reduced spectrum, which in turn allows more freedom to the couplings.20

In the following, we always consider that at least two cubic couplings “talk” with each
other (i.e. they share at least one pair of opposite helicities.). In fact, it is always possible
to construct well-defined theories with isolated couplings that do not “talk”, but such cases
are rather trivial.

20Let us note that the problem of solving the light-cone constraints should be closely related to the problem
of classifying higher-spin algebras, as in [19, 83], see also [27] for the steps towards establishing such a relation.
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4.1 Two-derivative chiral higher-spin theories

Here, we classify all inequivalent solutions of chiral higher-spin theories involving two-derivative
interactions. As previously established, satisfying the holomorphic constraint (3.1) requires
respecting two basic rules:

• Starting from a single pair of two-derivative couplings C2C2, four additional ones are
required. In particular, the following set of couplings must be present together:

Cλ1,λ2,2−λ12Cλ12−2,λ3,λ4 , Cλ1,λ3,2−λ13Cλ13−2,λ2,λ4 , Cλ1,λ4,2−λ14Cλ14−2,λ2,λ3 . (4.1)

We also impose ∑4
i=1 λi = 4 to ensure that only two-derivative interactions are present.

We refer to the collection of the 6 couplings above as a small crystal. An exception
is the pair Cλ1,λ1,0C0,λ2,λ2 , which is excluded from the small crystal, as it does not
participate in the constraint (3.5).

• These couplings have to satisfy the following system of equations:

Cλ1,λ2,2−λ12Cλ12−2,λ3,λ4 = Cλ1,λ3,2−λ13Cλ13−2,λ2,λ4 = Cλ1,λ4,2−λ14Cλ14−2,λ2,λ3 ,

Cλ1,λ1,0C0,λ2,λ2 = generic .
(4.2)

While this system does not affect the classification below, it plays a role in determining
relations among the couplings in any given theory. Notably, a solution is always
guaranteed to exist — namely the one corresponding to HS-SDGR — in which all
two-derivative couplings in the theory take the same value. However, in general, for
smaller theories than HS-SDGR, some couplings remain unconstrained and correspond
to free parameters. In what follows, we assume that all such free parameters are kept
different from zero.

We begin by outlining the method used to identify solutions and introducing some key
terminology. We define a crystal as a self-consistent set of couplings that, taken together,
satisfy the condition (4.1). Each crystal is uniquely determined by the C2C2 pair of couplings
from which it originates.

In particular, starting from a set of external helicities (λ1, λ2, λ3, λ4), they uniquely
identify a crystal. We refer to this configuration as the seed.

For instance, the seed (2, 2 − 2λ, λ, λ) generates the crystal

C2,2−2λ,−2+2λC2−2λ,λ,λ, C2,λ,−λCλ,2−2λ,λ, C2,λ,−λCλ,2−2λ,λ

C2,2,−2C2,−2,2, C2,−2,2C−2,2,2, C2,2,−2C2,2,−2

C2,2,−2C2,2−2λ,−2+2λ, C2,2−2λ,−2+2λC2−2λ,2,−2+2λ, C2,−2+2λ,2−2λC−2+2λ,2,2−2λ

C2,λ,−λCλ,2,−λ, C2,2,−2C2,λ,−λ, C2,−λ,λC−λ,λ,2 . (4.3)

To construct the crystal above, we do as follows. The first line represents the small crystal
generated by the seed. We then search for all possible pairs that we can connect (via fields with
opposite helicity) to generate other small crystals. We repeat this process till it terminates.
Note that all couplings involved are two-derivative ones.
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The crystal above defines a specific chiral higher-spin theory with two-derivative interac-
tions. It contains a finite amount of couplings, a finite spectrum, and includes the SDGR
interaction C2,−2,2. We can observe that starting from a different seed, corresponding to
a small crystal other than the initial one, would generate a different crystal. For instance,
starting from (2, 2,−2, 2) leads to SDGR, producing only the second line of (4.3). Starting
from (2, λ, 2,−λ) or (2, 2, 2 − 2λ,−2 + 2λ) would still generate smaller solutions.

We say that two crystals are equivalent if their seeds can be mapped into each other
via a combination of the following two operations:

• A general permutation of the external legs:

(λ1, λ2, λ3, λ4) → (λσ1 , λσ2 , λσ3 , λσ4) , σ ∈ S4 . (4.4)

This is a simple consequence of the symmetry of the corresponding amplitude, which
is also seen from the three products of couplings in (4.1) that contribute to the same
holomorphic constraint.

• An affine transformation of the helicities:

(λ1, λ2, λ3, λ4) → (λ′
1, λ′

2, λ′
3, λ′

4) , λ⃗′
i = Âλ⃗i + b⃗ . (4.5)

What we mean is that a solution can have some of the helicities λi as free parameters
and two solutions that differ by an affine integer-valued transformation of these free
parameters should be considered equivalent.21

Observations and simple solutions. Here, we present some general observations that
enable us to readily recover known solutions and identify new ones.

First, HS-SDGR is a well-defined theory. It contains all higher-spin fields and all
possible chiral two-derivative couplings, and is thus defined by the largest possible crystal.
Moreover, starting from a seed containing only even helicities, we will never generate odd
ones. Conversely, it is not possible to construct a theory with only odd helicities. This tells
us that HS-SDGR admits a consistent truncation to the even-helicity sector.

Some solutions have only (++−) cubic couplings. This possibility was first pointed
out in [27] while exploring possible subalgebras of the “gauge algebra” of HS-SDGR (see
also [81]). A covariant action for the case including all (++−) couplings and no scalar
fields was constructed in [25].

To see the existence of such theories using our method, we have to start from a small
crystal (4.1) and impose that the newly generated couplings never produce any (−−+) terms.
We can achieve this by requiring

λ1, λ2, λ3 ≥ n ≥ 2 , n ∈ Z . (4.6)

As a consequence

λ4 = 4 − λ123 ≤ −n ≤ −2 ,

2 − λij ≤ −n ≤ −2, i, j = {1, 2, 3} , (4.7)
λij − 2 ≥ n ≥ 2, i, j = {1, 2, 3} .

21We just mean that, for example, if the classification contains theories with helicities λ, λ + 1, λ + 2 and
2λ′ − 1, 2λ′, 2λ′ + 1 for any λ, λ′, then this is the same solution (parameterised by λ = 2λ′ − 1).
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These define consistent truncations of HS-SDGR: we have a truncation for every n ≥ 2 where
all couplings will only contain fields of helicities |λ| ≥ n. We can also observe that there exist
solutions containing all possible cubic couplings constructed from the truncated spectrum.22

To see it, we need to prove that any coupling with |λ| ≥ n can be reached by a small crystal
generated by two couplings with helicities |λ| ≥ n. To do this, we simply use that pair of
couplings as the seed of the small crystal. These are exactly the truncations found in [27].

Note that this does not prevent the existence of consistent “smaller”23 theories. Indeed,
as we will see later, this is the case. We should interpret the solutions we just described as
a collection (finite or infinite) of crystals, nested one inside the other. This idea is related
to the notion of subalgebras, see [27].

An additional interesting observation arises when we attempt to include a scalar field. A
two-derivative cubic coupling involving a scalar takes the form Cλ,2−λ,0 and generates (even
on its own, but here we assume the presence of two such couplings) the small crystal

Cλ1,2−λ1,0C0,λ2,2−λ2 , Cλ1,λ2,2−λ12Cλ12−2,2−λ1,2−λ2 , Cλ1,2−λ2,λ2−λ1Cλ1−λ2,2−λ1,λ2 . (4.8)

This crystal contains both (++−) and (−−+) couplings if at least one of the helicities
satisfies λ ≥ 3 or λ ≤ −1. Therefore, it is not possible to consistently add a scalar field and
retain only (++−) couplings while preserving Lorentz invariance; adding a scalar necessarily
introduces (−−+) couplings as well.

The only exceptions occur for λ = 1, which gives a crystal with a single coupling C1,1,0,
or λ = 0, 2, yielding the two couplings C2,0,0 and C−2,2,2.

We can now ask which is the simplest theory that includes the SDGR coupling C−2,2,2

and a generic coupling containing at least one scalar field Cλ,2−λ,0. The smallest crystal
containing them is generated by the seed (2, λ, 0, 2 − λ), which gives the spectrum

±{0, 2, λ, λ − 2, 2λ − 2} . (4.9)

The cubic couplings are then all possible ones constructed from the spectrum above:

{C−2,2,2, C2,−λ,λ, C2,2−λ,λ−2, C2,2−2λ,2λ−2, C0,0,2, C2−2λ,λ,λ, C0,2−λ,λ, C2−λ,2−λ,2λ−2} . (4.10)

One final observation is that we can easily recover the minimal coupling24 to gravity for
higher-spin fields, thanks to the small crystal

C2,2,−2C2,λ,−λ, C2,λ,−λCλ,2,−λ, C2,−λ,λC−λ,2,λ . (4.11)

22This is, in fact, a more general statement. As we will see, all consistent two-derivative chiral higher-spin
theories are entirely determined by their spectrum.

23Here by smaller we mean theories that contain fewer fields and/or fewer cubic couplings.
24For massless fields, the minimal coupling corresponds to the cubic interaction with the lowest number of

derivatives, two for gravitational interactions and one for gauge interactions. Note also that the mass dimension
of the coupling scales as 1−|λ1 +λ2−λ3|. Consequently, the gravitational minimal coupling has mass dimension
−1 and is proportional to 1/MP , while the gauge (spin-1) coupling is dimensionless and corresponds to the
electric charge e for photons or the gauge coupling g for gluons. For a more detailed explanation, including
a generalization to massive higher-spin fields, we refer to [84]. There, all cubic interactions — not only the
minimal ones — are classified using the spinor-helicity formalism, which is also adapted to the massive case.
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This configuration yields the following solution to the system of equations:

C2,2,−2C2,λ,−λ = C2,λ,−λCλ,2,−λ ⇒ C2,2,−2 = C2,λ,−λ . (4.12)

This result demonstrates the universality of gravitational interactions, even for higher-spin
fields. An expression of what is commonly referred to as the equivalence principle.

Both the crystal (4.9) and (4.11) will appear again in the classification we present below.

Spectrum ⇒ couplings. There is an interesting “experimental fact” that all two- and one-
derivative theories we classify below have all possible cubic couplings that can be constructed
from the spectrum of the helicities that participate in the interactions, which we can call
“interacting spectrum”. In other words, suppose that the free approximation contains fields
with helicities S′ = {λ′

i}, while the cubic couplings contain a subset of these helicities
S′ ∋ S = {λi}. Then, the theory contains all cubic vertices Vλi,λj ,λk

, λi + λj + λk = 1 or 2.
Some theories contain free parameters, and for the above to hold, we assume these parameters
are generic — that is, they do not vanish. The fact that the (interacting) spectrum determines
the couplings is nontrivial, and as we will show later, this property no longer holds in the
higher-derivative case.

All two-derivative solutions. To construct inequivalent crystals, we begin with a seed
containing generic helicities (λ1, λ2, λ3, λ4), with the condition ∑4

i=1 λi = 4. We then proceed
as follows:

• First, we construct the small crystal generated by the seed and identify all possible
relations among the helicities that would generate new small crystals. This is done by
fixing two generic helicities to be opposite to each other.

• For each such relation, once imposed, we compute the newly generated crystals and
then look for further constraints they induce.

• Since the initial small crystal contains three independent helicities — taken to be
(λ1, λ2, λ3) — we iterate this process up to three times and then stop.

• Finally, we identify inequivalent crystals, modulo the equivalence relations (4.4)
and (4.5).

In general, the solutions may also include non-integer helicities,25 that would correspond to
non-physical configurations. In the classification below, we only report the physical solutions.

We present the solutions starting from the three-parameter family, then proceed to the two-
and one-parameter families, followed by particular cases. However, it is important to interpret

25In particular, most of them do not contain half-integer spins, which should be interpreted as (bosonic)
fermions (note, that the generators for fermions are slightly different and are not just obtained but letting
λ be half-integer). Instead, they involve helicities like λ = 2

3 , 4
3 , or other generic rational values. These

configurations, even though they may be mathematically interesting they are not physically relevant. For this
reason, we decided to omit them in the classification. Nevertheless, it is tempting to consider λ ∈ R since
the light-cone generators tolerate that. One can also speculate that the light-cone gauge allows one to define
“fractional spin” in four dimensions.
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the classification in the opposite direction. The solution with the greatest helicity freedom
remains valid until an additional relation is imposed, reducing the number of free parameters.

As all solutions are completely determined by the (interacting) spectrum, for each
inequivalent crystal, we only write down the interacting spectrum in the following way:
±{λ1, . . .} ∪ {s1, . . .}. The spectrum of a theory consists of fields with helicity ±λ1, . . . , ±s1,
. . . 26 The cubic vertices are given by all possible triplets of fields with helicities ±λ1, . . . and
+s1, . . . (no −s1!) such that the total helicity is (1)2 for (one-)two-derivative theories.

Note that a crystal can exhibit two possible behaviours when a new relation among
the helicities is imposed:

• The new relation may trigger the formation of new and different small crystals. This
leads to an inequivalent crystal compared to the original one, but with one less degree
of freedom in the helicities.

• The new relation does not result in any new small crystals. In this case, the resulting
crystal is simply a contraction of the original one, in the sense that, although it contains
fewer fields and couplings, it is not independent of the original.

We begin by describing inequivalent crystals with a finite spectrum of fields and a finite
number of cubic couplings. The first case is the simplest and least interesting, involving
only a single small crystal. This case gives a three-parameter family of solutions, with the
following seed (λ1, λ2, λ3, 4 − λ123) and the crystal contains 10 fields:

±{2 − λ12, 2 − λ13, 2 − λ23} ∪ {λ1, λ2, λ3, 4 − λ123} . (4.13)

There are 4 two-parameter families of finite crystals:

1. The seed (λ1, λ2, 0, 4 − λ12) generates a crystal with 22 fields:

±{0, λ1 − 2, λ2 − 2, λ1 − λ2, 2λ1 − 2, 2λ2 − 2, 6 − 2λ12,

2 − λ12, 4 − λ1 − 2λ2, 4 − 2λ1 − λ2} ∪ {λ1, λ2, 4 − λ12} .
(4.14)

It is obtained by imposing λ3 = −λ3 ⇒ λ3 = 0.

2. The seed (λ1, λ2, 2, 2 − λ12) generates a crystal with 8 fields:

±{2, λ1, λ2, 2 − λ12} . (4.15)

It is obtained by imposing λ13 − 2 = λ1 ⇒ λ3 = 2.

3. The seed (λ1, λ2, 2 − 2λ1, 2 + λ1 − λ2) generates a crystal with 13 fields:

±{λ1, 2λ2 − 2, 2λ1 − λ2, 2 − λ12, 2 + 2λ1 − 2λ2} ∪ {λ2, 2 − 2λ1, 2 + λ1 − λ2} . (4.16)

It is obtained by imposing 2 − λ13 = λ1 ⇒ λ3 = 2 − 2λ1.
26The free Hamiltonian always contains pairs of fields with opposite helicities.
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4. The seed (λ1, λ2, 2 − λ1, 2 − λ2) generates a crystal with 13 fields:

±{0, 2λ1 − 2, 2λ2 − 2, λ1 − λ2, 2 − λ12} ∪ {λ1, λ2, 2 − λ1, 2 − λ2} . (4.17)

It is obtained by imposing 2 − λ13 = λ13 − 2 ⇒ λ3 = 2 − λ1.

There are 5 one-parameter families of finite crystals:

1. The seed (0, 6 − 4λ, λ, 3λ − 2) generates a crystal with 24 fields:

±{0, λ − 2, 2λ − 2, 3λ − 4, 4λ − 4, 5λ − 6, 6λ − 6,

7λ − 8, 8λ − 10, 9λ − 10, 12λ − 14} ∪ {λ, 3λ − 2, 6 − 4λ} .
(4.18)

It comes from (4.14) by imposing λ2 − λ1 = 2λ1 − 2 ⇒ λ2 = 3λ1 − 2.

2. The seed (0, 4 − 3λ, λ, 2λ) generates a crystal with 31 fields:

±{0, λ, λ − 2, 2λ − 2, 3λ − 2, 4λ − 4, 4λ − 2, 5λ − 4, 6λ − 6, 6λ − 4,

7λ − 6, 8λ − 6, 9λ − 8, 10λ − 8, 12λ − 10} ∪ {2λ, 4 − 3λ} .
(4.19)

It comes from (4.14) by imposing λ2 − λ1 = λ1 ⇒ λ2 = 2λ1.

3. The seed (4 − 3λ, 2 − 2λ, λ, 4λ − 2) generates a crystal with 16 fields:

±{12λ − 10, 9λ − 8, 8λ − 6, 6λ − 6, 5λ − 4, 2λ − 2, λ} ∪ {4 − 3λ, 4λ − 2} . (4.20)

It comes from (4.16) by imposing λ1 = 2 − 2λ2.

4. The seed (1, 2 − 2λ, λ, λ + 1) generates a crystal with 16 fields:

±{0, λ, λ − 1, 2λ, 2λ − 1, 3λ − 1, 4λ − 2} ∪ {1, λ + 1, 2 − 2λ} . (4.21)

It comes from (4.16) by imposing 2λ2 − 2 = 2 − 2λ2 ⇒ λ2 = 1.

5. The seed (6λ − 6, λ, 4 − 3λ, 6 − 4λ) generates a crystal with 13 fields:

±{2λ − 2, 3λ − 4, 7λ − 8, 8λ − 10, 12λ − 14} ∪ {λ, 6λ − 6, 6 − 4λ} . (4.22)

It comes from (4.16) by imposing λ1 + λ2 − 2 = 2 − 2λ2 ⇒ λ1 = 4 − 3λ2.

There are 4 particular finite crystals:

1. The seed (0, 1, 1, 2) generates a crystal with 5 fields:

±{0, 1, 2} . (4.23)

This corresponds to SDGR coupled to the photon and a scalar field.

2. The seed (0, 0, 2, 2) generates a crystal with 3 fields:

±{0, 2} . (4.24)

This corresponds to SDGR with a scalar field.
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3. The seed (−2, 2, 2, 2) generates a crystal with 2 fields:

±{2} . (4.25)

This corresponds to SDGR.

4. The seed (1, 1, 1, 1) generates a crystal with 2 fields:

{0, 1} . (4.26)

This corresponds to the abelian vertex φF 2 alone.

Below, we present the crystals with infinite spectra and infinitely many cubic couplings,
which we refer to as infinite crystals. We explicitly indicate whether helicities 0 and ±2 are
present in the theory, as these fields are of particular relevance. There is 1 two-parameter
family of infinite crystals:

1. The seed (−λ1, λ1, 4 − λ2, λ2) generates a crystal with the following fields:

±{2, (2 − λ2)k ± 2, (2 − λ2)k ± λ1} , k ∈ Z≥0 . (4.27)

It is obtained by imposing λ3 = −λ1.

There are 2 one-parameter families of infinite crystals:

1. The seed (−2, 6,−λ, λ) generates a crystal with the following fields:

± {2, 4k} , k ∈ Z≥0 , λ ≡ 2 (mod 4) , (4.28a)
± {0, 2, 2k} , k ∈ Z≥0 , λ ≡ 0 (mod 4) , (4.28b)
± {0, 2, k} , k ∈ Z≥0 , λ odd . (4.28c)

It comes from (4.16) by imposing λ2 = λ2 − λ1 − 2 ⇒ λ1 = −2 or from (4.27) by
imposing λ2 = −2.

2. The seed (0, 6 − 2λ, λ − 2, λ) generates a crystal with the following fields:

±{0, 2, (2 − λ)k, (2 − λ)k ± 2} , k ∈ Z≥0 . (4.29)

It comes from (4.14) by imposing λ1 = λ2 − 2.

There are some particular infinite solutions:27

• The following seeds generate all integer helicities:

{(0, 0, 1, 3), (0, 1,−1, 4), (0, 3,−3, 4), (1, 2,−2, 3),
(1,−1,−2, 6), (1, 4,−4, 3), (1,−1, 1, 3)} .

(4.30)

• The following seeds generate all even helicities:

{(0, 2,−2, 4), (0, 0, 0, 4), (0, 4,−4, 4), (0, 0,−2, 6),
(0, 6,−6, 4), (0, 10,−10, 4), (4,−4,−2, 6), (0, 10,−4,−2)} .

(4.31)

27We include these cases because they arise by fixing specific helicities in the finite crystals discussed above.
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• The following seeds generate all helicities λ ≡ 2 (mod 4):

{(2,−2,−2, 6), (10,−10,−2, 6), (6,−6,−2, 6)} . (4.32)

In the following, we present additional crystals which, as described above, are merely
contractions of larger crystals, even though they exhibit a different spectrum. Nevertheless,
they are relevant, and we include them here as well. We also indicate whether the crystal
coincides with its small crystal, and whether it contains only (++−) couplings. There is
1 two-parameter family of finite crystals:

1. The seed (λ1, λ2, λ1, 4 − 2λ1 − λ2) generates a crystal with 7 fields:

±{2λ1 − 2, 2 − λ12} ∪ {λ1, λ2, 4 − 2λ1 − λ2} . (4.33)

It is a contraction of (4.13) by imposing 2−λ12 = 2−λ23 ⇒ λ3 = λ1. It coincides with
the small crystal.

There are 13 one-parameter families of finite crystals:

1. The seed (0, 1, 3 − λ, λ) generates a crystal with 21 fields:

±{0, 1, λ − 1, λ − 2, 2λ − 4, 2λ − 3, 2λ − 2, 3λ − 5, 3λ − 4, 4λ − 6} ∪ {λ, 3 − λ} . (4.34)

It is a contraction of (4.14) by imposing λ2 = 2 − λ2 ⇒ λ2 = 1.

2. The seed (2, λ, 0, 2 − λ) generates a crystal with 9 fields:

±{0, 2, λ, λ − 2, 2λ − 2} . (4.35)

It is a contraction of (4.14) by imposing 2λ2 − 2 = λ2 ⇒ λ2 = 2.

3. The seeds (0, λ, λ, 4− 2λ) and (2λ− 2, λ, 2− λ, 4− 2λ) generate a crystal with 11 fields:

±{0, λ − 2, 2λ − 2, 3λ − 4, 4λ − 6} ∪ {λ, 4 − 2λ} . (4.36)

It is a contraction of (4.14) by imposing λ1 − λ2 = λ2 − λ1 ⇒ λ2 = λ1 and of (4.16) by
imposing 2 − 2λ1 = 2λ2 − 2 ⇒ λ1 = 2 − λ2, respectively.

4. The seed (0, 6 − 3λ, λ, 2λ − 2) generates a crystal with 17 fields:

±{0, 2 − λ, 2λ − 4, 2λ − 2, 3λ − 4, 4λ − 6, 5λ − 8, 6λ − 10} ∪ {λ, 6 − 3λ} . (4.37)

It is a contraction of (4.14) by imposing λ2 = 2λ1 − 2.

5. The seed (2, 2,−λ, λ) generates a crystal with 4 fields:

±{2, λ} . (4.38)

It is a contraction of (4.15) by imposing λ2 = 2. This crystal contains only (++−)
couplings. It coincides with the small crystal.
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6. The seed (2, 2 − 2λ, λ, λ) generates a crystal with 6 fields:

±{2, λ, 2λ − 2} . (4.39)

It is a contraction of (4.15) by imposing λ2 = λ1. This crystal contains only (++−)
couplings.

7. The seed (6 − 4λ, λ, λ, 2λ − 2) generates a crystal with 6 fields:

±{3λ − 4, 2λ − 2} ∪ {λ, 6 − 4λ} . (4.40)

It is a contraction of (4.16) by imposing λ1 = 2λ2−2. This crystal contains only (++−)
couplings. It coincides with the small crystal.

8. The seed (2 − 2λ, 2 − 2λ, λ, 3λ) generates a crystal with 8 fields:

±{λ, 4λ − 2, 6λ − 2} ∪ {2 − 2λ, 3λ} . (4.41)

It is a contraction of (4.16) by imposing λ2 = 2 − 2λ1.

9. The seed (10 − 6λ, λ, 2λ − 2, 3λ − 4) generates a crystal with 10 fields:

±{2λ − 2, 3λ − 4, 4λ − 6, 5λ − 8} ∪ {λ, 10 − 6λ} . (4.42)

It is a contraction of (4.16) by imposing 2 + λ1 − λ2 = 2λ2 − 2 ⇒ λ1 = 3λ2 − 4. This
crystal contains only (++−) couplings.

10. The seed (1, 1, 2 − λ, λ) generates a crystal with 8 fields:

±{0, λ − 1, 2λ − 2} ∪ {1, λ, 2 − λ} . (4.43)

It is a contraction of (4.17) by imposing 2λ2 − 2 = 2 − 2λ2 ⇒ λ2 = 1.

11. The seed (λ, λ, 2 − λ, 2 − λ) generates a crystal with 5 fields:

±{0, 2λ − 2} ∪ {λ, 2 − λ} . (4.44)

It is a contraction of (4.33) by imposing λ1 + λ2 − 2 = 2 − λ1 − λ2 ⇒ λ2 = 2 − λ1. It
coincides with the small crystal.

12. The seed (4 − 3λ, 2 − λ, λ, 3λ − 2) generates a crystal with 11 fields:

±{0, 2λ − 2, 4λ − 4, 6λ − 6} ∪ {4 − 3λ, 2 − λ, λ, 3λ − 2} . (4.45)

It is a contraction of (4.17) by imposing λ2 − λ1 = 2λ1 − 2 ⇒ λ2 = 3λ1 − 2.

13. The seed (4 − 3λ, λ, λ, λ) generates a crystal with 4 fields:

±{2λ − 2} ∪ {λ, 4 − 3λ} . (4.46)

It is a contraction of (4.33) by imposing 2λ1 − 2 = λ1 + λ2 − 2 ⇒ λ2 = λ1. This crystal
contains only (++−) couplings. It coincides with the small crystal.
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We also present 5 additional one-parameter families of infinite crystals which, although arising
as specific contractions of (4.27), also originate from the two-parameter families of finite
crystals. As such, they are important for the complete classification.

1. The seed (0, 0, 4 − λ, λ) generates a crystal with the following fields:

±{0, 2, (2 − λ)k, (2 − λ)k ± 2}, k ∈ Z≥0 . (4.47)

It comes from (4.14) by imposing λ1 = 0.

2. The seed (0, 4,−λ, λ) generates a crystal with the following fields:

± {0, 2, k}, k ∈ Z≥0 , λ odd , (4.48a)
± {0, 2, 2k}, k ∈ Z≥0 , λ even . (4.48b)

It comes from (4.14) by imposing 4 − λ1 − λ2 = −λ1 ⇒ λ2 = 4. This seed leads to
HS-SDGR. In particular, starting from an even λ yields a truncation of HS-SDGR to
even helicities, while an odd λ gives the full HS-SDGR spectrum.

3. The seeds (2,−2, 4 − λ, λ), (2λ − 6, λ, 4 − λ, 6 − 2λ) and (λ, λ,−λ, 4 − λ) generate a
crystal with the following fields:

±{2, (2 − λ)k ± 2} , k ∈ Z≥0 . (4.49)

It comes from (4.15) by imposing λ2 = −2 and from (4.16) by imposing 2− 2λ1 = λ2 −
λ1 − 2 ⇒ λ1 = 4 − λ2 and from (4.33) by imposing λ2 = −λ1, respectively.

4. The seed (2 + 2λ, λ,−λ, 2 − 2λ) generates a crystal with the following fields:

±{2, 2kλ ± 2, (2k + 1)λ} , k ∈ Z≥0 . (4.50)

It comes from (4.16) by imposing λ2 = −λ1.

5. The seed (λ, 2 + λ,−λ, 2 − λ) generates a crystal with the following fields:

±{0, 2, kλ ± 2, kλ} , k ∈ Z≥0 . (4.51)

It comes from (4.17) by imposing λ2 = −λ1.

Further observations. From the classification above, we find that the only seeds leading
to the full HS-SDGR theory are:

(λ,−λ,1,3) Cλ,−λ,2C−2,1,3, Cλ,1,1−λCλ−1,−λ,3, Cλ,3,−1−λCλ+1,−λ,1 ,

(λ,−λ,0,4) Cλ,−λ,2C−2,0,4, Cλ,0,2−λCλ−2,−λ,4, Cλ,4,−2−λCλ+2,−λ,0 , λ odd ,

(λ,−λ,−1,5) Cλ,−λ,2C−2,−1,5, Cλ,−1,3−λC−3+λ,−λ,5, Cλ,5,−3−λC3+λ,−λ,−1 , λ ≡ 0 (mod 3) ,

(−2,6,λ,−λ) C−2,6,−2C2,λ,−λ, C−2,λ,4−λC−4+λ,6,−λ, C−2,−λ,4+λC−4−λ,6,λ , λ odd .

Therefore, HS-SDGR is the unique solution iff at least one of these C2C2 coupling pairs
is turned on.
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Another noteworthy observation is that the only finite crystals containing the SDGR
coupling C−2,2,2 — and which can thus be interpreted as chiral higher-spin gravity theories —
are those generated by (4.15) and its contractions. In contrast, all infinite crystals include
the SDGR coupling.

As we will see later, when solving the system of equations for the couplings associated
with a crystal, some solutions may allow certain couplings to vanish. This gives rise to a
sub-crystal, which corresponds to a subalgebra in the terminology of [27]. As shown in [27],
solutions to the light-cone holomorphic constraint correspond, with a few exceptions, to
specific Lie algebras.

4.2 One-derivative chiral higher-spin theories

Here, we classify all inequivalent solutions of chiral higher-spin theories involving one-derivative
interactions in the presence of a U(N) gauge group. For SO(N) and USp(N), the classification
of the crystals remains the same. The only difference is in the system for the couplings, as
discussed in appendix D. Satisfying the holomorphic constraint (3.64) requires two basic rules:

• Starting from a single pair of couplings C1C1, four additional ones are required. In
particular, the following set of couplings must be present together:

Cλ1,λ2,1−λ12Cλ12−1,λ3,λ4 , Cλ1,λ3,1−λ13Cλ13−1,λ2,λ4 , Cλ1,λ4,1−λ14Cλ14−1,λ2,λ3 . (4.52)

We also impose ∑4
i=1 λi = 2 to ensure that only one-derivative interactions are present.

We refer to the collection of the 6 couplings above as a small crystal. An exception
is the pair Cλ1,λ1,0C0,λ2,λ2 , which is excluded from the small crystal, as it does not
participate in the constraint (3.66).

• These couplings have to satisfy the following system of equations:

Cλ1,λ2,1−λ12Cλ12−1,λ3,λ4 = Cλ4,λ1,1−λ14Cλ14−1,λ2,λ3 ,

Cλ1,λ1,0C0,λ2,λ2 = generic .
(4.53)

The same equations also appear for the other colour-ordered constraints (3.63). While
this system does not affect the classification below, it plays a role in determining
relations among the couplings in any given theory. Notably, a solution is always
guaranteed to exist — namely the one corresponding to HS-SDYM — in which all
one-derivative couplings in the theory take the same value. However, in general, for
smaller theories than HS-SDYM, some couplings remain unconstrained and correspond
to free parameters. In what follows, we assume that all such free parameters are kept
different from zero.

To justify the need for the small crystal in (4.52), we recall that the constraint (3.66)
applies only to a single colour-ordered case, specifically [1234], and requires just two pairs of
couplings. We make a simplifying assumption that Cλ1,λ2,ω ̸= 0 implies Cλ2,λ1,ω ̸= 0. As a
result, we also need to satisfy the colour-ordered constraint [1342], which in turn implies that
all permutations must be included and all colour-ordered constraints must be fulfilled.
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Apart from the change in the number of derivatives of the vertices, the classification
strategy remains unchanged. Then we follow the same procedure as in the two-derivative
case. Let us give an example of a crystal generated by the seed (1, 1,−λ, λ), which yields

C1,1,−1C1,−λ,λ, C1,−λ,λC−λ,1,λ, C1,λ,−λCλ,1,−λ

C1,1,−1C1,−1,1, C1,−1,1C−1,1,1, C1,1,−1C1,1,−1 .
(4.54)

The above defines a specific chiral higher-spin theory with one-derivative interactions. It con-
tains only a finite number of couplings, a finite spectrum, and the SDYM interaction C−1,1,1.

The notion of equivalence between crystals is the same as in the two-derivative case.

Observations and simple solutions. First, HS-SDYM is a well-defined theory. It contains
all higher-spin fields and all possible chiral one-derivative couplings, and is thus defined by
the largest possible crystal. Moreover, starting from a seed containing only odd helicities, we
will never generate even ones. This tells us that HS-SDYM admits a consistent truncation
to the odd-helicity sector.

As in the two-derivative case, solutions that include only (++−) cubic couplings are
allowed. The argument is the same as before, starting from the small crystal (4.52) and
by requiring

λ1, λ2, λ3 ≥ n ≥ 1 , n ∈ Z . (4.55)

As a consequence

λ4 = 2 − λ123 ≤ −n ≤ −1 ,

1 − λij ≤ −n ≤ −1 , i, j = {1, 2, 3} , (4.56)
λ1j − 1 ≥ n ≥ 1 , i, j = {1, 2, 3} .

These define consistent truncations of HS-SDYM, and we can have arbitrary truncations,
containing fields of helicities |λ| ≥ n. As before, there exist solutions that incorporate all
possible cubic couplings constructed from the truncated spectrum.

Let us try to include a scalar field. A one-derivative cubic coupling involving a scalar
field takes the form (λ, 1 − λ, 0) and generates the small crystal

Cλ1,1−λ1,0C0,λ2,1−λ2 , Cλ1,λ2,1−λ12Cλ12−1,1−λ1,1−λ2 , Cλ1,1−λ2,λ2−λ1Cλ1−λ2,1−λ1,λ2 . (4.57)

This crystal contains both (++−) and (−−+) couplings if at least one of the helicities satisfies
λ ≥ 2 or λ ≤ −1. Therefore, adding a scalar necessarily introduces (−−+) couplings as well.

The only exceptions occur for λ = 0, 1, which gives a crystal with two couplings
C0,0,1, C−1,1,1.

We can now ask which is the simplest theory that includes the SDYM coupling C−1,1,1

and a generic coupling containing at least one scalar field Cλ,1−λ,0. The smaller crystal
containing them is generated by the seed (0, 1, 1 − λ, λ), which gives the spectrum

±{0, 1, λ, λ − 1, 1 − 2λ} . (4.58)
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The cubic couplings are then all the possible ones constructed from the spectrum above:

{C0,0,1,C0,1−λ,λ,C1,−λ,λC1,1−λ,−1+λ,C1−λ,1−λ−1+2λ,C1−2λ,λ,λ,C−1,1,1,C1,1−2λ,−1+2λ} .

(4.59)
One final observation is that we can easily recover the minimal coupling to the spin-1

gauge field for higher-spin fields, thanks to the small crystal

C1,1,−1C1,λ,−λ, C1,λ,−λCλ,1,−λ, C1,−λ,λC−λ,1,λ . (4.60)

This configuration yields the following solution to the system of equations:

C1,1,−1C2,λ,−λ = C1,λ,−λCλ,1,−λ ⇒ C1,1,−1 = C1,λ,−λ . (4.61)

This result demonstrates the universality of the coupling to spin-1 for higher-spin fields.
Both the crystal (4.58) and (4.60) will appear again in the classification we present below.

All one-derivative solutions. We follow the same procedure as in the two-derivative case.
Recall that, in this case as well, the spectrum completely determines the cubic couplings.

The first solution is a three-parameter family with the following seed (λ1, λ2, λ3, 2−λ123)
and the crystal contains 10 fields:

±{1 − λ12, 1 − λ13, 1 − λ23} ∪ {λ1, λ2, λ3, 2 − λ123} . (4.62)

There are 4 two-parameter families of finite crystals:

1. The seed (0, λ1, 2 − λ12, λ2) generates a crystal with 22 fields:

±{0, 1 − 2λ1, 1 − λ1, 1 − 2λ2, 3 − 2λ12, 2 − λ1 − 2λ2, 1 − λ2,

2 − 2λ1 − λ2, 1 − λ12, λ1 − λ2} ∪ {λ1, 2 − λ12, λ2} .
(4.63)

It is obtained by imposing λ3 = −λ3 ⇒ λ3 = 0.

2. The seed (1, λ1, 1 − λ12, λ2) generates a crystal with 8 fields:

±{1, λ1, 1 − λ12, λ2} . (4.64)

It is obtained by imposing λ13 − 1 = λ1 ⇒ λ3 = 1.

3. The seed (1 − 2λ1, λ1, 1 + λ1 − λ2, λ2) generates a crystal with 13 fields:

±{λ1, 1 − 2λ2, 1 + 2λ1 − 2λ2, 1 − λ12, 2λ1 − λ2} ∪ {1 − 2λ1, 1 + λ1 − λ2, λ2} . (4.65)

It is obtained by imposing 1 − λ13 = λ1 ⇒ λ3 = 1 − 2λ1.

4. The seed (1 − λ1, λ1, 1 − λ2, λ2) generates a crystal with 13 fields:

±{0, 1 − 2λ1, 1 − 2λ2, 1 − λ12, λ1 − λ2} ∪ {1 − λ1, λ1, 1 − λ2, λ2} . (4.66)

It is obtained by imposing 1 − λ13 = λ13 − 1 ⇒ λ3 = 1 − λ1.
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There are 4 one-parameter families of solutions:

1. The seed (0, 3 − 4λ, λ, 3λ − 1) generates a crystal with 24 fields:

±{0, 7 − 12λ, 5 − 9λ, 5 − 8λ, 4 − 7λ, 3 − 6λ, 3 − 5λ,

2 − 4λ, 2 − 3λ, 1 − 2λ, 1 − λ} ∪ {3 − 4λ, λ,−1 + 3λ} .
(4.67)

It comes from (4.63) by imposing λ2 − λ1 = 2λ1 − 1 ⇒ λ2 = 3λ1 − 1.

2. The seed (0, 2 − 3λ, λ, 2λ) generates a crystal with 31 fields:

±{0, 5 − 12λ, 4 − 10λ, 4 − 9λ, 3 − 8λ, 3 − 7λ, 2 − 6λ, 3 − 6λ, 2 − 5λ,

1 − 4λ, 2 − 4λ, 1 − 3λ, 1 − 2λ, 1 − λ,−λ} ∪ {2 − 3λ, 2λ} .
(4.68)

It comes from (4.63) by imposing λ2 − λ1 = λ1 ⇒ λ2 = 2λ1.

3. The seed (2 − 3λ, 1 − 2λ, λ, 4λ − 1) generates a crystal with 16 fields:

±{5 − 12λ, 4 − 9λ, 3 − 8λ, 3 − 6λ, 2 − 5λ, 1 − 2λ, λ} ∪ {4λ − 1, 2 − 3λ} . (4.69)

It comes from (4.65) by imposing λ1 = 1 − 2λ2.

4. The seed (6λ − 3, λ, 2 − 3λ, 3 − 4λ) generates a crystal with 13 fields:

±{7 − 12λ, 5 − 8λ, 4 − 7λ, 2 − 3λ, 1 − 2λ} ∪ {3 − 4λ, λ, 6λ − 3} . (4.70)

It comes from (4.65) by imposing λ1 + λ2 − 1 = 1 − 2λ2 ⇒ λ1 = 2 − 3λ2.

There are 2 particular finite crystals:

1. The seed (0, 0, 1, 1) generates a crystal with 3 fields:

±{1, 0} . (4.71)

This corresponds to SDYM coupled to a scalar field.

2. The seed (−1, 1, 1, 1) generates a crystal with 2 fields:

±{1} . (4.72)

This corresponds to SDYM.

There is 1 two-parameter family of infinite crystals:

1. The seed (−λ1, λ1, 2 − λ2, λ2) generates a crystal with the following fields:

±{1, (1 − λ2)k ± 1, (1 − λ2)k ± λ1} , k ∈ Z≥0 . (4.73)

It is obtained by imposing λ3 = −λ1.

There is 1 one-parameter family of infinite crystals:
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1. The seed (0, 3 − 2λ, λ − 1, λ) generates a crystal with the following fields:

±{0, 1, (1 − λ)k, (1 − λ)k ± 1} , k ∈ Z≥0 . (4.74)

It comes from (4.63) by imposing λ1 = λ2 − 1.

There are some particular infinite solutions:

• The following seeds generate all integer helicities:

{(−1, 0, 1, 2), (0, 0, 0, 2), (−2, 0, 2, 2), (−1, 0, 0, 3), (−3, 0, 2, 3),
(−5, 0, 2, 5), (−4, 0, 2, 4), (−2,−1, 0, 5), (−2,−1, 2, 3)} .

(4.75)

• The following seeds generate all odd helicities:

{(−1,−1, 1, 3), (−5,−1, 3, 5), (−3,−1, 3, 3)} . (4.76)

In the following, we present additional crystals obtained through specific contractions of
the spectra of the previously discussed crystals.

There is 1 two-parameter family of finite crystals:

1. The seed (λ1, λ1, 2 − 2λ1 − λ2, λ2) generates a crystal with 7 fields:

±{1 − 2λ1, 1 − λ12} ∪ {λ1, 2 − 2λ1 − λ2, λ2} . (4.77)

It is a contraction of (4.62) by imposing 1−λ12 = 1−λ23 ⇒ λ3 = λ1. It coincides with
the small crystal.

There are 11 one-parameter families of finite crystals:

1. The seed (0, 1, 1 − λ, λ) generates a crystal with 9 fields:

±{0, 1, λ, 2λ − 1, λ − 1} . (4.78)

It is a contraction of (4.63) by imposing 2λ1 − 1 = λ1 ⇒ λ1 = 1.

2. The seeds (0, λ, λ, 2− 2λ) and (2λ− 1, λ, 1− λ, 2− 2λ) generate a crystal with 11 fields:

±{0, 3 − 4λ, 2 − 3λ, 1 − 2λ, 1 − λ} ∪ {2 − 2λ, λ} . (4.79)

It is a contraction of (4.63) by imposing λ1 − λ2 = λ2 − λ1 ⇒ λ2 = λ1 and of (4.65) by
imposing 1 − 2λ1 = 2λ2 − 1 ⇒ λ1 = 1 − λ2, respectively.

3. The seed (0, 3 − 3λ, λ, 2λ − 1) generates a crystal with 17 fields:

±{0, 5 − 6λ, 4 − 5λ, 3 − 4λ, 2 − 3λ, 1 − 2λ, 2 − 2λ, 1 − λ} ∪ {3 − 3λ, λ} . (4.80)

It is a contraction of (4.63) by imposing λ2 = 2λ1 − 1.
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4. The seed (1, 1,−λ, λ) generates a crystal with 4 fields:

±{1, λ} . (4.81)

It is a contraction of (4.64) by imposing λ2 = 1. This crystal contains only (++−)
couplings. It coincides with the small crystal.

5. The seed (1, 1 − 2λ, λ, λ) generates a crystal with 6 fields:

±{1, 1 − 2λ, λ} . (4.82)

It is a contraction of (4.64) by imposing λ2 = λ1. This crystal contains only (++−)
couplings.

6. The seed (3 − 4λ, λ, λ, 2λ − 1) generates a crystal with 6 fields:

±{2 − 3λ, 1 − 2λ} ∪ {3 − 4λ, λ} . (4.83)

It is a contraction of (4.65) by imposing λ1 = 2λ2−1. This crystal contains only (++−)
couplings. It coincides with the small crystal.

7. The seed (1 − 2λ, 1 − 2λ, λ, 3λ) generates a crystal with 8 fields:

±{1 − 6λ, 1 − 4λ, λ} ∪ {3λ, 1 − 2λ} . (4.84)

It is a contraction of (4.65) by imposing λ2 = 1 − 2λ1.

8. The seed (5 − 6λ, λ, 2λ − 1, 3λ − 2) generates a crystal with 10 fields:

±{4 − 5λ, 3 − 4λ, 2 − 3λ, 1 − 2λ} ∪ {5 − 6λ, λ} . (4.85)

It is a contraction of (4.65) by imposing 1 + λ1 − λ2 = 2λ2 − 1 ⇒ λ1 = 3λ2 − 2. This
crystal contains only (++−) couplings.

9. The seed (λ, λ, 1 − λ, 1 − λ) generates a crystal with 5 fields:

±{0, 1 − 2λ} ∪ {1 − λ, λ} . (4.86)

It is a contraction of (4.77) by imposing λ1 + λ2 − 1 = 1 − λ1 − λ2 ⇒ λ2 = 1 − λ1. It
coincides with the small crystal.

10. The seed (3λ − 1, λ, 1 − λ, 2 − 3λ} generates a crystal with 11 fields:

±{0, 3 − 6λ, 2 − 4λ, 1 − 2λ} ∪ {2 − 3λ, 1 − λ, λ,−1 + 3λ} . (4.87)

It is a contraction of (4.66) by imposing λ2 − λ1 = 2λ1 − 1 ⇒ λ2 = 3λ1 − 1.

11. The seed (2 − 3λ, λ, λ, λ) generates a crystal with 4 fields:

±{1 − 2λ} ∪ {2 − 3λ, λ} . (4.88)

It is a contraction of (4.77) by imposing 2λ1 − 1 = λ1 + λ2 − 1 ⇒ λ2 = λ1. This crystal
contains only (++−) couplings. It coincides with the small crystal.
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There are 7 one-parameter families of infinite crystals which, although arising as specific
contractions of (4.73), also originate from the two-parameter families of finite crystals:

1. The seed (0, 0, 2 − λ, λ) generates a crystal with the following fields:

±{0, 1, (1 − λ)k, (1 − λ)k ± 1} , k ∈ Z≥0 . (4.89)

It comes respectively from (4.63) by imposing λ1 = 0.

2. The seed (0, 2,−λ, λ) generates a crystal with the following fields:

±{0, 1, k} , k ∈ Z≥0 . (4.90)

It comes from (4.63) by imposing 2 − λ1 − λ2 = −λ1 ⇒ λ2 = 2. This seed leads to
HS-SDYM.

3. The seeds (1,−1, 2 − λ, λ) and (λ, λ,−λ, 2 − λ) generate a crystal with the following
fields:

±{1, (1 − λ)k ± 1} , k ∈ Z≥0 . (4.91)

It comes from (4.64) by imposing λ2 = −1 and from (4.77) by imposing λ2 = −λ1,
respectively.

4. The seed (1 − 2λ, 2 − λ, λ, 2λ − 1) generates a crystal with the following fields:

±{1, (1 + λ)k ± 1} , k ∈ Z≥0 . (4.92)

It comes from (4.65) by imposing 1 + λ1 − λ2 = 2λ1 − 1 ⇒ λ2 = 2 − λ1.

5. The seed (1 + 2λ, λ,−λ, 1 − 2λ) generates a crystal with the following fields:

±{1, 2kλ ± 1, (2k + 1)λ} , k ∈ Z≥0 . (4.93)

It comes from (4.65) by imposing λ2 = −λ1.

6. The seed (−1, 3,−λ, λ) generates a crystal with the following fields:

± {0, 1, k} , k ∈ Z≥0 , λ even , (4.94a)
± {1, 2k + 1} , k ∈ Z≥0 , λ odd . (4.94b)

It comes from (4.65) by imposing λ2 = λ2−λ1−1 ⇒ λ1 = −1. This leads to HS-SDYM.
In particular, starting from an odd λ yields a truncation of HS-SDYM to odd helicities,
while an even λ gives the full HS-SDYM spectrum.

7. The seed (λ, 1 + λ,−λ, 1 − λ) generates a crystal with the following fields:

±{0, 1, kλ ± 1, kλ} , k ∈ Z≥0 . (4.95)

It comes from (4.66) by imposing λ2 = −λ1.
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Further observations. From the classification above, we find that the only seeds leading
to HS-SDYM are:

(λ,−λ,2,0) Cλ,−λ,1C−1,2,0, Cλ,2,−1−λC1+λ,−λ,0, Cλ,0,1−λC−1+λ,−λ,2 ,

(λ,−λ,3,−1) Cλ,−λ,1C−1,3,−1, Cλ,3,−2−λC2+λ,−λ,−1, Cλ,−1,2−λC−2+λ,−λ,3 , λeven,

(λ,−λ,−2,4) Cλ,−λ,1C−1,−2,4, Cλ,−2,3−λC−3+λ,−λ,4, Cλ,4,−3−λC3+λ,−λ,−2 , λ≡0(mod3),

(−2,−1,0,5) C−2,−1,4C−4,0,5, C−2,0,3C−3,−1,5, C−2,5,−2C2,−1,0 .

Therefore, HS-SDYM is the unique solution iff at least one of these pairs of C1C1 couplings
is turned on.

Another interesting observation is that the only finite crystals containing the SDYM
coupling C−1,1,1 are those arising from (4.64) and its contractions. In contrast, all infinite
crystals do contain the SDYM coupling.

4.3 Higher-derivative

Here, we explore the various features that emerge in the higher-derivative case, which also
makes its classification more involved. We focus on the case without a gauge algebra. When
a gauge algebra is present, one simply needs to include odd-derivative couplings as well;
the rest of the analysis remains unchanged. Satisfying the holomorphic constraint (3.1),
requires respecting two basic rules:

• Starting from a single pair of couplings CnCm, with n + m = k + 2 being the total
number of derivatives, the following set of 3k couplings must be present together:28

k

Cλ1,λ2,k−λ12
2

Cλ12−k,λ3,λ4 ,
k

Cλ1,λ3,k−λ13
2

Cλ13−k,λ2,λ4 ,
k

Cλ2,λ3,k−λ23
2

Cλ23−k,λ1,λ4

k−2
Cλ1,λ2,k−2−λ12

4
Cλ12+2−k,λ3,λ4 ,

k−2
Cλ1,λ3,k−2−λ13

4
Cλ13+2−k,λ2,λ4 ,

k−2
Cλ2,λ3,k−2−λ23

4
Cλ23+2−k,λ1,λ4

··· , ··· , ···
2

Cλ1,λ2,2−λ12
k

Cλ12−2,λ3,λ4 ,
2

Cλ1,λ3,2−λ13
k

Cλ13−2,λ2,λ4 ,
2

Cλ2,λ3,2−λ23
k

Cλ23−2,λ1,λ4 .

We also impose ∑4
i=1 λi = k + 2 to ensure that only couplings with up to k derivatives

are present. We refer to the collection of the 3k couplings above as a small crystal. An
exception is the pair Cλ1,λ1,0C0,λ2,λ2 , which is excluded from the small crystal, as it
does not participate in the constraint (3.5).

• These couplings have to satisfy the following system of equations:

Cλ1,λ2,ωC−ω,λ3,λ4 = k1234
+ (Λ − 2)!

2Λ−3(λ12 + ω − 1)!(λ34 − ω − 1)! ∀ ω ,

same for (1324) and (1423) ,

k1234
+ = k1324

+ = k1423
+ , Cλ1,λ1,0C0,λ2,λ2 = generic .

(4.96)

While this system does not affect the classification, it plays a role in determining
relations among the couplings in any given theory. Notably, a solution is always

28Sometimes, for convenience, we indicate the number of derivatives of a coupling on top of it.
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guaranteed to exist — namely the one corresponding to full chiral higher-spin theory,
with the Metsaev solution (3.44).

Let us examine a specific example to highlight the key differences from the lower-derivative
case. The seed (6,−4, 2, 2), with Λ = 6, generates the higher-derivative crystal

C6,−4,[2,0]C [−2,0],2,2, C6,2,[−4,−6]C [4,6],−4,2, C6,2,[−4,−6]C [4,6],−4,2

C2,6,−6C6,−6,2, C2,−6,6C−6,6,2, C2,2,−2C2,6,−6

C2,6,−6C6,−4,0, C2,−4,4C−4,6,0, C2,0,0C0,6,−4

C−4,6,0C0,−4,6, C−4,−4,10C−10,6,6, C−4,6,0C0,6,−4

C−10,6,6C−6,2,6, C−10,2,10C−10,6,6, C−10,6,6C−6,6,2

C2,10,−10C10,−10,2, C2,−10,10C−10,10,2, C2,2,−2C2,10,−10

C2,10,−10C10,−4,−4, C2,−4,4C−4,10,−4, C2,−4,4C−4,10,−4

C2,4,−4C4,−4,2, C2,−4,4C−4,4,2, C2,2,−2C2,4,−4

C2,2,−2C2,−2,2, C2,−2,2C−2,2,2, C2,2,−2C2,2,−2

C2,2,−2C2,0,0, C2,0,0C0,2,0, C2,0,0C0,2,0

C2,2,[0,−2]C [0,2],0,2, C2,0,[2,0]C [−2,0],2,2, C2,2,[0,−2]C [0,2],2,0 ,

(4.97)

where the square bracket [−,−] is a notation to indicate the range of exchanged helicities,
incremented by steps of 2.29

The above crystal contains the following 10 couplings:{ 2
C−2,2,2,

2
C−4,2,4,

2
C−4,0,6,

2
C−6,2,6,

2
C0,0,2,

2
C−4,−4,10,

2
C−10,6,6,

2
C−10,2,10,

4
C0,2,2,

4
C−4,2,6

}
.

(4.98)
It includes SDGR, but does not contain all possible couplings that can be constructed from
the spectrum up to 4-derivatives. In particular, it omits the following 12 couplings:{ 2

C−6,−2,10,
2

C−6,4,4,
2

C−2,−2,6,
2

C−2,0,4,
4

C−10,4,10,
4

C−6,0,10,

4
C−6,4,6,

4
C−4,−2,10,

4
C−4,4,4,

4
C−2,0,6,

4
C−2,2,4,

4
C0,0,4

}
.

(4.99)

The solution for the couplings in the crystal (4.97) is:{
C−2,2,2 = C0,0,2 = C−4,2,4 = C−6,2,6 = C−10,2,10 ,

C−4,−4,10 = (C−4,0,6)2

C−10,6,6 , C0,2,2 = C−2,2,2C−4,2,6

C−4,0,6

}
.

(4.100)

The first line is a manifestation of the universality of gravitational interactions.
It is worth stressing that, without the freedom of having an arbitrary value for the

product of couplings Cλ1,λ1,0C0,λ2,λ2 , we would get an additional constraint:

C2,2,2 = 10
3

(C0,2,2)2

C−2,2,2 . (4.101)

29If we want to include both even- and odd-derivative interactions and/or in the presence of a gauge group,
the step would be of 1.
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This is the same constraint encountered in (3.57) for the higher-derivative theory for lower
spins, and also here it would lead to a vanishing amplitude.

The example above illustrates all the new features of the higher-derivative case:

• The couplings are no longer fully determined by the spectrum. In the example above,
some 2- and 4-derivative couplings are missing. This complicates the classification of
higher-derivative chiral theories.

• The presence or absence of a gauge group becomes more relevant. In its presence,
odd-derivative vertices must also be included, leading to potentially very different
solutions, unlike the similarity observed in the lower-derivative case.

• As already seen in (3.80) and in the example above, the freedom to choose the product
Cλ1,λ1,0C0,λ2,λ2 becomes relevant. It is also tied to the possibility of obtaining non-
vanishing amplitudes.

Simple observations. Full chiral higher-spin theory is a well-defined theory. It contains all
higher-spin fields and all possible chiral even-derivative cubic couplings, and is thus defined
by the largest possible crystal. Moreover, starting from a seed containing only even helicities,
we will never generate odd ones. This tells us that full chiral higher-spin admits a consistent
truncation to the even-helicity sector.

As in the low-derivative cases, we have solutions that include only (++−) cubic couplings.
Starting from a small crystal, we impose that the newly generated couplings never produce
any (−−+) terms, by requiring

λ1, λ2, λ3 ≥ n ≥ k , n ∈ Z . (4.102)

As a consequence

λ4 = k + 2 − λ123 ≤ −n ≤ −k ,

ℓ − λij ≤ −n ≤ −k , i, j = {1, 2, 3} , ℓ = {2, 4, . . . , k} , (4.103)
λij − ℓ ≥ n ≥ k , i, j = {1, 2, 3} , ℓ = {2, 4, . . . , k} .

These define consistent truncations of the full chiral higher-spin theory and can have arbitrary
truncations containing fields of helicities |λ| ≥ k. There also exist solutions that include all
possible cubic couplings constructed from the truncated spectrum.

Note that a theory that includes both higher-derivative and the SDGR coupling C−2,2,2,
or one that includes a scalar field, inevitably leads to the presence of both types of couplings
(++−) and (−−+).

Metsaev solution. Including the self-interacting higher-derivative coupling C−λ,λ,λ, for
|λ| > 2, uniquely leads to the Metsaev solution. We now present a proof of this statement.

We begin by using the coupling C−λ,λ,λ to form the small crystal

2λ

Cλ,−λ,[2λ−2,2]C [2−2λ,−2],λ,λ,
2λ

Cλ,λ,[−2,2−2λ]C [2,2λ−2],−λ,λ,
2λ

Cλ,λ,[−2,2−2λ]C [2,2λ−2],−λ,λ .

(4.104)
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From this point onward, we write only the necessary permutations of the small crystal and,
for clarity, indicate the total number of derivatives above each pair.

Starting from the small crystal above, we can generate further ones, forming a chain
of small crystals:

2λ

Cλ,−λ,[2λ−2,2]C [2−2λ,−2],λ,λ,
2λ

Cλ,λ,[−2,2−2λ]C [2,2λ−2],−λ,λ , (4.105a)
4λ−4

Cλ,2λ−2,[λ−4,4−3λ]C [4−λ,3λ−4],−λ,2λ−2,
4λ−4

Cλ,−λ,[4λ−6,2]C [6−4λ,−2],2λ−2,2λ−2 , (4.105b)
8λ−12

Cλ,4λ−6,[3λ−8,8−5λ]C [8−3λ,5λ−8],−λ,4λ−6,
8λ−12

Cλ,−λ,[8λ−14,2]C [14−8λ,−2],4λ−6,4λ−6 , (4.105c)
· · · , · · · .

Since |λ| > 2,30 we can reach a pair of arbitrary numbers of total derivatives, and generate
the coupling Cλ,−λ,n for arbitrary n ≥ 2. Taking two such couplings, we can generate
the small crystal

n12

Cλ,n1,[n2−λ−2,2−n1−λ]C [λ−n2+2,λ+n1−2],−λ,n2 ,
n12

Cλ,−λ,[n12−2,2]C [2−n12,−2],n1,n2 . (4.106)

The coupling C [2−n12,−2],n1,n2 has now n1, n2 as arbitrary helicities. Looking again at (4.105),
we see that couplings of the form Cλ,n3,2 can always be generated. In particular, they can
be generated from Cλ,−λ,n and C [2−n23,−2],n3,n2 in this way:

n23

Cλ,−λ,[n23−2,2]C [2−n23,−2],n3,n2 ,
n23

Cλ,n3,[n2−λ−2,2−n3−λ]C [2+λ−n2,λ+n3−2],−λ,n2 . (4.107)

Then by suitably choosing n2, we can always generate Cλ,n3,2 with arbitrary n3.
Now we can pair Cλ,n3,2 with Cn1,n2,[2−n12,−2] by choosing n3 = k+2−λ−n12 and generate

k+2
Cn1,n2,[k−n12,2−n12]C [n12−k,n12−2],λ,n3 ,

k+2
Cn1,n3,[k−n13,2−n13]C [n13−k,n13−2],n2,λ . (4.108)

Then Cn1,n2,[k−n12,2−n12] is a generic cubic coupling Cn1,n2,n3 involving up to k derivatives
with arbitrary k. This proves that all couplings must be present.

Therefore, following appendix A of [50] we conclude that the Metsaev solution is the
unique one in the presence of at least one higher-derivative coupling of the form C−λ,λ,λ.
While this result has long been known in the higher-spin literature, to the best of our
knowledge, it has not been rigorously proven before.

As a consequence of the result above, we can make two additional observations. Firstly,
in the presence of a coupling of the type Cλ,−λ,n with 2n − λ ≥ 2, one has to add Cλ,−λ,λ,
thereby recovering the Metsaev solution. Secondly, if we assume the existence of at least one
nonabelian higher-derivative coupling, the following reasoning applies. Higher derivatives
imply that many values of ω can appear in the exchange. Therefore, starting from a generic
pair (assuming λ1 ≥ λ2), we can always recover the specific type of coupling mentioned above:

Cλ1,λ2,ωC−ω,λ3,λ4 =⇒ Cλ1,λ2,−λ2C−λ2,λ3,λ4 . (4.109)
30Indeed, for λ = 2, we have the SDGR coupling C−2,2,2, which does not lead to the full chiral higher-spin

theory.

– 43 –



J
H
E
P
0
8
(
2
0
2
5
)
0
3
2

This again leads to the Metsaev solution. In this sense, one can view the emergence of the
Metsaev solution as more tied to the presence of high-derivative vertices rather than to the
presence of higher-spin fields themselves.

Note that in the presence of a gauge group, we can follow the same logic as above by
replacing the condition on C−λ,λ,λ with the requirement |λ| > 1. Consequently, a colour-
graviton can self-interact through the coupling C−2,2,2 only if all cubic couplings are present.

4.4 Solutions for the couplings

Now that we have the classification, we can solve the system for the couplings for each case.
This also provides information about the sub-crystals contained within each inequivalent
crystal, as well as explicit solutions for the couplings. The couplings generally have more
freedom than in HS-SDGR, HS-SDYM, and the full chiral higher-spin theory. We do not
present all cases here — only some examples — to clarify the logic and display explicit
solutions.

We begin by noting that the crystal in (4.23) correctly reproduces the result of (3.53). The
simplest example involving higher-spin fields is given by (4.38), which admits the following
solutions for the couplings:

{C2,λ,−λ = C2,2,−2} , (4.110a)
{C−2,2,2} , (4.110b)

where we list only the nonzero couplings. The first line corresponds to the full crystal, and
the second to its sub-crystal, which coincides with SDGR.

The crystal (4.15) admits the solutions:

{C2,−λ2,λ2 = C2,2−λ1−λ2,−2+λ1+λ2 = C2,−λ1,λ1 = C−2,2,2, Cλ1,λ2,2−λ1−λ2} , (4.111a)
{C2,2,−2 = C2,−λ2,λ2 = C2,−λ1,λ1} , (4.111b)
{C2,2,−2 = C2,−λ1,λ1 = C2,2−λ1−λ2,−2+λ1+λ2} , (4.111c)
{C2,2,−2 = C2,−λ2,λ2 = C2,2−λ1−λ2,−2+λ1+λ2} , (4.111d)
{C2,2,−2 = C2,−λ1,λ1} , (4.111e)
{C2,2,−2 = C2,−λ2,λ2} , (4.111f)
{C2,2,−2 = C2,2−λ1−λ2,−2+λ1+λ2} , (4.111g)
{C2,2,−2, Cλ1,λ2,2−λ1−λ2} . (4.111h)

Thus, both (4.38) and SDGR are contained as sub-crystals. Note that the coupling
Cλ1,2−λ1−λ2,λ2 is free and is what makes this crystal more than just a sum of (4.38).

We give two other examples, where the couplings differ from the standard Metsaev-type
solution. The crystal (4.35) has the solution:{

C−2,2,2 = C0,0,2 = C2,2−2λ,−2+2λ = C2,2−λ,−2+λ = C2,−λ,λ,

C2−λ,2−λ,−2+2λ = (C0,2−λ,λ)2

C2−2λ,λ,λ
, C0,2−λ,λ, C2−2λ,λ,λ

}
.

(4.112)
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Here, we only illustrate the solution involving all the couplings, not all the possible truncations.
As we can see, there is more freedom compared to HS-SDGR, where all couplings must be equal.

The crystal (4.45) has the solution:{
C4−3λ,4−3λ,−6+6λ = (C0,4−3λ,−2+3λ)2

C6−6λ,−2+3λ,−2+3λ
, C4−3λ,2−λ,−4+4λ = C0,4−3λ,−2+3λC0,2−λ,λ

C4−4λ,λ,−2+3λ
,

C2−2λ,2−λ,−2+3λ = C0,4−3λ,−2+3λ, C0,2−λ,λ

C4−3λ,λ,−2+2λ
, C2−λ,2−λ,−2+2λ = (C0,2−λ,λ)2

C2−2λ,λ,λ
, (4.113)

C4−4λ,λ,−2+3λ, C4−3λ,λ,−2+2λ, C0,4−3λ,−2+3λ, C0,2−λ,λ, C6−6λ,−2+3λ,−2+3λ, C2−2λ,λ,λ
}

.

5 Amplitudes

In [73, 74], it was shown that the tree-level and one-loop amplitudes of the full chiral higher-
spin theory constructed from the Metsaev couplings vanish. A more general statement about
solutions of the holomorphic constraints was made in [27], see also [81, 85]. Here, we show
that this result can be extended to all chiral higher-spin theories, with a caveat.

Let us compute the 4-pt amplitude for a generic chiral higher-spin theory. We use
identities from appendix B, which hold on-shell (H2 = 0). The amplitude can be written as

A = As + At + Au =
∑
ω

C1234ω P̄λ12+ω
12

βλ1
1 βλ2

2

1
(q1 + q2)2

P̄λ34−ω
34

βλ3
3 βλ4

4
+ 2 ↔ 4 + 2 ↔ 3

= P̄12P̄34

(q1 + q2)2∏4
i=1 βλi

i

∑
ω

(
C1234ωP̄λ12+ω−1

12 P̄λ34−ω−1
34 − C1423ωP̄λ14+ω−1

14 P̄λ23−ω−1
32

− C1324ωP̄λ13+ω−1
13 P̄λ24−ω−1

24

)
= P̄12P̄34

(q1 + q2)2∏4
i=1 βλi

i

∑
ω

(
C1234ωP̄λ12+ω−1

12 P̄λ34−ω−1
34

+ C2314ωP̄λ23+ω−1
23 P̄λ14−ω−1

14 + C1324ωP̄λ13+ω−1
31 P̄λ24−ω−1

24

)
= 0 ,

(5.1)

where in the last equality we assume only even couplings, so the sum is over even or odd
values of ω only. Plugging in the general solution (3.51), we obtain

A = k1234
+ P̄12P̄34

2Λ−2∏4
i=1 βλi

i (q1 + q2)2

(
(P̄12 + P̄34)Λ−2 − (P̄34 − P̄12)Λ−2

+ (P̄23 + P̄14)Λ−2 − (P̄14 − P̄23)Λ−2 + (P̄31 + P̄24)Λ−2 − (P̄24 − P̄31)Λ−2
)

,

(5.2)

which, using the variables A, B, C, becomes

A = k1234
+ P̄12P̄34∏4

i=1 βλi
i (q1 + q2)2

(
(A)Λ−2 − (B)Λ−2 +(C)Λ−2 − (−A)Λ−2 +(−B)Λ−2 − (−C)Λ−2

)
= 0 .

(5.3)
The same conclusion holds if we include odd-derivative couplings, as long as the condi-
tions (3.50) are satisfied.

There is a caveat: in the case discussed above, we did not account for the fact that the
product Cλ1,λ1,0C0,λ2,λ2 can be arbitrary. When this is properly taken into account, certain
exceptions to the vanishing of the amplitudes may arise. For example, we can examine the
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amplitude in the simplest higher-derivative theory that includes the abelian R2ϕ and/or R3

terms (3.54), and compute the (2, 2, 2, 2) scattering amplitude

A(2, 2, 2, 2) = P̄12P̄34

(q1 + q2)2∏4
i=1 β2

i

∑
ω

C2,2,ωC−ω,2,2
(
P̄3+ω

12 P̄3−ω
34 + P̄3+ω

23 P̄3−ω
14 + P̄3+ω

31 P̄3−ω
24

)
= P̄12P̄34

(q1 + q2)2∏4
i=1 β2

i

(C2,2,0C0,2,2 − 10
3 C2,2,−2C2,2,2)

(
P̄3

12P̄3
34 + P̄3

23P̄3
14 + P̄3

31P̄3
24

)
. (5.4)

Here the freedom in choosing C2,2,0C0,2,2 allows for a non-vanishing amplitude. Notice that
this does not contradict the Weinberg no-go theorem [86], since these are abelian (Born-Infeld
type) vertices, not constrained by the Weinberg low-energy theorem.

Note that in a larger theory (e.g. one including all higher-spin fields), the products
Cλ1,λ1,0C0,λ2,λ2 may be subject to constraints.

We can also demonstrate the vanishing of amplitudes in the presence of a gauge group.
Remember that in this case we can separate the colour factor and rewrite it in the form

A(12 · · ·n) =
∑

σ∈Sn/Zn

Tr(T aσ1 T aσ2 · · ·T aσn )Ã(σ1σ2 · · ·σn) . (5.5)

By considering a single colour-ordered amplitude, namely [1234], since the same is valid
for the others, we obtain

Ã(1234) = P̄12P̄34

(q1 + q2)2∏4
i=1 βλi

i

∑
ω

(
C1234ωP̄λ12+ω−1

12 P̄λ34−ω−1
34 − C2341ωP̄λ23+ω−1

23 P̄λ41−ω−1
41

)
= P̄12P̄34

(q1 + q2)2∏4
i=1 βλi

i

∑
ω

(
C1234ωP̄λ12+ω−1

12 P̄λ34−ω−1
34 + (−1)ωC1423ωP̄λ14+ω−1

14 P̄λ23−ω−1
23

)
= P̄12P̄34

2Λ−2(q1 + q2)2∏4
i=1 βλi

i

(
(P̄12 + P̄34)Λ−2 + (P̄14 − P̄23)Λ−2

)
∼ (AΛ−2 − AΛ−2) = 0 . (5.6)

Here, we include both even- and odd-derivative vertices in the sum.
Again, examples exist where the amplitude does not vanish. For instance, in the lower-

spin theory with an F 2ϕ and/or F 3 interactions, the amplitude A(1111) can be nonzero,
thanks to the freedom of the product C1,1,0C0,1,1.

In principle, there seems to be no obstruction to extending the analysis of [72–74] to show
that all tree-level amplitudes vanish, up to the small caveat we discussed, for any generic
n-pt scattering in all chiral higher-spin theories.

6 Conclusions and discussion

One of the main results of the paper is that we have shown that, contrary to common belief,
there are nontrivial higher-spin theories with finite spectra of fields. We have found a great
number of nontrivial solutions to the quartic consistency condition in the light-cone gauge,
which enriches the space of higher-spin theories in 4d. However, we have not found all of them
since we omitted the higher-derivative interactions, and this is the first obvious direction
for future work. In addition, the choice of representations for the colour cases has been
very restrictive and we have not studied theories that have both coloured and singlet fields
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under some gauge algebra as well. Lastly, we have completely omitted fermions and, as
a result, supersymmetric theories.

So far, we have directly analysed the quartic consistency condition in the light-cone
gauge. It was shown in [27] that it entails the Jacobi identity for a Lie algebra, save for
some degenerate cases. Therefore, it seems plausible that the problem can be solved by the
algebraic tools and one can find a class of finite- and infinite-dimensional Lie algebras that
lead to consistent higher-spin theories.31 The latter would make the parallel to the case
3d higher-spin gravities even more pronounced.

It is worth discussing to what extent the new theories are “nontrivial”. Obviously, one
can take any number of abelian couplings and add them up, which imposes no constraints in
the light-cone gauge. One can also activate some Cλ1,λ2,λ3 that do not “talk” to each other,
i.e. no exchange diagram can be formed. These cases are trivial. Whenever an exchange
diagram exists, there is a nontrivial equation for the couplings, which quite often forces us to
introduce further couplings that contribute to the same exchange diagram to make it Poincaré
invariant. From what we can see, there does not seem to be any way to discriminate such cases
further, i.e. to divide couplings into “more nonabelian” and “less nonabelian”. Nevertheless,
the final results, i.e. the set of couplings that need to be turned on, can be rather different.
For example, C+s,+s,−s, s > 2 leads to the full chiral higher-spin gravity and activates all
couplings save for C0,0,0. Also, the presence of scalar couplings Cλ1,λ2,0 is very important.

It is also important to note that in the classification we presented we assume that all
coupling constants, if more than just one, are nonvanishing. First of all, this gives a simple
way to list all cubic vertices that belong to a given theory, which is what we call “spectrum
determines couplings/cubic vertices”. Secondly, the equations for the couplings Ci have
the schematic form C1C2 + C3C4 + . . . = 0 with many degenerate points. Nevertheless, if
some of the coupling constants are set to zero, we will have to end up with another theory
that belongs to the classification. It would be interesting to study the “degeneration tree”
that determines the relation between various theories in the classification when some of
the coupling constants are set to zero.

There are a number of natural future directions triggered by the results obtained in
the paper.

Covariantization. So far, it has always been possible to covariantize the results obtained
in the light-cone gauge, e.g. [25], and we expect this to be true for the new theories.
Any cubic interaction can easily be written in a covariant way, e.g. one can extract such
couplings from the equations of motion of chiral theory in flat space [65–69]. However,
the covariantization of chiral theory forces one to introduce higher-order interactions.
Therefore, the covariantization of the new theories may not be straightforward.

We also note that the covariant form of HS-SDYM and HS-SDGR obtained in [25] does
not contain vertices of type (−−+) and the scalar field as in [27], see also [81].

Twistor space. Self-dual theories admit a simple description on twistor space. This applies
to HS-SDYM and HS-SDGR as well, [52, 87–89], see also [90] for the self-dual conformal

31Not all of the new theories feature a spin-two field, i.e. not all of them are “gravities”.
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higher-spin gravity. However, the twistor formulation of chiral higher-spin gravity was
lacking, see [89] for the first steps and [91] for the very recent update.

(Anti)-de Sitter space. All known higher-spin gravities are smooth in the cosmological
constant, and one could expect this to be true for the new solutions. However, the light-
cone analysis becomes more complicated, see [58]. In particular, there seem to be more
constraints, because AdS4 cubic vertices have a more complicated structure compared to
their flat space limits, but some interesting results can still be obtained [76, 77, 92–94].
Therefore, covariantization of the new theories seems a necessary step to proceed.

Quantum corrections. One can quite generally show that most holomorphic solutions of
the quartic light-cone consistency condition have vanishing tree level amplitudes, [27]
and also the present paper. This implies that there are no UV-divergences in these
theories at least at one-loop. However, for the theories that have a finite spectrum,
one cannot expect the additional mechanism (regularized sum over the spectrum) that
would make them vanish [72–74]. After all, the scattering of higher-spin fields might
have nontrivial S-matrix [95]. For a more recent analysis of anomalies for higher-spin
theories in twistor space, see [96].

Celestial holography. It was shown in [97] that chiral higher-spin gravity solves the celestial
OPE associativity condition. We expect that all of the theories constructed here (and
other, higher derivative, solutions that are yet to be found) do solve the same constraints.
On the other hand, the study of flat space holography for chiral higher-spin gravity has
just begun in [81, 98–100]. It would be interesting to see if similar statements can be
made about the new theories.

Unitary higher-spin theory. It would be interesting to investigate whether some of these
chiral higher-spin theories — especially the higher-derivative ones — admit a local
unitary completion, given that they display more freedom in their couplings. In any case,
studying their unitary completions could provide valuable insights and better control over
the non-localities. We have also found that there exist some exotic low-spin couplings,
e.g.32 C−2,1,2 that pass certain consistency checks and, in general, more freedom
(holomorphic and anti-holomorphic vertices can be considered independent) is available
in the choice of vertices as compared to covariant approaches [12, 48, 49, 55, 101].
Therefore, it is worth investigating if more consistent theories can be constructed with
the usual, low-spin fields.

Higher dimensions. Recently, some of the chiral higher-spin “magic” has been extended
to 6d and, more generally, to all even dimensions [102]. One can hope that some of the
results of the present paper can be extended to even dimensions.
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A Standard results and notations

The 4d Poincaré algebra iso(3, 1) is defined as

[P A, P B] = 0 , (A.1a)
[JAB, P C ] = P AηBC − P BηAC , (A.1b)

[JAB, JCD] = JADηBC − JBDηAC − JACηBD + JBCηAD , (A.1c)

where P A are the generators of translations and JAB of Lorentz transformations.
To perform canonical quantisation in quantum field theory, one has to choose a Cauchy

surface. A standard approach is to select equal time slices, t = t0, and define the Hamiltonian
H = P 0 as the operator responsible for evolving the system in the time direction.

In this work, however, we adopt light-front quantisation, where we fix a light-like Cauchy
surface and treat x+ as our time direction. The corresponding Hamiltonian is then given
by H ≡ P−.33

We consider general massless higher-spin fields, which in 4d possess two degrees of freedom.
These are denoted ϕ±s, representing helicities ±s, and are complex conjugates of each other.

We use both light-cone coordinates and the light-cone gauge. In flat spacetime, we adopt
the 4d Minkowski metric with mostly plus signature as

ds2 = −(dx0)2 +
3∑

i=0
(dxi)2 . (A.2)

We define light-cone coordinates as

x+ = x3 + x0
√

2
, x− = x3 − x0

√
2

, z = x1 − ix2
√

2
, z̄ = x1 + ix2

√
2

, (A.3)

and the metric becomes

ds2 = 2 dx+dx− + 2 dzdz̄ . (A.4)

We work with Fourier transformed fields with respect to x− and the transverse directions.
The Dirac bracket is given by

[ϕµ
p (x+), ϕν

q (x+)] = δµ,−ν δ3(p + q)
2p+ . (A.5)

33Unlike standard equal time slices of the spacetime M at fixed x0, we consider surfaces of constant x+,
and for simplicity we can fix x+ = 0. Choosing initial data on a light-like surface changes the standard Cauchy
problem, requiring careful treatment of boundary conditions. A detailed discussion can be found in [103, 104].
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The free field realisation of the kinematical Poincaré generators is34

P + = β , P = q , P̄ = q̄ , (A.6a)

Jz+ = −β
∂

∂q̄
, J z̄+ = −β

∂

∂q
, J−+ = −Nβ − 1 , (A.6b)

Jzz̄ = Nq − Nq̄ − λ , (A.6c)

where Nq = q∂q is the Euler operator. The dynamical generators are

H2 = −qq̄

β
, Jz−

2 = ∂

∂q̄

qq̄

β
+ q

∂

∂β
+ λ

q

β
, J z̄−

2 = ∂

∂q

qq̄

β
+ q̄

∂

∂β
− λ

q̄

β
. (A.7)

We now deform the dynamical generators using a local ansatz:35

H = H2 +
∑

n

∫
d3nq δ

(∑
i

qi

)
hq1,...,qn

λ1,...,λn
ϕλ1

q1 · · ·ϕλn
qn

, (A.8)

Jz− = Jz−
2 +

∑
n

∫
d3nq δ

(∑
i

qi

)[
jq1,...,qn

λ1,...,λn
− 1

n
hq1,...,qn

λ1,...,λn

(∑
j

∂

∂q̄j

)]
ϕλ1

q1 · · ·ϕλn
qn

, (A.9)

J z̄− = J z̄−
2 +

∑
n

∫
d3nq δ

(∑
i

qi

)[
j̄q1,...,qn

λ1,...,λn
− 1

n
hq1,...,qn

λ1,...,λn

(∑
j

∂

∂qj

)]
ϕλ1

q1 · · ·ϕλn
qn

. (A.10)

Let us define the momentum combinations

Pij = qiβj − qjβi , P̄ij = q̄iβj − q̄jβi , (A.11)

where P̄ij = −P̄ji and Pij = −Pji. Solving order by order all constraints required by the
closure of the Poincaré algebra [50], leads to the classification of cubic vertices:

hλ1,λ2,λ3 = Cλ1,λ2,λ3 P̄λ123

βλ1
1 βλ2

2 βλ3
3

+ C̄−λ1,−λ2,−λ3 P−λ123

β−λ1
1 β−λ2

2 β−λ3
3

, (A.12)

jλ1,λ2,λ3 = 2
3 Cλ1,λ2,λ3 P̄λ123−1

βλ1
1 βλ2

2 βλ3
3

Λλ1,λ2,λ3 , (A.13)

j̄λ1,λ2,λ3 = −2
3 C̄−λ1,−λ2,−λ3 P−λ123−1

β−λ1
1 β−λ2

2 β−λ3
3

Λλ1,λ2,λ3 , (A.14)

with λ123 = λ1 + λ2 + λ3 and where we define

Pa
12 = Pa

23 = Pa
31 = Pa = 1

3
[
(β1 − β2)qa

3 + (β2 − β3)qa
1 + (β3 − β1)qa

2

]
, (A.15)

Λλ1,λ2,λ3 = β1(λ2 − λ3) + β2(λ3 − λ1) + β3(λ1 − λ2) . (A.16)

Note that due to momentum conservation P is cyclic invariant, then σ123P = P , same for P̄.
Here Cλ1,λ2,λ3 and C̄λ1,λ2,λ3 are a priori independent coupling constants. For dimensional

reasons, we can introduce a length parameter to compensate for the powers of momenta. We
34Following standard notations in the light-cone, we rename β = p+.
35Only the dynamical generators are deformed. One advantage of working in light-front quantisation is the

reduced number of dynamical generators. Out of 10 Poincaré generators only 3 are dynamical (H, Jz−, J z̄−),
compared to 4 in the usual equal-time quatisation (H0, J0a).
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denote it by ℓP , which can naturally be associated with the Planck length. The couplings
take the form

Cλ1,λ2,λ3 = (ℓP )λ123−1cλ1,λ2,λ3 , C̄λ1,λ2,λ3 = (ℓP )1−λ123 c̄λ1,λ2,λ3 . (A.17)

If we demand unitarity, in the case with no internal symmetry, we have to impose

C̄λ1,λ2,λ3 = (Cλ1,λ2,λ3)∗ . (A.18)

If we include a gauge group, unitarity imposes

C̄λ1,λ2,λ3 = (−1)λ123(Cλ1,λ2,λ3)∗ for: SO(N), USp(N) . (A.19)

B Useful relations

In 4d and light-cone gauge, for a given N -pt function, there are N − 2 independent P̄ij

variables. In particular, for 4-pt scattering, we have 2 independent P̄ variables, which, for
example, can be chosen to be P̄12, P̄34. Additionally, there are three independent β’s. All
other P̄ij can be expressed as

P̄13 = β3P̄12 + β1P̄34
β1 + β2

, P̄14 = − P̄12(β1 + β2 + β3) + β1P̄34
β1 + β2

, (B.1a)

P̄23 = β2P̄34 − β3P̄12
β1 + β2

, P̄24 = P̄12(β1 + β2 + β3) − β2P̄34
β1 + β2

. (B.1b)

Below, we collect some useful relations for n > 0 that are employed in the main text:
n∑

k=0

(
n

k

)
k (k − 1) · · · (k − ℓ + 1) = n (n − 1) · · · (n − ℓ + 1) 2n−ℓ , (B.2a)

n∑
k∈even/odd

(
n

k

)
k (k − 1) · · · (k − ℓ + 1) = n (n − 1) · · · (n − ℓ + 1) 2n−ℓ−1 . (B.2b)

These identities can be derived by taking ℓ derivatives of the binomial theorem. In particular,
the following relations will also prove useful:

n∑
k=0

(
n

k

)
(−1)k(A − B)k(A + B)n−k = 2nBn , (B.3)

n∑
k=0

(
n

k

)
(A − B)k(A + B)n−k = 2nAn , (B.4)

n∑
k∈even

(
n

k

)
(A − B)k(A + B)n−k = 2n−1(An + Bn), (B.5)

n∑
k∈even

(
n

k

)
(A − B)k(A + B)n−k = 2n−1(An − Bn) , (B.6)

n∑
k=0

(
n

k

)
(−1)kk (k−1) · · · (k − ℓ + 1)(A − B)k(A + B)n−k

= n (n − 1) · · · (n − ℓ + 1)(B − A)ℓ(2B)n−ℓ ,

(B.7)
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n∑
k=0

(
n

k

)
k (k − 1) · · ·(k − ℓ + 1)(A − B)k(A + B)n−k

= n (n − 1) · · · (n − ℓ + 1)(A − B)ℓ(2A)n−ℓ .

(B.8)

Finally, for 4-pt scattering, the following relations hold on-shell:

(qi + qj)2 = − 2
βiβj

PijP̄ij ,
4∑

j=1

PijP̄jk

βj
= 0 . (B.9)

From these, we deduce

P̄12P̄34
(q1 + q2)2 = P̄31P̄24

(q1 + q3)2 = P̄14P̄23
(q1 + q4)2 . (B.10)

C Low-derivative constraints

We begin by analysing the cases Λ = 2 and Λ = 3 for the constraint (3.5). For simplicity,
we adopt the following notation in both cases:

C1234
i ≡ Cλ1,λ2,i−λ12Cλ12−i,λ3,Λ−λ123 , (C.1)

with analogous definitions for the orderings (1324) and (1423).

Case Λ = 2. In this case, only one-derivative interactions are present, and the constraint is

(λ13 − 1)(C1234
1 − C1324

1 + C1423
1 ) = 0 , (C.2a)

(1 − λ23)(C1234
1 − C1324

1 + C1423
1 ) = 0 , (C.2b)

(λ12 − 1)(C1234
1 − C1324

1 + C1423
1 ) = 0 . (C.2c)

These equations are consistent with the antisymmetry of the couplings, and they admit
the solution

C1234
1 = C1324

1 − C1423
1 . (C.3)

Therefore, in one-derivative theories, it is possible to find solutions even when only odd-
derivative vertices are present. This stands in contrast to the general case, where odd-derivative
vertices must be accompanied by even-derivative ones for consistent solutions to exist.

As expected, this solution does not lead to a self-interacting photon. For example,
assuming a theory with the coupling C−1,1,1, substituting it into the equation above gives
C−1,1,1 = 0. This result also follows directly from symmetry arguments — in particular,
Cλ,λ,λ′ ≡ 0 for odd-derivative vertices.

Case Λ = 3. In this case, the sum runs over two values of ω and includes two-derivative
interactions. The constraint becomes

(2λ13 − 3)((−1)λ12C1234
1 + (−1)λ12+1C1234

2 + (−1)λ14C1423
1 + (−1)λ14C1423

2 ) = 0 , (C.4a)
(3 − 2λ23)((−1)λ12C1234

1 + (−1)λ12C1234
2 + (−1)λ13C1324

1 + (−1)λ13C1324
2 ) = 0 , (C.4b)

(2λ12 − 3)((−1)λ13C1324
1 + (−1)λ13+1C1324

2 + (−1)λ14C1423
1 + (−1)λ14+1C1423

2 ) = 0 . (C.4c)
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Using the definitions in (3.6), this can be rewritten as

(2λ13 − 3)(k1234
− − k1423

+ ) = 0 , (3 − 2λ23)(k1234
+ + k1324

+ ) = 0 , (C.5a)
(2λ12 − 3)(k1324

− + k1423
− ) = 0 . (C.5b)

These are the same conditions found for the general case (3.50).

Case Λ = 2 with a gauge group. We now consider the constraint (3.66) at Λ = 2 with a
U(N) gauge group. The constraint for the [1234] colour-ordering takes the form

(λ13 − 1)((−1)1−λ12θ1−λ12C1234
1 + (−1)λ14θ1−λ14C4123

1 ) = 0 , (C.6a)
(1 − λ23)((−1)1−λ12θ1−λ12C1234

1 + (−1)1−λ14θλ14C4123
1 ) = 0 , (C.6b)

(λ12 − 1)((−1)1−λ12θ1−λ12C1234
1 + (−1)λ14θ1−λ14C4123

1 ) = 0 , (C.6c)

and gives the solution

(−1)1−λ12θ1−λ12C1234
1 = (−1)1−λ14θ1−λ14C4123

1 ⇒ C1234
1 = (−1)λ24θ1−λ12θ1−λ14C4123

1 .

(C.7)
Meanwhile, the constraint corresponding to the colour ordering [2341] leads to

C2341
1 = (−1)λ13θ1−λ23θ1−λ14C1234

1 . (C.8)

Using the identity C4123
1 = C2341

1 , we find θ1−λ23θ1−λ14 = 1, which implies four possible choices

θλ = +1,−1, (−1)λ, (−1)λ+1 . (C.9)

The cases θλ = +1,−1 and θλ = (−1)λ, (−1)λ+1 yield, respectively

C1234
1 = (−1)λ24C4123

1 , C1234
1 = C4123

1 . (C.10)

In the main text, we consider C1234
1 = C4123

1 , in analogy with the higher-derivative case.
Moreover, for the classification of crystals, the specific values of the couplings are not
important.

As we will see in appendix E, the special solutions with θω = ±1 are closely tied to the
existence of solutions in which all fields transform in the adjoint representation.

For the gauge groups SO(N) and USp(N), by using the symmetry properties given
in (D.3) and (D.10) of appendix D, we arrive at the same constraint (C.7) as in the U(N)
case. However, here the solutions to the various colour-ordered constraints mix due to these
symmetry properties, which also determine the symmetry of the couplings. In particular,
we find the following solutions.

For θλ = (−1)λ, (−1)λ+1 the solution is given by

C1234
1 = C4123

1 = C1324
1 , (C.11)

and for SO(N) the symmetry of the couplings is

Cλ1,λ2,λ3 = Cλσ1 ,λσ2 ,λσ3 (θω = (−1)λ) , Cλ1,λ2,λ3 = −Cλσ1 ,λσ2 ,λσ3 (θω = (−1)λ+1) ,

(C.12)
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while for USp(N) the symmetry of the couplings is

Cλ1,λ2,λ3 = Cλσ1 ,λσ2 ,λσ3 (θω = (−1)λ+1) , Cλ1,λ2,λ3 = −Cλσ1 ,λσ2 ,λσ3 (θω = (−1)λ) .

(C.13)

For θω = +1,−1 the solution is given by

C1234
1 = (−1)λ24C4123

1 = (−1)λ14C1324
1 , (C.14)

and for SO(N) the symmetry of the couplings is

Cλ1,λ2,λ3 = Cλσ1 ,λσ2 ,λσ3 (θω = −1) , Cλ1,λ2,λ3 = −Cλσ1 ,λσ2 ,λσ3 (θω = 1) , (C.15)

while for USp(N) the symmetry of the couplings is

Cλ1,λ2,λ3 = Cλσ1 ,λσ2 ,λσ3 (θω = 1) , Cλ1,λ2,λ3 = −Cλσ1 ,λσ2 ,λσ3 (θω = −1) . (C.16)

D SO(N) and USp(N) gauge groups

Without diving into explicit computation, we examine the SO(N) and USp(N) cases. For
SO(N), the Poisson bracket takes the form

[(ϕλ
p)AB, (ϕµ

q )CD] = δλ,−µδ3(p + q)
2p+ (δACδBD + θλδADδBC) , (D.1)

and also here, due to the antisymmetry of the Poisson bracket, we have θλ = θ−λ. Moreover, in
this case, the phase can be related to the symmetry properties of the field under transposition

[(ϕλ
p)BA, (ϕµ

q )CD] = δλ,−µδ3(p + q)
2p+ (δBCδAD + θλδBDδAC) = θλ[(ϕλ

p)AB, (ϕµ
q )CD] , (D.2)

where we used the identity θ2
λ = θλθ−λ = 1 and we find the property (ϕλ

q )BA = θλ(ϕλ
q )AB.

This implies the following symmetry for the couplings:

(ϕλ
q )BA = θλ(ϕλ

q )AB ⇒ Cλ1,λ2,λ3 = (−1)λ123θλ1θλ2θλ3Cλσ1 ,λσ2 ,λσ3 , (D.3)

where σ ∈ Σ3 is an odd permutation. Given this, the Poisson bracket yields

[Tr(ϕλ1
q1 ϕλ2

q2 ϕω
qω

), Tr(ϕλ3
q3 ϕλ4

q4 ϕ−ω
−qω

)] = 1
2q+

ω

(
θλ3θλ4Tr(ϕλ1

q1 ϕλ2
q2 ϕλ4

q4 ϕλ3
q3 ) + θωTr(ϕλ1

q1 ϕλ2
q2 ϕλ3

q3 ϕλ4
q4 )
)

,

(D.4)
where we contract only ϕω

qω
, and the constraint becomes

∑
ω

(−1)ωCycl
[(

θωC1234ω + (−1)λ34+ωθλ3θλ4C1243ω
)

× (λ1 + ω − λ2)β1 − (λ2 + ω − λ1)β2
2(β1 + β2) P̄λ12+ω−1

12 P̄λ34−ω
34

]
= 0 .

(D.5)

Using (D.3) we find the relation

C1243ω = (−1)λ34+ωθλ3θλ4θλωC1234ω , (D.6)
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then the constraint (D.5) can be solved as for U(N) and this time consistency requires

θω(1 + θ2
λ3θ2

λ4) = 2(−1)ω ⇒ θω = (−1)ω . (D.7)

For USp(N), the Poisson bracket is

[(ϕλ
p)AB, (ϕµ

q )CD] = δλ,−µδ3(p + q)
2p+ (CACCBD + θλCADCBC) , (D.8)

where CAB is the antisymmetric invariant tensor

CAB = −CBA , CABCCB = δC
A . (D.9)

The matrices C raise and lower indices as follows: V A = CABVB and V BCBA = VA. As
before, we can find the properties

θλ = θ−λ , (ϕλ
q )BA = θλ(ϕλ

q )AB , Cλ1,λ2,λ3 = (−1)λ123+1θλ1θλ2θλ3Cλσ1 ,λσ2 ,λσ3 , (D.10)

where σ ∈ Σ3 is an odd permutation. Given this, the Poisson bracket yields

[Tr(ϕλ1
q1 ϕλ2

q2 ϕω
qω

), Tr(ϕλ3
q3 ϕλ4

q4 ϕ−ω
−qω

)] = − 1
2q+

ω

(
θλ3θλ4Tr(ϕλ1

q1 ϕλ2
q2 ϕλ4

q4 ϕλ3
q3 ) + θωTr(ϕλ1

q1 ϕλ2
q2 ϕλ3

q3 ϕλ4
q4 )
)

,

(D.11)
where we contract only ϕω

qω
, and the constraint becomes∑

ω

(−1)ω+1Cycl
[(

θωC1234ω − (−1)λ34+ωθλ3θλ4C1243ω
)

× (λ1 + ω − λ2)β1 − (λ2 + ω − λ1)β2
2(β1 + β2) P̄λ12+ω−1

12 P̄λ34−ω
34

]
= 0 .

(D.12)

This constraint can be solved as before, and consistency requires

θω(1 + θ2
λ3θ2

λ4) = 2(−1)ω+1 ⇒ θω = (−1)ω+1 . (D.13)

Using the values of θλ found for the two cases, we get the properties

SO(N) : (ϕλ
q )AB = (−1)λ(ϕλ

q )BA ⇒ Cλ1,λ2,λ3 = Cλσ1 ,λσ2 ,λσ3 , (D.14)
USp(N) : (ϕλ

q )AB = (−1)λ+1(ϕλ
q )BA ⇒ Cλ1,λ2,λ3 = Cλσ1 ,λσ2 ,λσ3 , (D.15)

where σ ∈ Σ3 is an odd permutation. These results are consistent with the analysis in [73],
which was carried out under the assumption of Metsaev-type couplings only. Notably, in all
cases, fields with odd helicity always take values in the adjoint representation of the respective
gauge group. This matches the Chan-Paton structure appearing in open string theory [105].

Note also that the couplings are fully symmetric, which is consistent with the fact that,
for example, Yang-Mills theory exists for all compact simple gauge groups, thus including
both SO(N) and USp(N). This would not have been possible if the couplings turned out
to be antisymmetric.

Due to the symmetry of the couplings in (D.14), the solution to the constraint for
both SO(N) and USp(N) — once all colour-ordered constraints are taken into account —
takes the form

C1234ω = k1234
− (Λ − 2)!

2Λ−2(λ12 + ω − 1)!(λ34 − ω − 1)! ∀ ω , same for (1324) and (1423) ,

k1234
− = k1324

− = k1423
− , Cλ1,λ1,0C0,λ2,λ2 = generic .

(D.16)
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E All fields in the adjoint

Following [50], we assume that all fields take values in the adjoint representation of some Lie
algebra of internal symmetry with structure constant fa1a2a3 . In this setup, the space-time
part of the cubic vertices remains unchanged, while the coupling constant is multiplied by
the structure constant

Cλ1,λ2,λ3 → Cλ1,λ2,λ3fa1a2a3 . (E.1)

Since the structure constant is antisymmetric, even-derivative couplings become antisymmetric,
and vice versa; the symmetry properties of the vertices are effectively reversed. As a result,
the new symmetry property for the coupling is

Cλ1,λ2,λ3 = (−1)λ123+1Cλσ1 ,λσ2 ,λσ3 . (E.2)

where σ ∈ Σ3 represents an odd permutation. This implies that odd-derivative vertices
involving two identical fields can be nonzero. For example, the Yang-Mills vertex C1,1,−1 ̸= 0
is allowed. We now rewrite eq. (3.5) using the shorthand notation

F1234(A, B) + F1324(B, C) + F1423(C, A) = 0 , (E.3)

where each term represents a different line of eq. (3.5). Upon substituting (E.1) into this
expression, we obtain

F1234(A, B)fa1a2bf
b
a3a4 + F1324(B, C)fa1a3bf

b
a2a4 + F1423(C, A)fa1a4bf

b
a2a3 = 0 , (E.4)

and using the Jacobi identity, we find two constraints:
F1234(A, B) = F1423(C, A):∑

ω

(−1)ω[((λ13−λ24)A+(λ14−λ23)B−2ωC)C1234ω(A−B)λ12+ω−1(A+B)λ34−ω−1

−((λ12−λ34)C+(λ13−λ24)A−2ωB)C1423ω(C−A)λ14+ω−1(C+A)λ23−ω−1]= 0 . (E.5)

F1234(A, B) = −F1324(B, C):∑
ω

[
(−1)ω((λ13−λ24)A+(λ14−λ23)B−2ωC)C1234ω(A−B)λ12+ω−1(A+B)λ34−ω−1 (E.6)

+(−1)λ24((λ14−λ23)B+(λ12−λ34)C−2ωA)C1324ω(B−C)λ13+ω−1(B+C)λ24−ω−1]= 0 .

To solve the constraints (E.5) and (E.6), we can follow the same procedure applied previously
for eq. (3.66). Using (3.64), we rewrite here the colour-ordered constraints for [1234] and
[1243], respectively:∑

ω

[
(−1)ωθω((λ13−λ24)A+(λ14−λ23)B−2ωC)C1234ω(A−B)λ12+ω−1(A+B)λ34−ω−1 (E.7)

+(−1)λ14θω((λ12−λ34)C+(λ13−λ24)A−2ωB)C4123ω(C−A)λ14+ω−1(C+A)λ23−ω−1]=0,∑
ω

[
(−1)λ34θω((λ13−λ24)A+(λ14−λ23)B−2ωC)C1243ω(A−B)λ12+ω−1(A+B)λ34−ω−1 (E.8)

+(−1)Λ+ωθω((λ14−λ23)B+(λ12−λ34)C−2ωA)C3124ω(B−C)λ13+ω−1(B+C)λ24−ω−1]=0.
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By setting θω = −1 and applying the modified symmetry relation (2.6), we match them to
the constraints (E.5) and (E.6), respectively.

From the previous analysis, we already know that a solution with θω = −1 exists only
for Λ = 2, that is, in the presence of one-derivative interactions only. This corresponds to
one of the special solutions found at the end of appendix C. The solution is then given by

C1234
1 = (−1)λ24C4123

1 = (−1)λ14C1324
1 . (E.9)

If we further assume all helicities to be odd, we obtain

C1234
1 = C4123

1 = C1324
1 . (E.10)

In particular, the HS-SDYM theory truncated to only odd helicities constitutes a consistent
solution. This agrees with the findings of [50], although the specific truncations and possible
extensions involving both odd and even helicities were not explicitly identified there. Neverthe-
less, the conclusion that consistent solutions involving fields all in the adjoint representation
of the same internal symmetry algebra exist only for one-derivative theories is confirmed.
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