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ABSTRACT: In this paper, we revisit a number of issues in Vasiliev’s theory related to
gauge functions, ordering schemes, and the embedding of Fronsdal fields into master fields.
First, we parametrize a broad equivalence class of linearized solutions using gauge functions
and integration constants, and show explicitly how Fronsdal fields and their Weyl tensors
arise from these data in accordance with Vasiliev’s central on mass shell theorem. We then
gauge transform the linearized piece of exact solutions, obtained in a convenient gauge in
Weyl order, to the aforementioned class, where we land in normal order. We spell out this
map for massless particle and higher spin black hole modes. Our results show that Vasiliev’s
equations admit the correct free-field limit for master field configurations that relax the
original regularity and gauge conditions in twistor space. Moreover, they support the
off-shell Frobenius-Chern-Simons formulation of higher spin gravity for which Weyl order
plays a crucial role. Finally, we propose a Fefferman-Graham-like scheme for computing
asymptotically anti-de Sitter master field configurations, based on the assumption that
gauge function and integration constant can be adjusted perturbatively so that the full
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1 Introduction

1.1 DMotivations and summary of our main results

An outstanding problem in higher spin gravity (HSG) is the quest for a geometric formula-
tion suitable for computing physical observables. This is a highly non-trivial and impactful
task as HSG requires a “stringy” generalization of geometry, in which gauge transforma-
tions mix fields of different spins and different numbers of derivatives, in such a way that
the standard concepts of Riemannian geometry tied to the notion of a privileged spin-2
field lose meaning.

Vasiliev’s equations [1-7] provide a fully non-linear description of higher spin geome-
tries using master fields given by horizontal differential forms on non-commutative fibered
manifolds. The master fields are functions of fiber coordinates Y, and the base manifold is
an extension of spacetime with additional coordinates Z, with Y and Z each making up a
non-commutative twistor space. Originally, this construction was proposed as a method for
encoding an infinite tower of Fronsdal fields together with highly non-local interactions into
a remarkably simple set of constraints, but at the price of introducing ambiguities, entering
via the resolution scheme for the Z-dependence, that affect the reading of the dynamics
of physical fields from spacetime vertices and Witten diagrams. It remains an interesting
open problem whether this approach to higher spin gravity will eventually bear fruit, e.g.
by finding a suitable geometric principle for selecting (a class of) Z-space resolutions, and
progress is currently being made [8-10)].

An alternative strategy for obtaining physical information from Vasiliev’s equations is
to gain guiding principles for higher spin geometry by studying their exact solutions. While
extracting spacetime vertices is quite a delicate operation in the sense mentioned above, the
form of the equations offers powerful ways of constructing solution spaces. Moreover, exam-
ining these solutions using classical observables given by geometrically constructed higher
spin invariants opens up for an approach to higher spin gravity that sidesteps the issues of
spacetime interactions vertices, which is one of the basic motivations behind this work.



Over the years, families of classical solutions to Vasiliev’s equations [11-23] have been
constructed, including candidate asymptotically anti-de Sitter (AAdS) higher spin black
holes in four dimensions' and topologically non-trivial asymptotically locally anti-de Sitter
(ALAdS) solutions. Large solution spaces, that are of relevance to this paper, exhibit the
following characteristics:

(a) choices of gauge functions that trivialize all fluctuations in the spacetime gauge fields;

(b) zero-form integration constants (sometimes referred to as initial data) that contain
local degrees of freedom in AAdS and ALAdS geometries;

(c) usage of special non-polynomial classes of symbols of horizontal forms presented in
terms of auxiliary parametric integrals, including singular potentials for delta function
sources, induced from solving the equations in Weyl order [15, 16, 20, 22, 23];

(d) a universal Z-space resolution that dresses any first-order initial datum into an exact
solution in a convenient holomorphic gauge.

While very effective and natural for the basic structure of the Vasiliev equations, these
ingredients blur the identification of Fronsdal fields within Vasiliev’s master fields in ac-
cordance with the Central On Mass Shell Theorem (COMST) [2-4], which makes use of
normal order [2, 6, 28] and a gauge in twistor space that differs from that it in (d). More
precisely, as noted in (a), most of the known exact solutions have been constructed in
gauges in which the spacetime connection encodes only the AdS background. Hence it
remains uncorrected,? i.e., it is not glued to the propagating degrees of freedom carried
by the Weyl zero-form. The natural question is then whether such solutions admit an
interpretation in terms of Fronsdal fields upon linearization.

In this paper, we construct a family of linearized gauge functions and integration
constants that encode propagating Fronsdal fields with non-trivial Weyl tensors. The
gauge functions are obtained by solving a gauge condition that relaxes the one used in
the standard linearization of Vasiliev’s equations. In other words, the (relaxed) gauge
functions provide the Chevalley-Eilenberg cocycle required by the COMST, that glues the
on-shell curvatures of the Fronsdal fields, i.e. their Weyl tensors, to the corresponding
components of the Weyl zero-form. In particular, our results spell out the relation at

!The solutions that we refer to as higher spin black hole states are so called essentially because they
possess a tower of Weyl tensors of all integer spins that include and generalize the spin-2 Weyl tensor of an
AdS Schwarzschild black hole. However, at present there is no known higher-spin invariant quantity ensuring
that the singularity of the individual Weyl tensors is physical, and whether there exists any invariant notion
of an event horizon — as well as an entropy attached to it — remains an open problem. On the other
hand, the fact that each such solution has identical black-hole asymptotics but is possibly non-singular and
horizon-free may suggest an interpretation in terms of black-hole microstates, similar to fuzzballs [24-27].
In that sense, the name black-hole states may turn out to be appropriate in an even deeper sense. See [20]
for more details on this proposal and on our usage of the terminology.

2In fact, the spacetime connection remains uncorrected modulo a specific field redefinition, required for
the perturbatively-defined master fields to transform properly under the local Lorentz symmetry genera-
tors [2, 4, 12]. At linear order however, this additional effect is concentrated outside the Z = 0 slice, i.e.
irrelevant for the spacetime approach.



linear order between the gauge function solution method [12, 13, 15-17, 19-23, 29] and
the ordinary perturbative analysis of the Vasiliev equations [3, 4, 30, 31]. Equivalently,
the relevant gauge functions appear as the gauge parameters that send field configurations
obtained within a class of Z-space resolution schemes, satisfying certain assumptions, into
field configurations obtained within the aforementioned relaxed version of Vasiliev’s original
resolution scheme, which we shall refer to as the standard scheme. Hence, our construction
encapsulates the propagating Fronsdal fields within (gauge equivalence classes of) gauge
functions on twistor space with interesting properties that we will exhibit in the bulk of
the paper.

Thus, in order to properly interpret families of exact solutions, it is in general important
to connect various perturbative schemes by means of re-orderings and gauge transforma-
tions. One may then examine to what extent these transformations are large by evaluating
classical observables given by functionals that are higher-spin gauge invariant up to total
derivatives on the full non-commutative manifold.

Being able to relate the perturbative schemes in different orderings is also of importance
from the point of view of the off-shell extension of the Vasiliev theory put forward in [32-34].
More precisely, in those works it has been proposed to

(i) embed Vasiliev’s higher spin geometries into the moduli space of a flat Quillen su-
perconnection [35] valued in the direct product of the differential graded algebra of
horizontal forms and an internal graded associative algebra;

(ii) treating the flat superconnections as semi-classical boundary states of a Frobenius-
Chern-Simons (FCS) gauge theory with a star-product local Batalin-Vilkovisky mas-
ter action of Alexandrov-Kontsevich-Schwarz-Zaboronsky (AKSZ) type [36, 37];

(iii) assign each boundary state an on-shell action in the form of a topological vertex
operator [38];3

iv) identify the on-shell action evaluated on ALAdS higher spin geometries with the
generating functional of a dual holographic conformal field theory (CFT) [41-43].

In the FCS model, the superconnection is represented by symbols defined using Weyl
ordering. On the other hand, as mentioned above, in the standard scheme the horizontal
forms are represented using normal ordering, as it allows to formulate the field equations
in terms of regular symbols only. Hence, the identification of a Vasiliev branch within
the FCS model relies on the possibility of going between Weyl and normal ordering in
classical moduli spaces, which involves going beyond the class of analytic functions on

twistor space.?

3In the FCS model, the on-shell actions are derived from Chern classes, whereas more generally, within
the context of the AKSZ formalism, they need only be topological vertex operators, i.e. functionals whose
total variation vanishes on-shell, that is, they are partial actions in the sense of [39, 40].

“Indeed, the Weyl-ordered symbol of one of the fundamental ingredients of the Vasiliev formulation, the
Klein operator (2.19), is a delta function [14].



In this paper, we resolve the above problem at the linearized level by showing the
gauge equivalence between Z-space resolutions schemes that arise naturally in Weyl and
normal order.® Indeed, the standard scheme can be connected by our procedure to what
we refer to as the Weyl-ordered Z-space resolution scheme, as it originates from solving
the Vasiliev equations using the standard resolution operator but applied in Weyl order
(or, equivalently, keeping the Y and Z dependence factorized). This method has been
used in a number of circumstances to obtain solution spaces in which the symbols have
then been mapped from Weyl to normal order; for example, see [20]. As we show in
section 3.2, the re-ordering step maps the Weyl-ordered Z-space resolution operator to an
equivalent operator in normal order, different from the standard one; see also [10], where
a one-parameter family of Z-space resolution schemes in normal ordering, including the
Weyl-ordered scheme, is mapped to Vasiliev’s original resolution scheme via parameter-
dependent star-product re-orderings. In other words, the aforementioned solution spaces
can equivalently be obtained by working in normal order and using the new resolution
operator, as we prove in appendix C. For this reason, we refer to the latter resolution as
Weyl-ordered, even if it operates on normal-ordered symbols. Once in normal order, our
general results, presented in section 3, enable us to move to the relaxed Vasiliev gauge
by means of a gauge transformation. The required gauge parameter removes the non-
analyticities from the solutions obtained via the Weyl-ordered scheme (which are present in
normal as well as Weyl-order), leading to a real-analytic generating function for Fronsdal
gauge fields; see eq. (3.70). Essentially, this is possible because the singularities arising
within the Weyl-ordered scheme are cohomologically trivial.

In other words, motivated by the study of exact solutions, we prove that Vasiliev’s
equations admit a sensible free-field limit for master fields belonging to a class of symbols
which is larger than formal polynomials, thereby allowing us to relax one the assumptions
of Vasiliev’s original analysis. We exemplify the procedure explicitly for initial data from
specific higher-spin representations corresponding to linearized mode functions of massless
particle and higher spin black hole states, and we explicitly construct the gauge function
from which one can extract the linearized gauge fields.

In order to deal with the Weyl-order-induced singularities of symbols and the afore-
mentioned initial data that are non-polynomial functions and distributions in the non-
commutative twistor variables, it is important to specify their functional presentation. To
this end, a regular computational scheme [15, 16, 20, 21, 23] based on auxiliary integral pre-
sentations of symbols has been set up in order to construct classical solutions from the clas-
sical moduli in (a) and (b) using various gauges and orderings. This scheme, to be spelled
out in yet more detail in the body of the paper, consists of the following three prescriptions:

5The act of exchanging any two ordering schemes is a similarity transformation on symbols generated by a
symmetric polyvector field that preserves the trace operation, known as a Kontsevich gauge transformation,
as it is local in twistor space (but not in spacetime). The higher spin transformations arise as inner
transformations generated by star product conjugations by functions on twistor space. The Kontsevich
gauge transformations can be made local also in spacetime by introducing additional spacetime gauge
fields. An interesting open problem is whether it is possible to source these additional gauge fields by
means of any generalization of the cocycle appearing in Vasiliev’s equations.



(i) the symbols of perturbatively defined master fields are given reqular presentations as
auxiliary parametric integrals with kernels given by Gaussian operators;

(ii) star products and traces are performed prior to auxiliary integrals at each order of
classical perturbation theory; and

(iii) the auxiliary integrals must provide ambiguity-free® regular presentations at every
order of classical perturbation theory.

Successfully implemented, the scheme can be used to ensure that the on-shell master fields
form free differential graded associative algebras [20] with well-defined invariants.

In this paper, we shall refine and formalize the regular scheme as originally proposed
and use it to map master field configurations built in Weyl order to corresponding un-
folded Fronsdal fields on AdS spacetime glued to their Weyl curvatures in accordance with
the COMST. We thereby close the apparent gap between the Weyl- and normal-ordered
formalisms that has existed in the literature already at the linearized level.

Moreover, we propose a Fefferman-Graham-like scheme for the perturbative construc-
tion of AAdS solutions to Vasiliev’s equations whose on-shell action yields physically mean-
ingful holographic two-point functions in the leading order of classical perturbation theory.
This scheme involves fixing boundary conditions in both spacetime and twistor space; in
particular, it is natural to expect that such a procedure will help in resolving the ambigu-
ities that arise in integrating the Z-dependence perturbatively, and that it is instrumental
to properly singling out the superselection sector that may be captured by the dual CFT.
It is then conceivable that implementing this scheme at higher orders may provide a ratio-
nale for fixing the resolution of the Z-dependence and for selecting a class of twistor space
functions (which is crucial in a non-commutative field theory).

Thus, the analysis carried out in this paper addresses a number of open issues in the
literature on Vasiliev’s theory concerning exact solutions, perturbative schemes, admissible
classes of symbols, and choices of gauge and ordering prescriptions. It also provides the
starting block for an iterative procedure for constructing ALAdS higher spin geometries
with non-trivial topology both in spacetime and twistor space and related on-shell actions.
Non-trivial twistor space topology can be created within the regular scheme by inclusion
of non-polynomial star product algebra extensions of the Weyl algebra that reach beyond
naive real-analytic non-polynomial completions (which in general do not form star product
algebras). Another advantage of the regular scheme is that it facilitates the evaluation
of classical observables, allowing to directly address the hypothetical duality between the
bulk HSG and the holographic CFT [44-48], thereby sidelining the passage via the non-
local deformed Fronsdal theory on AdS [8, 9, 49-52]. More precisely, the evaluation of
zero-form charges, that is, observables built from higher spin Weyl tensors on-shell, can be
performed directly on the Weyl-ordered configuration. Indeed, the gauge function drops out
from the zero-form charge, while the AAdS boundary conditions may require a modification

50One potential source of ambiguity is the rise of singularities in complex auxiliary integration planes upon
performing star products, that may interfere with an otherwise ambiguity-free choice of closed integration
contours.



of the Weyl-ordered solution itself that yields a non-trivial deformations of the zero-form
invariants. In this work, we show that they are protected for Weyl-ordered solutions based
on uncorrected initial data, in the sense that, although there are sub-leading perturbative
corrections to the observables, they are all proportional to the leading contribution.

1.2 ALAJdS geometries and AKSZ quantization

Our working hypothesis is that the regular scheme gives rise to a global formulation of
HSG based on the FCS model with

(i) a moduli space of ALAdS higher spin geometries;
(ii) higher spin invariant functionals serving as observables;
(iii) an on-shell action giving rise to a partition function of the FCS model.

We expect (i) to include asymptotically massless particle and higher spin black hole
states [14-16, 19-21]. At the linearized level, these states are carried by Weyl zero-forms
that are localizable inside the bulk of the ALAdS spacetime [15, 44], that is, that remain
well-defined upon replacing conformal infinities by compact marked submanifolds. Thus,
their on-shell action should depend on the Weyl zero-form but not the vacuum gauge
function, that is, it should be an on-shell closed and gauge invariant spacetime zero-form,
also known as a zero-form charge [12]. A natural candidate is the second Chern class
on Vasiliev’s internal twistor space, which can indeed be added to the FCS bulk action
without changing the classical equations of motion while giving rise to a non-trivial
on-shell action [32].

In classical perturbation theory, the aforementioned on-shell action is given in the
leading order by a bilinear function of the Weyl zero-form that defines a (positive or neg-
ative) definite bilinear form [15] on the higher spin representations containing massless
particle and higher spin black hole states. Moreover, at the first sub-leading order, the
back-reaction to the master fields from linearized particle states contains higher spin black
hole states [20].

This suggests that the dual holographic CFT contains operators corresponding to
higher spin black hole states, which form real higher spin multiplets, as well as particle
states, which belong to ordinary unitarizable complex higher spin multiplets. The holo-
graphic CFT would thus be non-unitary but nonetheless equipped with a well-defined
partition function in Lorentzian signature. As for its microscopic field content,” one may
think of NV conformal matter fields coupled to three-dimensional conformal higher spin
gauge fields [53] induced by large gauge functions in the bulk, captured by an on-shell ac-
tion given by the fourth Chern class of the generalized higher spin Lorentz connection [3§],
which encodes a mixture of localizable states and boundary states. In the case of the
minimal bosonic HSG model, the resulting anomalous dimensions could blow up as N — 1

"A natural mechanism for the required quantization of Newton’s constant in the bulk is an embed-
ding of the second Chern class defining the on-shell action into a Chern-Simons form for the full Quillen
superconnection master field of the FCS model.



(unlike in the case of the Ising model-like O(N)-model), as suggested by the intriguing
quantum shift in the inverse Newton’s constant from 1/N to 1/(N — 1) computed using
the deformed Fronsdal theory on AdSy [54]; for a recent treatment, see [55].

Thus, assuming that massless higher spin particles (but not the graviton) acquire large
masses by spontaneous symmetry breaking mechanism (triggered by composite Goldstone
modes), an ALAdS higher spin geometry can thus be trusted in its strongly coupled core
region (but not its weakly coupled ALAdS region) where it provides a semi-classical real-
ization of a microstate of a quantum theory of gravity with asymptotical observers in a
broken phase described by ordinary gravity. In other words, we think of the core region
as an unbroken bubble produced within a broken phase at finite temperature, i.e. created
at the expense of switching on microstate on-shell actions while minimizing the free en-
ergy as the core region contains a large number of semi-classical microstates (labelled by
topologies [23] and higher spin charges).

We expect that the relation between the deformed Fronsdal and FCS formulations of
HSG provides a prototype for a broader duality between relativistic quantum field theories
(QFT) on metric backgrounds (including gravity and string theory) and topological field
theories of AKSZ-type with infinitely many fields capable of describing local degrees of
freedom, referred to as quasi-topological field theories (QTFT). The key feature of a
QTFT vis-a-vis an ordinary topological QFT is that its AKSZ gluing operation [36] leaves
a gluing mark in the interior of the bulk manifold (where the AKSZ momenta vanish
identically). Thus, letting Z denote the corresponding hypothetical functor,® the QTFT
partition function

Z(S' x ¥) = Tryx)e'Klors (1.1)

where Z(X) is the space of boundary states of the QTFT and K is an on-shell action given
by a positive definite functional on Z(X) evaluated at the marked {0} x > C S x . Thus,
if the QFT/QTFT correspondence extends to macroscopic length scales, then it could
provide new insights into holography, black hole physics and cosmology. In particular,
a QTFT providing scattering amplitudes and other local QFT observables could bypass
the problematic identification of the normalization of the partition function® with the
cosmological constant, as the latter quantity enters the QTFT action as a cubic vertex.

1.3 Outline of the paper

The paper is organized as follows.

In section 2, we formulate Vasiliev’'s HSG geometrically on-shell starting from first
principles, including the COMST, the gauge function method, and the regular perturba-
tive scheme. Section 3 treats the linearization of the theory around its AdS vacuum. In
particular, we show how to use gauge functions to map zero-form integration constants to
properly unfolded Fronsdal fields on-shell, stressing the fact that the COMST only fixes

8To our best understanding, the AKSZ extension of Atiyah’s geometric category of (unmarked) bor-
disms [56] remains to be defined.

9The normalization of the QTFT partition seems to be related to balancing the (infinite) numbers of
even and odd forms by means of topological supersymmetry [57, 58].



the linearized gauge function up to O(Z?) in normal order. We also highlight occurrences
of twistor space singularities in the linearized gauge function even though the physical
master fields are real-analytic. In section 4, we spell out the aforementioned map on mass-
shells consisting of massless particle and higher-spin black hole states, establishing that
the linearized gauge function is real-analytic on twistor space for black hole states but
non-real-analytic on twistor space for particle states. In section 5, we use the results of sec-
tion 3 to propose a Fefferman-Graham-like scheme for imposing AAdS boundary conditions
on Vasiliev’s master fields order by order in classical perturbation theory. In section 6, we
review the construction of zero-form charges in Vasiliev’s higher-spin gravity, and their per-
turbative expansion on the classical moduli spaces constructed in the previous sections. In
particular, we shall verify that the virtual twistor space spin-frame used in the holomorphic
gauge indeed decouples from these observables up to the first sub-leading order in classical
perturbation theory, in accordance with the map established in section 3. The paper is
concluded in section 7. In appendix A we spell out our conventions; in appendices B, D
and E we collect some relevant algebraic properties of those solutions and some useful
identities; in appendix C we show that the solutions of [20] can be obtained by solving re-
cursively to all orders the perturbative expansion based on the standard homotopy operator
in Weyl ordering.

2 Vasiliev’s equations

We review Vasiliev’s on-shell formulation of HSG, starting with the formal definition in
terms of locally defined horizontal forms on non-commutative fibered spaces and higher
spin geometries supporting globally defined classical observables, after which we spell out
the regular scheme for perturbative expansions that we shall implement in the following
sections.

2.1 Local formulation

Correspondence space. Vasiliev’s master fields are differential forms defined locally on
a direct product manifold Xy x Z4, where X is a commutative four-manifold with a real
differential structure and Z; is a non-commutative four-manifold with complex (almost)
symplectic structure (that blows up at points at infinity). The master fields are valued in
an associative algebra given by distributions (including real-analytic functions as well as
Dirac delta functions) on the non-commutative ), = C? with complex symplectic structure.
Thus, we may think of the master fields as horizontal forms on a total bundle space C with
fiber ), and base Xy x Z4, referred to as the correspondence space, as reductions from the
total space to either Xy x YV, or Z4 x )V, yield dual formulations of the full dynamics. To the
latter end, we shall take X4y and Z4 to be closed manifolds with marked points where master
field configurations are allowed to blow up, corresponding to boundaries and other defects.

Non-commutative differential Poisson structure. We assume that C has a differ-
ential Poisson structure with trivial pre-connection; see [57] and references therein. Thus,
the quantized versions of the wedge product and the de Rham differential on C, denoted



by x and d¢, respectively, obey the standard homotopy relations

¢ =0, de(f*g) = (def) g+ (—=1)%8 f x (deg) , (2.1)
(fxg)xh, (2.2)

where f,g,h € Q(C|R), a space of symbols on C forming the representation R of a star
product algebra.'® The triviality of the pre-connection implies that there exist local co-
ordinates (z#;Y%; Z%) in charts U C Xy x Z4 x V4, and corresponding operator ordering
schemes, such that

QUIR) = Qg (U|R) ® Cldz*, dY=,dZ9], (2.3)
where Cldz#,dY2,dZ%] is the algebra generated by anti-commuting line-elements, and
dely = datd, + dY >0y + dz=o{?) (2.4)
i.e. the de Rham differential on U acting on the symbols in R.

Horizontal forms. Locally, the horizontal subalgebra is given by!!
Qnor (UIR) = Qo) (UIR) @ Cldat,dZ7], (2.5)

that is, a horizontal form f on C is represented locally by a symbol f(x,Y, Z;dx,dZ) with
Y and Z dependence given by a symbol in R. We denote the horizontal projection of d¢
by CZ, which we decompose as

~

d=d+q, d:=dz"0y q:=dz%o7, (2.6)
where thus d and ¢ are the de Rham differentials on X and Z,, respectively.
Holomorphic symplectic structure and chiral twisted convolutions. Letting

Ye=(y"gY)  Z2%= (-2, (2.7)
be canonical, that is,

[YQ,YQL = 2iClp, [Zg, ZQL = —2iCas, [YQ, ZEL —0, (2.8)

where C,p is the Sp(4)-invariant tensor; for spinor conventions, see appendix A'? The
canonical commutation rules equip the space of arbitrary polynomials on V4 x Z4 with
an associative product, which defines the Weyl algebra on Y, x Z4. Higher spin master
fields obeying non-trivial boundary conditions belong, however, to more general classes of
symbols, which in general contain Dirac delta functions and their derivatives as well as

10The regular representation of a star product algebra is the algebra itself.

" The definition of a horizontal subalgebra of Q(C) requires the existence of a closed and central volume
form on the fiber [58].

12Pairs of spinor indices are contracted from north-west to south-east as in eq. (A.3).



regular functions. In these classes of symbols, the star product can be realized as a twisted
convolution formula,

(f*g)(Y,Z)_/RSweiVUf(Y+U,Z+U)g(Y+V,Z—V), (2.9)

where f,g € Qpj(Va X Z4|R), and the integration measure is chiral, that is, Uy = (ua, Ua)
and Vo = (va,0s) and u, and a4 are integrated separately over one copy of R2. As we
shall see, the chiral measure facilitates

(i) the definition of holomorphic delta functions; and

(ii) Fourier transformation of phase space realizations of operators in Fock and anti-Fock
spaces;

which are crucial objects in the construction of ALAdS solutions with particle and black
hole states.

Separation of variables versus Weyl order. The star product (2.9) obeys
Y —=—2)xgY+2)=fY -2)g9(Y + 2), (2.10)

that is, it provides the representation of an operator algebra in terms of symbols given
in the normal order in which Y — Z and Y + Z are treated as creation and annihilation
operators, respectively; for this reason, the above composition rule is referred to as the
normal-ordered star product. From Y x Z = Z x Y, it follows that if f = f1(Y) x f2(Z) and
g =0g1(Y)xg2(Z), then fxg = f1*g1* faxge where f1*g; and fo*xgo are Groenewold-Moyal
star products. Thus, the normal ordered star product is equivalent to the Groenewold-
Moyal star product provided that the dependence of the master fields on the Y and Z
variables can be separated.

(Anti-)automorphisms. The star product algebra admits the linear outer automor-

phisms'?

Q0 (f(xaza E;y,gj;d:v, dZ,df)) = f(x7 —Z,Z; _yvgv d.’,U, —dZ,dZ) ) (211)
@ (f(xvzagayvg, dl’, dz7d2)) = f(l‘,Z, —2’ Y, _ga d.T,dZ, —di) ) (212)

and the graded anti-automorphisms

T (f(wv 2,259, Y; dl’, dZ, df)) = f(x7 _Z.Za —ZZ, Zyv Zg7 dl‘, —idZ, —ZdZ) ) (213)
(f(x,Z,f;ng; d:):,dz,di))T = (f(xa'az;gay;dxadza dZ))* ) (214)

of which 7 is linear and { is anti-linear. Thus,

m(fxg)=n(f)x7(9), T(fxg)=7(f)x7(9), (2.15)
T(f*g) = (=) 989 (g) % (), (f xg)T = (—)dealdeaagh g1 (2.16)

13These automorphisms can be made inner by extending the star product algebra by outer Klein operators.

~10 -



The associativity of the star product ensures that the graded bracket and twisted graded
bracket defined by

[f gl :=frg— (=)l 899 1, (2.17)
[/ 19l o= frg— ()79 n(f), (2.18)
obey graded Jacobi identities.

Twisted central closed two-form. The star product algebra is assumed to contain the
inner Klein operators

K:=eW*, R:=krl=¢e ) k*xk=Rkxk=1, (2.19)
such that
™(fpaa) = (D fpgq * T(fpga) = GO fipgq %5 (2.20)
for horizontal forms f,., 5 of degree p on Xj and mixed holomorphic and anti-holomorphic
degree g and q on Z4, respectively. It follows that the two-form
i, o Wb, i0 T o
J = —Zdz ANdzok — Zdz NdZaR , b=¢e", b=e", (2.21)

is de Rham closed, anti-hermitian and twisted central in the sense that for any horizontal
form one has

Fxd=Txn(f). (2.22)

The inner Klein operators enjoy the following factorization property

2162 (2),  Kykky =Ko kK, =1, (2.23)

Ro:=2m0%(2), FRy*Ry=FR, %R, =1, (2.24)

BN
|
=
<
*
=
183
=
<
|
Do
3
(%)
[N}
Y
X
183
Il

X
Il
X
<
>*
x|
N
=
<
Il
[\
3
(%)
[\
S
:
N

where the chiral delta functions are assumed to be real-analytic,'* ie. §2(My) =
(det M)~152(y) where (My)® = M*Pyg, idem §2(z). As a consequence,

b b
J=FKy*j.+Ry*x]s, J. = —szza A dzaks Tp 1= —szza A dZaFR (2.25)
One also has 1
JxJ = —3hy * Ry * (K2d2%dze) x (R.dz%dZs) - (2.26)

Master field equations. The dynamical fields of the (duality unextended!®) Vasiliev
system are two horizontal forms ® and A of degrees zero and one, respectively, obeying

dA+AxA+dxJ =0, d® +[A,®]_=0, (2.27)

411 the sense that they preserve real-analyticity of the test function.

5In the FCS off-shell formulation, the field content is unified into a Quillen superconnection whose
linearized field content consists of an equal number of even and odd forms (in isomorphic representa-
tions) [32, 33]; this topological supersymmetry implies that the AKSZ partition function is finite at one-loop
on manifolds with boundary.
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which are compatible with homotopy relations of d and *, thereby defining a Cartan inte-
grable system. As a consequence, Cartan curvatures transform covariantly under

SA=de+[A,€, , 6D = — [e, D] (2.28)

T

where € are infinitesimal parameter defined locally on coordinate charts (hence not subject
to any boundary conditions).

Bosonic models. The equations of motion are compatible with the reality conditions
o = 7(®), Al =—A, (2.29)
and linear projection conditions

77(P) = 73(D) = D, mi(A) = 73(A) = A, (2.30)

7(®) = 7(P), T(A)=—-A, (2.31)
which defines the minimal bosonic model.

Type A and B model. The parity operation P is an automorphism of Q. (U|R) that
acts non-trivially on its coeflicient fields as well as the basis of R. The action on the latter
is induced from

Py, 5% 2%, 2%) = (5% y* =2, —2%); (2.32)

the action on the coefficient fields is then induced by constraining P(®) and P(A). There
are two possibilities corresponding to taking the Lorentz singlet component of ® to be
either even or odd under P, viz.

Type A model (parity even scalar) :  P(®,A,J) = (P, A4,J), b=1, (2.33)
Type B model (parity odd scalar) :  P(®,A,J)=(-®,A,—-J), b=i. (2.34)

2.2 Unfolded Fronsdal fields and COMST

Upon decomposing
A= A0 + Ap;1,0 + Aj0;0,1] 5 (2.35)

and defining
U .= A[l;O,O] = d.CCMUu, V = A[O;LO] + A[O;O,l] = ngVg, (236)
the equations of motion split into

q®+[V,®]_=0, dd +[U,®]_ =0, (2.37)
QV4+V*sV4+dxJ =0, qU+dV+[U,V], =0, dU+U+U=0. (2.38)
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In the context of a perturbative expansion around AdSy, subject to suitable boundary and
gauge conditions in twistor space that we shall exhibit in detail in the next section, the
linearized initial data

W .=vuW|,,, cW.=aW|,_,, (2.39)
turn out to obey
pOwm = - @ea%adagagc“) _ D adgn guayem| (2.40)
4 o 4 0
pYcM =g, (2.41)

which decompose under Sp(4) into unfolded equations of motion for a set of Fronsdal fields
of spins s € {0,1,2,3,...} under the bosonic projection (2.30) and s € {0,2,4,...} under
the minimal bosonic projection (2.31). This result is known as the Central On Mass Shell
Theorem (COMST). In other words, the Vasiliev system can be subjected to boundary and
gauge conditions in twistor space such that its linearization around anti-de Sitter spacetime
describes the gluing of a Weyl zero-form &™) to an adjoint one-form W) via the two-form
cocycle appearing in the constraint on the linearized curvature two-form Dé?l)W(l) in (2.40).
A key feature of the linearization procedure is that the aforementioned cocycle assumes
the canonical form as stated by the Central On Mass Shell Theorem (COMST) in a basis
where the spin-s Fronsdal field is identified as

Bu(s) = €M T (O8) TR Wy (2.42)
where euad is the AdSy4 vierbein, and the generalized spin-s Weyl tensor as
Ca(2s) = (83)250‘3/:0 ’ Ca(2s) = (az)%c‘y:() : (2'43)

2.3 Locally defined solution spaces

Gauge functions and virtual configurations. Vasiliev system can be integrated on
a coordinate chart Uy C X4 by applying a locally defined gauge function

MUy x 24— GOi), (2.44)
valued in a Cartan gauge group G(V1) to a particular solution (®', V') to
q® + [V, @] =0, V' +V' %V 4+ xJ =0, dd’' =0, dv' =0, (2.45)
on Zy4, referred to as a virtual twistor space configuration, viz.

U=M"1xdM, V=M1 1xqgM+M 7 '«V'«M, &=M"'%xd+x(M). (2.46)
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Integration constants. The virtual configuration encodes
(i) a zero-form integration constant
C':=Pd, (2.47)

where P projects onto the g-cohomology in form degree zero. This data can be given
equivalently in terms of

U =C %Ky, qC' =q¥' =0; (2.48)
(ii) a flat twistor space connection'
0 :=V'lg—o, (2.49)
obeying
@+ x0 =0. (2.50)

We refer to (¥';0") as the integration constants for the Vasiliev system on Uy x Zy.

Classical perturbative expansion. We shall consider perturbative expansions
o0
V=Y v (2.51)
n=1

inducing expansions

o= o, =V =M (1 + ZH(”)> , (2.52)
n=1 n=0

n=1

around

o0 =9, VO, (2.53)

where (@', V(") H™) are nth order in ¥/, and M©) is a ¥'-independent gauge func-
tion. As we propose in section 5, the perturbative expansions of M and ¥’ may be induced
by boundary conditions on C.

Holomorphic gauge and spin-frame on Z4. In ALAdS geometries, it is convenient
to give the virtual twistor space configuration in the holomorphic gauge [20]
[e.e]
=)=V xr,, Vi=V(Viz)=) U], (2), (2.54)

n=1

where we have assumed that ¢’ = 0, and v' := dz® )~ | v"v, , is a particular solution to

qu + v %0 +vj, =0, (2.55)

+

built from distributions on Z4 using a spin-frame ug

(see appendix A), that is, a holomor-
phic metric

ds? := Dypdz®dz" Dop = 2u; Ug) s utu” =1, (2.56)

(x

16Examples of non-trivial flat twistor space connections are given in [13].
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2.4 Global formulation

Moduli spaces and Cartan gauge orbits. A classical solution space M consists of
globally defined master field configurations on C obtained by gluing together chartwise
defined master fields (A, ®) using transition functions 7' from a principal bundle P with
structure group G C G. The space M is coordinatized by classical observables given by
globally defined functionals

O:(T;A,®) e M+ O[T; A, P €R. (2.57)

The configurations are constructed from classical moduli parameters given by gauge func-
tions M € T'(M; Xy x Z4), where M := [P xg G] is associated!” to a principal G-bundle
P, and by virtual configurations (T"; A’, ®) associated to P. Thus, M can be sliced into
Cartan gauge orbits

(T = (M) ™ % (T")2 * My, (2.58)
(AM))e = (M)~ 5 (d + Ag) x Mg, (2.59)
(@) = (Me)™ % @ % (M) , (2.60)

where £ and 7 are chart indices, and (T(M ), AM) M )) obey boundary conditions, namely,
T™M) must belong to G and the sections must fall off correctly in asymptotic regions of C,
which thus constrain the virtual data (7'; A, ®') and the gauge function M. The Cartan
gauge orbits decompose into equivalence classes

IMi] ~ [Ma] & VO, O A0 M) = o[7(M2); AR) (M2 (2.61)

As usual, the gauge parameter S := M, L« M, and the corresponding gauge transformation
are said to be small, or proper, if [My] ~ [Mas] in the above sense and large, or improper,
otherwise. We shall refer to both types simply as gauge transformations, keeping in mind
that the large ones comprise classical moduli. Thus, the classical moduli space M has the
structure of a locally fibered space, viz.

[D(M; Xy x Z4)] > M =3 T, (2.62)

where Z consists of G-equivalence classes of zero-form integration constants (V’, ), that
is, two pairs of integration constants are considered equivalent of they reside on the same
Cartan gauge orbit.

The construction of classical field configurations thus requires the specification of spaces
of virtual data and physical boundary conditions, to which we turn next.

1"We recall that a principal G-bundle is a space P on which G acts freely and transitively from the
right; its fibers are G-torsors and its projection map w : P — P/G. Its local trivializations are equivariant
isomorphisms ¢¢ : Us xG — 771 (Us), viz. ¢¢(p, g) = ¢¢(p, e)g. The gauge functions M : Us — G are locally
defined sections of the associated bundle [P x¢ G|, where [u, g] ~ [ug, €], viz. M¢(p) = [¢pe(p, Me(p)), €] =
[¢e(p, €), Me(p)]-
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Perturbative global formulation. In the context of a perturbative expansion (2.52),
we take the master fields to belong to

D(M; Xy x 24) = &= PeM, (2.63)

n=0

which is a perturbatively defined differential graded associative algebra with a graded
trace operation STrg. Likewise, we assume that gauge functions and transition functions,
respectively, belong to formally defined groups

G: =P, G: =3, G g, (264)

n=>0 n=0

to which we associate corresponding connections that act on the sections in adjoint repre-
sentations, that is, we assume that
AdgE =¢€. (2.65)

Separation of twistor space variables and chiral traces. Over a chart Uy C Xy, we
shall assume that the dependence on Y4 and Z4 of master fields and gauge functions can
be separated, viz.

flaxzi= Y Fav(@, de)ANZ,dZ) «OF (V) , (2.66)
AN

where, at a given point = € Uy, @él span an associative algebra A()y) of symbols on Y,
and A)(Z,dZ) span a differential graded associative algebra of forms on Z4; and where
[ are locally defined forms on ;. Notice that the index can be discrete or continuous.
In the latter case, eq. (2.66) takes the form

f lutax 2= / ANAN fr (z,dz)AN(Z,dZ) % O (V). (2.67)

In particular, for bosonic symbols f that are sections, the statement is that they belong to
1

E(ths) = Us) © (1 + 77) (UAZalT) © AD)) | (2.68)

where

(i) A(Vs) is a star-product algebra of functions of Y that is equipped with a (cyclic)
trace operation Tr 4(y,) used to define classical observables.'®19 The Klein operators
ky and Ry are also assumed to belong to A(Yy).

18 Asking for a finite trace is appropriate to construct solutions from initial data given in compact basis,
such as the ones considered in section 4. This condition is relaxed in the context of amplitude computa-
tions [45, 48], where the initial datum for bulk-to-boundary propagators is given in non-compact basis, and
where the resulting observable are expected to diverge at colliding points on the boundary.

19Tn appendix B, we give possible definitions of trace operations, including one that is relevant for field
configurations obtained from massless particle and black hole states.
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(ii) Q(Z4]J) is the space of forms on Z; given by
A2il7) = S| © ASTjz) . (S [Gz) = (US%) (2.69)
and?’
QS?j.) = QS UQ(SH) * o, QS?) = L(S?) N L=(5?), (2.70)

equipped with the chiral graded cyclic trace operation

f(za ClZ) * f_(Z,dZ) = f(za dZ) Y 5 f_(27d2) y (271)
Zy4 S2 S

i.e., we assume that Zy tép S2 x 5% where S? and S~ are treated as two separate
real non-commutative two-spheres each given by the non-commutative R? with a
(commuting) point added at infinity. The relation to the usual trace [ d*Z associated
with the Groenewold-Moyal product induced on Q(Z4) from (2.9) is given by the
definition of integrals of forms. In terms of the spin frame (D.2), the real two-
dimensional measure is

1
d*z = dzTdz™ = §dzadza , dz%dzok, = AT . (2.72)
S2

The full supertrace operation on £ is then defined via the factorisation property (2.66) as

STI'g = T‘r.A(M;) . (273)

Fronsdal branch. £ is assumed to contain a branch £m whose sections have restrictions
to submanifolds Xy g of X4 that admit interpretations in terms of Fronsdal fields defined
as in (2.42), (2.43),%! that is, the sections in &, are valued in a subspace Ag; (Vy) of A(Vs)
that consists of non-polynomial functions on )4 that are analytic at ¥ = 0 and that need
not form a star-product algebra.?? In the linearized analysis to be performed in section 4,
we shall work, however, with a subspace of &r, whose elements restricted to Xy m take
value in a star-product algebra, that is given by an operator algebra (of endomorphisms of
an extended Fock space).

20The space 2(S?), which consists of chiral forms that are bounded and integrable, forms a star product
subalgebra of Q(S?|5.), and Q2 (S?) N (Qo)(S?) * j=) # 0. The element x. is excluded from Qo) (S?|jz), as
k= * j- does not have a finite chiral trace; likewise dz®k. is excised from Qpj(S?|jz.).

21n the original interpretation [2-4] of the theory as a deformation of Fronsdal theory, X4, mr was taken
to coincide with X4. In section 5.2, however, we shall assume X4 rr to be a neighborhood of the conformal
boundary of AdSa.

22The space of real-analytic functions at Y = 0 does not form a star product algebra. For example, given
a star-invertible Fourier transformable function f (e.g. a generic gaussian in Y'), one has fx F(f™!) =

fx (f71 x (ky x Rg)) = kyRg.
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2.5 Regular computational scheme

As shown in [12, 13, 15, 19, 20, 22, 23, 59], the virtual configurations corresponding to
physically interesting solution spaces are non-polynomial in twistor space. In order to
facilitate perturbative computations on-shell using virtual classical moduli, it is convenient
to adopt the following rules:?3

(i) Regular presentations. When master fields and gauge functions are presented in
factorized form with respect to Y and Z as in (2.66), the oscillator dependence of
each factor is expanded over a set of elements closed under star product (see for
example [20]). For example, for the master fields of the solution spaces that have
been studied in [15, 16, 19, 20, 23], this step amounts to:

— expanding their Y-dependence by means of a contour-integral presentation of
elements P\ 1nojny ngy Mis i € Z — 1 /2, that correspond to endomorphisms
|m1, ma)(ni,na| of two-dimensional (anti-)Fock spaces. For such cases, A(Yy) =
End(F®H) @ FO)). In section 4 we shall review a subset of these solutions
representing massless particle and higher-spin black-hole states: the regular
presentation of their virtual configuration ®() is given by (4.47) for particles,
and by the same element star-multiplied by x, for black holes;

— expanding the Z-dependence of the Z-space connection in terms of open para-
metric integrals realizing deformed oscillators in Z-space, with deformation term
proportional to k, (as we review in appendix C.2). In particular, such integrals
realize the deformed oscillators in terms of gaussian elements in z (and z for
their complex conjugates) as in (C.22), (C.23), and at first order in pertur-
bation theory such integral realize a potential for a delta-function source, see
appendix C.3.

The above two examples can be unified into a more general notation for regularly-
presented master fields and gauge functions

TIAY, Z,dZ) := / d*Sd®T f(S,T;dZ) Es.r, (2.74)
Sesymg(C), TeC8
using chiral integration measures, where
= it oo | st = Y
Egr(2) :=exp (AE'SE+T'E) , E= (Z) , (2.75)

and f(S,T;dZ) may contain additional parametric integrals. However, whether one
can actually choose the kernel f(S,T;dZ) so as to represent symbols taking value
outside the algebra generated by the two above examples is left for future studies.

ZWe would like to stress that (i) and (ii) do not imply that (iii) is automatically satisfied.
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(ii) Nested integration order. The following operations involving the twistor variables Y,
and Z,:

— Derivatives
90y, 02)TIfI(Y; Z,dZ) :—/d%SdSTf(S,T; dZ)g(0y,0z)Esr;  (2.76)

— Traces??

Tr oy T Z,dZ) = / d*SddT ; f(S,T;dZ) Tx g(y,) Esir s (2.77)
4

where the trace operation requires a factorization of Eg.r;

— Star products

TIf1*Tlg) := / d*SaéT / d*S' T f(S,T;dZ)g(S',T';dZ) (Es;r x Esr.rv)

(2.78)
where Eg.r * Egr.v is computed using (2.9);
— Homotopy integrals (cf (3.40))
dETVITI] = / d30SaéT / 1@% - f(S,T;tdZ) Es.r|
Sesymg(C), TECH 0 t E+V y4 N Z—tZ4+(t-1)V >
(2.79)

are performed prior to the auxiliary integrals.

(iii) Ambiguity-free nesting. At each order of classical perturbation theory, the on-shell
master fields must have unambiguous regular presentations, such as to generate a
perturbatively defined differential graded associative algebra.

In the following, we shall employ the above calculational scheme in moving from the sim-

ple factorized regular presentations such as (4.47) and (C.22), cast the resulting Z-space

connection in normal order and then integrating the equations for the gauge fields subject

to a gauge choice and to specific boundary conditions, thereby obtaining “induced” regular

presentations for the spacetime one-form and for the gauge functions in normal ordering.
We would like to make the following remarks:

(a) Although rule (ii) requires to perform all parametric integrals as the very last step, the
result should stay unchanged if one first performs sub-integrals that do not interplay
with the Y, and Z, variables. This relaxed prescription allows one to define the
o-product (D.10) as in [11] and to establish the algebra (4.34) as in [15, 20].

(b) Rule (iii) provides a non-trivial condition which in some cases may actually resolve

apparent ambiguities in the choice of regular presentation; for an example, see ap-
pendix E of [23].

24The regularised trace discussed in appendix B should be generalised in a way that is compatible with
this prescription.
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(c)

The expansion is not unique, and in fact can always be rewritten in the form f(S,7T) =
§36(S)£(T), as the Gaussians can be Fourier transformed.?> This basis is also inter-
esting because of the property

EO,T = €i<p(T)E07TY * EO,TZ s 8QZE07TY = 6§E07TZ = O, (280)
where ¢(7T') can be computed using eq. (2.9) which makes eq. (2.67) manifest.

A generalization of this kind may actually help avoiding the ambiguity in the expan-
sion (B.3), but a regularized trace adapted to elements as general as (2.74) is yet to
be defined.

The generic mode functions Eg 7 of the expansion (2.74) belong to the group alge-
bra CSpH(8) where SpH(8) is the semi-direct product of Sp(8) with the Heisenberg
group.? Indeed, one can show?’ that its generic element can be written

exp, (4Z'AE +AE) (2.81)

S exp (LE'S(A)Z +iT(A,AN)=E —iAT(A,A) — LT(A,AN)AT(A,A)) ;

\/det cosh(A)
A= <A O) . A= <O> , (2.82)
00 0

in particular, if
then S(A) and T'(A, A) are given by

1—e=24
g_ tanh A 0 _ [ 15 0 , T — 0 , (2.83)
0 0 0 0 0

which is the Cayley transform of the group element obtain from the generator 2iA,
thereby giving the identification [60] between Weyl ordered gaussians and group
elements.

The group algebra contains elements whose symbols in normal order are not Gaus-
sians but that are nonetheless included in the integral representation (2.74) as bound-
ary limits. An example of such elements are those of the form (2.82) for which
(14 e~24) is not invertible.

There is a set of matrices S for which Egr (2.75) does not belong to the group alge-

bra. For example, from (2.83) it follows that this is the case of S = ﬁ 8 with B

%y (T) itself can contain distributions, which happens for example in the case where the support of
f(S,T) contains points (S,T) where S is not invertible.

26SpH(8) is itself a twist of ISp(8; R) by the same cocyle as the one defining the Heisenberg algebra.

*"The case of A squaring to a number was proven in [19] (see also [59]). The general proof works in

the same way, except that one writes a first order equation for S(A) rather than postulating that it is

proportional to A.
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outside the image of the tanh map. It similarly happens for the Z-space counterpart
of this example, as in the case of the elements (D.6); %%D is indeed outside the
image of tanh for the limiting points s = +1 of the integration domain as well as for
the central point s = 0. This parametric integral is thus expanded in the closure of

the group algebra CSp(8) rather than in the algebra itself.

(h) The composition rule for Eg.7xEgr.7 obtained using (2.9) is the analytic continuation
of the product in SpH(8,C) [46].

(i) The higher-spin initial datum (4.51) is expanded as
o) =T [6%(5 — 5,)0%(T +iX)], ES,E=4inE, XE=xy+xy. (2.84)

This Weyl tensor are expanded within SpH(8), as 5, is in the image of tanh for n
encircling €. Notice however that the n contour in eq. (4.47) is not the image of a
closed contour in the group algebra, as it unavoidably crosses a branch cut of the
inverse tanh map. Similarly, one possibility for the black hole modes (4.52) is to
expand them over the Heisenberg group generators as

1
o) =T 5-0%0(9)8% (T(1 ~ IT,) — X (1~ ) exp(~TI,X) |, (2:85)
Y
E1l1,E2 = y1(y2 — inooy) , EillnE2 = y1ye.

In both cases (q);(tl ) and @{fhl)), the expansion not only facilitates computations but

also regularizes the formally divergent star product P; x P_1 [15, 20].

3 Linearized solution spaces and unfolded Fronsdal fields

In this section, we linearize Vasiliev’s equations around anti-de Sitter spacetime and de-
scribe a linearized solution space that contains properly unfolded Fronsdal fields, as stated
by the COMST. We would like to stress that

— the linearized fields as well as the vacuum are configurations on C given by regular
presentations that make sense in various ordering schemes;

— the unfolded Fronsdal fields arise in an adjoint one-form W) and twisted adjoint
zero-form C'1) that can be obtained from the master fields on C by localizing the
latter to Z = 0 in normal order;

— the COMST requires the twistor space connection on C to obey a relaxed twistor space
gauge condition that only determines the linearized gauge function up to O(Z?) in
normal order.

In the next section, we shall map the linearized fields in the holomorphic gauge to the
relaxed gauge in the cases of black hole and particle states, thereby corroborating the com-
patibility between the gauge function method and the COMST in these cases. In section 5,
we shall extend these results to a proposal for a Fefferman-Graham-like perturbative con-
struction of ALAdS solution spaces to Vasiliev’s equations.
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3.1 Linearization around anti-de Sitter background

Vacuum. The (proper) anti-de Sitter vacuum AdSy of Vasiliev’s equations is obtained
by taking

top top top
Xy =2 St xS x2S x(SP\{N}) = S xR3, (3.1)
where N is a point on S3, and choosing a vacuum gauge function

L:X,x Z,—80(2,3), q¢L=0, (3.2)

that is homotopic to?® a section of SO(1,3) — SO(2,3) — SO(2,3)/SO(1,3) = AdS,. The
vacuum field configuration is given by

UO =00 .= 1sdr, o9 =v0 =9, (3.3)
that is, in accordance with eq. (2.46), we have
MO =L &=V =0. (3.4)
If L is a section, then Q) = L*@, the pull-back of the Maurer-Cartan form © on SO(2, 3)
to Xj, that is

QO — LoOasy y, = 1
4 =

. = (00 yays + 6O gagy +2e0%y0gs) . (35)

where €05 is a vierbein on AdS, with compatible spin connection (w(®*?, w(0as ).
In what follows, we shall work with a vacuum gauge function corresponding to the
stereographic coordinate for AdS, [61]; for details, see appendix A.

Linearized equations of motion In a perturbative expansion around the AdSy vacuum,
the linearized Vasiliev system reads

@M =0, (3.6)

VoM — ¢, (3.7)
v+ oM g=0, (3.8)
UV + DOV =0, (3.9)
pOuM —o, (3.10)

which is a Cartan integrable set of curvature constraints.

The adjoint and twisted-adjoint background covariant derivatives of a master field f,
i.e. a horizontal differential form f = f(x, Z,dz,dZ;Y) on Yy — Xy x Y4 X 24 — Xy X Zy,
are defined by

DO f =17 wd (Lx fo L) L=df + [ f] (3.11)
DO S = L7 wd (Lx fom(L7Y) wr(L) = df + [0 f] (3.12)

28The section condition need only hold in a tubular neighbourhood of the boundary S* x {N}.
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respectively. It follows that

DY) = d+ Qv o) — i8N ol7) (3.13)
(0) (0)ap .~0)aB y o7
Dy = d+Q "Ya0) —iQ -0y 0F
i ~(0)as (0)aB (0)aB ny (INOEEI
— 590 Ya¥s - Q) Yadf + Q()aaﬁ+29()aaﬁ, (3.14)
where (a5 1
gy Ya¥p = 2(11@9@%@1@ (3.15)

Symmetries. The background is left invariant under Cartan gauge transformations with
rigid group elements G(?) obeying

DOGO — ¢, G0 =0, (3.16)

that is,
GO =L'%GO%L, a7 =0=¢g"", (3.17)

referred to as Cartan-Killing symmetries.
As for the linearized equations of motion (3.6)—(3.10), they exhibit two types of sym-
metries. Indeed, in addition to Cartan-Killing transformations

OO, VD80 x5y) = (GO) 7w (OO, VD00 )+ GO, (318)
they are also invariant under abelian linearized gauge transformations
(55U(1) - D((c]l)ﬁ(l) ) (55‘/(1) = qﬁ(l) ’ 56(1)(1) = 07 (319)

with unconstrained local parameters. Thus, ®() is invariant under the abelian gauge
transformations, while UM and V(1) decompose into sections and connections defined by
the structure group.

Linearized solution spaces. Linearized solution spaces can be generated by applying
finite gauge transformations with vacuum gauge function L and (linearized) gauge function

H®M to a twisted-adjoint integration constant C'(!) for the Weyl zero-form &) viz.2
vW = pWHM M =cW =71 'W x7(L), (3.20)
VD = L v/ W s L4 qgHW (3.21)

where V/(1) a particular solution to
V'O 4 cWxg=0, dav'®=o. (3.22)

The resulting classical solution space thus decomposes into Cartan gauge orbits which can
be exhibited by defining

HY =157 Wsr, D= 1edWysp, (3.23)

2Note that, due to (3.6), at first order @) and C) defined in (2.39) coincide. We shall therefore use
these two notations interchangeably at first order.
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such that
UY=L ' %dH'W L, W = L1 'MW (L), (3.24)
VO = L% (v 4 gH' WY % L (3.25)
the gauge orbits are then generated by
SoHM =W 5, vW =0,  s.00=0. (3.26)

Thus, the solution space has the structure of proper gauge orbits over a linearized moduli
space coordinatized by C'") and equivalence classes [H'(Y)] defined such that [H'(")] ~
[H'D] if L= % (H'W — H'M) & L is a small gauge parameter.

3.2 Twistor space decomposition and spacetime unfolded system

Resolution operators and cohomology projectors. In order to embed unfolded
Fronsdal fields into the gauge function, we decompose a form field f given by a regular
presentation in Q(Us) @ Q(24]S) ® A(Vs), where Uy C Xy, as

f=q¢g9+qh+c, (3.27)
where

— g := qf is the source of f;

q* is a resolution operator providing a particular co-source;
— h is a gauge function (or form);

— crepresents an element in the g-cohomology H(q) C Q(Z4]S) valued in Q(Uy)R.A(Vs),
that is,
c=Pf, P:QZ24S) = H(q), P>=7P; (3.28)

— the decomposition is compatible with the regular presentation, i.e.
f=dqf +qh+Pf, (3.29)

where ¢*q and P act on the Gaussian building blocks of f prior to performing the
auxiliary integrals.

For 2,4 tép 52 x ?2, H(q) is generated by 1, j., 7z and j,Jz, and Pf contains form fields on
Uy in corresponding co-form degrees valued in A()y).

Thus, the projection of (<I>(1), v, V(l)) onto H[O](q)?’o yields a differential zero-form
PdM) and a spacetime one-form PUM) on Uy; while there is no cohomological part associ-
ated to V(1) € Q1(2y).

30Notice that Hg(q) is the only cohomology that is relevant for the (duality unextended) Vasiliev system.
The cohomologies in degrees greater than one are activated in the Frobenius-Chern-Simons system [32, 33]
as well as in other extensions of the Vasiliev system [62, 63] involving higher-degree forms.
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Twistor space gauges. Given a decomposition using (q(A)*, P(A)), we shall refer to the
projection

FA) = (g 4 () = <q<A)*q 4 p(A>) 7, (3.30)

of f obtained by setting h(Y) to zero, as the twistor space A-gauge. Two such gauges may
be physically distinct, as the gauge function carries physical degrees of freedom (arising
via boundaries or other topological defects).

Projection to unfolded system on Xj;. From eq. (3.6), it follows that ®(1) is given
by its cohomological part, that is,

o) — pop) | (3.31)

independently of the choice of P, as the notation indicates. From now on, we shall assume
that @1 (z,Y) is analytic in Y at Y = 0, as is required for the interpretation (2.43) as Weyl
tensor generating function.?! Decomposing VW and UMW, respectively, using (q(A)*,P(A))
and (¢B)*, PB)), it follows from egs. (3.8) and (3.9) that

v = @M « J) 4+ qnA | (3.32)
U0 = gD (¢ (@1 4 J) — ghA) 4 wEAB) (3.33)

where the cohomological part
wB) — pBgM) (3.34)

is a one-form field on X that does not depend on the Z variables. Thus, in the A-gauge,

VLA = _ (oM & ) (3.35)

as the notation indicates, the choice of (¢(B)*, P(B)) affects W1-4-B) but not U4,

The remaining linearized field equations, that is, egs. (3.7) and (3.10), now read

pOwAB) — _ (DO By (DO gDy (M) & 1) | (3.37)
pYoM =, (3.38)

which constitute a free differential algebra on Xj. The Cartan integrability of the original
system on Xy x Z4 implies that as the left-hand side of eq. (3.37) is Z-independent so is its
right-hand side, whose normal and Weyl ordered forms are hence equal; for further details,
see for example [31].

31Strictly speaking, this requirement is necessary only at generic spacetime locations, where the inter-
pretation in terms of Fronsdal fields holds. For example, this is not the case at the singular point of the
black-hole-like solutions that are discussed in section 4.
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Resolution from homotopy contraction. A particular form of resolution operator on
V4 C Z5 can be obtained by choosing a vector field V on V4 such that every point on V, is
connected by a unique vector field flow to a base point py (where thus V]po = 0). We then let

Lt
gV ::/0 7755\7@‘7, (3.39)

denote the resolution operator given by homotopy contraction along V. For example, we
may take Z(pg) = 0 and contract along the Euler vector field E = Z%?QZ . In particular, if
V& is Z-independent, then

(BE+V)x

Lt
~/ —g(x,tZ + (t —1)V;dx,tdZ;Y) . (3.40)
0

¢ g = [

The homotopy contractions square to zero. In trivial topology, the homotopy contraction

¢E+tV)* has the property that

PEHV) | _ g BHV)x _ ((B+V)x (3.41)

projects on the ¢ cohomology [31]. This projector is the one appearing in eq. (3.29), as can
be shown by acting on both sides of eq. (3.27). Different linearized solution spaces can be
constructed by using resolution schemes referring to different homotopy contracting vector
fields in twistor space, as we shall exemplify next.

A = (B — ¢(E)* je. re-

solving the Z-space equations for V(1) and U™ using homotopy contraction along E , yields

Standard homotopy contraction procedure. Taking ¢

b ) o B )
Z—eaaeaaazaé/@(l)(x; 0,y) — Z—ea%“dagag@l)(x; y,0), (3.42)

(0) EE) _
Dad W(l ) =— 4 4

which provides a cocycle X(e, e; @(1)) that glues the twisted-adjoint zero-form module to
the adjoint one-form module in a manifestly Lorentz covariant fashion in accordance with
the COMST.

However, as we shall see in section 3.4, the above procedure amounts to imposing a
gauge condition on the twistor space connection that can be relaxed without violating the
COMST’s requirements.

Weyl-ordered procedure. Another possible choice is to resolve the Z-space equations
for V() and UM using homotopy contraction along E + idy with dy := 6%85 ,

7 * ! dt .
g EHiov)x g — zﬁ+igy/0 t/d4Y’g(m,tZ+z(t — 1)dy;dx,tdZ; Y0 (Y —Y') . (3.43)

(B)x

This choice is equivalent to homotopy contracting in Weyl order using ¢\*’*, viz.
where ot o
ay'd*z
Ff(Y,Z) = / o P (—i(Y =Y') 2z -2")) f(Y', 2", (3.45)
7
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maps symbols from normal to Weyl order, that is, if fy and fy, respectively, are the Weyl
and normal ordered symbol of an operator, then fiy = 7fn.
The advantage of homotopy contracting in Weyl order is the factorisation property

qEYO £V g(Z,dZ)) = F(V) % ¢ E)*g(Z;dZ), (3.46)

which, as shown in appendix C.1, facilitates an explicit all order perturbative solution

(E)x

to the Vasiliev system provided that ¢!¥)*j. can be regularized.?? Following the regular

scheme, we use the regular presentation (D.16), which yields

i b 0 d*u iy [T ds il-s i
VOSLEJr aY):_28pa/27rq>(1)<u_Z’y)e y( )/11+seXp (ﬁ%uDu—Fl—Hpu)

(
U(17E+i(9y) — W(l,E+i6y,E+i8y) ) (348)

As reviewed in appendix C, the all order completion of this solution gives the exact (par-
ticular) solution studied in [15, 19, 22] (in the symmetric gauge).

L-rotated procedure. An alternative scheme, which was used in [12], consists of homo-
topy contracting in the primed gauge in normal order using ¢(£)* (prior to switching on the
vacuum gauge function L). This procedure is equivalent to using the resolution operator

which defines the Sp(4) spinor V= 17&85 . In particular, using the vacuum gauge func-
tion (A.29) corresponding to stereographic coordinates, one has

. . . 1
Vo 1 = 20 <8g + 1—}136"“&63‘> , Vg = 24 <6§§ + ha?fé@) . (3.50)

3.3 Mapping between different resolution schemes

Two linearized solution spaces obtained using decompositions?? (q(A)*;q(B)*,P(B)) and

(q(A/)*; q(B')*, P(B/)) are related by a gauge transformation with parameter H(I’AHA/), viz.
yaA) = y LA 4 o g1A-A) (3.51)
A = g4 4 pO g A=an (3.52)

and a map relating the initial data for the spacetime one-form induced by first replacing
¢B) by q(B/)* in U(LA/), Viz.

ULA) — q(B)*Dg?i)q(A’)*(CI)(l) *J) + W hASB)
= ¢B* DO AW w1y 4 WLAB) (3.53)

B to j- yields the formal expression

. 1
q<E)*jZ = dea/ ﬁza(ﬁ(z),
2 o t

2 Applying ¢

which is a divergent integral multiplied by 0 requiring regularization.
33We assume that the ¢ cohomology is trivial on one-forms.
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and then performing the gauge transformation (3.52), which yields the redefinition
WwLALB) P(B')q(B)*Dig)q(A)*@a) wJ) + P(B’)DSZ)H(I,AHA/) L WLAB) (3.54)
Twistor space gauge condition. If the A’-gauge is specified by a condition
O vA) =0, (3.55)

rather than an explicit choice of ¢(4)*, then the A’-gauge can be reached from the A-gauge

1,A—A")

by means of a gauge transformation with parameter H( obeying

O (V00 4+ g 4) ~0, 350

which fixes HOA24) up to a residual gauge parameter h(hA—=4) ¢ ker(Oa:q).

Preferred projection. We observe that a change of cohomology projector P& induces
a field redefinition of W (1L:4:5) that, if completely unconstrained, can be used to trivialise it.
Indeed, given a preferred integration constant W) one can always choose (q(B/)*, P(B/))
such that

wLAB) — () (3.57)
by rewriting eq. (3.36) as
U = ¢ B DO (o) 4 gy 4 WAAB) _ V) 4 ) (3.58)
and defining
¢ BV g = ¢ B*g 4+ WwLAB) _ ) (3.59)

Hence it is necessary to choose a preferred projector that defines the gauge field, the
dynamics of which are then provided by the procedure of section 3.4.

3.4 Relaxed twistor space gauge condition and COMST

In what follows, we shall give a family of relazed gauge conditions Og and a projection
P& such that

(a) Og¢ has an infinite-dimensional kernel that we shall employ in section 5 in imposing
ALAdS boundary conditions;

(b) W@LGEG) is a generating functional for unfolded Fronsdal fields (embedded as in
eq. (2.42)) in accordance with the COMST;

(c) the relaxed gauge can be reached from any twistor space gauge A in which U4

and V(14) are real-analytic in Z at Z = 0.3

34In principle, such a gauge A can always be obtained from a preliminary gauge transformation, as the
connection UM + V(14 i sourced by M % J, itself regular in Z. However, we do not discuss how to
systematically perform this transformation.
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The condition (b) amounts to using the following projector when solving the equation
for UM):
PG = flzm0, (3.60)

where Z is set to zero in normal order prior to performing all auxiliary integrals. The
existence of this projection itself requires U(S) to be analytic in Z at Z = 0. The
condition (b) moreover amounts to requiring WG = pE UML) to be real analytic
in Y4 at Y = 0. The gauge condition is taken to be the following relaxed version of the

standard one:?°

0aV D .= V9 _ B — 0, (3.61)
where H2(1’G) is an arbitrary symbol such that

e!
PG DY M) 0, (3.62)

a

i.e. any linearized gauge parameter that has no influence®® on the definition of the gauge
connection W(HG6G) - Since both UMA) and UMS) are assumed to be analytic in Z at
Z = 0, this condition implies that Hél’G) is a O(Z?) function. It follows that Hél’G)
produces a deviation of the solution satisfying the conditions (a)—(c) from the standard
one built using ¢®)* (3.40), viz.

VG = B (M) 4 ) + qHélvG) ’ (3.63)
U D = P D (@M w )+ DY weO (3.64)

Reaching the relaxed gauge. Starting in a gauge A satisfying condition (c), it follows
that (3.61) is equivalent to

F7(1.A=G) _ _LZEV(LA) + p1A=G) | (1A=C)
E
1
=— / dt 72V (2,12, Y) + hA=G) 4 ghA=e) (3.65)
0 a
where HQ(LAHG) is a function satisfying eq. (3.62) and where h(1A4—C)

is homogeneous in
degree zero in Z, i.e. WA= (2, Z: V) depends on Z only through ratios Z2/Z?. Because
of the analyticity requirements, h(h4~G) cannot contain such ratios, that is

qhA=E = 0. (3.66)
Generating function for unfolded Fronsdal fields. The generating function for the
spacetime gauge fields is given by
WwGE) = p@ A P(G)D((()l)H(l,AeG)

1
= POUTAY 4Bk P ol / dt 72V (2,12, Y) + DO phA-E)
i} A a

= PEOYLA) 4 iqefgy pEy LA 1 pOR1A=E) (3.67)

35The standard procedure, that was recalled in section 3.2, makes use of the stronger condition Hél’c) =0.

36Strictly speaking, it would be enough that it have no influence on the gauge curvature, in which case
the procedure of section 3.5 would be modified by the introduction of the term 77<G)D$)H2(1’(A’a)_)G) in
the definition of O in eq. (3.72).
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whose real-analyticity in Yy at Y = 0 fixes h(!) modulo its real-analytic part, as we shall
analyze in more detail in section 3.5. Formally, it follows that

Dg(]i)W(l,G,G) _ Dgg)P(G)U(LA) i ({Qgga%/?D(O)} _ QQ@%/DS&?) (@)1 (1,4)

3

- Dgg)p(G)U( A) _ QO‘EOYD( )73( )y (1L,A)

al

(3.68)

_ 0eBaY Z7r(1,A) (0 aB aY Y (G) aZ7y,(1,4)
= i0e8gY p(G ><a§ u@4) _ pl >+QJQ% oy POV,

= - WY P (®W) x J),q

f@méagméag?(@) (e,yaq)(l)(x' 2, g)eiw) “he

= Zf oe Oéﬁy(?y(I)( )(x;O,y) _ %eaa aaagagq)( )(x;y,()), (3.69)

in agreement with the COMST (see appendix D of [22]) albeit under the assumption that
(i) derivatives with respect to twistor variables commute, used to prove (3.68).

This is not guaranteed for singular functions of the twistor variable, as for example the
factorised twistor space connection (3.47). The regular prescription ensures that property.
However, according to this prescription, the whole chain of derivatives should be taken
prior to performing the homotopy integrals, whereas the latter operation is in principle
necessary in order to use the field equations after (3.68). Hence, we separately require the
following assumption:

(ii) equations of motion hold inside a chain of twistor space derivatives.

In section 4, we shall verify that the latter assumption holds within the regular scheme in the
case of massless particle and black hole solutions that have been studied in [14-16, 19, 20].

Because of eq. (3.69), W@EE) is in the same cohomology class as the generating
function for unfolded fields. Since the linearised Weyl zero-form ®() is real analytic in Y’
at Y = 0, it follows that the singular part of W(LGG) | if it exists, is pure gauge. Notice
that, in the case where the starting point is a gauge (E) such that UML) =0 and VD) s
real analytic in both Y and Z at Y = Z = 0, then

WG — joalgy p@y L) (3.70)
provides a compact generating function of Fronsdal fields.

3.5 Real analyticity and refined gauge fixing

According to the COMST and to eq. (3.69), if one can extract gb/(}(l) from WLGE) a5 in
eq. (2.42), then they are actually Fronsdal fields on the mass shell. This requires that
WLES) be smooth at Y = 0. We claim that h247%) can be used to reach a gauge
where this condition is satisfied. The solution will be given as in eq. (3.71), by the sum of
a completely gauge fixed part and of a residual gauge parameter that preserves both the
analyticity in Y and the gauge condition (3.61).
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Residual gauge parameters. Because of eq. (3.37) (resp. (3.69)), W(HAB) (resp.
W(LG’G)) is defined up to a pure gauge piece, viz.

W(l A,B) _ W(l (A,a),B) + Dgg)h(l’(A’a)) W(LG’G) — W(17(G7g)7c) + Dg()j)h’(l’(G’g)) ,

(3.71)
where (A,a) (resp. (G,g)) is a refined gauge fixing that includes the A-gauge condition

(resp. the G-gauge condition (3.61)) and where h(1:(4:9) (resp. h(1:(¢:9))) is a Z-independent

9),G)

residual gauge parameter that does not break this gauge condition. W™(G is given

by the following rewriting of eq. (3.67):
wL(G.9).6) — p(G)yL,(Aa) Z'Qgﬁa%’p(G)vg(l,(A,a)) + D;%)h(lz(A:a)%(G,g))
— Q800 1 DY B4 (Ca) (3.72)
where (’)( ) s a field- independent operator defined by the latter equality. For example,

if one reﬁnes the initial A-gauge given by the factorised homotopy contraction (3.43) by
imposing the additional condition

W(lv(E+iaY70)7E+iaY) — O’ (373)

(E+10y,0))

then the resulting operator OSB is given by

(9( YO (5, ) (3.74)

=3[

Since only real analytic residual transformations (h(l) valued in the higher-spin algebra

. 1 Y
—WaWE 5We0"
L ﬂ) F(z;w,3) +h.c. .

5 €Xp <2 ewDw + zwy) (

hs(2,3)) are allowed in the end, what we need is to find a particular relaxed Vasiliev gauge
(G, g) such that WL(G:9):G) is smooth in Y. According to the choice of the (A, a)-gauge,
from where one starts the procedure of section 3.4, h(L(A2)=(G9) = (0 may already be
solution to that problem. In the remaining part of the section, we discuss two different
techniques to obtain a particular solution when it is not the case.

Cartan integration. One way to find AV ;= h(1:(A2)=(G9) yielding a regular W (1:(G:9).6)
is to embed (3.72) into the following system:

A+ 02 0¥ =0,  (3.75)

(d+wPyadl + @507 — i (yag; — 040%)) @Dy, 5) =0, (3.76)
o

(d + QQEYQ(?};) WG9 4 %eaaeaaagagq)“)(x; 0,j) —h.c.=0,  (3.77)

(a+928v,0) ) WO (y, ) - WHEDD(y, ) + 023 (038 V) (y,5) =0.  (3.78)

If M (y, ), W(G9:G) (y ) and A (y, 7) are seen as two infinite families of fields labelled
by continous indices Y,, and if the Weyl zero-form ®M(y,7) is assumed to fall off at the
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boundary of Y space, then this system is formally integrable and one can use Cartan’s
integration formula to solve it. The only field allowed to live outside the space of regular

(A,a)

functions is A1), and the only operator that can make a field leave this class is @ of

the subsystem (3.75), (3.76), (3.77) will provide us with a regular solution for W(I’(Gvg)’G),
while equation (3.78) will give a (a priori not regular) solution for the gauge function

. Hence

h(1(Aa)=(G.9))  We leave the resolution of the above system for future work.

Homotopy integration. If <I>(1)(:U,Y) is analytic in Y, a solution for W((G:9)6G) g

(9)*
given by the action on the right hand side of (3.69) of a resolution (Dé?l)) for Dgg) that
squares to zero and preserves the analyticity in Y, i. e.

ib (9)*
Ww(L(G.9).6) _ 14 <D<0)> ( ade a8 91 B (1;0, )+ be e, QY Y B! )(a:;y,O)). (3.79)
h(1:A=G) can then be retrieved as a solution to (3.72):

0 * « A,a
p1426) — — (D) (22203 e M) | (3.80)
Given a resolution operator d(9* for d satisfying the aforementioned requirements, a reso-
(9)*
lution operator (Dg?) ! for Dgg) is provided by equation (3.11):
(9)*
(Dggg) =L d 9 (L fx LY+ L, (3.81)

which preserves the analyticity in Y for Z-independent symbols, as it is equivalent to
preserving the one in Y'*, that was defined in (A.24). For example, the choice of homotopy

dt
dFVg(x, Zyde,dZ;Y) = x“ajmu 79(&", Zitdx,dZ;Y), (3.82)
0
yields
(FS)* t
(Dg%)) g(x, Z;dx,dZ; YY) = x“aiu/ i g(tz, Z;tde,dZ; YY) (3.83)

The particular spacetime connection

; (FS)* .
wEFNE) — 2 (D) (beote, 080l (2;0, ) + beSe; 04040 (x;y,0) )

4 aYa%a

(3.84)

is hence regular in Y. This gauge is the Fock-Schwinger gauge, characterised by

0 1,FS
8d uWéart ) = - Oa (3'85)
as can be seen from 5 #$)
(0) *

2 (D) =0 (3.86)

The Z-independent part of the gauge parameter used to reach this gauge from (A, a)-gauge
is

1
POAOH TN (4 ) = / ata'Q, (tw) -0 oW (tas L(x) "L ()17, ) . (3.87)
; 5 5y
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4 Fronsdal fields carrying particle and black hole states

We shall now apply the procedure described in section 3 to massless particle [20] and black
hole [14, 15] modes. In sections 4.1 and 4.2, we review the construction of their Weyl tensors
starting from initial data valued in an associative operator algebra A'M()y) ¢ AD ().
In sections 4.3 to 4.6, we shall map those Weyl zero-forms to linearised master fields in
the relaxed Vasiliev gauge, in particular extracting gauge field generating functions that
properly encode Fronsdal fields in accordance with the COMST. The starting point will
be either initial data for both particles and black holes in factorised gauge (3.47), (3.48),
or alternatively black hole states in Didenko-Vasiliev gauge [14].

4.1 Algebra of zero-form integration constants

In what follows, we describe the construction of linearized particle and black hole initial
data as elements of the associative algebra A'(1)())) of (generally complex) endomorphisms
of the extended supersingleton Fock space. More precisely, we consider an initial datum
®'M in A(M()),) given by an expansion of the form (B.3) where the coefficient fo7 are en-
domorphisms of the (anti-)supersingleton Fock space obeying additional reality conditions.
The algebra A1) ()y) itself is left invariant under the transformation (4.41) that exchanges
particle and black hole states [20] (which is reminescent of a Tannaka-Krein duality trans-
formation). We then provide regular presentations for such elements, that will be useful in
constructing the aforementioned map to properly unfolded Fronsdal fields.

Scalar and spinor singleton endomorphisms. The massless particle and black hole
states of the bosonic model are unified into the even subalgebra

AN () = %(1 + 77 )End(F) (4.1)

of the algebra of endomorphisms of the extended Fock space

F=pF, (4.2)

o=+

where F(+) and F(), respectively, are the Fock and anti-Fock spaces of two sets of har-

monic oscillators given by linear combinations

+ ’ ’ _ .
yzi =Y gYQ’ |:y;? y]E :|* = 5ij666 ) Yy, = (y;F)Jf’ 1= ]-a 27 (43)
where e = —eT~ = 1. The yZi can be extracted from the Y oscillators [15] by means of
the spin-frame (u}, @) as
+_ Loy +_ 1 — gt
w=5W i) w =5y i), (4.4)
N o N
=5 ), w =5 (- i) (4.5)

Thus, the Weyl-ordered number operators

1 _ —
Wy = i(y;’— *Y, Ty, *y:'_) , [wi,yﬂ* = €0;j , (4.6)
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span a compact Cartan subalgebra of s0(2,3) (see (4.31)), while w; is the compact Cartan
generator of the 0sp(1|2); algebra generated by (y;",y; ); accordingly,

FE Lo SE (F1/4)1 © SE)(£1/4)s, (4.7)

where $(t)(1/4) and S(-)(—1/4), respectively, are lowest and highest weight superquartions
(see [64] and references therein). These decompose under sp(2) as

SEN(£1/4) Lgpay= DH)(£1/4) @ DH)(£3/4) (4.8)

where ®®)(£1/4) and ®*)(£3/4) are the lowest and highest weight quartions of sp(2).
Thus,
AV = PADEY, AL = Feo (Fa) (49)
e=%

where
Foz=0M(1/2;(0) @0 (=1/2;(0)), Fy =DM(1;(1/2) @D (=1;(1/2)), (4.10)
respectively, are the extended scalar and spinor singletons.

Mixing of particle and black hole states under extended HS transformations.
Letting
K = Iﬁy*ﬁg, (411)

which obeys K * K =1 and KT = K, one can show that37

Mo AD D) = 6.0 AV (D), L= %(1 LK), (4.12)

Thus, A’f’()&;) are two decoupled algebras each consisting of massless particle and black
hole states. Each one of these two subalgebras decompose further under the (unextended)
Weyl algebra into four subsectors

AL ) = FO w0 (), (4.13)

which are mixed under general extended higher spin transformations, as kyx F (£) = F(F),
To exhibit these transformations, we define

1 ?

hy = §(I€y—|—l_€g):ﬁy*ﬂ+, h_ = E(ny—/%g) = iry *I1_, (4.14)
it follows from
(he)l' =hy,  hixFzr=0,  hyxhy==+Ily, (4.15)
that
gt = b+ — (cos @4 + ikysinfy) x I + 11, (4.16)
g— = et~ = (cosh@_ — kysinh6_) xT1_ + 11, (4.17)

37 As can be recovered from a limit of eq. (2.81), one has K = exp, (2i7E) [23].
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that is, the extended higher spin group contains a subgroup
G+ x G- =8S0(2) x SO(1,1), (4.18)
that is represented in the extended Fock space as

prieFr_ (9+,9-) = g+114 +g-TI_. (4.19)

Thus, the extended scalar and spinor singletons decompose under G x G_ into doublets,
and hence A/i(l)(:)&;) decompose under the adjoint action of G x G_ into singlets and
triplets arising in the anti-symmetric and symmetric direct products, respectively.

In other words, the notion of particle, anti-particle and higher spin black hole states
at the linearized level, as defined above, is not left invariant under (rigid) extended higher
spin symmetry transformations. On the other hand, these transformations factor out
from the adapted traces used to form higher spin invariants provided that one follows the
regular scheme (and that this scheme gives a finite result at the leading order). Under
these conditions, these invariants can be interpreted physically (for example, as higher
spin amplitudes) in a given duality frame of particle, anti-particle and black holes states
provided that this frame can be fixed globally on the base manifold, which we shall assume
in what follows.

Massless particle modes in compact weight basis. The particle modes are obtained
from initial data expanded over non-polynomial function 7., of the s0(2,3) generators
that are enveloping-algebra realizations of AdS, massless particle states |e, (s)): as such,
they have definite eigenvalues under the twisted-adjoint action of the compact Cartan
generators E := Py and J := Mj5 and of the quadratic Casimir %M’S * M, of 50(3),

[E, Te;(s)]ﬂ' = {E’ Te;(s)}* = eTe;(s) ) (420)

1 1

i[Mrsa [Mrsa Te;(s)]ﬂ]ﬂ‘ = i[Mrs’ [MT‘S7 Te;(s)]*]* = 5(5 + 1)Te;(s) y (421)
where each T, is a (2s 4+ 1)-plet with elements distinguished by the eigenvalue js of J,
Jjs = —8,—s+1,...,58—1,s, and they span lowest-weight modules (highest-weight modules
for the anti-particle states) built via the action of energy-raising (lowering) operators L

(L;") on a lowest-weight (highest-weight) state T, (T

" e03(s0))
(L) Tepi(so)lm = Ly * T (s0) — Teosso) * Ly =0, for eg=so+1. (4.22)
All massless particle and anti-particle states have
le] > s, (4.23)

and can in fact be built via hs(2,3) action on the ©(1,0) massless scalar particle lowest
weight state [59] T,y ¢+ |1, (0)) and on the D(—1,0) massless scalar anti-particle highest
weight state T_y.) <> | — 1,(0)), projectors that admit the realization (e := +1)

T.

3

(0) = Pe = dexp(—4eF) = dexp(eyooy) - (4.24)
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The Y-space elements built that way actually diagonalize the separate left and right
action of the compact Cartan generators: in fact, from the point of view of the left and right
action of 50(2, 3), the T, correspond to enveloping algebra realizations of (anti-)singleton
states [59]. This is a reflection, at an operatorial level, of the compositeness of massless
particle states. Thus, each element T, corresponds to a specific linear combination of
operators on the (anti-)singleton Hilbert space, i.e., is an enveloping-algebra realization
of the specific tensor product of singleton states corresponding to any specific massless
particle state according to the Flato-Fronsdal theorem [65]. For example,

1 _
E Tl;(O) = 5 Tl;(O) = Tl;(O) * E, LT * Tl;(O) =0= Tl;(O) * Lj s (425)
thus

Tio) =3 ) (3 (O < [5:0)l3:(0)2 =[1;(0), (4.26)

where |1;(0)) is the singleton lowest-weight state. The massless particle lowest-weight
states of spin s can be analogously encoded in the element

S
Toirey =Na D For(=1) M LE wo o L Ty Ly Ly (4.27)
k=0

where the normalization constant is given in [59],

= (}) G (1.25)

(3)&

with (a), denoting the Pochhammer symbol, and the curly brackets around the indices
denote symmetric and traceless projection. The relative coefficients between the terms
forming the linear combination (4.27) are fixed by the lowest-weight condition (4.22). For
instance, the spin-1 lowest-weight element is

To1y < Lixe P 4e Pl oc Mye . (4.29)

Massless particle modes in Fock-space basis. The particle states can thus be re-
flected into operators on the (anti-)singleton Hilbert space [59]. All such operators can be
obtained from the ground state projectors (4.24) and realized in terms of linear combina-
tions of operators Py, = [m1,m2) (n1,n2| on a two-dimensional (anti-)Fock-space, with
all m; and n; being strictly positive (negative) half-integers. In the following, the set of
such (m, n) will be referred to as 4. Ppy, is an eigenfunction under the left and right star-
product actions, respectively, of the number operators w; with eigenvalues m; and n;, viz.

(wi — ml) * Pm|n =0= Pm|n * (U}Z — nz) . (430)
These number operators are related to the energy F and spin J as [15]

wy=FE—J, wy = FE+J. (4.31)
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The e and js eigenvalue under twisted-adjoint action can thus be obtained from the left
and right eigenvalues of Py, as

mi1 + mg + Ny + ng . mg — mj + nip — ng

e 9 5 Js 92 ( 3 )
The operators Py, satisty
Pm|n = 7T77'(Pm|n) , (433)
and
Pm|m’ * Pn|n’ = 5m',an|n’ . (434)
The lowest-weight and highest-weight projectors (4.24) correspond to Pe = Pe €1€ €5 and
2:212:2
all (anti-)particle modes can be written as appropriate linear combinations of
Pm|n = I'mq|na (yf_7 yl_) * Pm2|n2 (yg_v y2_) = Pml\nl (yf_7 yl_)Pm2|n2 (yi y2_)
1 1 _1 _1
o ()2 () M P () () R (4.35)
where yli are the creation and annihilation operators (4.4), (4.5), w; = y;'y; , and
Y; “xPe=0=Pcxy;. (4.36)
In Weyl-ordered form, each factor P, ,, in (4.35) can be rewritten as®® [23]
P, o ()™ L) (duy) =20 (4.37)
when m; > n; and
Py o (5 5L (410,) €20 (4:38)

for n; > m;, where Lfﬂa) (x) are generalized Laguerre polynomials.

The generalized Fock-space operators Py, correspond to the elements of the 50(3)
multiplets T, with definite e and js engenvalues. For instance, the two terms in (4.29),
degenerate in the eigenvalues e = 2 and s = 1, split with respect to J into the elements

L,j—*e_4E:(P1 1,Ps3
221232

————— —— —
Js=1 7s=0 Js=—1

_4E —
e *LTZ(P1;| 1,P1133,P111
221222 2°21222 22127

———— —— ——
j5:1 szO j5:_1

5 ) (4.39)
2

D[ —
|

). (4.40)

Ot

3
)

Black hole states. As was previously mentioned, A" ());) also includes what we call
black hole states, that is to say operators that mix the singleton and the anti-singleton
sectors. Each black hole mode is associated to a particle mode through the chiral Y-space
Fourier transform

)

bh -— \Ilpt * Ry - (441)

3¥Note that the expressions (4.37), (4.38) include the cases when m;,n; < 0, since via Kummer’s trans-
formation eiQwLSfI/"; (4w) = %emLi::%(—élw).
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In other words, we consider an expansion of the Weyl zero-form of type

/(1) — Z (mnPemin + VmnPmjn * 5y) (4.42)
(mn)eN

generalizing to arbitrary spin the expansion studied in [20]. It turns out that the constraints
imposed by the reality condition (2.29) on the deformation parameters fipy and vpmy,
are different [20], the condition (2.29) being incompatible with the duality (4.41). As
Ky * W1 = —W2 * Ky, from the point of view of the eigenvalues of the twisted-adjoint action
of the Cartan generators £/ and J the twisted Fock-space operator P, * £, behaves as

thmzlm,nz * Ry X Pml,m2|fn2,fn1 > (4.43)

which implies that black-hole states fill the wedge in weight space in between particle and
anti-particle modules, i.e. satisfy
le] <s. (4.44)

In particular, the operator that maps the singleton and anti-singleton ground states into
one another can be computed from (4.24) as

Pe * iy = 8702 (y — ieooy) - (4.45)

The delta function appearing in that expression means in particular that it does not make
any sense to look at the Lorentz tensor components of the Weyl zero-form at the unfolding
point % = 0. However, as we shall see after turning on the spacetime dependence (see
also [15, 20]), @M (2;Y) is a regular function of Y at generic locations (i.c., away from
xz* = 0), and the conventional interpretation in terms of Lorentz tensor fields is therefore
restored.

Regular presentation. The enveloping-algebra realisation of the (anti-)particle lowest-
weight (highest-weight) state (4.24) ensures their idempotency, but results in a divergent
product between P; and P_;. As shown in [15, 20], the latter can be regularised to 0 by
representing P, with an integral presentation

Pe = 2¢ f 0 1EE ooy (4.46)
C(e) 211 n—e

where C(€) is a complex contour that encircles € in the complex plane, and prescribing

that all star-product computations be performed before evaluating the contour integral

(see section 2.5). One simple way of encoding all the other massless particle modes, such

as (4.27), is by means of a generating function, as

0 dn n+e i _
Tey(s) = leys) ( 3 > 2¢ f = — exp (nyooy + Xy + XY) : (4.47)
Xao c(e) 2mi n — € =0
where Xy = (Xa»Xa) are polarisation spinors, He;(s)(%) are differential operators in

(Xa, X&) endowed with the appropriate projections onto the irreducible so(3)-irrep cor-
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39

responding to a given massless particle mode as well as normalization factors,”” and

€ = sign(e). For instance, Hl;(O)(%) = 1, while

wg O e 02 dn n+1 _ .
Tyy(1) o [(OOT) g +(5or) '8.-] JG{( LT exp (nyoog+xy+x9)

Ix“0xP axtoxs | Jowy 2min—1

X=0
(4.4 )
A similar operation can be performed on the black hole modes. The expansion (4.42) ca
hence be rewritten

Ql(l) (Y) - Z <Mm|nHmn < 0 ) O'r], q) (1) (YH?; X)

(m,n)eN oxXe
0
+Vanin Mmjn < axw) O @D (Vs X)> ‘XO : (4.49)
where we have denoted
Ope = 7{ e (4.50)
C(e) 2min — €

Iy is the operator that differentiates with respect to X, as to reproduce the appropriate
polynomial characterizing each Py, according to (4.37), (4.38), and we have defined the
generating functions
1 _ __
o\ (V50 X) = exp (nyood + xy + X7) , (4.51)
1 o __
B (Vi X) = 2m6% (y — inoog + ix) exp(XF) (4.52)
encoding the initial data for particle and black hole modes, respectively.

Since we are expanding the spacetime-independent equations (2.45) around the trivial
vacuum V'(© = @) = 0, the field M) can be identified with its integration constant
'™ in (2.48). In particular, one has

1 1 o __
‘llgt)(YQ X)) = q’;(t)(Y; 10 X) * Ky = 2m0%(y — inooy + ix) exp(Xy) , (4.53)
1 1 _ __
W (Vi X) = @) (Vi X) sy = exp (yoo + Xy + X0) - (4.54)
The spacetime dependence can then be obtained by computing the star products in (4.55)
and using (A.29) on the adjoint quantity ¥'(1).
4.2 Weyl zero-form
Using a gauge function L and applying (A.29) to (4.52), the Weyl zero-form constant

') = ¢'() ky can be mapped to a Weyl zero-form

W = L7 0Wsn(L) =W sk, W =L W L. (4.55)

39 Alternatively, one may consider integral presentations also for the polynomials in Y that dress the expo-
nential for the lowest- (highest-) weight (anti-)particle state, as done in specific examples in [15, 20, 22, 23].
Such fully integral presentation is in general crucial in order to go beyond the first order in perturbation the-
ory and satisfy (4.34). As the analysis of the present paper is purely linear, we shall use the above simpler,
mixed presentation (4.47), and we shall not fix the normalization factors as they will not be necessary.
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In what follows, we shall use the vacuum gauge function L (A.28) defined on the (inner)
stereographic coordinate chart.*°

Massless particle states. The adjoint action of the gauge function L on (4.53) gives
1 . _
UL (@ Vi X) = 206%(Ay + By + ix) exp(vF) | (4.56)

from which it follows that the spacetime-dependent massless particle mode generating
function is

Oy (@3 Y515 X) = W (3 Y im; X) o

1 o _ A _ o
= ot A exp (zyMy —yAty — FXTA Ly + %X(l — asM)y) , (4.57)
where we have defined
1 ) - _ . 1 . ) . .
AL = 7 (eaﬁ - znaoaaxdﬁ> =: Aﬁa, B, = 7 (:L’aﬁ - 2770'0&'3) =: Bﬁd, (4.58)
with -
1 — 2inxg +n*x
det A = .2 , (4.59)
and . . . . .
Maﬂ = A(EIBBBB = fl(xa U)xaﬁ - ifQ(l', 77)(0-0)0/8 = Mﬁa ) (460)
1 — 2inzg + n? 1— 22
= = . 4.61
h 1 — 2inxo + 22’ fai=m 1 — 2inzo + n2x? (461)
For xo = Xa = 0 the generating function (4.57) reduces to the one for massless

rotationally-invariant scalar field modes already studied in [20].

Black hole states. Analogously, the expansion of the Weyl zero-form and its dual over
black hole states are based on the z-dependent generating functions
i _ _ 1 L- _

exp (= sy(eF) My iy () ol - Sy ) (4.62)

Vi

By (23575 X) = —

xexp (J5(3¢ =0 (5eF) T oB) g+ ) T () T )
and
1 S L
WL (@3 Y5 X) = exp (Jyshy + myotg + 35555+ Xty + X49) (4.63)
where
L._ 1 - L. L,
X7i=g (xex) X7i=p (X-2x), (4.64)
L._ L. L. 1 . L._ 1 ~
wi= g (oo —x0y) , i=ag (ox—T00), V7= 72 (co—zd0x), (4.65)
L
, 1
CMah=—5 det sy = 52 sy = =12 (4.66)
“0The metric da?
4dx
ds® = m , 2 £1,

provides a global cover of proper AdS spacetime, with 2 = 1 serving as a two-sheeted boundary, while the
stereographic gauge function L is defined for z2 < 1.
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(analogously for the hermitian conjugate, with det %56 = det 255). The Weyl zero-form
is indeed divergent at the point » = 0, which is one of the motivations for the black-hole
interpretation [14, 15]. For xo = x4 = 0 the generating function (4.62) reduces to the one
for spherically-symmetric higher-spin black hole states studied in [15, 20].

4.3 Connections in factorized gauge

In what follows, we shall start from the Weyl zero-forms (4.57), (4.62) for particle and
black-hole modes, and we give the associated Z-space and spacetime one-form connections
in factorized gauge using (3.47), (3.48). For the ground states, i.e. when the polarizations
are turned off, such linear solutions correspond to the first-order solutions given in [20]
with n = e.

Particle states. Applying (3.47), (3.48) to equation (4.56) gives

U}g,miay) _ Wég,E-ﬁ-iay,E-‘riay) 7 (4.67)
. 1
(1,E+idy) _ b ~ ds i 1=s-m7) @)
v Y) _ E(dng) exp (19z) /1 TEE exp (imyi)y) Dy ’ T h.c., (4.68)
where y was defined as
o = Yo + Mo + (A7) xs - (4.69)

Black hole states. The corresponding connection in factorised gauge is given by the
application of (3.47), (3.48) on (4.62)

U&,Eﬂ'ay) _ Wé}ll,Eﬂ'ay,EHay) 7 (4.70)
1
(LE+ioy) _ b o) ds ety s G
Vi Y (I)bh - (dzap)/ (1+8)—d\/TG <%yG 1y+1TsP(1+Z%?G 1D> z)
XeXp( 1+spG y 1+SZDG y+§17+sz<D+Z1+SDG 1D> )’pzo_h.cn,
(4.71)

where the following definitions were introduced

1 1 1—s

-1, L~ IN—1_ L L .

- — G:=—x" — D, 4.72
vy 77( )X WQ% Zl s ( )

<
I
<
+
N
~
\_/

and where the inverse is meant in the sense of NW-SE contraction (A.3). More details
about the relevant computations are given in appendix E.

4.4 COMST from factorised solution

In this subsection we show that one can start from the factorised particle and black hole
linearised solutions (4.68), (4.71) and apply the procedure of section 3.4 to get the COMST.
As mentioned in that section, the regular prescription allows to get all the way to (3.68),
and what we will show in the following is that performing the subsequent steps is compatible
with said prescription. In other words, we shall now show explicitly that assumption ii)
below (3.69) is verified for the massless particle and black hole solutions, starting from the
factorised gauge.
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Spacetime dependence of internal connection. The vanishing of the first term in
eq. (3.68) is compatible in both cases with the regular prescription. This comes from the
fact that the solution is factorised as eqs. (C.2), (C.3), that ®() was built using eq. (4.55)
and that neither of those observations need the parametric integral to be performed. Then,
one has
D;g)V(LE”aY) = Dé?i) (Lfl * ' s ok vl(z)) +h.c.
= Dg(]i) (L_l * 0 (D) L) *xv1(z) + h.c.
=L % d0'W x Lxvi(z)+h.c. =0, (4.73)

prior to doing any (parametric or contour) integral.

Particle states. After ensuring the vanishing of the first term in eq. (3.68), using
eq. (4.68) one has

(0) (I,G,G) —_ O BaY qY A (1,E+7:a )
DYWL D = aeParfyy o) (abvpt o )ZZO

b [t ds 0B B - i s~
= —/ Q0 QQQ*BEHE(yD@ exp (ﬁ—“yDy) (I)l(o?)y:o +h.c.

4/ (1+s)?
_ ! /1 _ds (yDy) exp (lﬁﬂng) ePe _BoloT @(1)‘ +h.c
4 J_1 (1+5)? 21+s AR o I R
ib .
- _Zzeaﬁeaﬁagag q»li}t)‘  +he (4.74)

The final line was obtained using eq. (D.20). The one before comes from the following pro-
cedure. First one does the change of variables (y,y) — (¥, y) and writes the derivatives as
B
02,0y 0y (4.75)
= ((waﬁ — eo‘dMﬁd) ag + 6‘”“83) ((wa'g — eadMﬁd) 82 + €ada§) .

What one has to show is then that the action of respectively one and two y-derivatives is
trivial on

= / L4 epn) (s129m9) (4.76)
Vi= . (1+$)2 yLry) exp 21+sy v, .

with the prescription that all the derivatives are taken one the integrand and that the
s-integral is performed as the very last step. Using standard integration tools as well as
egs. (D.18), (D.20), (D.21), one finds respectively

v = 21 (DY)ad?(F) = 0 (4.77)
05050 = 270%((DY)a)d*(§) + 27(D)adi (5 (5)) = 0, (4.78)

concluding the proof.
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Black-hole states. Starting again from the second term in (3.68), this time for the
Z-space connection (4.71), one has

0 1,G,G 1,E+i0:
DOWLED = gasensgy o) (aévb(hg] Y)>z:o

b ~
= —%Qaéﬁaéﬁgﬁg <v(y) CIDSh)’ B ) —h.c
Ll y=0
WO Wi 5 b ag
_ W ap, d9797 &) _
1€ ¢ 8ﬁ65 oy o h.c., (4.79)

~
~

where v(y) was defined as

~ 1 ds < 1—s 1—s~ =~ =S s

v(y):= —|Tr 1—|—iG_1D> +i—yG DG ]ex Lya=1y),

W) /_1 (I+s)VdetG [ I+s 1+s” Y p<2y y)
(4

and where the conclusion comes from doing the change of variables (y,3) — (Z,gj) and
then noticing that

o =1, v =0, aLa¥u(y) =0. (4.81)

The latter statement is compatible with the regular prescription, as we will now show.
First, using the lemmas collected in appendix E, it is possible to check that

3

1 1-s i~y ]
= |-—=— syG . 4.82
\/detG1+Sexp<2y y>]1 ( )

The evaluation of the upper boundary term uses the fact that G tends to become

v(y)

s-independent for s — 1, hence one has a regular prefactor multiplying (1 — s), which
then gives 0 in the limit. In the case of the lower boundary, one has

2i 4 1
=— D 1 detG = — 4.
G=-1;2+o0), et (1+s)2+0<1+s>’ (4.83)
implying in turn
~ 1-—
v(y) = lim "1, (4.84)
s——1 2

The action of Z—derivatives is to take down powers of G~!, that behaves as a constant
toward the upper boundary of the integration domain, and falls off towards the lower one,
thereby proving (4.82). This concludes the proof.

4.5 Master fields in relaxed Vasiliev gauge

In this section, we shall give the linearised master fields for massless particles and black
hole states that satisfy the relaxed Vasiliev gauge discussed in section 3.4, reaching it
from the factorised gauge (3.47), (3.48), and more precisely from the refined gauge (3.73).
This procedure gives the gauge function in the relaxed Vasiliev gauge. Indeed, since the
spacetime connection U is trivial in factorised gauge, it is characterised by the AdS gauge
function L, up to a regular residual transformation. The gauge function (2.44) in relaxed
Vasiliev gauge is hence given perturbatively by

G =L« (1 n H<17E+i5Y*G>) + G2 (4.85)
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Particle states. In the particle case, the gauge parameter needed to go from factorised
to the relaxed Vasiliev gauge is given by eq. (3.65)

) 1
(1L,E+idy »G) _ b o L o -
Hy ™ “oaetaF DY) exp ( — HXZTAT X+ 5x(1 - xM)y) /0 dt exp (ityz)

1
ds PETSS (1 E+idy —G) (1 E+u9 —G)
% il-szp ) hip POy HpyH
x/_1(1+8)26xp<21+5y Y + +

p=0
(4.86)

Because of the lemma (D.20), it is clear that it is singular at the point § = 0. From there,
the particular spacetime connection (3.72) is

Wégv(cvg)vG) _ D;d)H( (E+idy,0)—(G,g))
L
~ 2det A

2=0

1
P _ o ds
exp (—FXZA 1x+,11x(1—xM)y)/

1
TP (% Hiny)

Tr((w — eM)D) +i

~ SR | .
(w—eM)Dy + E)_C(l — EM)éDy]

o, £ DO L (E+iDy 0+(G.9) (4.87)

ad ""pt

Because again of the same lemma, we see that, although eq. (4.74) shows that it would

(G0)6) with hgtviaYHG) = 0 would not be a

anyway give rise to COMST, the solution Wéé
genuine generating function for unfolded Fronsdal fields. Such a generating function can

be constructed choosing the Fock-Schwinger gauge (G, F'S) given by (3.87), viz.

hst,(mwy, )=(G,FS)) / dt/ EE (m1 + yMay + XM3y)

X exp (yM4y + XM5y + )_(gjL) +h.c., (4.88)
where we have defined
my @ =inTr (%00 D) , (4.89)
1-—
My : = 17?14(1 —itnoox) D (z%00,) D (1 — itnzap) A, (4.90)
M= (z — ztnw2§0)D(1 — itnxay) A ’ (4.91)
1 — 2itnzg + t2n2x?
1.
My:= —% - zA(l — itnooz) D(1 — itnado) A, (4.92)
T — itnx’ag
Ms:=—t 4.93
> 1 — 2itnzg + t2n222’ (4.93)
- 1
A:= _E(l — inxady) . (4.94)

One fact that is crucial for this construction is that Ay = —yA4 = y* — inoog” + iy is not
affected by the homotopy integral.
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Black hole states. The gauge function can be found again from eq. (3.65), and in this

case is
1 1
d ~ 11—
Hk()lhEHaY_)G) @St) / dt/ i (zG_ly +1 SzG_1Dz>
y=0 ~1 detG 1+s)2 1+s
X exp (lZDy — t—zDG_ 2 1+s (D + z =DG™ 1D) )
(LB+idy =+C) | p(1LE+idy—G)
—hoc Ry T 4 Hy Y (4.95)

The O(Z?) piece H&l §+Z8Y_>G) may be redefined so as to give

g (LE+ioy =G) _ <I>(1) / / o175
bh y=0 1 detG1+S) ( y>

X exp (iny — t—zDG_ 717_82 <D + Zl+SDG 1D) >

The determined part of this expression is analytic around Z = 0 for a generic spacetime
point. Indeed, it has been argued in [20] that det G (given by eq. (E.16)) has no pole inside
the interval [—1,1]. Towards s = —1, eq. (4.83) allows to show that the integrand stays
finite. The spacetime connection (3.72) is then given by

(1L(G9.C) . _ 1O (LB +idy 0)=(C.a)
th ! Dad th T

z=0
=— dt exp ( 5yG
4 Phiy=o Vet G492 P (2y y>
X [mg + y My + mg] —h.c. —I—D( )h(l (E+idy 0)=(G.9) , (4.97)
where
me = Tr ((w + eﬁL(ﬁL)_l)G_l) , (4.98)
My =G Hw + et (kH)"HG, (4.99)
mg = (—ng(ﬁL)_l — )ZL(IQL) Lyl 4 ) eG 1y . (4.100)
It is regular, because the particular part of Hgi’ia”_}G) is. This makes h](oh(EHaY’ =G

an acceptable choice.

4.6 Black-hole solutions in Didenko-Vasiliev gauge

In this section, we discuss another way to resolve the z-dependence in the case of black-
hole initial data, which provides us with a example of a gauge (DV') where ULDPY) is non
trivial, and from which we perform the procedure of section 3.4. It corresponds to the
polarised generalisation of the linearisation of the solution studied in [14], and we hence
refer to this resolution as the Didenko-Vasiliev, or (DV'), gauge. The construction of the
exact solution of [14] requires that \Il&) be a projector, which is the case when n = +1 and
Xq = 0. Since here the aim is simply to give an example of the linearised procedure where
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UMLDV) i non-trivial, we restrict ourselves to the first order analysis. One property that
is crucial in this construction is
d*U

1
\Ill()lh) *xf(Z) = \Ill(olh) / (271')2f(A —U)exp <—277 (u%Lu + azxla + QUULU)) ,  (4.101)

where A, = (aq,aq) is defined as
a:=z+ iy + ity —ixt = z—l—in%Lz, (4.102)
a:=z+inoty +inxty—ixt. (4.103)

This allows in particular to rewrite the source in equation (3.8) as

b 1
- QJ&) *J = —\Il&) *jz+h.c. = 7\11&) exp <—2a(%L)1a> dz%dzq +h.c. . (4.104)
n

Py

One choice of resolution is the homotopy contraction along a:

a b 1
Vb(ﬁ:a) = — \Il&)aa/o dT exp (—;a(%L)1a> . (4.105)

47“\/7? n

The Didenko-Vasiliev gauge for the internal connection is defined as

1
(1,DV) _ b 1 + / < T Ly—1 )
% =— v a drexp | ——a(sx al, 4.106
bh704 27‘1 /,,72 bh E,a 0 p 2,',’ ( ) ( )
+

where ap, o 18 defined as

1 1 4
+ L F
Ipa = 3 <eaﬁ + r(% )O/B> ag = :I:quauEBag (4.107)

in terms of the E-adapted spin-frame (E.7). That Vb(ﬁ’fv) and its antiholomorphic coun-
terpart solve (3.8) comes from the following key property

¢, ((afy — ap)g flaxa)) =0, (4.108)
for any function f. The spacetime connection in Didenko-Vasiliev gauge is defined as
LN @B 1
(1,DV) _ b x T 1
Uph =1 77274261 (r) aE,aaE,ﬁ/o dr(1 —7)exp <_27]a(% ) a) _h.c.
+ WipPVPY) (4.109)

It solves (3.9) because of the property that

1y - B
Dg?i)Véﬁ:fv) - aéUé}ll’DV) = /0 dT% <T(T —1)exp (—%a(%L) 1a>> =0. (4.110)

The latter result is a consequence of the identity
0 1 1 x n af qa qa
DG (v f(,a)) = wiy) (datd) = Ld(")*0505) f(z.a), (4.111)

where 0 only acts on the explicit z-dependence of f(x,a), and not on the one in a.
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COMST. We start from (3.68). The first term vanishes, since the application of Y-
derivatives on the middle hand side of (4.110) can only bring down positive powers of 7,

hence not spoiling the vanishing. The second term works as in (4.79), where here v(y)
should be replaced by

1

w(i) = [t exp (gu ~ t)Z%LZ)L:O ~1. (4.112)

The vanishing after taking derivatives is again consistent with the prescription of taking
them before evaluating the boundary term, as each y-derivative will bring down positive
powers of (1 —t).

Relaxed Vasiliev gauge. The gauge parameter is constructed using eq. (3.65)

b 1 1 1 t ~

H(l’DV%G) = \I/( )/ dT/ dt | 23"z + inz(r + "

bh 4WT bh 0 0 ” nz( )Y
X exp <—ﬁ(tz — iy () T (L + in%LZ)>

n h&},DV—)G) n H&ZQV%G)' (4.113)

It is regular as the integrand and the volume on which one integrates are. The particular
connection contains an additional contribution with respect to the previous one:

1 0 1,DV—-G
Wéh?part = D;gd)Hl:()h ~6) 0 + yLbv) o (4.114)

The first term benefits from Héi’DV_}G) being analytic around Z = 0 while the second one

(1,DV)

inherits from the regularity of the particular part of U that was given in eq. (4.109).

This makes again hgh’DV_)G) = 0 an acceptable choice.

5 A proposal for asymptotically anti-de Sitter geometries

In what follows, we shall examine the following aspects of the Fefferman-Graham-like ex-
pansions of AAdS higher spin geometries:

(i) AAdS boundary conditions: taking X asin eq. (3.1), the full master fields are required
to reduce to the AdS vacuum plus free master fields consisting of properly unfolded
Fronsdal fields in a tubular neighborhood of dX; x Z4 following the perturbative
procedure consisting of steps (1)—(4) on page 51, which determines perturbatively
defined equivalence classes of gauge functions and zero-form integration constants as
in egs. (5.28)—(5.30);

(ii) Maximal subtraction scheme: we propose to organize the perturbative expansion
obtained in (i) by taking the asymptotically free master fields to be given by the
linearized master fields, which determines the equivalence classes of sub-leading data
in terms of the linearized data as in eq. (5.38);
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(iii) Dual boundary condition: the requirement that the Weyl zero form belongs to £ may
require further conditions narrowing down the classes of gauge functions, i.e. the
Cartan gauge group G, thereby making it possible to implement (ii) successfuly and
for classical observables to be class functions;

(iv) Finite on-shell action: it may be required to further constrain zero-form integration
constants ®'(™ so that the on-shell action (5.40) is finite (viewed as a functional of
(I)/(l)).

To spell out the above scheme in more detail, we start in section 5.1 by pushing the
procedure of section 3 to interacting orders in perturbation. We then impose the AAdS
boundary condition (i) in section 5.2, after which we turn to the maximal substraction
scheme (ii) in section 5.3. In section 5.4, we examine (iv) and comment on the potential
role played by (iii).

5.1 Perturbatively defined solution spaces

Spaces of solutions to egs. (2.37), (2.38) can be obtained by expanding perturbatively
around the AdS, vacuum (3.3), viz.

@:iqﬂn), V:ivw, U:Q+iU("), (5.1)

which leads to the following perturbatively defined equation systems:

i
L

g@™ = — [V(k) ,<1><"—’f>} , (5.2)
k=1 T
n—1
k=1 T
n—1
SRR RR R N AL A (5.4)
k=1
n—1
U + DYV = =3 Lyt y b } , (5.5)
k=1
n—1
pOTm = _N" k) =, (5.6)
k=1

ntP-order solution space. Assuming the solution is known up to order n—1 in classical
perturbation theory, a particular solution (@1(2’.'4), ‘/IFQ’A), Ul(.z.’A)) to the n'® order equation
system can be constructed from the moduli of orders n’ < n. Therefore, as was discussed

in section 3, the n' order solution space is given by

o) = cmA) 4 gl (5.7)
v =y o) 4 ggind) 4y nd) (5.8)
U™ =yrActA] 4 Dg?i)H("’A) + Ul(,ZfA) , (5.9)
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(0)

where C(™4) are homogeneous solutions annihilated by both ¢ and Dy, H (m4) is a gauge

function,*! and V(™4) and Y(™4) are linear functionals obeying

A 4 f g =0, O[] 4 D@V — 0, DU ] o,
(5.10)

for any symbol f(™ such that ¢f" = Dt(‘?v) f = 0. The perturbative*> moduli are
hence H™4) and C¢'(™4) | or equivalently H(™4) and U4 where C"("4) and ¥/(™4) are
defined as

CmA) = 7L A (L), WA= A gk, dC ™ = g =0,
(5.11)

where L is the AdS gauge function (3.2). In the above, A labels an infinite sequence
of (possibly different) perturbatively defined resolution operators (rather than a single
resolution operator).

Mapping between different resolution schemes. Starting from the A-gauge, in which

we may reach another gauge, G say, characterized by an infinite sequence of resolution
operators as well, by means of a perturbatively-defined gauge transformation (2.46), viz.

MA=G) — 1 4 i HmA=G) (5.15)
n=1

(@ _ (M(A—>G)>7l LA 4 (MVHG)) , (5.16)

v = ( M(AHG>>‘1 VI 4 A450) 4 ( M(AHG>>‘1 «gMA=G) (517

0O = (MD)W o0 1 (MASO) a9 (1)

The solution G is still general, although we only have modified the gauge function and

(n,G) (n,G)

not the integration constants ¥’ . Indeed, a change of initial data C is equivalent

to a modification of C(™4), that was so far kept arbitrary®® The perturbative expansion

41The part of U4 that is in the g-cohomology, corresponding to wGAB) iy eq. (3.36) has been split
between a particular solution included in U(”’A)[C("’A)} and a fluctuating pure gauge part in D£3>H("’A).

42As the geometry is non-commutative, the moduli of the full theory also include a non-trivial flat
connection (2.50), that is here already fixed by the choice of the vacuum V(4 = 0.

43 A solution with independent nth order homogeneous integration constants for the Weyl zero-form can
be obtained from an all-order solution defined in terms of a single initial datum C™" by replacing C*) by
> C™ and re-expanding perturbatively.
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of the solution G can be obtained by plugging eqgs. (5.12)—(5.14) into egs. (5.16)—(5.18),
which yields

G = oA) 4 q,l(z@ 7 (5.19)
VG — YA [omA)] 4 g gnA=6) | y(n6) (5.20)
U™ =y e 4 plO) ginA=e) 4 gm0 (5.21)

where CI’I(Z’.G), Vl(:G) and Ul(.Z.’G) form a particular solution that only depends on the lower
order moduli contained in C'"'<™%4) and H®<mA=G) - The perturbative moduli of this
solution G are hence C(™4) and H(™A~G)  that can be constraint to obey boundary con-
ditions, as will be discussed in section 5.2 for the conditions discussed on page 47.

Gauge function. If the spacetime connection U(F) is uncorrected in the A-gauge, which
we denote in this case by (L), viz.

L) = L7 % & % (L), VI = L %V« L, Ut =q, (5.22)

where (®',V’) is a solution to eq. (2.45) and L is an AdS gauge function (3.2); then it
follows that the field configuration in the physical gauge G is given by

) =G5 xn(G), VEO=G % V'*G+G %G, UG =G"'xdG, (5.23)

with the full gauge function

G =L~ (1 +) HWHG)) : (5.24)

n>1
5.2 AAdS boundary conditions

Letting r be a coordinate on X such that r(IN) = oo, we expand the full master fields
(®,U, V) in powers of 1/r in a tubular neighbourhood of 90X x Z4 using a basis B for A(Yy)
that is of O(1). The AAdS boundary conditions in eq. (i) on page 47 are then equivalent**
to writing

@ =@ 1 0g(1/r), VO =V 1og/r), UG =U0D10g1)r), (525

4471t is a priori not equivalent to asking

q@'“ = O5(1/r), D)@' = 0s(1/r),
V' D+ 0D g =0s01/r), qU'@ + DOV = 05(1/r), DRUD = 0p(1/r).

These relations are consequences of egs. (5.26), (5.27) if and only if the basis B is such that the derivatives
q, Dig) and Dé‘? act faithfully on the sub-leading part, viz.

q:08(1/r) = Os(1/r), DY) - 0s(1/r) = Os(1/r), DY . 0p(1/r) = Os(1)r).
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where Og(1/r) stands for forms on the tubular neighbourhood of 90Xy x Z4 that are sub-

G)

leading in the 1/r expansion; and ZI;(G), V(@ and U@ form a solution to the linearized

Vasiliev equations (3.6)—(3.10)

q®@ =0, PV — ¢, (5.26)
O L3O T, qU@ + DOVE =g, pOT@ ~, (5.27)

that encode free unfolded Fronsdal fields. Expanding the AAdS boundary conditions in
eq. (5.25) in classical perturbation theory and using (5.19)-(5.21), one has

@) = ¢ 4 oD 4 Og(1/r), (5.28)
VG = A oA 4 ggnA=6) Ly L op ), (5.29)
g6 =y [cmD] 4 pO gmA=6) 4 yC) 4 op(1/r), (5.30)

where thus (®(6) V(G) [7(G)) ohey the free master field equations (5.26), (5.27) for
each separate value of n.

Perturbative implementation scheme. Assuming that the AAdS boundary condi-
tions are satisfied up to order m in classical perturbation theory with H(™4~G) containing

a term HQ(m’AHG) that is an arbitrary solution to eq. (3.62), we propose to

(1) Use Hém’A_}G) and C(™+14) to impose the AAdS boundary conditions®® at order
m+1, that is, to ensure eq. (5.25), or, equivalently, that the right hand sides of (5.28)—
(5.30) obey the linearized field equations (5.26)—(5.27). In particular, one has

LG _ p -1, glmtLe) Ky % (L) + Op(1/r), (5.31)

lL.o. l.o.

l.o.

(2) Use H(m+14=C) 6 eliminate the possible singular part in Z of V(™ +1.6) and U(m+1.6).

(3) Use the part of H(mT1A=G) that is analytic in Z to impose the relaxed gauge con-
dition (3.61), that is,
V09 € Eker (PODY)) (5.33)

which fixes H(m+1A=G) yp to h(m+1A=G) cker g and H2(m+1’A_>G) € ker (P(G)Da?i)>;

(4) Use h(m+1A=G) from (3) to ensure the regularity in Y of the asymptotically defined
connection

Wm+1.6) . p(@) [jm+1,G) (5.34)

Provided that step (1), which is non-trivial, can be taken, the success of steps (2)—(4) is
guaranteed,*® as they are equivalent to the procedure detailed in section 3.4. Finally, the
fact that H2(m+1’A_>G) remains undetermined at order m + 1 allows the procedure to be

repeated at order m + 2.

“*The dual boundary condition (iv) holds provided that the right hand side of eq. (5.19) belongs to & (X4)
as well.
46The success of step (2) is in principle guaranteed by the one of step (1), see footnote 34.
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5.3 Maximal subtraction scheme

Asssuming that the above procedure has been carried out, one may adopt a mazimal
subtraction scheme by requiring the leading order in the 1/r expansion to coincide with

the first order in classical perturbation theory around the AdS background as follows:*”

(a) The background is the AdSy4 solution (3.3);

(b) The linearised configuration is obtained from a given initial datum C") following the
procedure of section 3;

(c) At order n > 1, the configurations are given by the method above, where in step (1),
eq. (5.25) is replaced by the following stronger condition:

™) = Op(1/r), V&) = 0g(1/r), UGS = 0p(1/r). (5.35)

If the maximal subtraction scheme has been implemented up to a given order m in classical
perturbation theory, the admissibility of (5.35) at order m + 1 is guaranteed by that of the

AAdS boundary conditions in eq. (5.25) at the same order. To show this, we consider a par-

(m+1,A) H(m+1,A—>G) H(,

ticular solution {C ! A%G)} with corresponding asymptotic fields

part. ’ part. ’ 2
{<I>p7:rt1 G), Vp(;?;r L&) Uégﬁ:l’(;)} properly encoding unfolded Fronsdal fields. Since both
+1,6) H(m+1,G +1,G) 11,6 = (m+1,G = (m+1,G
(Bt 7 Vo™ TP} and (SR, vt @I et D (BT
solve the linearized equations (5.26), (5.27), these two solutions are related by a gauge

parameter Hégi:rl A=C) , that is,
végle) ]ﬂm+LA”¢gn+“3]+ EﬂgleﬁG>, (5.36)

U;();ZFG) _ (m+LA) [‘I’g«tl’c)] +D

O i i1A=6) (5.37)

Therefore, the configuration

C(m+1,A) C,(m+1 A) &)(erl,A)

max.sub. part. part. ’ max.sub.

+1,A—G +1,A—>G ~(m+1,A—G
gl LARC) _ gl A=) gimilA=G) T (5.38)

satisfy the condition (5.35), as can be seen by plugging it into eqs. (5.28)—(5.30), which
concludes the proof. The maximal subtraction (5.38) translates to the integration constant
\IJl(m—l—l,A) as

PmELA) - g Le) (5.39)

l.o. ’

thereby completely fixing it. By applying, this relation iteratively, one may express ¥/("4)

as an n-linear functional of W) (valued in A ()))). However, H("+LA=G) is only

determined by eq. (5.38) up to a piece HSTFI’A%G) that decays fast enough so as to

preserve eq. (5.35).

4TImposing this boundary condition amounts to adopting a Fefferman-Graham-like scheme in which each
order in classical perturbation theory would be sub-leading in the O(1/r) expansion with respect to the
previous order (and not just with respect to the leading order).
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5.4 On-shell action

Topological vertex operators. Following the adaptation of the AKSZ approach to
non-commutative quasi-topological field theories [37], the FCS formulation of HSG gives
rise to a partition function given in the saddle-point approximation by a sum (1.1) over
classical field configurations weighted by exp(iK'), where K is an on-shell action. The latter
is a classical observable that can be resolved off-shell as a functional whose total variation
vanishes on-shell, referred to as a topological vertex operator [38], which can be added to
the BV master action of AKSZ type without ruining the nilpotency of the BRST operator.
Thus, for higher spin representations in which K is a (positive) definite function on the
classical moduli space (at least to the leading order in classical perturbation theory), e
regularizes the AKSZ partition function such that the QTFT functor can assign infinite-

dimensional state spaces to boundaries.

On-shell action from twistor space Chern class. In the case of the FCS model,
the topological vertex operators are (duality-extended) Chern classes [32]. On Xy x Z4 of
topology S! x 83 x §% x ?2, a natural on-shell action is the second Chern class on Z4,

K=¢ Tryy, (FxF), F:=dA+AxA. (5.40)
Zy

Upon using the field equations (2.27), the identities (2.22), (2.26), the reality condi-
tion (2.29), and the relation (2.72) between dz®dz, in J and the integration measure

d?z as well as their analogues in the anti-holomorphic sector, the resulting on-shell action
is a bilinear function of the Weyl zero-form &, viz.

"= 724 Teay (25 @fx.7) 40
- _i/d4ZTfA(y4) (D xK)* (P * k) * (k% F)), (5.42)

that is positive definite for particle states. This functional is a particular case of the
Wilson loop observables, or zero-form charges, discussed in section 6.1. More precisely, in
the language of eq. (6.22), it reads

K = —n?1,1(0). (5.43)

In particular, when applied on localizable states, it has a series of properties, discussed
in section 6.1, that are expected from an on-shell action. As a zero-form charge, it is
constructed to be independent of the gauge function M in eq. (2.46), hence depending

(n,A)

only on the integration constants ¥’ for a perturbative solution submitted to the

AAdS boundary conditions. In particular, if the starting solution A is the factorised
solution (C.1)—(C.3), the on-shell action reads

K = =72 " Tr gy (U0 % 00 o (1 % 7y)) (5.44)

n,n’
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Under the maximally subtractive boundary condition (5.35), it is given by

K=Y Tramy (00D % 0D o (i, % 7)) (5.45)

l.o.
n,n’

where we recall that \P{(Z’G)

are n-linear functionals of U'(M) fixed by the maximal sub-
traction scheme. Hence, if the maximal subtraction scheme triggers non-trivial integration

(n,A)

constants ¥’ of arbitrarily high orders, then K, despite being a bilinear function of &,

will have an indefinite perturbative expansion in /(1)

Finiteness. We expect that the AAdS boundary conditions determine equivalence classes
[H (”’A”G)] and [V’ ("’A)] of gauge functions and integration constants, respectively. Al-
though the maximal subtraction scheme (5.38) trivialises the latter, the choice of repre-

sentative for [H (”714)]
n',A—=Q)

influences ¥'(™4) through its dependence on the lower order gauge
with n/ < n.
Thus, in order for the on-shell action functional to be well-defined it must be a class

functions H(

function. To achieve this, further reduction of the equivalence classes may be required for
which the dual boundary condition (iii) on page 48 may serve a purpose.

6 Wilson loop observables

In this section, we discuss the observables that are insensitive to any (small or large) gauge
function. In section 6.1, we first review their construction as open Wilson lines in Zy4,
after which we re-interpret them as closed Wilson lines with an insertion of a transition
function. In section 6.2, we discuss their perturbative computation in the factorised gauge
described in appendix C. In particular, we isolate the first sub-leading correction, which is
thus due to the interactions in Z-space, and verify that, just like the leading contribution,
it is independent of the spin-frame (D.2) used to build the solution. This result supports
the usage of the regular prescription discussed in section 2.5.

We would like to remark that, as discussed in section 2, the set of classical observables
also contains functionals that are only invariant under small gauge transformations. These
can be constructed by choosing a structure group that is a proper subgroup of G, as
discussed in [38], after which observables can be defined as integrals of globally defined
(hence central) and on-shell closed composite spacetime p-forms built from the ingredients
of the model.*® An alternative construction was provided in [66], based on a modification
of the Vasiliev system via the introduction of additional central forms in spacetime. It
would be interesting to study the relation between these two approaches.

6.1 Construction

The classical observables that are least sensitive to the topology of Xy are Wilson loops in
Z4. Using the regular computation scheme, these objects, which are zero-forms on Xy, are

481n [38], it was shown that taking the structure group to be generated by m-odd parameters, the resulting
de Rham cohomology consists of one complex element in every even form degree. Although not stressed
in [38], also trivial elements can be used to construct classical observables, provided that they are integrated
over open cycles and that boundary conditions are imposed to make them finite.
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invariant under (large) Cartan gauge transformations, hence on-shell de Rham closed [12].
They are furthermore interpretable as extensive variables [15, 44], thus serving as natural
building blocks for the on-shell action and thereby also the higher spin amplitudes [45]. For
these reasons, they are referred to interchangeably as Wilson loop observables, zero-form
charges and quasi-amplitudes.*’

Holonomy and closed Wilson loop. To construct the Wilson loops, one starts from
an oriented curve

Cpospr (M) = {p(t) € Xy x Z4|t €]0,1]} , p(0) =po, p(1)=p1, (6.1)

which consists of its projection Proj y, (Cp,—p, (M)) to Xy (which is an ordinary open curve
on a commuting space), and its projection Proj z, (Cp,—p, (M)) to Z4, given by a classical
curve

c(M)={zz@®rke01]},  Z50)=0,  Zg(1)=M*", (6.2)

emanating from a non-commutative base point, that we may take to be Projz, (po), to a
commutative chiral point®® M2 = (u®, —a%) € R? x C2, viz.

2%(p(t)) == 2%+ z&(t) , 2% :=z%po) . (6.3)

The resulting path ordered integral

He | A :Pexp/ A, 6.4
Cpospy () [A] o (6.4)

defines a holonomy element®! in G, which transforms under Cartan gauge transformations as

Hoy ) [A9] = (Glog) ™ % Heyy ) [A] 5 (Glpy) (6.5)
Taking pg = p1 = p, the resulting closed Wilson loop

d‘z
WeolV)= [ T e ol (6.6)
is invariant under (large) Cartan gauge transformations, and hence independent of
Projx, (p), as indicated above, provided that it can be evaluated using the regular scheme.
Moreover, from the fact that 13F" = 0 for ¢ tangent to Xy, it follows that Wg(yy) is
independent of Projy, (Cp—p(0)), hence U, as also indicated above.
The closed Wilson loop does not encode any non-commutative structure in any non-
trivial fashion. On a non-commutative symplectic space, the exists, however, an alternative
closed Wilson loop.

““The existence of the infinite tower of conserved zero-form charges reflects the formal integrability of
Vasiliev’s theory. In principle, there is nothing preventing the existence of analogous conserved quantities
for gravity with a finite cosmological constant; for further discussions, see [67].

50Gtrictly speaking, we need to extend the hermitian conjugation map so as to act on M< in accordance
with real form of Z4.

5If the path passes from one chart of X; to another, the corresponding transition function is inserted
into the trace.
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Wigner deformed oscillators. The symplectic non-commutativity of Z4 implies that
V# =T« (V4 q)«T# = -V —id2%Z,, T% :=kEk, (6.7)
is a gauge equivalent connection; thus,
S :=i(V# V) =dz%2Z, — 2iV,), (6.8)
is an adjoint quantity, obeying
S# =T# xS+ TH = —§. (6.9)

From Vasiliev’s equations it follows that S generate a Wigner deformed oscillator algebra
with (adjoint) deformation parameters

X:=Pxk, Y =PxFk, (6.10)
and central elements dz? and dz?, viz.%?
S % S =idz*(1 —by) +idz*(1 — by), [S, X]x = 0; (6.11)

the remainder of the equations amount to the covariant constancy conditions
as+[U,Sl.=0, dx +[U,x]=0. (6.12)

Open Wilson lines in Z4. Since the geometry is non-commutative, more zero-form
observables can be constructed as traces of new adjoint quantities. Indeed, using the
lemma

f(Z) % eM*Za — M Za o f(7 _2M), (6.13)

and chosing a path Cp,_p, (M) such that Projy, (po) =Projy, (p1) while Proj z, (Cpy—sp, (M))
is left open, one has

Hey, oy n) A9 5 M2/ = (Gl ) 5 Hey, Al % €572 4 (Glp) - (6.14)

Thus, the open Wilson line

4
WA= [ i (il 2e5) . (019

is invariant under large Cartan gauge transformations and independent of Proj y,(Cpy—p,(M)),
hence U, provided that it can be evaluated using the regular scheme.

The contour C(M) in the holonomy element Hc, ., () can be deformed (while keep-
ing Hopo%m
ordered integral. As was argued in [68], this can be used to rewrite

(M) fixed) at the expense of inserting curvature corrections along the path-

4
(open)r 47 _ dZ iM2Zy /2
Wean 1A= /Z( ez (27T)2TTA()14) (OC(M) [AlxHp, ., onlA] xe ) ., (6.16)

52The deformations are non-trivial [1, 2] since (1 — x)*"*? % (d2*Sa) ¢ Q1(S?|j=), as dzk. is excised
from Q3 (S?|5.); see footnote 20.
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where the holonomy is computed along a straight line Ly, _,p, (M) in Z4 with classical piece

L(M) := {tM%|t € [0,1]}, (6.17)
and the adjoint decoration
OcanV]= > S&m[C(M)] (Sa)™ * x*" * (kE)? (6.18)
m,n,p

encodes the geometry of C(M). As was shown in [48],

HLpoﬁ»pl M) [A] % eM2Za)2 _ engSg(po)/Q ) (6.19)

It follows that

alm d4Z *m _
Weanldl = > o3t )[C(M)]/Z WTrA(M) ((Sg) * V(M /2) (/‘G/i)*p) , (6.20)
m,n,p 4
where
n iMXZ
Vn(M) = X* *HLPOHP1(2M)[A}*6* , n = 0,1,... . (621)
Thus, the quantities
d*z s
Top(M) = /24 2y Traon (Vn(M/Q)*(/m) ) pe{0,1}, (6.22)

and their derivatives with respect to M form a basis of the ring of zero-form charges.

Closing the straight Wilson line. The decorated straight Wilson line (6.22) can be
rewritten in a way that can be straightforwardly generalised to more general differential
Poisson manifolds, where the translation operator cannot be generated by means of star
products.

To this end, one observes that Hy,, . (a)[V] can be combined with

T# % Hy, ,, anlVI*T* =Hp, . anlVF], (6.23)
to form a non-trivial closed Wilson loop
d*Z
Wy anoranlV] = / oy T (Hepy 00 V1% Hry L anVEL) 0 (0:2)

with classical closed path in Z4 given by L(M) U L(M), which is invariant under large
Cartan gauge transformations and independent of Projy, (po), provided that it can be eval-
uated using the regular scheme. In other words, WL( MYUL(M) is the trace of the holonomy
resulting from parallel transporting an object from Z to Z + M along L(M) using V', and
then back along the same path using V#. The non-triviality of the closed Wilson loop

follows from
-1
Hy, . onlVIxHy, . onlV¥I=Hp, . [V]*(HL (M) [V#})
PO—P1 P1—PQ PO—P1 PO—P1

—1
61 a(pO)/ e 2 a/ <ez a (PO)/ e 7 a/ >

= M balpo) (6.25)
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using S# = —9, from which it follows that

WPy = w

L(2M) ronuranlV]s (6.26)

that is, the open Wilson line equals a folded closed Wilson loop consisting of two holonomy
segments with two gauge equivalent connections, one in the opposite direction of the other.

6.2 Perturbative expansion

The observables (6.22) can be evaluated on solutions that are built perturbatively around
the AdS, vacuum (3.3). Their vacuum value is

IO) = 6n0 Tra,) ((5yFy)™) . (6.27)

The perturbative expansion of Z,, , actually starts at order n, where I( ") s clearly a function
of the initial datum ®®) only. The resolution used to solve the Z-space dependence of
the fields are only expected to have an effect in sub-leading corrections to the zero-form
charges. Because they are constructed as traces of adjoint quantities, those observable
are in principle invariant under all transformations of the form (2.28). Although singular
gauge functions can affect the cyclicity of the trace, this is prevented if one uses the regular
computational scheme presented in section 2.5. In particular, the zero-form charges are
independent of the gauge function M in eq. (2.46), and can be written only in term of the
virtual master fields ® and V'; hence only in terms of the virtual moduli ¥’ and #’. This
means that the only perturbative moduli that they depend on are the zero-form integration
constants W'

Localised states and extensive nature of zero—form charges. In [15, 44], it was
argued that for initial data of the form ¥/ Z \Il , where \11/5(1) are linearized Weyl
zero-forms that are localized at mutually Well—separated points z¢ € Xy (as can be achieved
for particle and black hole states), a zero-form charge Z,, evaluated on the corresponding
full solution has a perturbative multi-body expansion of the form

(') = Z (T ) + > AT Doy 4. (6.28)

§<n

where Z,(W)") = Z,(¥'0)]

two-body corrections obey

e, u'D—g 18 the full one-body zero-form charge, and the

1 1
A, w0 < [T, |

In(\p;(l))‘ . (6.29)

More generally, it is expected that the zero-form charges cluster decompose over well-
separated subsets of localizable states. Thus, when evaluated on a dilute gas of localizable
states, the zero-form charges are extensive variables, hence natural building blocks for an
on-shell action in the micro-canonical ensemble.

Thus, for localizable states, as first proposed in [69], the zero-form charges are ex-
pected to have classical perturbative expansions in terms of building blocks for higher
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spin amplitudes, referred to as quasi-amplitudes [44]. Indeed, the above properties have
been verified in the Type A as well as Type B models [45, 46] for particle states, whose
quasi-amplitudes reproduce the correlation functions of the free U(N) vector model in the
leading order. In [48], this correspondence was enhanced to cyclic structures, supportive
of the underlying topological open string picture [69].

Factorised solutions. The Wilson loop observables can be evaluated on the factorised
solution (C.1)—(C.3). In particular, one can write

E+idY) _ S | k= i %
Ve )= Z Z m\p * U % (0,)" (95)" Vio
FElk=t v=v=0
1, . .
= ) m (k+k) * (K/yK/y) k * (8y)k (8V)k Vy,p : (630)
b v=v=0
k=1 k=1

The advantage of this formulation is that it allows to rewrite the holonomies (6.4) as

He, ., 00U+ V]

(o] o0 1 ) B B
= 33 U vy 4 (01 (00 Hey o U+ Vasl| 1 (632)
k=0 k=0 _

and in turn the zero-form charges (6.22) as

o) 1
Tap(M) =3 > anvp Trawyy (9 5y 5)"" ) (6.33)
N=n P=0
o) 1
=3 > v Tray (V5 i) ") (6.34)
N=nP=0
On,p; N, P 1= > BupNon ik (6.35)
_0<k<N-n
k=P—p mod 2
B o (8’/)k (al_’)k d4Z H V Tk ngZa/Q *(p—i—n)*—*p (6 36)
n,p;k,k k”%' z (271’)2 Lpg—py (M) [ I/,l/] € =URR, Kz oo : :

The equivalence between the forms (6.33) and (6.34) is in principle guaranteed by the
regular presentation of the gauge functions. Such an equivalence is moreover ensured for
the traces (B.1), (B.4) by the fact that their respective definitions are invariant under linear
transformations of the Y variables, such as the one in eq. (A.24).

The lesson that comes out of this result is that for a given initial datum ¥’, the Wilson
loop observables of the full solution are proportional to the ones of the linearised solution.
In particular, if the initial data are bulk-to-boundary propagators of particle states, and
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the solution is the factorised one, those observables give correlators of the dual CFT to all
orders in perturbation theory. Because of the regular presentation of the gauge function
H(LE+i0y=G) that relates them to a solution satisfying the COMST, there is in principle a
solution satisfying COMST and whose observables are the correlators of the dual CFT to
all orders in perturbation theory. However, imposing boundary conditions on the solution,
such as the dual boundary conditions discussed in section 5, can have a non trivial effect
on the zero-form charges if they require to activate the higher order initial data ¥’("4)
for n > 1.

Protection. Some of the coefficients B, p i I €q. (6.36) are protected, in the sense that
the contribution they get from terms that are sub-leading in perturbation theory vanish
identically. To show that, one starts by factorising them using eq. (6.19)

By pik e = BotnikBy i (6.37)
au K dQZ i Sy
Bt = ( kl) /2 %ef“ ok (6.38)
: S v=0
2 . (aﬁ)k d*z %I]gﬂ —%p
Poji+ = B e on F Kz Y (6.39)

in terms of the quantities

oo 9 B -9
o ) k . . iy _
Spalz) =24 —2i ; Ve ve(2),  Spa(Z):=2Z24 — 21 Z ey v5(2),  (6.40)

)

that star-commute with each other. The protection argument concerns ;. for k¥ > 1 and
61;1} for k > 1, and is based on the bosonic projection (2.30), that yields in particular

7I-(Sz/,oz) = _Sy,aa 7_7(5',,70‘4) = —Sl,@ . (641)
The coefficients 3.5, (resp. 61;,;) can be expanded in powers of p (resp. i) and read

Bk = k0, Bri = 0ro - (6.42)

)

While the value of the M-independent part is straightforward to compute, the proof of
the p-independence of ;. relies on the cyclicity of the trace and on egs. (2.19), (2.20) as
follows

/ d?2(uS, )N xk, = —/ d?2(uS, )N L xkx(uS,) = —/ d?2(uS, )N xrk,,  (6.43)
52 S2 52

and similarly for the p-independence of 51;12;-

Spin-frame independence. By their definition (6.35), the coefficients oy, ., p might a
priori depend on the specific solution for the auxiliary connection V. However, they cannot
depend on V| as ensured by their independence on the gauge function, itself resulting from
the regular prescription introduced in section 2.5. A test of said prescription would be to
evaluate the zero-form charges on different solutions with the same Weyl tensors C', and
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verify their matching. In particular, one can compute them on the family of solutions

+

derived in appendix C.2, and verify their independence on the spin-frames u* and a*.

Asking for this independence to be manifest, this would mean that the M-dependence of
the coefficients should be given by

0,0 0,1 _ 1,1
i, p(M) = il p gl p0 ) + oy p0% (1) - aglpy p0* (M) (6.44)

The result (6.33)—(6.36) is compatible with the leading part of the observables being
completely determined by the initial datum ¥’ as the holonomy factor would be the one
of the trivial connection Vg = 0. More precisely, the leading order results are given by

Q2n,0:2n,0 = 647254 (M), Qon+1,02n41,0 = 8T02(f1) (6.45)

on.1.2n,1 = 1, Qon+11:2n411 = 8T02(11) (6.46)

the other coeflicients being trivial. To explore to first sub-leading order, one starts by using
egs. (6.4), (6.17), (C.27) to write

(1)
Hprm an (Vo) (6.47)

e [

As can be shown using egs. (D.19), (D.20), the non-trivial coefficients at this order are:

—h.c..

e ($1 (= 4 1D + 1) + el + 1)
p=0

@‘ |

(6.48)
(6.49)

®2n,0;2n+1,0 = 5(277)252(M) ) a2n41,0;2n+2,1 =

0“

Q2n.0:2n+1,1 = b(21)%6% (1), Q2 41,1;2n42,1 =

These results show that the spin frame independence (6.44) is reached at least at the first
two orders in perturbation theory, thereby supporting the regular prescription.

7 Conclusions and outlook

In this paper, we have revisited Vasiliev’s equations at the linearized level, and demon-
strated explicitly in the cases of particle and black hole states how to use gauge functions
to go from the holomorphic gauge given in Weyl order, suitable for integrating the system
to all orders, to a relaxed Vasiliev gauge given in normal order, suitable for identifying
Fronsdal fields on-shell in accordance with the COMST and imposing asymptotically lo-
cally anti-de Sitter boundary conditions. More specifically, we have found that working
in normal order, the symbols for ®) and UM = DO HM are indeed regular in twistor
space at Z = 0, where they serve as generating functions for linearized Weyl tensors and
spacetime gauge fields, respectively, even though the linearized gauge function H(®) has
singularities in twistor space. The latter, however, have no impact on the spacetime gauge
fields, as the singular part of U (1)\ z—0 is cohomologically trivial with respect to the AdS
covariant derivative D). In other words, the D(®)-cohomology provides a splitting of

1)| z—0 into a regular part, which thus defines the unfolded Fronsdal fields on-shell, and
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a singular part that can be cancelled by choosing the Z-independent part of H M), as we
have done explicitly in the case of particle states.

The construction of H®) involves replacing Vasiliev’s original gauge condition on the
twistor space connection [3, 30]°® with a relaxed version that only fixes H(") up to terms
of O(Z?) (in normal order), as the latter do not affect the COMST. Instead, we argue
that this freedom in H() is of use in imposing asymptotically (locally) AdS boundary
conditions. To this end, we have proposed a Fefferman-Graham-like expansion in which
the full master fields linearize asymptotically. The perturbative corrections to the bulk
master fields involve star-product interactions that may affect their leading order in the
asymptotic expansion, in which case corrections to the zero-form initial data as well as to
the gauge function will be required, that we plan to report on elsewhere.

The analysis is facilitated by the usage of a regular computation scheme, whereby
master fields and gauge functions are presented by means of parametric integrals with
integrands given by regular Gaussian functions in twistor space. We have proposed a pre-
scription for how to nest auxiliary integrals and star products so as to maintain associativity
in perturbative computations. We have tested this scheme at the linearized level in the
aforementioned mapping between gauges, and at the fully nonlinear level in constructing
perturbatively exact solutions in the holomorphic gauge in Weyl order [20].

Following the QTFT approach to HSG advocated in [32-34], the HSG partition func-
tion is given by a sum over classical field configurations weighted by an on-shell action.
Starting from first principles, the simplest such on-shell action is given by the zero-form
charge obtained from the second Chern-class on twistor space. In the leading order, this
quantity has been shown to produce physically meaningful holographic two-point functions
in the case of a perturbative expansion around anti-de Sitter spacetime with boundary con-
ditions corresponding to free holographic CFTs. We plan to report elsewhere on whether
the sub-leading terms in the perturbative expansion of the on-shell action due to the afore-
mentioned corrections to the zero-form initial data will induce the physically desired n-point
functions as well. We have verified, however, that the first sub-leading corrections to a re-
lated set of classical observables, given by Wilson loops in twistor space, also known as
zero-form charges, are well-defined in the sense that they do not depend on an auxiliary
spin-frame structure introduced in the holomorphic gauge.

The formalism advocated in this paper shifts the focus of HSG away from the issue
of finding classes of non-local vertices for Fronsdal fields in quasi-Riemannian spacetimes
to that of constructing star-product local functionals for curvatures of non-commutative
higher spin geometries. In this spirit, we have proposed a set of dual boundary conditions
on Vasiliev’s nonlinear master fields for higher spin geometries containing asymptotically
locally anti-de Sitter spacetimes as well as a globally defined on-shell action functional
given by an integral over twistor space. If successful, the resulting framework may open up

®3In particular, in [49] it was shown that combining the original Vasiliev gauge with a computational
scheme in which the master fields are expanded in formal power series in Y prior to performing star
products leads to ill-defined second-order corrections to the resulting Fronsdal field equations. To our
best understanding, it remains an open problem whether relaxing the original Vasiliev gauge condition or
switching to the regular computation scheme, or a combination of the two, may yield finite results.
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a dual approach to quantum field theory in which each particle is described by an infinite
collections of topological fields making up a horizontal form on a (non-commutative) fibered
space, rather than a finite set of propagating fields on a (commutative) quasi-Riemannian
manifold.
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A Conventions

Indices. Throughout the paper, we use the following types of indices:
— Greek letters from the end of the alphabet are world indices;
— Lower case letters from the beginning of the alphabet are Lorentz indices;
— Lower case letters from the end of the alphabet are so(3) indices;
— (Possibly dotted) greek letters from the beginning of the alphabet are Sp(2) spinor
indices;
— Underlined greek letters from the beginning of the alphabet are Sp(4) spinor indices.

The Lorentz metric 7, is taken as diag(— + ++). Every Sp(4) spinor A, consist in two
Sp(2) spinors (aq, as). The symplectic matrices

€o 0 €a 0
Caﬁ:((feg) ’ Caﬁ:(OﬁeAb-)) ’ (A1)

are defined with the convention that

s Peys = 55 (A.2)

€oy = 55,

They are used to raise, lower and contract all the spinor indices with the so-called NW-SE
convention. For example, for two Sp(2) spinors A, and p, one has

A =g, Ao = Mega, b= A = —pA. (A.3)

— 63 —



The convention is the same for dotted and underlined indices. The convention is often
used implicitely to omit all spinorial indices. Another related convention is that the same
symbol can be used for different indices in the same expression to indicate that they must
be completely symmetrized (with weight one). Let us define a spin-frame (u2, @) such
that ut®u, = ut%a; = 1. That is to say the convention for the symplectic metric reads
in this basis

€aB = u;u;}r - U;“E , €4p 1= ﬂ;ﬁ; - fa;;ag . (A4)
We usually use that property to expand spinors in that basis as
A =t A= ug ANt —ut AT A= aTNy, g = ud_j\+ — u;f;\_ . (A5)

Vector and spinor indices are related by the Van der Waerden symbols, that have the
following properties

1
0q0b = Nab + Tab , Oab = 5(0'(1611 - O'ba'a) y (Aﬁ)
0a0b = Nab + Oab » Oqb 1= 5(6a0b_5b0a)7 (A.7)
(0%)ac(0a) g5 = —2€ap€sys - (A.8)

For a Lorentz vector v%, one has

& = (00)éa (01)aa = Ul Uz +u

uy) = (02)da (03)aa = Uyt —u

o4 04
S

(07
(67

AdS,4 generators and connection. We use the following convention for the isometry
algebra of AdSy

[Maba Mcd] = 4i77[d|[aMb}|c] , [Mab, PC] = Zinc[bPa} , [Pa, Pb] = 1My, (A.12)

which corresponds to giving to the cosmological constant the constant value -3. We usually
redefine them into the compact generators M,, and E and the ladder operators L, with
the definitions

E:=P, LFf:=M, FiP,. (A.13)

The Cartan connection of AdSy is the pull-back of a Maureer-Cartan form, that is to say
it is an algebra-value 1-form field U satisfying

1

du© 4 §[U(0)7 U9 =o0. (A.14)

It can be splitted as
U .= <e(0)“Pa + %w(o)“bMaO , (A.15)
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where e® is the vierbein and w® is te spin connection, satisfying

dew©@ab | w(O)an(o)cb + e(ag(0p — 0, de®a 4 w(O)abe(O)b =0. (A.16)

The algebra can be realized in terms of the star-product (2.9) with the following definition
of the generators

1 1 . 1 —
My, = _g(aab)aayaya - é(a'ab)aagdgda P, = Z(O'a)aayayd . (A17)
In this language, the Cartan connection becomes eq. (3.5), viz.

1 1 —(0)aB~ ~ af —
UO = -0O028y,y, = ~ (W(O)aﬂ Yayp + @V gsg, + 2607 yay/;) 7 (A.18)

with the spinorial components defined as

e(O)a _ (O_a)ade((])ao'c ’ w(O)ab _ _% ((O_ab)aaw(O)aa+ (aab)ddw(O)o}d> ’ (A.19)
e(O)ad — 7%(011)04026(0)0, ’ w(O)aa — 7i(o_ab)aaw(0)ab’ w(())dc'x — 7%(6_ab)ddw(0)ab’ (A20)

and satisfying

dw(o)aa—&—w(o)aﬁw(o)ﬂa—i—e((go‘e(o)o‘ﬁ =0, dw(o)‘j‘d‘+w(0)d6w(0)’8d‘—i—e(o)gde(o)ﬂd =0, (A.21)

de(o)aa+w((gae(0)ﬁd+w(0)d56(0)a5 —0. (A.22)

U©) is pure gauge, in the sense that it can be written

U® =17 ' %dL, (A.23)
where L is a xz-dependent Gaussian in Y. Its adjoint action on Z-independent symbols
reads

L7 s f(a;Y)x L= f (:Y)) | YE@) = L@)a Vs,  (A24)

where L(:z:)gé is a z-dependent Sp(4) matrix corresponding to L.

Stereographic coordinates. Whenever we need to make the spacetime dependence
explicit, we choose to do it with the help of stereographic coordinates, that can be written
in Lorentz covariant fashion

4

4 2 2 _
CE'GER, .’L‘;él, ds—m

dz? . (A.25)

The radial coordinate of the global AdS4 spherical coordinate system, that appears in the
analysis of the black hole states, can be related to the stereographic coordinates via

L2 ((1@‘3)1;; z? (A.26)
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Two useful definitions are

1 1-—
h:=+v1-—22, ¢ :=|z% "2 tanh ! (\/J) . (A.27)

The vacuum gauge function corresponding to stereographic coordinates can be given in
terms of those quantities

. 2h i
L = exp, (4i€x"P,) = T p &P <— T hyxy) . (A.28)

The associated Sp(4) matrix allows to rewrite eq. (A.24) as

e fai ) e L= F (gt om) 5+ 3)) o= ), 7= ).
(A.29)

B Definition of the trace on A(Y,)

Although the precise definition of the trace operation on A()y) does not enter the derivation
of the main results of this paper, the following remarks are in order. A trace operation that
is naturally associated with the Groenewold-Moyal product induced on A(Yy) by (2.9) is

Tr, f = /d4Yf(Y). (B.1)

However, some of the functions of Y-oscillators that we work with in this paper are non-
integrable. For example, the twisted Fock-space endomorphisms Py, * #y (see [20] and
section 4) have infinite Tr,. To regularise their traces, one may introduce a projector p to
LY(Y4), or equivalently a projector p to the space Fy—q()s) of functions that have a finite
value at Y = 0. The associated linear map

Tr, f = / 3 pf(Y) = (2m)2 F(f * yiig)]y_, (B.2)

is a trace operation provided that it is cyclic. The existence of such a regularized trace
depends on the details of the algebra A();).

An example is provided by the extension of the Weyl algebra [19] spanned by elements
of the form

FY) = foo + fig* ky + foq*Eyg+ f11%ky* Ry, (B.3)

where f, ;(Y) are analytic functions of Y that form a star-product algebra, i.e. the algebra
has basis elements Y* x ﬁﬁk%, that is, monomials in Y of arbitrary degree together with
monomials multiplied with delta functions in Y and their derivatives. The extended Weyl
algebra admits the non-degenerate trace operation

Try(f) = (2m)*frily g » (B.4)
where p is the projection whose Fourier dual p is defined by

PY*  KPRD) = 6p00q0Y " . (B.5)
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Thus, for instance, the regularized trace of a non-polynomial (anti-)Fock-space endomor-
phism Py, noin,ne, Where m;,n; are all positive (negative) semi-integers (see [15, 20] and
section 4), is finite, and can be appropriately normalized as to give Tr,(Pp, mojn;ne)
(n1,m2|m1,m2) = Ony my Ongymy- From Py i) g * Ky ~ Pyt gl =g, —ny > it follows that
Trp (P imajng ns * Ky) = 0.

The generalisation of the regularized trace (B.4) to algebras that contain the Klein
operators but are not a semi-direct product of 1, x, K, kk with an algebra of analytic func-
tion, needs more care. Indeed, the expansion (B.3) is ambiguous for any g such that
g * Kb Fc% is itself an analytic function. Omne can resolve these ambiguities by prescrib-
ing that such functions enter the trace via a specific projection. For instance, for the
symmetry-enhanced projectors P, (E) considered in [15, 20], that are eigenstates of xRy,
Pun(E) * kyRy = (—1)"Py, the ambiguity can be resolved by using Tr,., instead, where
Tn = 3(1 + (—=1)"kyKy), hence Tryr, (Pp(E)) := 27%(—1)"P,(E)|y=o. Elements of the
group SpH(8), that is discussed in section 2.5, present the same difficulty, the study of
which we defer to a future work.

C Perturbatively exact factorised solutions

In this appendix, we shall solve eq. (2.27) perturbatively around the anti-de Sitter back-
ground (3.3) using the Weyl-order resolution operator (3.43), and more precisely taking
advantage of its factorisation property (3.46). As we will see, the perturbation theory based
on this homotopy integral can be performed to all orders. Notice that, as this resolution
operator is the only one we use in this appendix, we will drop the label (E + i(?y) on the
various fields.

C.1 Factorised perturbation theory

We will proof in this subsection that an®* all-order result is

o) =5, (\IJ(U * kg + T & Ry) , (C.1)
V) = (WY g (2) + (D) w5,,(2) (C.2)
U™ =6,09, (C.3)
where
V) =D V) vk,  TD(Y):=CV (V) xRy, (C.4)

where v,,(z) and v,,(Z) will be determined in the other subsections and where the inte-
gration constants have consistently been chosen to be zero, aside from C(Y"). The solu-
tion (C.1)—(C.3) is factorised in accordance with eq. (2.66). The bosonic projection (2.30)
manifests itself on (1) and ¥V as

T (q;(l)) =v g7 (\P(l)) = W g =gl g (C.5)

54Having specified the resolution operator, the procedure should yield a unique solution. However, ¢¥)*x.,
is not a uniquely defined symbol, and we will see in the next subsection that for the family of representations
of k. that we will use, the result depends on the chosen spin-frame.
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The generic solution to eq. (3.6) is @) = C((Y) and it is straightforward to show
that eq. (3.7) is equivalent to

0 0)
Yo = pOWgm —g. (C.6)
Then all we want to use is eq. (3.43). We rewrite eq. (3.8) as
gV = Wi, —FW 7, (C.7)
and solve it as
VO = gy gEx GO g (B)xg (C.8)

Since D;g) annihilates () and ()| we can rewrite eq. (3.9) as
qUD = 0 5 qgE*5 1 ) & qq(B)*7, (C.9)

From now on, we assume that ¢(®)*j, and q(E)*jz are xz-independent, which is a non-trivial
condition on the representation of x, and K, that one uses to construct a solution. Since
¢'B)* is linear, we have

vt =wl (C.10)

which we decide to gauge fix to zero by virtue of eq. (3.10), thereby proving egs. (C.1), (C.2),
(C.3) for m = 1.

Now we assume having proven it up to a certain order n and will prove it for m = n+1.
At order n + 1, the equations (3.6)—(3.10) read

o) 4 37 [V iR g, (C.11)

k=1 "
DO 4 3 [U(k) ’q)(”-*‘l—k)} —0, (C.12)

k=1 "
gV ) £ STy Ly teh) gty g = g, (C.13)

k=1

qU(n+1) +D O)V (n+1) + Z { k) V (n+1— k)} =0, (014)

k=1 *
DU 4 Z U® % ym+1=h) = g, (C.15)

k=1

We start solving the equations in that order using the previous results. Eq. (C.11) reads

gD — [Vm) D gy + T % ,gy] (C.16)

__ [(xym)*n e vn(2) + (FD)Y ™ 55, (2) | \11<1>} x Fy

*

_ [(\I,(l))m*vn(z) + (@(1))%*%(5)’@(1)] *xky =0,

*
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where eq. (2.30) was used to get the second line and eq. (C.5) was used to get the conclusion.
We can chose @1 = 0 as a solution, consistently with eq. (C.12) that has become

DB+l — ¢, (C.17)

This simplifies eq. (C.13) that, considering that V,(z) and V,(z) anticommute, takes
the form

gV = ()N T (g (2) vk (2)) = (BN (04(2) % -k (2)) -
— k=1

(C.18)
It admits as a solution eq. (C.2) with

3

vn1(2) 1 = ¢ (— (vk(Z)*vn+1—k(Z))> : (C.19)
k

1

Sl

Uni1(2) : = g <— (O(2) * Ung1-k(Z ))> - (C.20)
k

=1

Assuming again that v,,(z) are z-independent, the two remaining equations become
qur+h) = pOy+h — g, (C.21)
that admit U™+ = 0 as a solution, thereby concluding the proof.

C.2 Recursive solution using symbol calculus

In this subsection we show that eq. (C.8) can give eq. (3.47), and that eq. (C.19) can
be solved recursively to provide this initial datum with an all order completion. This is
achieved by using a suitable representation® of §%(z) and 62(%), that is described in more
details in appendix D.

The all order solution to eq. (C.19) is given by

1
d
vn(z):dzaag/ 1 i

o n—1
o) =~ (Soe (3)) (.23

: (C.22)
p=0

(s)exp <§T 2Dz + 115 pz)

that can be plugged into eq. (C.2) an exact solution for the internal connection

Fr ( b log( >) ‘11(1)>*dzo‘ap exp (%ITzDz—i— E pz) ‘ O—h.c..
(C.24)

55 As detailed in appendix D, one can think of this representation as the Z-space Fourier transform of a
similar representation of 1.
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This corresponds to the solution already studied in [15, 16, 19, 20] in a particular gauge.’®
In particular, the holomorphic component of the first order part is

b ' d
v = g 8p/ ieXP<21+szpz+1+spz)

p=0

b d*u e [Yds
:_2aa/ 5 \IJ( )(y—u,y)e / —exp(ZHSuDu—l—alDu)
P

-1 1+s -0
b d“u 1 ds . .
=3 P ) iy(z— U)/ il (15 Dyt i ) 9
o8 /27r (u—2z,y)e L 14s P21 Ut T PU o (C.25)

which proves indeed eq. (3.47).

In the remaining part of this section we shall give the detailed proof of egs. (C.22),
(C.23).

The right hand side of (C.8) can be rewritten using (2.25) and (D.16) as

LR /1 955014 5) ( D) (C.26)
= ——dz%dz s)ex 2Dz .
Jz 2 o . 1+s Pl3 1+5 )
where one should think of this § distribution as a limit s — —1 rather than an evalua-
tion at the singular point s = —1. The homotopy integral is then performed using the
lemma (D.23)

n(z) = —2d aap/l

3 exp (%%—I_i 2Dz + ﬁpz) , (C.27)

145
which proves the result for n = 1. Notice that any spin frame allows to get this linear
solution for V', even one that depends on the spacetime coordinates . However, eq. (C.10)
is not guaranteed with a z-dependent spin-frame.?” For this reason, we assume from now
on that the spin frame in eq. (D.3) is spacetime-independent.

The proof of the higher-order part of eqs. (C.22), (C.23) begins with the x-product
n (C.19), which is performed using the lemma (D.9)

i L ds il—s :
vp(2) xve(2) = —4dz0<dza/1 e fr o fe(s) <1 + 217 SzDz) exp (%%—:ﬁ zDz) ,

where o is the commutative and associative product defined in (D.10). Plugging that
expression into (C.19) and using the lemma (D.25) gives

1 d n
s 1 . 4
Vn+1(2) = dzaag/ (492 <—4 Z Jro fn+1—k;(8)> exp <%1T§ zDz + %HPZ>
-1 k=1 =0
(C.29)
56This gauge, that is referred to as symmetric gauge, corresponds to taking f* = f~ = f in the notation

of appendix C of [20].
"In fact, performing the integral gives eq. (C.39), which shows that the result is 2-dependent if and only
if D is.
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This translates (C.19) as a recursion for f,

1 n
faa(s) = =7 > fio fariok(s), (C.30)
k=1
with the base case given by eq. (C.27):
b
fi(s) = —5- (C.31)
This is solved by
fuls) = 2oy (B) T e (©32)
n\S) = 9 n—1 3 » .
where C,, are the Catalan numbers, that are defined recursively as
Co=1, Cpi1=)Y CiCny, (C.33)
k=0
and that can be written (2n)!
n)!
C,=—"2"_. C.34
nl(n+1)! ( )
It can then be shown recursively that
1 k—1
1% = —— (log (& : C.35
(k—l)! (Og(82)) ( )
Indeed, beyond the trivial k=1 case, one can use (D.11) to get
1 k—1
ok+1
1 = (k—1)! (log(s%)) ol
2 Lat k-1
= — = (loe (£
)
1 /0 k—1
= d (log ()) (log ()
(k 1)' 10g<si2> t t
1
— o ()" (€.36)

thereby concluding the proof of (C.22), (C.23).

C.3 Alternative interpretations of v1(2)

As it is intuitive from (C.7), given the distributional nature of j,, the z-dependent coefficient
v1(z) cannot be a regular function. Thus, according to the regular presentation scheme of
section 2.5, a faithful representation, encoding the properties of v1(z) under star product,
is given by (C.27), and only at the last step of the computation (that is, when all algebraic
operations have been carried out and the resulting master fields are supposed to contain
physical spacetime fields as coefficients of their power series expansion in oscillators) the
auxiliary integrals are supposed to be evaluated. However, it can be interesting to compute
the auxiliary integral in eq. (C.27) in order to understand what interpretation can be given
to v1(z) as a distribution and how exactly the integral presentation takes care of it.
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As the inverse of a z oscillator in Schwinger parametrization. The integral defin-
ing v1(z) can be written as

ib Uooqe it g, ib oo
Via = _5 2o /1 (ti—l— 1)2 e 2t+l = _Z Zoy /0 dre '™ ) (C37)
where we recall that w, = —%zDz, and converges provided that $(zDz) > 0. In other

words, this integral can be regularized by means of a —ie prescription, and interpreted as
a standard Schwinger parametrization, i.e.,

+oo . +oo . . —3
/ dre”"™* = lim dr e7"T(W==19) — Jim —. (C.38)
0 e—0 0 e—0 wz — 1€

Indeed, this is how (D.20) is obtained, as well as the last step of the computation leading
to the COMST for particle states (4.74). Hence, taking the limit e — 0,

é dz%z,,

— B
v(z) = ¢ = —5—5—, (C.39)
or, projecting with the spin-frame,
b 1
+
=———. C.40
b 4 o7 ( )

Note however that the latter is not, per se, a faithful representation of vfc as far as its star-
product properties are concerned. For a start, (C.40) does not satisfy qu; = —j, (see (C.7)
and (C.2)), whereas the integral presentation (C.37) does. In particular we recall that, as
shown in [15], the delta function comes from a boundary term: using that w, = —%zDz,

o +oo . +o0 ; .
]/ dre ™V = eagf dr {1 + Z;zDz} e TV
0 0

Ozl “p
+0c0 d . .
=cos | dr [1rg] e s e

= €ap Tgrfoo Te TV = eupks (CA41)

where the second equality on the second line is obtained via integration by parts.

As a limit representation of a 6§ distribution. A different regularization of the
integral defining v, indeed shows that, in getting (C.40), one is essentially neglecting a
boundary term. One could in fact evaluate (C.37) as

ib Looat it b oz, . di.p
- _- 2t+1 = 1-—1 2e %% 42
Vla 2 Za/_l (t+1)2 c 2 2Dz o ¢ ’ (C.42)
that is b1 )
+_ v 1 BT ot
U= 1E <1 lg%e € ) . (C.43)

The boundary term in (C.43) accounts for the delta function source term without having
to use the integral presentation — the proviso here being, naturally, that the limit ¢ — 0
must be taken after z-derivatives. Indeed,

T %4, b

_ b 1 N P b ..
871)1 = *18,; <1 — l.LI}’(l)e € ) == 71251(1) Ee € = 7ZK’Z . (044)

Analogously for d,v; .
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This result can also be obtained by considering the integral
Zi ]. i ! ,F —Z i + .-
lim dz —e " ¢*7 = — <1 —lime ¢ * > . (C.45)
e—0 /o € zt e—0
In fact, the evaluation of v; as in (C.43) is coherent with the interpretation of the integral

in (C.45) obtained by taking the limit on the integrand,

e . +

lim dz’leizlﬁ_/ d2/'5()8(2%) = 0(z%)5(=7), (C.46)
0

e—0 Jo €
which obviously lead to a two-dimensional delta function after taking a z-curl. By fol-
lowing this route, one can operate with z-derivative on the result of the integral (C.42)
without invoking any integral presentation; hence, one obtains immediately the correct
identity (C.52).
Hence, the result we derived via the Schwinger parametrization (C.40) makes sense as

long as it is possible to consider
it

lime <* # =0, (C.A47)

e—0

which actually follows from the delta sequence k, = lim,_,q %e‘éwl. The discussion above
suggests that the limit e — 0, enforcing (C.47), should be taken only after all oscillator
derivatives (or star products) have been performed, lest the z-dependence of v; be altered.
This is in accordance, for example, with the way the result in (4.74) was obtained. Whether
a limit representation like (C.43) can be considered truly faithful from the star product
point-of-view, thus providing an alternative to the integral presentation (C.37), is yet to
be fully investigated.

As a z-space integral. It is also possible to write v1(z) as an integral of a delta sequence
in z (as shown before in (C.45) and (C.47) as intermediate steps in order to relate the limit
representation (C.43) to (C.46)). One can thus identify

vE(z) = —Zlg% 6/ dle= 77 (C.48)

The nature of v () as potential for j, is then clear from referring to their integral defini-
tion (C.48), since for instance

0 b T _ i+ ib
gt () = gl 2™ () (C49)
Moreover, the representation (C.48) is also consistent with differentiating with respect to
the other z-component. In particular, note that, in all cases in which one is allowed to

use (C.47), one has

z
(3 8 i+
= lim d7 7 —e **
e—0 ezt Jy 0z
~ lim ) (z_ —igt € € _1z/z+)
e—0 €z 1zt izt
z~ 1
= 2ir=—6%(2) — C.50
) - (€50
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The first term is a bit unexpected, but it can be regularised to zero by using
1
Y (ot

The latter identity can be derived by letting both sides act on an analytic test function:

+o0 1 +00 1 +oo

[ i) = [ dsae) ok ani +0) = fi=— [ @),
—0o0 —00 —00

where the vanishing of the first term comes from Cauchy’s principal value prescription,

using that 6(27) = §(—2T). Hence, we have

0 1 1

Dzt 2t (z1)2)

(C.52)

hence ensuring consistency between this integral representation (C.48) and the previous
ones proposed within the regular scheme.

As the degree-one cohomology of S1. Finally, note that (C.49) is suggestive of yet
another interpretation of v1(z) as a distributional potential of j., provided the coordinates
of the z complex sphere can be rewritten as

2E =¥, (C.53)

where ¢ is real and r is possibly complex.”® Then, rewriting (C.39) as

N _ ,
g B = b <dz _ dz) _ f%dtp (C.54)

4\ 2zt z

one can observe that, while the action of ¢ on this expression vanishes away from the origin
of z-space, the analysis at z = 0 requires the additional use of either the residue formula
or Stokes’ theorem. One has

b dz~ dzt ib [T
(B)x; _ "~ A S N _
/qq J= = g (% o= % o ) > J, dy b, (C.55)

from which one deduces

j. = —imbd*26%(z) = —%/ﬁzdzo‘dza, (C.56)

which is consistent with egs. (2.25), (2.72).

D Parametric integrals

The exact solution that we find using ¢¥)* uses a representation of x, that we shall detail
below. Every time such integrals appear, the prescription is to perform all star products
and derivatives between integrands and perform the integral as the very last step.

®8The compatibility with the convergence of integrals such as eq. (C.37) would require 3(r?) < 0, in turn
compatible with the regularization r = R(r) — e.
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D.1 o-product algebra

This formalism relies on the introduction of a spin-frame (u™%, u~%) satisfying u™u; = 1.

It has the property
P =y — ey P, (D.1)

Hence for a spinor v, we have the following relations

It can then be used to defined the following metric in twistor space:

Dop = ul allg T Uq uﬁ (D.3)

The prescription is to expand functions of z over the following basis:

Gay,.ian(8) := 05, ... 0F exp <%% 2Dz + 1+spz>) o (D.4)
In particular
Gs :=exp (21+ ZDZ) :exp( ZL_S 2tz ) . (D.5)
Most of the functions the appear in the construction of the factorised exact solution are of
the form:
Fo— b ods il-s ,p D
D= 711+8f(s)exp<§1—+sz z), (D.6)
ar, B B\aP b ods il-s i
Flap) : = dz%(ae,” +bD,") 0 T f(s)exp (im 2Dz + mpz) . (D.7)
_ P

where f(t) is a function or distribution, referred to as symbol. What makes this represen-
tation interesting is the following self-replication property:

1 1
11s0P (2 i+s 2Pz + 15 pz) 11g 0P (2 7o 2Dz + s P Z)
1 P 1—ss! . 145" 1—g’ 1 1—
= 2(1 + SSI) exp <% 1+§§/ 2Dz + 1+Zss’ (’0 ( —58 + 28 D) + Pl (# B TSD)> Z)
i 1-s i 1-s '
x exp (i P00 + ke P 0P~ er) (D-8)

In the context of this work we are particularly interested in one of its consequences:

; 1
/ — Lt ds 1-5 11-=S5
Pty =ttt [ 12019 (14 1557sewn (41:802). 0

where the o-product was defined as in [11]

/ ds/ ds' f(s) f'(s) 6(S — ss'). (D.10)
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It is commutative and associative. Moreover, in the case of two even functions of s, it can
be reexpressed as

fH o gH(s / ds/ ds' f+ ) (s')6(S — ss)

- [ )<5>9‘”<f>9<1— )
—2f 0w (2). (D.11)

s
D.2 Fourier transform and § distribution

As for any function of z, the Fourier transform is given by the star-multiplication by .,
as can be seen using equations (2.9), (2.23)

dzu —iuz
f(2)xkK, = ﬁf(u)e . (D.12)
This property translates on symbols as
Fx /1 95 f g ( *SD) (D.13)
Ky = exp | 232 2Dz .
o -1 1 + s P 21+
F — d:@D,f ey [ ilos Dy D.14
(a,p) * £z = d2%(aDy” + be,”) 8 11+$f(—5)exp(§ﬁz Z+1TSPZ) (D.14)
— p=0
In particular, from
1
ds <
1 =2 5(1— (342 2m2) D.15
/_11+S (1—s)exp (5775 2Dz ( )
one deduces
9 1 [t ds
5 (z):; _11+85(1+5)exp<21+5 zDz) . (D.16)
The latter expression is nothing but a rewriting of the delta sequence
1 .
2 . oty
04(z) = 61—1)%1+ o exp (—2z727) . (D.17)
Its derivative can be expressed in the same basis as
2 L ds
8;52( ) - (DZ) /_1 m (5(1 + S) exp <2 1+s ZDZ) . (D18)

Other useful identities (which, according to the regular scheme, are meant to be used after
all star-products have been evaluated, see appendix C.3) can be recovered using standard
integration tools:

. . 1 .

/d2Z exp (%%Z'DZ + ﬁpz) = 27?1 i_ Z exp (%ﬁpr) , (D.19)

1 .

ds il-s v
il-s .p ) - D.20
/1(1+8)2€Xp(21 s 2% 2Dz ( )

1 .
ds i1l—s -

/1 (1+s)2 (1+21+s) P (5%@;;) = md*(2). (D:21)
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In particular, the change of variables { = 1—+S gives eq. (D.20) as a Schwinger integral. It
is important to stress that eq. (D.21) holds only when it has no singular prefactor, as it

makes use of the fact that 2,6%(Z) = 0.

D.3 Homotopy contractions

(E)*

We will now show how the resolution operation ¢ acts on two different kind of sources

expanded in this basis. First, on

1
d
J(z;dz) == dzo‘dza/ i

. i1—s
ils .p ) , D.22
s e (350 (D.22)

one gets
q(E)*J L= /1 7t2t22 dZO /1 ( )e Xp < ZDZ)
' 0 t 1 +s I8 1 s

:—dzaza/ 1—|—s / dS —— —|—,5’21—s (;HSZDz)

a ! dS . ds . i1-8
=dz 8@/11+5 (22/1 1_Sj(8)> exp<21+s 2Dz + 1+sz> . (D.23)

Then, on a source that might result from (D.9)

o 1 ds . 71 —s i l—s
one finds
Lat L ds i ,1—s 4
E)x 7 __ 2 o . 2 1 1—542

« ! ds : ! 11
= —dz%z, B m](s) ; dr (1 + 70;)exp (21+ TZDZ)

1
d ) — .
= dz"0" / : : (ij(s)) exp (%%—Jr': 2Dz + ﬁpz)

(D.25)

E Black-hole-like solutions

In this appendix we generalize some results first presented in [15] about the spherically sym-
metric black-hole-like solutions to the black-hole state generating function (4.52), endowed
with polarization spinors, and we provide some additional useful lemmas.

It is convenient to start from the particle initial datum (4.51) and compute

'V g/ (1)

b = Ypi * iy = Ppe’ = exp (nyooy + xy + XY) - (E.1)

Focusing on stereographic coordinates, the L-rotation is performed using eq. (A.29) and

reads
1 _ __ T, _ )
v (v X) = exp (Lys<by + nyoy + L5 g + Py + X19) (E.2)
1 ) 1,
Xk = > (x—ax) yE = - (X =2x) (E.3)
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in terms of the matrices

1 1 1
st = ¥ (00T — x00) , wh= 2 (0o — Zoo) , ol = 72 (0o —zapz) . (E.A4)
They have the following properties:
(%L)Z — (%L)Q — 7”2, ’UL’DL — @LUL — _(1 + 7,2)7 (E5)
%LUL = _ULJ_{Lv EL%L = _QL_La (EG)

where the products and squares are meant in terms of matrix notation, with the NW-SE
contraction (A.3). These relations are reflected in the possibility the write the matrices as

(518 = r(ueuy’ +ugtull), (D) = r@htay + agtat?), (E.7)
(09 = VI (g + ugtag’) = (09)%, (E-8)

in terms of the E-adapted spin-frame, whose expression can be found in appendixE of [15].

The corresponding Weyl zero-form then reads

o) (Y X) = - Ly () Ty iy () kg - Ly () TIxE) x (E.9)

1
VT 0
xexp (55— 0" () o)+ g GeF) Tt () )
_ . _ _ i — 1 _
—exp (— () My iy () kg Ly () ) 01 (2:0,5:X). (B.10)

The internal connection can be computed using eq. (3.47)

b 1 1 ds
V(1 Briov) — 2 g )‘ dzap/ —————eX ( 3G~ lopilos Dot z)
b 2 ol L s vaee T P )|
—h.c., (E.11)
o 1 1 _ ;
¢=iy+i(sF) 1vLy—E(%L) 1XL—zl+szD— P> (E.12)
1 1—
Gi= —5ol =i (E.13)
nr 1+s

Up to the polarisation term, this result agrees with the one presented in [20]. If we further
define

~ _ 1 _
Y :y—|—(%L) 1vLy—;(%L) 1XL, (E.14)
we can rewrite the result
yeion) _ b o] ap/l SRR S— xp (35675 + thp (14 45267'D) 2)
bh 9 bh y=0 e (1+8)\/(W 2 1+s 1+s
1 -1
X exp ( 1+spG = 1+82DG v+ imz <D+11—+§DG D) z) ‘p:O .
(E.15)
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The square and determinant of the matrix G are given by

(14 5)2 —in(1+ s)(1 — s) Tr(3"D) — n*r2(1 — 5)?
n?r2(1+ s)?

Let us give a series of additional lemmas, relevant for the derivation of the COMST for

black-hole states.

G? = = —detG. (E.16)

d( 1 )__ 1 in(148) Tr(sED)+2(1—s5)nr?
ds \VdetG/)  (145)vVdetG (1+s)2—in(1—s)(1+s) Tr(sLD) —n?r2(1—s)?’
(E.17)
d( 1 1—5> o 1 2(1+s)—in(1+s) Tr(>D)
ds \VdetG 1+s)  (1+s)VdetG (1+5)2—in(1—s)(1+s) Tr(3ED) —n2r2(1—s)2’
(E.18)
TH(G D) = G2 <7;2 TT(%LD)—%:Z) , (E.19)
Tr <1+i;§G—1D) :—\/detG(1+s)2% (\/(;W;Z) : (E.20)
(G_IDG_I)aBZ%(1+s)2%(G;é). (E.21)
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