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Preface

As already stressed by Archimedes [12], discovery and proof are different activities, which require
different methods. One must first find what is to be proved, i.e., a conjecture, by any procedure,
possibly aided by a physical model, then prove it or refute it by logical means. Both tasks can be
assisted by computers in various fields of mathematics. In this dissertation, we focus on comput-

erized support to graph theory research.

A graph G is an ordered pair (V,E), where

e V is a finite, non-empty set whose elements are called nodes and;

e [ is a set of unordered pairs of distinct nodes of V, called edges.

Graphs considered in this dissertation are thus simple undirected and unlabeled graphs.

Objective

The main objective of this dissertation is to answer the following question :

How can computers help researchers to obtain new results in graph theory ?

More precisely we study how computers can help, in graph theory, to :

1. find new conjectures,
2. reinforce existing ones,
3. refute conjectures,

4. find proofs.



Preface

The vast majority of problems and results in graph theory are expressed as equalities or in-
equalities among graph invariants. A graph invariant is a numerical value which is preserved by
isomorphism. The number of nodes » and the number of edges m of a graph G are examples of

graph invariants.

Some computer systems can give conjectures in a fully automated way, i.e., without human
intervention except for the problem statement. In general, the computer is used interactively to
derive conjectures. For instance, one of the main principles is that the computer can compute
very fast, and thus quickly give particular examples of graphs, useful for a given problem. These
particular graphs are for instance extremal graphs for a specific graphical property, or simply a
counter-example for a conjecture. Most of the computer systems used in graph theory apply this
principle in the process of finding conjectures. Moreover, these particular graphs are generally

important in the construction of a proof.

However, fully automated proofs in graph theory are still limited to simple properties [77, 78,
83, 84, 102, 103, 104]. In contrast, partly automated proofs, which use both human reasoning and
specialized computer programs, have been used with much success since the proof of the 4-color
theorem [8, 9, 10, 213] (and despite the controversy on the reliability of such proofs, see e.g., [23]).
To illustrate, the fifth update of a “dynamic survey” on “Small Ramsey Numbers” [209] reviews
results which were obtained with the aid of the computer in 71 papers among the 274 which are

cited. Relying on the computer to complete a difficult proof is thus widespread.

With the intention of answering the above question, the dissertation is divided into three parts :

I. the study of existing computer systems and the classification of them in families;

IL. the use of one of these systems, called AutoGraphiX, and the presentation of the theoretical

results obtained with the help of this particular system;

III. the development of a new system, named GraPHedron, which is based on a polyhedral ap-
proach to find conjectures. Under some conditions, these conjectures can be considered as

optimal. We also present the first theoretical results obtained with this system.

Part I. Computers and discovery in graph theory

In the first part, we survey the different computer systems which have been used to obtain new
results in graph theory [162]. The term computer system is used here in a relatively large sense. It

can be a software system, a programming language for symbolic computation, or a set of programs.

Basic definitions and notations of graph theory are recalled or introduced in the first chapter.

Indeed, there is a wide divergence in graph theoretical terminology.

Chapter 2 is devoted to the existing computer systems which have been used to obtain new



results in graph theory. These systems can be grouped in five main families which are based on

different approaches :

. enumeration;

. interactive computing;

invariant manipulation;

. generation and selection;

. heuristic optimization.

Each approach is illustrated and about thirty systems — the most prevalent ones in each family —

are mentioned. Two of these approaches are applied in this dissertation.

)

i)

The approach based on a heuristic optimization was introduced by Caporossi and Hansen.
They have developed, since 1997, the system AutoGraphiX [55]. AutoGraphiX allows the
study of graph invariants, by searching graphs for which these invariants have extremal val-
ues. Stating this problem as a combinatorial problem, Caporossi and Hansen use a meta-
heuristic to solve it. This metaheuristic is the Variable Neighborhood Search [198]. In the
case of AutoGraphiX, the Variable Neighborhood Search allows, for a given problem, to ob-
tain extremal graphs, or near extremal graphs since it is a heuristic. These extremal graphs
can then be studied interactively, and conjectures about them derived, with the help of a
graphical user interface. AutoGraphiX also uses several procedures [56], to give conjectures
about extremal graphs, in a fully automated way. We present results obtained with Auto-

GraphiX in the second part of this dissertation.

Using the approach based on enumeration, we wrote a program in Matlab allowing the gen-
eration of complete split graphs with up to 500 nodes, and the computation of the eigenvalues
of their adjacency matrix. We can then deduce some infinite families of graphs for which all

eigenvalues are integers [166]. These results are presented in Chapter 3.

Part II. Results obtained with AutoGraphiX

In the second part of the dissertation, we present theoretical results obtained with the help of the

system AutoGraphiX. Most of these results have applications in chemistry [146, 163, 165] and

constitute an important chapter of this dissertation (Chapter 4). Graphs can be used to model

chemical structures in a straightforward way. Nodes represent atoms and edges represent links

between them. The number of nodes adjacent to a given node v is termed the degree of v. In the

case of graphs representing chemical structures, the node’s degrees are generally bounded. The

most frequent case is to have all degrees < 4, this number being the valency of carbon. Invariants



Preface

are then topological indices frequently used in chemistry. We present in Section 4.1 several bounds
on the Randi¢ index, one of the most prevalent invariants in the literature on chemical graph theory.
Other indices, expressing the level of irregularity (or branching) of a molecular structure, are also
studied and compared in Section 4.2 : the index of Collatz-Sinogowitz, the variance of degrees and
the irregularity. Finally, relations between the variance of degrees, the maximum degree, the order
and the size of connected graphs, are studied in Section 4.3. The most important results, contained
in this chapter, were obtained by the study of the extremal graphs generated by AutoGraphiX. Based
on their observation, we have stated several conjectures, often quite easily. The vast majority of
these conjectures have been proved. To achieve this, we follow the principle mentioned above : a
family of particular graphs, significant for a given problem, are identified by the computer system.

The characterization of them often led to new formulation of conjectures.

We go further in the study of the irregularity in Chapter 5. In a more general context, no more
limited to chemical graph theory, we get, with AutoGraphiX, an upper bound on the irregularity of
a graph [164]. Experiments with AutoGraphiX lead to automated conjectures which are presented
in Section 5.1 and a conjectured upper bound on the irregularity is obtained in Section 5.2. This
bound is tight for all possible values of n and m compatible with the existence of a graph G with
n nodes and m edges. The proof of this result is particular (see Section 5.3). Indeed, it is based
on the approach used by AutoGraphiX to find extremal graphs. The proof is written as a simulated
algorithm. Each iteration of this algorithm strictly increases the value of the irregularity of a given
graph, by constructing a new one. This algorithm stops when the upper bound is reached. The

final resulting graph is one of the extremal graphs generated by AutoGraphiX.

Part Ill. The system GraPHedron : principles and results

The third and last part of this dissertation is devoted to the newly developed system GraPHedron,
which is introduced in Chapter 6. In Section 6.1, we present the principles of GraPHedron and its
outline in Section 6.2. This new system is particular as it uses an approach which tries to answer

the following question :

What are all the best linear inequalities among a given set of invariants ?

The arguments used to answer this question are geometrical. Here, graphs are viewed as points
in the euclidian space S”, whose coordinates are the values for a set of p invariants I. To the
convex hull of these points corresponds a finite set of linear inequalities associated with its facets.
This set of inequalities is a minimal description of a polytope (bounded polyhedron), and can be
considered as optimal, among the set of invariants /. For graphs with a reasonable order, i.e., with
a limited number of nodes n, GraPHedron computes these systems of inequalities (one for each
chosen value of n) and presents this information in a report, generated using I&TgX. The convex

hulls are also represented by drawing the polytopes (when the number of invariants in 7 is 2). A



generalization, in terms of n, of these inequalities is then possible in some cases, in two different

ways :

a) interactively, by the study of the information contained in the report. Similarities between
polytopes can be observed (number of facets, shape of the polytopes,...). Another important
source of information about a specific problem comes from the observation and the character-
ization of the vertex-graphs'. A vertex-graph is a graph for which the associated point in the
space S” (vector of coordinates of invariants of 1) is a vertex of the polytope. For instance, one
can observe that all the vertex-graphs belong to a particular family of graphs. These graphs are

then very useful in the formulation of a conjecture, but also in finding its proof.

b) by a fully automated procedure (see Section 6.5). The software uses a numerical procedure
which tries to generalize, in term of any number of nodes n, the facets of the polytopes. The
automated conjectures are given as inequalities expressed with the invariants of the set I Un,

and representing the facets of the polytopes, for each fixed value of n.

Different applications of GraPHedron are presented in Section 6.3. The forms of conjectures

derived with this system are particular and studied in Section 6.4.

Chapter 7 is devoted to the first results obtained with the help of GraPHedron. Indeed, this
polyhedral approach has allowed, in particular, to solve a problem mentioned by Ore as open since
43 years [202] : “What is the minimum number of edges of a connected graph, with fixed number
of nodes and stability number 7 (see Section 7.1 and [62]). The answer to this problem is a
variant of a famous theorem due to Turdn [228], which answers the same question in the case of

general graphs, connected or not.

In Section 7.2, some relations between the irregularity, the diameter and the maximum degree

of connected graphs are given.

The use of GraPHedron also allows to study approximation ratios of heuristics compared to
exact algorithms. The heuristic known as the maximal matching heuristic gives a 2-approximation
of two classical NP-hard problems : minimum node cover and minimum maximal matching. With
the help of GraPHedron, we get more accurate approximation ratios [58], under some conditions

on the density of the graphs (see Section 7.3).

Contributions

This dissertation is a collection of several publications [58, 146, 160, 162, 163, 164, 165, 166] and
submitted papers [62, 196]. The contributions of this work are of two types :

ITo avoid confusion, the term vertex means a polyhedral vertex and we use always the term node for graphs.



Preface

a)

b)

Study how computers can help in graph theory. First, we surveyed what has been done since
the pioneering system Graph [81, 82, 86] (see Chapter 2). Second, we used AutoGraphiX, and
explained how it helped us in finding conjectures and ideas of proofs (see Chapters 4 and 5).
Finally, we developed the system GraPHedron, which provides a formal framework to find

optimal conjectures in a semi-automated way (see Chapter 6).

Obtaining new graph theoretical results. This dissertation contains many new theoretical re-
sults(see Chapters 3, 4, 5 and 7; Section 6.3.1 and Appendix A.1). The vast majority of these
results were obtained with the help of AutoGraphiX and GraPHedron.
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Introduction

Bouvier and George [38] define a conjecture as “an a priori hypothesis on the exactness or false-
ness of a statement of which one doesn’t know the proof”. Actually, obtaining new results in
science requires two steps : discovery and proof. One must first state what seems to be true, i.e.,
a conjecture. This can be done by observation, with the help of a model or computer software.

Then, one must prove the conjecture by rigorous arguments.

This is also the case, of course, in graph theory. Since the early eighties, several computer

systems have been used to makes conjectures in graph theory [159, 162].

It appears in [160] that each system explores specific types of conjectures and that some theo-
rems, discovered without computer assistance, have forms that are not considered by these systems
at this time. The forms of conjectures found with these systems and some unexplored forms of

conjectures are studied in [160].

Chapter 1 recalls some basic notions about graph theory. Important definitions and notations
are introduced in this chapter. New definitions, more specific, appear in subsequent chapters when

needed.

Chapter 2 presents the main existing computers systems, used in graph theory, since the pi-
oneering system Graph due to Cvetkovi¢ et al. [76, 77, 78, 82, 83, 86]. For the main systems,

examples of derived conjectures are given.

We regroup these systems in five families, based on the approaches they use. In Chapter 3, we
present new theoretical results obtained by using one of these approaches : the enumeration. With

an enumeration of particular graphs, we obtain some infinite families of integral graphs.






CHAPTER 1

Basics in graph theory

A model e Notations and definitions e Classes of graphs e Algebraic graph theory e Chemical graph
theory e Extremal graph theory ¢ Summary

This chapter recalls and defines important notions of graph theory, often together with simple

examples. It is assumed in all the subsequent chapters that the reader is familiar with this material.

There is a wide divergence in graph theoretic terminology. We follow in general what is
considered by many graph theorists to be of common use. The standard textbooks of Diestel [97]

and Foulds [126] are the main references for such terminology.

11
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Chapter 1. Basics in graph theory

1.1 A model

Kénigsberg Bridge Problem

Graph theory finds its roots in the famous and amusing Konigsberg Bridge Problem. In the eigh-
teenth century, two branches of the River Pregel meet in the Eastern Prussia city of Konigsberg,
to flow into the Baltic Sea. Seven bridges link the parts of the city which are separated by water
(see Figure 1.1). Citizens ask themselves if it is possible to find a walk that crossed each bridge

exactly once, coming back to the starting point.

Figure 1.1: The seven bridges of Konigsberg

This problem, apparently innocuous, raised the curiosity of the mathematician Léonard Euler.
He proved in 1736 [106] that such a walk is unachievable. This problem can be represented with a
picture composed of points and lines. Each point is a land area and a line is a bridge between two
of them' (see Figure 1.2). The initial problem can be reformulated as follows. One has to find a
sequence of points and lines which crosses each line exactly once, returning to its starting point.
Euler [106] gave a condition for when it is possible on any such system of points and lines : each
point has to be incident with an even number of lines. He proved that this condition is necessary
and sufficient. It follows that the Konigsberg Bridge Problem has no solution, which can be easily

checked on Figure 1.2.

This mathematical model is today called a graph. The term graph should not be confused

with the drawing of a mathematical function. Actually, this term, as the name of a system of

!Euler did not use such a system of points and lines in [106], but he used a letter to represent a land area and noted a
walk from A to B by AB. However, Euler is commonly considered as the father of graph theory. For more information

about history of graph theory, see [34], which include a translation of the publication [106] of Euler.
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Figure 1.2: A graph representation of Konigsberg

points and lines, comes from graphic notation, which was introduced in chemistry in 1878 by
Sylvester [225]. Chemical structures are, of course, conveniently represented by a graph : atoms
are points and atomic bonds are lines of the graph. Chemical applications in graph theory are
numerous. The interested reader is referenced to the book [14]. We present in Chapter 4 several
results obtained in chemical graph theory with the help of the computer system AutoGraphiX (see
Section 2.5 and Part II).

Applications

The graph model has a lot of applications, not only in chemistry. See for instance the books
[37, 126, 138]. We mention here some of them :

1. Operational research.
Many problems of operational research use graphs in modeling and graph theoretic algo-
rithms :
e transportation networks problem;
e assignment problem;
e scheduling problem;
e timetabling problem:;
e Traveling salesman problem;
e shortest path problem;
e Jocation of centers;

e communications networks;

2. Natural sciences :

e Physics (continuum statistical mechanics, percolation process, enumeration, . .. );
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e Biology (genetics, bioinformatics, ... );

e Chemistry (see above).
3. Engineering :

e Electrical engineering (printed circuit design, electrical network analysis, ...);
o Industrial engineering (production planning and control, facilities layout, ...);

e Civil engineering (traffic networks design, pier construction planning, ...).
4. Other applications :
e Computer science (network analysis, internet protocols, data structures, information

retrieval, program analysis, ... );

e Social sciences (voting, ranking, consistency of choices, urban studies, organizational

structure, social hierarchy, ...);
e Economics (input-output models, .. .);
e Geography (stream analysis, maps making, ...);

e Mathematical puzzles and games;

1.2 Notations and definitions

Definition 1.1. A graph G, is an ordered pair (V,E), where V is a finite, nonempty set whose
elements are called nodes, and where E is a set of unordered pairs of distinct nodes of V. Each

element {v,w} € E is an edge? joining the nodes v and w.
Remark 1.1. The term vertex is often used for a node. However, we avoid its use in this disserta-
tion. Indeed, in Part 111, a vertex means a polyhedral vertex.

Remark 1.2. As already said in the introduction of this chapter, there is variance in graph theoretic
terminology, even for the term graph itself. A graph which is defined as in Definition 1.1 is often

said to be a simple, loop-free, undirected graph.

If e = {v,w} € E, then v and w are said to be adjacent to each other and incident with e. If two

edges have a node in common, they are said to be adjacent.
An edge {v,w} is often denoted simply by vw. The nodes v and w are called its endpoints.

A node (edge) of a graph is said to cover the edges (nodes) with which it is incident. The
neighborhood N\ (v) of anode v is the set of nodes A[(v) ={w eV :{v,w} € E}U{v}.

2 A synonym for edge is link.
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Example 1.1. Let G = (V,E) be defined as follows :

V = {V],VZ,V3,V4}
E

{vivo,viv3,vive,vov3, v3va }

Then G can be represented as shown in Figure 1.3 and A[(v2) = {vi,v2,v3}.

Figure 1.3: A graph with 4 nodes and 5 edges

The number of nodes of G, or its order, is denoted by n(G) = |V|. The number of edges of G,
also called its size, is denoted by m(G) = |E|. The degree of a node v, denoted by d,(G), is the
number of nodes w such that {v,w} € E. We note n;(G) the number of nodes of degree i in G.

Example 1.2. Let G be the graph represented in Figure 1.3. Then its order is 4 and its size is 5.
The degree of v4 is equal to 2 and n3(G) = 2.

Remark 1.3. When the context is clear, we often omit to mention G explicitly G in the notations.
For instance, d, is the degree of the node v, of the graph under consideration, and n; is the number

of pending nodes, i.e., the number of nodes of degree 1.

Variants

There are several variants of related graph structures. For instance, some authors allow that V can
be an empty set. In Definition 1.1, we ask that E contains only distinct edges. When this constraint
is relaxed, the corresponding structure is called a multigraph (see for instance the multigraph
depicted in Figure 1.2). In some problems, one wants to give an orientation to the edges, i.e.,
edges are ordered pairs of nodes. These types of graphs are called directed graphs. Another
variant is the notion of labeled graphs. In this case a name is associated to each node and/or edge
(see again Figure 1.2). One can also allow the presence of loops (edges vw such that v = w) in
a graph, which is then called a pseudograph. There exist yet other types of graph-like structures
(see [126]). Nevertheless, in this dissertation we consider only graphs which respect Definition
1.1.

Subgraphs

It is sometimes useful to consider only a part of a graph.
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Definition 1.2. Let G = (V,E) be a graph.

1. A graph H = (W,F) such that W CV and F C E is a subgraph of G. It is said a proper
subgraph if W CV or F C E.

2. Let W be a nonempty subset of V. Let F = {{v,w} € Elv,w € W}. The graph H = (W,F) is
an induced subgraph of G.

3. Let F be a subset of E. The graph H = (V,F) is a spanning subgraph of G.

Example 1.3. In Figure 1.4, the subgraphs H; and H; are both proper subgraphs of the graph G
depicted in Figure 1.3. H; is an induced subgraph of G and H; is a spanning subgraph of G.

Vo Vo

Vl A V3 V1 V3
Vy
H, H,

Figure 1.4: Two subgraphs of the graph in Figure 1.3

Path, distance and connectivity

Definition 1.3. A path of length | in a graph G is a sequence of distinct nodes and edges of G of
the form :
i, vevabva {va,vabivssvi{ve v b visa).

The path is said to join v and vy .

A path is often noted
(Vi,v2,v3,.. ., Vig1)

when there is no ambiguity. A graph which is solely a path with n nodes is denoted by P,.

A closed path, i.e., a path (vi,va,v3,...,v) (where k > 3) with an additional edge {v, v}, is
a cycle. A graph which is solely a cycle with n nodes is denoted by C,,.

The distance d,,,(G) between two nodes v and w is the length of a shortest path® between v

and w.

One of the most important notions of graph theory is the connectivity.
Definition 1.4. A graph G is connected if there exists a path between every pair of nodes in G.

Example 1.4. The graphs H; and H> in Figure 1.4 are connected and d,,, ,, (H;) = 1.

3In term of the number of edges.
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Isomorphism

Another important notion is the isomorphism which expresses the fact that the labeling of the

nodes does not make any difference between two graphs with the same node and edge structure.

Definition 1.5. Two graphs G, = (V1,E1) and Gy = (Va,E,) are said to be isomorphic (written

G| = Gy) if there exist a one-to-one mapping
f Vi = Va, such that vw € E; <= f(v)f(w) € E,.
Example 1.5. The graph H; in Figure 1.4 is isomorphic to P;.

Definition 1.6. Twwo graphs are homeomorphic if they can be made isomorphic by inserting new

nodes of degree 2 into edges.

Example 1.6. The two graphs presented in Figure 1.5 are homemorphic.

< <

Figure 1.5: Two homeomorphic graphs

Invariants

Two graphs that are isomorphic share several properties which can be expressed in terms of in-

variants.

Definition 1.7. A graph invariant i(G) is a numerical value associated with a graph G and pre-

served by isomorphism.

A graph invariant is often simply termed an invariant.
Example 1.7. The order n and the size m of a graph are invariants.

Remark 1.4. Invariants can have integer, boolean, rational or irrational values.

Graphs are used in many different applications (see Section 1.1). Therefore, there exist many

invariants describing specific characteristics of graphs. Some of them are based on

e the notion of distance, as the diameter D(G) which is the maximum distance between any

pair of nodes of G, i.e., D(G) = max,,,cv dy»(G); the average distance [(G) which is the

average of the distances between distinct nodes of G;
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e the degrees, e.g., the maximum degree A(G) = max,cy d,; the minimum degree 8(G) =

min,cy d,;

e the size of a particular set as the stability number* o,(G) which is the maximum cardinality
of an independent set of G, i.e. a set of non-adjacent nodes; the chromatic number % (G),
which is the minimum number of colors needed to assign a color to each node of G such

that no pair of adjacent nodes have the same color;

e the membership in a given class of graphs (see Section 1.3). These invariants have thus

often boolean values;
e algebraic properties (see Section 1.4);

e chemical properties (see Section 1.5);

Another example of invariant based on the degrees is the irregularity introduced by Albertson
[1]. This invariant is intensively studied in the next chapters (see Section 4.2, Chapter 5 and
Section 7.2).

Definition 1.8. The irregularity A(G) of a graph G is defined by :

AG)= Y |dy—d,l
{vw}eE

Example 1.8. Let G be the graph described in Figure 1.3, then

n(G) =4, m(G) =5, D(G) =2, I[(G) = ~, A(G) =3,

AN

8(G) =2, a(G) =2, %(G) =3 and A(G) = 4.

1.3 Classes of graphs

In the previous section we recall specific classes of graphs, like P, and C,,. Other classical classes
of graphs are used in this dissertation. A graph in which every pair of its n nodes are connected
by an edge is a complete graph and is denoted by K,,. A clique of a graph is its maximal complete
subgraph and the clique number ®(G) of a graph G is the maximum number of pairwise adjacent

nodes.

A bipartite graph B, , is composed of two independent sets of nodes (partitions), with p and

q nodes respectively, and some edges joining pairs of nodes {v,w} such that v and w are not in the

#A synonym for the stability number is the independence number.
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same partition. K, , is a complete bipartite graph if it contains such edges for all pairs. The star

of order n, denoted by S,,, is the graph K ,,_1.

The complement G of a graph G = (V,E), is the graph with the same node set V such that two
nodes are adjacent in G if and only if these nodes are not adjacent in G. The empty graph of order

n is the graph K.

A graph G is cyclic if it contains at least one subgraph which is a cycle. It is acyclic otherwise.

If G contains exactly one cycle (resp. two cycles), it is termed unicyclic (resp. bicyclic).
Example 1.9. Let H; and H, be the graphs shown in Figure 1.4, then,
H = K3, OJ(H]) = 3, H> gﬁz and OJ(HZ) =2.

Moreover H; is unicyclic and H; is an acyclic bipartite graph.

A tree is an acyclic connected graph. The following theorem is proven in [28].
Theorem 1.1. [28] Let G = (V,E) be a graph of order n > 2. The following properties are
equivalent to characterize a tree ;

1. G is connected and acyclic;

2. Gisacyclic and has n — 1 edges;

3. G is connected and has n — 1 edges;

4. G is acyclic and adding an edge creates exactly one cycle;

5. G is connected and removing an edge breaks connectivity;

6. each pair of nodes is joined by one and only one path.
Example 1.10. The graph represented on the cover of this dissertation is a tree.

A graph is k-regular if all its nodes have a degree equal to k. A 3-regular graph is a cubic
graph.

Some classes of graphs are defined by means of forbidden subgraphs. For instance, a triangle-

free graph is a graph which does not contain any triangle, i.e., the graph K3.

Example 1.11. In Figure 1.4, H; is 2-regular and H, is triangle-free.

If the class of a graph is unspecified, it is said to be a general graph.
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Constructions

One can also define a graph or a class of graphs using some constructions.

Definition 1.9. The union G| UG, of graphs G; = (V1,E}) and Gy = (Va, E2) with VNV, =0 is
the graph G = (V,E) for whichV =V, UV, and E = E; UE,.

The notation kG is short for
kG=G,UGyU---UGyg,

where G; =2 G, foralli=1,2,... k.

Example 1.12. A union of (at least two) trees is a (non-connected) acyclic graph and is also called

a forest.

Definition 1.10. The complete product G| VG, of graphs G, = (V1,E1) and G, = (Va,Ey) with
ViNV,y =0 is the graph obtained from G, U G, by joining every node of G| with every node of G».

Example 1.13. Let G be the graph described in Figure 1.3, then
G=K,VK,

Definition 1.11. The sum G| + G, of graphs G| = (V1,E}) and Gy = (Va,E,) is the graph with
the node set V| x Vy in which two nodes (uy,uy) and (vi,v2) are adjacent if and only if (u; = v;
and (uy,vy) € Ez) or (uy = vy and (uy,vy) € E}).

Example 1.14. The graph K> + K3 is represented in Figure 1.6.

(1.2)

(22

(2,2) 23

Figure 1.6: The graph K> + K3

1.4 Algebraic graph theory

Definition 1.12. The adjacency matrix A(G) = (a;;) of a graph G of order n is a n X n symmetric
matrix with coefficients a;; € N defined by

{ I ifi jand{i,j} €E,
a,'j:

0 otherwise.
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Several invariants are based on the algebraic properties of the adjacency matrix.

The polynomial Pg(A) = det(M — 4) is called the characteristic polynomial of G. The
spectrum of G is the set of solutions to P(A) = 0, called eigenvalues, and denoted S,(G) =
(A1, A2, Ay) with Ap > Ay > --- > A, The first eigenvalue A, is called the index or spectral

radius.

Remark 1.5. It is known that if G is an undirected graph, then eigenvalues of G are real and the

maximum eigenvalue is non-negative [80].

Definition 1.13. A graph is called integral if all its eigenvalues are integer values.

Another important n X n symmetric matrix is the Laplacian matrix L(G) = (I;;) with coeffi-
cients /;; € N defined by
diifi=],
lij=4 —1 ifi# jand {i,j} €E,

0 otherwise.

Remark 1.6. The eigenvalues of £(G) are always real [80].

The Laplacian eigenvalues Sy(G) of G are the eigenvalues of £(G) and are denoted by
(ML AL, AE) with AF > AL > -+ > AL The smallest Laplacian eigenvalue A- is always equal
to 0. The second smallest eigenvalue 7“571 is called the algebraic connectivity and kf is the largest

Laplacian eigenvalue.

Example 1.15. Let G be the graph in Figure 1.3. Then,

01 11 3 -1 -1 —1
1010 -1 2 -1 0
A(G) = , L(G)= ,
1101 -1 -1 3 -1
1010 -1 0 -1 2

14++v17 1—+17
SP(G):< 2 ,0,—1, )

) and S (G) = (4,4,2,0).
So the index of G is 1%@ ~ 2.5615528 and its algebraic connectivity is equal to 2.

The interested reader is referenced to [80], a standard book of algebraic graph theory. In

Chapter 2, most examples of conjectures come from algebraic graph theory.

1.5 Chemical graph theory

Another important part of graph theory is the so-called chemical graph theory. The main goal of

chemical graph theory is to evaluate chemical invariants as well as correlations between chemical



22

Chapter 1. Basics in graph theory

activities or properties and those invariants or functions of them in Quantitative Structure Activity
Relationship (QSAR) and Quantitative Structure Property Relationship (QSPR) studies [66, 92,
94,99, 125, 156, 179, 181, 182, 183, 190, 227, 229, 230].

Graphs representing molecular structures often have a maximum degree A which is bounded.

In particular, we recall

Definition 1.14. A chemical graph is a graph with a maximum degree A < 4.

It comes from the fact that the carbon atom has a valency of 4. For instance, the fullerenes are

molecules composed entirely of carbon, which take the form of a hollow sphere, ellipsoid, or tube.

The following invariants are very common in chemical graph theory.

Definition 1.15. The Randi¢ index [210] or connectivity index of a graph G = (V,E) is defined

as
1

e v

Ra(G) = (1.1)

Definition 1.16. The energy of a graph [141, 144] is defined as

E=Y |\l
i=1

Definition 1.17. The HOMO-LUMO gap is defined as the difference between the smallest positive

and the largest negative eigenvalue of the adjacency matrix>

Example 1.16. Let G be the graph in Figure 1.3. From its spectrum, computed in the previous
example, we get that its HOMO-LUMO gap is w and its energy is v 17+ 1. Moreover,
Ra(G) =1+ %.

Chapter 4 presents several results obtained in chemical graph theory, with the help of Auto-
GraphiX.

1.6 Extremal graph theory

Extremal graph theory studies the graphs which are extremal among graphs with a certain prop-
erty. There are various meanings for the word extremal: with the largest stability number, the

largest minimum degree, the smallest irregularity, etc. The term extremal graph theory can thus

50ne should take care, in this definition, that 0 is neither positive nor negative. HOMO means Highest Occupied
Molecular Orbital and LUMO means Lowest Unoccupied Molecular Orbital.
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encompass a large part of graph theory. Actually, the vast majority of the results presented in this
dissertation can be considered as belonging to extremal graph theory. Indeed, most of the conjec-
tures or theorems presented in the next chapters are bounds on invariants, i.e., inequalities among

invariants.

Example 1.17. Connected graphs with n nodes and with extremal diameter are easily character-
ized :
D(K,) < D(G) < D(P,).
These two inequalities mean that the complete graph K, has the smallest diameter (= 1), and

the path P, the largest one (= n — 1), among connected graphs with n nodes.

1.7 Summary

In this chapter, we presented the graph model and mentioned some of its numerous applications.
Basic notations and definitions are recalled or introduced about graph theory, classes of graphs,

algebraic graph theory, chemical graph theory and extremal graph theory.

We presented several invariants but other ones are introduced when needed in the subsequent

chapters.






CHAPTER 2

Existing computer systems

Enumeration e Interactive computing e Invariant manipulation e Generation and selection e Heuristic

optimization ¢ Summary

Quite a few systems for computer-aided graph theory have been developed over the last 25 years.
The term computer system is used here in a relatively large sense. It can be a software system,
a programming language, or a set of programs. Some systems presented here were not initially

written for graph theoretical conjecture-making. However, we mention their use in this field.

Hansen [159] divides such systems into two classes: automated systems which provide conjec-
tures in a fully automated way (i.e., without human intervention except for the problem statement),
and computer-assisted systems. Derived conjectures are then said to be obtained by an automated
system or with a computer-assisted one. Notice that in practice an automated system can often

also be used interactively and leads to both automated and/or computer-assisted conjectures.
The existing computer systems are based on different principles, which can be grouped as

follows [162] :

(1) enumeration;

(ii) interactive computing;

(iii) invariant manipulation;

(iv) generation and selection;

(v) heuristic optimization.

25
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Representative systems of each family are discussed in the next five sections.

2.1 Enumeration

Enumeration refers to two distinct operations performed in mathematics, when examining a set of

objects or structures :

e one can find how many there are, i.e., count them. Methods to do so are well developed in

combinatorial mathematics and graph theory (see, e.g., the books [171, 204]).

e one may consider each of them in turn, i.e., list these objects or structures (this is sometimes

referred to as constructive enumeration).

Constructive enumeration

The computer systems which use enumeration mostly address constructive enumeration. It is the

case of the systems mentioned below.

Basic problems of enumeration are to avoid duplication and to efficiently exploit properties
of the class of graphs under study to curtail the search. Often graphs are generated by adding
one node at a time, and some adjacent edges. To avoid duplication, graphs are encoded and a
unique father is assigned to any son. This principle of orderly generation is proposed in [113,
114, 211, 212]. Variants and extensions, including the canonical path method are discussed in
[192, 193]. Moreover, symmetry can be exploited both to avoid duplication and to accelerate the
search. A recent survey of isomorphism rejection methods is [45]. Several systems do this, e.g.,
geng [192, 193]. This system and others such as CoCo [115, 116] are used in the package GAP
(Groups, Algorithms and Programming) [131]. When applied to problems on groups and graphs,
the program GRAPE, which is a part of GAP, led to several results [68, 69, 70, 71, 72, 205, 221,
222].

Some systems for enumerating graphs are specialized, e.g., MOLGEN [139] which is designed
for molecular graphs, Fullgen for fullerenes [46] and minibaum for cubic graphs [44]. CaGe [47]

generates graphs of different types often related to interesting chemical molecules.

Examples

The enumeration of families of graphs defined by given properties often leads to conjectures about

them, or to refutations of such conjectures.
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Example 2.1. In [79] spectra of all graphs with up to 7 nodes are given. This list refutes 5
conjectures of Graffiti ([107, 109], see Section 2.4) as noticed in [119].

Example 2.2. In Part III, we present a new system, called GraPHedron, which uses a polyhedral
approach to suggest conjectures. The first step of its outline is a generation of graphs using geng

(see Section 6.2).

Example 2.3. In Chapter 3, we present results obtained by enumeration of particular graphs (writ-
ten with the programming language Matlab). With this approach, we obtained some infinite fami-

lies of graphs, for which all eigenvalues are integers.

2.2 Interactive computing

Numerous conjectures of graph theory are obtained by drawing small graphs on paper or black-
board, making hand or pocket calculator computations of invariants under study, reasoning about
their values, then modifying these graphs and computing the consequences. Such a process can
be aided by the computer, exploiting its abilities to make very quick computations and represent

graphs in a clear way.

The system Graph

A pioneering system in graph theoretical interactive computing is Graph [81, 82, 86, 87] developed
during the period 1980 — 1984 in Belgrade. This system comprises three main components :
Algor which implements graph algorithms for computing a series of invariants, as well as Bibli
and Theor, a bibliographic and a theorem-proving component respectively. These last two are not

discussed here.

Graph also displays the graph currently under study and allows interactive modifications on
screen by the addition or deletion of edges and nodes (this, of course allows any transformation).
While Graph is not an automated system (it does not provide conjectures or proofs in an entirely
automated way), it has proved to be very successful in suggesting conjectures through analysis of
examples, and also in helping to complete proofs by checking particular cases. The survey papers

[87] mention 92 papers with results obtained up to 2001 with the help of Graph.

Examples

We next give a few examples of results obtained with the aid of the system Graph. Further theo-
rems of algebraic graph theory obtained in this way are listed in Table 2.1. There, an outerplanar

graph is a graph that can be embedded in the plane such that all nodes lie on the unbounded outside
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Table 2.1: Some theorems obtained with the help of the Graph system

Formula Ref.
If G is a tree (with n > 3), then [189]

M(Py) <M (G) < Mi(Sn)

If G is a maximal outerplanar graph (with n > 4), then [214]

M(P2) < M (G) < M (K VP, )

If G is a connected graph and if G’ is obtained from G by splitting  [219]
a node, then

M(G) <M(G)

face. Moreover, P, denotes the path on n nodes, P2 its square, i.e., the graph obtained by joining

by an edge pairs of nodes of P, at distance 2 :
V(P})=V(P),

{v,w} € E(P2)iff d,,,(P,) = 2,Yv,w € V(B,).

Example 2.4. Unicyclic graphs with extremal index are characterized by Simi¢ [218] in the fol-

lowing theorem.

Theorem 2.1. [218] Let G denote a unicyclic graph; then
M(Cy) <M (G) <M(Sp+e)

with equality if and only if G is the n-cycle C,, (lower bound) or the star S, with an additional edge

e between two pending nodes (upper bound).

Example 2.5. Combining graph theoretical results and a computer search with Graph, all con-
nected, non-regular, non-bipartite integral graphs with maximum degree four were determined in
[207, 208] (see Theorem 2.2 below). This method was used also to find the connected non-regular
bipartite integral graphs with A < 4 [20, 21] as well as one class of connected 4-regular inte-
gral graphs [224]. Note that the search was not carried out by brute force but as a man-machine
interaction, many parts of the search space being discarded for graph theoretical reasons or by

computational results.

Theorem 2.2. [207, 208] There are exactly 13 integral graphs which are connected non-bipartite

and non-regular with maximum degree 4.
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Figure 2.1: The 13 integral graphs of Theorem 2.2 [207, 208]
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These graphs are shown in Figure 2.1.

Other interactive computing systems

In the last decade libraries of graph algorithms as well as systems for graph visualization and/or
editing have proliferated. We mention a few. GraphBase [184], Leda [194] and Vega [231]
comprise efficient implementations of many graph algorithms. GraphEd [174] and its succes-
sor Graphlet [175], VCG [215], CABRI-Graph [57], Link [30, 31, 32, 33], GGCL (Generic Graph
Component Library) [186] and other systems possess in addition an editor. EDGE [200], Da Vinci
[129], Grappa [24] and other systems focus on graph visualization and editing. Note that graph

drawing is a well developed research area, see, e.g., the surveys [95, 100] and the book [96].

Recent systems are often the outcome of a merging of several previous ones. This is for

instance the case with Link which built upon the experience of the authors of Combinatorica
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[220], NETPAD [197], SetPlayer [29] and GraphLab [216]. The Link system led to a conjecture

which helped to find several new infinite families of antichains of tournaments' [137, 185].

2.3 Invariant manipulation

Graph theory contains a large number of relations between graph invariants. A few of them are
equalities, the others are inequalities, often nonlinear in one or more parameters. They may involve
conditions which are themselves relations or properties defining classes of graphs, e.g., bipartite,
tree, planar?, etc. Logical variables associated with these classes may also be considered as in-

variants. Generalized relations are then obtained and are of the forms:

(i) “If relation R; holds then relation R, holds”
e.g., “If a =2andy >4 thenn > 11" [64], where o denotes the stability number and 7 the

chromatic number of G.

(i) “If condition ¢ holds then relation R holds”
e.g., “If G is planar then a < 3” [59] where a denotes the point arboricity of G, i.e., the

minimum number of forests needed to cover G.

(ii1) “If condition c; holds then condition ¢, holds”

e.g., “If G is a tree then it is bipartite” (obvious).

(iv) “If relation R holds then condition ¢ holds”
e.g., “If n> 68 and m > $(n—8)(n—8—1) + & then G is hamiltonian” [48] where &
denotes the minimum degree of G and a hamiltonian graph contains a path going once and

only once through every node.

The system Ingrid

In order to build the graph invariant manipulator system Ingrid, 458 relations between graph invari-
ants were gathered in [41, 42]. They involve 37 graph invariants, 27 of which are integer-valued,
1 real-valued and 9 boolean. A representative subset of these relations, involving A, is given in
Table 2.2. Here 7, denotes the edge chromatic number or smallest number of colors needed to
color edges so that no two incident edges have the same color; g denotes the girth or length of the

smallest cycle of the graph considered.

Ingrid [40, 43] was designed to assist researchers in obtaining precise information, in the form

of intervals, on invariant values for incompletely specified graphs or classes of graphs. To this

VA tournament is a complete directed graph. Tournament embedding is an order relation on the class of tournaments.

An antichain is a set of tournaments that are pairwise incomparable in this ordering.
ZRecall that a graph is planar if it can be drawn in a plane without graph edges crossing.
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Table 2.2: Some relations involving A; in the Ingrid system

Formula Ref. | Formula Ref.
> [25] | M= VA [188]
M <A [25] | x> 5 [75]
a<1+|Y] [187] | o> 2 — 4 [101]
X [101] | if A < 5 thenyy =A  [121]

ifA; > /mtheng=3 [80] | if Gis connected, then

1<+l [25] | M >2cos[m/(n+1)]  [25]

A >d [25]

end, some parameters are given specified values or intervals containing their values. Then rules
deduced from the relations are applied to tighten intervals for all invariants. This is done in a
systematic way, until stability is attained. A tracing function allows the listing of those relations

which have led to the lower or upper bound of the final interval for an invariant.

Moreover, conjectures may be considered temporarily as theorems (proved relations), added
to the system and the consequences tested. If the interval of feasible values for some invariant

becomes empty, a contradiction has been found and the conjecture refuted.

Examples

Ingrid can contribute to graph theory in several ways :

(1) Detecting existence of relations between invariants and sets of relations leading to them.

Consider a pair of invariants for which a relation is sought; vary one of them and check if the
feasible interval of the other given by Ingrid varies also. If it is the case, a relation exists. To
find it, consider which relations have been used, with the tracing function. Then derive the
relation by algebraic manipulation. This last step is done by hand, but could be automated,

for instance with Mathematica™ [232].

Example 2.6. In [43] a relation is sought between the index A; and the node clique cover
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(i)

(i)

number 0, i.e., the smallest number of cliques which cover all nodes. While both pa-
rameters had been much studied it did not appear that any relation between them was yet
published. Keeping the order n fixed and varying A, Ingrid detected a change in the upper

bound of the interval for 6. This was due to the use of the four relations

A <AL

S

¢ =

—

A+1)’
6o < ay,

and
o §n—(p

where A, o; and @ denote maximum degree, edge covering number (minimum number of
edges needed to cover the nodes) and matching number (maximum number of independent

edges) respectively. It is then easy to derive the theorem

)\(2
S
0 (1+22)

which is useful for small A;.

Refuting conjectures

Example 2.7. It was asked in [73] whether there exist planar triangle-free graphs with ex-
actly 3a nodes. Conjecturing that this was the case, using the temporary theorem feature of

Ingrid as explained above, led to a negative answer.

Exploring dominance between relations

An inequality between graph invariants may be implied by one or several other inequalities.
When that is the case, there is no need to add it to the system. To check this, the bound it
gives can be compared with that given by Ingrid for various feasible values of the invariants

involved.

Example 2.8. The bound
M<—-14+v1+8m

was proposed in [223]. Varying m in Ingrid and observing the upper bound on A; together
with the relations used, it was found that the pair of relations

ez

<
x{l—l— 5

and
M <2m(x—1)/x

provided bounds which were usually better and never worse. This can then be proven ana-

lytically.
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The question of which relations are undominated is considered in [169]. An inequality i; >
(<)f(ia,i3,...,in) between an invariant i; and one or several others iy, ...,i, is sharp if for all
values of the independent invariants compatible with the existence of a graph, there is a graph
for which equality holds. A complete set of sharp inequalities between invariants iy,i,...,i, is
composed of 2n sharp lower and upper bounds for each invariant i; as a function of the others.
Such a complete set for the order, size and stability number of (non-necessarily connected) graphs
has been obtained in [169].

Ingrid can also be used to help to solve practical problems in network design and for pedagog-
ical purposes [43]. Discovery-based pedagogy in graph theory is also discussed in [57], [60] and
[89].

2.4 Generation and selection

The system Graffiti

The Graffiti system [107, 108, 110, 111, 112, 91] is designed to automate generation of conjectures
in graph theory (as well as in geometry, number theory and mathematical chemistry). It contains
a database of relations and a database of examples, which are graphs that refute some conjecture.

Grafitti proceeds in two steps :

(i) Graph invariants iy, i, ...i, are selected and a large number of a priori relations (or conjec-

tures) between them are generated. They have simple forms, e.g. :
Ik < qporiy <ip+ipmoripg+ip < iy+in

one invariant may also be replaced by a constant, usually 1; sometimes ratios or products of
invariants are also considered. In fact, as an algebraic expression involving one or several

graph invariants is itself a graph invariant, any such relation can be used.
Classes of graphs to be considered, e.g., general, triangle-free, bipartite, tree and so on are
also specified.
(i1) Selection is performed among the relations (or conjectures) obtained in (i). They may be
discarded or provisionally set aside.
The former happens
(a) when a new relation does not appear to be informative, i.e., does not provide a sharper

value for some invariant than all other relations in the database for at least one of the

stored examples, or

(b) when a new relation is shown to be false for at least one of these graphs.
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The latter happens

(c) when a new relation is implied by an existing conjecture, or

(d) when a new relation for a given class of graphs (e.g., trees) is not refuted by any

example of a larger class (e.g., bipartite graphs), or

(e) when invariants in a relation are too close to one another (i.e., iy < i; = iy + 1).

Note that the test for informativeness in the selection procedure removes most but not all

such relations.

To speed up the procedure, both databases are kept to a moderate size. When a counter-
example is found it is added to the database, the refuted relations removed and possibly others,
which become informative, added. When a new relation is added, those which are no longer

informative are set aside.

False conjectures play an important role as the systematic addition to the database of graphs
refuting them leads to increasingly strong conjectures. The aim is to find this strongest conjecture
for which no counter-example is known. Selected conjectures are proposed to the mathematical
community in the large Written on the Wall [107] file. Their status (proved, refuted or open) is
specified and regularly updated. Indications of partial proofs and generalizations of the conjectures

are also given, with references.

Graffiti has attracted the attention of more than 80 graph theorists and has led to the publication
of several dozen papers [90], some well-known ones being [63, 117, 118, 119]. Initially, refutation
was easy; in [39] 200 conjectures of Graffiti were tested on all graphs with up to 10 nodes and
over 40 of them were refuted. The remaining early open conjectures seem more likely to hold, and
some of them appear to be hard to prove. Relations of Graffiti within algebraic graph theory were
studied in depth in [119].

The paper [91] gives an insight in the history of the development of Graffiti.

Examples

We next give a few examples. Further relations and their status are presented in Table 2.3. There

h

E* denotes the vector whose " component is the number of nodes at even distance from the i*"

node and Ra is the Randic index [210].

Example 2.9. [Conjecture WOW 747, open] If b is the order of the largest bipartite subgraph of

a connected graph G, then the average distance between distinct nodes of G is not more than g.

Fajtlowicz observes that if true this conjecture would generalize the previous Conjecture

WOW 2 that the average distance is not more than the stability number proven in [63].
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Table 2.3: Some conjectures of Graffiti

Num. Formula Status
WOW19 A, <Ra Proved in [119]
WOW 43  If G is regular, —A,, < @ Proved in [119]
WOW 44 If G is regular, A, < o Refuted by N. Alon
WOW 45  If G isregular, A, < @ Proved by N. Alon
WOW 116 If G is triangle-free, Ay < Ra Proved in [119]
WOW 195 A, < max(E*) Open

Example 2.10. [Conjecture WOW 776, refuted] Let p be the sum of positive eigenvalues of G.

If G is cubic then the stability number of G is greater than or equal to —1 4 £.

An 18-node counter-example was found in [206] using the AutoGraphiX system (see Section
2.5 and Part II). For that graph o0 = 6 and

p
-1+ .04.
-|-2>60

Example 2.11. [Conjecture WOW 256, proved] Let the dual degree of a node be the average
of the degrees of its adjacent nodes. Then the maximum eigenvalue of the adjacency matrix of a

graph G is not more than its maximum dual degree.

The same short and elegant proof for this result was found independently by a researcher in
the U.S. and a group of three researchers in France, see [107], page 78. The result generalizes the
well known property that the largest eigenvalue of G is not more than its maximum degree. The

French group noticed that equality holds if and only if every node has the same dual degree.

2.5 Heuristic optimization

Conjectures in graph theory can be viewed as combinatorial optimization problems on an infinite
family of graphs (of which only those of moderate order are explored). Indeed, given a relation i <

i;, one can minimize i; — iy over all graphs, parameterizing for instance by graph order. As soon
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as a graph such that i; — i < 0 is found the conjecture is refuted. Conversely if extremal or near-
extremal values of an invariant (which may be an expression involving several other invariants)
are found for all small values of parameters such as order and size, this may lead, automatically or

with the aid of the computer, to the discovery of new conjectures.

The system AutoGraphiX

This is the approach on which the AutoGraphiX system (AGX) [2, 3, 4, 5, 6, 7, 26, 50, 51, 52, 54,
55, 56, 88, 127, 146, 163, 164, 165, 168] is based. AutoGraphiX addresses the following problems :

(a) find a graph satisfying given constraints;

(b) find optimal or near-optimal values for an invariant subject to constraints;
(c) refute a conjecture;

(d) find (or suggest) a new conjecture (or sharpen an existing one);

(e) suggest a proof strategy.

AutoGraphiX uses extensively the Variable Neighborhood Search (VNS) metaheuristic (or fra-
mework-for-building heuristics) [167]. This metaheuristic exploits the relatively unexplored idea
of systematic change of neighborhood within a local search. VNS starts with a given randomly
generated initial solution (or graph) xg, then applies a descent routine (when minimizing) until a
local optimum x is reached. Then a set of nested neighborhoods centered around x are considered
and a point x’ is randomly generated from the first neighborhood. A descent is performed from
X/, leading to a local optimum x”. If X’ = x or if the value of x” is not better than that of x, the
solution x” is ignored and another solution x’ is generated from the next neighborhood. Otherwise,
as a better local optimum x” than x has been found, the search is recentered there. When the last
neighborhood has been considered one begins again with the first one until a stopping condition is

met.

The descent routine may itself use several neighborhoods (of types of moves). AutoGraphiX
uses ten simple graph transformations for that purpose : addition of an edge, removal of an edge,
rotation of an edge (i.e., change of one of its endpoints), move of an edge (i.e., deletion followed

by addition, but not in the same position), and similar more complex changes.

Nested neighborhoods of a graph are defined by the Hamming distance between edge-sets :
the first one consists of all graphs obtained by deletion or addition of a single edge, then two, and

SO Oon.

The first version of AutoGraphiX has led, partly in conjunction with a program for enumerating

cubic graphs [45], to the refutation of 9 conjectures of Graffiti [55] [206] and to the discovery of
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Table 2.4: Some conjectures obtained with AutoGraphiX

Num.

Conjecture

Status

Ref.

Co. AGX 13

Th. AGX 12

Th. AGX 13

Co. AGX 4

If G is a graph with n nodes, m < [5|[5]
edges and minimum energy, then

(1) if there are positive integers a and b such
that ab = m and a+ b < n, then G is a com-
plete bipartite graph K, , possibly with addi-
tional isolated nodes;

(i1) otherwise G is a complete bipartite graph
Ky with @'b' < m and d +b' < n, modi-
fied by the addition of m — a’b’ edges joining
a node on the smallest side of K ;s to other
nodes on that side, possibly with additional
isolated nodes.

Let 7,; denotes the family of trees with a
black and b white nodes, such that a > b
and no edge has two endnodes with the same
color. Then, for a fixed number of nodes n
and T € 1,5, the minimal value of A;(7) in-
creases monotonically with a — b.

For a =b+2 and n > 6, the trees T* € 1,
with minimum index A; are comets Co(n,3).
Moreover

lim A (T*) = 2.

n—o0

Fora=b+3 and n > 7, the trees T* € 7,
with minimum index A; are double comets
D(3,n—6,3) and A (T*) = 2.

Let G be a graph with n > 3 nodes, then

r+Ra—mode(d) > vVn—1—1.

(Reinforcement of Conjecture WOW 7)

Open

Proved

Proved

Open

[50]
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over 50 new conjectures, 15 of which have been proved.

AutoGraphiX2 and automated comparison of graph invariants

Recently, Aouchiche, Caporossi and Hansen proposed new types of fully automated conjectures [157],
using the new version of the system, called AutoGraphiX 2 . They made a systematic comparison
of 20 graph invariants : for each pair of them, AutoGraphiX 2 considers the four operations +,
—, X, / and derives best possible lower and upper bounding functions of the number of vertices,
as well as extremal graphs. For instance, for two invariants i; and ip, AutoGraphiX 2 tries to find

functions f and g such that:
fT(n) <ii+ir <g*(n),

f(n)<ii—ir<g (n),

f(n) <iyip <g*(n),

and

As 20 invariants are considered, it makes 190 different pairs of invariants and a total of 1520
problems. AutoGraphiX 2 recognizes 35 known results and derives automatically conjectures in
1341 cases. Among the other cases, 84 conjectures have been found with assistance of Auto-
GraphiX 2 but not automatically (assisted conjectures) and 60 cases lead to no exploitable results.

The 1341 automated conjectures can be classified as follows :

1) Results proved automatically by AutoGraphiX 2 (often easy results).

ii) Automated conjectures. AutoGraphiX 2 derives algebraic conjectures and corresponding ex-

tremal graphs (e.g., a class of graph as paths or stars).

ii1)  Structural conjectures. AutoGraphiX 2 derives only conjectures about the extremal graphs.

These results are summarized here :

Known results 35 (2.30 %)
Results proved automatically | 839 (55.20 %)
Automated conjectures 422 (27.76 %)
Structural conjectures 80 (5.26 %)
Assisted conjectures 84 (5.53 %)
No results 60 (3.95 %)
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Figure 2.2: Color-constrained trees with minimum index : comets and double comets

Among the 586 conjectures® derived by AutoGraphiX 2 or with its help, 352 were proved by

hand, 13 refuted and 221 conjectures remain open.

Examples

We next give a few examples of the results obtained with AutoGraphiX. Others are listed in Table
2.4 and Part II of this dissertation is devoted to the personal results, also obtained with Auto-

GraphiX. All these results were obtained with the initial version of AutoGraphiX.

We recall a few definitions used there. A comet Co(n,n;), of order n and with n; pending
nodes, is obtained from a star S, +1 by appending a path with n —n; — 1 edges to a pending node.
A double comet D, , is obtained from two stars on p and g nodes by joining a pending node of
each of them with a path of # + 1 edges (see Figure 2.2). The radius r of graph G is the minimum

over all nodes of the maximum distance from that node to any other.

Observe that the conjectures in Table 2.4 are of two types, concerning

(a) relations between graph invariants and
(b) structure of extremal graphs.

Example 2.12. A study of graphs with extremal energy [50], parameterizing by n and m led,

among others, to the conjectures

4
E>2/m and E> 2.
n

Both of them have been easily proved.

Example 2.13. In the same study, unicyclic graphs with maximum energy were investigated. This

led to the following structural result.

3The number 586 is the sum of the numbers of automated conjectures, structural conjectures and assisted conjec-

tures.
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Conjecture AGX 16 Among unicyclic graphs with n nodes the cycle C,, has maximum energy if
n<Torn=29, 10, 11, 13 and 15; otherwise the unicyclic graph with maximum energy is C¢+ P,_¢
i.e., Cg with an appended path with n — 6 edges.

Partial results towards the proof of this conjecture were recently obtained : it is shown in [147]

that among bipartite unicyclic graphs those with maximum energy are either C,, or Cs + P,—g.

Automated conjectures

The results of these two examples were obtained interactively. However, there are several ways to

use AutoGraphiX in an entirely automated way [56]. Indeed, conjectures can be found by

(i) anumerical procedure which exploits the mathematics of principal components analysis in
order to find resemblances instead of differences between extremal graphs. This leads, in

polynomial time, to a basis of affine relations between graph invariants;

(i) a geometric procedure, i.e., finding the convex hull of the set of extremal graphs viewed
as points in invariant space: facets of this convex hull give linear relations, i.e., lower and

upper bounds on the invariants associated with each of the axes;

(iii) an algebraic procedure, i.e., recognizing the class of extremal graphs found, and if it is a
well-defined one for which formulae relating graph invariants are known, eliminating vari-

ables to obtain simple relations between the invariants under study.

Example 2.14. In [88] color-constrained trees (i.e., trees with given numbers of black or white
nodes) with minimum index are investigated. A further study of the extremal graphs found was
performed in [54, 56]. To this effect 15 graph invariants were computed and the numerical method

applied. In addition to some trivial relations it led to the following outcome.

Conjecture AGX 9 In all color-constrained trees with minimum index,

1
o= i(m—i-nl +D—2r)

where o, denotes the stability number, m the size, n| the number of pending nodes, D the diameter

and r the radius.

It is unlikely that a relation with as many invariants could have been obtained without a com-

puter.

This conjecture is open; it does not hold for all trees. However, it can be shown [56] that the
right-hand side is an upper bound on the stability number of trees. So Conjecture AGX 9 implies

that color-constrained trees with maximum index have maximum stability number.
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AutoGraphiX can also obtain conjectures with real numbers (approximated to a reasonable
extent, as computations are made by machine). The following conjecture was also found by the

numerical procedure.

Conjecture 2.1. For any tree T of size m with maximum degree A <3 and maximum irregularity
A(T), Randic index Ra(T), and n| pending nodes,

Ra(T) = —0.027421A(T) 4 0.538005m — 0.1104848 n; +0.614014.

This conjecture is proved in Appendix A.l1. Extremal trees have nodes of degree 3 and 1

alternatingly, as far as possible.

Example 2.15. Use of the geometric approach [56] to study chemical graphs (i.e., graphs with a

maximum degree of 4) led to the result :

Theorem AGX § In all chemical graphs,

Ra > (ni+m).

1
4

Example 2.16. Conjecture 8 of Graffiti is that in a graph G,
[+ Ra— mode(d) >0

where [ denotes the average distance between two distinct nodes and mode(d) is the statistical
mode of the vector of degrees of G. Use of the algebraic approach led to the following strength-

ening of that result :

Conjecture AGX 5 In a graph G,

_ 2(n—1
[+ Ra— mode(d) > 2=V L uTT_2ifn>3.
n

2.6 Summary

Several discovery systems in graph theory have been very successful in helping mathematicians to
formulate and explore conjectures, or to suggest interesting conjectures in an entirely automated
way. Moreover, new systems sometimes based on new principles are being developed. The under-

lying paradigms, i.e., enumeration, interactive computing, formula manipulation, generation and
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selection, heuristic optimization, are varied. They appear to be largely complementary. So one

may expect much activity and the advent of more comprehensive systems in the near future.

The forms of conjectures found with these systems and some unexplored form of conjectures
are studied in [160].
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Enumeration and integral graphs

Conjectured families of integral graphs e Integrality condition for the complete product of graphs e
Integral complete split graphs e Integral extended complete split-like graphs e Summary

In this chapter, several results, obtained partially using enumeration, are given. We used enu-
meration to characterize some infinite families of integral graphs. Recall that a graph is called
integral if all its eigenvalues are integer. The search for integral graphs, initiated by F. Harary and
A. Schwenk in [172] and continued in many papers thereafter, revealed that not only the number
of integral graphs is infinite, but that one can find them in almost all classes of graphs. For a recent
survey on integral graphs, see [17]. In [16, 18] it is shown that there are only 263 non-isomorphic
connected integral graphs with up to 11 nodes. These graphs can be determined by an enumeration
of connected graphs and computation of their spectra. Larger integral graphs, but possibly not all
of them for given n, can be obtained with an evolutionary algorithm, using as fitness function the

sum of distances from eigenvalues to their closest integer (and variants thereof) [19].

Among other results, examination of the 263 integral graphs suggested a new infinite family of
integral graphs [18]. These graphs are constructed from the complete bipartite graphs K, > for
a=1,2,... by appending an edge to each node of the smallest independent set (see Figure 3.1).

Figure 3.1: A new family of bipartite integral graphs [18]

43
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Figure 3.2: Small integral complete split graph CS%

A split graph SP; is composed of an independent set on a nodes, a clique on b nodes and some
edges joining pairs of nodes one in each of those sets. It is complete if it contains edges for all

such pairs (see Figure 3.2). Complete split graphs are noted CSj. Notice that
CS} =~ K,VK,.

It was observed in [166, 206] that complete split graphs are sometimes but not always integral (see
again Figure 3.2). This particular class of graphs appears often in this dissertation. Indeed, it is

again used in Sections 5.2, 7.1.2 and 7.3.

For a,b,n € N we define the following related classes of graphs:

o the multiple complete split-like graph MCS;; | = K,V (nKp);
o the extended complete split-like graph ECS% = K,V (Kj + K> );
e the multiple extended complete split-like graph

MECS, =K.V (n(Kb +K)).

In Fig. 3.3 we have shown examples of graphs from all of these classes.

CS? ECS? MCS3 ,

Figure 3.3: Examples of split-like graphs.

In the next section, we present the conjectures derived by a generation of complete split graphs,
and a computation of their spectrum. In Section 3.2, we give an integrality condition for the

complete product of graphs. Then, in Section 3.3, we characterize integral graphs in the families
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of complete split graphs and multiple complete split-like graphs. Finally, in Section 3.4, we also
characterize integral graphs in the families of extended complete split-like graphs and multiple

extended complete split-like graphs.

3.1 Conjectured families of integral graphs

In [166], we proposed a generation of all complete split graphs with n =a+b < 500 and b <
50, and a computation of their spectrum. This program was written with the Matlab™ [191]
programming language . These computations lead to conjecture two types of integral graphs (in

terms of a and b), in the family of complete split graphs.

Theorem 3.1. All complete split graphs CS} with

) S
i i li+2
== b—1)|=| | — 3.1
where i is a positive integer, are integral. Moreover, if b is a power of a prime, then there are no

other integral complete split graph CSay, with this value of b.

Theorem 3.2. All complete split graphs CSy, satisfying b = 4k +2 for k € N and

RS ERIE IS

where i is a positive integer, are integral.

These theorems are proven in Section 3.3.

3.2 Integrality condition for the complete product of graphs

The following theorem is proven in [120].

Theorem 3.3. [120] For i = 1,2 let G; be ri-regular graphs with n; nodes. The characteristic
polynomial of the complete product of graphs G| and G, is given by the relation

Pg, (M)Fg, (M) [(A—=r1)(A—r2) —niny).

N

In the following we give a necessary and sufficient condition for the complete product of two

regular graphs to be integral.

Corollary 3.1. Fori=1,2 let G; be ri-regular graphs with n; nodes. The complete product G{VG,
is an integral graph if and only if both G| and G, are integral graphs and there exist k € N such
that the integrality condition

mny = k(k+|ri —r). (3.3)

holds.
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Proof. Since G; is ri-regular graph, its largest eigenvalue is equal to r; [80] (with the eigenvector

. Pg.(A) . . . ..
equal to all-1 vector) and the fraction f’f(r) is the polynomial with roots equal to the remaining

eigenvalues of G; with the same multiplicities. Thus in order that the complete product G; VG, of

two regular graphs is integral both G| and G, must be integral and the expression
Q(?u) = (7\,— I”])(?L— }’2) —niny

must have integer roots. The roots of Q(A) are equal to

A r -I—l’zﬂ:\/(i”l — )2 +4niny
12 = 5
’ 2

and they are integers if and only if 7| + r» and \/ (ri — r2)? +4n;n, are integers of the same par-
ity. The last fact means that there exists k € N such that (r; — r)? +4dniny = (|r1 —ra| + 2k)2,

wherefrom we get the integrality condition (3.3). O

3.3 Integral complete split graphs

Using Corollary 3.1, we now characterize integral graphs in the families of complete split graphs
and multiple complete split-like graphs, by giving the explicit formulae for their parameters a, b

and n.

The greatest common divisor of two integers p and ¢ is denoted (p, q).

Theorem 3.4. The complete split graph CSj, is integral if and only if there exist p,q € N with
(p,q) = 1 and c € 7 such that

x+cqg>0, a=(x+cq)(y+p+cp), and b=pq,

where x,y € 7 are determined by the Euclidean algorithm such that px — qy = 1.

Proof. We have that CS¢ = K,VK),. Graph K, is O-regular (n; = a,r; = 0), while K}, is b — 1-
regular (ny = b,r, = b—1). By Corollary 3.1, graph CSj is integral if and only if there exists
k € N such that ab = k(k+b — 1), hence

k(k—1
a—=k+ ( )

and b divides k(k—1). (3.4)
Since the greatest common divisor (k,k— 1) of k and k — 1 is equal to 1, we have that
b= (bk(k—1))=(b,k)-(b,k—1).

Let p = (b,k) and ¢ = (b,k—1). Thus b = pq, (p,q) = 1, p|k and g|k — 1; where | means divides.
Let x,y € Z be determined by the Euclidean algorithm such that px —gy =1, and let k' = k — px =
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k—1— gy. From p|k it follows that p|k’, while from g|k — 1 it follows that g|k’. Since (p,q) =1
we have that pg|k’ and
k= px+cpg forsome c € Z,

while k — 1 = gy + cpg. Now from (3.4) it follows that

a=px+cpq+ (x+cq)(y+cp) = (x+cq)(y+p+cp). O

Let us see how to apply Theorem 3.4 to the conjectured families (3.1) and (3.2) of integral
complete split graphs.

Proof of Theorems 3.1 and 3.2. The family (3.1) for odd i corresponds to the case p =1, g = b,
x=1,y=0and ¢ = | %], while for even i it corresponds to the case p=b,g=1,x=0,y = —1
and ¢ = BJ .
Moreover, if b is a power of prime, we have only two possibilities. The first possibility is that
p=bandg=1,andthus x=1and y = (b—1). In this case we have that
a=(1+c)(b—1+b+chb)=(c+1)*+(c+1)(c+2)(b—1),

which corresponds to i = 2c¢ + 2. The second possibility is that p = 1 and g = b, wherefrom
x=>b+1and y = 1. In this case we have that

a=(b+1+ch)(1+1+c)=(c+2)*+(c+1)(c+2)(b—1),

which corresponds to i = 2¢ + 3.

The family (3.2) for odd i corresponds to the case p =2k+1,g=2,x=1,y=kand c = L%J ,
while for even i it corresponds to the case p =2, g =2k+1,x=k+1,y=1landc= || — L.

Theorems 3.1 and 3.2 are thus proved. O

We characterize now integral multiple complete split-like graphs.

Theorem 3.5. The multiple complete split graph MCSy, , is integral if and only if there exist p,q €
N with (p,q) = 1 and ¢ € Z such that

x+cq>0, an=(x+cq)(y+p+cp), and b=pgq,

where x,y € 7 are determined by the Euclidean algorithm such that px — qy = 1.

Proof. Multiple complete split-like graphs provide a simple generalization of complete split graphs.

We have that MCS, = K,V (nKp). Graph K, is O-regular (n; = a,r; = 0), while nK is b — 1-
regular (n = nb,r, = b—1). By Corollary 3.1, graph MCS} , is integral if and only if there exists
k € N such that anb = k(k+b — 1), hence

k(k—1
an=k+ ( )

and b divides k(k—1).
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Repeating the consideration from above we get the result. 0

3.4 Integral extended complete split-like graphs

One can also characterize integral graphs in the families of extended complete split-like graphs

and multiple extended complete split-like graphs.

Theorem 3.6. Let b = p)'py ... py" be a prime factorization of b. The extended complete split
graph ECS} is integral if and only if there exists ¢ € N such that
1 EXMEA (%1, odd(x;) odd(x) i) .C> '

azi'c'(lﬁ Dy” Drt D 12)

and either c is even or b is odd or the highest power of 2 which divides b is odd.

Proof. We have that ECS? =~ K,V (K}, + K,). Graph K,, is O-regular (n; = a,r; = 0), while K, + K>
is b-regular (ny = 2b,r, = b). By Corollary 3.1, graph ECS} is integral if and only if there exists
k € N such that 2ab = k(k+ b). From this it follows that

1

k2
a=3 <k+ > and 2b divides k>. (3.5)

b

Let
1 ,,X2

b=p\'py-..py

be a prime factorization of b, such that p; < p, < --- < p,. From b|k? it follows that pi[ﬁ |k for

eachi=1,2,...,r, and we can write

k=p£71]p£7” optlie, ceN,

Let odd (n), n € N, be the characteristic function of the set of odd numbers, i.e.

1, ifnisodd n
odd (n) = =2 H —n.
0, ifniseven

From (3.5) it follows that

1 1R xr
am b (plHT Ry o i) i) 36
We see that a € N if either c is even or b is odd. In this second case, all primes py, pa, ..., pr

are odd and the right hand side of (3.6) contains the product of two numbers of distinct parities,

which is always even.
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In the remaining case when both ¢ is odd and b is even, it must hold that

il 2 xr
20py 7y ey g pg ) )

Since b is even, we have that p; =2 and [3 ] > 1, so that the above condition, taking into account

that py, ..., p, are all odd, becomes 2 | p?dd(xl)

odd. O

, which is equivalent to the condition that x| is

Theorem 3.7. Let b = p)' p5 ... p}r be a prime factorization of b. The multiple extended complete
split graph MECS), , is integral if and only if there exists ¢ € N such that
1 ( [$1 121 [%]

an=Z-c-(p;> py> pr’ +Pp

: (l)dd(xl)podd(xz) B 'pgdd (xr) C) '

2

and either c is even or b is odd or the highest power of 2 which divides b is odd.

Proof. Similar as with complete split graphs, multiple extended complete split-like graphs pro-
vide a simple generalization of extended complete split-like graphs. We have that MECS) , =
Fav<n(Kb + Kz)). Graph K, is O-regular (n; = a,r; = 0), while n(Kj, + K>) is b-regular (n, =
2nb,ry = b). By Corollary 3.1, graph MECSY , is integral if and only if there exists k € N such

that 2anb = k(k + b). From this it follows that

1 k? R
an= - | k+ — and 2b divides k°.
2 b
Repeating the consideration from above we get the result. O

3.5 Summary

In this chapter, we presented a characterization of integral graphs in several families of split-like
graphs. This work was started by an enumeration of complete split graphs and a computation of

their spectra.

We introduced an integrality condition for the complete product of graphs and used it inten-
sively in the proofs, since each studied family can be expressed as a complete product of two
graphs. One can also consider a more general case of graph K,V (G +K,,), where G is an integral,
r-regular graph with m nodes. Here we have that ny = a,r; =0 and np =mn,r, =r+n—1, and
the integrality condition (3.3) says that K,V(G + K,,) is an integral graph if and only if there exists
k € N such that

amn=k(k+r+n—1).

If a=mn+r+n—1 then k = mn satisfies the above condition, but the task of characterization of

set of parameters a,m, r,n for which the graph K,V (G + K,,) is integral appears to be difficult.
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Introduction

In Section 2.5 we presented AutoGraphiX, a computer system developed by Caporossi and Hansen.

In [55], its main features are illustrated; it can

(i) find graphs satisfying various constraints;

(i1) find graphs with extremal values for some invariant, possibly subject to constraints;
(iii) refute conjectures;
(iv) suggest conjectures;

(v) give ideas of proofs, or show that some ideas are not likely to succeed.

Three ways to automate the generation of conjectures obtained by AutoGraphiX are outlined in
[56] :

(a) a numerical one, based on the mathematics of principal component analysis (data mining),
where instead of explaining differences between extremal graphs (observations), resemblances

between them are captured in the form of a basis of affine relations between invariants;

(b) a geometric one, in which the convex hull of points representing extremal graphs in invariants

space is computed and provides linear inequalities corresponding to facets;

(c) an algebraic one, which recognizes families of extremal graphs and manipulates known for-

mulae for invariants on these families to obtain new relations.

Further papers describing mathematical applications of AutoGraphiX are [4, 51, 88]. We also
refer to the PhD dissertation of Caporossi [49] and to a recent survey on AutoGraphiX is [5].
Several papers on the use of AutoGraphiX in chemical graph theory have also appeared. In [50] a
study is made of the energy of a graph. New relations between energy, size and order of graphs
were obtained and easily proven (see Example 2.12, p. 39). They appear to be simpler in most

cases than those found in literature and yet previously unnoticed. Conjectures on the structure of
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extremal graphs have also be found even though they appear to be harder to prove. For instance,
we recall Conjecture AGX 16 presented in Section 2.5 : “Among unicyclic graphs on n nodes,
the cycle C, has maximum energy if n <7 and n = 9,11,13,15. For all other values of n the
unicyclic graph with maximal energy is composed of a 6-cycle and an appended path with n —6
edges”. Partial results towards a proof of this conjecture were recently obtained by Gutman and
Hou [147].

In [52] chemical trees with minimum Randi¢ index are characterized; they belong (or are
equivalent through a transformation) to three families, two of which are caterpillars'. These fam-
ilies were easily obtained with AutoGraphiX. These results led to several further papers in which
cyclic graphs are considered [53, 142, 143, 148, 149, 150]. The proof of Theorem 2 of [52] relies
on the use of linear and mixed-integer programming, where variables are associated with numbers
of edges with given endpoint’s degrees instead of with individual edges, as in most graph-theoretic
models. We use the same technique in some of the proofs of the next sections (see the proofs of
Theorems 4.5, 4.7 and 4.12).

In [127] chemical trees with maximum HOMO-LUMO gap are studied (see Definition 1.17,
p- 22). For even order they are easily characterized, which is a result already obtained by Shao

and Hong [217]. For odd order their form is more complicated and does not appear to be unique.

In Chapter 4, we present several results in chemical graph theory, obtained using AutoGraphiX,

in collaboration with Hansen and partially with Gutman [146, 165, 163].

Chapter 5 presents results on the irregularity also obtained with the help of AutoGraphiX , in
collaboration with Hansen, but no more restricted to chemical graph theory [164]. In this chapter,
we introduce a simulated algorithm type of proof. This proof was derived by the use of the VNS

heuristic implemented in AutoGraphiX.

LA caterpillar is a tree composed of a path and pending edges appended to some or all of its nodes.
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Results in chemical graph theory

Bounds on the Randi¢ index of chemical graphs e Comparison of irregularity indices for chemical
trees e Variance of bounded degrees in graphs e Summary

In Section 1.5, we introduced chemical graph theory. Computers are much used, in this field of
graph theory, to evaluate invariants as well as correlations between chemical activities or properties
and those invariants or functions of them in QSAR and QSPR studies [66, 92, 94, 99, 125, 156,
179, 181, 182, 183, 190, 227, 229, 230]. They can be also used to enhance chemical graph theory

per se, e.g., in finding extremal graphs for invariants or new relations between invariants.

We present in this chapter results in chemical graph theory obtained with the help of Auto-
GraphiX. In the next section, bounds on the Randi¢ index of chemical graphs are given [163].
We compare three irregularity indices for chemical trees in Section 4.2 [146]. Finally, relations
between the variance of degrees VAR, the maximum degree A, the order »n and the size m of con-
nected graphs, are studied in Section 4.3. From a general result on these invariants (see Theorem

4.13, p. 105), special cases of chemical interest are considered [165].

4.1 Bounds on the Randi¢ index of chemical graphs

The Randi¢ index Ra (see Definition 1.15, p. 22) was conceived in 1975 by Randi¢ [210]. It is
also called the connectivity index. Together with its generalizations it is certainly the molecular-
graph-based structure-descriptor, that found the most numerous applications in organic chemistry,

medicinal chemistry and pharmacology.
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Recall that for given adjacent nodes v; and v, of a graph, the weight of the edge {v;,v,} is

defined by
1

d,d,

The Randi¢ index of a graph is thus the sum of the weights of all edges of the graph.

4.1)

In this section we study the Randi¢ index of trees, chemical trees and chemical graphs as
functions of the order and number of pending nodes or cyclomatic number (defined below, p. 57)
of the tree or graph. Our point of departure is a recent paper of Araujo and De la Pefia [11] on
these problems, which presents several lower and upper bounds on the Randi¢ index . With the
help of AutoGraphiX all these results are improved (and in one case corrected). Let us now review

the results of [11].

4.1.1 Bounds of Araujo and De la Pena

In order to present the bounds of Araujo and De la Pefia about the Randi¢ index, we recall the

notion of the ramification index.

Ramification index

In [11] the ramification index of a tree T is defined as

ram(T) = Z (d,—2).

vevV, d,>3

We prove below that this index is equivalent, up to a constant, to the number of pending nodes

ny of T. To this effect, we establish a more general result.

Theorem 4.1. For all graph G, with n nodes, n| pending nodes, m edges and ramification index
ram(G),
ram(G) =2(m—n) +ny.

Proof. By definition of the ramification index,
ram(G) =Y (d,—2)— Y. (d,—2). 4.2
veV veV, d,<3
By easy observations when d, =2 or 1,
(dv—2) = —n, 4.3)
veV, d,<3

and (4.2) becomes
ram(G) = Z dy—2n+n;. (4.4)

veV
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As for every graph G,

we get the result

Corollary 4.1. If T is a tree,
ram(T) = n; — 2.

Proof. Replacing m by n— 1 in Theorem 4.1 gives the result.

4.5)

(4.6)

Recall that the cyclomatic number y = m —n+1 of a connected graph G represents the maxi-

mum number of fundamental cycles of G.

Corollary 4.2. If G is a connected graph,

ram(G) =ny +2u—2.

Proof. Replacing m —n by u— 1 in Theorem 4.1 gives the result.

Randi¢ index of P, and Co(n,n;)

Recall that a comet is a tree composed of a star and an appended path. For any number n and

2 <n; <n—1, we denote by Co(n,n;) the comet of order n with n; pending nodes, i.e., a tree

formed by a path P,_,, 1 of which one end node coincides with a pending node of a star S,,, 1 of

order nj + 1 (see Figure 4.1).

S P

n+1 n-n-1

o
Vi
 J o
([

Figure 4.1: A comet of order 8 with 5 pending nodes

By definition of the Randi¢ index, we have if n > 2,

4.7
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andif2<n;<n-—1,

Ra(Co(n,ny)) =+/ni + <

L > 1 n—n1—2 (48)

—1)——+
V2o ym T2

_|._
Sl

If ny=n—1,Tisastar S, and Ra(T) =+v/n—1.

Randi¢ index of chemical trees
A first theorem of [11] bounds the Randi¢ index of a chemical tree T of order n in terms of its
ramification index and of the Randi¢ indices of a comet and a path of the same order.

Theorem 4.2. [11] Let T be a chemical tree with n nodes and ram(T) =t — 2. Then
Ra(Co(n,t)) —co(ram(T) —1) < Ra(T) < Ra(P,) —ao ram(T)

— L (~0.0144) and cy = 0 if ram(T) = 0 and otherwise co =

where ag = 1 — 2

0.1160).

Si-
oS
|
I
R

With the help of AutoGraphiX, we improve these two bounds, and characterize the correspond-

ing extremal chemical trees. These results are presented in Section 4.1.3.

It is known that Ra(P,) is maximum for all trees with n nodes (see [52, 53, 234]) and that
Ra(S,) is minimal for all graphs of order n [36]. One may wonder if a similar property holds for
Ra(n,ny). AutoGraphiX suggests that the trees with minimal Randi¢ index and a fixed number of
pending nodes are the comets. This is proven in Section 4.1.2 (as this result is needed in Section
4.1.3).

Randi¢ index of chemical graphs

A second theorem of [11] gives bounds for the Randi¢ index of chemical graphs.

Theorem 4.3. [11] Let G be a chemical graph and T be a maximal subgraph of G which is a tree.
Then
Ra(T) —dou(G) < Ra(G) < Ra(T) + bou(G)

where by = +-L 41 % (~0.1320) and dy = V2 + —= — % (~0.2029). In particular if

1
22 VBT Ve 2V3
G has n nodes and ram(T) =t — 2, then

Ra(Co(n,t)) —co(ram(T) — 1) —do u(G) < Ra(G),

and

Ra(G) < Ra(P,) —ao ram(T) + bou(G).
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Note that, in view of Corollary 4.1, G has ¢ pending nodes. The coefficients ay and c( are the
same as in Theorem 4.2. We give counter-examples, correct and slightly strengthen Theorem 4.3
in Section 4.1.4.

4.1.2 A new bound on the Randi¢ index of trees

As explained above, we used AutoGraphiX to find chemical trees with minimal Randi¢ index. The
trees obtained are comets for n; < 4. This fact led us to run AutoGraphiX on trees that are not
chemical, i.e., we minimized Ra(7T) where T is a tree with n and n; fixed. The system gave
systematically extremal graphs which are comets, for all values of n and n; considered. We now

prove that comets indeed minimize the Randi¢ index.

Theorem 3 of [36] says that every graph G of order n, containing no isolated node has a Randié

index greater than or equal to v/n — 1 with equality if and only if G is a star.

Let kx = {vi,2} be a pending edge of a graph G; we note G — v;v, the graph obtained by

removing the node of degree 1 of k and the edge k.

The following lemma is a variant of the Lemma 1 of [36], which applies when G is a tree, and

which uses the number of pending nodes.

Lemma 4.1. Let {vi,v2} be an edge of a tree T of order n with ny < n— 2 pending nodes. If
dy, =1l andd,, > 2 then

Ra(T) = Ra(T — viva) > /T — /m — 1 <é _ 1> <\/1’Tl - ﬁ)

with equality if and only if T is a comet and v, has maximum degree.

Proof. Denote by W, the sum of the weights of the edges, other than {v;,v,}, incident with node
v,. Note that, by definition of the Randi¢ index ,

1 d
Ra(T) —Ra(T —vivp) = —— +Wr — W, 2

\/d\/z de—l'

4.9

If all nodes adjacent to v,, other than vy, have a degree of 1, then W, is maximal. But in
this case, we have a star and n; = n — 1, which is excluded by assumption. So, at least one node

adjacent to v, has a degree > 2. Thus

d, —2 1
W, < 2 4 , (4.10)

T W/dy, 2d,,

with equality if and only if all the nodes adjacent to v, are pending nodes, except one, noted vs,

with d,, = 2 (see again Figure 4.1).
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majorizing W, with (4.10) in (4.9) yields

Ra(T)—Ra(T —vyvy) >

+
dy,

dy, —2 1  Vdy,
(\/@Jr Td)(l de—1>’ 4.11)

or, after easy manipulations,

Ra(T)—Ra(T —viva) > \/d,, —\/dy, — 1+

(4.12)

() (=)

Let f(d,,) denote the right hand side of (4.12). Then

f’(dvz):;{\/lczj(lJr\/%f;lcilvz) B dvlz—l(“r ﬁf;ldvzl—l)]’

and as

: <1 Y21 1)
Ja,\' "2 4,

decreases when d,, increases, f’(d,,) < 0. Hence, as d,, < A < n;, where A denotes the maximum
degree of T,

Ra(T)—Ra(T —vivp) > \/n1 —\/n; — 1+
()G )
with equality if and only if 7 is a comet, by construction of the graph obtained by taking equality
in (4.10) and (4.11), where v; is the center of the star, and v3 the end node of the path which

4.13)

belongs to the star (see once more Figure 4.1). O

We now give our result for trees with minimal Randi¢ index and fixed number of pending
nodes.
Theorem 4.4. Let T be a tree of order n > 3, with ny pending nodes. Then if n; < n—1,

1 1 n—ny—2 1
Ra(T /ny -1 + 4+ — 4.14
(1( )Z m <\ﬁ )\/IT] 2 \/57 ( )

with equality if and only if T is the comet Co(n,ny).

Proof. If T is a comet, then we have equality, since we have seen in expression (4.8) that the

Randi¢ index of a comet is equal to the right-hand side of (4.14).
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We apply induction on n. It is easy to check that assertion (4.14) holds for the 4 trees of order

3, 4 and 5 which are not stars (n; < n— 1). These trees are P3, P4, Ps and Co(5,3), which are all

comets. So let us assume that n > 6 and that the result holds for all smaller values of #.

It is well known that every tree has at least two pending nodes and that if we remove a pending

edge of a tree, the subgraph so obtained remains a tree. Let {v;,v,} be a pending edge of T (with

dy, = 1). We next prove the induction, discussing the degree of v;.

)

ii)

i)

If d,, = 1, then T is the only tree with two nodes connected by one edge, which contradicts

the assumption n > 6.

If d,, =2, we note v3 (# v;) the node adjacent to v,. We have,

1 1 1
Ra(T)—Ra(T —viv»y) = 7 + \/7: (\ﬁ - 1) .

As % — 1 is negative, this expression is minimal when —

N

is maximal, i.e., when d,, is

minimal.

If d,, = 1, T is the path P5;, which is impossible by the assumption n > 6. So, d,;, =2 is

minimal and | . . .
Ra(T)—Ra(T —vivy) > —+—| —=—1]) ==, 4.15
with equality if and only if d,, = 2.

Asd,, =2, the tree T — vv; has n; pending nodes and n — 1 nodes. In the case of n| =n—2,
the tree 7 — vy, is a star, so T is a comet and we can stop the induction here. If n; < n—2,

by induction the theorem holds and

(4.16)

1 1 —n—3 1
ma—w@z¢a+< ) "l

-1 + +—=,
V2 Vi 2 V2
with equality if and only if 7 — vv, is a comet. So, by expressions (4.15) and (4.16)

1 1) 1 +n—n1—2+1
V2 Vit 2 V2’

with equality if and only if 7 — v;v; is a comet and d,, = 2, and that implies that we have

Rdﬂz¢ﬂ+<

equality if and only if T is also a comet.

If d,, > 3, the tree T —vv; has n; — 1 pending nodes and n — 1 nodes. Then, by the induction
hypothesis,

1 1
Ra(T —vivy) > v/n1—1 — =1 —
vz i (1) s

n—n;—2 1
— )+t —, 4.17
r—*t s .17)

with equality if and only if 7 — vv, is a comet. By Lemma 4.1, we have

Ra(T) > Ra(T —Vﬂ/z) +/nr—+vm— 1+
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1 1 1
— 1 —=-——), (4.18)
<\ﬁ ><\/”1 vn1—1>
with equality if and only if T is a comet. Thus, by (4.17) and (4.18)

1 1) 1 n—n1—2+ 1
V2

Ra(T)z\/nT+< \/nT+ > ek

with equality if and only if 7" is a comet. O

An immediate consequence of Theorem 4.4 is that the term
—co(ram(T)—1)

can be disposed of in Theorem 4.2. However, we can do better, as shown in the next section.

4.1.3 Improvements of Theorem 4.2

We are now looking for the extremal chemical trees for the Randi¢ index .

Lower bound

We have used the system AutoGraphiX on chemical trees, iterating on the number n of nodes and

the number n; of pending nodes, minimizing the function
fi(T) =Ra(T) — Ra(Co(n,ny)) (4.19)

where T is a chemical tree (if 7 is not chemical, we know by Theorem 4.4 that the minimal trees

are the comets).

Presumably minimal values for f;(7), depending of n and n; and found by AutoGraphiX,
are represented in Figure 4.2, for 5 < n < 21 and 2 < n; < min(n —2,12). Examples of the

corresponding extremal trees are shown in Figure 4.3, for 21 <n <22 and 3 <n; < 12.
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Minimal Value of f1(T)

10

Number of Vertices Number of Pending Vertices

Figure 4.2: Minimal values for f;(7') found by AutoGraphiX
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Figure 4.3: Chemical trees with presumably minimal values for f;(7) found by AutoGraphiX
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Figure 4.4: Structure of L,(n,n;)

An examination of these trees reveals some special structures. When n; < 4, these graphs are
comets, which are minimal by Theorem 4.4. When n; > 5 the comets are no more chemical trees,
and AutoGraphiX gives trees with specific structures, depending of the parity of n;. When n; is

even, we denote them L,(n,n;) and when n; is odd L,(n,n;).

The structure of L.(n,n;) is depicted in Figure 4.4. They are composed by subgraphs which
are the stars S5 and these stars are connected by paths (the dotted lines in the figure), for which the

lengths can be zero. The configuration is complete if n > 9 and 6 < n; < L%J (and even).

We can compute Ra(L.(n,n;)). We see in Figure 4.4 that L,(n,n; ) is formed by % stars Ss.

This chemical tree has n; pending edges of weight % n; —4 edges between the centers of the stars
and the paths joining these stars of weight % The other edges are on the paths between the stars
and have a weight of % also. As any tree has n — 1 edges, there are n — 2n; + 3 edges of this type

(and so n; has to be less than or equal to [ £2]).

So,

Figure 4.5: Structure of L, (n,n;)

The structure of L,(n,n;) is depicted in Figure 4.5. This structure is similar to L,(n,n;) but in
this case, we have not only 2, but 3 pending stars Ss, i.e., stars connected to the remainder of the
tree through one node only. That implies that one node has degree 3. The dotted lines in Figure
4.5 are paths, for which the length can be zero. This configuration is not always complete : we
should have n > 16 and 9 < nj < |%t2| (and odd).

We can compute Ra(L,(n,n;)). We see in Figure 4.5 that this chemical tree has n; pending

edges of weight %, ny — 6 edges between the centers of the stars S5 and the paths joining these stars
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Figure 4.6: The only chemical tree with 7 nodes and 5 pending ones

of weight - 7 and 3 edges adjacent to the node of degree 3 of weight . e The other edges are on
the paths represented by the dotted lines, and have a weight of 5 also. The tree containing n — 1

edges, there are n — 2n1 + 2 edges of this type (and so n; has to be less than or equal to L”*ZJ ).

So,

Dropping the parity condition on n;, we see that
Ra(L.(n,ny)) < Ra(L,(n,ny)),

because

——f 00858<1+— 3 01034,
2 NGRS

All these observations on the results of AutoGraphiX suggest the following theorem : L,(n,n;) are

the minimal chemical trees, when ny > 5.

Theorem 4.5. Let T be a chemical tree of order n with ny > 5 pending nodes. Then

n (1 3
+<ﬂ—1>+2—ﬁ, (4.20)

with equality if and only if ny is even and T is isomorphic to L,(n,ny).

Proof. First we apply induction, as in the proof of Theorem 4.4, to prove inequality (4.20).

By assumption n; > 5, and as n; < n— 1, we have n > 6. If n = 6, we have the star Sg which
is not chemical. If n =7, n is equal to 5 or 6. The latter case is again a star (S7) which is not
chemical. It is easy to check that the only chemical tree 7* with 7 nodes and 5 pending nodes is

that one of Figure 4.6. In this case, condition (4.20) is satisfied as
3 2 1 7 571 3
Ra(T =4 —4+—=>29434> -+ [ —=—1 | + = — V2 ~2.8536.
=25 Um >303(55 1) 3

So let us assume that n > 8 and (4.20) holds for all smaller values of 7.

Let {vi,v2} be a pending edge of a tree T with n nodes (with d,, = 1). If d,, = 1, T has 2

nodes which contradicts n > 8.
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If d,, =2,

1 1 1
Ra(T)—Ra(T —vivy) = 7 + \/77 (\@ - 1),

where d,, is the degree of v3, the node adjacent to v, other than v;. Thus,

Ra(T)—Ra(T —vivy) > L + b <1 - 1> — 1’
V2 V2\V2 2
as dy, > 2.
As d,, =2, the tree T — v;v; has n| pending nodes and n — 1 nodes.
By induction,

n—1+ﬂ
2 2

Ra(T) >

(\2—1)+;—\/§+;,

and (4.20) holds.
If d,, > 3, the tree T — v;v, has n; — 1 pending nodes and n — 1 nodes. Then, by induction,

1 3 11
)+ V2 421
<ﬁ >+2 f+2 7 (4.21)

n ni
Ra(T —vivy) > o4+ 2L
a( vlvz)_2+2

We are in the same conditions as for Lemma 4.1, so we can use Equation (4.13), replacing n;

by 4 hence A < 4 in chemical trees. We obtain

Ra(T) —Ra(T —vivy) >2—/3+ (\2_ 1) (;_\}5) -

S =t (4.22)

Combining expressions (4.21) and (4.22), we have

ST ENETN I
V2 2 2 V2 2 V3 V6 R

and as 2 — % — % — % + ﬁ is positive, expression (4.20) holds again.

We have shown above that Ra(L,(n,n)) is equal to the lower bound of (4.20). We now prove
that trees L, (n,n;) are the only ones to reach that bound.

For all chemical tree we have by definition of the Randié¢ index that

X12 X13 X14 X22 X23 X24 X33 X34 X44
RaT)= 2+ "2+ + = o 4 2 2L =8 4.23
D=5t 52 2 "6 2a 3 a5 4 (*23

where x;; is the number of edges connecting a node of degree i with a node of degree ;.
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Denoting by n; the number of nodes of degree i, the following six (linearly independent)

relations are obeyed (see [52]):

Xn2+xp3+xi4 = m
X12+2x0+x3+x4 = 2mp
xX13+x3+2x33+x34 = 3m3
Xi4+x04 +x33+2x44 = 4ny

n +2np+3n3+4ns = 2(n—1)

ni+ny+n3+ng = n.

If Ra(T) is equal to the lower bound of (4.20), there are no terms of the form %,

(4.24)
(4.25)
(4.26)
(4.27)
(4.28)
(4.29)

1

%’ m’

and so xj3 = xp3 = x34 = 0 for T. This implies that x33 = 0 because otherwise all nodes of degree

3 are connected together, and only to nodes of degree 3, which is impossible in a tree, so n3 = 0.

We get the relations

Xpp+Xx14 = m
Xi2+2x0n+x4 = 2m
Xi4+x24+2x44 = 4dny

n+2np+4ny = 2(n—1)

np, = n—np—ny.

Replacing n, in (4.33) by (4.34) gives

n—2
2 b

ng =
we can replace ny by this expression in (4.34) to obtain :
3n
ny=n-— 71 +1.
Eliminating x4 by (4.30) and n4 by (4.35) in (4.32) yields :
X4 = ny — 4 —2x44 + x12.

Then replacing x4 by (4.37) and n, by (4.36) in (4.31) gives :

X0 =n—2n1+ 3+ Xx44 — x12.

We rewrite the Randi¢ index (4.23), replacing x;3, X3, x33 and x34 by 0 :

X12  X14  X22  Xo4 X4
Ra(T)="2 42 222 =24 24
a(T) TSt st

S

(4.30)
4.31)
(4.32)
(4.33)
(4.34)

(4.35)

(4.36)

4.37)

(4.38)
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Using Equations (4.31), (4.37) and (4.38) to replace x4, x24 and x,, respectively, we can write this

index with the unknowns n, ny, x1» and x44. We get

X n X X. n 3 x n 2 X X X,
Ra(T)= "2+ 5 =+ mmt g+ 5= S o= e o o=

V22 2 "2 2'2 2 22 V2 V2 22

So,

Ra(T):n—i-m(l—1)+2—\f2+x12(\2+18—1> +x44(i—\2>.

As % + % —1~0.0607 and % — % ~ 0.0429 are strictly positive, we have to put xjp = x4q =

0, otherwise the lower bound will not be obtained.

In short, with all the information above we have minimal graphs with x;p = x13 = xp3 = x33 =

X34 = x44 = 0, X14 = ny, x20 = n—2n; + 3 and x4 = n; — 4. By Equation (4.35) we know that the

number of nodes of degree 4 is "'5- 2, forming the stars S5. Moreover, there is no node of degree

3, all pending nodes are connected to a node of degree 4, and the other nodes (of degree 2) form

paths connecting the stars Ss5. Because ng = = 2 has to be integer, n; has to be even. This is the

configuration of L,(n,n;). O

This theorem is illustrated in Figure 4.7 (when n = 22), where the circles represent the value
of the minimal chemical trees obtained by AutoGraphiX, the dotted line is the lower bound of
Theorem 4.2 and the black line is the new lower bound proposed in Theorem 4.5. Observe that

the bound is attained for four values of ny, all even.

25

Minimal Value of f1(T)

—05F - _ 4

-15
4

I I I I
6 8 10 12 14 16
Number of Pending Vertices

Figure 4.7: Minimal values for f;(T), n =22
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RV P V2 v3
f:\\.—.—./:ii @ P ®
vl v2 v3

Figure 4.8: Moving the p inner edges of the path

Upper bound

We first introduce a new concept. The ramification subgraph of a tree T is the subgraph induced

by the nodes of degree greater than or equal to 3.

Theorem 4.6. The ramification subgraph of a chemical tree T is a tree if Ra(T) is maximal.

Proof. If ram(T) = 1, by definition of the ramification index, 7 has only one node of degree 3

forming the ramification subgraph, which is a tree.

If ram(T) > 1 and the ramification subgraph of T is not a tree, we have at least two nodes of
T of degree 3 or 4, say v; and v, that are connected by a path of length at least 2. Suppose that the
number p of inner edges on this path is positive, we note T’ the chemical tree obtained by moving
these p edges to a pending node (adjacent to a node v3) as shown in Figure 4.8. It is easy to see
that

: Lot
Ra(T)—Ra(T)—ﬁ 2—!—\/6173(\5 1>,

as % — 1 is negative, the previous expression is minimal when d,, is minimal, i.e., d,, = 2. Thus

Ra(T)—Ra(T) > — — L4 L <1 1> —0

V2 2 V2\V2 '
If p > 1 and Ra(T) is maximal, then we can apply this transformation on 7 until a chemical tree
T* is obtained such that ram(T) = ram(T*), Ra(T) = Ra(T*) and p = 0. So we can suppose that

p = 0. We can move one of the two edge between v; and v,, say e, to a pending node, as shown in

Figure 4.9. We note 7" the chemical tree obtained by this operation. By definition of the Randi¢

index ,
1 1 1 1 1 1
Ra(T”)—Ra(T)z(—l)—i——l— — — ,
Vv \V2 V2 dndy, \2d,, /24,
as %2 — 1 is negative, this expression is minimal when d,, is minimal, i.e., d,; = 2. Moreover as

dy, and d,, are equal to 3 or 4, there are three different cases : the two nodes have a degree 3; the
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Figure 4.9: Moving edge e

two nodes have a degree 4; one node has a degree 3 and the other a degree 4. It is easy to check

that the difference between Ra(T”) and Ra(T) is minimal when d,, = d,, = 3. Thus,

1 1 2
Ra(T")—Ra(T) > =+ - — — ~0.0168
(T") = Ra(T) 2 5 + 5 = 2 = 00168
and T is not maximal for the Randi¢ index . The result follows. O

Again, we have applied the system AutoGraphiX on chemical trees, iterating on the number n
of nodes and the number 7; of pending nodes. We maximize the following objective function. Let
T be a chemical tree,

f2(T)=Ra(T)—Ra(P,). (4.39)

The maximal values found by AutoGraphiX for f,(7) are represented in Figure 4.10, for 5 <
n <24 and 2 <n; <min(n—2,14). We see that a plane can be taken for an upper bound, except

if ny =2, which is an easy case, i.e., the paths.

Examples of extremal graphs are shown in Figure 4.11, for 21 <n <22 and 3 < n; < 12.
An examination of the corresponding extremal trees reveals again a special structure. We denote
U(n,n;) these specific chemicals trees. The trees U(n,n;) have a subgraph of n; —2 nodes of
degree 3 which is a tree; we note this node set V3. In Figure 4.12, the nodes of V3 are on a path,
but it can be different. All these nodes are connected to another node of V3, or to a path of length
at least 2. The number of paths adjacent to the nodes of V; is |V3| + 2, and the number of nodes of
degree 2 is n —2n; + 2.

This configuration is complete if # > 7 and 3 <n; < L"#J, and that explains that we do not

have an upper plane, going through many points in Figure 4.10 if the case n; = 2 is included.

We can compute Ra(U(n,n;)). We see in Figure 4.12 (p. 74) that U(n,n;) has n; pending
edges of weight %, n; edges connecting the paths and the nodes of V3 of weight %, n; — 3 edges
joining the nodes of V3 of weight % The n— 3n; + 2 other edges are the inner edges of the paths
(the dotted lines) of weight % (and thus n; < L"ngj). So

Ra(U(n,nl)):g—i—nl (\2—%\%—2) (4.40)
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Maximal value of f2(T)

Number of Pending Vertices

Number of Vertices

Figure 4.10: Maximal values for f>(7") found by AutoGraphiX

In order to prove that the right-hand side of Equation (4.40) is an upper bound on the Randié
index of chemical trees, with fixed numbers of nodes n and pending nodes n;, we first introduce

four lemmata.

Lemma 4.2. Let T be a chemical tree with n nodes and ny pending nodes. If Ra(T) is maximal,

then either T has no node of degree 4, or T has no edge joining two nodes of degree 2.

Proof. By contradiction. Suppose that ng > 0, x2» > 0 and Ra(T) is maximal. Let v be a node of
T of degree 4 and e = {x,y} be an edge of T such that d, = d,, = 2. We note the 4 nodes adjacent

to v by a, b, c and d. One can always choose v such that
de <3,d, <3,d. <3andd; <4. (4.41)

Indeed, the subgraph H, induced by the nodes of T of degree 4, is a forest. Thus, there always

exists a node v in H with a degree < 1. That means that v respect the conditions (4.41) in G.

We note T’ the chemical tree obtained by applying the tranformation on 7" depicted in Figure
4.13. Remark that n(T) = n(T") and n;(T) = ny (T"). We can then compute

1 1 1 1 1 1 1 1
Ra(T')—Ra(T)=< +—=+—=+ ><—>+—.
\% dy \/d7b \% d, Vv dg \ﬁ 2 3 2
As (% — %) is positive, this expression is minimal when d,;, dp, d. and d; are maximal, i.e.,

when d, = dp = d. = 3 and d; = 4 by the conditions (4.41). It follows that Ra(T) is not maximal
as

3 1 1 1 1 1
Ra(T"Y—Ra(T)> | —=+= —_——= ——=~0. 1 .
a(T") — Ra( )_<\/§+2> (\@ 2>+3 3 0.0059831 >0
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Figure 4.11: Graphs with presumably maximal values for f,(7) found by AutoGraphiX
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——————— ° ) ° o -

Figure 4.13: Transformation used in the proof of Lemma 4.2

It is easy to check that Ra(T") — Ra(T) > 0 even if x is one of the 4 nodes adjacenttov.  [J

Lemma 4.3. Let T be a chemical tree with n nodes, n| pending nodes and with maximal Randi¢

index. Then,

X =n—3n1+n4+24+x13+x14.

Proof. As Ra(T) is maximal and by Theorem 4.6, we know that the nodes of T of degree 3 or 4
form a induced subtree H of order n3 +n4. There are exactly n; paths appended to nodes of H.

Each path is composed
e cither by an edge counted in x|, inner edges counted in x»,, and one edge counted in x»3 or
X24,
e or by a pending edge counted in x;3 or x4.

Other edges, forming tree H are counted in x33, X34 and x44. It follows that if Ra(T) is maximal,
then

X23 + X4 = X12 = N —X13 — X14- (4.42)
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From the observation above, we count the number of edges joining two nodes of degree 2 :
xp=m—(n3+ns—1)—n; —x3 — x4, (4.43)
and as 7 is a tree,
X2p =N —N3 — N4 — N — X33 — X4. 4.44)
By Equation (4.42), we can replace —xp3 —xp4 by x13 +x14 — 1y :
Xop =n—n3—ng —2n; +x13 +Xx14. (4.45)
From Equations (4.28) and (4.29) we get
ny =n; —2—2ny. (4.46)
Substituting 73 in (4.45) by (4.46) gives
Xy =n—3n;+n4+2+x13+Xx14, 4.47)
and the thesis is proved. ]

Lemma 4.4. Let T be a chemical tree with n nodes and ny pending nodes. If Ra(T) is maximal,
then either T has no edge joining one node of degree 1 and one node of degree 2, or T has no edge

Jjoining one node of degree 1 and one node of degree 4.

Proof. By contradiction. Suppose that x4 > 0, x;2 > 0 and Ra(T) is maximal. Let e = {a,b} be
an edge of T such thatd, = 1, d, =4 and f = {c,d} be an edge of T such thatd. = 1, d; = 2.
We note the 3 nodes # a adjacent to b by w, x, y and the node # ¢ adjacent to d by z (see the first

situtation in Figure 4.14).

N

Figure 4.14: Transformation used in the proof of Lemma 4.4

By the same argument than the one used in the proof of Lemma 4.2, there exists a node v of

degree 4 in T, such that three of its adjacent nodes have a degree < 3 and one has a degree < 4. It
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is easy to see that the transformation which consists to exchange edge e and one branch adjacent to
v does not change the value of Ra(T'). So, applying such transformation if needed, we can suppose
that

dy <3, d; <3, and d, < 4. (4.48)

Since Ra(T) is maximal, we can apply Lemma 4.2. As ng > x14 > 0, it follows that there are no

edge in T joining two nodes of degree 2 and thus

d,>3. (4.49)

We note T’ the chemical tree obtained by applying the tranformation on 7 depicted in Figure
4.14. Remark that n(T) = n(T’) and n;(T) = n;(T"). We can then compute

(e ) )

S

As (% — l) is positive, this expression is minimal when d,,, d, and d, are maximal, i.e., when

dy, = d, = 3 and d, = 4 by the conditions (4.48). As (7 — 7) is negative, the same expression

is minimal when d, is minimal, i.e., when d, = 3 by condition (4.49). It follows that

wrs-am (5o3) G5 5 ()
=~ 0.00067 > 0.

This observation contradicts the hyptotheses as Ra(7') is not maximal. O

Lemma 4.5. Let T be a chemical tree with n nodes and n| pending nodes. If there are no node of

Ra(T) < +n1(\f ;)

Proof. As ny =0, we get from Equations (4.24) — (4.29) the following system of five linear equa-

degree 2 in T, then,

tions :
xXi3+x14 = m (4.50)
X13+2x33+x3¢ = 3n3 4.51)
X14+x34+2x44 = 4dng (4.52)
n+3ns+4ny = 2(n—1) (4.53)

n+ny+ng = n. (4.54)
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Solving this system in the unknowns x;3, x33, x44, 73 and n4 leads to :

X|3 = np—Xxi, (4.55)
1 1

X33 = 3n—5ni+sxi4— 5x34+3, (4.56)
1 1

X44 = 4m —2n— 5X14 T S X34 4, 4.57)

ny = 2n—73n1+2, (4.58)

ng = 2n1—n-—2. (4.59)

Substitution of the relations (4.55) — (4.57) into Equation (4.23) where x5 = xp0 = X23 = X4 =
ny = 0 yields

Ra(T):g—i-n] (\%+;>+ (;i f>+ 34<2\[ 274>. (4.60)

As (— — %) —0.03568 and (7 - 27—4) —0.00299 are negative, the maximal value for
Ra(T) is obtained when x4 = x34 = 0 and
Ra(T) + ! + !
Zag | —
A=A T

We can now establish the upper bound on Ra(T).
Theorem 4.7. Let T be a chemical tree of order n and with ny > 3 pending nodes. Then,

Ra(T) < = —agny,

[NSRIN]

where ay = ¢ — —5 — 7= 0.0513, and with equality if and only if T is isomorphic to U (n,ny).

Proof. As in the proof of Theorem 4.5, we use expression (4.23) and relations (4.24) — (4.29). We
will consider Equations (4.24) — (4.29) as a system of six linear equations in the unknowns x,
X3, X33, N2, 13, n4 and solve it. The solutions thus obtained will then depend on the remaining
parameters, namely on : x13, X14, X22, X24, X34, X44, 11 and n, because the graphs U (n,n;) have a

majority of these latter parameters equal to zero.

The required solutions are :

X12 = Ny —X13 — X14, (4.61)
3 1 1
Xp3 =2n—5n1 +x13+ 5)614 — 2x9p — 5)624 + 5)634 + x44 + 4, (4.62)
3 1 3
X33 =4n; —n—x;3— >M14 +x20 — SY24 = S X34 — 2x44 -5, (4.63)
1 1 1 1
ny =n—2n1 + —xX14 + —X24 + —x34 + =Xaa + 2, (4.64)

4 4 4 2
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1 1 1
N3 =My = oX14— SX04 = 5X34 — Xa4 — 2, (4.65)

and
_1 + ! + ! + ! (4.66)
ng = 4x14 4x24 4X34 2x44. .

Substitution of the relations (4.61) — (4.63) back into Equation (4.23) yields

Ra(T) = an+bny + cx13 +dxja + exp + fxo4 + gxza + hxaa + 1, 4.67)
where
! + 2 0.4832 (4.68)
a = ——+4+—~0. , )
3 V6
4 1 5
b = —+———2>~-0.0008, 4.69
3 NG (4.69)
1 1 1 1
¢ = —m 4~ 00548, 4.70)
3 2 3 6
1 3
d = ——— 4"~ _0.0947, “.71)
2 24/6
5 2
= ———~0.0168 4.72
e 6 Z ) (4.72)
o= i U o, 4.73)
6 2v2 2v6 '
1 1 1
= + —— ~ —0.0072, 4.74
8 ) 2\[ e 4.74)
5
ho= o= —0.0084, 4.75)
f
5 4
i = ——+—~-0.0337. 4.76
3 V6 *-70)

Suppose that Ra(T') is maximal. We can thus apply Lemma 4.2, considering the two cases :

i) If ng = 0. In that case we have x4 = xp4 = x34 = x44 = n4 = 0 and xpp = n—3n; +2+x13 by

Lemma 4.3. Substituting these values in Equation (4.67) gives, after simplification,

Ra(T) = +1(\[ \} Z)+13<1—1—1 1) (4.77)

be maxnnal 1f X3 = 0. We obtain from Equations (4.61) — (4.66) the solutions :

X1 = ny, (4.78)
X3 = 2n—>5n;—2x»+4, 4.79)
X33 = n;p—3, (4.80)
n, = n-—2n;+2, (4.81)
ny = np—2, (4.82)

ng = 0. (4.83)
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It is easy to see that these values describe the graphs U (n,n;) and that the upper bound of the

theorem is attained if and only if x;3 = 0.
ii) Ifxpp = 0. In that case Lemma 4.3 gives
n4:3n1 —n—2—x13—x14. (4.84)

We have that % is greater than d, f and g. Thus, by Equation (4.67),

Ra(T) <an+bn) +cxj3+ g (x14 4+ X024 + X34 + 2X44) + i
which is equivalent, by Equation (4.27), to
Ra(T) < an+bny + cx13+2hng + 1.
Substituting n4 by (4.84) leads, after simplification, to
Ra(T) < n(a—2h)+ni(b+6h)+x13(c —2h) +x14(—2h) + (i — 4h).

By Equations (4.68) — (4.76), we obtain the explicit form of this bound :

fatr) < 2o (s )

1 1 1 1 5 2
X1 ( e ) + x4 ( ) . (4.85)
V3 V2 V6 V6
We know by Lemma 4.4, and as Ra(T) is maximal, that either x;, = 0, or xj4 = 0.

a) If x;o =0, then one can check that 7' cannot contain any node of degree 2. Indeed, recall
that x» = 0 and that Theorem 4.6 implies that edges counted in xp3 or x4 have to be

adjacent to pending paths. We can thus apply Lemma 4.5 and

Ra(T) < n n 1 n 1 + 17
a —+n|—=+= n
"2\ 3 ‘ f V6 6
b) If x;4 = 0, then Equation (4.85) is maximal when x;3 = 0, as (% +L L —%) is
negative. In this case, the bound of the theorem is attained. Remark that we get again

U(n,n;) as extremal graphs (but in this case xp; = 0). O

Figure 4.15 gives the results for n = 24 where the circles represent the value of the maximal
chemical trees obtained by AutoGraphiX, the dotted line is the upper bound of Theorem 4.2 and
the black line is the new upper bound that we propose in Theorem 4.7. For this value of n the
bound is attained for six values of n;. Observe that the bound cannot be extended to paths without
losing much of its precision (as measured by the number of values of n; for which it is tight). Such

border effects appear to be common in graph theoretic problems studied by AutoGraphiX.
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4.1.4 Correction of Theorem 4.3

Let G be a simple graph and k¥ = {vy,v,} an edge in G. Then G(k) is the graph obtained from G
by deleting k. The following proposition is a correction of the Proposition 3.3 of [11].

Proposition 4.1. Let G be a chemical graph and x = {vy,v2} be an edge of G with d,,, d,, > 2.
Then

Ra(G(x)) —dj < Ra(G) < Ra(G(K)) + b,

where by = (v2—1)/2~0.2071 and d}, = 2+/3 — 1} ~ 0.2141

Proof. By definition of the Randi¢ index , we can check that, for all vy, v, such that {vi,w} €E,
ve #vpand {va,v,} €E, vy # vy,

Ra(G) — Ra(G(x)) =

1 1 1
Z{thx} A /de W/dvl o \/dVI —1 +

1 1 1 1
Z{VLV’V} V dvy | y/dvy N \/d"z_l + \/d"] dv, '

The minimal value of this expression is reached when d, = 1 for all v, # v, adjacent to v; and
dvy = 1 for all v, # v adjacent to vo. The maximal value is reached when d, = 4 for all v, # v,

adjacent to v; and dvy = 4 for all v, # v; adjacent to v,.

So,

1
dy,d,,

Maximal Value of f2(T)

-1.2r B

14 I I I I I
2 4 6 8 10 12 14
Number of Pending Vertices

Figure 4.15: Maximal values for f>(7), n =24
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Figure 4.16: This graph reaches the Lower Bound of Proposition 4.1

vl v2

Figure 4.17: This graph reaches the Upper Bound of Proposition 4.1

1 1 1 1 1 ! :
(dy —1 - +5(d, =1 - " |
S e m] (: )[Jde Vo =11 dd,,

Next, we inspect all the possible cases for d,, and d,, (€ {2,3,4} by assumption) for the lower
bound and the upper bound. The minimum value for the difference Ra(G) — Ra(G(x)) is reached
when d,, = d,, =4 and is equal to —d{,. The maximum value for this difference is reached when

d,, =d,, =2 and is equal to by, and that shows the result. O

The constants b6 and d(’) are not the same as the constants by and dy of Theorem 4.3. We
have constructed examples for which the new bounds are reached. Thus these bounds are best
possible. The chemical graph of Figure 4.16 has a Randi¢ index which reaches the lower bound

of Proposition 4.1, when deleting the edge {v;,v»}.
In the same way, the graph of Figure 4.17 has a Randi¢ index which reaches the upper bound.
Remark that these two graphs are counter-examples to Proposition 3.3 of [11].

We note that, by construction, the only possible graph which reaches the lower bound of
Proposition 4.1 is the one described in Figure 4.16. This graph is a tree, and thus is not interesting
for Theorem 4.3. This fact leads to a new proposition for chemicals graph with a cyclomatic

number u > 1. The lower bound is better in this case.

Proposition 4.2. Let G be a chemical graph for which the cyclomatic number u(G) > 1. Let
K= {vi,v2} be an edge in a cycle of G. Then

Ra(G(x)) —dy < Ra(G) < Ra(G(x)) + by
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Figure 4.18: This graph reaches the Lower Bound of Proposition 4.2

Proof. Again, it is clear that

Ra(G) — Ra(G(x)) =

Z 1 1 1 +
VI—VxFV2 /dvx /dvl /glv1 1
1 1 1

1
ZV27V)'#VI\/dTy \/de_\/dvzifl +\/m

Like in the proof of the previous Proposition, the maximal value is reached when d, =4
(vi —vx # v) and dy, =4 (v — vy # v1). But the minimal value is no longer reached when
d,, = d,, = 1, because this leads to the special tree described in Figure 4.16. By hypothesis, G
cannot be a tree because u(G) > 1. Moreover, the edge k¥ = {v;,v2} must be on a cycle of G. So,
there exist at least one node v, # v, adjacent to v; and at least one node v, # vy, adjacent to v, for

which d,,x,dv_v > 2, because v, and v, have to be connected by a path, different from {vi,m}.

Hence
1 1 1
dy —2+— - +
(d ﬁ[ =
1 1 1 1
(dyy =2+ —=) - +
? \/j vV dv \/dv2_1 \/dVIdVQ

< Ra(G) — Ra(G(x))

Again, by inspecting the possible values for d,, and d,, (€ {2,3,4}), we find 4§ when d,, =
dy, =4. O

The chemical graph of Figure 4.18 (with u(G) > 1) has a Randi¢ index which reaches the

lower bound when deleting the edge {v,v2}.

We can now give the following theorem, which is a correction of Theorem 4.3.
Theorem 4.8. Let G be a chemical graph and T be a maximal subtree of G. Then
Ra(T) — dju(G) < Ra(G) < Ra(T) + byu(G). (4.86)

In particular, if G has n nodes and T has n| pending nodes, then
n
2
where ¢, = %(% —1) ~ —0.1464 and dff = 3 — /2 ~ 0.0858.

by +dl +diu(G) < Ra(G) < g — dyny + bhu(G). 4.87)
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Proof. If u(G) =0, G is a tree, and assumption (4.86) is trivially verified because the only maximal
subtree of a tree is the tree itself. If u(G) = 1, assumption (4.86) is correct by Proposition 4.2. By
induction on u(G) and by Proposition 4.2, assumption (4.86) still holds for u(G) > 1.

The second expression (4.87) is easily obtained when applying Theorem 4.5 to the lower bound
of (4.86) and Theorem 4.7 to the upper bound of (4.86). O

4.2 Comparison of irregularity indices for chemical trees

A graph is said to be regular if all its nodes have the same degree. Otherwise, it is irregular. This,
of course, also applies to chemical graphs. Regular graphs dealt with in chemical graph theory
are mainly of degree 2 (molecular graphs of annulenes' and cycloalkanes?) and 3 (molecular
graphs of fullerenes?). The interest towards regular molecular graphs has much increased after the

experimental discovery of fullerenes and the elaboration of their theory [128].

In spite of this, the vast majority of graphs of interest to chemists is irregular. Clearly, some
are more irregular than others. In this section, it is our intention to make this notion more precise,

through some irregularity measure.

To this aim, we establish some properties of these irregularity measures, applicable to chemical
graphs, chemical trees in particular. By doing this we reveal the close connection between the
concept of chemical-graph-irregularity and branching. We show that some irregularity measures

are, in fact, branching indices. Some, on the other hand, are unrelated to branching.

Next, according to Balaban [15], in order that a graph invariant be acceptable as a usable
molecular structure descriptor (topological index) it must monotonically increase (or decrease)
with the increase of the extent of branching, especially in the case of chemical trees. Thus, our
analysis implies that some irregularity measures are, whereas some are not, expected to be of
practical value in QSPR/QSAR studies (see Section 1.5).

Three main irregularity measures have been proposed in the literature:

(i) The Collatz - Sinogowitz index [67], defined for any graph G = (V, E) with node set V and
edge set E by
CS(G) =2, — 2, (4.88)

n
where A is the index, m is the number of edges and n the number of nodes of G (27’" is the

average degree);

! Annulenes are completely conjugated monocyclic hydrocarbons : they have the molecular formula C,H,, (n is an
even number) or C,H,, 1| (n is an odd number).

2The molecular formula of a cycloalkane is C, Hy;,.

3See definition p. 22.



Chapter 4. Results in chemical graph theory

(ii) the variance of degrees [27] defined for any graph G = (V,E) by

1 2m\?
VAR(G) = - ; n; <z — n) (4.89)
where n; denotes the number of nodes of degree i fori =1,2,...,n—1;

(iii) the irregularity [1] (see Definition 1.8, p. 18).

For general graphs, it was conjectured in [67] that stars maximize the difference between A
and 2. This conjecture was refuted in [85]. CS(G) and VAR(G) are compared in [27]. Tight
upper bounds on CS(G) and VAR(G) expressed as functions of n and m for both connected and

disconnected graphs are also given there. It is shown in [1] that

4n3

AG) < —
(G) < -
and that this bound can be approached arbitrarily closely. A tight upper bound on A(G) expressed

as a function of m and n is given below (see Theorem 5.1, Section 5.3, p. 125).
All three indices are non-negative and equal to O if and only if the graph G is regular.

More can be said if one restricts attention to some particular class of graphs, such as e.g.,
chemical graphs. In this section, we begin such a study by considering chemical trees, denoted
here by T.

The system AutoGraphiX is first used to obtain extremal or near-extremal chemical trees for
each of the three indices, taking n as parameter. This leads immediately to conjectures on the
structure of such trees, from where analytical expressions for the maximum of VAR(T') and A(T)

are deduced. Then, these conjectures are proved.

The next three sections are devoted to results on CS(T'), VAR(T), A(T), together with their

proofs (when available), respectively. Section 4.2.4 compares the indices.

4.2.1 Collatz-Sinogowitz Index
Extremal graphs

It is shown in [189] that CS(7') is minimal for paths. This automatically determines the chemical
tree with minimal CS-value. Chemical trees with maximum CS(7) have recently been investi-
gated, on the basis of a complete enumeration of all chemical trees with n < 21 [122]. The use
of AutoGraphiX to find chemical trees with maximum and near maximum CS(7) for n < 29 (see

Figure 4.19) fully corroborated these results.
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n=5 n==6 n=7 n=8 n=9
CS =04 CS =0.40765 CS =0.46104 CS =0.55278 CS =0.55664
n=10 n=11 n=12 n=13 n=14
CS =0.58098 CS =0.63131 CS =0.64033 CS =0.66182 CS =0.70047
n=15 n=16 n=17 n=18 n=19
CS =0.71127 CS =0.73101 CS =0.7634 CS =0.76492 CS =0.77087
n=20 n=21 n=22 n=23 n=24
CS =0.7841 CS =0.78877 CS =0.79791 CS =0.81424 CS =0.82107
n=25 n=26 n=27 n=28 n=29
CS =0.83227 CS =0.85031 CS =0.8514 CS =0.85442 CS =0.86072

Figure 4.19: Extremal graphs found by AutoGraphiX for CS(7)

Conjectures

Extremal chemical trees found for n < 29, belong to the class of dendrimers®. In what follows
we refer to them as the D,-dendrimers. These are defined as follows: a first node, 1, at level O is
connected to up to 4 nodes 2, 3, 4, 5 at level 1 and exactly that number if n > 5. Then each node
at level k in order of increasing indices is connected to 3 new nodes at level k+ 1, fork =1,2,...

until nodes are exhausted (see Figure 4.20).

However, no mathematical proof that these trees are extremal with regard to CS(T) for all n is

as yet available. So we reiterate

Conjecture 4.1. [122] The chemical trees with maximum Collatz - Sinogowitz index are the D,,-

dendrimers, and are unique for each n.

4The pictures of the cover and the part’s covers are representations of dendrimers.
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Figure 4.20: Construction of dendrimers, which are extremal graphs for CS(7')

Several surprising results about D,-dendrimers have been recently found [123] and are pre-
sented in [122]:

(i) they are chemical trees with minimum Wiener index or sum of distances between pairs of
nodes (and hence with minimum average distance). For a review on the Wiener index of

trees and an exhaustive bibliography see [98];
(i1) they are chemical trees with minimum largest Laplacian eigenvalue [154];

(iii) it follows from the characterization of chemical trees with minimum Randic index Ra(T)
(see Definition 1.15, p. 22), given in [52] that they have minimum Randic index if n =3k 42
fork=1,2,...

Moreover, it is conjectured that for these latter values of n, dendrimers D, also have minimum

energy E (see Definition 1.16, p. 22) [140], as well as minimum Hosoya index Z, where
Z=2(T)=Y m(T k) (4.90)
k>0

and the m(T, k) are the numbers of k-matchings of T (see [151] pp. 127 — 134).

An analytical expression for CS(D,,) as a function of n is also missing at present. However,
some insight may be obtained from its graphical representation, given in Figure 4.21. The curve
of maximum CS(T') first increases rapidly, with kinks corresponding to successive sets of 3 values
of n, then goes through a maximum and decreases slightly. A zoom on the values for n =45 to 65,

separated according to n(mod 3), is presented in Figure 4.22. This leads to

Conjecture 4.2. For all chemical trees T,

CS(T) < CS(Dsg) ~ 0.748665.



4.2 Comparison of irregularity indices for chemical trees

87

0.8

T
Maximum CS(T) values

0.75 ]

0.7 | B

0.6 R

CS(T)

0.55 i

05 | B

0.45 B

Figure 4.21: Bounds on CS(T') for a chemical tree T of order n

0.749
0.7488 n(mod3)=0 ---%-
0.7486 |- ’ X ,
0.7484 | e

07482 |

cs(T

0.748 |-

0.7478 |-

0.7476 |

07474}

0.7472 L~ * * * *
45 50 55 60 65

Figure 4.22: Bounds on CS(T') for a chemical tree T of order n € [45,65]

4.2.2 Variance of degrees

Extremal graphs

The extremal chemical trees found by AutoGraphiX for the variance of degrees are presented in
Figure 4.23. These trees belong to 3 families and contain (as for the CS index) nodes of degree
1 and 4 as well as one node of degree 2 when n(mod 3) = 0 and one node of degree 3 when
n(mod 3) = 1.

As 2n4 4+ n3 = n; — 2 for all chemical trees, one can show that increasing n4 and n; increases
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the variance of degrees more than increasing n3 or n,. This shows that trees which are conjectured

to be extremal for CS are also extremal for the variance of degrees.

However, they are a subset of them, because any tree having the same node degree distribution
as D, has the same VAR-value as D,. Transformations which keep the distribution of degrees
constant are easy to make. Recall that a caterpillar is a tree composed of a path and pending edges
appended to some or all of its nodes. It thus appears that the following are representative elements

of the class of n-node chemical trees with maximum VAR:

(i) caterpillars with all inner nodes of degree 4 when n(mod 3) = 2;
(ii) asin (i) with one edge added at an end node of a longest path when n(mod 3) = 0;

(iii) asin (i) with two edges added at an end node of a longest path when n(mod 3) = 1.

gr

n=5 n==6 n=7 n=8 n=9

VAR =1.44 VAR = 1.2222 VAR = 1.3469 VAR = 1.6875 VAR = 1.5062
n=10 n=11 n=12 n=13 n=14

VAR = 1.56 VAR = 1.7851 VAR = 1.6389 VAR = 1.6686 VAR = 1.8367
n=15 n=16 n=17 n=18 n=19

VAR =1.7156 VAR =1.7344 VAR =1.8685 VAR = 1.7654 VAR =1.7784
n=20 n=21 n=22 n=23 n=24

VAR =1.89 VAR = 1.8005 VAR =1.8099 VAR = 1.9055 VAR =1.8264

Figure 4.23: Extremal graphs found by AutoGraphiX for VAR(T)

In fact, in the trees just described, all nodes of degree 4 are on a path. Other extremal graphs
for VAR(T') can be obtained easily: for family (i) we have to form a chemical tree with n4 nodes
and add the pending edges to obtain a degree 4 for each and every one of these nodes. A similar

construction can be done for families (ii) and (iii) where we first have to choose a node which will
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be of degree 2 or 3 respectively. This leads to the following characterization of extremal trees with

maximum variance of degrees.

Theorem 4.9. Extremal graphs for VAR of family (i). In this case n(mod 3) = 2. These are the
trees with ny = (2n+2)/3, np =n3 =0, ng = (n—2) /3. There are k different extremal chemical
trees of order n where k is the number of chemical trees of order ”3;2 (the chemical trees with ny

nodes for which we have to add the pending edges).

Extremal graphs for VAR of family (ii). In this case n(mod 3) = 0. These are the trees with
ny =2n/3, np =1, n3 =0, ng = (n—3)/3. There are Zle m; different extremal chemical trees
of order n where 1 is the number of chemical tree of order 5 and m; the number of possibilities
for choosing the node of degree 2, up to symmetry, for each of the | chemical trees (i.e., a node of

degree 1 or 2 in the graph of order 3).

Extremal graphs for VAR of family (iii). In this case n(mod 3) = 1. These are the trees with
n=2n+1)/3, np=0,n3 =1, ng = (n—4)/3. A similar construction as for family (ii) applies,

but here we choose a node of degree 3, among those of degree 1, 2 or 3 in a chemical tree of order

n—1
5 -

The validity of this theorem lies in the fact that all extremal graphs of a family have the same

variance of degrees and Theorem 4.10 will insure that these values are extremal.

For example if n = 14 (family (i)), the k = 2 different extremal graphs, based on the star S4
and on the path Py, are shown in Figure 4.24.

If n =12 (family (ii)), [ = 2 (S4 and Py), m; = 1 for the star and m, = 2 for the path. Such a
construction is shown in Figure 4.25, and for n = 13 (family (iii)) the construction of the extremal

graphs is represented in Figure 4.26.
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Figure 4.24: All extremal graphs for VAR when n = 14

Figure 4.25: All extremal graphs for VAR when n = 12

R

Figure 4.26: All extremal graphs for VAR when n = 13



4.2 Comparison of irregularity indices for chemical trees

Bounds

Theorem 4.10. For all chemical trees T, with n > 2 nodes,
VAR(T,) < &[2n*—2n—4] ifn(mod3)=2,

< % [2112 —4n — 4] otherwise,
n

and the bounds are sharp for all such n.

Proof. A simple rearrangement of the definition of VAR(G) in (4.89) yields
VAR(G) = (M;)/n— (2m/n)? (4.91)

—1
where M| = nZ i2n; is the so-called first Zagreb index [93, 145, 152, 153, 201, 226, 235]. In case
i=1

1=
of a chemical tree T,

VAR(T) = (My)/n—[2(n—1)/n]? (4.92)
and
M =ny+4n, +9n3+ 16n4 (4.93)
For all chemical trees,
n+nmn+tni+ng=n (4.94)
ny+2ny+3n3+4ns =2(n—1) (4.95)

Solve these equations in n; and n4 and substitute into (4.92) and (4.93). This yields

VAR(T) = (6n— 10 —2ny — 2n3) /n— [2(n— 1) /n]* (4.96)

Clearly, for a fixed value of n, VAR(T') will be maximal if n, = n3 = 0 (if this is possible), or

if ny and n3 are as close to zero as possible.

If n(mod 3) =2 itis possible to construct chemical trees (that are not unique) with n, =n3 =0.
If n(mod 3) =0 itis possible to construct chemical trees (that are not unique) withn, =1, n3 =0.
If n(mod 3) =1 it is possible to construct chemical trees (that are not unique) withn, =1, n3 =0.

Substituting these choices of n; and n3 into (4.96) results in Theorem 4.10. ]

Figure 4.27 shows the curve of values defined in Theorem 4.10.



92

Chapter 4. Results in chemical graph theory

T
Maximum VAR(T) ——

15

VAR(T)

0.5 |-

Figure 4.27: Bounds on VAR(T') for a chemical tree T of order n

4.2.3 lIrregularity
Extremal graphs

The extremal chemical trees found by AutoGraphiX for the irregularity are presented in Figure
4.28. These trees have nodes of degree 1 and 4, a single node of degree 3 if n(mod 4) = 3, one
node of degree 2 if n(mod 4) = 2 as well as, for all of them [%] —2 additional nodes of degree
2. Note that there is an exception, when n = 15 and A(T) = 34, in the graphs presented in Figure
4.28. However, one can construct a chemical tree which respects the above description and for
which A(T) = 34 (see below).

These trees are not unique. There are four classes, having the following representative ele-

ments which are caterpillars:

(i) caterpillars with nodes of degree 1,4,2,4,2,...,4,1 along the longest path;

(i) — (iv) as in (i) with 1 (resp. 2,3) additional pending edges incident with an end node of the
(or a) longest path.

Bounds

A sharp lower bound on A(T') for all trees is readily obtained:

Theorem 4.11. For any tree T,
A(T) > maxd,(d, — 1) 4.97)
vev

the bound being sharp if and only if T is homeomorphic to a star.
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n=5 n==6 n=7 n==8 n=9
A=12 A=12 A=14 A=18 A=22
n=10 n=11 n=12 n=13 n=14
A=22 A=24 A=28 A=32 A=32
n=15 n=16 n=17 n=18 n=19
A=34 A=38 A=42 A=42 A=44
n=20 n=21 n=22 n=23 n=24
A=48 A=52 A=52 A=54 A =58

Figure 4.28: Extremal graphs found by AutoGraphiX for A(T)

Proof. Consider the node w with maximum degree; then there are d,, disjoint paths from w to a
pendant node [ for k = 1,2,...,d,,. The sum of contributions to A(T") of edges along each of
these paths is at least d,, — 1 with equality if and only if the degrees of successive nodes along the
path from w to /; decrease monotonically (not necessarily strictly). This yields the lower bound.
Moreover, if there is a node of degree > 2 different from w along one such path, there is at least
one edge contributing positively to A(T') and not in the union of these paths. Hence T is either a
star or a tree homeomorphic to a star, i.e., such that removal of nodes v of degree d, = 2 along any

path, and merging the corresponding incident edges {r,v} and {v,s}, gives a star. O

A sharp upper bound is given by:
Theorem 4.12. For any chemical tree T with n nodes,

% ifn(mod 4) =1, and
A(T) <
w otherwise.

Moreover this bound is sharp for all n > 5.
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Proof. We use again a proof technique based on linear programming and first introduced in [52]

(see also [150, 124] for other applications, and the proofs of Theorems 4.5 and 4.7).
Let x;; be the number of edges with end nodes of degree i and j. Then,

A(T) = x12+ 2x13 4+ 3x14 + x23 + 2x04 + x34. (4.98)

We first solve the system of six linear equations (4.24) — (4.29) which are satisfied by all

chemical trees, with unknowns x4, X24,711,12,n3,n4. That gives:

n+3 3xi2 Txiz3 X2 X23 X33 X34 Xa4
_ A stz ol s s e 4.
X14 5 7 G > 6 + 6 + 3 + 2 (4.99)

n—5 X Xi3 xn  Sx3  Txzz 4xy

T T T T T T 6 T e 3
3
_ (4.100)
2
n+3 X;2 X133 X2 X3 X33 X34 | Xa4
- M 3 M s 4, B T 4.101
”1 2 2 6 2 66 3172 (4.101)
n—>5  3xi2  x13  3x  x3  Txzz 2x34
n = —_— —_— —_— _——
2 4 4 12 4 "12 12 3
3x44
- 4.102
4 ( )
X13 X3 2X33 X34
N EE ) X34 4.103
ns 3 t3 T3 T3 ( )
n—1 Xxpp X3 X2 X3 X33 X44
— _M2 N Am P B3 A 4.104
4 4 4 4 4 a1 a4ty (4.104)
Replacing x14 and x4 by (4.99) and (4.100) respectively gives,
Sn—1 5 7 5 7 11 2 3
AT = n—1 S5xip Txi3 Sxp Tapz llxsz 2w 3xy (4.105)

2 2 6 2 6 6 3 27

which is maximal for a fixed number of nodes when the values x12, x13, X22, X23, X33, X34, and x44

are equal to zero. However, in the case of n-node chemical trees the condition
X12 =X13 = X2 =X23 = X33 = X34 = X44 = 0 (4.106)

can be satisfied only if n(mod 4) = 1. Any chemical tree satisfying (4.106) has no nodes of degree
3, all its nodes of degree 2 are adjacent to two nodes of degree 4, and no two nodes of degree 4
are mutually adjacent. Denote the type of such n-node chemical trees by (i-1) (the type i when
n(mod 4) = 1).

Hence, if n(mod 4) = 1, then for any n-node chemical tree, A(T) < (5n— 1)/2. Equality is
attained if and only if T is of type (i-1).

This completes the proof of Theorem 4.12 in the case n(mod 4) = 1.

If n(mod 4) # 1, then the conditions (4.106) cannot be satisfied by n-node chemical trees.

Then, in order to find the chemical tree(s) with maximal A-values we have to find the values of



4.2 Comparison of irregularity indices for chemical trees

95

the parameters x2, x13, X22, X23, X33, X34, and x44 as close to zero as possible compatible to the
existence of a chemical tree, i.e., for which the right hand sides of Egs. (4.99) — (4.104) are integers
and for which a graph exists. In the following discussion, we call x|», x13, X22, X23, X33, X34, and
X44 the observed parameters. Looking at (4.105), we see that increasing by 1 any of the observed

parameters subtracts a certain value from the maximal value of A(T'), expressed in sixths:

Observed parameter X12 X13 X202 X33 X33 X34 X44
Decrease on A(T), insixths | 15 7 15 7 11 4 9

The gap between the maximum value of A(7T'), which is % when all observed parameters

are equal to zero, and the value of A(T') when some of these parameters are positive will be called
the decrease. The proof for the different cases is based on the examination of all possible increases
of the values of the observed parameters, choosing those with minimal decrease. Fortunately, we
can reduce the number of possibilities with some simple observations. AutoGraphiX gives us some
(presumably) extremal graphs for each case. The decrease of these feasible solutions is a good
upper bound on the minimal decrease. We can limit the enumeration taking only solutions with a
decrease less or equal to this bound. Moreover Eq. (4.103) can considerably reduce the number of
possibilities: if only one observed parameter is not equal to zero, the values of x13, X3, X33 Or X34

must be multiples of 3; and in general x3 + x23 + 2x33 + x34 has to be a multiple of 3.

e Case n(mod 4) = 2. A first lower bound on the maximal A-value is the graph obtained by
AutoGraphiX and described above: in this case x15 = 1 and all other observed parameters are
equal to zero. This solution has a decrease of 15 sixths. We will examine all possibilities
for the observed parameters with a decrease less than or equal to 15 sixths, and for which
Eq. (4.103) is not violated.

First we consider the solutions where only one of the observed parameters is different from

ZEro.

Non-zero param. | Decr. (1/6) | Comment

xp =1 15 Starting solution: type (i-2)
xpn=1 15 Feasible: type (ii-2)

X34 =3 12 Impossible in view of Eq. (4.99)
Xaa = 1 9 Impossible in view of Eq. (4.104)

We then examine the possible choices of two non-zero observed parameters with a decrease
less than or equal to 15 sixths (and for which Eq. (4.103) is not violated). In the following
table, RHS means the right-hand sides of the equations.
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Non-zero param. Decr. (1/6) | Comment

x3=1andxzy =2 | 15 Feasible: type (iii-2)
xp3=1landxyy =2 | 15 Feasible: type (iv-2)
xy3=landxyy =11 15 RHS are integers but this solu-

tion is not feasible because by
Eq. (4.103) we have that n3 =1

which is impossible because of

)C33:1

There are no possible choices of more than two non-zero observed parameters with decrease
less than or equal to 15 sixths. Consequently, the four types (i-2), (ii-2), (iii-2) and (iv-2) of
trees have the same A-value, equal to (5n—1)/2 —5/2, and this is the greatest value that A

can assume among n-node chemical trees.

This implies the validity of Theorem 4.12 for n(mod 4) = 2.

Case n(mod 4) = 3. The analysis is analogous. We start again with a solution of Auto-
GraphiX where x13 = 2 and x34 = 1. This solution has a decrease of 18 sixths. We will
examine the solutions with a decrease less than or equal to 18 sixths and for which Eq.
(4.103) is not violated.

First we consider the solutions where only one of the observed parameters is different from

ZEr10.

Non-zero param. | Decr. (1/6) | Comment

xp =1 15 Impossible in view of Eq. (4.99)
xn=1 15 Impossible in view of Eq. (4.99)
X34 =3 12 Impossible in view of Eq. (4.102)
Xqq = 1 9 Impossible in view of Eq. (4.99)
Xq4 =2 18 Feasible: type (i-3)

We then examine the possible choices of two non-zero observed parameters.
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Non-zero param. Decr. (1/6) | Comment

xi3=1landxzz3 =1 | 18 RHS are integers but this solu-
tion is not feasible because by
Eq. (4.103) we have that n3 =1

which is impossible because of

x33=1

xz=landxyy =2 | 15 Impossible in view of Eq.
4.104)

xi3=2andxyy =11 18 Feasible: type (ii-3) (Starting so-
lution)

xp;3=1landx3zz3 =1 | 18 RHS are integers but this solu-

tion is not feasible because by
Eq. (4.103) we have that ny = 1

which is impossible because of

x33=1

xp3=1landx3y =2 | 15 Impossible in view of Eq.
(4.104)

xp3=2andxyy =11 18 Feasible: type (iii-3)

x33=landxzy =1 | 15 Impossible in view of Eq.
(4.104)

There is only one possible choice of exactly three non-zero observed parameters with a
decrease less than or equal to 18 sixths: xj3 =1, xo3 = 1 and x34 = 1. This solution is
feasible and has a decrease of 18/6 (type (iv-3)).

Consequently, the four types (i-3), (ii-3), (iii-3) and (iv-3) of trees, have the same A-value,
equal to (5n—1)/2 — 3, and this is the greatest value that A can assume among n-node

chemical trees.

This implies the validity of Theorem 4.12 for n(mod 4) = 3.

e Case n(mod 4) = 0. This case is easier because the starting solution (type (i-0)) given by
AutoGraphiX has a decrease of 9 sixths (x44 = 1) and no other solution can be obtained with
a decrease less than or equal to 9 sixths without violating Eq. (4.103). These trees have
A= (5n—1)/2—3/2, verifying the respective part of Theorem 4.12. O

Figures 4.29 to 4.32 present all the types of extremal graphs presented in Theorem 4.12 when
n € [12,15]. Figure 4.33 shows the curve of values defined in Theorem 4.12.
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type (i—1)

Figure 4.29: The unique extremal graph for A when n =13
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Figure 4.30: All extremal graphs for A when n = 14
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Figure 4.31: All extremal graphs for A when n = 15
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R e J type (1_0)

Figure 4.32: The unique extremal graph for A when n = 12
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Figure 4.33: Bounds on A(T') for a chemical tree T of order n

4.2.4 Comparison of the indices

In order to compare the irregularity indices, we studied how the extremal chemical trees for each
index are evaluated according to the two other ones. The results of such observations are shown in
Figures 4.34 to 4.39. In each figure we indicate the value of an irregularity index i; for chemical
trees of order n (where n € [10, 18]), extremal with regard to a different index i;. The extremal
graphs for given n and i, are indicated by +, connected by a line, and their i, values are represented
on the y-axis. The maximum values for i; (computed from the previous results) are depicted by
circles, linked by a dotted line. Some additional information is added, such as the location of
the D,-dendrimer, indicated by D (this does not imply that the dendrimers are the only extremal

graphs with this value in the case of the variance of degrees).

Figures 4.34 and 4.35 show the A-values of the extremal graphs for VAR(7') and CS(T'). One
can see again that the D,-dendrimers are extremal for VAR(T') and CS(T'). An interesting fact
is that the D,-dendrimers are systematically on the minimum of each interval of values of A(T)
among the extremal graphs for VAR(T) (Figure 4.34). This is due to the fact that degrees are non-
increasing along any path from the root of a D,,-dendrimer to any of its pendant nodes. With some
exceptions, maybe due to the fact that n is small, the extremal graphs do not attain the maximal

A-value.

Figures 4.36 and 4.37 present the VAR-values of the chemical trees extremal with regard to
A(T) and CS(T). In Figure 4.36 the different types of extremal graphs for A(T') are represented.
Some of these families have the same variance of degrees, which is easy to compute from their
characterization. No obvious link can be conjectured between VAR(T) and A(T). Figure 4.37
reiterates that the D,,-dendrimers are extremal for VAR(T') and CS(T).
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Figure 4.34: A(T) values for the extremal graphs for VAR(T)

Figures 4.38 and 4.39 show the CS-values of the extremal graphs for A(7') and VAR(T'). With
one exception (when n = 11), all the extremal graphs for VAR(T') have a different CS-value. It is

also the case for A(T') (for n = 12 and n = 13, extremal graphs for A(T') are unique). Comparing
differences between optimal CS(7') and CS-values for optimal graphs for A(T') and for VAR(T),

it appears that the differences are much larger in the former case (see Figure 4.38) than in the latter

one (see Figure 4.39).

In summary, A(T) (which has a period of 4 in the construction of the families) is apart from

the two others (with a period of 3). It seems to express a different notion of irregularity.
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Figure 4.35: A(T) values for the extremal graphs for CS(T)
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Figure 4.36: VAR(T') values for the extremal graphs for A(T)
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4.3 Variance of bounded degrees in graphs

We reconsider now the variance of degrees VAR in a more general context. A best possible bound
and corresponding families of extremal graphs have been found by Bell [27] when the number of
nodes n and the number of edges m are given and degrees are unbounded, i.e., A <n—1. We
consider here values of A < n— 1, and particularly A = 3 and 4, which appear to be the most
relevant to chemistry. Experiments with AutoGraphiX gave presumably optimal graphs, and are
described in the next section. These graphs pointed the way to formulate and then prove the
general result, given in Section 4.3.2. Special cases of chemical interest are considered in Section
4.3.3.

4.3.1 Experiments

We first used AutoGraphiX to find graphs with a fixed A and optimal or near-optimal values for the
maximum variance of degrees. In order to get an idea of the dependence of the maximum degree A
on these extremal graphs, we launched the system on different problems fixing the value of A and
number of edges m. For example, Figure 4.40 shows the extremal graphs obtained by the system

for m = n —1 (trees) and A = 3 and Figure 4.41 when m = n (unicyclic graphs) and A = 5.

Figure 4.40: Some extremal trees with A = 3 found by AutoGraphiX

As the variance depends only on the sequence of degrees, the observation of these extremal
graphs leads quickly to the following conjecture : the extremal graphs have only nodes of degree A
and 1 if this is compatible with the existence of a graph. We also observe that all extremal graphs,
found by the system for different values of m and A, have at most one node which has a degree

different from 1 or A.
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Figure 4.41: Some extremal unicyclic graphs with A = 5 found by AutoGraphiX

4.3.2 Results

For a fixed value of n, there are only two connected graphs with A = 2, the path P, and the cycle
C,,; the variance of their degrees is readily computed as VAR(P,) = (2n —4) /n* and VAR(C,,) = 0.

Hence, it is not restrictive to assume that A > 2 in the following theorem.

Theorem 4.13. For all connected graphs G with maximum degree A > 3, n nodes and m edges,

VAR(G) < (4.107)

n n

2m(A+1)—nA+(1—k)(A—k) <2m>2

where
k= [(2m—n)(modA— 1)} +1.

with equality in (4.107) attained if and only if at most one node of G has degree different from 1
and A.

Proof. Eq. (4.91) shows that for fixed values of A, m and n, VAR will be maximum if the first

Zagreb index M is maximum.

By definition of A and #;,

A
My =Y i n. (4.108)
i=1

For all connected graphs with n nodes, m edges and bounded degree A, summing numbers of

nodes of all degrees yields
A-1
ni+na+ Y ni=n, (4.109)
i=2
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and summing degrees :

A—1
ni+Ana+ Y in=2m. (4.110)
i=2
Solving (4.109) and (4.110) in n; and np gives
1 A—1 )
m= 41—y nA—2m+i:ZZ(1—A)n,~ , (4.111)
and
A—1
"= 2m—n+i§(1—i)ni : (4.112)
Then, substituting (4.111) and (4.112) into (4.108) yields
M =55 [ nA—2m-+2mA? — nA*+

A—1
Y (i—A+A? —iA2+i2A—i2)n,~]
i=2

_ Al_ll (a=1) (2m(a+1) = na)+

A-1
T (A= D=da-i)n
i=2
AsA>1,
A-1
My =2m(A+1)—nA+ Y f(i)n;, (4.113)
i=2
where f(i) is the quadratic function
Fi) = (1—i)(A—i). (4.114)

Observe that f(i) is strictly negative for 2 < i < A— 1. This implies that, for fixed values of n,
m and A, the first Zagreb index M (and VAR also) will be maximum ifn; =0fori=2,3,... ,A—1.

In this case, Eqs (4.112) and (4.111) lead to

- nA—2m

ny = 4.115
1 A 1 ) ( )
and

However, n; and na should have integer values which, as nA—2m =n—2m+n(A—1), is true
in (4.115) and (4.116) if 2m — n is a multiple of A— 1, i.e., if

(2m —n)(mod A— 1) =0. (4.117)
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Suppose now that condition (4.117) is not respected. In this case, we have to maximize
Ail f(i)n;. Let k denote the value of the left-hand side of (4.117) plus 1; then k is an integer
kl;%ween 2 and A — 1. It is always possible to choose the n; such that

n, =1,
nj =0 Vi(#k)=2,3,...,A—1.
and Egs. (4.109) and (4.110) are satisfied. Indeed, as
k=[(2m—n)(mod a—1)] +1, 4.118)

Egs. (4.111) and (4.112) become
_ nA—2m+k—A

4.11
n F — (4.119)
and 5 _
m—n+1-—
— 4.120
na AL ( )

which then have integer values.

Observe that k is the degree of the unique node of degree different from 1 and A. Indeed, the
sum of all degrees is 2m. Then consider a graph with all degrees equal to 1; this reduces this sum
to n. Furthermore increase degrees one at a time up to A, as long as this is possible; this reduces
the sum to (2m —n)(mod A — 1), which is equal to k — 1, so the degree of one more node can be

increased, up to k.

Now assume there are at least two nodes of degree i and j, with i not greater than j and both i
and j in the interval [2, A — 1]. Reducing the degree of the first node by 1 changes (4.113) by

(I-)A-1)—(1—i—1)(A—i—1)=A-2i;
augmenting the degree of the second node by 1 changes (4.113) by
(I—=NA-j)H)—(1—j+D)(A—j+1)=—A+2j-2.
The net effect of both operations leaves the sum of degrees unchanged and changes (4.113) by
A—2i—A+2j-2=2(j—i+1)
which is positive.
This means that the optimal choice for the n; with i € {2,...,A— 1}, if condition (4.117) is not
respected, is to choose only one n; positive and equal to 1. In this case, by Eq. (4.113),

My < 2m(A+1)—nA+(1—k)(A—k). 4.121)

Observe that if condition (4.117) is respected, Eq. (4.118) gives k = 1, which expresses the
fact that all n; with 2 <i < A—1 are then equal to zero. Hence, the bound (4.121) is still valid
when k= 1.

Substituting (4.121) in (4.91) gives the result. ]
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4.3.3 Particular cases

Theorem 4.13 is valid for all connected graphs. However, the bound is sharp only if the values of
n, m and A are compatible with the existence of a graph which has the specific sequence of degrees
described in the proof of this theorem. Given a general condition on 7, analyzing the dependence
of the values of m and A requires a long discussion which breaks down in many particular cases. In
this section, we restrict the graphs considered to some classes of chemical interest, and show how
the theorem can be applied for such classes. In these cases, the bound is often sharp for reasonable

values of n.

Again, we assume that A > 2.

Trees

If T is a tree, as m = n— 1, Theorem 4.13 gives after simplifications :
1
VAR(T) < — [nz (A - 2) +n<k2 —k(A+1)— A+ 6) —4} , 4.122)
n

where
k=[(n=2)(mod A—1)] +1. 4.123)

If n > 4, this bound is sharp because the smallest tree with A > 3 is the star S4. For fixed values
of n >4 and A <n—1, one can always construct a tree for which the equality holds. Starting from

the star Sa+1, add A — 1 pending edges to a node of degree 1, until nodes are exhausted.

Trees with A < 3

If T has degrees bounded by 3, Eqs. (4.122) and (4.123) give
1
VAR(T) < —2[n2+n(k2—4k+3)—4 , (4.124)
n
where

k= [n(rnod 2)} Y (4.125)

Figure 4.42 shows some extremal trees with A < 3 that can be obtained by applying the con-
struction method explained above. Of course, for a given n, there can be more than one extremal
graph, but they all share the following properties :

2 -2
nlzv—; J,nzzn(modZ) and n3:v2 J,

where |a| denotes the largest integer not larger than a.
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Figure 4.42: Some extremal trees with A <3

Chemical trees

If T is a chemical tree, i.e., A <4, Eqgs. (4.122) and (4.123) gives
1
VAR(T) < — {2;12 (k- 5k+2) —4] , (4.126)
n
where

k= [(n—Z)(mod 3)} Y 4.127)

This problem was already solved in Section 4.2 in which a characterization of extremal chem-

ical trees was also given”.

Unicyclic graphs

If U is a unicyclic graph, as m = n, Theorem 4.13 leads to :

VAR(U)SHn@—z) +k2—k(A+1)+A}, (4.128)

where
k= [n(modA—l)} 4. (4.129)

If n > 2A — 1, this bound is sharp because the smallest unicyclic graph with degrees bounded
by A for which equality holds is the graph U*(A) next described. This graph consists of a triangle
of nodes {u,v,w} with A — 2 pending edges adjacent to v and A — 2 pending edges adjacent to w.
For example, the graph U*(5) is depicted in Figure 4.43. These graphs have 2A — 1 nodes.

u

Figure 4.43: The graph U*(5)

5See Theorem 4.10, p. 91 which is equivalent to Equations (4.126) and (4.127).
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Starting from U*(A), one can always construct a larger unicyclic graph for which the bound
is sharp. It suffices to add A — 2 pending edges to the node u, and then A — 1 pending edges to a

node of degree 1 until nodes are exhausted.

Unicyclic graphs with given girth

Unicyclic graphs with a triangle are not frequent in chemistry. Observe that it is possible to
construct a unicyclic graph with maximum variance and given girth g (the length of the shortest
cycle), if n > g(A— 1) — A+ 2. One starts with a graph similar to U™ : a cycle of length g with all
nodes (except one denoted by u) adjacent to A— 2 pending edges. At this pointn=g(A—1)—A+2
and this unicyclic graph with given girth is the smallest one for which the bound is sharp. The
same reasoning than before can be applied to construct a larger unicyclic graph for which the girth
will always be g : add A — 2 pending edges to the node u, and then A — 1 pending edges to a node

of degree 1 until nodes are exhausted.

Unicyclic graphs with A <3

If U is a unicyclic graph with A < 3,

1
VAR(U) < - [n+k2 —dk+ 3} : (4.130)

where
k= [n(mod 2)} Y 4.131)

From the discussion on the unicyclic graphs, if n > 5 (or n > 2g — 1 if the girth is given), the

bound is sharp and all the extremal graphs have the following sequence of degrees :

n=n3= LgJ and n, =n(mod 2).

Figure 4.44 shows some unicyclic graphs with A <3 and a girth equal to 6 for which the bound

is sharp.

Unicyclic chemical graphs

If U is a unicyclic chemical graph,

1
VAR(U) < - [2n442 - 5k+4] , 4.132)
n
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Figure 4.44: Some extremal unicyclic graphs with A <3 and g =6

where

k= [n(mod 3)} 41 4.133)

If n > 7 (orn > 3g —2 for a fixed girth), the bound is sharp and the extremal graphs have :

-2l

ny =n3 =0if n(mod 3) =0, ny = 1,n3 =0if n(mod 3) = 1 and np = 0,n3 = 1 if n(mod 3) = 2.

Bicyclic graphs

If B is a bicyclic graph, then m = n+ 1. In this case, Theorem 4.13 leads to :
1
VAR(B) < — [nz (A - 2) +n<k2 —k(A+1)+3A— 6) 74] , (4.134)
n

where

k= [(n—i—Z)(modA—l)} Y (4.135)

The smallest bicyclic graph with degrees bounded by A for which equality holds is the graph
B*(A) which consists of a cycle of successive nodes (u,v,w,x) with a diagonal edge (v,x), A—2
pending edges adjacent to w and A — 3 pending edges adjacent to v and x. Figure 4.45 shows B*(4)

as an example. These graphs have 3A — 4 nodes.
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Figure 4.45: The graph B*(4)

Again, one can construct a larger bicyclic graph for which the bound is sharp, starting from
B*(A) and applying the same method as for the unicyclic graphs : add A — 2 pending edges to the

node u, and then A — 1 pending edges to a node of degree 1 until nodes are exhausted.

Bicyclic graphs with given girth

If the girth g is fixed, one can starts with two cycles of length g (in place of triangles) such that
these cycle have an edge in common, and construct a larger bicyclic graph. Hence, the smallest
bicyclic graph with girth g and maximum degree A for which the bound (4.134) is sharp has
g(2A —2) —3A+2 nodes.

Figure 4.46 shows a smallest bicyclic chemical graph with girth 6 for which the bound is sharp.

Figure 4.46: Extremal bicyclic chemical graph with g =6

Bicyclic graphs with A <3

If B is a bicyclic graph with A <3,

VAR(B)g%[n2+n<k2—k(A+l)+3A—6> —4}, (4.136)
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where
k= [(n+2)(mod 2)| +1, (4.137)

and the bound is sharp if n > 5 (or n > 4g — 7 for a fixed girth).

Bicyclic chemical graphs

If B is a bicyclic chemical graph,

VAR(B) < niz[zn%rn(kz —5k+6> —4}, (4.138)

where
k= [(n+2)(mod 3)} 41, (4.139)

and the bound is sharp if n > 8 (or n > 6g — 10 for a fixed girth).

4.4 Summary

In Section 4.1, the usefulness of the AutoGraphiX system for computer-aided study of graphs is
illustrated by a discussion of its use in the analysis, correction and improvement of bounds on the
Randi¢ index of chemical trees and graphs, recently proposed by Araujo and De la Pefia [11]. The
ramification index ram(T) of a tree T is shown to be equal to the number of pending nodes of 7
minus 2. General trees with minimum Randi¢ index, given order and number of pending nodes

are characterized, extending a result of Bollobds and Erdds [36] : they are comets.

In view of a series of presumably extremal graphs obtained with AutoGraphiX, all bounds
proposed by Araujo and De la Pefia [11] are improved. Sharp lower and upper bounds on the
Randi¢ index of trees as function of this index for general trees and the ramification index (or,
which is equivalent, the number of pending nodes) are obtained. Moreover, chemical trees of
given order and number of pending nodes with minimum and with maximum Randi¢ index are
characterized. Lower and upper bounds on the Randi¢ index of chemical graphs as a function of

this index for induced maximal subgraphs which are trees are corrected and tight bounds obtained.

The theorems proved were first obtained as conjectures, which follow easily from the arrays
of presumably extremal graphs given by AutoGraphiX. These graphs can be recognized to belong
to some known family, as, e.g., comets in the case leading to Theorem 4.4. Moreover, figures
representing values of corresponding indices, or functions of indices, often lead to conjectures in

a straightforward way. This is the case for Theorem 4.5 and especially for Theorem 4.7.

These results show that the computer can be used in many more ways than number crunching

in the study of chemical graphs.
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The vast majority of chemical graphs is irregular, i.e., not all degrees of their nodes are the
same. Clearly, some of these graphs are more irregular than others, hence the interest in irregularity
measures. We studied and compared three of them in Section 4.2 : the Collatz-Sinogowitz index
CS(T), the variance of degrees VAR(T') and the irregularity A(T'), applied to the class of chemical
trees. To this effect, extremal graphs were generated with the system AutoGraphiX, conjectures

derived and most of them proven by mathematical means.

The families of extremal chemical trees for VAR(T') and for A(T') are characterized and best

possible bounds on these indices for all n > 5 are given.

It appears that CS(T') and VAR(T') are similar, extremal graphs having a periodicity of 3 in
their construction. In contrast extremal trees for A(T') have a periodicity of 4 and this index appears
to express a different notion of irregularity than the two other ones. It also appears that CS and
VAR measure not only irregularity, but also the extent of branching. This shows that “branching”,
a concept which has been extensively studied in the chemical literature, and the much less familiar
concept of “irregularity” are not fully independent. This coincidence of the two concepts seems
to hold as long as “irregularity” is defined globally, so as to depend on the number of certain
structural features of the (molecular) graph, but not on their distribution within the graph. The
irregularity A(T') is of a different kind: it depends not so much on the node degree distribution,
but on the differences of the node degrees of neighbors - a local structural feature. Thus, the
irregularity A(T') reflects properties of (molecular) graphs fully different from “branching”, and

would therefore deserve due attention in the future.

While a best upper bound for the variance of degrees of graphs has been available since 1992
[27], such a bound may provide values far from those observed for chemical graphs, where the
maximum degree A is usually 3 or 4. We therefore provided, in Section 4.3, a formula explicitly
taking into account the fact that degrees are bounded. We also examined when it is sharp for trees,

unicyclic and bicyclic graphs.



CHAPTER 5

Bounding the irregularity of graphs : a simulated
algorithm type of proof

Experiments and automated conjectures e Interpretation and new conjectures e Proofs ¢ Summary

In Section 4.2.3, we proposed a sharp upper bound on the irregularity of chemical trees'. In this
chapter we go further in the study of the irregularity, when the graphs are no more limited to

chemical trees.

Albertson [1] defined the imbalance of an edge {v,w} as
imbvw - |dv - dw|7

i.e., the difference of the degrees of that edge’s end nodes, in absolute value, and the irregularity

A(G) of a graph G is thus the sum of all edge imbalances :

A(G)= ) imb,,= Y |d,—d,l|

{v,w}eE {v,w}eE
It is shown in [1] that
4n3
AG) < —
(G) < 5=

and that this bound may be approached arbitrarily closely. However, no bound in function of n
and m is given. It is the purpose of the present chapter to fill in this gap by providing a formula
which is best possible in the strong sense, i.e., which is tight for all values of n and m compatible
with the existence of a graph. Moreover, extremal graphs are characterized and belong to a single

well-defined family of split graphs.

ISee Theorem 4.12, p. 93.
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These results [164] were again obtained using the system AutoGraphiX. Recall that Auto-
GraphiX uses the VNS metaheuristic to find extremal graphs (see Section 2.5). To find ideas
of a proof, the program was run with severe restrictions on the moves allowed within the heuristic
(e.g., only rotation, or displacement, of a single edge at a time). If such moves suffice for obtaining
again the extremal graphs previously found, the effort can be focused on proving that they suffice

in general.

First experiments with AutoGraphiX and their results, in terms of extremal graphs and 4 con-
jectures automatically obtained are described in the next section. They lead to conjecture a char-
acterization of the family of extremal graphs and an upper bound on A(G) in terms of n and m,

presented in Section 5.2. Proofs of these conjectures are given in Section 5.3.

5.1 Experiments and automated conjectures

We run AutoGraphiX to find graphs with maximal irregularity for 3 <n <12andn—1<m <

1 . . .
"("2 ) , as well as diagrams of these graphs, curves of values for a given n, and whatever conjectures

might follow automatically. To find extremal graphs, the descent routine of AutoGraphiX was used
with the following neighborhoods: move of an edge, rotation of an edge, split and insertion; and
a number of neighborhoods k,,,x = 10 (see [55] for details). To find conjectures on extremal
graphs, the invariants ® (clique number), o (stability number), % (chromatic number), r (radius),

A (maximum degree), and a few others were computed.

Then the numerical method of AutoGraphiX, described in [54, 56] (see Section 2.5), was ap-
plied to find automatically a basis of affine relations between these invariants, satisfied by all

extremal (or near-extremal) graphs found.

A subset of the 230 graphs obtained is presented in Figure 5.1; the corresponding curves of
A(G) for 9 < n < 12, are drawn in Figure 5.2. Moreover, AutoGraphiX provided the following 4

conjectures, which we group for conciseness :

Conjecture 5.1. If G is a graph with n nodes, m edges, cliqgue number ®©, stability number «,

chromatic number Y, maximum degree A, radius r and maximum irregularity A, then

o = Y, (5.1
n o= A+1, (5.2)
ro= 1 (5.3)

o+oa = A+2. (5.4)
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Figure 5.1: Some extremal graphs found by AutoGraphiX

5.2 Interpretation and new conjectures

Characterization of extremal graphs

From the basis of affine relations (5.1) — (5.4) given in Conjecture 5.1 one derives :

Ot+oa=n+1; (5.5
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Figure 5.2: Values of Irregularity for some extremal graphs found by AutoGraphiX

so G comprises a clique C with ® nodes and an independent set / with o nodes which have a node
in common. This implies they are specific split graphs. Indeed, split graphs consist of a clique on
n1 nodes, a disjoint independent set on 7, = n —n; nodes and possibly some edges joining a node
of one set to one of the other. If all such edges are present G is a complete split graph. Replacing

n by n; +ny in (5.5) and as o = ny by definition of a split graph,
ow=n;+1.

In other words, one node of the independent set is adjacent to all nodes of the clique in the split

graph.

Moreover, at least one node is joined to all others, as A = n — 1; this last relation implies r = 1
and conversely. Finally, the structure described implies = ® as { > ® and a coloring in ® colors
can be obtained by giving the same color to all of the ny nodes of I and a different color to each

remaining node.

This gives fairly good information on the structure of extremal graphs. However, a glance at
these graphs themselves (see again Figure 5.1), and particularly at successive ones with the same
n and increasing m, shows one can say more. Indeed, they appear to be complete split graphs with
a clique of d nodes, an independent set of n —d nodes and possibly 1 <t <n—d — 1 additional
edges joining a node of the (previously) independent set to others of this set. We call such graphs
fanned split graphs (as the addition of successive edges at a node is reminiscent of opening a fan).
An example of a fanned split graph is presented in Figure 5.3 where n = 8, m = 20, d = 3 and
t = 2. The three nodes of the clique are the black squares, and the dotted lines are the edges added
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from a node not in the clique to two other ones noted by triangles. So we can formulate the next
conjecture (which is computer-aided, not automated, but for which the largest part of the job was

clearly done by computer) :

Conjecture 5.2. A graph G with n nodes and m edges has maximum irregularity if and only if it

is a fanned split graph.

Figure 5.3: An example of fanned split graph withn =8, m=20,d =3 (M) and ¢t =2 (A)

Irregularity of fanned split graphs

A fanned split graph has
d nodes of degree n — 1;
1 node of degree d +¢;
t nodes of degree d + 1;
n—d —t— 1 nodes of degree d.

Moreover, G has d(dz_ D edges joining pairs of nodes of the clique, with imbalance 0; d edges

joining nodes of the clique to the (first, if # = 1) node of degree d +¢, with imbalance n —d —t — 1;
dt edges joining nodes of the clique to nodes of degree d + 1, with imbalance n —d —2; d(n —d —
t — 1) edges joining a node of the clique to a node of degree d, with imbalance n —d — 1; and ¢

edges joining a node of degree d + ¢ to a node of degree d + 1 with imbalance ¢ — 1.
Summing, one obtains for a fanned split graph G = F'Sy; an irregularity of
A(FSy)=din—d—t—1)+dt(n—d—2)+dn—d—1)(n—d—t—1)+1t(t—1).
A few algebraic manipulations then lead to
A(FSg)=din—d)(n—d—1)+1t(t—2d —1). (5.6)
So, if = 0 one gets the irregularity of a complete split graph with a clique on d nodes and an
independent set on n — d nodes, i.e., d(n —d)(n—d — 1). The effect of the additional ¢ edges will

reduce A(G) if t < 2d + 1, let it unchanged if t = 2d + 1 and increase it if # > 2d + 1. The local

maxima for irregularity (see Figure 5.2) are obtained for complete split graphs.
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From the definition of fanned split graph, one may easily compute d and ¢ : indeed summing

edges in the clique and between the clique and the independent set gives that d is the largest integer

such that i(d
—1
(2) +dn—d)<m
from where it follows that
1 1
d:Ln—E— (n—E)Z—ZmJ (5.7)

where |b| denotes the largest integer not larger than b and
t=m—(n—d)d—d(d—1)/2. (5.8)
Note that these graphs are unique for fixed numbers n of nodes and m of edges.

We summarize these results in the following conjecture :

Conjecture 5.3. For all graphs G with n nodes and m edges the irregularity
AG)<dn—d)(n—d—1)+t(t—2d—1) 5.9

where d and t are given by (5.7) and (5.8). Moreover, the bound is attained for alln and 0 < m <

n(n—1)
—5 -

5.3 Proofs

FannedSplitGraph algorithm

Before looking for a proof of the conjectures, we ran AutoGraphiX with only one move allowed
within the heuristic : we chose the simplest one for which the number of nodes and edges are
not altered, i.e., rotation of a single edge. Let G be a graph and u, v, w three different nodes of G
such that {u,v} € E(G) and {u,w} ¢ E(G); one can define the graph G’ obtained after rotation

rot(u,v,w) is applied to G as follows :
G =G—{u,v}+{u,w}.
Such a move is represented in Figure 5.4.

With this restriction, AutoGraphiX found again systematically the fanned split graphs as ex-
tremal graphs. This observation led us to use the graphical interface of AutoGraphiX, which per-
mits to modify the graphs manually and see how the invariants change in consequence. Such
manipulation, together with the information on the structure of the fanned split graph collected
before, led us to write the following algorithm which transforms any graph G with n nodes and m

edges into a fanned split graph with the same number of nodes and edges, using only rotation.
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u \ u Vv
o———O [ ]
_>
rot(u,v,w)
[}
W W

Figure 5.4: A rotation rot(u, v, w)

FANNEDSPLITGRAPH(G):
Input: a graph G with n nodes and m edges.
Output: a fanned split graph with n nodes and m edges.

1. Initialization.

(a) Let F be the set of nodes v € V(G) with d, = n— 1. We call them the fixed nodes in

the next steps.
(b) Stop «— FALSE.

(¢c) Choose w. Choose a non-fixed node w with maximum degree.
2. Make a move. While Stop is FALSE, do

(a) Choose u. Choose a node u ¢ F U{w} such that {u,w} ¢ E(G).

i. Ifd, > |F|, choose anode v ¢ F U{u,w} such that {u,v} € E(G) and do rot(u,v,w).

ii. Else (d, = |F|), try to find an edge {vi,v2} where vi,v2 ¢ FU{u,w} and d,, > d,,.

A. If such an edge exists, do
rot(vy,va,u) followed by rot(u,vi,w).

B. Else, Stop — TRUE.

(b) Update F. If d, =n—1, F «— F Uw and choose a new w as a non-fixed node of

maximum degree.

Lemma 5.1. Algorithm FannedSplitGraph terminates if and only if G has been transformed into
a fanned split graph.

Proof. Let x1,x2,...xy be the fixed nodes of G (with degree equal to n—1). Let w be the node
of maximum degree < n— 1. We see that in step 2, a move will always increase the degree of w.
Indeed, this algorithm will stop only if we can no more add an edge to w, i.e., if f = d and if there
is no more edge {v;,v,} between nodes of the set V \ F \ w. This situation occurs only when G is

a fanned split graph with the value d and ¢ defined above.

Note that if m < n — 1 this algorithm will construct a graph composed of a star with m + 1

nodes and n — m — 1 isolated nodes which is a fanned split graph as well. Moreover if G is not
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connected and if m > n — 1, this algorithm will choose w as the node of maximum degree until

d,, = n—1. At this step G will be (and remain) connected.

Remark also that u, a node non-adjacent to w, can always be chosen in step 2a because d,, <
n— 1 (otherwise w would be fixed) and if d,, > |F|, a node v can always be found because u is

adjacent to the f fixed nodes and has at least one another edge to a node # w. O

Edge Rotation Lemma

We now introduce a lemma which expresses the change of the irregularity of a graph, when a
rotation is applied on it. To do this, let us recall some notations introduced by Albertson [1]. If
uev,

d; =|{x:{x,u} €Eand d, > d, }|,

d;, =|{x:{x,u} € Eandd, =d, }|,
and

dy =|{x:{x,u} €Eandd, <d,}|
Remark thatd, = d; +d, +d;; .

Lemma 5.2 (Edge Rotation Lemma). Let u,v,w be three different nodes of G. If {u,v} € E and
{u,w} ¢ E, set G' = G —{u,v} +{u,w}. Then we have the following results:

Casel | Ifd, > d, A(G) =A(G)+2[dy +d; —dy; —1]+k
andd, > d,,

Case2 | Ifdy>d, | A(G')=A(G)+2[d; +d, +dy+d, —di]+k
andd, <d,,

Case 3 | Ifd, <d, |A(G)=A(G)+2[d,—d; —d;]+k
andd, > d,,

Case4 | Ifd, < d, A(G) =A(G)+2[d; +d, —d; +1]+k
and d, <d,,

where k =2 if (v,w) € E(G) and d, = d,, + 1, and k = 0 otherwise.

Proof. Suppose first that there is no edge between v and w. The imbalance of the edges of G’ will
change only on the edges adjacent with the nodes v and w in G. We will compute the contribution
of the moving edge {u,v} — {u,w}, of the edges adjacent with w in G and of the edges adjacent

to v in G different from {u,v}.

e The contribution of the moving edge will be

|du_(dw+1)|_|du_dv|- (510)
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o The total contribution of the edges adjacent with w in G will be
d, +d, —d;. (5.11)

e Finally, the contribution of the edges adjacent with v different from (u,v) will be

ds+d>—d> —1 if d,>d, (5.12)
ds+d- —d>+1 if d,<d, (5.13)

because the moving edge, for which the imbalance has already been computed, counts for

one in d;- +d, if d, > d, or in d; otherwise.

Summing these contributions leads to the four cases (with k = 0), where we compare d,, and

d,, as well to remove the absolute value in expression (5.10).

Suppose now that there exist an edge (v,w). The contributions will be similar of the previous
one but we count the edge (v,w) twice : once in (5.11) and once in (5.12) or (5.13). In fact, the
contribution of this edge will be

|(dy—1)—(d\y+1)]. (5.14)

Depending of d, and d,,, this leads to several cases where we look how this edge was counted
twice, the contribution already counted in the previous sum, and the value of imb,,, induced by
(5.14):

Assumption | Counted in | previous count | imb,,,
dy>d,+1 |d; andd; -2 -2
dy=dy,+1 | d; and d;; -2
d,=d, d; and d;; 2
d, <d, ds and d;; 2
There is only a difference when d, = d,, + 1, which justifies the values of k in Lemma 5.2. 0

Proof of Conjectures 5.2 and 5.3

We can now verify what AutoGraphiX suggest to us. These suggestions were summarized in Con-

jectures 5.2 and 5.3.

Lemma 5.3. Running the FannedSplitGraph algorithm on any graph G which is not a fanned

split graph will strictly increase irregularity in each iteration.

Proof. 1If G is a fanned split graph, the algorithm will not do any move. Otherwise, there will
be at least one move. So we only have to prove that steps 2(a)i and 2(a)ii will strictly increase

irregularity of G.
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Let f = |F| be the number of nodes of degree n — 1. As in steps 1c or 2b w is chosen such as

d,, is maximum among the non-fixed nodes :

dy = f; (5.15)

< .

i > f; (5.16)
dy +d; +dy < dj+d, +dy; (5.17)

for any non-fixed node y. Expressions (5.15) and (5.16) give
d; < dy< (5.18)
and, subtracting in both sides of (5.17)

dy> +d;§dj +d,. (5.19)
Let u be the node chosen in step 2a.

e Suppose first that d, > f. In this case, a node v is selected in step 2(a)i and rotation

rot(u,v,w) applied on G.

By the choice of w and u, it is easy to check that d,, < d,,, and we have two cases :

- Ifd, <d,, we are in Case 4 of Lemma 5.2 ,
A(G) =A(G)+2[d; +d, —d; +1]+k,

and as v is non-fixed (5.19) implies that A(G') > A(G).

- Ifd, > d,, we are in Case 2 :
A(G") =A(G)+2[dy +d, +d;, +d,, —d,| +k,
and as d, < d,,,
dy+d; +d; +d, —d,>d; +d; +d, +d, —d,=dy +d; —d,;
which is positive as d;- > d;5 by (5.18). Again, A(G’) > A(G).

e Suppose now that d, = f. In this case, one tries to find an edge (v1,v;) in step 2(a)ii such
that {vi,v2} ¢ FUw and d,, > d,,. Then two rotations are applied on G. Let G’ be the graph
obtained after rotation rot(vy,v,,u) is applied on G and G” the graph obtained after rotation
rot(u,vy,w) is applied on G’. As some degrees will change after the first rotation, we will
note them d,{ in G'. By construction d,, > d,, > d,, = f which means that we are in Case 1

of Lemma 5.2 for the first rotation :

A(G') = A(G)+2[dy, +d,, —d; —1]+k
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where k = 0 because there is no edge (v,,u) and where d;> = d, = f. So,
A(G) =A(G)+2[dy, +d,, — f—1]. (5.20)
Let us see now how the degrees have changed before the second rotation. It is clear that

d =d,+1,d =d, andd,=d, (5.21)

V]

but some other changes can happen in the decomposition of these degrees in the sets d<,d~

and d~. There are three different possible configurations :

1. d,, >d,,. Asd,, >d,+ 1 and by (5.21) we have d}, > d,,. Moreover, d,, > d,, and we
are in Case 4 of Lemma 5.2:
AG") =A(G) +2[d; +d, —d] +1]+k
where k£ > 0 and where dv>l/ =d;.d; ' =d> and d5' = d=. Finally, replacing A(G') by
(5.20) gives
A(G") =A(G)+2[dy, +d,, — f—1+d,, +d,, —d; +1]+k.

which is strictly greater than zero because d;; > f+ 1 (the f edges from v, to the fixed
nodes, plus the edge {v;,v,}) and d;; +d;; > d; by (5.19).

w = Yy
2. d,, =d,, and d,, > d, + 1. We are again in Case 4 but the difference here is that
a7 =d; +1:
A(G") = A(G)+2[dy, +d, — f—1+d,; +d, —d; ]| +k.
which is strictly greater than zero because dv<2 > f+1,d; +d; > dv>1 as before and
d,, > 1 due to the edge (vi,12).
3. d,, =d,, and d,, = d,,+ 1. In this last case, d|, = d,

/ !/ :
s dy, ,and d), > d;,, so we are in Case
2:

A(G") = A(G) +2[d5 +d; +d7 +d —d]+k.

One can check that k=0, d, = f+ 1, d,; = 1,d; = f, d; =d; and d, =d,.
Putting these values in the previous expression and replacing A(G’) by (5.20) leads to
A(G") = A(G) +2[dy, +d,, +d; +d, — f—1],
which is strictly positive because d,, = 1, dv<2/ = fandd, > 0. 0

Theorem 5.1. (Conjectures 5.2 and 5.3) For any graph G with n nodes, m edges and irregularity

A(G),
AG)<dn—d)(n—d+1)+1t(t—2d—1)
where
d= Ln—%— (n—%)Z—ZmJ
and

t=m—(n—d)d—d(d—1)/2.

Moreover, this value is attained if and only if G is a fanned split graph.
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Proof. From Lemma 5.1, algorithm FannedSplitGraph applied to any graph G ends with the
unique fanned split graph with n nodes and m edges. From Lemma 5.3 all rotations or pairs
of rotations applied increase strictly the irregularity of the graph. It follows that fanned split
graphs are extremal (which is Conjecture 5.2). Then the bound follows from the computations
preceding Conjecture 5.3. The fact that it is the best possible bound and that extremal graphs can

be characterized as fanned split graphs also follows from Lemmas 5.1 and 5.3. O

5.4 Summary

The problem of finding a best possible bound on the irregularity of graphs G with n nodes and m

edges, as defined by Albertson [1], is entirely solved. Moreover, extremal graphs are characterized.

These results have been obtained through three of the main capacities of the system Auto-
GraphiX :

1. Finding extremal or near extremal graphs. In this case AutoGraphiX obtained 230 graphs

which were extremal, without one exception.

2. Finding automatically conjectures. Four such conjectures were obtained, from which it

follows that extremal graphs are split graphs with one node of largest possible degree.

Using these results and the representation of graphs found, a new family of graphs was
identified : fanned split graphs, which are complete split graphs with possibly some ad-
ditional edges all incident with a same node. The 230 graphs obtained all belong to this
family, which has one and only one member for each pair of numbers n of nodes and m
of edges compatible with the existence of a graph. The conjectures that extremal graphs

always belong to this family, as well as a numerical bound on irregularity, follow.

3. Suggesting proof strategies. The extremal graphs obtained could be found once again using
only the edge rotation move, which is the simplest one leaving n and m unchanged. This
suggested an algorithm to go from any graph G to a fanned split graph with the same number
of nodes and edges, using only moves which increase irregularity. Such an algorithm using
one or two rotations at each step could be obtained, with help of the interactive component

of AutoGraphiX. The two conjectures were thus proved.

We believe the “simulated algorithm” type of proof used here to be worthy of further study.
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Introduction

Several conjecture-making systems have been presented in Chapter 2. It appears that each system
explores specific types of conjectures and that some theorems, discovered without computer as-
sistance, have forms that are not considered by them at this time [160]. The forms of conjectures
found with the help of these systems heavily depend on the principles and approach they use, but

are very often algebraic expressions of invariants.

We present here a new computer-assisted system, called GraPHedron [62, 58, 196], that we
developed in the context of this PhD dissertation. It can, in some cases, give conjectures in a fully

automated way. Its specificity lies in the fact that it tries to answer the following question :

What are all the best inequalities among a selected set of invariants, valid for graphs

of a given class ?

The arguments used to answer this question are taken from polyhedral theory. Actually, the

name GraPHedron is the contraction of the words graph and polyhedron.

The system GraPHedron is outlined in Chapter 6. In this chapter, we present its principles,
applications and future perspectives. The forms of the conjectures that can be derived with the help
of GraPHedron are also studied. A few words are said about automatically derived conjectures,
but this feature is still under development. This presentation chapter is illustrated with a complete
example : all optimal relations, between the diameter D and the number of edges m of connected

graphs with n nodes, are suggested by GraPHedron and then proved.

Chapter 7 is devoted to the first results obtained with GraPHedron. Even if the system is

recent’, we obtained several interesting results and its strategy appears to be very fruitful.

2The first prototype version (written in C) was started in December 2002 but was only usable by the author itself.
However, as this experiment led already to some conjectures, we completely rewrote this prototype (in C++) and added
an important part of its current features. This first real version of GraPHedron was ready in November 2003. It is

currently used by a dozen of computer scientists and mathematicians.
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CHAPTER 6

A new conjecture-making system

Principles e Outline o Applications e Forms of conjectures ® Automated conjectures ¢ Summary

We present now GraPHedron, a computer system which helps to find optimal conjectures in graph

theory.

This chapter is organized as follows. In Section 6.1, we explain the principles of GraPHedron,
and give our answer to the question stated in the introduction of this part (p. 129). The outline of
GraPHedron is detailed in Section 6.2. We next present several possible applications in Section
6.3. The forms of the conjectures that can be derived with GraPHedron are studied in Section
6.4. Some conjectures are given automatically but this feature has to be improved. This is briefly

discussed in Section 6.5.
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6.1 Principles

Some new notations and definitions are introduced in Section 6.1.1. Then, in Section 6.1.2, the
polyhedral approach of GraPHedron is explained. This approach is illustrated in Section 6.1.3 by
an example. Finally, we explain in Section 6.1.4 the differences between this approach and the

geometric procedure used in the system AutoGraphiX (see Section 2.5 and Part II).

6.1.1 Notations

Classical notions of polyhedral theory are used in this chapter. Readers that are not familiar with
these notions are referred to the standard textbook of Ziegler [236]. However, we recall and fix

some notations and definitions in this section.

Definition 6.1. The set of invariants I = {i,i2,...,i,} is a set of p algebraic expressions involving

one or more graph invariants, excluding the number of nodes n.

Remark 6.1. This definition is not ambiguous because an algebraic expression involving several

invariants is also an invariant.

Definition 6.2. For a given set I of p invariants, we define the p-dimensional space of invariants

SP. Each coordinate x;, of S?, for k =1,2,... p, is associated with the invariant iy.

Remark 6.2. Depending on the type of the invariant values, S” can be Z”, QP or R”. If the
invariants i, have boolean or integer values, S” is Z” and boolean values are considered as integers
(where true is 1 and false is 0). If at least one invariant i, € R, then S” is the real space R”. Finally,

if at least one invariant iy € Q and no other invariant has real values, then S” is QP.

Definition 6.3. Let S be a set of points in SP. The p-dimensional polytope P = conv(S) is the

convex hull of S.

From a geometrical point of view, a polytope is an intersection of half-spaces. A p-dimensional

polytope can thus be defined as a set of solutions x € S” of a system of k linear inequalities
Ax<b (6.1)
where A € SK*? is a k x p matrix and b € S¥ is a k-vector.

Definition 6.4. A face of P is the intersection of P with a tangent hyperplane. Zero-dimensional
faces are vertices, one-dimensional faces are polytope edges and (p — 1)-dimensional faces are

facets.

Remark 6.3. We recall that to avoid confusion we use the terms node and edge for graphs and

vertex and polytope edge for polytopes.
Definition 6.5. An inequality of the system (6.1) is called a facet defining inequality.

Definition 6.6. 7 (P) is the system of facets defining inequalities describing P.
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6.1.2 A polyhedral approach

As already stressed in the introduction of this part, and as often seen in the previous chapters, theo-
rems in graph theory are often expressions (equalities or inequalities) involving a set of invariants,
under some conditions that graphs should respect. These conditions, or hypotheses, are generally
a specific class of graphs C. For example, a theorem may be valid only for connected, bipartite or

planar graphs.

Definition 6.7. G, is the set of all non-isomorphic graphs with n nodes, belonging to a given class

C.

Questions

We ask the following question :

What are all the best linear inequalities among invariants of 1, valid for all graphs of

G ?
Actually, to answer this question, one needs to answer some related ones :

a) How to define a “best” or “optimal” linear inequality when n is given ?
b) What does it mean “all” inequalities for a given problem ?

c) How to find these inequalities ?

Answers

We derive answers from a polyhedral approach, considering graphs as points in a space of invari-
ants S”. For a fixed value of n, each graph G of C, is represented by a point (x1,x,...,x,) where
xi = ix(G).

Definition 6.8. For a given class of graphs C, a given set of invariants I and a fixed integer n, we

define the invariants polytope 2?5 as
PS! = conv (.55’1) )
where
Sn={(x1,x2,...,x,) €SP | IG € G, :11(G) = x1,02(G) = x2,...,i,(G) = x,}.

Remark 6.4. When no confusion is possible, PS5 s simply denoted by #, and S $1is denoted
by S,.
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The polytope P, can be described by a system ¥ (P,) of facets defining inequalities. Any

such linear inequality can be considered as best possible :

e any valid linear inequality among the invariants of I is dominated by a positive combination

of facets defining inequalities € F (P,);

e F(P,) constitutes a minimal system describing P, i.e., no facet defining inequality €

F (P,,) can be a logical consequence of any other valid inequalities.

This definition of optimality is thus stronger than a “tight” inequality — a classical argument of

quality — which means only that the inequality defines a supporting hyperplane of ?,,.

Conjectures finding

From the computation of P, it follows a fruitful strategy to formulate conjectures. If # is small,
P, can be computed effectively with a computer. The idea of the computer system GraPHedron is
to compute the polytopes P, for some reasonable values of n and to display detailed information
about them. If similarities between a facet of each P, can be pointed out, one often obtains a
conjectured generalization of this facet for all n. Sometimes, the complete system F (P,) can
be conjectured and generalized for each n. The characterization of the vertex graphs is also very

helpful to derive conjectures.

Definition 6.9. Let G € G, be a graph and PS™" an invariants polytope. If the point (i (G),i>(G), ..., in(G))
is a vertex oanC’I, then G is called a vertex graph of?,f’l.

6.1.3 lllustration

To illustrate the polyhedral approach, we introduce a simple but beautiful example.

Problem 6.1. What are all the best linear inequalities between the diameter D and the number of

edges m of connected graphs with n nodes ?

Applying the polyhedral approach

Thus I = {D,m} and C is the class of connected graphs. Figure 6.1 shows all graphs in (4, the

associated vectors of coordinates (D,m) and the corresponding polytope Py.
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Figure 6.1: Graphs of (4, their coordinates (D,m) and the polytope P4

This polytope is defined by the following set of facets defining inequalities :

m
3D+m
D+m

2D+m

ININ IV IV

Polytopes P,, with larger values of n can then be computed. Figure 6.2 shows representations of
Py and P produced by GraPHedron.

P19, as displayed by GraPHedron.

n=9

Figure 6.2: The polytopes Py and P

Figures 6.3 and 6.4 show drawings of the vertex graphs (see Definition 6.9, p. 134) of P9 and

Derivation of conjectures

A look at the information displayed by GraPHedron for the polytopes ?, (n =4,5,...,11) leads

to the following observations. The polytopes have always four facets and a very similar shape.
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Figure 6.4: The vertex graphs of P

Each vertex always corresponds to only one graph. These vertex graphs are easily characterized :

the star S,,, the path P,, the complete graph K, and the complete graph with a removed edge K, \e.

Remark 6.5. The report created by GraPHedron for this problem is presented in Appendix B.1
(pages 199 to 217).

The coordinates (D, m) of these vertex graphs are trivially generalized in terms of n :

2,n—1), 6.2)
n—1, _1)7 (63)

> , (6.4)
— 1> . (6.5)

If one conjectures that the coordinates associated with these graphs are always vertices of P,
(and that no other graph corresponds to a vertex), the facets defining inequalities are also easily
generalized. It suffices to compute the equations of the lines through each pair of respective points.
The polytopes description F (P,,) can now be conjectured for each n. When 7 is too small, some

border effects arise. For instance, S3 ~ P3. To avoid such discussion, we assume that n > 4.
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Conjecture 6.1. For each connected graph G with n > 4 nodes, m edges and a diameter D,

m > n—1, (6.6)
("_1)2(”_2)D+m > (n—1)?, 6.7)
D+m < ”("2_1)+1, (6.8)

nD+2m < (n+2)(n—1), (6.9)

and these inequalities are the only possible facets defining inequalities for each n.

This conjecture is proven in Section 6.3.1.

Remark 6.6. As shown in Section 9 of the report (see Appendix B.1, p. 215), inequalities (6.6) —
(6.9) are automatically found by GraPHedron. This feature is discussed in Section 6.5.

6.1.4 The geometric procedure of AutoGraphiX

This polyhedral approach is simple and natural but has not yet been exploited systematically.

However, there are similarities between this approach and one of the features of AutoGraphiX.

Recall that the system AutoGraphiX (see Section 2.5 and Part II) uses a metaheuristic to obtain a
set of graphs Gy, where k = kyin, - - - , kimayx 18 @ parameter such as the number of nodes. These graphs
are extremal or near-extremal for a given objective function f(G). The set of graphs considered
can be extended using two parameters together and G can be restricted to a specific class by adding

constraints to the optimization problem.

We have seen (see again Section 2.5) that AutoGraphiX applies three different methods to ob-
tain conjectures automatically from the set G;. One of theses methods is the geometric procedure,
which consists in considering the graphs Gy “as points in a space of characteristics, then uses a
convex-hull (or gift-wrapping) algorithm to find facets, which correspond to conjectures” ([56], p.

83). This procedure is thus similar to our approach but there are important differences.

Caporossi and Hansen restrict the points to a set of graphs which are extremal or near-extremal
for f(G) and they study only the facets relevant for the type of the optimization problem (mini-
mization or maximization) : the coordinates are thus always (f(Gy),k). Of course, the order of

graphs Gy is larger than what can be obtained by enumeration.

On the contrary, we consider all non-isomorphic graphs of C and try to characterize all the
facets of the convex hull of a free dimensional set of points. It allows to identify a finite number
of optimal relations from which all other relations follow, i.e., a minimal system of optimal rela-
tions. Therefore, the forms of the conjectures derived with the two systems are different. Finally,
we output the polyhedral information about the problem which can be useful to understand the

relations between invariants of I and to prove the derived conjectures.
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6.2 Outline

GraPHedron is written in C++ and is developed to run on Unix-like systems. The current version

is a command-line application.

Input

The input of the program is the definition of a given problem written in a text file.

Example 6.1. An example of a problem file written to solve Problem 6.1 is given in Appendix
B.1, p. 199.

A problem is defined by

1) aset of invariants I

ii) aclass of graphs C;

iii) a value’s range for n = nyn, . . . Npaxs

iv) and several options.

In Section 6.2.1, we explain which expressions of invariants are recognized by GraPHedron. These

expressions can be used in the problem statement, reviewed in detail in Section 6.2.2.

Output

The output is a set of various files. Among them is a report written in IEX with

a complete description of the systems F (P,) (for n = npmin, . . ., linax);

e representations of P, in S?, if the number of invariants is 2;

drawings of the vertex graphs;

automated conjectures, if available;

optional other information.
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Process
To produce this output, GraPHedron is made of the following 3 stages :

1. Data generation (graphs and invariants);
2. Polytopes computation;

3. Creation of the report and derivation of conjectures.

Details of each step are explained in Sections 6.2.3 to 6.2.5.

Finally, in Section 6.2.6, we give the current limitations of GraPHedron in time and storage.

We also explain the choices made in the implementation, in order to overcome these limitations.

6.2.1 Algebraic expressions of invariants in GraPHedron

An invariant of I can be defined as an algebraic expression of other invariants. One can use three
types of operators to build an expression. Arithmetic operators are used to construct arithmetic
expressions and relational and logical operators allow the construction of boolean expressions.
Boolean expressions are generally used to define C (see Section 6.2.2). Tables B.1 — B.3 in Ap-

pendix B.3 list the operators currently available in GraPHedron.
If an invariant is not constructed from any available operator, it is called a basic invariant.

If an expression E uses an invariant with an irrational value, or a constant written in floating
notation, then E is called an approximated expression. 1If all expressions involved in a given
problem are non-approximated, all computations are made in exact arithmetic using the GMP
library [135]. Otherwise, the user has to be aware of possible round-off errors : all values are

converted to floating point numbers (in double precision).

Example 6.2. The diameter D is a basic invariant, and the invariant defined by % is an exact

arithmetic expression.

6.2.2 Problem statement

A problem is defined from this information :

1. Set of invariants 1. Each element of I is an algebraic expression of graph invariants!,

also called a coordinate of the problem. In the case of a boolean expression, its value is

'We recall that an algebraic expression of several graph invariants is also a graph invariant.
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considered as an integer (true is 1 and false is 0). There exist currently about 50 invariants
implemented in GraPHedron (see the list of invariants in Appendix B.4). The code is written

in such a way that new invariants can be easily added.

2. Class of graphs C. Graphs considered can be restricted to a specific class C in two ways :

(a) Selective generation. GraPHedron uses, as a sub-routine, the graph generator geng
of Mc Kay [192] (see Section 2.1). The program geng allows to restrict the graphs
generated by fixing some parameters (e.g., minimum and maximum degree, mini-
mum and maximum number of edges, ...). These parameters are fixed internally by
GraPHedron when the user asks to generate graphs from one of the following class :
trees, bipartite graphs, k-regular graphs, triangle-free graphs (graphs without K3 sub-
graphs) or Cy-free graphs (graphs without cycles with 4 nodes). These classes can be
combined. For instance, one can generate only bipartite cubic graphs, i.e. bipartite 3-
regular graphs. For a given problem, we note (3¢’ the set of all non-isomorphic graphs

with n nodes generated by selective generation.

(b) Graphs filtering. The user can define a set of conditions, i.e., boolean expressions of
invariants (see Section 6.2.1), that graphs should respect. Each graph enumerated by
selective generation is tested and accepted only if all conditions are true for it. We note
C,{ " the set of all non-isomorphic graphs with n nodes which respect the conditions

defined for a given problem.

Remark 6.7. Each method has its advantage : selective generation allows to reach larger
values for n and, as explained in Section 6.2.6, graphs filtering can be used to avoid re-

computation of graphs and invariants values.

Selective generation and graphs filtering are combined to define C. For a given class C and

a value of n, the set of graphs (, is defined by

Cn _ C;:el N C,{il-

. Order of graphs. The user has to give the values n,;, and n,.. The polytopes P, for

N = Nyin, - - -, Amax are then computed in a following stage. An optional value ny,, can be
defined to go from 7,,;, tO M4 by steps of ng.,. Acceptable values of n,,, depend on the

choice made in the selective generation. Some current limits are given in Section 6.2.6.

. Options. Several options are available allowing to adapt, or to add information to, the output

generated by the software. For instance, one can get statistics about the coordinate’s values,

as illustrated in Section 6.3.2.

6.2.3 Data generation

The data are generated as follows, for n = i, . . . , Binaxs
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1. Let g be the number of basic invariants® used in the definition of I and C,{ ' We note these

basic invariants biy,bi, ..., bi,.
2. GraPHedron will create 1+ ¢ files.
(a) The graphs of C3¢ for n = Ry, . . ., iyay are generated by geng and stored in a binary
format.

Remark 6.8. For a given set (¥, a corresponding file gra_C_n_sel is created.

Remark 6.9. A graph G is stored as a set of bytes in which a bit represents a boolean
value of the upper triangle of the adjacency matrix. The number of bytes used for G is

an integer and the bits which are not used are set to 0. Therefore , if G has n nodes, we

]

need

bytes to store G.

(b) For each basic invariant bi; for k = 1,2,...q, its values bix(G) is computed for all
G € C** and stored in a binary file.

Remark 6.10. For a given set C: and a basic invariant bi, a file inv_bi_k C.n_sel

is created.

3. These files are organized as follows. To each graph G, stored in the file gra_C_n_sel,
is associated an implicit reference, which is simply its position pos in the file. In files
inv_bi k C_n_sel, the values of the invariants bix(G) are stored at the same position pos.
As one knows the amount of space used to store a graph or a value of an invariant, it allows
a direct access to a graph G and the values i (G) if one knows the position pos. Moreover,
in the subsequent steps, one can work with only the values bi; and “forget” completely that

a graph is associated with them.

4. These files are stored after the execution of GraPHedron for a given problem. If another
problem uses again i and the same set C*¢/, the data can be directly reused from gra_C_n_sel
and inv_bi_k C_n_sel. This is very useful when computing bi; takes a long time, as for NP-
hard invariants. Moreover, experiences show that, in the whole process, the computation of
invariants is the most time-consuming step when n grows, even for invariants with a poly-

nomial complexity (see Section 6.2.6).

Example 6.3. If a first problem studies I = (D, m), the files inv_.D_C_n_sel and inv.m C.n_sel

are created. When studying a second problem I = (%,

o), only the file inv_alpha C_n sel will

be created.

ZRecall that a basic invariant is an invariant which is not constructed with any arithmetic, relational or logical

operator.
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6.2.4 Polytopes computation

For each n = ny,jy, . . . , lypax, the polytope P, is computed as follows.

1. Determine a set S, of points. Recall that §,, is defined by

Sn={(x1,x2,...,xp) €SP | IG € G, :11(G) =x1,02(G) = x2,...,i,(G) =xp}.

It is possible that several graphs are associated to the same point (x1,x2,...,x,). To each

point (x1,x2,...,x,), GraPHedron associates

(a) the set G of the positions (pos, see previous section) of the graphs G such that
X1 = i](G), Xy = iz(G), ey x,, = ip(G),
(b) the number of such graphs.

Remark 6.11. The number of references stored in a point can be limited. These references
are used later, e.g., to draw graphs corresponding to a given point. The number of graphs in

G associated with a point is always computed.

The construction of §, is made as follows.

(a) S, is empty
(b) For each position pos, the coordinate x; is computed from the files containing the
values of the basic invariants (see Section 6.2.3) used in ;. The conditions (graph
filtering) are also computed, again reading values of basic invariants at position pos,
in corresponding files. If v/ = (x1,x2,...,x,) is accepted,
i. If V' is already in S, the set G of V' is updated and the number of graphs incre-
mented;

ii. otherwise, a new point is added in .

Example 6.4. If I = (2, m), the values of D and m are read in the files inv_D_C_n_sel and

inv.m C_n_sel. Then, xj is computed by dividing D by 2.

Remark 6.12. When the dimension p is small and if the vectors often have same values,
e.g., integers between 0 and n, the number of points in .S, is generally much smaller than

the number of graphs in G, (see Section 6.2.6).

. Compute the convex hull of S,. This is done using libcdd of Fukuda [130]. Several algo-

rithms exist to compute the convex hull of a set of points. See [13] for a survey on these
algorithms and an efficiency comparison of the main existing tools. Avis et al. [13] conclude
that there is no algorithm which is the best in all cases. Their efficiencies depend on the type

of polytopes. Unfortunately, as we want to design a system which can be applied with any
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set of invariants, we cannot know a priori the characteristics of the polytopes. However,
our requirements are that the convex hull computation software should be able to manage a
lot of points, which are not necessarily vertices of the polytope, and to deal with both exact
arithmetic and floating arithmetic. This is the case of libcdd. Moreover, libcdd is a C/C++

library and thus avoids the call of an external software system.

Remark 6.13. In the same spirit as for the previous stage (data generation), if the system detects

that a polytope has already been computed, it does not perform the computation again.

6.2.5 Report and conjectures

The output of GraPHedron is a report created with IZTEX. This report contains all the information

computed. The polytopes P, are described in both representations :

a) asystem 7 (P,) of facets defining inequalities;
b) a set of vertices.

Example 6.5. See again Appendix B.1 or Appendix B.2 for examples of reports.

To derive conjectures, the user has to study the inequalities by hand or by interacting with the
system where she/he can see and/or print the vertex graphs. In the case of two coordinates, the
report contains a drawing of the polytopes. For three coordinates, the polytopes can be exported
to be visualized and manipulated with polymake [133, 134]. In some cases, automated conjectures
are found and presented in a specific section (see Section 6.5). The last section of the report

contains tables with detailed information about CPU times needed to solve the problem.

Remark 6.14. All the files generated to create the report are reusable and written in classical

formats, e.g., EPS files for figures.

6.2.6 Limits and performance

Table 6.1 records (estimations of) the resources needed in the case of general graphs (for which
the limitation today is n = 11). These results were obtained on a Linux computer with a Pentium
(R) IV (3 GHz) processor. Of course, for more restricted classes, the manageable number n of

nodes can reach larger values. For instance, Table 6.2 refers to the class of trees.

Table 6.3 shows the CPU times — and the relative percentage of total time for each n — spent
for each step in the computation of the problem posed in Problem 6.1. The class of connected
graphs was specified here using graph filtering. There are 3 invariants which have polynomial

complexities : m(G), D(G) and the boolean invariant ¢(G) which is true only if G is connected.
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Table 6.1: Needed resources for general graphs

n # of graphs CPU time File size (in Kb)
5 34 0.00 sec 0.17
6 156 0.00 sec 0.41
7 1044 0.00 sec 3.16
8 12 346 0.02 sec 48.33
9 274 668 0.45 sec 1341.26
10 12 005 168 21.38 sec 7.034 x 10*
11 | 1018997 864 27 min 14.68 sec 6.966 x 10°
12 1.65 x 10" | (estimated) 3.4 days | (computed) 1.451 x 10°
13 5.05 x 10'3 | (estimated) 3.3 years | (computed) 4.932 x 10!
Table 6.2: Needed resources for trees

# of trees CPU time | File size (Kb)

3 0.00 sec 0.11

10 106 0.00 sec 0.72

15 7741 1.79 sec 105.94

20 | 823065 | 60 min 29.74 sec 1.93 x 104

It appears often that, when n grows, the relative percentage of time that can be saved by precom-
putation (graph generation and invariants computation) is increasing. It is thus efficient in time to
keep the data computed in files. This observation is reinforced with invariants hardest to compute.

Of course, this feature has a cost in terms of storage. Fortunately, the compression of invariants

data files greatly reduces the space needed for them.

Table 6.3: CPU Times (in sec.) for each step when solving Problem 6.1

Value of n 7 8 9 10

Graph generation 0.00 (0%) 0.02 (5.4%) 0.45 (5.1%) 21.38 (4.9%)
Computation of ¢ 0.00 0.04 1.07 56.99
Computation of D 0.01 0.07 2.10 118.98
Computation of m 0.00 0.02 0.55 32.02

Total invariants 0.01 (25.0%) | 0.13 (35.1%) | 3.72 (42.0%) | 207.99 (47.8%)
Computation of Py, | 0.03 (75.0%) | 0.22 (59.5%) | 4.69 (52.9%) | 205.95 (47.3%)
Total time 0.04 0.37 8.86 435.32

Remark 6.15. Generation of graphs and computation of invariants can be separated in a finite
number of parts : either separating the computation for different values of n, or even splitting

computation for a given n. It allows to make computation in parallel and to keep the size of files

under the limits of operating systems.




6.3 Applications 145

6.3 Applications

The main application of GraPHedron is to find optimal conjectures in graph theory, as illustrated
with Problem 6.1. This example has led to Conjecture 6.1, which is proven in Section 6.3.1.

Chapter 7 is devoted to other theoretical results obtained with GraPHedron.

Other possible applications are presented in Section 6.3.2.

6.3.1 Discover new and optimal conjectures
Proof of Conjecture 6.1

In order to prove Conjecture 6.1 (p. 136), we introduce the following lemma.

Lemma 6.1. For each connected graph G with n > 3 nodes, m edges and a diameter2 <D <n—1,

2m < D*—DQ2n+1)+(n—1)(n+4) (6.10)

Proof. Let G*(n,D) be a graph with a fixed number of nodes n > 3, a fixed diameter 2 <D <n—1
and constructed from two disjoint subgraphs : a path Pp 1 and a clique K,,_p_1. Three consecutive
nodes of Pp; are adjacent to all nodes of K,,_p_;. There are no other edges between the path and
the clique. Such a graph is depicted in Figure 6.5. Note that, for given values n and D, G*(n,D)
is generally not unique since one can move, through the path, the 3 consecutive nodes adjacent to
the clique. However, when D is equal to 2 or n — 1, G*(n, D) is unique since G*(n,2) ~ K, \e and
G*'(n,n—1) ~P,.

Figure 6.5: A graph G*(11,6) : n=11,D=6,K,,_p_1 = K4 and Pp,| = P;

Graphs G*(n,D) have a maximum number of edges among all graphs with n nodes and a
diameter D. Indeed, adding one edge in G*(n, D) will inevitably reduce D by creating a shortcut

in the path Ppy .

It follows that

m(G) <m(G*(n,D)), 6.11)
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for all graphs G with n nodes and a diameter D. By construction the number of edges of G*(n,D)

is equal to
N n—D—1
m(G (n,D)):D+< 5 >+3(n—D—1),
which can be simplified by collecting D :
1
m(G"(n,D)) = 5 [D*—D(2n+1)+(n—1)(n+4)]. (6.12)
Egs. (6.11) and (6.12) give the result. ]

Remark 6.16. Lemma 6.1 expresses the values of the points which are undominated but do not
lie on a facet. Recently, we added to GraPHedron a detection of such points, also called Parefo

points (see Appendix B.1)

Conjecture 6.1 can now be reformulated as a theorem.

Theorem 6.1. For each connected graph G with n > 4 nodes, m edges and a diameter D,

m > n—1, (6.13)
N (6.14)
Dim < ”(”21)+1, (6.15)

aD+2m < (n+2)(n—1). (6.16)

and these inequalities are the only possible facets defining inequalities for each n.

Proof. Inequality (6.13) is valid since we consider only connected graphs of order n. The mini-
mum number of edges is thus n — 1 which arises only for trees. The diameter of trees varies from
2 for the star S, to n — 1 for the path P,. The corresponding vectors (D,m), namely (2,n— 1) and
(n—1,n—1) are linearly independent when n > 4. It follows that (6.13) is facet defining.

If D(G) =1, then G ~ K,,. As m(K,) = (5), the two sides of (6.14) are equal and this inequality
is valid. If D(G) > 2, and because m > n— 1, we have

—1)(n—2 —1)(n—2
—(n )(n )D+m2—(n )(n )2+n—1:(n—1)2,
2 2
and (6.14) remains valid. When n > 3, vectors (D,m) corresponding to K, and S, are linearly

independent and satisfy (6.14) with equality. Inequality (6.14) is thus facet defining.

Remark that if D < 2, Inequality (6.16) is dominated by Inequality (6.15). It is the contrary
when D > 2 and these two inequalities are equal when D = 2. We can thus assume that D < 2
(resp. D > 2) to prove that Inequality (6.15) (resp. (6.16)) is facet defining. To prove their validity,
one has to answer the following question : what is the maximum number of edges in connected

graphs with fixed number of nodes and diameter ?
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If D <2, the candidate graphs are trivially K,, and K, \e which have linearly independent
vectors (D,m) if only n > 3. Inequality (6.15) is thus facet defining.

Lemma 6.1 gives the answer when D > 2. It is straightforward to check that, for a fixed number
of nodes n, Inequality (6.10) is dominated by Inequality (6.16) when 2 < D < n— 1. These two
inequalities intersect when D =2 and D =n — 1, at points (2, (5) —1) and (n— 1,n—1). These
points correspond to K,\e and P, respectively and are again linearly independent when n > 4.

Inequality (6.16) is thus also a inequality defining a facet.

Finally, remark that, for all values of n and D, we have characterized all the graphs maximizing
(graphs G*(n, D)) and minimizing (trees) the number of edges. We have shown that their coordi-
nates either satisfy one or two inequalities of Theorem 6.1, or are dominated by them. It follows

that the description of the polytopes is complete for each n. O

Other suggested conjectures

Chapter 7 is entirely devoted to results obtained with the help of GraPHedron. Among these

results, we give an answer to the following question.

Problem 6.2. What is the minimum number of edges m in connected graphs with a fixed number

of nodes n and a fixed stability number o ?

This question was listed as an open problem in Ore [202] since 1962. It constitutes a variant
of a famous theorem of Turdn [228], which is applied when graphs are not necessarily connected.
A complete answer to Problem 6.2, obtained with the help of GraPHedron is given in Theorem

7.2, which is presented and proven in Section 7.1.

Remark 6.17. In Problem 6.2, I = {a,m} and C is the class of connected graphs. The report
created by GraPHedron for this problem is presented in Appendix B.2 (pages 217 to 240). The

solution for this problem is studied in Section 7.1.

Another illustration of this strategy to obtain new results in graph theory is also given in
Section 7.2. In this section, our methodology is applied to find relations, on connected graphs
with n nodes, between three invariants : the maximum degree A(G), the irregularity A(G) and the
diameter D(G).

6.3.2 Other applications

Here are some other applications of GraPHedron :
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a) Check existing conjectures and theorems. One can submit to GraPHedron an existing con-

b)

9

d)

e)

jecture C or theorem 7" expressed as an inequality (or an equality) among p invariants. The

system can then be used in two ways :

1) Check for validity and optimality. This can be done without computing the polytopes.

Browsing the graphs of (,, one can check if :

e C is rejected since a counter-example exists;

e Cisvalid,

e CorT is tight by exhibiting a graph satisfying the conjecture or theorem with equal-
ity;

e C or T is facet defining by exhibiting a set of p graphs, satisfying the conjecture
or theorem with equality, and corresponding to p linearly independent vectors of

coordinates.

2) Extract invariants and compute associated polytopes. A conjecture or a theorem which
is not facet defining in all computed polytopes means that one can maybe improve it.
Applying the strategy described in Section 6.1 can lead to a better formulation. Otherwise,

showing that an existing theorem is facet defining is a strong criterion of quality.

Help for theorem-proving. Because the vertex graphs are extremal for a given problem, their
knowledge is of great help when one has to prove the conjectures derived with or by the sys-
tem. Moreover, if their coordinates are characterized, one directly obtains a set of linearly
independent vectors. This is intensively used in the proofs, see for instance the proof of The-

orem 6.1 and the proofs of Chapter 7.

The representation of the polytopes is useful too when one would like to detect if an inequality

is dominated by another.

Compare values of heuristics and exact algorithms. Let h*(G) be the worst-case value ob-
tained when a heuristic H is applied to G. Define an invariant by dividing #*(G) by the
value obtained by an exact algorithm. This invariant represents a factor of approximation.
This approach is illustrated in Section 7.3 : the maximal-matching heuristic provides a 2-
approximation of two classical NP-hard problems (minimum node cover and minimum max-
imal matching) [132]. Using GraPHedron, finer worst-case approximation factors were ob-

tained, under some assumptions on the density of the graphs.

Education. The system is easy to use and some well-chosen problems, such as Problem 6.1,
can be used by students. Information is displayed in a way which makes basic notions of graph
theory and polyhedral theory handy to illustrate. Of course, the proofs of conjectures — which
can appear quite easy — is another challenge. This provides an exciting way to be initiated to

the world of research in graph theory.

Get information about the points distribution. One can ask, as an option, that the system adds

the distribution of the points of S, corresponding to graphs, inside the polytopes. It can be
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of interest as sometimes a vast majority of graphs are far away from some facets. Figure 6.6
shows the distribution inside the polytope Py derived from Problem 6.2. A white point means
that there is only one graph corresponding to this coordinate. An increasing level of gray
shows the growing frequency of graphs sharing the same coordinates. See also, in Appendix

B.2, the report created to solve Problem 6.2.

36T

32Tt

287

241

O00000000000000

207

NumEdges

16T

0000000000000 00000000

127

O0000000000000000000,
000000000000 0000Q
000000000000

q

4
StableMax

Figure 6.6: Distribution of points in P9 for Problem 6.2

f) Get information about invariants. One can ask, as an option, that the system computes, during
its process, various statistics about the coordinates of the problem. See for instance Appendix

B.2, in which a GraPHedron’s report contains statistics about coordinates.

6.4 Forms of conjectures

Basic form of conjectures

When 7 is fixed, facets are linear inequalities among p invariants. A generalization of these in-

equalities in terms of n leads to a first basic form of conjectures :

Sin)iv+ fa(n)iz + -+ fp(n)ip < fo(n) (6.17)

where f;(n) are functions, linear or not, of n. Theorem 6.1 is an example of such conjectures where
coefficients f;(n) are linear or quadratic functions. It follows that (6.17) is linear for each n, i.e.,

when n is fixed, but can be non linear when r is taken as a parameter.
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Families of inequalities

In Section 7.1, we apply GraPHedron to the set of invariants I = {o,m} for connected graphs
with n nodes (see also the report created by GraPHedron for this problem in Appendix B.2). In
this case, it appears that the number of facets of the polytopes is no longer constant. However, one
can point out families of inequalities. For instance, the rightmost polytope edges (see Eq. (7.4) in

Section 7.1.2) can be expressed as n — 2 inequalities of the form (6.17) :

—k
mg<”2 )—i—k(n—oc) fork=1,2,....n—2. (6.18)

When a family of inequalities occurs to describe (partially) the polytopes P, the correspond-
ing vertex graphs of P, are often also of a specific family. For instance, the n — 1 graphs which are
vertex graphs of the n — 2 facets described by (6.18) are complete split graphs (see again Appendix
B.2). Recall that a complete split graph CSY_, with 1 < o < n is constructed from an independent
set of size o and a clique of size n — o.. Each node in the independent set is adjacent to each node

in the clique. By construction,

n—o

m(CSy_,) = < 5 > +(n—o)o= % [n(n—1)+o(a—1)]. (6.19)

There is exactly one such graph for each possible value of «, i.e., for the integers o =
1,2,...,n. It follows that the family of inequalities (6.18) can be reformulated, without loss of
generality, as

m<—[nn—-1)+a(a—1)], (6.20)

N =

which is non-linear in o, even if n is fixed. Figure 6.7 shows the representations in the plane of
(6.18), the black lines, and (6.20), the dotted curve, when n = 5.

We present other families of inequalities in the next chapter. Their formulations are not always
polynomial. For instance, another family of inequalities is given later (see Egs. (7.10) and (7.19)).

In this case these functions are not polynomial as the ceil operator is used.

Therefore, forms of conjectures that can be derived, when families of inequalities appear, are
not limited to the form (6.17).

6.5 Automated conjectures

In some cases, for instance when

i) the number of facets of P, is constant independently of #;

ii) and the number p of invariants in [ is 2;
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Figure 6.7: Family of inequalities (6.18) and its quadratic generalization (6.20), when n =5

the system is able to generate conjectures in a fully automated way.

For instance, Conjecture 6.1 is automatically detected and added to the report (see Appendix
B.1). In Section 6.1.3, we used a characterization of the vertex graphs to derive Conjecture 6.1.
GraPHedron uses a different method. It tries to detect similarities between facets, analyzing the
values of their coefficients. Then, it generalizes similar facets in terms of n. This recognition
works effectively if the coefficients fi(n) are polynomials in n with a degree < 6. Other functions
fx(n) can also be detected (see [161]).

Automation in more general cases, e.g., when the number of facets is increasing when n grows,
are under study [161]. First types of automated conjectures were presented, very recently, in the

communication [195].

6.6 Summary

We have presented a formal framework, supported by a computer system, allowing to identify
facet defining inequalities among graph invariants. These linear inequalities can be considered as
optimal when # is given. It appears that this strategy is efficient and leads to unexplored forms of
conjectures. From detailed information given in the report created by GraPHedron, it is often easy
to derive conjectures by observation. However, there is much work to do to get conjectures in a

fully automated way, but first results seem to be promising.
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The proposed approach can also be used to check existing conjectures and theorems, to help
in proving conjectures, to study approximation ratios, in education, to get the spatial distribution

of the graphs inside the polytopes and to get statistics about invariants.

To avoid re-computation of graphs and invariants, the system is quite greedy in storage. There-
fore, we think that a web portal, on a dedicated server, allowing to use GraPHedron with much
pre-computed data, is preferable to a downloadable version of the software. This web site is under

construction [136].



CHAPTER 7

First results

Stability number and number of edges of connected graphs e Irregularity, diameter and maximum
degree of connected graphs e Tight analysis of the maximal matching heuristic « Summary

In the previous chapter we have introduced the new computer system GraPHedron, based on a
polyhedral approach. In Section 6.3.1, we have given all optimal linear inequalities among the
diameter D and the number of edges m, for connected graphs with a fixed number of nodes n. In

this chapter, we present other results, surely more important than the study of (D,m).

In Section 7.1, all optimal linear inequalities among the stability number o and the number
of edges — for connected graphs with a fixed number of nodes n — are given. This study gives an

answer to Problem 6.2 quoted in the previous chapter (p. 147).

A similar study is made for a set of three invariants in Section 7.2 : the irregularity A, the
maximum degree A and the diameter D of connected graphs. We have established some of the
optimal inequalities among this set of invariants. However, the problem of finding all optimal

linear inequalities for the diameter, the irregularity and the maximum degree is left open.

Finally, in Section 7.3, we use GraPHedron to compare an heuristic and exact algorithms.
Indeed, we study the worst-case approximation ratio of the maximal matching heuristic for the
minimum node cover and minimum maximal matching problems, as function of density parame-

ters.

153
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7.1 Stability number and number of edges of connected graphs

The general methodology outlined in Chapters 6.1 and 6.2 is applied here to the case of two
invariants, the stability number and the number of edges. Fixing the number n of nodes, we
associate to any connected graph G = (V,E) on n nodes the pair (o, m) where oo = o(G) and
m = m(G). Our goal is to determine, for any n, all facet defining inequalities for the convex

polygon
pCAem _ conv{(a,m)|3G € G,, a(G) = o, m(G) =m}, (7.1)

where ( is the class of connected graphs.

Remark 7.1. In the following T,f Ao} 5o denoted by Py

The polygon Py lies in a plane R? having two coordinates x and x,,. For n = 10, it is

illustrated in Figure 7.1.

Remark 7.2. The report created by GraPHedron to solve this problem is presented in Appendix
B.2.

Figure 7.1, together with similar figures for other values of n (see Appendix B.2), suggests to
sort out the polytope edges of Py in three families. These families respectively consist of: (i) one
horizontal polytope edge lying on the line x,, = n — 1; (ii) polytope edges to the right, forming a
path from vertex (n—1,n— 1) to vertex (1, (;)), (iii) polytope edges to the left, connecting vertex
(|2 ],n—1) to vertex (1, (})). Our analysis treats these three families one after the other, and
establishes in each case the complete list of polytope edges together with the corresponding facet

defining inequalities. To avoid trivialities, we assume n > 4 in this section.

7.1.1 The horizontal polytope edge

Since we consider only connected graphs on n nodes, the minimum number of edges in such a
graph equals n — 1, a value which arises exactly for trees. The stability number of such trees varies

from L%j (for a path on n nodes) to n — 1 (for a star Kj ,,_1). There results a horizontal polytope

edge for Py, with vertices (|“3!],n—1) and (n— 1,n—1). The corresponding facet defining

inequality is of course x,,, > n— 1.

7.1.2 The rightmost polytope edges

The following proposition handles the second family of polytope edges.

Proposition 7.1. Fork=1, 2, ..., n—2, the inequality

kxg+x, < (n;k) +kn (7.2)
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Figure 7.1: The polygon g, , for n = 10.

defines a polytope edge of Py with vertices

(k, <";k> +k(n—k)) and <k+1, (”;k> Fh(n—k— 1)) . (7.3)

All polytope edges and vertices of Py™ to the right of some point of Py are of these types.

There results the sequence of vertices (k, (”;k) +k(n —k)) fork=1, 2, ..., n—1, which
starts at (1,(;)) and ends at (n— 1,n—1). Two successive vertices in the sequence have their

abscissas differing by 1. Hence P, has no other vertex on the rightmost part of its boundary.

Remark 7.3. Note that these vertex graphs are complete split graphs (see Appendix B.2). This
family of graphs appears often in this dissertation (see Chapter 3 and Sections 5.2 and 7.3).
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Proof. We first establish that Inequality (7.2) is valid for each vertex of Py"". With o denoting the
stability number of a graph G = (V,E) for which |V| = n and |E| = m, this amounts to prove

—k
m< (”2 >+k(n—oc). (7.4)
We proceed by considering two cases.

a) Case k < o.. In some stable set S of maximum size in G, select some subset T of k nodes.
The number of edges disjoint from T is at most (";k) Any other edge has exactly one node in T';
its other node lies outside S. The number of such edges is at most k (n — ). Summing up, we get

Inequality (7.4).

b) Case k > o. Select a set U of k nodes which contains a maximum-size stable set S. Any
edge is either (i) disjoint from U, or (ii) formed by one node in S and the other one in V' \ S, or (iii)
formed by one node in U \ S and the other one in V' \ S. Thus the total number of edges is at most
(";k) +o(n—o)+ (k—o) (n— o), from which Inequality (7.4) follows.

We thus have proved that Inequality (7.2) holds for 2"™".

Each of the two points given in (7.3) comes from at least one connected graph, namely the
graph having as edges all those pairs of nodes not included in a fixed subset of k, resp. k+ 1,
nodes. As easily checked, these two points satisfy Inequality (7.2) with equality, and the same
for a second linear inequality also valid for the polytope. Consequently, these two points are the
vertices lying on the polytope edge defined by Inequality (7.2). Moreover, there can be no other
polytope edge because we have found vertices with abscissas increasing by step of 1 from 1 to
n—1. O

We point out that another proof of Proposition 7.1 can be forged by first finding out vertices,
which means: (i) determining the maximum number of edges in a connected graph with given
number of nodes and given stability number; (ii) showing that the resulting points in R? are con-
vexly independent. The easy solution to (i) states that the maximum number of edges equals
(n—a)(n+a—1)/2. As this function of o is strictly concave, (ii) becomes trivial. Inequal-

ity (7.2) can then be derived. This line of argument produces also a nonlinear inequality attributed
o< ! + \/ 1 +n(n—1)—2
<15 gt m

7.1.3 The leftmost polytope edges

in [158] to Tomescu :

For the third and last family of polytope edges, we first infer the corresponding vertices from the
answer to the following question: what is the minimum number of edges in connected graphs with

fixed number of nodes and fixed stability number? This question is listed as an open problem in
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Ore [202]. A complete answer is contained in Theorem 7.2 below. It constitutes the variant for
connected graphs of a celebrated result of Turdn [228], which we now recall. For given integer
numbers n and o satisfying n > a > 1, the Turdn graph 7' (n,o) has n nodes and is the disjoint
union of ¢ cliques with balanced sizes (i.e., sizes equal to [ 7] or [Z]; the last two expressions
give the same value if and only if a divides n). We let ¢(n, o) denote the number of edges in the

Turéan graph T'(n, o).

Theorem 7.1. [228] Any graph on n nodes with stability number o. has at least t(n,o) edges.
Moreover, this graph has exactly t(n,o) edges iff it is (isomorphic to) the Turdn graph T (n, ).

Thus the only graph with minimum number of edges in Theorem 7.1 has o connected compo-
nents. Of course, by adding o — 1 carefully selected edges, we obtain various connected graphs
on n nodes and stability number o.. Notice that in case n = 20t + 1, odd cycles on n nodes still
provide other examples with the same values of & and m . Despite their diversity (as illustrated by
GraPHedron, see again Appendix B.2), we are able to prove that all these connected graphs have
the minimum possible number of edges for given n and o.. The proof is more involved than the
simple ones known for Turdn result (and exposed e.g. in Bollobds [35]). Also, it covers more cases

than the connected one (which is obtained in Theorem 7.2 below for ¢ = 1, see Corollary 7.1).

Theorem 7.2. Any graph G on n nodes with stability number o. and with ¢ connected components

has at least t(n,) + o — c edges. The lower bound is tight in all cases.

For I <c¢ < a<n,let f.(n,0) be the minimum number of edges for graphs as in Theorem 7.2.

To prove f.(n,a) = t(n, ) + o — ¢, we first establish two lemmas (a third one comes later).

Lemma 7.1. Suppose n > 2o. If fi(n,a) =t(n,o) + o — 1, then for c =1,2,...,0, we have
fe(n,o) =t(n,a) + o —c.

Proof. The assumption n > 2o implies that each maximal clique of the Turdn graph 7' (n, o) has
more than one node. By adding o — ¢ carefully selected edges to T'(n,a), we see

t(n,a) + ot —c > fe(n,a),
and similarly by adding ¢ — 1 carefully selected edges to a graph realizing f,(n, o),

fe(n,o) +c—12 fi(n, o).

Thus
t(n,(x>+(x—62fc(n,(x>Zfl(n,a)—(c—l). (75)

By our assumption, the first and last expressions in Equation (7.5) are equal. The thesis follows.
O

Lemma 7.2. For1 <& < o < n, we have

t(n, &) >t(n, o) + o — Q. (7.6)
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Proof. We need consider only the case oo = &+ 1. To transform 7T (n, &+ 1) into T'(n, &), we pick
G G
cliques. Clearly, the number of edges increases at each deletion/addition of a single node. U

a clique of size |

| in the first graph, delete its nodes and add |

| nodes in all to the other

Proof of Theorem 7.2. By adding o.— ¢ selected edges to T'(n, o), we see that inequality f,(n,0) <

t(n,a) + o — ¢ holds. Hence, there only remains to prove the following inequality:

fC(naa> Zt(n,a)—FOC—C.

Assume first n < 2a.. Then 7(n, ) = n — o because the Turdn graph then consists of 2o —n
isolated nodes plus n — o parallel edges. On the other hand, any graph on n nodes has at least n — ¢

edges, thus f.(n,0) > n—c =1t(n,a) + o — ¢, which gives the result.

Assume now n > 20.. By Lemma 7.1, we need to establish the thesis only for G connected.
There remains to prove

filn,a) >t(n,o) +ou—1, (7.7)

by recurrence on the number n of nodes.

Let S be a maximum stable set of G, and let b be the number of connected components of G\ S
(thus b < o).

By Lemma 7.3 below, the number of edges in the cut §(S) is at least n —o.+b — 1. On the
other hand, G induces on V \ S a graph with b components and stability number @& satisfying
& < oo < n—o.. By the induction assumption together with Lemma 7.1, the graph induced on V' \ S
has at least fj,(n — o, &) = t(n— o, &) + & — b edges. Summing up, we get

m>n—o+b—1+t(n—o,&)+0—>b
and then by Lemma 7.2
m > n—da+b—1l+tn—o,0)+o—0&+6&—>b

= n—o+t(n—o,0)+a—1

= t(n,a) +o—1

(the last equality directly derives from the structure of Turdn graphs: the adjunction of a node to

each of the oo maximal cliques of 7'(n — o, o) produces T (n,a)). Inequality (7.7) is thus proved.

The last assertion in Theorem (7.2) is correct in view of the examples provided just before the

statement. O

Lemma 7.3. As in the proof of Theorem 7.2, let G = (V,E) be a connected graph with n nodes, m
edges and stability number o. Take a maximum stable set S in G, and let Cy, Cy, ..., Cp, be the b
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connected components of G\ S. Then

18(8)| >n—o+b—1. (7.8)

Proof. Fori=1,2,..., b, build a spanning tree of C;. Then extend the union of these b (sub)trees
into a spanning tree T of G. Clearly, E(T)N3(S) is an acyclic set of edges of G which covers
S and at least one node in each C; (maybe several nodes in a given C;). Denote by G’ the graph
(V,E(T)N3(S)) and let Ay, Ay, ..., Ay be the connected components with more than one node of
G'. For j=1,2,...,4, denote by s (resp. r;) the number of nodes of A in § (resp. not in §). Thus,
the subgraph of G’ induced by A; is a tree with s; 4 r; nodes (see Figure 7.2 for an illustration).

Figure 7.2: An example of graph G for the proof of Lemma 7.3. The edges in E(T') are shown in
bold lines.

For any fixed j, two nodes in A \ S cannot belong to the same C; (otherwise there would be a

cycle formed by edges of the tree 7). We derive

A
Y (ri-1)=b-1 (7.9)
=1

by repeatedly collapsing nodes as follows. Say A; and A have each a node in a same C;. Then
by collapsing these two nodes we collect A; and A together while leaving the left-hand side of
Equation (7.9) unchanged because (r; — 1)+ (ry — 1) = (r;+ry —1) — 1. All such collapsings
done, there remains in the left-hand side of Equation (7.9) only one term which equals b — 1

because exactly one node remains in each of the b sets C;’s.

We now establish a lower bound on the number p; of edges of G connecting the r; nodes
in Aj\ S to (whatever) nodes of S. By connectivity of A; in the graph G’, we surely have p; >
sj+r;—1. Moreover A;\ S is stable in G (because as shown before A ; \ § cannot have two nodes in
a same C;), so there must be at least ; — s; nodes in the maximum stable set S which are adjacent
in G to at least one node in A;\ S. Then p; > (rj+s;— 1)+ (rj—s;) =2r; — 1.

Consider now any node u of G not covered by E(7T) N3(S), thus u ¢ S. As SU{u} cannot be
stable, there is some edge connecting u to S.
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Finally, any node outside S is either covered by E(7) NJ(S) (and then, for some j, belongs
to A;) or is not covered (and then is adjacent to some node in S). Using also p; > 2r; — 1 and

Equation (7.9), we get

j=1 j=1
)4
= n—OH—Z(rJ—l)
j=1
= n—o+b—1.

The most important case in Theorem 7.2 comes when ¢ = 1. In view of the following explicit

form of the Turdn number (see e.g. [28])

= ([2]1) (-2 [2])

we thus have proved the next result.

Corollary 7.1. The minimum number of edges for all connected graphs on n nodes with stability

(2110 (-5 2] oo

number oL equals

Corollary 7.1 improves the main result in [170], which consists in a lower bound on the mini-

mum number of edges.

We now determine the leftmost vertices and polytope edges of Py, taking advantage of the

following points of ;"™ delivered by Corollary 7.1:

(7.12)

1
pe = (kgt(nk)+k—1), fork:1,2,...,v+ J

2

A first step is to show that all of these points are boundary points. Next, we determine which of

them are vertices. The polytope edges then follow at once (see Corollary 7.2).

Proposition 7.2. The vertices of the leftmost part of the boundary of Py"™ are exactly the points
provided in Equation (7.12) forkin {2, 3, ..., L%J} satisfying

n n
EREPRENN o

and also for k=1 and k = | "5 |.




7.1 Stability number and number of edges of connected graphs

161

Proof. Leaving aside the vertices (1,(3)) and (| |,n—1,), we assume 1 < k < |“5!] in the
rest of the proof. To establish that the point py is on the boundary of P, it suffices to show that

the “Turan function” (for a fixed value of n)

t(n, ) : {1,2,..., V;IJ} SR x o t(n,x) (7.14)

is the restriction of a convex function from [1, L%J] to R (notice that we may discard the affine

term k — 1 which appears in the second coordinate of p, because it does not alter convexity). In

turn, we need only prove fork=2,3, ..., L%J
t(nk) < %(t(n,k—1)+t(n,k+1)). (7.15)
Inequality (7.15) follows from the following three assertions (again for k =2, 3, ..., L%J): The
line with equation .
Xy —t(n,k) = ko;l) (X — k) (7.16)

1. goes through the point p; = (k,(n,k)),
2. supports the point py_1 = (k—1,#(n,k—1)), and

3. supports the point py+ = (k+ 1,2(n,k+1)).

The first assertion is clear. Setting s = bJ , we see that the second one is equivalent to

tnk—1)—1(nk) > <s;1>. (7.17)

We derive the latter inequality by checking how many new edges are created when the Turdn graph
T (n,k) is transformed into the similar graph T (n,k — 1). As explained before Theorem 7.1, the
graph T (n,k) is a union of cliques with size equal to s and maybe also s+ 1. To transform it into
T(n,k—1), we select a clique with size s and move its nodes one after the other to other cliques.
At the first step, we loose s — 1 edges in the clique to be deleted, and gain at least s edges in the
augmented clique; in all, we gain at least one edge. For the second node, we have a gain of at least
2 (because we loose s —2 edges this time), etc. Thus the total number of edges increases by at
least 1 +2+---+s, that is (szl).

Now the third assertion about the line in Equation (7.16) translates into

k) —t(nk+1) < <SJ2“1>. (7.18)

The graph T'(n,k+ 1) is a union of k+ 1 cliques, of size say d and (maybe also) d + 1. To
transform 7' (n,k+ 1) into T'(n,k), we move all nodes of some clique of size d to other cliques. As
we can create cliques only of size s or s+ 1 (because of the structure of T'(n,k)), the number of

edges increases by at most s — (d — 1) at the first move, then at most s — (d — 2), etc.; at the last
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Table 7.1: The optimal linear inequalities in o and m for connected graphs.

m > n—1
kootm < ("5 +kn fork=1,2,...,n—2
m—t(nk)—(k—1) > fork=2,3,..., || with
n n
- —1)+1) (a— 1
() ~stmi= 141 @) | [25] # ||+

move, we gain at most s edges. Hence the increase in the number of edges is bounded above by
%d (2s+1—d). For s fixed, this quantity is maximized for d = s or d = s+ 1. We conclude that

Assertion 3 is correct.

Having thus shown that all points py provided in (7.12) are on the boundary of P;"", we notice
next that all leftmost vertices of P must be among the p;’s (because two successive points py
have their abscissas differing by 1). Also, a point p; is not a vertex if and only if the line in
Equation (7.16) goes also through the points p;_; and pyy;, which happens exactly if we have
equality in both Inequalities (7.17) and (7.18). By inspecting the arguments which led to these
inequalities, it is easily seen that both equalities occur if and only if the sizes of the maximal
cliques in T'(n,k — 1), resp. T'(n,k+ 1), are all also sizes of maximal cliques in 7' (n,k). This is

equivalent to saying that n/(k+ 1) and n/(k — 1) lie in an interval with endpoints equal to two

consecutive integers. Finally, py is not a vertex if and only if Lcnl—‘ = { k—T— 1J +1. O

Example 7.1. For n = 24, the values of & which do not provide a vertex are 7 and then 9, 10, 11.

In particular, all points pg, p1g and p;; lie on the segment joining the vertices pg and pi;.
Corollary 7.2. The leftmost polytope edges of Py’ are defined by the following inequalities:

Xm—t(n,k) — (k—1) > (t(n,k) —t(n,k—1)+1) (xo — k) (7.19)

forvaluesk=2,3, ..., L%J satisfying [kﬁl—‘ #* {kj— IJ +1.

We have completed our analysis of the case with the two invariants o and m. The full list
of optimal linear inequalities appears in Table 7.1. The polygon Py has an interesting property
which is not shared by all similar polytopes constructed for other choices of invariants: Any point
from P, which has integer coordinates is produced by some graph in the class considered (here,

the class of connected graphs on n nodes).

7.2 Irregularity, diameter and maximum degree of connected graphs

Our methodology is now applied to the following three invariants of a connected graph G : the

maximum degree A(G), the irregularity A(G) and the diameter D(G).
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A tight upper bound on A(G) in terms of n and m is given in Section 5 [164] when G is general
and in Section 4.2 [146] when G is restricted to be a chemical tree. However, there are no similar
results, to the best of our knowledge, concerning the irregularity A(G) of Albertson. Consequently,
it is worth studying this invariant in relation with other parameters than the number of edges. We
choose the maximum degree and the diameter which express simple but different characteristics

of graphs.
The polytope of graph invariants is here
pCAAADY conv{(A,A,D)|3G € G,

A(G) =A,A(G) =A,D(G) = D}, (7.20)
where ( is the class of connected graphs.
C.{AAD} AAD

Remark 7.4. In the following 2 is denoted simply by P,

For any fixed n, the polytope P5*P lies in the 3-dimensional space R? with coordinates x4,
x4 and xp. As shown in the next proposition, it is full-dimensional. Consequently, the facets of

AA,D . ) .
P, are its 2-dimensional faces.

Proposition 7.3. Let P2*" be the polytope defined by (7.20). If n > 4, then dim(P5™*") = 3.

Proof. To exhibit four affinely independent points lying in P3P consider the following graphs
on n nodes: the complete graph K,,, the cycle C,, the star K ,,_1, and the path P,. The correspond-

ing points in R? are shown below:

K, :

(

Ci: (2,0,[n/2)),
(
(

K]_’n_li n—l,(n—l)(n—2),2),
P,: 2,2,n—1)
They are easily seen to be affinely independent. O
The output produced by GraPHedron for n =4, 5, ..., 10 led us to conjecture that (under

various assumptions) five families of linear inequalities are facet defining. We proceed to give the

corresponding proofs.

Proposition 7.4. If n > 4, the inequality

IN
3
|

XA (7.21)

is facet defining for ?ﬁ,A,D.
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Proof. The validity of Inequality (7.21) for P3P is obvious. Because the origin does not belong
to the affine plane H = xp = n — 1, it is now sufficient to exhibit three linearly independent vectors
of PP belonging to H. Let us consider the following three graphs: the complete graph K, the

star Kj ,—1, and finally G3, a star augmented with one edge. The corresponding vectors, namely
K, : (n—1,0,1),
Kin-1: (n—1,(n—1)(n—2),2),
Gs: (n—1,n(n-3),2),

belong to H N P24P and are linearly independent. O

Proposition 7.5. The inequality
xat+xp < n+l (7.22)

is facet defining for P3P \when n > 4.

Proof. (i) We first prove that A(G) + D(G) < n+ 1 holds for any connected graph G on n. Take a
diameter path P of G, thus P is a shortest path v, va, ..., vpG)+1 (With length D(G)). Let v* be
a node having degree A(G) and A(v*) be the neighborhood of v*, i.e. A[(v*) ={veV :{vv*} e
E}U{v*}. From

Pl+ )~ PN < m

|P| =D(G)+ 1, and |N.(v*)| = A(G) + 1, we derive
AG)+D(G)+2—PNAN(V)| < n (7.23)

It remains to prove [PNA[(v*)| < 3.

1. Suppose PNA[(v*) =0. Then [PNAN(v¥)| =0 < 3.

2. Suppose PNAN(v*) # 0 and v* ¢ P. Then |[PNA(v*)| < 3, otherwise P could not be a
shortest path.

3. Suppose PNA[(v*) #0and v =w € P. If 1 <k <D(G)+1, then PON(v*) = {vg—1,V*, Vi1 }
because P is a shortest path, and so [PNA[(v¥)| = 3. If v = v or v* = vp(g)41, then

[PON() =2

(i) Having proved that Inequality (7.22) is valid for P3P we now show that it defines a
facet. The path P,, the star Kj ,_; , and the star augmented with one edge, denoted as G5 in the

proof of Proposition 7.4, produce the vectors
(2,2,n—1), (n—1,(n—1)(n-2),2), (n—1,n(n-3),2). (7.24)

These three vectors satisfy (7.22) with equality and, when n > 4, they are linearly independent. [



7.2 Irregularity, diameter and maximum degree of connected graphs

165

Let H= (V(H),E(H)) be a subgraph of G = (V,E). We define the irregularity along H as
A(H) = ¥k vk () |dk — di| where the degree d of node k is relative to the graph G. To establish

in Proposition 7.6 the validity of our next inequality, we first improve Inequality (7.22).

Lemma 74. Let G = (V,E) be a connected graph such that A(G) < A(G). Then A(G) +D(G) <

n.

Proof. We show for any connected graph G that A(G) 4+ D(G) > n implies A(G) > A(G). By
Inequality (7.22), we may assume A(G) + D(G) = n+ 1. From the proof of Proposition 7.5, any
node of maximum degree must be on some diameter path. Let P = vy, va, ..., vpG)41 be a

diameter path containing at least one node of degree A(G).

By construction, the diameter path P contains D(G) + 1 nodes. Consequently, n — (D(G) +
1) = A(G) — 2 nodes do not belong to P. We call them exterior nodes (relatively to diameter
path P) and denote them by wy, wy, ..., WA(G)—2- The extremities vy and VD(G)+1 of the diameter
path P are of degree at most A(G) — 1. So, let v* = v; € P\{v1,vp(G)+1} be the node of P with
maximum degree such that the subpath P; C P which joins v; to v* does not contain any other
node of maximum degree. There are A(G) edges incident to the node v* and two of them belong
to the diameter path P. Thus the A(G) — 2 remaining edges are incident to the A(G) — 2 exterior

nodes. We consider two cases (see Figure 7.3).

wp w2 w3 Wa-2

(a)

(b)

t’(),ff’{ VD+1
P\ Pm

Figure 7.3: All the exterior nodes are adjacent to the node v*. In Case (a), one has d,, = 1, while
in Case (b), one has 1 <d,, <A—1.

Case (a). Suppose d,,, = 1. By comparing the degrees along P;, we obtain for the irregularity

along P;
AP)) > AG)-1.
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Case (b). Suppose now d,, =d > 1. (Note that the distance between v; and v* cannot be

greater than two, in other terms: v* = v, or v* = v3.) We have
AP) > A(G)—d.

All the nodes adjacent to vy, but one, are exterior nodes. Let P», Ps, ..., Py be the paths defined
by P, = {vi,w,_1,v*} (after relabeling the exterior nodes if necessary). Because the paths P;, P,

..., Py have no common edge, there follows

This proves

Now in both Cases (a) and (b) let Py be the subpath of P joining v* to VD(G)+1- Clearly, the

irregularity along Py is at least 1, and so
A(G) > A(G). O
Proposition 7.6. The inequality
nxpa—xa+(n—1xp < n*—1 (7.25)

is valid for pyAP Ifn > 5 and n is odd, the inequality is facet defining.

Proof. (i) We first prove the validity of Inequality (7.25). For a graph G = (V,E), this inequality

can be rewritten as
A(G) - A(G)

A(G)+D(G) < n+1+ —

(7.26)

If A(G) < A(G), Inequality (7.26) is dominated by Inequality (7.22) and is thus valid. If A(G) >
A(G), then Lemma 7.4 gives A(G) +D(G) < n, which implies (7.26) because A(G) <n— 1.

(i) We now prove that, for n > 5 and n odd, Inequality (7.25) is facet defining. The following
three graphs produce vectors which are linearly independent and satisfy Inequality (7.25) with
equality: Kj,, P,, and the graph on n nodes such that one of its nodes has degree n — 1 and the n — 1

other ones have degree n — 2. Notice that this last graph only exists for n odd. O

On the contrary, as we will see at the end of this section, Inequality (7.25) is not facet defining

when n is even. Before considering two more inequalities, we establish two lemmas.
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Lemma 7.5. Let G be a connected graph with n > 4, D(G) > 3 and A(G) +D(G) =n+ 1. Then
A(G) > 2A(G) —2.

Proof. We build upon the proof of Lemma 7.4. Let P = {v, vy, ..., VD(G)+ 1 } be a diameter path
containing some node v* of degree A(G). As in the proof of Lemma 7.4, we get v* € {vp, vs, ...,
vp(G)}- Let V' be the set of exterior nodes. Note that an exterior node cannot be adjacent to both
v1 and vpg)+1, because of our assumption D(G) > 3. Thus, V' is the disjoint union of the subset
V1 of exterior nodes adjacent to vy, the subset V; of exterior nodes adjacent to vp(g)1, and the

subset V" of all remaining exterior nodes. Consider three cases.

(a) Suppose V| # 0 # V,. (This is possible only if D(G) = 3 or 4 because A(G) +D(G) =n+1
implies that all exterior nodes are adjacent to v*.) Consider the set P; of paths vy, #, v* witht € V,
and the set [P, of paths vpg)1, , v* with u € V,. The same argument as in the proof of Lemma 7.4
shows that the total irregularity computed along the paths from Py, or from [P,, must be at least
A(G) — 1. Because Vi NV, = 0, it is clear that any two paths in I’} UP, have no common edge.
Thus

A(G) > 2A(G) —2.

(b) Suppose V| # 0 and V, = 0 (the case where V; = 0 and V, # 0 can be treated along the same

line). This implies d, = 1. Similarly to Case (a), the total irregularity along paths vy, ¢, v*

D(G)+1
with ¢ € V) is at least A(G) — 1. Furthermore, the path Q = vp 641, Vp(G)» - - - » V* has no common

edge with those paths and it satisfies A(Q) > A(G) — 1. Hence

A(G) > 2A(G) —2.

(c) Suppose V; =0 =V,. Then
AG) > A({vi,va,... v H+HA{,. .. ,vD(G),vD(G)+1}) > 2A(G)-2. O
Lemma 7.6. Let G be a connected graph with n even, n > 4, D(G) =2, and A(G) =n— 1. Then

A(G) > 2n—4. (7.27)

Proof. Let k > 1 be the number of nodes having degree n — 1. The edges connecting the nodes of

degree n — 1 to nodes of smaller degree lead to
A(G) > k(n—k). (7.28)

If 2 < k <n-—2, Inequality (7.27) follows from Inequality (7.28). Because the graph cannot be

complete, the case k = n — 1 is impossible. It remains to consider the case k = 1.

Suppose k = 1, let v be the unique node of degree n — 1 and let £ denote the number of nodes

of degree n — 2. The contribution to A(G) of the edges connecting node v to the ¢ nodes of degree
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n—2is ¢, and the contribution to A(G) of the edges connecting node v to the n — ¢ — 1 nodes of
degree lower than n — 2 is at least 2(n — £ — 1). Finally, the edges connecting the ¢ nodes of degree
n—2 to the n — ¢ — 1 nodes of degree lower than n — 2 contribute to A(G) for at least £(n — ¢ —2).

Summing up, we obtain
AG) > (U+2)(n—0-1).
If 0 < /¢ < n—3, Inequality (7.27) follows from the above inequality. Notice that £ =n—1 is

impossible because 7 is even. Thus it remains to prove the result for k =1 and { =n —2.

Suppose k = 1 and ¢ = n — 2. Then, there exists a unique node of degree d < n— 2 and
A(G) > (n=2)+(n—1—-d)+(d—-1)(n—2—4d) (7.29)
= n—2+dn-2-d)+1. (7.30)
Because d(n—2—d) >n—3for 1 <d < n-—3, the expression above leads to Inequality (7.27). [
Proposition 7.7. The inequalities
20 —xa+2xp < 2n (7.31)

and
2(n—Dxa—xa+2(n—2)xp < 2(m*—n—1) (7.32)

are facet defining for Py , , when n is even and n > 4.

Proof. (i) The validity of Inequality (7.31) can be easily proved: we show 2A(G) —A+2D < 2n
for any connected graph G. If G is regular, then (7.31) reduces to A(G) + D(G) < n which is
always valid by Lemma 7.4. If G is not regular, then A(G) > 2 and Inequality (7.31) is dominated
by 2A(G) +2D(G) < 2n+ 2 which is true by Proposition 7.5.

The validity of Inequality (7.32) can be shown along the same line as in the proof of Proposi-
tion 7.5. Indeed, for a connected graph G, Inequality (7.32) is equivalent to
24+ (A(G) —2A(G))

2(n—2) )

A(G)+D(G) < n+1+ (7.33)

Consider two cases.

(a) If A(G) + D(G) < n, then (7.33) holds because A(G) <n—1 and A > 0 imply that the right

hand side is bounded from below by n.

(b) Suppose A(G) + D(G) = n+ 1. Then the fact that the right hand side is bounded from below
by n+1 follows from Lemmas 7.5 and 7.6.

(i) We now prove that the two inequalities in the statement are facet defining. For (7.32), three

linearly independent vectors giving equality are provided by the graphs K, P, and the “boat” on n
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nodes, i.e. the graph consisting of the path P,_; with an exterior node linked to its three consecutive

middle nodes (see Figure 7.4). This last graph is well defined for n > 4 and n even.

SN

Figure 7.4: The boat on 8 nodes.

For (7.31), replace the boat with the graph sketched in Figure 7.5.

Figure 7.5: A graph used in the proof of Proposition 7.7

This graph is defined for n > 6 and it has five nodes of degree 3, one node of degree 1, and all

other nodes of degree 2. In case n = 4, use rather the complete graph minus one edge. O

Notice that the sum of Inequalities (7.31) and (7.32) is equal to twice (7.25). Consequently,

the latter inequality does not define a facet for n even.

7.3 Tight analysis of the maximal matching heuristic

As already stated in Section 6.3.2, GraPHedron can be used to compare values of heuristics and

exact algorithms.

Remark 7.5. In this section, we refer to the books [74] and [132] for classical notions about

algorithms and their complexity.

In this section, such a study is made to compare approximation ratios of the worst-case ap-
proximation ratio of the maximal matching heuristic for two classical NP-hard problems [132],
under some conditions on the density of the graphs. These problems are the minimum node cover

problem and the minimum maximal matching problem.

The maximal matching heuristic is an algorithm that provides a 2-approximation for the mini-
mum node cover and minimum maximal matching problems. It is perhaps one of the simplest and

best-known approximation algorithms.

We ask the question of expressing the approximation ratio in a finer way, as a function of

well-chosen graph parameters. We show that density parameters are good candidates for this pur-
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pose. Actually, the approximation ratio of the maximal matching heuristic is strictly less than 2 for
graphs with a sufficiently high number of edges or sufficiently high minimum degree. We char-
acterize precisely the asymptotic approximation ratio as a function of these parameters, together
with tight examples. This is, to our knowledge, the tightest analysis ever done of this algorithm.
This study shows that even simple heuristics might deserve nontrivial analyses. It was initiated

using GraPHedron.

First, in Section 7.3.1, we recall some definitions about matchings in graphs and we recall
the statement of the minimum node cover and minimum maximal matching problems. We review
the best known approximation ratios of the maximal matching heuristic in Section 7.3.2 for these
two problems. We introduce several lemmata in Section 7.3.3, useful for the next sections. In
Section 7.3.4 we study the worst-case approximation ratio for the minimum node cover problem,
considering the density of the graphs. The same kind of analysis is performed for minimum max-

imal matching in Section 7.3.5. Finally, we draw some remarks about our results in Section 7.3.6

7.3.1 Definitions

Matchings

Definition 7.1. A matching in a graph G is a set of edges E' C E that have no endpoints in
common. A matching E' is maximal (under the set inclusion) if every edge in E \ E' shares a

common endpoint with some edge in E'.

Definition 7.2. Let G = (V,E) be a graph with a matching E' C E, and a path P in G. Then P
is said to be alternating (with respect to E') if its edges are alternately in E' and in E\ E'. An

alternating path is termed augmenting if its end nodes are not incident with any edge of E'.

Definition 7.3. A maximum matching is a maximal matching with maximum cardinality. The

cardinality of a maximum matching in G is called the matching number and is denoted by ¢(G).

Definition 7.4. A perfect matching is a matching which covers all nodes of the graph. That is,
every node of the graph is incident to exactly one edge of the matching. A graph with an odd

number of nodes is allowed one unmatched node.

Example 7.2. Consider the graph G shown in Figure 7.6. The sets of singleton edges {vivz},
{vavs}, {v3v4} and {v;v4} are the nonempty matchings in G that are not maximal. The set {v;v3}
is a maximal matching in G that is not maximum, and the sets {vivz,v3va}, {viva,vov3} are the
maximum matchings in G. These two maximum matchings are also perfect matchings. The path

(vi,v2,v3,v4) is an augmenting path with respect to the matching {v,v3}.
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Vo

Figure 7.6: A graph G

Maximal matching heuristic

Heuristic 7.1. Let G be a graph. The maximal matching heuristic consists in finding a maximal
matching iteratively as follows. Pick any arbitrary edge e in the graph and add it to the matching.
Delete any edge sharing a node with e, and repeat until all the remaining edges are in the matching.
Actually the matching itself is not needed in our case : we need only to know the cardinality of a

maximal matching.

MAXIMALMATCHING(G):
Input: a graph G(V,E).

Output: The cardinality of a maximal matching in G

1. c<—0
2. F—E
3. While F # 0, do

(a) Choose anedge e € F.
(b) F—F\e
(c) c—c+1

(d) Remove all edges from F which share a common endpoint with e.

4. return c

Problems

Problem 7.1. Let G be a graph. In the minimum node cover problem, one is asked to find a
minimum cardinality set of nodes that contains at least one endpoint of each edge of G. We denote

by T(G) the size of a minimum cardinality node cover of G.

Example 7.3. The optimal solution of the minimum node cover problem applied on the graph in
Figure 7.6 is 2.
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Problem 7.2. Let G be a graph. In the minimum maximal matching problem, one is asked to find
a maximal matching of minimum cardinality in G. We denote by v(G) the size of a minimum

maximal matching of G.
Remark 7.6. The maximal matching heuristic returns an integer ¢ such that v(G) < ¢ < ¢(G).

Example 7.4. The optimal solution of the minimum maximal matching problem applied on the

graph in Figure 7.6 is 1.

Tightness of the 2-approximation of the maximal matching heuristic for these problems, is

witnessed by a number of examples.

Example 7.5. Suppose one uses the maximal matching heuristic on the graph G in Figure 7.6, to
approximate the optimal solution of the minimum node cover problem. The idea of the approxi-
mation is that all the endpoints of the maximal matching form a node cover. The worst-case of this

approximation is thus 2¢(G) = 4. This solution is worse twice than the optimal solution T(G) = 2.

Example 7.6. Suppose now that one uses the maximal matching heuristic on the graph in Figure
7.6, to approximate the optimal solution of the minimum maximal matching problem. In this case,
the worst-case of the maximal matching heuristic is (G) = 2. This solution is again worse twice

than the optimal solution v(G) = 1.

7.3.2 Approximation ratios of the maximal matching heuristic
Ratios for the minimum node cover

One can easily see that the set of endpoints of a maximal matching indeed contains at least one
endpoint of each edge, and that the optimal solution — since it must contain a least one node of each

edge of the matching — has size not less than half the size of this set, hence the 2-approximation.

The minimum node cover problem is thus 2-approximable using the maximal matching heuris-
tic, but no polynomial time algorithm with constant approximation ratio better than 2 is known.
The problem is further known to be APX-complete [203] and not approximable within a factor of
7/6 [173]. Monien and Speckenmeyer [199] and Bar-Yehuda and Even [22] provide algorithms
that achieves a ratio of (2 — (Inlnn)/Inn), where n is the number of nodes in the graph. Karakostas
[178] later reduced the approximation ratio to 2 —®(1/+/logn). For graphs with maximum degree
A, Halperin [155] provides an approximation algorithm with a ratio of 2— (1 — O(1))21InlnA/InA.

The problem has further been studied under the hypothesis that the input graph is dense.

Definition 7.5. A graph G is weakly e-dense if

m(G) > a”(g)z.
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Definition 7.6. A graph G is strongly e-dense if

8(G) > en(G).

It has been shown [65] that the minimum node cover problem restricted to strongly e-dense
graphs is APX-complete. Eremeev [105] shows that it is NP-hard to approximate the minimum

node cover within a ratio less than (74 €)/(6 4 2¢€) in strongly €-dense graphs.

Nagamochi and Ibaraki [176] provide an approximation algorithm with a ratio of 2 —8m/(13n>+
8m), where m is the number of edges in the graph. This algorithm can also be seen as an approx-
imation algorithm that achieves an approximation ratio that is asymptotic to 2 — 4¢/(13 + 4¢) for

weakly e-dense graphs.

Karpinski and Zelikovsky [180] propose an algorithm that achieves a better ratio of 2/(2 —
V1 —¢) for weakly e-dense graphs, and a ratio of 2/(1 +¢) for strongly e-dense graphs.

Finally, Imamura and Iwama[177] recently proposed a randomized approximation algorithm.
This algorithm yields, with high probability, an approximation factor of 2/(1+vY(G)), where Y(G)
is a function of the maximum and the average degree, and runs in polynomial time if A, the

maximum degree of the graph, is Q(nloglogn/logn).

Ratios for the minimum maximal matching

It is fairly easy to see that any maximal matching has a size that is at most twice the size of the
minimum maximal matching. Much less is known about the minimum maximal matching problem
than about the minimum node cover problem. Chlebik and Chlebikov4 [61] do nevertheless show

that it is NP-hard to approximate the problem within a constant factor better than 7/6.

7.3.3 Preliminaries

We shall make extensive use of the family of complete split graphs. These graphs arise as extremal

graphs for several graph invariants (see for instance Chapter 3 and Sections 5.2 and 7.1.2).

Recall that a complete split graph CSS_, with 1 <o <n— 1, is a graph that can be decomposed
in an independent set of size & and a clique of size n — o, with each node of the independent set

being adjacent to each node in the clique.

Our proofs make use of the following basic results on the values of invariants of complete split

graphs.

Lemma 7.7. m(CS% )= (5)— (5) =(n—o)(n+o—1)/2.
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Proof. The proof is immediate: our complete split graphs contain all (;) possible edges minus the

(%) edges missing from the independent set. O

5] if 0 <nf2,

n—o  otherwise.

Lemma 7.8. ¢(CS* ) =

Proof. We consider the two cases & < n/2 and o > n/2.

i) o <n/2. The size of the independent set is lower or equal to the size of the clique. We show
that any non-perfect matching can be augmented. A non-perfect matching has at least two
unmatched nodes. If there are two unmatched nodes in the clique, or one in the clique and
one in the independent set, the matching can trivially be augmented. Otherwise there are two
unmatched nodes a and b in the independent set, and an edge xy of the clique that belongs to

the matching. The matching is augmented by taking edges ax and by instead of xy.

ii) o > n/2. The independent set is strictly greater than the clique. A matching of size n — o
is trivially found by matching n — o arbitrarily chosen nodes of the independent set with
the nodes of the clique. This matching is of maximum cardinality since any other matching

would have at least one edge xy in the clique and would thus have less than n — o edges. [

Lemma 7.9. t(CS%_,) =n—o.

Proof. The nodes of the clique clearly form a node cover of size n — o for G. Any smaller set of
nodes would contain x nodes in the independent set and y nodes in the clique, with x+y <n—o.
If x = O then at least o edges joining a node from the clique to the nodes of the independent set
would not be covered. If x > 0, then at least some edge in the clique will not be covered since we

would have y <n—a — 1. ]

Lemma 7.10. v(CSY ) = ["5%].

Proof. We first show that any matching of size strictly lower than [“5%] cannot possibly be maxi-

mal: such a matching would contain at most [“5%] — 1 edges taken in the clique. in which case the

matching can be augmented by taking an edge joining an unmatched node of the clique and any

node of the independent set. There remains to be shown that a maximal matching of size [*5%]

always exists. In case n — o is even, taking any “5* disjoint edges in the clique will trivially yield

5% | disjoint edges in the clique and an addi-

a maximal matching. In case n — o is odd, taking |
tional edge joining the unmatched nodes of the clique and an arbitrary node of the independent set

clearly yields a maximal matching. O

The following three simple properties are also useful. Recall that the minimum degree of a
graph G is denoted by 8(G).
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Lemma 7.11. For any graph G, we have T1(G) > 6(G).

Proof. By contradiction. Let us suppose we have 1(G) < §(G) for some graph G. Since the nodes
outside of the minimum node cover form an independent set and T(G) < 8(G), these nodes have

degree lower than §(G), which is impossible. O

3(G)
Lemma 7.12. For any graph G, we have v(G) > [T—‘ :

Proof. Since the nodes of a maximal matching form a node cover, we have, by lemma 7.11 :
2v(G) > 3(G). O

Lemma 7.13. Graphs that are isomorphic to a complete bipartite graph K, , having at most x — 1

edges removed have a perfect matching.

Proof. Note that the graph resulting from the removal of at most x — 1 edges from K, is still
a bipartite graph. Hall’s marriage theorem (see [97]) states that a bipartite graph with partition
classes A and B has a matching of A if and only if |[N(S)| > |S| for all S C A.

Let A and B be the two partition classes of our graph. A matching of A is trivially a perfect
matching of the graph and can easily be shown to exist using the theorem: for each S C A, we have
IN(S)| > |S|x — (x— 1), which is trivially greater than |S| when x > 1. O

7.3.4 Minimum node cover

We analyze the worst-case behavior of the maximal matching heuristic when applied to the min-
imum node cover problem. Recall that the idea of the approximation is that the endpoints of the
maximal matching is a node cover. One has thus to count twice the matching number ¢. In this

case the approximation ratio is a graph invariant defined by

We first consider weakly e-dense graphs, which amounts to express the approximation ratio as
a function of the number of edges. Next, we consider strongly €-dense graphs by expressing the

approximation ratio as a function of the minimum degree.

Approximation ratio vs number of edges

Remark 7.7. The following results were derived with the help of GraPHedron. In this problem,

the set of invariants [ is {ZT(P,m} (see Section 6.1.2). The class of graphs under study are the
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general graphs. In the following, we note G, ,, the class of all non-isomorphic graphs of order n

and size m.

Lemma 7.14. Let n and m be positive integers such that

m(CS*HL Y <m<m(CS%_,)

n—o—1

for some a. The minimum value of ©(G) attained by a graph G in Gy, is T(CSY_,) =n—o.

Proof. The proof is in two steps: we first show that a graph G in G, ,, cannot have T(G) <
T(CSY_,), and second that there is a graph G in G, , having T(G) = t©(CSY_). The first step
is by contradiction. We show that if ©(G) < ©(CS*_,), then m < m(CS®'} ), contradicting our

hypothesis on m:

w6y Y ¥ = (5)-(3") =micszi .

i=1 i=1

The first inequality above is obtained by maximizing the number of edges covered by each node
of the node cover: the first node in the cover can cover at most n — 1 edges, the second at most
n — 2 edges, and so on. The second step is by construction. Let G be a graph formed by remov-
ing m(CSY_,) —m edges from the edges joining the clique and the independent set of a CSY_,.
We show that ©(G) = t(CS%*_,). The number of edges removed is between 0 and o — 1 since
m(CS%_,) —m(CS*'} ) = a. Thus each node in the clique has at least one neighbor in the in-
dependent set. We now show t(G) = t(CS*_,) = n— o.. The nodes of the clique clearly form a
node cover of size n — o for G. Any smaller set of nodes would contain x nodes in the independent
set and y nodes in the clique, with x+y < n—o. If x = 0 then at least one edge joining a node
from the clique to the nodes of the independent set would not be covered. If x > 0, then at least
some edge in the clique will not be covered since we would have y < n— o — 1. We thus have

1(G)=n—oa. O
Lemma 7.15. Let n and m be positive integers such that

m(CSHL ) <m < m(CS)

for some a. There exists a graph G in Gy, such that ©1(G) = t(CSy_,) and ¢(G) = @(CSY_,).

Proof. Let G be a graph formed by removing m(CS%_,) —m edges from the edges joining the
clique and the independent set of a CS_,. The number of edges removed is between 0 and o — 1

since m(CS%_ o) —m(CS%! ) = a.. We show that ¢(G) = @(CS* ).

n—o—1

When o < n/2, a perfect matching for G can be obtained in the following way: any set of
o nodes of the clique can be perfectly matched with the nodes of the independent set, according
to lemma 7.13, and the remaining nodes of the clique can be matched inside the clique. When
o > n/2, each node of the clique can be matched with a node of the independent set, according to

lemma 7.13, yielding a matching of size n — o = @(CS%_,)).



7.3 Tight analysis of the maximal matching heuristic

177

Furthermore, we have t©(G) = t(CSy_,,) by the proof of lemma 7.14. O

The above results enable us to state Theorem 7.3:

Theorem 7.3. Let B(G) be the worst-case approximation ratio for graph G. Let B(m,n) be the

worst approximation ratio attained by a graph in G, . We have:

)2 ifo(m,n) >n/2,
)=\ e

n—o*(m,n)

Blm,n) =B (Csy )

n—o*(m,n)

otherwise,

where

o (m,n) = L1/2+\/n(n— 1)+1/4—2mJ

is the integer value o such that m (Cngolcfl) <m<m(CS¥_,).

Proof. Lemma 7.15 implies the existence of a graph in G, ,, on which the ratio is given by the
expression of the theorem. When " (m,n) > n/2, a value of 2 trivially maximizes the ratio of our
2-approximation algorithm. When o*(m,n) < n/2, the ratio is maximized since the numerator is

maximized (the matching is perfect) and the denominator is minimized (by Lemma 7.14). O

The above theorem gives a tight upper bound on the approximation ratio of the maximal match-
ing heuristic to the minimum node cover problem in graphs of n nodes and m edges, in the form
of a discrete step function of m. The function equals 2 when o > n/2 and begins to decrease

afterwards (see Figure 7.7).

Corollary 7.3. Let B(s, n) be the worst approximation ratio attained by a graph with n nodes and

an average degree at least en. We have:

) 2 ife < 3/4,
lim B(e,n) = ) fe<3/

1-v1-¢

otherwise .

Proof. Since B(m,n) is a monotonically decreasing function of m for each fixed n, B(€,n) can be
defined as B([en?/2],n). This yields:

. 2 if o* ([en?/2 2
Ble,n) = 212) retfen2]n) = n/2. (7.34)

4 .
o (YY) otherwise.
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B as a function of m, for n =26
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Figure 7.7: The step function

We now compute the asymptotic of the second above expression:

. 2|n/2] . 2|n/2]
lim = lim
n=en—a([en*/2]) ne [1/2+ Vn(n— 1)+1/4—2(en21J
, n+0(1)
= 1 7.35
"E’I‘}"n—\/n(n—l)—snz—l—O(l)—G—O(l) (739
— tm 14+ 0(1/n)
n—e]—4/1—e+0(1/n)+ O0(1/n)
1
Let us now take a closer look at the condition o ([en?/2],n) < n/2:
o ([en?/2],n) < n/2
& 1124 /n(n— 1)+ 1/4-2[en?/2]] < nf2
& \fn(n—1)—en +0(1)+0(1) < n/2
2
@—(n/Z—l—O(l));z—n(n—l)—i—O(l) < ¢
&3/4+0(1/n) < ¢ (1.37)
Results (7.34), (7.36), and (7.37) immediately imply our corollary. ]

This asymptotic result is to be compared with the results of [176] and [180] quoted in Section
7.3.2 (see Figure 7.8).
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Figure 7.8: A comparison of the approximation ratios

Approximation ratio vs minimum degree

Remark 7.8. The following results were derived with the help of GraPHedron. In this problem,
the set of invariants I is {27(", 0} (see Section 6.1.2).

Let A, o be the set of all graphs of minimum degree n — o that can be expressed as the complete
product of an independent set of order o and a graph of order n — a.. Note that A, o contains CSyy .
n—o ifo>n/2,
Lemma 7.16. For all G € A, o we have ¢(G) =

15] otherwise.

Proof. If oo > n/2, then G has an independent set of order a joined to a graph of lower or equal
order n — o.. At most n — o nodes of the independent set can be matched, using all n — & nodes of

the other graph.

There remains to show that if a0 < n/2, then G has a perfect matching. We show that any

non-perfect matching M for G can be augmented.

Let us look at a matching and fix the following notations (see Figure 7.9): let I be the inde-
pendent set of size & in G, let U be the set of unmatched nodes in I, let W be the set of matched
nodes in 7, let X be the set of unmatched nodes in V\7, let Y be the set of nodes in V\[ that are
matched inside V\/, and finally let Z be the set of nodes in V\I that are matched with nodes of
I. Our matching not being perfect, there are at least two unmatched nodes. Three cases must be

distinguished.

1) Both U and X are non-empty. In that case the matching is augmented by adding to it an edge

joining a node from U to a node from X.
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Figure 7.9: Notations for the perfect matching construction

ii) U is empty and X is non-empty. In that case we first prove that any node z € Z always has a
neighbor in Z or in X (note that Z is non-empty in this second case). If z has no neighbors in Z
nor in X, it can have at most (n —a— 1) — (oo — 1) — |X| neighbors in V\I, where n — o — 1 is
the number of other nodes in V\7 and ot — 1 is the number of other nodes in Z. This quantity
is upper bounded by n — 2a — 2 since |X| > 2. But our minimum degree hypothesis implies
that z needs to have at least n — 2a neighbors in V\I, a contradiction. We now consider the
two possible cases. If z has a neighbor 7’ in Z, let wz and w'Z’ be the edges in M having z and
7' as endpoints, and let {x,x'} C X. We can augment the matching by replacing edges wz and
w'z/ in M by edges zZ', xw, and xX'w’. Otherwise, z has a neighbor x in X. Let now x’ be another
node in X, and wz be the edge in M having z as an endpoint. We augment the matching by

replacing edge wz with edges xz and x'w.

iii) X is empty and U is non-empty. Let T be a set of L%J edges taken in Y. Augment the
matching by removing these edges and joining each one of their endpoints with a node in U
(leaving one unmatched node in U if |U| is odd). Note that the matching thus obtained is

perfect. O

Lemma 7.17. For all G € A, o we have ©(G) = n— . Furthermore, among all graphs with n
nodes and minimum degree n — O, this value of T is minimal, and is attained only by graphs in
Ao

Proof. Let I be an independent set of size & in G. We know from Lemma 7.11 that a graph cannot
have a node cover of size lower than its minimum degree. Since V(G)\I is a node cover of size
8(G), we have ©(G) = n — o.. There remains to show that this value is attained by graphs in A, ¢
only. This is done by construction. Let G’ be a graph having T(G") = 8(G’). We show that such
a graph must be in A, o with & =n —8(G’). Let X be the nodes of a minimum node cover of
G'. Since X is a node cover, V\X is an independent set. But since |X| = 8(G’), each node of the
independent set must be adjacent to each node in X. This is the definition of a graph in A, o with
o=n—09(G). O

Theorem 7.4. Let Y(8,n) be the worst approximation ratio attained by a graph with n nodes and

minimum degree d. We have:

ifo<7%,
Y(3,n) = 2

[eZ1 S I \S]

|5]  otherwise.
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Furthermore, the only graphs that maximize the approximation ratio among all graphs with n
nodes and a minimum degree of n — & when 8 > n/2 are in A, .
Proof. The theorem follows directly from Lemmata 7.16 and 7.17. ]

Corollary 7.4. Let ¥(€,n) be the worst approximation ratio attained by a strongly €-dense graph.
We have:

[\

- ife<1/2,
lim ¥(g,n) =

otherwise .

o=

This asymptotic result is again to be compared with the result of [180] quoted in Section 7.3.2
(see Figure 7.10).

7.3.5 Minimum maximal matching

In this section we show that the analysis proposed for minimum node cover can be performed
for minimum maximal matching as well. In this case the approximation ratio is a graph invariant

defined by
(G)
G)

S

<
—~

Approximation ratio vs number of edges

Remark 7.9. The following results were again derived with the help of GraPHedron. In this

problem, the set of invariants I is {{,m}.
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Lemma 7.18. For any fixed k, the only graph G with n nodes that maximizes the number of edges
among all graphs having v(G) = k is CS’;,:Zk.

Proof. The nodes of a graph G with n nodes and v(G) = k can be divided into two subsets: a
subset A consisting of the matched nodes, and a subset B = V\A. Note that no edge can be added
inside the set B, since our matching is maximal. Clearly, adding all other possible edges to G
maximizes the number of edges, without adding any edge to the minimum maximal matching.

The graph we have thus constructed is clearly a CS’;,:ZI‘ graph, and is unique. O

Lemma 7.19. Let n and m be positive integers such that m(CS,‘ff&fl) <m <m(CSY_,,) for some
o

o. The minimum value for V(G) attained by a graph G in Gum is V(CSY_o) = ["5%].

n

Proof. We first show that a graph in G, ,, cannot have a maximal matching of size less than
V(CSY ). We then show that the value v(CSY_) is indeed attained by some graph in G .
The first step is by contradiction: we prove that if a graph G € G, ,, has v(G) < v(CS%_,) then
m(G) <m(CS*) ). We know by Lemma 7.18 that m(G) < m <CS;(7VZ(§:VS(,‘:C,S5:LE)7 1>>. Some basic
algebra now gives us the desired result:

n—2(v(CSL o)1)\ _ 221"
m(G) <m (Csz(v(csg,a)ﬂ) ) =m (CSH%FZZ )

n+2-2(=FE) | +1
<m <CS2(,“2H1 ‘2 ) =m(CS¥,_ )
There remains to present a graph in G, ,, that has a maximal matching of size v(CSY_,). As in
Lemma 7.14, let G be a graph formed by removing m(CS%_,, ) —m edges from the edges joining the
clique and the independent set of a CS\_,. The number of edges removed is between 0 and ot — 1,

since m(CS_o) —m(CS*] ) = o. Thus each node in the clique has at least one neighbor in the
n;OL
yield a maximal matching of the desired size. In case n — o is odd, taking [ "5 | disjoint edges in

independent set. In case n — o is even, taking any disjoint edges in the clique will trivially

the clique and an additional edge joining the unmatched node of the clique and an arbitrary node

of the independent set clearly yields a maximal matching of the desired size. O

Lemma 7.20. Let n and m be positive integers such that m(CS®') ) < m < m(CS%_,,) for some

o. There exists a graph G in Gy, », such that v(G) = v(CSy_,) and ¢(G) = @(CSY_,).

Proof. The graphs described in the proofs of Lemmata 7.15 and 7.19 satisfy v(G) = v(CS%_,)
and 9(G) = Q(CS2_,). =

Using Lemmata 7.19 and 7.20 to maximize the numerator and minimize the denominator of

the ratio, we obtain Theorem 7.5:
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Theorem 7.5. Let p(G) be the worst approximation ratio for graph G. Let p(m,n) be the worst

approximation ratio attained by a graph in G, . For each n,m we have:

o (mn) 2 if o (m,n) >n/2+1,
p(m,n)  =p(CS,_imm) = 12

n—0(myn) ﬁ otherwise.

Proof. When a*(m,n) <n/2+1 or when o*(m,n) >n/2+ 1 and n — o is even, the proof follows
the same scheme as the proof of Theorem 7.3, by using Lemmata 7.19 and 7.20. Otherwise, a
value of 2 can easily be shown to be reached by a variant of the class of graphs used in the proof
of Lemma 7.19. When n > 4, this variant consists in removing one edgest from the clique to
the independent set such that s —f —v —u is a path for some nodes v in the clique and u in the

(formerly) independent set. O

The following corollary is easily proven using the same asymptotic arguments as in the proof

of corollary 7.3:

Corollary 7.5. Let p(€,n) be the worst approximation ratio attained by a graph with n nodes and

an average degree at least en. We have:

- 2 ife <3/4,
lim p(g,n) = |
n—oo

1—v1—¢

otherwise.

Approximation ratio vs minimum degree
Remark 7.10. In this problem, the set of invariants I is {$,8}.

Let B, 5 be the set of graphs of order n having minimum degree 8 and a maximal matching of
size [0/2]. Note that B, 5 = A, ,_5 When § is even.

Lemma 7.21. Each graph in B, 5 with [8/2] > n/4 has a perfect matching.

Proof. Let us partition the nodes of G in two sets A and B such that B contains the endpoints
of our maximal matching of size [8/2] (A is thus the complementary independent set, of size
n—2[3/2]). The formula [§/2] > n/4 just expresses the condition |A| < |B|. In the case where
d is even, the proof is that of Lemma 7.16. If d is odd, then |B| = d+ 1. We start from M, a
perfect matching for B. We show that M can be augmented into a perfect matching. We show
below that for any nodes a; and a; in A, there exists at most one m € M that does not provide an
augmenting path for a; and a;. This implies that M can be augmented into a perfect matching for
G by augmenting | |A|/2] disjoint pairs of nodes of A with different edges of M, since, having each
element of a set X choose a different element of a set Y, with only one forbidden element in Y for

each element of X is always possible when |Y| > |X| (note here that |M| > [|A]/2]).
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The proof of our first assertion is by contradiction: suppose there are 2 edges m = b;b; and
m' = byb; that do not provide augmenting paths for a; and a;. This implies that in each one of the

4 following pairs of edges, at least one edge of the pair is absent from the graph:
{(aibi,ajbj), (aibj,a;bi), (aibr,a;bi), (aibi,a;bi) }

and therefore that: deg(a;) + deg(a;) < 2|B| —4 = 28 — 2 < 28, which contradicts the degree

condition. ]

Theorem 7.6 follows directly from Lemmata 7.12 and 7.21:

Theorem 7.6. Let 6(3,n) be the worst approximation ratio attained by a graph with n nodes and

minimum degree d. We have:

2 if [8/2] <n/4

5/2] otherwise.

Furthermore, when [8/2] > n/4, B, 5 is the exact set of graphs that maximize the ratio among all

graphs with n nodes and minimum degree 0.

Proof. We consider the two cases [8/2] <n/4 and [8/2] > n/4.

i) [8/2] < n/4. CS;[_SZ/E%/ 2l minimizes v(G) among all graphs G with n nodes and m edges

(by noticing that CS" 1>/ € B, 5 and by applying Lemma 7.12). Further, ¢ (CS;E;/[;/ ﬂ) =

2[3/2]
2[8/2] (by Lemma 7.8), and thus & (cs; i ”) =2[8/2]/[8/2] =2. This is the maximum

value for the approximation ratio since our heuristic is a 2-approximation algorithm.

ii) [6/2] > n/4. We know by Lemma 7.12 that the graphs in B, 5 are the only graphs that
minimize v(G) among all graphs G with n nodes and m edges. We further know, by Lemma
7.21, that these graphs have a perfect matching. The extremal ratio is therefore given by
|n/2]/[6/2] and is attained by the graphs of B, 5 only. O

Corollary 7.6. Let 6(g,n) be the worst approximation ratio attained by a graph with n nodes and

minimum degree at least en. We have:

[\

ife<1/2,
lim 6(¢g,n) = fe<l/

n—oo

o=

otherwise.

7.3.6 Remarks

We studied the worst-case approximation ratio of the maximal matching heuristic for the minimum

node cover and minimum maximal matching problems in weakly and strongly €-dense graphs.
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For both problems in weakly e-dense graphs, we characterized the exact worst-case approx-
imation ratio as a function of € and obtain a function that is asymptotic to 2 when € < 3/4 and
to 1/(1 —+/1—¢) otherwise. In the case of strongly e-dense graphs, again we characterized the
exact worst-case approximation ratio as a function of € and obtain a function that is asymptotic to
2 when € < 1/2 and to 1/¢ otherwise.

It is interesting to compare the approximation ratios we obtain for minimum node cover with
the ones obtained by Zelikovsky and Karpinski: we note that in both the weakly and the strongly
€-dense cases the ratios differ only by one unit in the numerator and one in the denominator. The
tight bounds we obtain for the minimum node cover problem are greater than those that were
obtained using more sophisticated approximation algorithms [176, 180]. We nevertheless believe
that a tight worst-case study of the classical heuristic is interesting as a point of comparison to the
ratios obtained by other algorithms for the same problem, or by the same heuristic applied to other

problems.

On the other hand, the approximation ratios obtained for minimum maximal matching are, to
the best of our knowledge, the best ones known for this problem since it does not seem to have
been studied under density constraints yet. Finally, the results obtained for this problem are also
valid for a variant problem, namely the minimum edge dominating set problem since, as noted
by Yannakakis and Gavril [233], both problems always admit optimal solutions of the same size,
and an optimal solution to one can always be transformed into an optimal solution to the other in

polynomial time.

7.4 Summary

In Section 7.1, we have done a complete analysis of the two invariants o and m, viewed as coor-
dinates in the space. The full list of optimal linear inequalities between these two invariants was
given. We have pointed out that any point from the invariants polytopes which has integer coor-
dinates is produced by some connected graph with n nodes. This analysis gives also an answer to
the following problem stated by Ore [202] in 1962 : What is the minimum number of edges m in

connected graphs with a fixed number of nodes n and a fixed stability number o ?.

In Section 7.2 we have established some of the optimal inequalities among the diameter, the
irregularity and the maximum degree of a connected graph. Even if we are not able this time
to provide a complete description of the polytope of graph invariants, we have still shown that
our method leads to nontrivial and interesting results. The problem of finding all optimal linear

inequalities for the diameter, the irregularity and the maximum degree is left open.

The maximal matching heuristic is an algorithm that provides a 2-approximation for the min-

imum node cover and minimum maximal matching problems. In Section 7.3, we have asked the
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question of expressing the approximation ratio in a finer way, as a function of density parameters.
We have characterized precisely the asymptotic approximation ratio as a function of these param-
eters, together with tight examples. This is, to our knowledge, the tightest analysis ever done of

this algorithm.

All these results show that the system GraPHedron and its polyhedral approach, presented in
Chapter 6, provide a fruitful strategy to derive conjectures in graph theory. Moreover, the vertex

graphs produced by the system were very helpful in the writing of the proofs.



Conclusion

Several computer systems in graph theory have been very successful in helping mathematicians
to formulate and explore conjectures. Sometimes such conjectures are suggested by the computer
in a entirely automated way. All these systems appear to be complementary. The underlying
approaches, i.e., enumeration, interactive computing, formula manipulation, generation and selec-

tion, heuristic optimization, are diverse.

In this dissertation, we used intensively the system AutoGraphiX, based on the heuristic opti-
mization approach. It led to many new results, mainly in chemical graph theory. We also used the
enumeration approach to characterize some infinite families of integral graphs. Moreover, in the
context of this dissertation, we have developed the system GraPHedron. It uses a new approach,
partially based on enumeration, which relies on polyhedral arguments to derive optimal conjec-
tures, under some conditions. We also present the first new results obtained with its help. For
instance, we were able to derive the full list of optimal linear inequalities, between the stability
number and the number of edges of connected graphs with n nodes. We also provided a precise
characterization of the asymptotic approximation ratio of the maximal matching heuristic, as a
function of density parameters, for the minimum node cover and the minimum maximal matching

problems.

With this work, we got closer to the initial objective : to show how computers can help re-
searchers in graph theory. We showed by numerous examples that conjectures can often be easily
derived with the help of a computer, especially in graph theory. Good examples are important
both in suggesting conjectures and in proving theorems. These examples are particular graphs for

a given problem. For instance, in this dissertation we intensively studied :

i) family of graphs obtained by constructive enumeration (see Section 2.1 and Chapter 3);
ii) extremal graphs provided by AutoGraphiX (see Section 2.5 and Chapters 4 and 5);

iii) vertex graphs given by GraPHedron (see Chapters 6 and 7).

The usefulness of the AutoGraphiX and GraPHedron systems was illustrated by many results.
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Conclusion

Some of these results would probably not have been found without the help of a computer (see
for instance Conjecture 2.1 and its proof in Appendix A.1). Others, even if quite intuitive, are
not trivial to prove (see, e.g., Theorem 7.2, a variant of a famous Theorem of Turdn). Another
interesting feature of the use of computers is that the proof itself can be derived by the way the
system gives its output, and not only using examples of graphs. It was used in Chapter 5 in a
simulated algorithm type of proof, based on the neighborhoods used to find extremal graphs with
AutoGraphiX.

One can maybe think, a priori, that conjectures obtained with the help of computers are trivial.

Of course, if one considers connected graphs, a computer will often suggest that
m>n—1.

However, the theoretical results presented in this dissertation are often nontrivial and of theoretical
interest. They led to 10 publications or submitted papers. For instance, we recall that Theorem
7.2 is an answer to a problem listed as open since 1962. Another example is the interest, in the
chemical community, caused by the results presented in Chapter 4 and published in [146, 163,
165].

There are many future perspectives in developing computer systems in graph theory. For
instance, the new version of AutoGraphiX makes a fully automatic comparison of invariants and led
to many automated conjectures (see Section 2.5). The system GraPHedron can also be improved.
Much can be done in the automation of conjectures, such as the recognition and generalization of
families of inequalities. We also think that the current limitation on the order of the graphs used
in GraPHedron, due to a complete enumeration of these graphs, can be overcome. An interesting
possibility is to use a heuristic, such as the VNS used in AutoGraphiX, to construct polytopes
iteratively, without enumerating all the points. Another possibility is to avoid the generation of
some graphs which are not vertices of the polytopes, using a selective enumeration. Of course, it

will be hard to realize : in this case, the enumeration depends on the invariants studied.

Other perspectives are theoretical. AutoGraphiX and GraPHedron have proved their efficiency.
We want now to devote more time to using these systems, in order to obtain new theoretical results.
We have started the study of some interesting problems. For instance, the study of approximation
ratios (see Section 7.3) can be extended to other heuristics and exact algorithms. A new family of
NP-hard invariants have recently been added to GraPHedron. They are related to computational
geometry and are, e.g., the convex crossing number, the path width, the tree width, the queue
number, ... We have begun to study them in collaboration with researchers specialized in this
field.

We conclude this dissertation by two citations. GraPHedron was first presented publicly at the
second Computers and Discovery conference (Montréal 2004). During this meeting, Stevanovi¢
said to us, after playing a little bit with GraPHedron : “It can gives more conjectures than we

have the time to prove.” The same remark can be stated for AutoGraphiX. The real challenge is



189

maybe to find unexplored and interesting conjectures. If time for proving (or refuting) conjectures
is missing, the following statement is maybe the good answer. It was made by Hansen during
the 18" mini-EURO conference on VNS (Tenerife, 2005) to conclude an interesting talk about
automated comparison of invariants made with AutoGraphiX : “When you get many conjectures,
you can let the computer prove the simplest ones, then prove yourself interesting ones, and give

the most difficult ones to colleagues.”
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APPENDIX A

About AutoGraphiX

Proof of Conjecture 2.1

A.1  Proof of Conjecture 2.1
The trees with maximum degree A < 3 found by AutoGraphiX with (conjectured) maximum irreg-
ularity are represented on Figure A.1.

These extremal trees are used in the following proofs, illustrating also the help provided by

AutoGraphiX in getting proofs.
Theorem A.1. For any tree T with A <3,
A(T) < 22 ifn(mod 3) = 1,

An— .
< M otherwise.

Proof. Let T be a tree with maximum degree A < 3 and denote by x;; the number of edges of T

with endnodes of degree i and j.

By definition of the irregularity,

A(T) = X172 +2x13 + X23. (A.1)

We first solve the following system of five linear equations which holds for all trees with
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Figure A.1: Extremal trees with A < 3 and maximum irregularity found by AutoGraphiX

A<3
Xpp+x13 = n (A2)
X12+2x0+x3 = 2np (A.3)
X13+x3+2x33 = 3n3 (A4)
n+2n+3ny = 2n-—2 (A.5)
n+n+n = n. (A.6)

with unkowns x13, x23, 111, np and n3. That gives :

1

X3 = 3 (n—4x12 —x+x33+5) (A7)
X3 = %(Zn +x12 — 2x20 — 4x33 — 8) (A.8)
n = %(n—xlz —x»+x33+5) (A.9)
ny, = %(n + 2x12 + 2x35 — 2x33 — 4) (A.10)

1
ny = g(l’l—xlz—)czz—i-x%—l). (A.11)
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Replacing x13 by (A.7) and x»3 by (A.8) in (A.1) gives
1
A(G) = §(4n—4x12 —4xyy —2x33+2) (A.12)
which is maximal for a fixed number of nodes when the values x|, and x33 are equal to zero.

If n(mod 3) = 1, we can choose xj2 = 0, x2 = 0 and x33 = 0 because the solutions given in
Egs. (A.7) — (A.11) are in integers. In this case, x;3 = (n+5)/3, xp3 = (2n—8)/3 and A(T) =
(4n+2)/3.

If n(mod 3) = 0, x12, x2; and x33 cannot be all equal to zero because the solutions are no more
in integers. Looking at (A.12), the best choice is to take x;p = xpp = 0 and x33 = 1 which is a
feasible case. In this case, A(T) = 4n/3.

If n(mod 3) = 2, there are three feasible solutions with the same irregularity value. One can
choose x1p =xpp =0 and x33 =2, or x;p = 1 and x3p = x33 = 0, or xpp = 1 and x12 = x33 = 0.
These solutions lead to A(T') = (4n —2)/3. Figure A.2 shows three different trees with maximum
irregularity and n = 8. O

Figure A.2: Three trees with maximum irregularity, A <3 and n = 8

The graphs found by AutoGraphiX (see Figure A.1) are extremal for the irregularity by The-
orem A.l. The proof of this theorem gives a good characterization of these graphs in terms of
x;j. We now prove Conjecture 2, which was obtained automatically by AutoGraphiX from these

extremal trees.

Theorem A.2. For any tree T of size m with A < 3 and maximum irregularity A(T ), Randic index

Ra(T), and ny pending nodes,
Ra(T) = —0.027421 A(T) +0.538005 m — 0.110484 n; +0.614014.
Proof. Before proceeding to the proof itself, we find which real values AutoGraphiX has approxi-

mated. To do this, we choose 4 extremal trees given by the system (see Figure A.3), compute their

values for Ra, A, m and n; and subsitute these values in

Ra=aA+bm+cn +d (A.13)
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where a,b, c,d are the real values sought for. For instance, the tree 7; on Figure A.3 has Ra(T;) =
1/V242/v/3+1/v6,A(T;) = 6, m(T;) = 4 and n1(T;) = 3. That gives the following system of

equations with unknows a,b,c and d :

1 2 1
6a+4b+3c+d = —+—+—, (A.14)
V2 V3 V6
4 1
8a+5h+4c+d = —+ -, (A.15)
V3 3
10a+6b+4c+d 4 + 2 (A.16)
a c = —+— .
V3 V6
5 2
10a+7b+5¢c+d = —+-—. A.17
N ( )
T1 T2 T3 T4

Figure A.3: Four extremal trees with A < 3 and maximum irregularity found by AutoGraphiX

The unique solution of this system is

2 V3 V6 1
_ o vye v> vo 1 Al
“ 176 T2 6 (A.18)
V2 V3 V6
_ V2 V3 Vb Al
b 2 3 + G (A.19)
2 23 V6 2
_ V=2 A A2
¢ >t T Ty (A-20)
2
d = 3\{—\/§+\f—1. (A.21)

A numerical approximation of these irrational values corresponds to the values given by Auto-

GraphiX in the conjecture.
Let T be a tree with maximum degree A < 3. We have that

m = Xx13 +x13 + X220 + x23 + X33, (A.22)

and
n=2xp+x13+x20+x3+x33+ 1. (A.23)

Moreover, by definition of the irregularity

A(T) = x12 + 2x13 + x23, (A.24)
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and by definition of the Randic index

X12 X13 X22 | X23 X33
Ra(T)=—=+—+—+—F—%+—7. A25
aT) = S+ S+ 2+ (A25)

By Theorem A.1, if n(mod 3) = 1,
X13 = (n+5)/3, (A.26)

and
X12 = X2 — X33 — 0. (A.27)

Substituting (A.27) in (A.23) and (A.23) in (A.26) gives

X33 — 2X13 —6. (A.28)

By (A.27) and (A.28), Egs. (A.22), (A.24) and (A.25) become

m = 3x13 — 6, (A.29)
A(T) = 4x13 — 6, (A.30)
and
Ra(T) :xl3\/§3+\/8—\£, (A.31)
respectively. Moreover, Eq. (A.2) gives
n =x3 (A.32)

Replace A by (A.30), m by (A.29), n; by (A.32) and a,b,c,d by Eqgs. (A.18) — (A.21) in the
right-hand-side of (A.13) and simplify. This leads to

LY3tVe e

3T

which is equal to the Randic index of T given by (A.32).
The other cases are similar.

If n(mod 3) = 0, we start with xj3 = (n+6)/3, x33 = 1 and x5 = x23 = 0 and modify the

remainder of the proof in consequence.

If n(mod 3) = 2 we start with the three different solutions given in Theorem A.1 and apply the

same ideas for each cases. O






APPENDIX B

About GraPHedron

GraPHedron'’s report for Problem 6.1 e GraPHedron's report for Problem 6.2 e Operators available in
GraPHedron e Invariants available in GraPHedron

B.1 GraPHedron’s report for Problem 6.1

The following code is an input file to solve Problem 6.1 with GraPHedron.

/* Which are all the best linear inequalities among D and m ? */

<ORDER> NMIN 4 NMAX 10 </ORDER>

<COORDINATES> Diam; NumEdges </COORDINATES>

<CONDITIONS> Connected </CONDITIONS> // Optional (automatic cond. of Diam)
<REPORT>TITLE "Diameter and Number of Edges" </REPORT>

<COMPUTATION> DISTRIBUTION </COMPUTATION>

A copy of the report created by GraPHedron automatically is presented on the following pages.
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Diameter and Number of Edges

GraPHedron 0.6.1 - Automatic Report
Thu Feb 9 13:06:13 2006

Contents
1 Problem statement 2
2 Polyhedron n =4 2
2.1 Facets . . . . . . e 2
2.2 Vertices . . . . . . o 3
2.3 Paretopoints . . . ... L 3
3 Polyhedron n =5 3
3.1 Facets . . . . oo e 4
3.2 Vertices . . . ... 5
3.3 Paretopoints . . . ... L 5
4 Polyhedron n =6 5
4.1 Facets . . . . . . e e 6
4.2 Vertices . . . . . ..o e 6
4.3 Paretopoints . . . . . ... 6
5 Polyhedron n =7 7
5.1 Facets . . . . ... 7
5.2 Vertices . . . . . . o e 8
5.3 Paretopoints . . . ... ... 8
6 Polyhedron n =8 9
6.1 Facets . . . . . . . e 10
6.2 Vertices . . . . . . L 10
6.3 Paretopoints . . ... ... ... L 10
7 Polyhedron n =9 10
7.1 Facets . . . . . o e 12
7.2 Vertices . . . . . . o e 12
7.3 Paretopoints . . . ... L o 12




B.1

GraPHedron’s report for Problem 6.1
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8 Polyhedron n =10
81 Facets . . . . . . ..
8.2 Vertices . . . . . . ..
8.3 Paretopoints . . . ... ... o

9 Automated conjectures

10 CPU times
10.1 Generate graphs . . . . . . ...
10.2 Compute invariants . . . . . . . . .. ...
10.3 Compute polyhedra . . . . . . . ... ... L
10.4 Global CPU times . . . . . . . v v v v i e e

13
14
14
14

15
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Diameter and Number of Edges 3

1 Problem statement
Definition 1 A graph G is connected is every pair of nodes in G are joined by a path.

Definition 2 The diameter D of a graph G = (V, E) is the mazimum distance between
two nodes of G, i.e. the "longest shortest path” in G.

Definition 3 The number of edges m of a graph G = (V, E), or its size, is the cardinal
of E.

The class of graphs generated are all non-isomorphic graphs with n nodes. The dimen-
sion of the problem is 2 and the coordinates are:
z = D,
T2 = m.

where D is the Diameter and m is the Number of edges.
The graphs considered respect the following condition(s):

Cy: Connected.

where Connected is true if the graphs are connected. In the following, a polyhedron PP, is
thus defined by
P, = conv{(z1,z2) | 3G €Cp,
z1 = D(G), z2 =m(G)},
where C,, is the set of graphs with n nodes such that C} is respected.
The polyhedra computed are those for which n = 4 to 10. Only one graph is drawn
for each vertex of the polyhedron.

2 Polyhedron n =4

Information about polyhedron P4 of graphs with n = 4:

# of graphs generated 11
# of gr. satisf. cond.
# of unique coord.
# of vertices of Py
# of facets of Py 4

Data precomputed (CPU time) 0.00 sec
Data computed now (CPU time) | 0.00 sec
Total CPU time to create Py 0.00 sec

SR

The polyhedron P4 is represented in Figure 1.

2.1 Facets
D+m < 7 (1)
2D+m < 9 (2)
m > 3 (3)
3D+m > 9 (4)
Facets | Vertices in facet
(1 [1,6] [2,5]
() 2,5] [3,3]
®3) 2,3] [3,3]
() [1,6] [2,3]
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2.2 Vertices

[1, 6]

Diam

Figure 1: Representation of Py

2.3 Pareto points

Coordinates | # of graphs | Facets
[1,6] 11(1)(4)
(2,3] 1134
(2,5] 1112
[3,3] 112 ()
[2,3] [2, 5] [3,3]

3 Polyhedron n=5

No pareto points found for this polytope.

Information about polyhedron IP5 of graphs with n = 5:

A

Figure 2: Graphs which are vertices of Py

Graphs which are polyhedral vertices of P4 are represented in Figure 2.
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# of graphs generated 34

# of gr. satisf. cond. 21

# of unique coord. 11

# of vertices of P5 4

# of facets of Py 4

Data precomputed (CPU time) | 0.00 sec
Data computed now (CPU time) | 0.00 sec
Total CPU time to create P5 0.00 sec

The polyhedron P is represented in Figure 3.

4

<P

+

2
Diam

Figure 3: Representation of Pj

3.1 Facets
D+m < 11
gDer < 4
m > 4
6D+m > 16
Facets | Vertices in facet
(5) [1,10] [2,9]
(6) 2,9] [4,4]
M |24 (4,4
(8) [1,10] [2,4]
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3.2 Vertices

Coordinates | # of graphs | Facets
(1,10] 11(5)(8)
2,4] 11(7) (8)
2,9] 11(5)(6)
[4,4] 1]1(6)(7)
[1,10] [2,4] [2,9 [4,4]

Figure 4: Graphs which are vertices of Pj

Graphs which are polyhedral vertices of IP5 are represented in Figure 4.

3.3 Pareto points

Pareto points related to facet gD +m <14

Coordinates | # of graphs
(2,9] 1
(3.6] 1
[4,4] 1
[2,9] [3, 6] [4, 4]

Figure 5: Pareto points of facet %D +m <14

Pareto points of facet %D + m < 14 are represented in Figure 5.

4 Polyhedron n =6

Information about polyhedron Pg of graphs with n = 6:

# of graphs generated 156
# of gr. satisf. cond. 112
# of unique coord. 21
# of vertices of Pg 4
# of facets of Pg 4

Data precomputed (CPU time) | 0.00 sec
Data computed now (CPU time) | 0.01 sec
Total CPU time to create Pg 0.01 sec

The polyhedron Pg is represented in Figure 6.
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121

NumEdges
2]

Diam

Figure 6: Representation of Pg

4.1 Facets

D+m < 16
3D+m < 20

m > 5
10D+m > 25

Facets | Vertices in facet

9) [1,15] [2,14]

(10) (2,14] [5,5]

(11) [2,5] [5,5]

(12) [1,15] [2,5]

4.2 Vertices

Coordinates | # of graphs | Facets
[1,15] 1109 (12
[2,5] 11 (11) (12)
[2,14] 1] (9) (10)
[5,5] 1| (10) (11)

Graphs which are polyhedral vertices of Pg are represented in Figure 7.

4.3 Pareto points

Pareto points related to facet 3D +m < 20

Coordinates | # of graphs
[2,14] 1
[3,10] 2
[4,7) 2
[5,5] 1

—
—
- O

—
—
no
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[1,15] [2,5] [2,14] [5,5]

Y-

Figure 7: Graphs which are vertices of Pg

[2,14] [3,10] [4,7] [5, 5]
>

Figure 8: Pareto points of facet 3D +m < 20

Pareto points of facet 3D +m < 20 are represented in Figure 8. All these Pareto points
respect the following equality :

m= %DZ - 1—23[) +25 (13)

5 Polyhedron n =17

Information about polyhedron IP; of graphs with n = 7:

# of graphs generated 1044
# of gr. satisf. cond. 853
# of unique coord. 36
# of vertices of P7 4

# of facets of P 4

Data precomputed (CPU time) 0.01 sec
Data computed now (CPU time) | 0.03 sec
Total CPU time to create Py 0.04 sec

The polyhedron P; is represented in Figure 9.

5.1 Facets
D+m < 22 (14)
;D +m < 27 (15)
m > 6 (16)
15D+m > 36 (17)

Facets | Vertices in facet ‘
(14) | [1,21] [2,20]

(15) | [2,20] [6,6)

(16) | [2,6] [6,6]

an | enpe |
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o
181 o
o
o
151 ° o
) o
] ) o)
§ 121 ° ®
= ) °
3 o °
9T o °
o )
o
64
34
v 1 2 3 4 5
Diam

Figure 9: Representation of Py

5.2 Vertices

Coordinates | # of graphs | Facets

[1,21] 11 (14) (17)
[2,6) 1| (16) (17)
[2,20] 1| (14) (15)
[6, 6] 1| (15) (16)

[2,6]

Figure 10: Graphs which are vertices of P

Graphs which are polyhedral vertices of P7 are represented in Figure 10.

5.3 Pareto points

Pareto points related to facet %D +m <27

‘ Coordinates | # of graphs
[2,20]
[3,15]
[4,11]
[5,8]

| 6.6

=N W N
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[2,20] [3,19] [4,11] [5. 8] [6, 6]

Figure 11: Pareto points of facet %D +m <27

Pareto points of facet %D + m < 27 are represented in Figure 11. All these Pareto
points respect the following equality :

1 15
m= §D27 5D +33 (18)

6 Polyhedron n =8

Information about polyhedron Pg of graphs with n = 8:

# of graphs generated 12346
# of gr. satisf. cond. 11117
# of unique coord. 57

# of vertices of Pg 4

# of facets of Pg 4

Data precomputed (CPU time) | 0.15 sec
Data computed now (CPU time) | 0.22 sec
Total CPU time to create Pg 0.37 sec

The polyhedron Pg is represented in Figure 12.

27t

241

21t

O000000@@@O®O000000O0

[eeXoXoX X X X XoNoXeNeXeJe]

000000000

1 2 3 4 5 6
Diam

Figure 12: Representation of Pg
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6.1 Facets

D+m < 29 (19)

4D+m < 35 (20)

m > 7 (21)

21D+m > 49 (22)

Facets | Vertices in facet
(19) | [1.28] 2,27

(20) | [2,27] [7.7]
ey | 2777
(22) | [1,28] [2,7)

6.2 Vertices

Coordinates | # of graphs | Facets

[1,28] 11(19) (22)
[2,7] 11 (21) (22)
[2,27] 11 (19) (20)
(7,7] 1] (20) (21)

[2.7] 7.7

Figure 13: Graphs which are vertices of Pg

Graphs which are polyhedral vertices of Pg are represented in Figure 13.

6.3 Pareto points

Pareto points related to facet 4D +m < 35

Coordinates | # of graphs
[2,27]
[3,21]
[4,16]
5,12]
[6,9]
7,71

W e e W

Pareto points of facet 4D + m < 35 are represented in Figure 14. All these Pareto
points respect the following equality :

1 17
m= 5D2 — 5 D+42 (23)

7 Polyhedron n =9

Information about polyhedron Py of graphs with n =9:
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[3,21] [4, 16] [5,12]

Figure 14: Pareto points of facet 4D +m < 35
# of graphs generated 274668
# of gr. satisf. cond. 261080
# of unique coord. 85
# of vertices of Py 4
# of facets of Py 4
Data precomputed (CPU time) 4.17 sec
Data computed now (CPU time) | 4.69 sec
Total CPU time to create Pg 8.86 sec

The polyhedron Py is represented in Figure 15.

36T

327

24t

201

NumEdges

161

121

OOTO000000000000000000000000
00000000 0000000000000

0000000000000 00
0000000000

[6,9]

S SN

+ +

q

Diam

Figure 15: Representation of Py

12
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7.1 Facets
D+m < 37 (24)
C
%D +m < 44 (25)
m > 8 (26)
28D+m > 64 (27)

Facets | Vertices in facet ‘
@1 | [L36] 2,35

(25) | [2.35] [8.8]
(26) | [2.8) [8.8]
@7) | [1,36] [2,8]

7.2 Vertices

Coordinates | # of graphs | Facets

1, 36] 1] (29) (27)
2,8] 1] (26) (27)
2, 35] 1| (24) (25)
[8,8] 1| (25) (26)

[2.8

Figure 16: Graphs which are vertices of Py

Graphs which are polyhedral vertices of Py are represented in Figure 16.

7.3 Pareto points

Pareto points related to facet %D +m < 44

Coordinates | # of graphs
2, 35] 1
[3,28] 3
[4,22] 5
[5,17] 5
[6,13] 5
[7,10] 3
8,8] 1

Pareto points of facet %D + m < 44 are represented in Figure 17. All these Pareto
points respect the following equality :
1

19
= — 2 _— 5
m 2D 3 D + 52 (28)
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NumEdges

[3,28]

Diameter and Number of Edges

[4,22] [5,17]

Figure 17: Pareto points of facet %D +m <44

8 Polyhedron n = 10

Information about polyhedron Pyg of graphs with n = 10:

[6,13]

# of graphs generated 12005168
# of gr. satisf. cond. 11716571
# of unique coord. 121

# of vertices of Py 4

# of facets of Pyg 4

Data precomputed (CPU time) | 3 min 49.37 sec

Data computed now (CPU time) | 3 min 25.95 sec

Total CPU time to create Pyq

7 min 15.32 sec

401

35T

30T

251

101

The polyhedron Py is represented in Figure 18.

Diam

Figure 18: Representation of Pyq

14
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8.1 Facets

D+m < 46 (29)

5D+m < 54 (30)

m > (31)

36D +m > 81 (32)

Facets | Vertices in facet
(29) [1,45] [2,44]

(30) | [2,44] [9,9]
(1) | [2,9 09,9
(32) | [1,45] [2,9]

8.2 Vertices

Coordinates | # of graphs | Facets

[1,45] 11(29) (32)
[2,9] 11 (31)(32)
[2,44] 11 (29) (30)
[9,9] 11 (30) (31)

[1,45] [2,9]

% U
S\

Figure 19: Graphs which are vertices of Pjg

Graphs which are polyhedral vertices of IP1g are represented in Figure 19.

8.3 Pareto points

Pareto points related to facet 5D +m < 54

Coordinates | # of graphs

o O =1 =1 O e

Pareto points of facet 5D + m < 54 are represented in Figure 20. All these Pareto
points respect the following equality :
21

1
m= 5[)27 S D+63 (33)
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[3,36] [4,29] [5, 23] [6, 18]

-

Figure 20: Pareto points of facet 5D + m < 54

9 Automated conjectures

GPH Conjecture 1 For all graphs with n > 4 nodes such that Cy is
number of vertices of Py, is

@

respected, the

4.
GPH Conjecture 2 For all graphs with n > 4 nodes such that Cy is respected, the
number of facets of Py, is
4.
GPH Conjecture 3 For all graphs with n > 4 nodes such that Cy is respected, the
following inequality is a facet of Py,
1, 1
D+m<-n"—-n+1 (34)
2 2
GPH Conjecture 4 For all graphs with n > 4 nodes such that Cy is respected, the
following inequality is a facet of P,
1 1 1
in,D +m < 5712 +tgn- 1 (35)
GPH Conjecture 5 For all graphs with n > 4 nodes such that Cy is respected, the
following inequality is a facet of Py,
m>n-—1 (36)
GPH Conjecture 6 For all graphs with n > 4 nodes such that Cy is respected, the
following inequality is a facet of Py,
1, 3 Py .
Qn—§n+1 D+m>n"—2n+1 (37)

The following conjecture was derived from the generalization of the pareto points.

GPH Conjecture 7 For all graphs with n > 6 nodes such that Cy is respected,

1, 1 1, 3
<1 2 1 3 .
meD -‘r( n 2>D+<2n +2n 2) (38)
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10 CPU times

Here are the CPU times used to solve this problem. Note that, if some data have been
computed on different computers, the following times are inconsistents. To get consistent
CPU times for a given problem, all computation should be made on the same computer.

There are two types of CPU times in the following tables, depending on when the data

were computed :

1. Precomp. (precomputed data). CPU times to compute data which were already
computed to solve previously a similar problem (with, for instance, the same class
of graphs or the same invariant). The CPU times are thus given for information but
were not spended to solve this specific problem.

2. Comp. now (data computed now). CPU times to compute data which are not (yet)
precomputed.
10.1 Generate graphs

Here are the times used to generate (with geng) all non-isomorphic graphs with n nodes.

n = | Precomp. | Comp. now
4| 0.00 sec 0.00 sec
5 | 0.00 sec 0.00 sec
6 | 0.00 sec 0.00 sec
7 | 0.00 sec 0.00 sec
8 | 0.02 sec 0.00 sec
9 | 0.45 sec 0.00 sec
10 | 21.38 sec | 0.00 sec

10.2 Compute invariants

Here are the times to compute the invariants.

n = | Connected | D m Total Precomp. | Total Comp. now
4 | 0.00 sec 0.00 sec 0.00 sec 0.00 sec 0.00 sec
5 | 0.00 sec 0.00 sec 0.00 sec 0.00 sec 0.00 sec
6 | 0.00 sec 0.00 sec 0.00 sec 0.00 sec 0.00 sec
7 | 0.00 sec 0.01 sec 0.00 sec 0.01 sec 0.00 sec
8 | 0.04 sec 0.07 sec 0.02 sec 0.13 sec 0.00 sec
9 | 1.07 sec 2.10 sec 0.55 sec 3.72 sec 0.00 sec
10 | 56.99 sec 1 min 58.98 sec | 32.02 sec | 3 min 27.99 sec | 0.00 sec

10.3 Compute polyhedra

The computation of a polyhedron requires three steps :

1. Filter points. Get a set S of unique points. In this problem, a point represent one
or more graphs with n nodes such that Cj is respected. This step is important (and
often slow) as the number of resulting points in S is often much lesser than the
number of graphs with n nodes. Some optional information (e.g. statistics about
coordinates) are also collected during the filtering.

2. Compute facets. Compute the facets of the polytope defined by conv(S).

3. Compute vertices. Compute the vertices of the polytope defined by conv(S).

n = Filter | Cp. Facets | Cp. Vert. | Total Precp. Tot. Cp. now
4 0.00 sec 0.00 sec 0.00 sec 0.00 sec 0.00 sec
5 0.00 sec 0.00 sec 0.00 sec 0.00 sec 0.00 sec
6 0.00 sec 0.00 sec 0.01 sec 0.00 sec 0.01 sec
7 0.02 sec 0.00 sec 0.01 sec 0.00 sec 0.03 sec
8 0.20 sec 0.00 sec 0.02 sec 0.00 sec 0.22 sec

4.63 sec 0.00 sec 0.06 sec 0.00 sec 4.69 sec
10 3 min 25.85 sec 0.00 sec 0.10 sec 0.00 sec | 3 min 25.95 sec
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10.4 Global CPU times

Compute polyhedra. The total times to compute completely the polytopes are men-
tionned here.

n = | Precomp. Comp. now Total

4 | 0.00 sec 0.00 sec 0.00 sec

5 | 0.00 sec 0.00 sec 0.00 sec

6 | 0.00 sec 0.01 sec 0.01 sec

7 | 0.01 sec 0.03 sec 0.04 sec

8 | 0.15 sec 0.22 sec 0.37 sec

9 | 4.17 sec 4.69 sec 8.86 sec
10 | 3 min 49.37 sec | 3 min 25.95 sec | 7 min 15.32 sec

Search conjectures. The CPU time of the automated conjecture’s search is 0.01 sec.
Total. The total CPU time used to compute all data used in this report is 7 min 24.61
sec (52.56 % was precomputed, so the real CPU time for this run was 3 min 30.91 sec).

B.2 GraPHedron’s report for Problem 6.2

The following code is an input file to solve Problem 6.2 with GraPHedron.
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<COORDINATES>
StableMax; NumEdges
</COORDINATES>

<CONDITIONS> Connected </CONDITICONS>

<REPORT>

TITLE "Stability number and Number of edges of Connected graphs"
COLOR Degree

</REPORT>

<ORDER>
NMIN 4
NMAX 10

</ORDER>

<COMPUTATION>
STATISTICS
DISTRIBUTION
REFS 5

</COMPUTATION>

A copy of the report created by GraPHedron automatically is presented on the following pages.
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Stability number and Number of
edges of Connected graphs

GraPHedron 0.6.1 - Automatic Report

7.3 Pareto points

Thu Feb 9 13:24:56 2006

Contents
1 Problem statement
2 Statistics for coordinates
2.1 Coordinate x1
2.2 Coordinate xg
3 Polyhedron n =4
3.1 Facets .. ..
3.2 Vertices . . .
3.3 Pareto points
4 Polyhedron n =5
4.1 Facets . . ..
4.2 Vertices . . .
4.3 Pareto points
5 Polyhedron n =6
5.1 Facets . ...
5.2 Vertices . . .
5.3 Pareto points
6 Polyhedron n =17
6.1 Facets . ...
6.2 Vertices . . .
6.3 Pareto points
7 Polyhedron n =8
7.1 Facets . ...
7.2 Vertices . . .
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8 Polyhedron n =9 14
81 Facets . . . . . . .. 15
8.2 Vertices . . . . . . .. 15
8.3 Paretopoints . . . ... ... o 15

9 Polyhedron n =10 15
9.1 Facets . . . . . . . 17
9.2 Vertices . . . . ... 18
9.3 Paretopoints . . .. ... ... Lo 18

10 Automated conjectures 18

11 CPU times 20
11.1 Generate graphs . . . . . . . ... 20
11.2 Compute invariants . . . . . . . . . . L 20
11.3 Compute polyhedra . . . . . . ... ... . 20

11.4 Global CPU times . . . . . . . . . . it 21
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Stability number and Number of edges of Connected graphs 3

1 Problem statement
Definition 1 A graph G is connected is every pair of nodes in G are joined by a path.

Definition 2 The number of edges m of a graph G = (V, E), or its size, is the cardinal
of E.

Definition 3 The stability number of a graph G is the mazimum cardinality of an inde-
pendent set in G

The class of graphs generated are all non-isomorphic graphs with n nodes. The dimen-
sion of the problem is 2 and the coordinates are:

Ty =
xo = m.

where m is the Number of edges and « is the Stability Number.
The graphs considered respect the following condition(s):

Cy : Connected.

where Connected is true if the graphs are connected. In the following, a polyhedron PP, is
thus defined by
P, = conv{(z1,22) | 3 G €Cy,
z1 = a(Q), z2 =m(G)},

where C,, is the set of graphs with n nodes such that C is respected.
The polyhedra computed are those for which n = 4 to 10. A maximum of 5 graphs
are drawn for one vertex of the polyhedron.

2 Statistics for coordinates

2.1 Coordinate z;

The following statistics about 1 = « are represented in Figure 1. Figure 2 shows the
distributions of x; (for each computed n).

n | Min | Max | Mean Std. Dev.
4 |1 3 2 0.57735

5 |1 4 2.42857 | 0.659829
6 |1 5 2.8125 | 0.675215
711 6 3.1653 | 0.661886
8 |1 7 3.45057 | 0.654493
9 |1 8 3.69208 | 0.649242
10 |1 9 3.90161 | 0.636624

GPH Conjecture 1 For all graphs with n > 4 nodes such that Cy is respected,
1<a.
GPH Conjecture 2 For all graphs with n > 4 nodes such that Cy is respected,

a<n-—1.
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Statistics for x1 forn =4 to 10

g st 1
2
g
@ 4l 4
,,,,, -
»»»»»»»» o
3 B 7 4
-
e
2% 4
1
s
o . . . . .
4 5 6 7 8 9 10
Number of nodes
Figure 1: Statistics for x;
Distribution of x1 for n = 4 to 10
8e+06 T T T T T T T
7e+06 - H g
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1e+06 A
0 g - “a- - .
1 2 3 4 5 6 7 8 9
StabNum

2.2 Coordinate z,

The following statistics about xo = m are represented in Figure 3. Figure 4 shows the

Figure 2: Distribution of values for

distributions of 9 (for each computed n).

GPH Conjecture 3 For all graphs with n > 4 nodes such that Cy is respected,

n | Min | Max | Mean Std. Dev.
4 |3 6 4.16667 | 1.06719

5 |4 10 6.19048 | 1.59221

6 |5 15 8.49107 | 2.0485

7 16 21 11.1981 | 2.44362

8 7 28 14.4122 | 2.79586

9 |8 36 18.2193 | 3.11345
10 |9 45 22.6145 | 3.4266

n—1<m.
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Statistics

Number of graphs

2
m< —n® ——n.
- 2

N | =

Statistics for x2 for n = 4 to 10

Stability number and Number of edges of Connected graphs

GPH Conjecture 4 For all graphs with n > 4 nodes such that Cy is respected,

Max —+—
Mean ---x---
—x

4 Min -
Std Dev &

1.4e+06

1.2e+06

1e+06

800000

600000

400000

200000

oo ok

Number of nodes

Figure 3: Statistics for xq

Distribution of x2 for n = 4 to 10

f

p
30200000

10 15 20 25 30 35
NumEdges

40

Figure 4: Distribution of values for zo
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3 Polyhedron n =4

Information about polyhedron P4 of graphs with n = 4:

# of graphs generated 11

# of gr. satisf. cond. 6

# of unique coord. 5

# of vertices of Py 4

# of facets of Py 4

Data precomputed (CPU time) 0.00 sec
Data computed now (CPU time) | 0.00 sec
Total CPU time to create P4 0.00 sec

The polyhedron Py is represented in Figure 5.

3.1 Facets

StabNum

Figure 5: Representation of Py

a+m < 7

2a+m < 9

m > 3

3a+m > 9
Facets | Vertices in facet

DERITGIE

2 2,5] [3,3]

(3) 2,3] [3,3]

() [1,6] [2,3]
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3.2 Vertices

Coordinates | # of graphs | Facets
[1,6] 1M @
2,3] 1) (3)4)
(2,5] 11 (1) (2
[3,3] 1120
[1,6] [2,3] [2,5] [3,3]

Figure 6: Graphs which are vertices of Py

Graphs which are polyhedral vertices of P4 are represented in Figure 6.

3.3 Pareto points

No pareto points found for this polytope.

4 Polyhedron n =5

Information about polyhedron P5 of graphs with n = 5:

# of graphs generated 34
# of gr. satisf. cond. 21
# of unique coord. 11
# of vertices of P5 6
# of facets of Ps 6

Data precomputed (CPU time) 0.00 sec
Data computed now (CPU time) | 0.01 sec
Total CPU time to create P5 0.01 sec

The polyhedron Ps is represented in Figure 7.

4.1 Facets
a+m < 11 (5)
2a+m < 13 (6)
3a+m < 16 (7)
m > 4 (8)
a+m > 7 (9)
5a+m > 15 (10)
Facets | Vertices in facet
(5) [1,10] [2,9]
(6) 2,9] [3,7]
(7) 3, 7] [4,4]
(8) 3,4] [4,4]
9) [2,5] [3,4]
(10) | [1,10] [2,5]

Stability number and Number of edges of Connected graphs 7
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101
94
84
4
8]
i
Est
b=
s
34
21
14
° : : : :
StabNum
Figure 7: Representation of Pj
4.2 Vertices
Coordinates | # of graphs | Facets
(1, 10] 11 (5) (10)
2,5] 2| (9) (10)
2,9] 1] (5) (6)
(3,4] 21 (8) (9
3.7] 1] (6) (7)
[4.4] 11(71)(®)
[1, 10] [2,5] [2,5] [2,9] [3, 4]

/\ //\
> ‘\/‘\

[3 4] [4,4]

% Yo

Figure 8: Graphs which are vertices of Pj

Graphs which are polyhedral vertices of IP5 are represented in Figure 8.
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4.3 Pareto points
No pareto points found for this polytope.

5 Polyhedron n =6

Information about polyhedron Pg of graphs with n = 6:

Stability number and Number of edges of Connected graphs

# of graphs generated 156

# of gr. satisf. cond. 112

# of unique coord. 23

# of vertices of Pg 7

# of facets of Pg 7

Data precomputed (CPU time) | 0.00 sec
Data computed now (CPU time) | 0.01 sec
Total CPU time to create Pg 0.01 sec

141

121

101

OO0 @ @ @ 0 O O

NumEdges

The polyhedron Pg is represented in Figure 9.

<P

5.1 Facets

a+m
200 +m
3a+m
4da+m

m
200 +m
8a+m

3
StabNum

IV IV IVIA A IA A

16
18
21

(23

11
23

Figure 9: Representation of Pg
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Facets | Vertices in facet

(11) [1,15] [2,14]

(12) [2,14] [3,12]

(13) [3,12] [4,9]

(14) [4,9] [5,5]

(15) (3,5] [5,5]

(16) [2,7] [3,5]

(17) [1,15] [2,7]

5.2 Vertices

Coordinates | # of graphs | Facets

[1,15] (11) (17)

2,7) 1| (16) (17)

[2,14] 1] (11) (12)

[3,5] 2| (15) (16)

[3,12] 11 (12) (13)

[4,9] 11 (13) (14)

[5,5] 1| (14) (15)
[1, 15] [2,7] [2, 14] [3,5] [3,5]
[3,12] [4,9] [5, 5]

Figure 10: Graphs which are vertices of Pg

Graphs which are polyhedral vertices of Pg are represented in Figure 10.

5.3 Pareto points
No pareto points found for this polytope.

6 Polyhedron n =7

Information about polyhedron P;7 of graphs with n = T7:

# of graphs generated 1044
# of gr. satisf. cond. 853
# of unique coord. 41
# of vertices of P7 9

# of facets of P7 9

Data precomputed (CPU time) | 0.00 sec
Data computed now (CPU time) | 0.04 sec
Total CPU time to create Py 0.04 sec

The polyhedron P is represented in Figure 11.
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18t

151

O0D0O0000000QD

JO®©@eeee®oe000p
O0@@e@eo0o000d

O O0O0O0O0J

5
StabNum

Figure 11: Representation of Py

6.1 Facets
a+m < 22 (18)
20+m < 24 (19)
3a+m < 27 (20)
4a+m < 31 (21)
S5a+m < 36 (22)
m > 6 (23)
a+m > 10 (24)
3a+m > 16 (25)
la+m > 32 (26)
Facets | Vertices in facet
(18) [1,21] [2,20]
19) (2,20] [3,18]
20) [3,18] [4,15]
21) [4,15] [5,11]
(22) [5,11] [6, 6]
(23) | [4,6] [6,6]
(29 | B,7] [46]
(25) [2,10] [3,7]
(2()) [1,21] [2 10]
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6.2 Vertices

Coordinates | # of graphs | Facets
1, 21] 1] (18) (26)
(2,10] 1| (25) (26)
2,20] 1| (18) (19)
[3,7] 6| (24) (25)
3, 18] 1] (19) (20)
4,6] 6 | (23) (24)
4,15] 1 (20) (21)
5,11] 1] (21) (22)
6, 6] 1] (22) (23)
[1,21] [2,10] [2, 20] [3,7]
LN A \
N x |
[3.7 [3.7 3.7 [3, 18]
A
N2 /
[4, 6] [4, 6] [4, 6] [4, 6]
[5,11] [6, 6]
‘\\/'
o &\‘
e

Figure 12: Graphs which are vertices of P

Graphs which are polyhedral vertices of P7 are represented in Figure 12.

6.3 Pareto points

No pareto points found for this polytope.

7 Polyhedron n =8

Information about polyhedron Pg of graphs with n = 8:

12
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# of graphs generated 12346

# of gr. satisf. cond. 11117

# of unique coord. 69

# of vertices of Pg 10

# of facets of Pg 10

Data precomputed (CPU time) | 0.15 sec

Data computed now (CPU time) | 0.24 sec

Total CPU time to create Pg 0.39 sec

The polyhedron Pg is represented in Figure 13.
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Figure 13: Representation of Pg

7.1 Facets
a+m < 29 (27)
2a+m < 31 (28)
3a+m < 34 (29)
da+m < 38 (30)
S5a+m < 43 (31)
6a+m < 49 (32)
m > 7 (33)
2a+m > 15 (34)
da+m > 21 (35)
15a+m > 43 (36)
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Facets | Vertices in facet
@7 | [1,28] [2,27]
(28) | [2,27] [3,25]
(29) | [3,25] [4,22]
(30) | [4,22] [5,18]
(31) [5,18] [6,13]
(32) | [6.13] [7.7)

(33) | 4777
(34) | 13,9 [4,7]
(35) | [2,13] [3,9]
(36) | [1,28] [2,13]

7.2 Vertices

Coordinates | # of graphs | Facets

[1,28] (27) (36)
[2,13] 11 (35) (36)
[2,27] 11 (27) (28)
[3,9] 5| (34) (35)
[3,25] 11 (28) (29)
[4,7] 5| (33) (34)
[4,22] 11 (29) (30)
[5,18] 11 (30) (31)
[6,13] 1] (31) (32)
[7,7] 11 (32) (33)

[3.9

(4,7 (4.7

[5, 18] [6,13]

Figure 14: Graphs which are vertices of Pg
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Graphs which are polyhedral vertices of Py are represented in Figure 14.

7.3 Pareto points
No pareto points found for this polytope.

8 Polyhedron n =9

Information about polyhedron Pg of graphs with n = 9:

# of graphs generated 274668
# of gr. satisf. cond. 261080
# of unique coord. 107

# of vertices of Py 12

# of facets of Py 12

Data precomputed (CPU time) 3.88 sec
Data computed now (CPU time) | 4.55 sec
Total CPU time to create Pg 8.43 sec

The polyhedron Py is represented in Figure 15.
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Figure 15: Representation of Py
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8.1 Facets
a+m < 37 (37)
2a+m < 39 (38)
3a+m < 42 (39)
da+m < 46 (40)
5a+m < 51 (41)
6a+m < 57 (42)
Ta+m < 64 (43)
m > 8 (44)
a+m > 13 (45)
200+m > 17 (46)
6a+m > 29 (47)
19a+m > 55 (48)
Facets | Vertices in facet
(37) [1,36] [2,35]
(38) 12,35] [3,33]
(39) (3,33] [4,30]
(40) [4,30] [5,26]
(41) [5,26] [6,21]
(42) [6,21] [7,15]
(43) [7,15] [8,8]
(44) | 58] [8,8]
(45) | [4,9] [5,8]
(46) [3,11] [4,9]
(47) [2,17] [3,11]
(48) [1,36] [2,17]

8.2 Vertices

Coordinates | # of graphs | Facets

[1, 36] 11 (37) (48)
[2,17] 1| (47) (48)
[2, 35] 11 (37) (38)
[3,11] 2| (46) (47)
[3,33] 11 (38) (39)
[4,9] 21 | (45) (46)
[4, 30] 11 (39) (40)
[5,8] 20 | (44) (45)
[5,26] 1| (40) (41)
[6,21] 1 (41) (42)
[7,15] 1| (42) (43)
8,8] 1| (43) (44)

Graphs which are polyhedral vertices of Py are represented in Figure 16.

8.3 Pareto points
No pareto points found for this polytope.

9 Polyhedron n =10

Information about polyhedron Pyg of graphs with n = 10:
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[3,11]

Figure 16: Graphs which are vertices of Py
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# of graphs generated 12005168
# of gr. satisf. cond. 11716571
# of unique coord. 158

# of vertices of Pyg 13

# of facets of Py 13

Data precomputed (CPU time)

3 min 40.14 sec

Data computed now (CPU time)

3 min 22.91 sec

Total CPU time to create Pyq

7 min 3.05 sec

45T

[000000000000000000000000)

The polyhedron Py is represented in Figure 17.
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F acets | Vertices in facet
49) | [1,45] [2,44]
(a(]) [2,44] [3,42]
(51) [3,42] [4,39]
(52) [4,39] [5,35]

53) [5,35] [6,30]
54) | [6,30] [7,24]
(55) [7,24] [8,17]
56) | [8,17] [9,9]
57) | 15,91 [9,9]
58) | [4.11] [5,9)
(59) [3,14] [4,11]
(60) [2,21] [3,14]
(61) | [1,45] [2,21]

9.2 Vertices

Coordinates | # of graphs | Facets

e N e e

ot

=)

—_
oo e e

~N O Ut W o NN O~ O O -
— o o D Do oo —

= = = O

o~ —

Graphs which are polyhedral vertices of IP1g are represented in Figure 18.

9.3 Pareto points
No pareto points found for this polytope.

10 Automated conjectures

GPH Conjecture 5 For all graphs with n > 4 nodes such that Cy is respected, the
number of vertices of Py, is

;n — 2 if n(mod 2) =0,

3 3
Zn— Z g 2) = 1.
5"~ 3 if n(mod 2)

GPH Conjecture 6 For all graphs with n > 4 nodes such that Cy is respected, the
number of facets of Py, is

3

"= 2 if n(mod 2) = 0,

3 3
Sho2y =1
5"~ 5 if n(mod 2)
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11 CPU times

Here are the CPU times used to solve this problem. Note that, if some data have been
computed on different computers, the following times are inconsistents. To get consistent
CPU times for a given problem, all computation should be made on the same computer.

There are two types of CPU times in the following tables, depending on when the data

were computed :

1. Precomp. (precomputed data). CPU times to compute data which were already
computed to solve previously a similar problem (with, for instance, the same class
of graphs or the same invariant). The CPU times are thus given for information but
were not spended to solve this specific problem.

2. Comp. now (data computed now). CPU times to compute data which are not (yet)
precomputed.
11.1 Generate graphs

Here are the times used to generate (with geng) all non-isomorphic graphs with n nodes.

n = | Precomp. | Comp. now
4| 0.00 sec 0.00 sec
5 | 0.00 sec 0.00 sec
6 | 0.00 sec 0.00 sec
7 | 0.00 sec 0.00 sec
8 | 0.02 sec 0.00 sec
9 | 0.45 sec 0.00 sec
10 | 21.38 sec | 0.00 sec

11.2 Compute invariants

Here are the times to compute the invariants.

n = | Connected | m @ Total Precomp. | Total Comp. now
4 | 0.00 sec 0.00 sec 0.00 sec 0.00 sec 0.00 sec
5 | 0.00 sec 0.00 sec 0.00 sec 0.00 sec 0.00 sec
6 | 0.00 sec 0.00 sec 0.00 sec 0.00 sec 0.00 sec
7 | 0.00 sec 0.00 sec 0.00 sec 0.00 sec 0.00 sec
8 | 0.04 sec 0.02 sec 0.07 sec 0.13 sec 0.00 sec
9 | 1.07 sec 0.55 sec 1.81 sec 3.43 sec 0.00 sec
10 | 56.99 sec 32.02 sec | 1 min 49.75 sec | 3 min 18.76 sec | 0.00 sec

11.3 Compute polyhedra

The computation of a polyhedron requires three steps :

1. Filter points. Get a set S of unique points. In this problem, a point represent one
or more graphs with n nodes such that Cj is respected. This step is important (and
often slow) as the number of resulting points in S is often much lesser than the
number of graphs with n nodes. Some optional information (e.g. statistics about
coordinates) are also collected during the filtering.

2. Compute facets. Compute the facets of the polytope defined by conv(S).
3. Compute vertices. Compute the vertices of the polytope defined by conv(S).

n = Filter | Cp. Facets | Cp. Vert. | Total Precp. Tot. Cp. now
4 0.00 sec 0.00 sec 0.00 sec 0.00 sec 0.00 sec
5 0.00 sec 0.00 sec 0.01 sec 0.00 sec 0.01 sec
6 0.00 sec 0.00 sec 0.01 sec 0.00 sec 0.01 sec
7 0.01 sec 0.00 sec 0.03 sec 0.00 sec 0.04 sec
8 0.19 sec 0.00 sec 0.05 sec 0.00 sec 0.24 sec

4.45 sec 0.00 sec 0.10 sec 0.00 sec 4.55 sec
10 3 min 22.72 sec 0.00 sec 0.19 sec 0.00 sec | 3 min 22.91 sec
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11.4 Global CPU times

tionned here.

Stability number and Number of edges of Connected graphs

Compute polyhedra. The total times to compute completely the polytopes are men-

n = | Precomp. Comp. now Total
4 | 0.00 sec 0.00 sec 0.00 sec
5 | 0.00 sec 0.01 sec 0.01 sec
6 | 0.00 sec 0.01 sec 0.01 sec
7 | 0.00 sec 0.04 sec 0.04 sec
8 | 0.15 sec 0.24 sec 0.39 sec
9 | 3.88 sec 4.55 sec 8.43 sec
10 | 3 min 40.14 sec | 3 min 22.91 sec | 7 min 3.05 sec

Search conjectures. The CPU time of the automated conjecture’s search is 0.00 sec.
Total. The total CPU time used to compute all data used in this report is 7 min 11.93
sec (51.90 % was precomputed, so the real CPU time for this run was 3 min 27.76 sec).

22

B.3 Operators available in GraPHedron

Tables B.1 — B.2 list the operators currently available in GraPHedron where x and y are arithmetic

expressions, p an integer and a and b are boolean expressions. Operator precedence determines the
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order in which the terms of an expression will be evaluated. Operators with the highest precedence
will be evaluated before operators with lower precedence. One can use parentheses to break out
precedence. There are three types of operators : arithmetic operators can then be used as arithmetic

expressions and relational and logical operators can be used as boolean expressions.

Table B.1: Arithmetic operators

Description | Accepted syntax | Arity | Prec.
power x"p binary | 11
unary minus -x unary | 10
multiplication | x*y binary | 9
division x/y binary | 9
modulo x%p or x mod y | binary | 9
plus x+y binary | 8
minus Xy binary | 8
maximum MAX (X, Yy ««.) k-ary | 7
minimum MIN (X,V, ...) k-ary 7
mean MEAN (X, Y, .. .) k-ary 7
variance VAR (X, VY, ««.) k-ary 7
floor FLOOR (x) unary | 7
ceil CEIL (x) unary | 7
round ROUND (x) unary | 7
Table B.2: Relational operators
Description Accepted syntax | Arity | Prec.
less x <y binary | 6
greater X >y binary | 6
less or equal X <=y binary | 6
greater or equal | x >=y binary | 6
equal a =bora = b | binary | 5
not equal a !=bora <> b | binary | 5
Table B.3: Logical operators
Description | Accepted syntax Arity | Prec.
not NOT aor !a unary | 4
and a AND bora && b | binary | 3
exclusive or | a XOR b binary | 2
or a OR bora || b | binary | 1
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B.4 Invariants available in GraPHedron

When designing GraPHedron, we wanted to keep the code and the documentation about invariants
in the same place. This is the detailed information about invariants implemented in GraPHedron

as produced by the program itself.

Remark B.1. The notations used in this list can differ from the notation used in the dissertation.
It comes from the fact that the following notations are those used by GraPHedron to produce the

reports, and is not related to the text of the dissertation.

List of invariants available in GraPHedron
Date of creation : Mon May 29 23:12:43 2006
Version of GraPHedron : 0.6.1

Number of invariants: 59

Here is the list of invariants currently available in GraPHedron.

Note about the complexities : The following worst case complexities are given when a graph G

is already constructed, and following the GraPHedron’s representation of a graph (which keeps n,

m and the degrees as instance fields). For instance, computing the average degree d of a graph G
is made in constant time as

- 2m

d= Y d,/n="—

vieV(G) n

where d,, is the degree of node v;, n is the number of nodes of G, and m its number of edges.

Note also that graphs are stored in an array representing the upper triangle of the adjacency
matrix. Checking the presence of an edge is thus in constant time. However, a Depth First Search

has a complexity O(n?) (with adjacency lists, it will be in O(n +m)).

Note about the conditions : Some invariants require conditions to be properly computed. For
instance, a graph G has to be connected to have a finite diameter. If such a condition is not present

in a problem definition, GraPHedron will automatically add it.

1. Keyword: Acyclic
Name: Acyclic
Type: Boolean
Definition: A graph is said to be acyclic if it contains no cycle.
Notation: Acyclic
Complexity: O(n?)
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Note: We use a Breadth First Search.

2. Keyword: AlgConnectivity
Name: Algebraic connectivity
Type: Real
Definition: The algebraic connectivity Ak of a graph G = (V,E) is the second smallest

eigenvalue of its Laplacian matrix L, defined by
L=D-A

where D is a diagonal matrix where D;; = d,, (degree of node v;) and A is the adjacency
matrix of G.
Notation: AL |

Complexity: O(50n?)

3. Keyword: AveDeg
Name: Average degree
Type: Rational
Definition: The average degree d(G) of a graph G = (V, E) with n nodes is the (arithmetic)

mean of the degrees of its nodes :

_ ZV,EV (dVi>

d(G
(G) = ==
where d,, is the degree of node v;.

Notation: d

Complexity: O(1)

4. Keyword: AveDist
Name: Average distance
Type: Rational
Definition: The average distance of a graph G is the mean of the distances between any
pair of distinct nodes of G.
Notation: [
Condition: Connected
Complexity: O(n?)
Note: We use the Floyd-Marshall algorithm to compute all pairs shortest paths.

5. Keyword: BandWidth
Name: Bandwidth

Type: Integer
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Definition: Let v be a numbering on the nodes of a graph G = (V,E), i.e. a function that
assigns a distinct number from 1 to n to each of the nodes of G. The bandwidth of G is
defined by

max{|v(v) —v(w)|: {v,w € E}},

between all possible numberings v.
Notation: bw

Complexity: NP hard

Note: Implemented by S. Langerman.

. Keyword: Bipartite

Name: Bipartite

Type: Boolean

Definition: A graph G = (V,E) is bipartite if it is possible to partition V into two subsets
V1 and V, such that every edge of E joins a vertex of V] to a vertex of V,.

Notation: Bipartite

Complexity: O(n?)

Note: We use a Breadth First Search.

. Keyword: Chromatic

Name: Chromatic Number

Type: Integer

Definition: The (node) chromatic number of a graph G is the minimum number of different
colors required to color the nodes of G such that two adjacent nodes have different colors.
Notation:

Complexity: NP-hard

. Keyword: CliqueMax

Name: Clique Number

Type: Integer

Definition: The clique number of a graph G is the maximum cardinality of a clique in G
Notation: ®

Complexity: NP hard

. Keyword: CompleteSplit

Name: Complete Split graph
Type: Boolean
Definition: A graph G is a complete split graph if it constructed from a clique on n — o

nodes, an independent set on o nodes, and all possible edges between these two sets.
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10.

11.

12.

13.

Notation: CSG
Complexity: O(n)

Keyword: Connected

Name: Connected

Type: Boolean

Definition: A graph G is connected is every pair of nodes in G are joined by a path.
Notation: Connected

Complexity: O(n?)

Note: We use a Depth First Search.

Keyword: ConvexCN

Name: Convex Crossing Number

Type: Integer

Definition: A convex drawing of a graph G with n nodes is a drawing in which the nodes
are placed on the corners of a convex n-gon in the plane and each edge is drawn using one
straight line segment. The convex crossing number is the minimum number of crossings in
any convex drawings of G.

Notation: C

Note: Implemented by M. Myldraz and S. Langerman.

Keyword: CutWidth
Name: Cut width
Type: Integer
Definition: Let v be a numbering on the nodes of a graph G = (V,E), i.e. a function that
assigns a distinct number from 1 to n to each of the nodes of G. The cutwidth of G is defined
by
mlax{{v,w EE}:|v(v) <l <v(w)|:},
between all possible numbering v.
Notation: ct
Complexity: NP hard

Note: Implemented by S. Langerman.

Keyword: CycleRank

Name: Cycle rank

Type: Integer

Definition: The cycle rank of a graph G is the dimension of its cycle space. It is computed
from

m—n+p,
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14.

15.

16.

17.

where m is the number of edges, n the number of nodes and p the number of connected
components of G.

Notation: C

Complexity: O(n?)

Note: We use a Depth First Search to compute p.

Keyword: DNC

Name: Karpinski’s dense node cover algorithm

Type: Integer

Definition: The Karpinski value of a graph G is the worst case result of an approximation
algorithm, from Karpinski and Zelikovsky for minimum vertex cover, applied on G
Notation: DVC

Note: Implemented by J. Cardinal. Use a brute-force algorithm.

Keyword: DegreeGreedyMaxMatching

Name: Worst-case of a maximal matching computed by greedy method
Type: Integer

Notation: DGMM

Note: Implemented by E. Levy. Use a brute-force algorithm.

Keyword: Density

Name: Density of edges

Type: Rational

Definition: The density of a graph G is

m

m*
where m is the number of edges of G and m* = @ (number of edges of K},).
Notation: d
Complexity: O(1)

Keyword: Diam

Name: Diameter

Type: Integer

Definition: The diameter D of a graph G = (V, E) is the maximum distance between two
nodes of G, i.e. the "longest shortest path” in G.

Notation: D

Condition: Connected

Complexity: O(n?)
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18.

19.

20.

21.

Note: We use the Floyd-Marshall algorithm to compute all pairs shortest paths.

Keyword: EdgeConn

Name: Edge Connectivity

Type: Integer

Definition: The edge connectivity of a graph G is the smallest number of edges of G whose
deletion will cause G to not be connected.

Notation: A

Complexity: Polynomial

Note: Implemented by K. Kontos.

Keyword: Energy
Name: Energy

Type: Real
Definition: The energy E of a graph G = (V, E) is defined by

n

Y Al

i=1
where ), is the i eigenvalue of the adjacency matrix of G.
Notation: £
Complexity: O(50n%)

Keyword: Eulerian

Name: Eulerian

Type: Boolean

Definition: A graph is Eulerian if it contains a cycle passing by each edges of G exactly
once.

Notation: Eulerian

Complexity: O(n?)

Note: We check if G is connected and if all of its degrees are even.

Keyword: Girth

Name: Girth

Type: Integer

Definition: The girth of G is the length of the shortest cycle (if any) in G.
Notation: g

Condition: !(Acyclic)
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22.

23.

24.

25.

Keyword: Harmonic

Name: Harmonic Mean of degrees

Type: Rational

Definition: The harmonic mean of degrees of a graph G is the number £ defined by

1
i=1 v

(ngE

_1
‘n

S| =

where d,, is the degree of node v;.
Notation: &

Condition: 6 > 1

Complexity: O(n)

Keyword: Index

Name: Index

Type: Real

Definition: The index or spectral radius Ay of a graph G = (V,E) is the greatest eigenvalue
of its adjacency matrix.

Notation: A,

Complexity: O(50n?)

Keyword: Irr
Name: [rregularity

Type: Integer
Definition: The irregularity Irr of a graph G = (V,E) is

Y ld,—a,l
(vi,vj)€E
where d,, is the degree of node v;.
Notation: Irr
Complexity: O(n?)
Note: Introduced by Albertson (1997).

Keyword: LapLargest

Name: Laplacian largest eigenvalue

Type: Real

Definition: The Laplacian largest eigenvalue \: of a graph G = (V,E) is the largest eigen-

value of its Laplacian matrix L, defined by
L=D-A

where D is a diagonal matrix where D;; = d,, (degree of node v;) and A is the adjacency

matrix of G.
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26.

27.

28.

29.

Notation: 1}

Complexity: O(50n%)

Keyword: MaxDeg

Name: Maximum Degree

Type: Integer

Definition: The maximum degree A of a graph G = (V,E) is

maxd,,
v;,eV

where d,, is the degree of node v;.
Notation: A
Complexity: O(n)

Keyword: MaxMatching

Name: Maximum Matching

Type: Integer

Definition: The maximum matching or matching numbber of a graph G is the maximum
cardinality of the maximal matchings of G.

Notation: M

Note: Implemented by E. Levy. It represents the worst-case of the maximal matching

heuristic (found by an exhaustive search).

Keyword: MinDeg

Name: Minimum Degree

Type: Integer

Definition: The minimum degree & of a graph G = (V,E) is

mind,,
v,eV

where d,, is the degree of node v;.
Notation:
Complexity: O(n)

Keyword: MinDisjointCliques

Name: Minimum Number of Disjoint Cliques

Type: Integer

Definition: The minimum number of disjoint cliques is the minimum cardinality of a clique
partition of G. A clique partition of G = (V,E) is a partition of V into disjoint subsets
V1,Va, ..., Vi such that, for 1 <i < k, the subgraph induced by V; is a complete graph.
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30.

31.

32.

33.

Notation: x
Complexity: NP hard

Keyword: MinMaxMatching

Name: Minimum Maximal Matching

Type: Integer

Definition: The minimum maximal matching of a graph G is the minimum cardinality of
the maximal matchings of G.

Notation: MMM

Complexity: NP hard

Note: Implemented by J. Cardinal.

Keyword: MinNodeCover

Name: Minimum Node Cover

Type: Integer

Definition: The minimum node cover of a graph G is the minimum cardinality of a set of
nodes that contains at least one endpoint of each edge of G.

Notation: C

Complexity: NP hard

Note: Implemented by J. Cardinal.

Keyword: Nagamochi

Name: Worst case of Nagamochi’s node cover algorithm

Type: Integer

Definition: The Nagamochi value of a graph G is the worst case result of an approximation
algorithm, from Nagamochi and Ibaraki for minimum vertex cover, applied on G.
Notation: N

Note: Implemented by J. Cardinal. Use a brute-force algorithm.

Keyword: NodesEachMinNC

Name: Number of nodes belonging to all the node covers

Type: Integer

Definition: The all,. value of a graph G is the number of nodes belonging to all of its node
covers.

Notation: all,,

Note: Implemented by E. Levy.
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34.

35.

36.

37.

38.

Keyword: NodesNoneMinNC

Name: Number of nodes belonging to none node cover

Type: Integer

Definition: The none,. value of a graph G is the number of nodes belonging to none of its
node covers.

Notation: none,,

Note: Implemented by E. Levy. Use a brute-force algorithm.

Keyword: NodesSomeMinNC

Name: Number of nodes belonging to some node covers

Type: Integer

Definition: The some,. value of a graph G is the number of nodes belonging to some (but
not all) of its node covers.

Notation: some,,

Note: Implemented by E. Levy. Use a brute-force algorithm.

Keyword: NumConnComp

Name: Number of Connected Components

Type: Integer

Definition: The number of connected components of a graph G is the number of maximal
connected subgraphs of G.

Notation: nc

Complexity: O(n?)

Note: We use a Depth First Search.

Keyword: NurDegl

Name: Number of nodes with degree 1

Type: Integer

Definition: The number 7| of a graph G is the number of nodes with a degree equals to 1.
Notation: n

Complexity: O(n)

Keyword: Numbeg?2

Name: Number of nodes with degree 2

Type: Integer

Definition: The number n, of a graph G is the number of nodes with a degree equals to 2.
Notation: n,

Complexity: O(n)
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39.

40.

41.

42.

43.

Keyword: NumDegNm1

Name: Number of nodes with degree n-1

Type: Integer

Definition: The number n,_; of a graph G, with n nodes, is the number of nodes with a
degree equals to n — 1.

Notation: n,,_;

Complexity: O(n)

Keyword: NurEdges

Name: Number of edges

Type: Integer

Definition: The number of edges m of a graph G = (V,E), or its size, is the cardinal of E.
Notation: m

Complexity: O(1)

Keyword: NumNodes

Name: Number of nodes

Type: Integer

Definition: The number of nodes n of a graph G = (V,E), or its order, is the cardinal of V.
Notation: n

Complexity: O(1)

Keyword: NumOddCycles

Name: Number of Odd Cycles

Type: Integer

Definition: The number of odd cycles of G is the number of cycles in G which have an odd
length.

Notation: OddC

Note: Implemented by J. Cardinal.

Keyword: Pathwidth
Name: Path width
Type: Integer
Definition: A path decomposition of a graph G = (V,E) is a pair ({X;:i€1},T) where
T = (I,F) is a path and {X;} is a collection of subsets of V, such that
* Uit Xi =V,
o forany {v,w} € E, there exists an i € ] with u,v € X;,

e forany v eV, theset {i € [:v € X;} forms a connected subpath of T.
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44.

45.

46.

The path width of G is max;er | X;| — 1.
Notation: pw

Complexity: NP hard

Note: Implemented by S. Langerman.

Keyword: Proximity

Name: Proximity

Type: Rational

Definition: The proximity of a graph G = (V, E) is its minimum transmission, i.e.,

min ! Zd(u,v)

veV n—1 =

where d(u,v) is the distance between u and v.

Notation: 7,,;,

Condition: Connected

Complexity: O(n?)

Note: We use the Floyd-Marshall algorithm to compute all pairs shortest paths.

Keyword: QueueNumber

Name: Queue number

Type: Integer

Definition: A queue layout of a graph G consists of a linear order of the nodes and a
partition of the edges into non-nested queues. Edge {x, y} is nested inside edge {v,w} if
v < x <y <win the linear order. The queue number of a graph G is the minimum number
of queues in a queue layout of G.

Notation: gn

Complexity: NP hard

Note: Implemented by S. Langerman.

Keyword: Radius

Name: Radius

Type: Integer

Definition: Let G = (V,E) be a graph. The eccentricity of a node v € V is the maximum
distance between v and any other node u € V. The radius of G is the minimum eccentricity
of its nodes.

Notation: r

Condition: Connected

Complexity: O(n?)

Note: We use the Floyd-Marshall algorithm to compute all pairs shortest paths.
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47.

48.

49.

50.

Keyword: RandMaxMatching

Name: Expected randomized maximal matching

Type: Real

Definition: Average result of the maximal matching heuristic. The heuristic iteratively re-
moves an edge chosen uniformly at random among the remaining edges.

Notation: RMM

Note: Implemented by E. Levy. Use a brute-force algorithm.

Keyword: Randic

Name: Randic index

Type: Real

Definition: The Randi¢ index Ra(G) or connectivity index of a graph G = (V,E) is defined
by

where d,, is the degree of node v;.
Notation: Ra

Condition: 6 > 1

Complexity: O(n?)

Keyword: Regular

Name: Regular

Type: Boolean

Definition: A graph is said to be regular if all of its nodes’s degrees are equals.
Notation: Regular

Complexity: O(n)

Keyword: Remoteness

Name: Remoteness

Type: Rational

Definition: The remoteness of a graph G = (V, E) is its maximum transmission, i.e.,

1
max
veV n—1

Z d(u,v)

ueVv

where d(u,v) is the distance between u and v.

Notation: 7,

Condition: Connected

Complexity: O(n?)

Note: We use the Floyd-Marshall algorithm to compute all pairs shortest paths.
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51.

52.

53.

54.

55.

Keyword: SecondEig

Name: Second largest eigenvalue

Type: Real

Definition: The second largest eigenvalue A, of a graph G = (V, E) is the second greatest
eigenvalue of its adjacency matrix.

Notation: A,

Complexity: O(50n?)

Keyword: SmallestEig

Name: Smallest eigenvalue

Type: Real

Definition: The smallest eigenvalue A, of a graph G = (V,E) is the smallest eigenvalue of
its adjacency matrix.

Notation: A,

Complexity: 0(50n?)

Keyword: StabNum

Name: Stability Number

Type: Integer

Definition: The stability number of a graph G is the maximum cardinality of an indepen-
dent setin G

Notation: o

Complexity: NP hard

Keyword: SurDeg

Name: Sum of degrees

Type: Integer

Definition: The sum of degrees of a graph G is the sum of the node’s degrees of G and it is
well known that

d, =2m.

n
i
i=1

Notation: ) d,,
Complexity: O(1)

Keyword: Tree
Name: Tree
Type: Boolean

Definition: A graph G is a tree iff it is connected and acyclic.
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56.

57.

58.

59.

Notation: 7'ree
Complexity: O(n?)
Note: We check if G is connected and if m = n — 1.

Keyword: TreeWidth

Name: Tree width

Type: Integer

Definition: A tree decomposition of a graph G = (V,E) is a pair ({X;:i€I},T) where
T = (I,F)is atree and {X;} is a collection of subsets of V, such that

* Ut Xi=V,
e forany {v,w} € E, there exists an i € I with u,v € X;,

e forany v €V, theset {i € I:v € X;} forms a connected subtree of T'.

The tree width of G is max;es | X;| — 1.
Notation: 1w

Complexity: NP hard

Note: Implemented by S. Langerman.

Keyword: Unicyclic

Name: Unicyclic

Type: Boolean

Definition: A graph is said to be unicyclic is it contains one (and only one) cycle.
Notation: Unicyclic

Complexity: O(n?)

Note: We use a Depth First Search.

Keyword: VarDeg

Name: Variance of degrees

Type: Rational

Definition: The variance of degrees of a graph G is the variance of the degrees of its nodes.
Notation: ¢°

Complexity: O(n)

Keyword: VarDist

Name: Variance of distances

Type: Rational

Definition: The variance of distances of a graph G is the variance of the distances between

any pair of distinct nodes of G.
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Notation: (/)

Condition: Connected

Complexity: O(n?)

Note: We use the Floyd-Marshall algorithm to compute all pairs shortest paths.
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Sy (spectrum), 21

S+ (Laplacian eigenvalues), 21

SPy (split graph), 44

S» (set of points), 133

VAR (Variance of degrees), 84

Z (Hosoya index), 86

acyclic graph, 19
adjacency matrix, 20
adjacent
edges, 14
nodes, 14
algebraic connectivity, 21
algebraic expression of invariants, 132, 139
approximated expression, 139
arithmetic expression, 139
boolean expression, 139
alternating path, 170
antichain of tournaments, 30
arithmetic expression, 139
arithmetic operator, 139, 241
augmenting path, 170

automated system, 25
average degree, 83

average distance, 17

basic invariant, 139
bicyclic graph, 19
bipartite graph, 18
complete bipartite graph, 19

boolean expression, 139

caterpillar, 88

characteristic polynomial, 21

of complete product of regular graphs, 45

chemical graph, 22
chromatic number, 18, 116
class of graphs, 133
graphs filtering, 140
selective generation, 140
clique, 18
clique number, 18, 116
Collatz - Sinogowitz index, 83
color-constrained trees, 40
comet, 39, 57
complement of a graph, 19
complete bipartite graph, 19
complete graph, 18
complete product of graphs, 20
complete set of sharp inequalities, 33
complete split graph, 44, 118, 155, 173
computer system, 25
automated, 25
computer-assisted, 25
computer systems
AutoGraphiX, 35-41, 53-126, 137
CABRI-graph, 29
CaGe, 26
cdd, see libcdd
CoCo, 26
Combinatorica, 30
Da Vinci, 29
EDGE, 29
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Fullgen, 26
GAP, 26
geng, 26, 140, 141
GGCL, 29
GMP, 139
Gralffiti, 27, 33-35
GRAPE, 26
Graph, 9, 27-29
GraphBase, 29
GraphEd, 29
GraPHedron, 27, 129-186
GraphlLab, 30
Graphlet, 29
Grappa, 29
Ingrid, 30-33
Leda, 29
libcdd, 142
Link, 29, 30
Mathematica, 31
Matlab, 45
minibaum, 26
MOLGEN, 26
Nauty, see geng
NETPAD, 30
polymake, 143
SetPlayer, 30
Vega, 29
computer-assisted system, 25
conditions, 140
connected graph, 16
connectivity, 16
connectivity index, see Randi¢ index
cover, 14
cubic graph, 19
cycle, 16
cyclic
bicyclic graph, 19
unicyclic graph, 19
cyclic graph, 19

cyclomatic number, 57

degree
average degree, 83
dual degree, 35
of anode, 15
variance of degrees, 84
dendrimer, 85
density of graphs, 172
diameter, 17
directed graph, 15
distance
average distance, 17
between two nodes, 16
double comet, 39

dual degree, 35

edge, 14, 132
of a graph, 132
of a polytope, see polytope edge
polytope edge, 132
edge chromatic number, 30
edge covering number, 32
eigenvalues of a graph, 21
empty graph, 19
endpoint, 14
energy, 22
enumeration, 26
constructive enumeration, 26
counting, 26
listing, 26
orderly generation, 26
extended complete split-like graph, 44

extremal, 23

face, 132
facet, 132
facet defining inequality, 132
fanned split graph, 118
first Zagreb index, 91, 105
forest, 20

fullerene, 22

general graph, 19
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generation, see enumeration
girth, 30

graph, 12, 14

graph invariant, 17

graphic notation, 13

graphs filtering, 140

hamiltonian graph, 30
Hamming distance, 36
homeomorphic, 17
HOMO-LUMO gap, 22, 54
Hosoya index, 86

imbalance, 115

implicit reference, 141

incident, 14

independence number, see stability number

independent set, 18

index, 21

induced subgraph, 16

integral graph, 21, 43

invariant, 17
algebraic expression of invariants, 132, 139
set of invariants, 132

irregularity, 18, 84, 115

isomorphic, 17
join, 16
Konigsberg Bridge Problem, 12

labeled graph, 15
Laplacian
eigenvalues, 21
matrix, 21
largest Laplacian eigenvalue, 21, 86
linear graph, see path
link, see edge
logical operator, 139, 241
loop, 15

matching, 170

maximal, 170

perfect, 170
matching number, 32, 170
maximal matching, 170
maximal matching heuristic, 171
maximum degree, 18, 116
maximum matching, 170
minimum degree, 18
minimum edge dominating set problem, 185
minimum maximal matching problem, 172
minimum node cover problem, 171
mode of degrees, 41
multigraph, 15
multiple complete split-like graph, 44
multiple extended complete split-like graph, 44

neighborhood of a node, 14
node, 14, 132

node clique cover number, 32
number of edges, 15

number of nodes, 15

number of pending nodes, 15

operator
arithmetic operator, 139, 241
logical operator, 139, 241
relational operator, 139, 241
order, see number of nodes

outerplanar graph, 27

Pareto point, 146
path, 16
length of a path, 16
perfect matching, 170
planar graph, 30
point arboricity, 30
polytope, 132
dimension of a polytope, 132
invariants polytope, 133
polytope edge, 132
problem, 138, 139
proper subgraph, 16
pseudograph, 15
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Index

QSAR, 22
QSPR, 22

radius, 39, 116
ramification

index, 56

subgraph, 70
Randi¢ index, 22, 55, 86
reference, see implicit reference
regular graph, 19

k-regular graph, 19
relational operator, 139, 241
RHS, 95

selective generation, 140

set of invariants, 132

size, see number of edges

space of invariants, 132

spanning subgraph, 16

spectral radius, see index

spectrum, 21

split graph, 44, 118
complete split graph, 44, 118, 155, 173
extended complete split-like graph, 44
fanned split graph, 118
multiple complete split-like graph, 44
multiple extended complete split-like graph,

44

stability number, 18, 116

star, 19

strongly e-dense, 173

subgraph, 16
induced subgraph, 16
proper subgraph, 16
spanning subgraph, 16

sum of graphs, 20

tournament, 30
antichain of, 30
embedding, 30

tree, 19

triangle, 19

triangle-free graph, 19

undominated point, 146
unicyclic graph, 19, 28
union of graphs, 20

Variable Neighborhood Search, 36
variance of degrees, 84
vertex
of a graph, see node
of a polytope, 132
polytope vertex, 132
vertex graph, 134
vertex graph, 134
VNS, see Variable Neighborhood Search

weakly e-dense, 172
weight of an edge, 56

Wiener index, 86



