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Abstract

Using the Multiconfiguration Dirac-Hartree-Fock method as implemented in the General
Relativistic Atomic Structure Package, the magnetic dipole and electric quadrupole hyper-
fine structure constants were determined for the ground and first excited levels of 13137Ba
II isotopes, as well as for 137Ba I and %Sr 11, to assess the robustness of the developed
model. This study builds upon and extends previous investigations by examining the
levels involved in resonance lines, with the aim of resolving persistent discrepancies in
the hyperfine structure of 1¥Ba II and %Sr II. New code developments such as the use
of natural orbitals, as well as the addition of polarization effects and Configuration State
Function Generators, as implemented in GRASPG, were tested for these heavy elements.
The developed strategy allowed us to achieve encouraging results that satisfactorily agree
with experiments for all studied levels but 2Ds , in the 137Ba Il isotope. This disagreement
was also observed in 3Ba II isotope as well as in 8Sr II. With two valence electrons,
137Ba 1 is definitely more complex, requiring a multireference approach. Even with the
latter, the theory—observation disagreement observed for the hyperfine structure of the
low-lying levels remains large in comparison with the alkali-like systems. Possible ongoing
developments to remediate this issue are discussed in the conclusions.

Keywords: atomic structure; hyperfine structure; MCDHF method; GRASP package;
barium; strontium

1. Introduction

Heavy elements are created in neutron-capture processes. The two most known
processes are the s- and r-process. The first one produces half of the elements heavier
than iron [1]. It is slow in the sense that neutron density is low enough (107-10'3 neutrons
per cm?) to allow B~ decay of nuclei. It produces elements ranging from Fe to Sr-Y and
up to Pb, with lead being the heaviest element generated by this process. The latter r-
process, taking place in astrophysical sites where the neutron density is more important
(>10% neutrons per cm® [2]), does not allow B~ decay between two neutron captures.
Only when the neutron flux is exhausted, the unstable nuclei return to stability through a
cascade of B~ decay, leading to the formation of elements heavier than Pb. Ranging just
in between these two processes, an intermediate process, the i-process, with a neutron
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density of 1012-10'> neutrons per cm?® [2] was highlighted by Cowan and Rose [3] in order
to explain the observed anomalies in abundances of Sr, Ba, La, and Eu.

In the solar system, the majority of heavy elements are produced in a mix of s- and
r-processes. For instance, 82% of Ba is produced by the s-process, but only 6% for Eu.
The other part is produced by the r-process [4]. Consequently, Ba is frequently employed
as a signature element for the s-process, while Eu serves as one for the r-process. The
study of the spectral lines of these elements, as well as their abundance ratio [Ba/Eu],
can be used to determine which process dominates the production. For low-metallicity
subgiant stars like HD 140283, which is one of oldest stars of the Universe and mainly
composed of hydrogen and helium, the r-process elements should be dominant [5]. During
nucleosynthesis processes, different Ba isotopes are created: the odd ones are affected by
the hyperfine splitting of the energy levels that can be easily resolved by spectrometers.
Therefore, they be used to determine abundances of these isotopes via the isotopic ratio
fodd, Ba defined by

~ N(**°Ba) +N(¥"Ba)
ded, Ba — N(Ba) 7 (1)

with N(Ba) being the number of all Ba atoms. The isotopic ratio is key in several studies
on the determination of dominant nucleosynthesis processes. Depending on the value of
this ratio, Arlandini et al. [4] concluded that a value of f,qqp, ~ 0.46 was the signature
of a Ba r-process creation, while a value of f,qq g, =~ 0.11 was the marker of the s-process.
Whenever the value of f,4q B, is located between these two margins, it could mean that a
mix of these two processes has occurred. Regarding the HD 140283 star, the uncertainties
obtained by Lambert & Allende Prieto [6] were too high to determine the formation process.
A more recent study using 3D-LTE spectral line modeling [7] showed that Ba was produced
using the r-process, matching the theoretical predictions with f,4q a2 ~ 0.38.

Alternatively, neutral Ba (Ba I) can be used to determine the stellar abundances and
therefore the isotopic ratio. Reddy & Lambert [8] showed that the 5535 A line is unfortu-
nately blended with a Fe I transition for the HD 17925 star, leading to an overestimation of
abundances. However, the study of Ba I and very precise atomic data are still needed for
the abundance analysis of cool stars [8].

Strontium (Sr) is the second neutron-capture element that shows very strong absorp-
tion lines even in metal-poor stars [9]. The Sr II lines are less affected by NLTE effects
compared to Ba II, making Sr II a more reliable abundance indicator in some cases [9]. Sr
exhibits an electronic structure analogous to that of Ba, but with a lower atomic mass. This
makes Sr a valuable system for extended calculations to better analyze potential trends
among elements in the same group of the periodic table.

Other types of stars, like Carbon-Enriched Metal-Poor (CEMP) stars, show particular
abundance ratios. The CEMP-rs stars, highlighted by Barbuy et al. [10], are interesting
because they exhibit overabundances in both s- and r-process elements. Using the Ba II
line profiles, studies [11] show that stars like HE 2208-1239 could have heavy elements
produced by the i-process. This conclusion still needs to be handled with care as the
[Ba/Fe] abundances were taken strictly equal to [Ce/Fe] ones in order to deal with Ba
overabundances obtained by considering subordinate excited levels.

Therefore, accurate determination of hyperfine structure (HFS) constants is essential
for reliable barium (Ba) abundance analyses, particularly when estimating the odd-isotope
fraction f,q4pa- The Ba Il resonance lines, especially at 4554 A and 4934 A, are significantly
split by HFS due to the presence of odd isotopes (1**Ba and '*’Ba), which possess nuclear
spins (I = 3/2). These odd isotopes cause asymmetries and broadenings in the line profiles
that are not present in even isotopes. By modeling the observed line shapes—including HFS
components derived from laboratory measurements of magnetic dipole (A) and electric
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quadrupole (B) constants—astronomers can disentangle the contributions of odd and even
isotopes. The resulting best-fit synthetic spectrum yields an estimate of f,q4 g, [12].

The most rigorous work should encapsulate both HFS and isotopic shift (IS). However,
the IS is often neglected due to its very difficult measurement from atomic lines, as the shift
is negligible (often only a few mA) compared to the line width that is highly constrained
by the instrumental resolution [11].

Using the Multiconfiguration Dirac-Hartree-Fock (MCDHF) method [13], as imple-
mented in the General Relativistic Atomic Structure Package (GRASP) [14], our study
extends the work of Itano [15] on the excited D levels of 137Ba II and 87Sr II. We focus on
calculating the hyperfine structure constants for the ground as well as the first excited
levels. To address the discrepancies identified by Itano [15] for the A(?Ds ;) constant for
these ions, we employ a comprehensive analysis using independent correlation models.
Additionally, we benchmark the new code developments including natural orbitals and
non-orthogonal orbital sets that explicitly account for polarization effects. This work is the
first determination of HFS constants using the MCDHF method for the levels involved in
the resonance lines of 8Sr IT and give additional theoretical values with an uncertainty
determination for the 2Dj/, and 2P} /o levels, where experimental data are unavailable.
Finally, the developed correlation models are applied to the more complex system of '*’Ba I,
aiming to refine earlier MCDHEF theoretical results [16]. While this study does not simulate
nucleosynthesis yields, the HFS constants provided in this study are essential input for
stellar spectroscopy codes used to infer process-specific abundances. The statistical uncer-
tainties quantified in our recommended values are critical for propagating errors in f,4q Ba
determinations, which in turn constrain the dominant nucleosynthesis pathway.

The paper is structured as follows.In Section 2, the theoretical method used to de-
termine the hyperfine structure constants of 135137B4 11, 137Ba I, and %7Sr II are presented
as well as a in-depth study of correlation models and excitations. Then, in Section 3, the
best results obtained for each element are discussed as new methods are tested. Finally, in
Section 4, the key results and outlooks are given as a conclusion.

2. Methods
2.1. Multiconfiguration Dirac—Hartree—Fock Method

The Multiconfiguration Dirac-Hartree-Fock (MCDHF) method, as presented in
Grant’s book [13], is a fully relativistic approach to atomic structure, particularly suited for
moderate-to-heavy elements and highly charged ions. It is a multiconfiguration method
in a sense that the wave function of the atomic state |T'77] M), with I being its identifying
label, | as the total angular momentum quantum number of the polyelectronic system, M;
as the total magnetic quantum number, and 7t as the parity, is approximated by an Atomic
State Function (ASF) ¥, which is a linear combination of Configuration State Functions
(CSFs) @

Ness
¥(rrIMy) = ), ¢ (vim]My), @
i=1
where 7; specifies the electronic configuration, the coupling tree of angular momenta, and
other quantum numbers needed to uniquely describe the CSE.

The {clr”] } set represents all the mixing coefficients that are determined, along with

the total energy E, by solving the eigenvalue problem

Hc = Ec 3)

with H being the Hamiltonian matrix. By applying the variational principle on an energy
functional, a system of coupled integro-differential equations, namely the MCDHF equa-
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tions, is obtained for the radial parts of the spin-orbitals building the CSFs and solved using
the self-consistent field iterative method.

2.2. Hyperfine Structure

The atomic property of interest in this paper is the hyperfine structure. The latter is
related to the hyperfine structure constants, i.e., the magnetic dipole constant A and the
electric quadrupole constant B. The hyperfine interaction can be expressed as a multipolar
expansion given by

Hygps = Z T® . M®), ()
k>1
where T®®) and M®) are spherical tensor operators of rank k in the electronic and nuclear
space, respectively, that represent the dipolar magnetic (M1) and quadrupole electric (E2)
interactions when k is equal to 1 and 2, respectively. For an atom composed of N, electrons,
the T operators for k = 1,2 are given by

N,
T = ¥ () = Z —iv2ar 2 (a;- € (), 97)), ()
=1 =1
N, Ne
2y () =y —r].*3C(2)(9j, ®j)- ©)
= =

The nuclear magnetic dipole moment y; and the electric quadrupole moment Q are defined
through the matrix elements of the nuclear tensor operators M*) for k = 1,2, respectively,

= (1MW), @)
Q = 2(11|M®P|11), ®)

with M) = uy, M(®) = Q2 being the electric quadrupole tensor and |I1) being the nuclear
state with the maximum component of the nuclear spin, M = I [17].

If the hyperfine interaction is weak so that the interaction energy is small compared
with the fine structure level splitting, the Hamiltonian (4) can be treated perturbatively. The
first-order energy contribution is

Eyrs = (TJIFMp|Hyrs|TJIFMF) = EMis + Effts, )

where |TIJFMp) is the zeroth-order wave function of the coupled state [18], and F and Mg
are, respectively, the hyperfine structure total angular momentum and its projection along
the quantization axis. In practice, the magnetic dipole A and the electric quadrupole B
constants are factorized out for calculation, with

EMls = %AUC (10)
3c(C+1)—I(I+1)J(J+1)

Effrs = Brj* 22T =1)](2] 1) , (11)
where
_ & 1 (1)
_ -1 2)
Bry =20\ s s 1yt 3 TN (13)
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and C = F(F+1) — J(J +1) — I(I 4+ 1). The reduced matrix elements (I'J||O%)[|T]), with
0% =T or T, are computed using the ASFs through the GRASP package [14].

2.3. Computational Details

The hyperfine structure constants were calculated using the GRASP package, first
introduced by Dyall et al. [19], in a systematic manner using the latest GRASP2018 ver-
sion [14], where all application programs are described in [20]. To speed up the calculations,
the new code GRASPG developed by Si et al. [21], using the powerful Configuration State
Function Generators (CSFGs), has been employed for the configuration interaction part of
the work.

Following the ideas of Papoulia et al. [22], we derive recommended hyperfine structure
(HFS) constants for each studied level by treating the results of the largest Relativistic
Configuration Interaction (RCI) calculations, employing distinct optimization strategies, as
a set of independent values. This statistical approach enables us to give a mean value and a
standard deviation to the calculated constants, thereby providing a robust estimate of the
HEFS constants, crucial when there is no experimental data. The recommended values are
presented in the form y + 20, corresponding to a 95% confidence interval. Further details,
including the specific optimization strategies and statistical analyses, are provided for each
studied ion.

3. Results and Discussion
3.1. Ball

Barium (Z = 56) has 40 known isotopes, but only 8 of them are stable and 7 are
natural. Because astrophysicists are interested in the odd isotopes for the determination
of foddBa, ONly the A = 135, 137 nuclei are considered in this paper. Moreover, only
5 levels have been studied—3 even levels ([Xe]6s 2S; /5, [Xe]5d D35 5,2) and 2 odd levels
([Xe]6p 2P¢ /23/2)—as the S and P levels are very often used for abundance calculations
when studying the resonance lines. The D levels are also of interest because more accurate
atomic data could help astrophysicists in their determination of abundances thanks to the
secondary lines.

For these levels, theoretical studies have already been conducted by Sahoo et al. [23]
using the Relativistic Coupled Cluster (RCC) method, as well as by Safronova [24] applying
the Relativistic Many-Body Perturbation Theory (RMBPT). Itano’s work [15] is of particular
interest as he used the MCDHF method, the same one used for our calculations. These theo-
retical results are compared with experimental values obtained by laser-induced hyperfine
transition spectroscopy [25-28].

The Active Set (AS) [18] and the layer-by-layer [20] approaches have been considered.
These approaches are useful for the study of heavy elements as only a small portion of
orbitals needs to be optimized at each step of the calculation. Let us take the concrete exam-
ple of the ground level 25, /2 of 137Ba II for which a single reference (SR) is used for defining
the zero-order set of CSFs from which orbital substitutions are considered. The first layer in
the AS approach is the Dirac-Hartree-Fock (DHF) one, based on the spectroscopic orbitals.
For instance, the [Xe]6s 2S; /; level has the {6s,5p,4d} AS, in the non-relativistic notation,
where the largest n quantum number is quoted for each /-symmetry. For each selected
AS, the hyperfine structure constants are evaluated with the corresponding MCDHEF wave
function. The AS is progressively enlarged by considering more correlation orbitals, with
the hope of achieving the convergence of the considered atomic property, within some a
priori accepted variation interval. The increasing ASs are given in Table 1 for the differ-
ent levels considered in the present study. The choice of restricting the ASs to £,ux = 4
(g-orbitals) can be justified by the fact that the orbitals having a higher angular momentum
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are located further away from the nucleus; therefore, they do not significantly contribute to
the hyperfine structure constants [29].

Table 1. Considered active sets used for the levels studied in 135137Ba IL.

Correlation Layer 2811 D352 2Py

1/2,3/2

DHEF (SR) {6s,5p,4d} {5s,5p,5d} {5s,6p,4d}
AS1 {7s,6p,5d,4f} {6s,6p,6d,4f} {6s,7p,5d,4f}
AS2 {8s,7p,6d,5f,5¢} {7s,7p,7d,5f,5¢} {7s,8p,6d,5f,5¢}
AS3 {9s,8p,74d,6f,6g} {8s,8p,84d,6f,6¢} {8s,9p,74d,6f,69}
AS4 {10s,9p,84,7f,7g} {9s,9p,9d,7f,7¢} {9s,10p,84,7f,7¢}
AS5 {115,10p,94,8f,8¢}  {10s,10p,10d,8f,8¢}  {10s,11p,9d,8f,8g}
AS6 {12s5,11p,104,9f,9¢}  {11s,11p,114,9f,9¢}  {11s,12p,10d,9f,9g}
AS7 {13s,12p,11d,10f,10g}  {12s,12p,12d,10f,10g} {12s,13p,11d,10f,10g}

The choice of substitutions to include in the correlation models is the key to obtain
reliable estimations of atomic parameters with the MCDHF method. It can been seen from
Equations (5) and (6) that the hyperfine structure constants involve one-electron operators
only. Therefore, the CSFs generated from single (S) substitutions are the most important,
and they are included in the single and restricted double (SrD) substitution strategies,
where restricted means that there is at most one hole in the active core orbitals (e.g., [30]).
Moreover, according to non-relativistic atomic physics [31], the s electrons have a non-zero
probability of presence in the nucleus. Electronic substitutions from these are therefore
important for the HFS and an optimization strategy based on SrD substitutions involving
the most important s orbitals is a natural choice.

Inspired by the work of Bieron et al. [32], the impact of different classes of orbital
substitutions has been studied for the ground and first excited levels in '3’Ba II. Using an
orbital basis that has been optimized with SrD substitutions from the 5s, 5p core-, and the
6s valence- orbitals, with at most one substitution of the core orbitals, more correlation
excitations are accumulated by allowing single and double (SD) substitutions from deeper
orbitals, using the multireference (MR) ([Xe]6s + [Xe]5d) for the even parity and the single
reference (SR) [Xe]6p for the odd parity. Figure 1 shows the different contributions of
single (S) substitutions to the magnetic dipole hyperfine constant A(2S; ;). Double (D)
substitutions were also investigated but, as shown by Bieror et al. [32], their contribution is
much smaller.
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Figure 1. Contributions of single (S) orbital substitutions relative to the DHF A(2S; ;) constant in
137Ba II.
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This analysis illustrates that most of the one-electron orbital substitutions increase the
A(251 /2) constant. The contributions of the 4s,3s,2s and 1s single substitutions confirm
their importance for the HFS. Nevertheless, the adopted optimization strategy limits the
orbital substitutions to the outer occupied subshells as deep as the 4p orbital, even if the
ns,n =1,2,3,4 orbitals are a priori relevant. The validity of this restriction was assessed
for the [Xe]6s 25y, level by observing that the sum of the S substitution contributions
from those core orbitals was less than 1%. The same strategy has been adopted for the
excited levels as those contributions were even smaller than for the ground level. According
to Yuan et al. [33], the p;/, core electrons can also make non-vanishing exchange core
polarization contributions in the relativistic theory. This is confirmed by the rather large
negative contribution of the single substitutions of the 4p orbital (~—300 MHz).

Thanks to this analysis, the optimization of the radial orbitals is focused on core—
valence (CV) correlations. A stepwise approach was used for the ground 25 /, level, but
for conciseness, the reported results are limited to those obtained with two selected opti-
mization schemes. Using the AS described in Table 1, the first one allows SrD substitutions
as deep as the 5s orbital, in order to include the two important contributions from 5p and 5s
orbitals, as seen in Figure 1. According to this figure, another interesting strategy is the one
allowing SrD substitutions as deep as the 4p orbital, even if its contribution is to decrease
the A constant value. The corresponding results are given in Table 2, under the labels CV
SrD nl > 5s and nl > 4p, respectively.

Considering the ground level, we can see that the hyperfine constant values become
stable at the level of AS5 for both optimization strategies. The calculations have been
extended up to AS7 to manage the convergence with a larger number of correlation or-
bitals and in order to monitor the Relativistic Configuration Interaction (RCI) calculations
that follow the orbital optimization MCDHEF calculations. The first optimization strategy,
CV SrD nl > 5s, gives promising results, with an A constant value approaching the experi-
mental value within 55 MHz for AS7. The second strategy, CV SrD nl > 4p, overestimates
the experimental value by about 400 MHz for AS7.

For the excited levels, a similar behavior is observed, with a stable value achieved
for AS5, in great agreement with experimental values for the first optimization strategy
and an overestimation for the second one. For example, the D levels results show that
the CV SrD nl > 5s approach better suits the A hyperfine constants, with 5% and 16% for
the 2D3/, and 2Ds , levels, respectively, but not the B constants, for which a large theory-
observation discrepancy (=~ 41%) is observed for both levels. Adding more correlations in
the CV SrD nl > 4p model improves the agreement with experiment for the B hyperfine
constants, within less than a MHz for both of the D levels. This comes with a high price
to pay: the A theoretical constants overestimate the experimental values by up to 80% for
the 2D5 /2 level. When the computations were undertaken, this behavior was unknown,
as Itano’s MCDHF work [15] did not mention any of these observations. We believe that
adding correlation orbitals with higher I encapsulates the orbital polarization that was
neglected and is important for a reliable determination of the B hyperfine constant [17].
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Table 2. Magnetic dipole A and electric quadrupole B hyperfine structure constants (in MHz) of 1¥Ba I (I = 3/2, u = 0.9375uy, Q = 0.236 b [34]), compared
to available theoretical and experimental data. The recommended values are given in the form of y & 20, exhibiting a 95% confidence level. *: Number of CSFs
obtained after reduction using the resfginteract_csfg code ?: Th. Sahoo et al. (RCC) [23]; b. Th. Safronova (RMBPT) [35]; ¢: Th. Itano (MCDHEF) [15]; ¢: Expt. Blatt &
Werth [25]; ©: Expt. Silverans et al. [26]; f. Expt. Villemoes et al. [27].

28112 D31z Dspy 2Py, *Pg,
Step
Ncsrs A Ncsrs A B Ncsrs A B Ncsrs A Ncsrs A B
Optimization CV SrD nl > 5s
DHF 1 3060 1 132 33 1 53 42 1 540 1 80 59
MCDHEF (+AS1) 54 3735 120 180 20 130 —24 26 74 655 117 95 78
MCDHEF (+AS2) 217 3885 433 177 27 496 -19 36 250 689 417 125 83
MCDHEF (+AS3) 494 3992 944 181 26 1100 —-17 35 542 715 919 125 86
MCDHEF (+AS4) 885 3963 1653 179 27 1942 —14 36 950 716 1623 122 85
MCDHEF (+AS5) 1390 3974 2560 180 27 3022 —15 35 1474 719 2529 122 86
MCDHEF (+AS6) 2009 3963 3665 179 27 4340 —14 35 2114 717 3637 122 86
MCDHEF (+AS7) 2742 3964 4968 180 27 5896 —-14 35 2870 716 4947 122 85
RCICCSD nl > 5s (+AS7) 12,385 3636 27,462 * 165 30 38541* -9 40 11,173 * 623 26,620 * 106 75
RCICCSDnl € {5p,5s,4p,4s} (+AS7) 24,762 3773 54,916 * 168 39 77,074 * —3.82 52 22,338 643 52,232* 116 80
Optimization CV SrD nl > 4p
DHF 1 3060 1 132 33 1 53 42 1 540 1 80 59
MCDHEF (+AS1) 135 3823 321 186 26 355 —-22 34 183 696 196 98 80
MCDHEF (+AS2) 572 4114 1182 202 43 1374 -9 58 660 722 1122 130 89
MCDHEF (+AS3) 1323 4382 2597 214 43 3069 —6 58 1453 814 2504 136 99
MCDHEF (+AS4) 2388 4364 4566 215 46 5437 —2 61 2562 826 4442 136 100
MCDHEF (+AS5) 3767 4414 7089 216 45 8479 -3 60 3987 837 6936 138 101
MCDHEF (+AS6) 5460 4409 10,166 215 46 12,195 -2 61 5728 837 9986 137 101
MCDHEF (+AS7) 7467 4412 13,797 216 46 16,585 -2 61 7785 837 13,592 138 101
RCICCSDnl > 5s (+AS7) 17,110 3972 36,291 * 195 47 49,230 * 1 62 16,088 * 712 35,265 * 117 87
RCICCSDnl € {5p,5s,4p,4s} (+AS7) 27,513 4031 60,116 * 189 46 83,458 * 5 62 25,147 * 692 58,232 * 120 85
This work, recommended 3902 + 364 179 £ 29 43+11 1+12 57+ 14 667 + 69 118+6 82438
Th.? 4078 190 46 —12 62 741 128 93
Th.P 3997 192 46 —-10 61 734 121 93
Th. ¢ 193 51 9 68
Expt. 4018.87 +0.184 189.7288 + 0.0006 © 44544+ 0.16¢ —12.028 £0.011°¢ 59.533 £+ 0.043 ¢ 7437 +£0.3f 1272 +02°F 92.5+02f
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After the MCDHEF optimization step, more correlations can be added in Relativistic
Configuration Interaction (RCI) calculations. As it has been shown in the literature [36],
higher-order correlations are important for the HFS. Even if Hyps (4) only contains one-
electron tensor operators, the inclusion of single and non-restricted double (SD) substi-
tutions leads to a rearrangement of mixing coefficients [37]. Core—core (CC) correlations
are therefore added to the model. Two RCI strategies were tested on the basis of the two
considered optimization strategies. These calculations showed that the hyperfine constants
are very sensitive to the correlation model. Ultimately, the more correlations the better,
with CC SD nl € {5p, 5s,4p,4s} substitutions added to the CV SrD nl > 4p optimization,
giving a value as close as 0.3% (/12 MHz) to the experimental value for the ground level.
CC correlation excitations from deeper p or s orbitals were found to be negligible for the
HEFS. This result is consistent with the conclusions drawn by the study of Figure 1.

The same RCI strategy has been applied to the excited levels. The P levels hyperfine
constants are still underestimated, but agree satisfactorily (<10%) with the experimental
values. Results for the D levels are accurate within less than 2 MHz for all constants.
However, the A(?Ds ;) constant differs from the experimental value by more than 140%.
This behavior was already observed by Itano [15] while using MCDHF. However, other
theoretical methods, such as RCC or RMBPT, do not face such an issue. As far as the
MCDHEF/RCI method is concerned, the agreement with observation of the theoretical
values of the present work is systematically better than the one found by Itano [15].

As detailed in Section 2.3, the recommended values for the hyperfine structure (HFS)
constants are presented in the y & 20 format, reflecting a 95% confidence interval. The
optimization of the radial components of the spin-orbitals depends critically on the elec-
tronic configuration. The recommended values explicitly highlights the differences arising
from the choice of orbital basis set. An optimization strategy limited to the 5s electrons
yields more accurate results for the magnetic dipole constant A. In contrast, the electric
quadrupole constant B is better described when deeper correlations (up to 4p electrons)
are included. Consequently, no single optimization strategy universally applies to both
constants. This distinction is seen in the recommended values, where a 20 uncertainty range
is employed to assess the sensitivity of each constant to the chosen optimization approach.

Several studies have proposed improved methods for calculating the hyperfine struc-
ture (HFS) constants of different atomic species. Li et al. [38] and Ma et al. [29] investigated
the role of polarization orbitals in light of Li and N elements. A similar analysis was
carried out for '¥Ba II with the GRASPG package that allowed more flexibility for the
relabeling, and it yielded promising results. The A constants of the 251 /, and 2Dj; levels
increased by about 200 MHz and 4 MHz, respectively, regardless of the computational
strategy used (MCDHEF CV SrD nl > 55 + RCI CC SD nl > 5s, or MCDHEF CV SrD nl > 4p
+RCICC SD nl € {5p,5s,4p,4s}). For the 2Ds  level, the A constant decreased by 2 MHz
(from —9 to —12 MHz) with the first strategy, reaching a negligible 0.2% difference with
the experimental value. This decreasing trend was also observed with the second, more
complete strategy, although the reduction was smaller and could not entirely solve the
A(%Ds,,) problem. In contrast, the B constants of the D levels were barely affected by the
polarization orbitals. These results are encouraging, but difficult to obtain in practice. The
artificially enlarged orbital sets and the moving ASF labels indeed require a careful and
time-consuming study. With the available computational resources and time, it was not
possible to fully monitor the convergence of the calculations.

In the layer-by-layer approach [20] used for the MCDHEF calculations, only the newly
introduced orbitals are optimized at each step, while the others remain frozen to avoid the
numerical instability issues often encountered when allowing all the orbitals to be varia-
tional. Natural orbitals (NOs) provide an alternative basis for studying the HFS. Originally
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developed in quantum chemistry to account for electron correlation in molecules [39,40],
they were later introduced in atomic physics by Lindgren et al. [41] for perturbative treat-
ments of the HFS. More recently, Schiffmann et al. [42] extended the NO formalism to
the MCDHEF framework in GRASP using the rdensity program. Their work on Na I [43]
demonstrated that relaxing frozen orbitals significantly affects the HFS constants. A similar
study on 3Ba II has been performed. After the RCI steps, the orbital basis is transformed
and the calculations are performed again. This showed a systematic increase in both A
and B constants across all levels considered in the MCDHF CV SrD nl > 4p + RCI CC SD
nl € {5p,5s,4p,4s} strategy. This trend is consistent with the Na I results. However, the
case of the A(?Ds ;) constant was not resolved. The calculated value increased from 5 to
7 MHz, resulting in a discrepancy of about 160% with the experimental value.

Finally, allowing triple (T) substitutions in HFS calculations has been shown to correct
CC correlation effects in 19Cd I-1I [44], an element similar to 137Ba I-II with an outer s shell.
For 137Ba 11, only a limited subset of T substitutions could be included, since the number
of CSFs grows very rapidly with respect to the increasing orbital set. Nevertheless, the
inclusion of substitutions improved the HFS constants for the odd P levels.

As hyperfine structure constants values are needed for different odd isotopes to
compute fo44pa that can be used by astrophysicists, the 13Ba II values were calculated
from the MCDHF CV SrD nl > 4p + RCI CC SD nl € {5p,5s,4p,4s} ones from 137Ba II
calculations in Table 2, employing appropriate scaling with the nuclear magnetic dipole u
and electric quadrupole Q moments for 135Ba [22] taken from IAEA’s database [34].

While Mértensson-Pendrill et al. [45] used the RCC method in a traditional way,
the results given by Sahoo et al. [46] were obtained by computing B/Q values. The
Q values were extracted from experimental data and were compared to the theoretical
ones for different levels, and different isotopes for consistency checks. A new study
from Cserveny & Roberts [47] was not known by the time all the present calculations were
finished. However, their results are given in Table 3 in order to compare our MCDHF results
with their Atomic Many-body Perturbation theory in the Screened Coulomb Interaction
(AMPSCI). These theoretical results are also compared with the experimental values of
Wendt et al. [28] for the 2S; /2 level, Silverans et al. [26] for the excited 2Ds /25,2 levels and
Villemoes et al. [27] for the sz 123/2 levels, all obtained using the collinear laser-ion beam
spectroscopy technique. The calculated values for 13Ba II using the approach described
above are reported in Table 3 for the five considered levels, with an estimation of the
uncertainty on our recommended values.

Table 3. Magnetic dipole A and electric quadrupole B hyperfine structure constants (in MHz) of
135Ba 11 (I = 3/2, 4 = 0.8381uy, Q = 0.153 b [34]), compared to available theoretical and experi-
mental data. The recommended values are given in the form of y & 20, exhibiting a 95% confidence
level. : Th. Martensson-Pendrill et al. (RCC) [45]; b: Th. Cserveny & Roberts (AMPSCI) [47];
¢ Th. Sahoo et al. (RCC) [46]; d. Expt. Wendt et al. [28]; ¢: Expt. Silverans et al. [26]; f. Expt.
Villemoes et al. [27].

A B
Level This Work Th.2  Th.P Expt. This Work Th. € Expt.

2512 3469 £338 3595 3595419 3593.3 £ 2.2 red 4 / / /

D35 159+27 190 190+ 18 169.5892 +0.0009¢ 28 +7 29 28.9536 =+ 0.0025 ¢
D55 2411 ~14 —14+17 -10.7354+0.002¢  37+10 39 38688 +0.010°¢
2P0, 596 +£67 673 6734+ 92 664.5+ 0.3 1 / / /

2P3,, 105+8 113 113488 113.0 £ 0.1 f 53+ 6 58 59.0 £0.1f
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The latter are in good agreement with experiment, with discrepancies of approximately
4% for the ground level and less than 5% for the computed B hyperfine structure constants
of D levels. However, a high discrepancy between theory and experiment (~120%) persists
for the A(2Ds,;) constant, to be compared with the 6% found for the 2Dj3, level. The
present theoretical values of the HFS constants of the P levels do agree reasonably well with
observation, with discrepancies ranging from 7% to 10%. While the results of Cserveny
& Roberts [47] appear to be in better agreement for all levels except for the A hyperfine
structure constants of the D levels, their values carry high uncertainties that cover our
calculated MCDHEF values.

3.2. 5r 11

The second test case of the applicability of the model developed for 137Ba Il is 87Sr 1I,
a lighter alkali-like ion with a similar electronic configuration. The levels of interest are
similar to the ones considered in '¥Ba 11, i.e., [Kr]|5s 2Sy, [Kr]4d 2D35 5,5 for the even
parity, and [Kr|5p 2Plo 12,3/ for the odd parity. The hyperfine structure constants have
already been computed in the literature. Theoretical values using the RMBPT [35] or
MCDHE [15] approaches are aiming to reproduce the experimental results obtained using
laser-microwave double resonance spectroscopy [48,49] or via collinear fast beam laser
spectroscopy [50].

For the five considered levels, the ASs are given in Table 4 and are similar to the ones
used in '%Ba II calculations.

Table 4. Considered active sets used for the levels studied in 87Sr II.

Correlation Layer 2811 2Dsp i 2P{’/2,3/2
DHF {5s,4p,3d} {4s,4p,4d} {4s,5p,3d}
AS1 {6s,5p,44d,4f} {5s,5p,5d,4f} {5s,6p,44d,4f}
AS2 {7s,6p,5d,5f,5¢} {6s,6p,6d,5f,5¢} {6s,7p,5d,5f,5¢}
AS3 {8s,7p,6d,6f,6¢} {7s,7p,7d,6f,69} {7s,8p,6d,6f,65}
AS4 {9s,8p,7d,7f,7¢} {8s,8p,84,7f,7¢} {8s,9p,7d,7f,7¢}
AS5 {10s,9p,84,8f,8¢} {9s,9p,94d,8f,8¢} {9s,10p,84,8f,8¢}
AS6 {115,10p,94,9f,9¢}  {10s,10p,104,9f,9¢}  {10s,11p,9d,9f,9¢}
AS7 {125,11p,10d,10f,10g}  {11s,11p,11d,10f,10g} {11s,12p,10d,10f,10g}

Applying to 8Sr II the computational strategy developed for '3Ba II yields the results
presented in Table 5. The latter demonstrates the great direct applicability of the MCDHF
CVSrDnl > 4p + RCICC SD nl € {5p, 5s,4p, 4s} model. The hyperfine structure constants
are indeed well reproduced, with, for example, 14 MHz for the A (251 /2) constant. However,
while this strategy looks reliable for the A(?Dj3/,) constant in '3’Ba II, there remains a large
disagreement with other theoretical results (~50%) for ’Sr II. Additionally, the problematic
behavior previously observed for the A(>Ds ;) constant persists.

Not only does the recommended value exhibit the difficulty to use a single optimiza-
tion scheme for both A and B constants, but it also gives a robust value for astrophysicists
with an uncertainty evaluation, where there is no experimental values, such as in the 2Ds /2
and 2P{ /2 levels. The recommended values for this work are in satisfactory agreement with
experiments and available theoretical data, while reproducing Itano’s [15] discrepancy for
the A(?Ds/,) constant. Such as in the 137Ba II, this smallest value for the five studied levels
is the most sensitive to the orbital basis change. To understand this, we investigate the
magnetic dipole hyperfine structure constant of 4d 2D3 , 5/, based on the non-relativistic
formalism for which the hyperfine interaction constants are given as the sum of the orbital,
spin-dipolar and Fermi contact terms [31]. An initial Hartree-Fock (HF) calculation yields
the terms at the top in Table 6.
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Table 5. Magnetic dipole A and electric quadrupole B hyperfine structure constants (in MHz) of Sr IT (I = 9/2, 4 = —1.093164y, Q = 0.305 b [34]), compared to
available theoretical and experimental data. The recommended values are given in the form of y =+ 20, exhibiting a 95% confidence level. *: Number of CSFs obtained
after reduction using the rcsfginteract_csfg code; 2: Th. Safronova (RMBPT) [35]; b. Th. Itano (MCDHEF) [15]; < Expt. Suanoshi et al. [48]; d. Expt. Barwood et al. [49];
¢: Expt. Buchinger et al. [50].

28112 Dy 2Ds, ry, py,
Step
Ncsrs A Ncsrs A B Ncsrs A B Ncsrs A Ncsrs A B
Optimization CV SrD nl > 4s
DHF 1 —761 1 —-32 25 1 —13 35 1 —132 1 —-23 55
MCDHEF (+AS1) 54 —928 120 —43 17 130 3 23 74 —156 117 —28 74
MCDHEF (+AS2) 217 —967 433 —45 24 496 2 33 250 —-169 417 -36 79
MCDHEF (+AS3) 494 —996 944 —46 24 1100 2 33 542 —174 919 —37 81
MCDHE (+AS4) 885 —989 1653 —45 24 1942 1 34 950 —174 1623 -36 80
MCDHE (+AS5) 1390 —992 2560 —46 24 3022 1 34 1474 —175 2529 -36 81
MCDHEF (+AS6) 2009 —-991 3665 —46 24 4340 1 33 2114 —175 3637 —36 81
MCDHEF (+AS7) 2742 —990 4968 —46 24 5896 1 33 2870 —174 4947 -36 81
RCICCSD nl > 4s (+AS7) 10,727 * —913 27,462 * —58 36 38,541 * -3 47 11,173 * —152 26,620 * -31 71
RCICCSDnl € {4p,4s,3p, 35} (+AS7) 21446* —948 54,916 * —41 32 77,074 * -1 45 22,338 * —158 53,232 * —34 76
Optimization CV SrD nl > 3p
DHF 1 —761 1 —-32 25 1 —13 35 1 —132 1 —-23 55
MCDHE (+AS1) 135 —931 321 —44 20 355 3 28 183 —159 296 —28 76
MCDHEF (+AS2) 572 —985 1182 —48 35 1375 0 49 660 —-173 1122 —-37 82
MCDHEF (+AS3) 1323 —1043 2597 —53 37 3069 0 52 1453 —190 2504 -39 90
MCDHEF (+AS4) 2388 —1049 4566 —54 40 5437 —2 54 2562 —194 4442 -39 91
MCDHE (+AS5) 3767 —1057 7089 —55 38 8479 -2 52 3987 —196 6936 —40 92
MCDHE (+AS6) 5460 —1058 10,166 —55 38 12,195 -2 53 5728 —196 9986 —40 92
MCDHEF (+AS7) 7467 —1059 13,797 —55 38 16,585 -2 53 7785 —196 13,592 —40 92
RCICCSD nl > 4s (+AS7) 15,452 * —967 36,291 * —48 38 49,230 * -2 53 16,088 * —-169 35,265 * —34 80
RCICCSDnl € {4p,4s,3p,3s} (+AS7) 24,197 —984 60,126 * —23 37 83,458 * —2 52 25,147 * —165 58,232 * -35 80
This work, recommended —966 + 51 —32+26 35+7 —2+1 49410 —161+10 —35+1 78+ 6
Th.? —998 —47 37 2 52 —177 —-35 89
Th.® —46 41 -3 57
Expt.© —1000.4737 £+ 0.0011
Expt. d 2.1743+0.0014  49.11 £0.06
Expt. ¢ —1000.5 £ 1.0 —36.0+04 88.5+54
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Table 6. M1 hyperfine interaction constants A in MHz for 4d 2Dj /2,5/2 In 87Gr I1. The results at the top
are from a HF calculation and the individual contributions from the orbital, spin-dipolar, and Fermi
contact terms are shown along with the total value. The results at the bottom are the corresponding
values from an MCHF calculation, including CV correlation based on one layer of correlation orbitals.

Term Contribution

Level Orbital Spin-Dipolar Contact Total A
HF
’D3 —26.7 -89 0.0 —35.7
2Ds /5 —-17.8 2.5 0.0 —-15.3
MCHF CV
2D3/y —-19.9 -3.7 —14.6 —38.2
D5,y —~13.3 1.1 14.6 2.4

We see that the Fermi contact term is zero for both states. At the lines below come
the Multiconfiguration Hartree-Fock (MCHF) CV results, opening 4s and 4p for substitu-
tions to one layer of correlation orbitals {5s, 5p, 5d}. For the calculations including CV
correlation, we see a positive interference with the contact term for the | = 3/2 level and a
negative interference for the ] = 5/2 one, explaining the smallness of this constant as well
as the difficulties in getting it correct. Obviously, a small imbalance in the large and can-
celing contributions due to an incomplete orbital basis and/or the neglect of higher-order
correlation has a large impact on the total hyperfine interaction constant [51]. Even if the A
constant is given by an operator with only one term in relativistic theory, there is a similar
internal cancellation in MCDHF as in MCHE, explaining why it is so hard to obtain the
hyperfine interaction constant right. The coupled cluster and RMBPT theories manage to
balance the terms better due to the completeness of the basis, but also due to the fact that
they contain non-linear terms corresponding to triple and higher-level excitations [52].

The natural orbitals (NOs) transformation was also investigated for the MCDHF CV
SrD nl > 4p + RCICC SD nl € {5p,5s,4p,4s} strategy for 8Sr Il and showed an increase
in the positive values, as well as a decrease in the negative values. Similarly to the '37Ba II
case, this approach could not solve the problem of the A(?Ds/,) and even worsens it.

3.3.Bal

The last test of the applicability of the developed model in '¥Ba II is performed in
neutral barium, 1%7Ba I, an atomic system with one more s valence electrons. Therefore,
MCDHEF calculations should be performed by taking into consideration the valence-valence
(VV) correlations. However, we already observed from the present Ba II study that the
core—valence (CV) correlations are key to the model. It is therefore interesting to compare
the obtained results when including and omitting the CV correlations in the optimization
step. The first levels that have an hyperfine splitting are the excited [Xe]6s5d 1D,, 3D »
and [Xe]6s6p 2P ones, as the ground level has a | = 0 value. The HFS constants have
already been calculated in the literature. Theoretical calculations are performed using
Dirac-Fock or Multiconfigurational Dirac—Fock [16], RCC [53], or RMBPT [54] methods
and aim to reproduce the experimental results gathered in multiple studies with different
experimental setups: interaction of an atomic beam with a magnetic field and a radio-
frequency radiation [55,56], optical techniques [57], or induced hyperfine transitions using
lasers [58].

In order to monitor the effect of adding VV correlations, multiple optimizations, using
a SR or a MR, have been made with the ASs given in Table 7. While the SR only contains
the configuration of interest, the MR for the D and the P levels were enlarged by a single
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extra configuration, namely [Xe]5d% and [Xe]6p5d, respectively. These configurations were
found to be crucial in estimating the hyperfine structure constants of 13’Ba I. One way to
identify them is to use the rcsfmr program [20], which relies on the squared expansion
coefficients of the LSJ-coupled CSFs, on a VV+CV correlations model. Setting a cut-off
weight of 95% in the eigenvector composition gives the configurations that contribute by at
least 5% and can be added to the MR. Including additional configurations beyond these
two was found to be computationally inefficient, as it induced only negligible changes in
the hyperfine structure constants.

Table 7. Considered active sets used for the studied levels in 1¥Ba L.

1 3 1po 3po

Correlation Layer SR D2, "D1z MR SR B, R MR
DHF {6s,5p,5d} {6s,5p,5d} {6s,6p,4d} {6s,6p,5d}
AS1 {7s,6p,6d,4f} {7s,6p,6d,4f} {7s,7p,5d,4f} {7s,7p,6d,4f}
AS2 {8s,7p,7d,5f,5¢} {8s,7p,7d,5f,5¢} {8s,8p,6d,5f,5¢} {8s,8p,7d,5f,5¢}
AS3 {9s,8p,84,6f,65} {9s,8p,84,6f,65} {9s,9p,7d,6f,65} {9s,9p,84,6f,65}
AS4 {10s,9p,94,7f,7¢} {10s,9p,94,7f,7¢} {10s,10p,84,7f,7g} {10s,10p,94,7f,7¢}
AS5 {115,10p,10d,8f,8¢}  {11s,10p,104,8f,8¢}  {11s,11p,94,8f,8¢}  {11s,11p,10d,8f,8¢}
AS6 {125,11p,114,9f,9¢+  {12s,11p,114,9f,9¢}  {125,12p,10d,9f,9¢}  {12s,12p,11d,9f,9¢}
AS7 {13s5,12p,12d,10f,10g}  {13s,12p,12d,10f,10g} {13s,13p,11d,10f,10g} {13s,13p,12d,10f, 10}

The results given in Table 8 were produced adopting different optimization and
configuration interaction strategies, considering a single- (SR) or a multireference (MR) set.
Three orbital-optimization strategies and their associated RCI were considered. The first
one, including only the VV correlations, is clearly underestimating the experimental values
for the A hyperfine constants. The B constants are in good agreement with experiment for
two out of three D levels, and underestimated for the P levels. This is not surprising as the
hyperfine interaction is strongly affected by core—valence electron correlation. The second
optimization scheme adds CV SrD nl > 5s to the VV correlations. The corresponding
results are in better agreement with the experimental values for all considered levels. The
final optimization strategy digs deeper into the core with CV SrD nl > 4p added to VV SD
+CV SrD nl > 5s correlations. Just like '3Ba II, some values are far away from experiment,
like the 3Dy 5 constants. The orbitals resulting from the last two optimization strategies are
the most promising when looking at the MCDHEF results.

Moving to RCI calculations as those performed for '3Ba II ultimately led to promising
results. Observations made for '3Ba I also apply consistently to Ba I: (i) a decrease in all
the A values, (ii) no change in the B constants for the D levels, and (iii) a decrease in this
B constant for the P levels for the CC SD nl € {5p,5s,4p,4s} RCI calculations, for both
optimization strategies. However, the agreement with experimental values is not as good
as in 13”Ba Il or 8Sr I, the best being a 0.2% difference for the A(*D,) constant, and the
worst being 80% for the A(D,) constant. Note that there exists a systematic trend where
the largest discrepancy with experiment is often obtained for the smaller HFS constants,
such as the A(2Ds5,) constant in 1%Ba II.
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Table 8. Magnetic dipole A and electric quadrupole B hyperfine structure constants (in MHz) of 137Ba I obtained for AS7 (I = 3/2, u = 0.9375uy, Q = 0.236 b [34]),
compared to available theoretical and experimental data. The recommended values are given in the form of i + 20, exhibiting a 95% confidence level. *: Number of
CSFs obtained after reduction using the resfginteract_csfg code; : Th. Olsson et al. (DF, MCDF) [16]; b. Th. Tang (RCC) [53]; ©: Th. Kozlov et al. (RMBPT) [54]; d.
Expt. Gustavsson et al. [56]; ¢: Expt. Schmelling [55]; f. Expt. Kluge et al. [57]; &: Expt. zu Putlitz [58].

3D1 lD2 3D2 lplo 3P{J
Strategy
Ncsrs A B Ncsrs A B A B Ncsrs A B A B
Single reference
MCDHF VV SrD 557 —353 12 815 —22 38 301 17 194 —45 25 787 —25
RCICCSD nl > 5s 27,750 * —434 9 94,033 * —-10 33 251 13 46,739 * -30 33 851 -27
RCICCSD nl € {5p,5s,4p,4s} 54,943 * —446 11 187,251 * -5 40 256 17 92,909 * —24 36 872 —28
MCDHEF VVSrD + CV SrD nl > 5s 37,522 —513 11 53 330 -77 37 400 16 28,368 —95 35 1084 =37
RCICCSD nl > 5s 48,471~ —500 12 140,798 * -23 39 328 17 73,025 * —60 32 967 —29
RCICCSD nl € {5p,5s,4p,4s} 96,385 * —524 15 280,781 * —19 48 338 22 103,635 * —60 32 967 —29
MCDHF VV SrD + CV SrD nl > 4p 55,291 * —546 18 129,863 * -79 56 456 28 77,458 —102 43 1216 —42
RCICCSD nl > 5s 84,190 * —526 18 226,898 * -21 57 372 27 119,259 * —69 37 1067 -33
RCICCSD nl € {5p,5s,4p,4s} 117,852 * —547 18 334,107 * -17 56 371 26 173,007 * —64 37 1073 -32
Multireference
MCDHF VV SrD 557 —353 12 815 —22 38 301 17 614 —46 26 788 -25
RCICCSD nl > 5s 75,823 * —479 10 235,817 * —40 32 290 14 165,636 * —86 30 898 -23
RCICCSD nl € {5p,5s,4p,4s} 151,089 * —491 12 470,819 * —40 38 296 17 330,658 * —88 31 908 -23
MCDHF VV SrD + CV SrDnl > 55 36,420 * —513 11 52,895 * —80 36 402 16 60,610 * —119 33 947 —24
RCICCSD nl > 5s 110,102 * —517 10 285,738 * —67 32 362 16 222,175 * —41 34 866 -23
RCICCSD nl € {5p,5s,4p,4s} 185,368 * —532 13 520,740 * —67 38 368 19 387,197 * —38 34 862 —23
MCDHF VV SrD + CV SrD nl > 4p 101,890 * —545 18 148,083 * —88 54 465 27 164,291 * —108 32 925 —21
RCICCSD nl > 5s 175,572 * —546 17 380,926 * —74 48 414 24 327,304 * —101 26 877 —18
RCICCSD nl € {5p,5s,4p,4s} 249,704 * —564 16 614,395 * -75 46 415 24 490,884 * —103 26 875 —18
This work, recommended —517 £ 85 14+£5 —37+£57 44+ 14 341 £ 115 2148 —63 £59 33+8 926 + 163 —26+10
Th.? —368 19 —13 41 320 48 —53 -8 804 53
Th.® —514 + 14 —84+4 21+11 —112+2
Th. ¢ —547 18 —102 67 405 27 —107 51 1160 —43
Expt. —520.536 & 0.003 ¢ 17.890 £ 0.003 ¢ —82.180 £ 0.003¢ 59.564 + 0.014¢ 415928 £ 0.003¢  25.899 + 0.013 ¢ —1092+12f 51+12f 115059 £0.028 —41.61 £0.028
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Enlarging the reference set (SR — MR) yields better results for the largest MCDHF cal-
culations based on the VV SrD + CV SrD nl > 4p + RCICC SD nl € {5p,5s,4p,4s} strategy,
especially for the A(1D;) and A(1P¢) hyperfine constants for which the two-configuration
mixing found in the MR wave functions are particularly large. The A(!D,) value decreases
from —17 to —75 MHz, in much better agreement (~10%) with observation. The use
of a MR also reduces drastically the A('PY) value, from —64.06 MHz to —103.07 MHz,
achieving a 6% agreement with experiments. However, the B constants are also decreased
by ~10 MHz, deteriorating the agreement with experimental values.

The theory—experiment agreement is the best for the MR calculations in the D levels,
but is still acceptable in the recommended values. This work gives the best MCDHF
values as well as an uncertainty determination, uncommon for such works. This was
achieved by taking into account deeper core correlations, when they were totally neglected
in the Olsson et al. study [16], and therefore missed the crucial CV correlations, essential
for an accurate description of the HFS. Moreover, the 20 uncertainty covers most of the
experimental results.

The transformation into natural orbitals has also been studied. In the case of the
SR, the impact on the D levels is limited. The B hyperfine constants do not significantly
change using the NOs, with the highest change of +0.2 MHz for the ! D, level. However,
the effect on the A constants is a bit larger, improving the agreement with experiment for
the 3D; , levels, but degrading it for the ! D, level. The improvement is similar for the odd
levels. Applying the natural orbitals in the MR case does not significantly improve the
theory—observation agreement for all levels. Therefore, the applicability of the developed
MCDHF CV StD nl > 4p + RCI CC SD nl € {5p,5s,4p,4s} strategy in *’Ba Il is not as
straightforward as in 8Sr I1.

4. Conclusions

This work has enabled an in-depth study of the hyperfine structure of the astrophys-
ically relevant atomic levels of 137Ba 1, 135137Ba 11, and 87Sr 11, using relativistic atomic
calculations based on the MCDHF/RCI method as implemented in the GRASP package.
The main objective was to estimate hyperfine structure constants, within a unified model
for selected levels and for elements with similar atomic structures, in order to improve the
interpretation of stellar spectra.

The detailed analysis of 137Ba Il revealed that each level requires a tailored optimization
strategy. For instance, the A hyperfine constant is optimally described by focusing on core—
valence (CV) correlations limited to n/ > 5s, while the B constant needs deeper correlations
extending to 4p electrons. This distinction underscores the different sensitivity of A and B to
electron correlation effects, confirmed by the statistical spread of recommended values. The
persistent discrepancy of the A(?Ds ;) constant highlights the challenges in determining
accurate small HFS constants in heavy elements. While the inclusion of higher-order
correlations (triple substitutions) improved both A and B constants for the odd levels, the
A(®Ds ;) issue remains unresolved.

The MCDHF model developed for 13’Ba II was directly applicable to 8Sr II, yielding
results in very good agreement with the experiment. The smallest HFS constant, A(?Ds ;),
was found to be highly sensitive to the orbital basis, reflecting internal cancellations between
orbital, spin-dipolar, and Fermi contact terms in the non-relativistic framework. This work
provides the first theoretical uncertainty estimates for levels lacking experimental data (e.g.,
2D3,; and ZPf /), which are critical for astrophysical applications.

Finally, the complexity of !3Ba I, arising from its two valence electrons, necessitated a
multireference approach to account for non-negligible configuration mixing. While MR
calculations significantly improved the A('D,) and A(lPlo ) constants, achieving less than
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10% discrepancy with experiment, the theory—observation gap remains larger than for
135137Ba 11 or ¥Sr I1. Nevertheless, this study enables theoretical uncertainty quantification
and represents the most accurate MCDHEF calculations for HFS constants since the work of
Olsson et al. [16].

Our recommended values enable a qualitative connection to the determination of
fodd Ba- If the hyperfine structure (HFS) constants are systematically overestimated, the
resulting spectral lines exhibit greater broadening and asymmetry than observed experi-
mentally. To align the modeled spectra with observations, the isotopic ratio f,q4,8. must be
adjusted downward, with the effect of reducing the contribution of odd isotopes. On the
other hand, underestimation of the HFS constants would necessitate an upward adjustment
of fodd,Ba, amplifying the odd isotope abundances in the modeled spectra. This adjustment
could ultimately lead to incorrect conclusions about the nucleosynthesis process.

This study tested new code developments for improving hyperfine structure cal-
culations in heavy elements. Polarization orbitals, integrated into the orbital basis via
energy-functional optimization that showed promise for light elements (e.g., Li [38] and
N [29]), were partially tested due to the high computational load in '37Ba II. The reduction in
the number of required CSFs could enable deeper electron correlation studies without sacri-
ficing accuracy. The upcoming integration of Partitioned Correlation Functions (PCFs) [59]
into GRASPG [60] is expected to significantly reduce computational demands, enabling
more efficient calculations. Natural orbitals were also explored to refine hyperfine constants
by relaxing core—valence polarization and improving near-nuclear electron density. For
135137Ba 1T and 8”Sr 11, natural orbitals systematically adjusted A and B constants (increasing
positive values and decreasing negative ones), consistent with prior observations in Na [43].
However, their impact on '¥’Ba I was negligible.

Future studies should incorporate isotope shifts (IS), currently neglected due to their
small magnitude, to achieve a holistic modeling of stellar line profiles. A combined HFS +1S
analysis would further refine f,q4 p, determinations and enhance the reliability of galactic
chemical evolution models.
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Abbreviations

The following abbreviations are used in this manuscript:

3D-LTE 3D Local Thermodynamic Equilibrium
AMPSCI  Atomic Many-body Perturbation theory in the Screened Coulomb Interaction

AS Active Set

ASF Atomic State Function

CC Core—Core

CEMP Carbon-Enhanced Metal-Poor

CSF Configuration State Function

CSFG Configuration State Function Generator
Ccv Core—Valence

D Double

DHF Dirac-Hartree-Fock

GRASP  General Relativistic Atomic Structure Package
HF Hartree—-Fock

HFS Hyperfine Structure

1S Isotope Shift

MCDHF  Multiconfiguration Dirac-Hartree-Fock
MCHF Multiconfiguration Hartree-Fock

MR MultiReference

NO Natural Orbital

PCF Partitioned Correlation Function

RCC Relativistic Coupled Cluster

RCI Relativistic Configuration Interaction
RMBPT  Relativistic Many-Body Perturbation Theory
S Single

SrD Single and restricted Double

SR Single Reference

\AY% Valence—Valence
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