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1 Introduction

In the paper, we elaborate on the links between several recent and old developments. (1)
The requirement of associativity of the celestial OPE [2—6] leads to certain constraints for
couplings [7] that relate low- and higher-derivative ones. Such constraints have nothing to
do with Lorentz invariance in the bulk and are puzzling at first sight. (2) It was shown
in [8, 9] that, remarkably, Chiral higher-spin gravity passes the celestial OPE associativity
test. (3) Chiral higher-spin gravity is, under certain assumptions, a unique perturbatively
local higher-spin gravity in 4d [10-13]. (4) It was shown in [13] that the equations of Chiral
higher-spin gravity can be formulated as a self-duality constraint for a certain “gauge” algebra.
Two new theories were also found in [13] that can be thought of as higher-spin extensions of
self-dual Yang-Mills (SDYM) and self-dual gravity (SDGR), which are contractions of Chiral



higher-spin gravity that feature only gauge and gravitational interactions,! respectively. (5)
It is a folklore statement that self-dual theories have vanishing tree-level amplitudes, which is
one of the definitions of classical integrability. (6) Very recently, it was shown [1] that there
are more “chiral” theories with higher-spin fields, all of which activate different subsets of the
Chiral higher-spin gravity couplings. In the paper, we aim to clarify the relation between all
these statements, which can be summarised by the following diagram

Holomorphic constraint in OPE associativity
the light-cone gauge (Celestial) CFT

Ibi

2

\ /
au

self-duality

T

Vanishing of (tree-level) Jacobi identity of
amplitudes the "gauge” algebra

In more detail, let us begin with higher-spin gravity [14, 15|, which was the initial motivation
for this work. Chiral higher-spin gravity and its contractions [10-13] were first constructed in
the light-cone gauge, relying on the earlier works by Bengtsson, Bengtsson, and Brink [16, 17],
who were the first to construct cubic interactions of massless higher-spin fields. The light-cone
gauge has always been a very useful tool for initial developments, with the main idea being
to directly construct generators of the Poincaré algebra order by order in terms of the
physical degrees of freedom, putting aside any gauge redundancy a covariant formulation
can lead to. A remarkable feature [10, 11] of the light-cone gauge in 4d is that the quartic
constraint, which is equivalent to the Poincaré invariance of the quartic amplitude, contains
the (anti)holomorphic parts that are insensitive to the quartic Hamiltonian itself, but still
heavily constrain the cubic couplings. The (anti)holomorphic constraints involve only the
vertices whose cubic amplitudes are made of (square)angle brackets. Solving the holomorphic
constraint leads to Chiral higher-spin gravity, whose cubic amplitudes are

1
F[/\l + Aoy + )\3]

[12])\1+/\2—)\3 [23])\2+)\3—)\1[13])\1+)\3—A2 , Z Az > 0. (11>

The Gamma-function is what the holomorphic constraint fixes the helicity dependence of
couplings to be. This is a unique solution provided one starts with at least one nonabelian
higher-spin self-interaction, as proven in [1]. It should be noted that self-dual Yang-Mills
(SDYM) and self-dual gravity (SDGR) are also solutions to the holomorphic constraint. As
found in [1, 12, 13, 18], there are other solutions to the holomorphic constraint that feature
only gauge or gravitational interactions (HS-SDGR and HS-SDYM) and can even have finitely
many higher-spin fields. In fact, all solutions of the holomorphic constraint immediately

! As will be made clearer later, by gauge and gravitational interactions, we mean those that have one- and
two-derivative cubic interactions, respectively, when counted in the light-cone gauge.



give consistent theories by setting all higher orders and anti-holomorphic couplings to zero.
In this sense, Chiral higher-spin gravity is the maximal completion of self-dual theories
that activate all spins and all couplings. All of these theories — with a minor caveat to be
discussed — have vanishing tree-level amplitudes, which can also be understood as being
closely related to self-duality.

The relation of the above to self-duality can be clarified with the help of the kinematic
and “gauge” (Lie) algebra [13, 19, 20].2 It is a nontrivial statement that there is a Lie algebra
behind any of the theories above, which amounts to checking the Jacobi identity. The gauge
algebra allows one to rewrite the equations of motion as a self-duality constraint. Remarkably,
all chiral higher-spin theories (with a minor caveat), including the new ones [1], have a gauge
algebra, i.e. are self-dual, as we show in the paper.

We also show that all chiral higher-spin theories — with a minor caveat — pass the
celestial OPE associativity test with the first example given in [8, 9]. We also find a general
solution to the celestial OPE associativity and provide some explicit low-spin examples. The
same condition can also be related to the vanishing of the four-point amplitudes.

The paper is organised as follows: in section 2, we review the light-front approach to
higher-spin interactions, and in particular the quartic holomorphic constraint. In section 3,
we review the associativity of the celestial OPE and extend it to the case where fields
live in some representation of a gauge group G. In section 4, we solve the celestial OPE
associativity constraint in various cases by rewriting it in terms of the light-cone variables.
In section 5, we discuss in detail lower-spin theories that satisfy the OPE associativity
constraint. We also match the results with those in [8] and identify additional solutions.
In section 6, we discuss the relations between: (a) the celestial OPE associativity; (b) the
vanishing of tree-level amplitudes; (c) the Jacobi identity for the gauge algebra; (d) the
light-cone holomorphic constraints. Finally, in section 7, we conclude and outline possible
future directions for extending the connection between the light-cone constraints and the
OPE associativity in CCFT.

We include four appendices. Appendix A introduces our light-cone notation. Appendix B
presents the CCF'T notation for massless fields. In appendix C, we present an on-shell
map between the 4d light-cone and 2d CCFT formalisms via their relation to spinor-helicity.
In appendix D, we solve the OPE associativity constraint for the most general class of
cubic vertices.

2 Light-cone holomorphic constraint

We begin by briefly reviewing the essentials of the light-front approach to interactions and
the derivation of the quartic holomorphic constraint. For further details and background,
see [1, 12, 13, 15, 21]. The conventions for the light-cone notation adopted are detailed
in appendix A.

The light-front deformation procedure relies on two key ingredients: the Hamiltonian
formulation of classical/quantum field theory in light-cone gauge and the non-linear realisation

2In [19], the kinematical algebra of SDYM is identified as the Lie algebra defined by the SDYM cubic
vertex after stripping off the colour factor. By contrast, in [13, 20], the “gauge” algebra is defined as the Lie
algebra obtained by factoring out the SDYM vertex from the cubic vertices.



of the Poincaré algebra through the inclusion of higher-order corrections to the free (quadratic)
generators of the Poincaré algebra. Accordingly, we begin with the 4d Poincaré algebra
iso(3,1), defined as

(P4, PP =0, (2.1a)
[JAB’PC] — PAUBC _ ]pB,r]AC7 (21b)
[JAB’ JCD] — JADT]BC _ JBDnAC . JACT]BD + JBCT]AD, (21(3)

JAB of Lorentz transformations.

where P4 are the generators of translations and
In 4d, massless spinning fields have two degrees of freedom; i.e. they are effectively
represented by two “scalars” — except for the scalar field. We denote ¢* and ¢~ as the
helicity +X and —A fields, respectively. In Lorentzian signature, the one adopted here, they
are complex fields and complex conjugates of each other ¢~ = (¢*)*. The free action is
S = %fd‘la: ¢~ *0¢* and is real in any signature.
We work with Fourier transformed fields with respect to £~ and the transverse directions

x and . The Dirac bracket is given by

*(g+p)

[05 (™), ¢p(a™)] = 8% 20+ (2.2)

In the Hamiltonian approach, it is crucial to distinguish between the kinematical and
dynamical generators of the Poincaré algebra (2.1). The kinematical generators correspond to
the stability group of the codimension-one hypersurface on which quantisation is performed (i.e.
in the light-front at ™ = 0), and they remain unaffected by the introduction of interactions.
In contrast, the dynamical generators are deformed once interactions are included, as they
govern the evolution from one hypersurface to another. The allowed deformations are
determined by solving the dynamical constraints order by order in the deformation procedure
while carefully imposing locality at each order.
The free field realisation of the kinematical Poincaré generators reads®

Pt =4, P=q, P=q, (2.3a)

gt =52 gt =52 J Tt =-Ng—1, (2.3b)
oq 9q

J* =N, — N — X, (2.3¢)

where N, = q0, is the Euler operator. The (free) dynamical generators are

i ¢ O . 947 0 q
_u =29, 9 L e G0 0 gy

B’ > 9gp o B ¢ B OB B

We now deform the dynamical generators using a local ansatz:*

H=H+ Y [ 5( X a)h ol o. (2.5)

3Following standard notations in the light-cone, we rename 5 = p™.
*Only the dynamical generators are deformed. One advantage of working in light-front quantisation is

Hy =

that the number of dynamical generators attains its minimum. Out of 10 Poincaré generators, only 3 are
dynamical (H,J®~,J*), compared to 4 in the usual equal-time quantisation (H°, J°%).
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where we used the shorthand notation
ho = W3R, In = GNTN In = 0N (2.8)
Let us define the momentum combinations
Py = qiBj — 45, Pi; = 4iBj — 4;Bi , (2.9)
where I@ij = —]fbji and IP;; = —IP;;. Solving all cubic constraints required by the closure of the

Poincaré algebra [10, 11, 16, 17, 22] leads to the classification of cubic vertices:

ﬁ))\ms _ IP*)‘123
h3 — C)\1,)\2,)\3m + C—>\17—>\27—)\3_)\1_—>\2_/\3 , (210)
1 62 ﬁ3 51 ﬁ2 63
. 2 A A2\ ]I_D/\lw_l A1,A2,A
j3 = Qe Tl P— TS LT 3 (2.11)
3 5%1632@?3
- 2 A s BTN e
J3=—=C AT AMARAS (2.12)
3 ,31 A1 /82 )\2/33 A3
with A123 = A1 + A2 + A3 and where we defined
1

P = Pgy = B§ = P = o [(B1 — B)a§ + (B — Ba)af + (85 — B)as] . (213)
ANA2AS = By (Ag — Ag) + Ba(A3 — A1) + Bs(A1 — Aa). (2.14)

Eq. (2.13) follows from momentum conservation, which also implies the cyclic invariance of P
and P: o193P = P, 093P = P. These expressions can be used to construct the Hamiltonian
P~ = H and the dynamical boost generators J*~ and J*~ via egs. (2.5) and (2.6).

Written in this form, the cubic vertices exhibit a clear separation between holomorphic
and anti-holomorphic components, corresponding respectively to the terms involving P and
P in the equations above. This can be reached through field redefinitions, which at the
cubic order correspond to the freedom of adding terms proportional to powers of the free
Hamiltonian Hy ~ PP, as explained in [12, 23].

Each cubic vertex in (2.10) comes with an independent coupling constant, CMA2A3 op
C~*=22=%  which remains unfixed by the deformation procedure at the cubic level. To
uncover relations among these couplings and constrain the spectrum of the theory, one must
analyse the quartic consistency conditions (at the very least). In particular, it turns out
that only a specific subset of these conditions — namely, the (anti-)holomorphic constraint
— is sufficient for this purpose. On the other hand, if we are interested in theories that do
not close at the cubic level and thus require a genuine quartic interaction, the full set of
quartic constraints needs to be studied.

We stress that in Lorentzian signature, holomorphic and anti-holomorphic vertices are
related by complex conjugation. Consequently, the reality of the action — and hence unitarity



— requires including both sectors with cubic couplings satisfying CA1:A2:23 = (C—A1—Az=A3)*,

In contrast, parity invariance would require CMA2A3 = C—A=22,=23 I what follows, we
focus on the holomorphic sector alone, in which case the action is complex.

It is important to note that the cubic constraints, which determine the structure of the
cubic vertices in (2.10), treat all cubic vertices as independent. This allows us to extend
the field content by assigning to them an additional index, indicating that they belong to
some representation of a gauge group G with structure constants f,,.. Possible choices for G
include G = U(N),SO(N) and USp(N); for further details, see [1, 11, 24]. One can assume

that a field of helicity A takes values in a representation V) of G. We will loosely denote the
A1,A2,A3
abc

V. Therefore, with a gauging turned on, the most general form of the cubic vertices is
PA123

A1,A2,A A1,A2,A
H31’ 2, 3—f 1,72, 3/d9q5 ZQZ 5>\25/\3

It is convenient to sum over all A; 2 3 instead of all distinct triplets Aq 2 3. To do so correctly, we
>\1 7A27
abc

tensor that specifies a cubic coupling f , i.e. use the same Latin indices for all modules

(dol) (d92)"(d92)° . (2.15)

need to impose a specific symmetry on f 3 for the coupling to be non-zero. Following [1],
given any permutation o € X3, we assume

Aoy Aog Aoy A123 821,02,

fagy aoyie, = (=) P Tatisas - (2.16)
This will impose a symmetry property on the cubic couplings, but only in the case of
identical fields, such as

ANs 22+sEN A, _ 22+
fagalsag = (*) +sfa1agsa3 - fa2a1a3 - ( ) Sfa1a2a3 (2'17)

In contrast, when the fields do not carry any group indices, we must always impose a specific

symmetry on the coupling constants C*1 2223

CMA2As — (_)A1230/\al AcgrAag 7 (2.18)

. In particular, we require

where o € Y3. Therefore, we can assume that the coupling constants are symmetric for
even-derivative interactions and antisymmetric for odd-derivative ones. This observation also
implies that odd-derivative couplings involving at least two identical fields vanish by symmetry
CAA =0, To further simplify calculations, we can sometimes introduce generators Tj‘ such
that ¢* = (Z%T)(\l and the generators can depend on the helicity, which we often omit. This

>\17>\27/\5
does not, of course, give the most general coupling tensor {7’

Assuming the symmetry above, we can take the following form for the generators:

H = a2 [ d'q o qu Y (&))" (@22)° (80 (2.19)
/\1,)\2)\3
— 0 " .
I = Fabe 2 / dq o( Zqz [3—7h3(28—@)}(¢9;> (2)b(e)e,  (2.20)
>\17)\2,>\3 J
and for the case with no gauge group:
Hy= 3 e [ dgqé(zqi)hm L, (2.21)
A1,A2,A3 i
JET = CAI,AQ,Ag/ds»qa Zqz )[is - (Z )}gb g2l (2.22)
A1,A2,A3 j



i.e. to sum over all triplets of helicities instead of all distinct (up to permutation) triplets.

Quartic consistency. The quartic dynamical constraint takes the form
(77|, = [Ha, J57] + [Hs, J57) = [T, i), a={z7}. (223

We can observe, by examining the degree of homogeneity of ¢, that the following two
conditions must be satisfied independently [10, 11]

[ (B), 3] = 0, [H3(P), 5] = 0. (2.24)

We refer to them, respectively, as holomorphic and anti-holomorphic quartic constraints.
Explicitly, first the Poisson bracket between two cubic couplings is computed, then we
substitute the explicit form of the generators, and once the dust has settled, we obtain

(Hy, JE~ 020 2 (/\1+w—)\2)51 (A2+w—/\1)ﬂ2
wI=E [ (Zq> D N T

/\1,)\2, —w)\3,>\4 )\12+w 11 )\34 —Ww )\1 2 )\3
chAew IP; P; LGNt s

Ai,w

where \;; = A\; + A;. Recall that the couplings C*14223 obey the symmetry property (2.18).
In the presence of a gauge group, we obtain

Hy, Jo | = d'2q § 2 (/\1+w—)\2)51 (/\2+w—)\1)52
s / ! (Zq) [ (B1+ B2) 81" B3* B3 By

Ai,w

fa1a20fca3a4 C)q,)\g,wc—w )\3,)\4]P>>\12+w 1]P>)\34 w ( A )al (¢)\2)a2 (¢A3)a3 (¢A4)a4} )

(2.26)

In particular, it is worth noting that if we assume the theory to be purely (anti-)holomorphic
and to satisfy the (anti-)holomorphic quartic constraints, it will be a well-defined theory

at any order and will contain only cubic interactions.’

3 OPE associativity in 2d CCFT

Recently, considerable attention has been devoted to the study of the OPE associativity
constraint, see [5-9, 25-31]. Here, we briefly review the basics of 2d CCF'T for massless particles
(see appendix B for notations), to provide context for the OPE associativity constraint. For
more details and reviews on the topic, see [32, 33].

5We stress once again the chronological development of these results. In 1983, Bengtsson, Bengtsson, and
Brink [16, 17] determined the form of the cubic interactions by solving the light-cone constraints at cubic
order, and the complete classification of cubic vertices was later provided in [22]. Several years later, in 1991,
Metsaev began the analysis of the quartic constraints in [10, 11]. He observed that a simpler condition —
the holomorphic quartic constraint — was already sufficient to fix all the cubic couplings (under certain
assumptions), leading to what we call the Metsaev solution. Twenty-five years later, Ponomarev and Skvortsov
revisited the problem in [12]. Remarkably, they found that if the theory is truncated to the (anti-)holomorphic
sector, it becomes a consistent theory with only cubic vertices at all orders, and the couplings are the same as
those found by Metsaev. More recently, in [1], it was shown that the holomorphic constraint admits multiple
consistent truncations, even allowing for theories with a finite spectrum that still involve higher-spin fields.



In CCFT, of fundamental importance is the isomorphism SO™(1,3) ~ SL(2,C)/Za,
between the 4d (connected) Lorentz group and the set of conformal transformations of the
2d celestial sphere CP! [34].

This is what allows the S-matrix in asymptotically flat spacetime to be recast as a
celestial amplitude. The idea is to perform a change of basis: from the standard energy-
momentum eigenstate basis, with definite energy and momentum, to a new basis of boost
eigenstates. In this new basis, the S-matrix is interpreted as a correlation function of operators
inserted at points on the celestial sphere at null infinity. These operators are labelled by
the conformal dimension and spin associated with the 2d global conformal group of the
celestial sphere SL(2,C)/Zs.

The S-matrix element for the scattering of n massless fields in the standard energy-

momentum eigenstate basis is
An(wj, 25, Z;) = (out|S|in) . (3.1)

The integral operation that allows one to perform the change of basis to the boost eigenstate
one and then trades the energy® w for the conformal dimension A is the Mellin transform

% dw

M= [T Zut0). (32)
0 w

Then the S-matrix in the boost eigenstates (i.e. the celestial amplitude) is given by the

Mellin-transformed amplitude

_ D[P dwj A, _
Ma(Dj, 2, %) = H/o S Al 255 (3.3)
=1 J
where, by definition, we have

Mn(Aj, Zj, Ej) = boost<0ut‘5’in>b008t = <OX1,31 (2’1, 51) e Oin,sn (Zn, 2n)>CCFT s (3.4)

where the operator (’)im s, represents outgoing (+) or incoming (—) celestial conformal
primary operators with 2d conformal (or boost) weight A, and spin s, that crosses the
celestial sphere at a point (z, z). In particular [35], when A, € 1+ iR, corresponding to the
principal continuous series of the Lorentz group, the transformation above can be inverted
using the inverse Mellin transform

B n 1400 d/A\; AL B
An(w;, 25, %) = H/1 S MDA, 25, %) (3.5)
=1

—400 21
From this point on, we omit the + sign and adopt the all-outgoing convention, as in appendix B.
One of the central ingredients in any conformal field theory is the operator product
expansion (OPE), which provides a systematic way to compute products of local operators
and correlation functions. The holomorphic OPE of two conformal primary operators in

5To be precise, the energy is given by k° = wq® = w(1 + 22).



CCFT can be obtained by the holomorphic collinear limit (i.e. z; — 22) of scattering
amplitudes [2, 3, 36] and can be expressed as

Oh1,f_11 (21751)0;12 hio (22,22 Niz Z C( hl hQ Zf; 6m0h12717512+p(22,§2), (3.6)

P m=0

Zij =2i—Zj, Zijzzi—zj‘, hij:hi—f—hj, Bij h; h Sij =8i+Sj, (37)

where Clgm)(l_zl, hs) denotes the OPE coefficient determining the contribution of the mth
right-moving descendant with weights (h1a — 1, his +p + m) and is given by

- - 1 1
C}gm) (h17 hQ) 2081,82,53 - (2h1 +p+m, 2h2 —+ p) (38)

where B(a, b) is the Euler beta function and C*1:°2:58 is the coupling constant appearing in the
flat bulk 3-pt function of massless (higher-spin) particles with spins (s, 2,83 = p + 1 — s12).
Therefore, there is a one-to-one correspondence between holomorphic bulk 3-pt vertices and
holomorphic celestial OPE.

Notice that the OPE expansion (3.6) represents only a partial result, as it captures solely
the holomorphic sector at tree level. In fact, one-loop contributions already introduce double
poles ~ %, arising from massless loops, as well as logarithms such as ~ log z12 [5, 6, 27, 37-40].
Moreover, taking into account the anti-holomorphic sector leads to a more complete, “all-order”
celestial OPE that involves series expansions in powers of both z and z. This has so far been
achieved only in the maximally helicity-violating (MHYV) sector at tree level, via twistor string
theory in [41] and through collinear expansions using on-shell recursion relations in [42].

A crucial consistency condition — expected to be necessary for the existence of a well-
defined celestial dual theory of gravity — is the associativity of the OPE. We now review
the (anti-)holomorphic OPE associativity constraint in 2d CCFT as derived in [8], which
implies the Jacobi identity for the charges studied in [7].

A standard way to check OPE associativity is to introduce a mode expansion of the
operators involved and compute the commutators using their OPE, see [43]. Then OPE
associativity implies the Jacobi identity for the modes. This is of particular interest when
applied to conformally soft currents, see [7]. The relation is made possible thanks to the
commutators for holomorphic objects [4, 33] determined by a contour integral as

A, B](21) = § 5= A(z)B(1) = Res A(z2)B(=1). (3.9)

We start with the following identity between correlators of conformal primaries involving
contour integrals’

(% dzl% dZQ —j{ dZQ\% dzl —% dZQ% dzl) X
|z13]=2 |z23|=1 |z23|=2 |z13]=1 |z23|=2 |z12]=1 (3.10)

<OZ11,81 (Zl’ 21) e OZH,,“S" (zn7 Zn)> = 07

"This was the method used in [8]. A related one-loop analysis for self-dual Yang-Mills was already carried
out in [5], where extra powers of z; in the Jacobi identity are needed to extract higher-order poles coming
from the one-loop OPE. At tree level, no such terms are required.



where we allow the presence of internal indices, enabling the operators to live in specific
representations of an internal gauge group. This can be rewritten in terms of a “double
residue condition” as
— _ a1 z ) —
(es, Res, — Res, Res — Res Res ) (08, (1, %)+- 0%, , (50, 5) =0 (311
For further discussion of this constraint and possible ambiguities in its definition, see [25, 28].

To express (3.11) in terms of the standard momentum space amplitude, we use the Mellin
transform (3.3) and compute the residues of the amplitude A, (wj, 25, Z;) as

(Res Res — Res Res — Res Res)An(1-~n) =0. (3.12)

21—>23 22—>23 Z2—r23 21—23 2923 2122

At the amplitude level, the residue can be efficiently computed by taking the appropriate
collinear limits. Schematically, proceeding step by step, we first take the collinear limit
4 || ¢, which gives

5 As(12i) A,_1(i34- - - n)

lim A,(12---n) = T2 :

(3.13)
Ai

where we focus on the leading order in i and possible other channels decouple in the limit.
Then it is followed by the collinear limit ¢4 || ¢4, and we get

As(12i .Ag ) An—2(jd---n)
li lim A, ( . 3.14
22550 21330 ZZ 2)[12](i3)[i3] (3:14)
Then we can extract the residue of the last expression as
(12 3 4.
Res Res An(12 ZZAB Z)A3(Z ])An 2(] ) ,
29—+23 2122 VY W1 WoWiW3212%;3 (3 15)
w121 + waza '
Zi= Wi = w1 +wa,
w1 + w2

where we used the notation introduced in appendix C. Using the expression for the double
residue (3.15) inside (3.12), we get®

A A i A A -\ A A i A A -\
3 As(p1h, p3®, p;t) As(ps®, vy, p; )+A3(p22,p33,pi )As(p1t pat,p; )

" Z122i3 (w1 + wo)wiwaws Zo3Zi1 (w2 + w3)wiwaws ( )
i 3.16

Ao e N
As(p3®, o2, ) As (932, 3t i )
Z31Zi2(w1 + w3)wiwows

+ =0,
where we dropped the sum over \; because the OPE must vanish for a generic A,_2, so the
constraint must hold separately for each \;. For simplicity, we relabel A; as A4.

If we consider fields transforming in a matrix representation of a Lie algebra, the associated
generators 1% are carried along throughout the computation. As shown above, the procedure

8From now on, we change notation and denote the spin s, of the massless fields by the helicity A, in line
with the light-cone higher-spin literature.

,10,



remains essentially the same, with the only difference being that we can factor out the trace
over the generators. The clearest way to illustrate this is to begin with the colour amplitudes,
written in terms of the colour-ordered ones as

A(12---n) = Z Te(T%1T%2 - .. T%n) A(g109 - 0) . (3.17)
O'GSn/Zn

Consequently, the constraint (3.12) takes the form

Aoy Aoy Ao
S Z As(wi* o o) As (i o o )Tr(TaﬁTaUzT%sTa%) —0. (3.18)

0E€Sn /T A 2010220103 (Wo1 + Woy )Wo) WoaWors
These two constraints (3.16) and (3.18) are the celestial OPE associativity constraints, which
we will solve in full generality. A similarity with the previously discussed light-cone constraint
is already apparent (in the sense that both consist of two three-point vertices brought together
times some additional kinematical factors), and we will aim to establish a direct connection
between the two in the following sections.

Even more in general, we can assume, as considered for the holomorphic constraint,
fields belonging to some representation of a gauge group G with generic structure constants
fabe, and arrive at
3 Z Ay, ag, ( (Do oi? o) A Gogoy (Do, Dot 1oy ")

Zo102 20103 (Way + Wy )Woy Wao W

T1T%2T%3T%sa| =0,

0ESH/Ln X;

(3.19)

where we denoted Az = flabcT“TbTC = .,ZlgfabcT“T b7c. We solve this more general case
in appendix D.

4 Celestial OPE associativity constraint

In this section, we present an exact solution to the OPE associativity constraint by switching
to the light-front approach.” It turns out to be very useful to rewrite the OPE associativity
constraint in terms of the light-cone variables. This can be done by following appendix C,
where we explain how to relate the two formalisms through the spinor-helicity one. The
result is that, on-shell, we have the following identity:

Z A3(pi\1’p%2?p?i)A3(p§37pé)lulvpi_)\i) — Z(_)/\ic)q,)\z,/\icf/\i)\s,)@ IP)\12+>\ _1P3>\434_>\i_1

~ 212%i3 (wl + (J.Jg)wlCL)QU.)g N ; 1ﬁ§\2/8§\3/82\4

(4.1)
The right-hand side is not the same term present in the quartic holomorphic constraint, but,
as we will see in the final section, the OPE associativity constraint is closely related to it.
The quartic holomorphic constraint was solved in [1] in two specific cases: for singlet fields
and for fields living in some matrix representation of a gauge group G.

9We will use the terms light-front and light-cone interchangeably throughout this work.
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If we wish to reproduce all lower-spin constraints arising from the OPE associativity (3.16)
and (3.18), as found in [8], we need to consider the following types of cubic couplings:

Vo ghighzgds (4.2)
B ~ T (T, Ty ) (60) ™ (6)2)202 (4.3)
B~ T (T, Ty Ty ) (60 ™ ($02)72 (602) % . (4.4)

For semisimple compact Lie algebras, we can write

1
Tr(TalTa2) = 550«10«2 ) (45)

1

1 .
Tr(Ta1Ta2Ta3) = 5 (Tr(Tal {T027Ta3}) + Tr(TCU [TGQaTas])) = Z(dU«IU«QU«S + 1fa1a2a3) ) (4'6)

where the first line is a normalisation that can always be achieved, f, 4,45 denotes the
antisymmetric structure constant, and dg, 4045 the symmetric d-symbol, both defined as

. 1
[TauTaz] = Zfalaza:sTag ) {Tal’Ta2} = N

i farazas = 2 T0(Tay [Tay, Tas)) 5 dayazas = 2T (Toy{Tay, Tas }) - (4.8)

501112]1 + da1a2a3Ta3 5 (47)

Looking at the various couplings in (4.2)—(4.4), we can identify five possible structures that

can occur at the quartic order:

(h$”, hV) GG, (4.9)
(h§”, ) T (T, Tay Tay Ta ) (001) ™ (6)2)%2 (60)% ()% (4.10)
(W BSY (WS RS) (T, Ty ) (601)™ (002) 280 0 (4.11)
<h3 ! ) T (T, T ) T (T Ta, ) (630) ™ (692)°2(602)% (032)™ . (4.12)
(h§ . ng) (T, Ty Tay ) (001 ™ (602)°2 (62) 2 (4.13)

where on the left of each structure, we indicate the type of pair of cubic vertices responsible
for generating each distinct type of constraint. In particular, we observe that while the first
two involve the same type of cubic vertices, the others mix and intertwine different types
of cubic vertices. As we will see, there are two main mechanisms by which the constraint
can be solved. Every type of constraint will fall into one of these two cases.

4.1 Singlet fields

We start by solving the OPE associativity constraint [8], for singlet fields (4.9), then

Mo Ae N ST VI Mo A3\ Moo N
3 As(pit, po°, it ) As(p3®, pi*, p; )+A3(p227p33,pi VA1, Pyt p; )
Z12Zi3(w1 + w2 )wiwaws Z93Zi1 (w2 + w3)wiwaws

A (4.14)

A A -\
Az(p3%, oYt i) Az (a2, pat, py )

+
Z31Zi2 (w1 + w3 )wiwaws

=0,
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and we rewrite it in the light-cone formalism (see appendix C) as

Z(_))\i (C/\l,)\2,)\Z~Cf)\i,/\3,)\4]13>{\212+>\i*11@§434*>\¢*1 + C>\1,/\4,)\1'C—)\i,Az,/\slﬁf\fﬁr)\i*l]fpé\?fs*)\i*l
i

+ C)\s,)q7)\1'C*)\i,A2,)\4IF>:§\113+)\¢*11@2)\Z47M*1) — 0? >\ij = )\z + )\j . (415)

This structure is reminiscent of the quartic holomorphic constraint studied in [1, 12]. As
we will see in the final section, the two are closely related. Moreover, our strategy to solve
the constraint follows the same ideas used to address the quartic holomorphic constraint
in [1]. To avoid unnecessary minus signs between products of couplings and extra i factors
between couplings, we assign an additional factor of i to odd-helicity fields. This is equivalent
to taking even-helicity fields to be Hermitian and odd-helicity fields to be anti-Hermitian
matrices (with singlets treated as 1 x 1 matrices). With this convention, the factor (—)*:
in (4.15) is removed. We begin by introducing three independent variables:

2A = Pig + Py = Po3 — Py, 2B = Pi3 — Pyy = P34 — P19, (4.16)
2C = P1y + Poz = —P13 — Pou,
with the following transformation properties:
12 13 14 243 2434 34
A+—B, A+——-A, A«+«—C, A+——-C, A+—-A, A+—-B, (4.17a)
12 13 14 243 24 34
C+—-C, B+—(C, B«+—~—-B, B+—~—-B, B+—-(C, C+——C, (4.17b)
and define

61234>\I ::CA17A27Ai07Ai7>\37)\4, k-l‘r234:: (_))\12 Z(_))\Z61234>\1’ k,l_234 .2261234A1 ,
>\i )\i

_}_234(14,3) = (_))\34 Z(_))\161234)\i (A—B))\m—i_)w’_l(A+B))\34_)\1_1, (418)
Ai
f1234(A’B) :2201234>\i (A—B)’\H—H‘i_l(A+B)>‘34_>‘i_1,
Ai

where the upper index 1234 denotes the order of the external helicities. We note immediately
that f1234(A, B) = f1234(B, A)(—)*~L, where A = A + A2 + A3 + A4, but it is convenient to
keep both of them. The OPE associativity constraint can be recast as

2(61234/\1' (A _ B)/\12+)\i—l<A + B))\34—)\i—1 + (—)A63124)\i (B _ C))\13+/\¢—1<B + C))\24—/\i—l
A
+C1423)\i(0 o A))\14+>\¢—1(C + A)/\Qg—)\i—l) _ O, (4'19>

and plugging in the definitions (4.18) for the functions f~, we have

FIBYA,B) + ()M (B, C) + FU%(0,A) = 0. (4.20)
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The most general polynomial form of the functions f~ that is compatible with the con-
straint (4.20), is the following:'’

1234 _ 11234 JA—-2 11234 pA—-2
FIP4(A, B) = k1294402 _ 12 pA-2 (4.21a)
f§124(B’ C) _ k§124BA—2 _ kil24CA_2 , (421b)
FE(C, A) = RHBON2 — i AN2 (4.21c)

where k" are some free coefficients (that we identify with those in (4.18)). Substituting
these back into (4.20) gives the constraints

k’1_234 — k—li-423a k‘il24 — (_)Ak_l|?34a k‘1_423 — (_)Ak3_124 . (422)

The form of the functions in (4.21) plus the conditions in (4.22) gives the solution to the
OPE associativity constraint (4.20). To express the solution in terms of the cubic couplings,

C.....

we need to solve (4.21) in terms of the product of couplings . This can be done by

expressing (4.21) using the previous variables P34y = A + B and P13 = A — B, as follows

‘ , Py + Ppp\ A2 Py — Ppp\ A2
S LA AT A AL 1234 ( 34-2F 12) _ i ( 34 . 12) (4.23)
As

By expanding the Binomial on the r.h.s. and matching the monomials in terms of P34 and
P15 we get

123N _ (k£234 + (_))xi+>\12 k1+234)(A _ 2)!

= 20y £ = D10 — & = 1] V' Ai, same for (3124) and (1423). (4.24)

Summing over A;, we can check consistency:

A34—1 A-2
A —2)! 1 A—2
Y. i ( ,) =i D ( ) =1. (4.25)
P WY 2 ()\12 + A\ — 1).()\34 -\ — 1). 2 0 n
Notice that, if we consider only even-derivative vertices (i.e. with k" = k., we get

1234 3124 1423 _ 11234 _ 13124 _ 11423
B2 =k =k =k =k =k (4.26)
This case makes the classification of solutions to the OPE associativity constraint easier.

Summary. The general solution to the OPE associativity constraint (4.15) is
P

C1234N; _ (1234 4 (—)Nith2pi234) (A — 2)!
280=2(A1p + A — 1)!(A3g — A — 1)!

V' Ai, same for (3124) and (1423)

k‘1_234 — ]6_1’_423 k§124 _ (_)Ak_l|?34> k1_423 — (_)Aki’)’_124. (427)

9

When only even-derivative vertices are present, the solution is

YFor instance, choosing f1?**(A, B) ~ A*B7, with 4,7 > 0 and i + j = A — 2, would never satisfy (4.20),
since neither f3'2*(B,C) nor f1**3(C, A) could cancel such contributions.
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012348 _ (A - 2)! v O\
2A73()\12 + A — 1)!()\34 — A= 1)! v (4.28)
same for (3124) and (1423) 23 = 32 = g2

4.2 Colour case

In the presence of a colour factor — such as when fields live in representations of a gauge
group G = U(N),SO(N) and USp(N) — we only need to consider colour-ordered amplitudes,
as discussed above. For instance, we focus here on the ordering [1234], then (4.10). The
associativity constraint gets modified into

SV VR Ao Az =i
+ A3(p44’p117pi )“43(p227p337pi )
Z12Zi3 (w1 + wa)wiwaws Z41Z2i (w4 + w1 )wawiws

A A A Az A -
(), | 2Lt p ) s vt o)

7

=0,
Ai
(4.29)

where we introduce a factor 6, which can be justified by interpreting the amplitudes as arising
from a Poisson bracket, with an associated 6, factor. For instance, in the u(N) case, we have

_0MHB(p+ q)

2t 050507, , (4.30)

[(69) B, (64D

A

where 6, = e is a phase factor reflecting a possible ambiguity in the Poisson bracket.

Following the same conventions used in [1, 24], and in analogy with the singlet case, we fix
Oy, = (—)*. This choice is again equivalent to taking even-helicity fields to be Hermitian
and odd-helicity fields to be anti-Hermitian matrices.!' This choice will become particularly
useful when we later search for consistent lower-spin theories satisfying the OPE associativity
constraint. Rewriting (4.29) using light-cone variables, we find

Z (61234,\iI@{\212+A¢—1]§,§\j4—/\i—1 _ C4123>\i]§)i\114+/\i—1]?)5\??3_>\i_1) -0. (4.31)
A

Using the variables defined in (4.16), we get
Z (01234)‘2’(%1 _ B)’\”“‘Z"I(A + B)’\34*’\F1

Ai (4.32)
+ (_))\14+/\¢C4123/\¢(C - A))\14+)\¢71(C+ A))\zgf)\ifl) — O,

and plugging in the definitions (4.18) for the functions f~, we have
FEHAB) + ()M, A4) = 0. (4.33)
As before, we can determine the form of these functions to be

FI24 4 B) = 123402 (4.34a)
420 A) = ()M H1EH23 42 (4.34Db)

"1n the case of Yang-Mills, we can choose to work with hermitian matrices (7%)" = T, then an 4 factor
would appear in the commutator [T, T°] = i f***T*, or work with anti-hermitian matrices (T%)" = —7* and
then [T, T"] = f**°T°.
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where in the definition of k£ we also include the ), factor. Substituting them into (4.33)
leads to the constraint

1234 _ 4123 (4.35)
From (4.34), we find the system for the couplings:

01234 _ (A - 2)!
2A*2(>\12 + A — 1)!()\34 — A\ — 1)!
k1_234 — Z 61234>\i ’
Ai

vV \;, same for (4123),
(4.36)

Let us conclude with a comment on the possibility of using SU(V) as the gauge group. In this
case, the Poisson bracket in (4.30) acquires an additional term of the form ~ %5/}95%. This
contribution induces, in the holomorphic constraint, a term of the type (4.12). As a result,
the solution to the constraint becomes more involved. However, in special cases, such as for
the cubic vertices of Yang-Mills theory, where the couplings are proportional to the fully
antisymmetric structure constants fu;. this additional term vanishes. Indeed, one would obtain
an extra contribution of the form ~ Tr([Ty,, Ta,))Tr([Tas, Ta,]) (050 ) ™ (¢52)2 (¢33 )73 (¢t )™,
which vanishes due to the cyclicity of the trace. This mechanism is sometimes referred
to as photon decoupling: at tree level, gluon scattering amplitudes are identical whether
one works with U(N) or SU(N).

Summary. The solution to the associativity constraint in the colour-ordered case is

C1234% _ k1—234(A —2)! Y
2A_2()\12 + Az — 1)'(}\34 — )‘z — 1)' v (437)
same for (4123) 1234 — A1

4.3 Main mechanism

As we have seen above, there is a simple procedure to solve the constraints. By looking
at the most general case presented in appendix D, one can see that this is always the case.
We can divide the procedure into two parts. First, we see that the constraint reduces to
setting a polynomial in three variables to zero. The admissible functions available for this
purpose are, as indicated in (D.6), the following:

f(A,B) — CLlAA_2 + blBA_Q, 01234/\1-’ 62134)\i, 61243>\i, 62143>\i , (438)
f(B C) _ bQBA_2 + ClCA_2 61342)\i C3142)\i C1324)\i 03124)\7; (439)
f(C, A) _ CQCA_2 + G,QAA_g, Cl423/\i’ C4123)\i, Cl432)\i, C4132)\i , (44())

where on the right of each function, we wrote the product of couplings that can produce
them. The constraint they have to satisfy is

f(A,B) + f(B,C)+ f(C,A) =0. (4.41)

These polynomials can cancel each other in different ways to ensure the total sum vanishes:
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1. If all coefficients are non-zero, consistency requires setting a; = —as, by = —bo, and
c1 = —co. This corresponds to the case of singlet fields, where only even-derivative
vertices are present, as shown in (4.28). In this case, we need at least one product of
couplings in (4.38), in (4.39), and in (4.40) to be present.

2. If only two terms are non-zero — for instance, by = by =c; = co =0 and a; = —ag —
we obtain a solution that corresponds to the colour case (4.37); the same holds under
permutations of a, b, c. In this case, we need at least one product of couplings in (4.38)
and (4.40) to be present.

3. One can consider configurations with two vanishing terms and four non-zero coefficients,
for example, ¢c1 = co = 0, a1 = —a9, and by = —by. This type of cancellation may appear
in the singlet case as well, as in (4.27), but it requires the inclusion of odd-derivative
vertices. In this case, we need at least one product of couplings in (4.38), (4.39),
and (4.40) to be present.

Once one of these cases is realised, by looking at the form of a single function, for instance,
f(A, B) = a1 A*2 4+ b, B*~2, and recalling the definitions (4.18), we can extract the solutions
for the couplings and find two distinct cases:

1. If we have a1 # 0 and by # 0, to reproduce the correct form of the function, we must
sum over all even or odd integer values of A;.

2. If we have a; # 0 and by = 0, or vice versa, to reproduce the correct form of the
function, we must sum over all integer values of \;.

4.4 Mixed cases

Here we analyse the three remaining cases (4.11), (4.12), and (4.13). We start by looking
t (4.11) then

Tr(Tay Tap ) (91) " (032) %2 33 0t ~ Garan (P91 ™ (632) 203 B - (4.42)

In this case, all fields “commute”, as in the case of singlet fields. Therefore, the solution to the
constraint coincides with the one found in the singlet case (4.27) and (4.28). Regarding (4.12)

we have
T (T, Ty ) Tr(Tay Ty ) (031 (902)°2 (032)* (331 ™ ~ SayanFagas (F31) ™ (£92) 2 (633) ™ (i)™
(4.43)
In this case, we have to consider the following four exchanges
(1234) + (2134) + (1243) + (2143) (4.44)

where for each (1234) ordering we also include the associated (3412) exchange. As shown
above, in the presence of these exchanges, the holomorphic quartic constraint, reducing to
the equation (4.41), forces f(A, B) = 0, which cannot be satisfied. This conclusion holds
for generic vertices, and in the absence of additional vertices that would contribute extra
terms to (4.41). We now consider the last case, (4.13). We have

(T Tay Ty ) (05 )™ (632)°2 (935)* bt - (4.45)
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In this case, using the cyclic property of the trace, and that <Z>2‘f “commutes” with the others,
we have to consider the following exchanges

(123)4+ (312)4 + (231)4  —  (1234) 4 (1243) + (3142) + (3124) + (1423) + (4123),
(4.46)

where again for each (1234) we also have the associated (3412) exchange. To read off the
solution, we can look at the general case in appendix D, and we get

(F1234 +J,~_~1243)k£234 o (f1423 +‘F4123)k<1k423 =0 =— F1234k£234 — ]:1423k}r423 ’ (447&)
(f1342+f1342)k1_342 _ (.F1234+]:1243)/€_1|_234 =) — ]:1342 k1_342 — ‘F1234k}k234 ’ (447]1))
(J—_~1423 +f4123)k£423 o (f1342 _’_]:1342)1{;_11_342 =0 =— ]:1423 k£423 — ]:1342 k—1|-342 ’ (4470)

where in the second expression we identified the various F terms since they are equal in
this case, like 71234 = f, 1,0, = F1243, and the value of the coupling product C'?34, as well
as for (1342) and (1423) is given in (D.10). If we consider only even-derivative vertices
(i.e. with k7" = k"), we get

123451234 _ p134251342 _ 142331423 _ ]_-1234k}r234 _ ]_—1342]{:};)42 _ ~7:1423k—1|r423- (4.48)
Another particular solution to the constraint in (4.47) arises when we start with a pair of

couplings C1:22:4 0 =232 where one is an even-derivative and the other an odd-derivative
vertex. Borrowing ideas from [1], we can rewrite the solution in a more convenient form using

1 ,
k%‘234 = §(k£234 + k}k234) = Z C1234)\Z 7 (449)
()\124—)\1‘)6 even
1 .
R = L =y g (4.50)
(A12+X;)€o0dd

We can then rewrite the system governing the couplings in the form

C1234N _ (A —2)! V (A2 + i) € even (4.51)
23+ A = D! (s — A — 1) s ’ |
k34N —2)!
C1234N _ o ( ) V (A2 + i) € odd. (4.52)

- 2A_3()\12 + A — D Aga — N — 1)!
If we rewrite the constraint (4.47) in terms of these new variables, we find

f1234(k%?234 + k‘(l)234) — .F1423(k%7;423 _ k})423) 7 ./—"1342(1432‘342 + k'10342) — ‘F1234(k1E234 _ ]{3(1)234) ,

23123 | g 1423y _ pl342(p 1342 pols42y (4.53)

and becomes easier to identify the two special solutions. The first occurs when k5 = 0, leaving
only kj;, which corresponds to the purely even-derivative case discussed in (4.48), and gives

];-1234k1E234 — f1342 k‘%;342 —_ f1423 ]{3%423 ) (454)

The second special case arises when two of the kj; coefficients and one k5 term vanish. For
instance, setting k:}3234 = k:]l3342 = k:10423 = 0 we find

F1234 k10234 — _]:1342 k%)342 — f1423 k1E423 ) (455>
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Notice that the same solution also applies to the constraint found in the singlet case (4.27),
provided we drop the F terms. On the other hand, if we look for solutions involving only
odd-derivative vertices (i.e. with k=" = —k7"), we encounter a contradiction. This is evident
from the structure of (4.47), and was already shown for the singlet case in [1].

5 Solutions to the OPE associativity

In the section above, we solved the OPE associativity constraint in several specific cases, with
the most general case addressed in appendix D. However, finding a consistent theory composed
of holomorphic cubic couplings that simultaneously solves all possible OPE associativity
constraints arising among them is a related but distinct problem.

Fortunately, this issue was already addressed in [1] for the holomorphic light-cone con-
straint, and the same approach applies here. The key idea is that, starting from a specific
pair of cubic couplings CMA2AC—AiA3.M inyolving at least one opposite helicity field,'?
requiring the constraint to be satisfied may — and typically does — generate new cubic
couplings. These, in turn, can give rise to further constraints, and the process continues
recursively. For a detailed discussion, see [1].

We briefly explain here the procedure to find consistent solutions for various cases. In
the case of a singlet field (4.28) and the mixed case (4.54) with only even-derivative vertices,
satisfying the OPE associativity requires that each time one of the pairs of couplings below
is present, all the others must follow:

C>\1,>\27[2—>\12,k—)\12]C[>\12—2,>\12—1€]7>\3,>\4 ’ C/\17>\37[2—>\137k—/\13]C[>\13—27>\13—/€]7/\27>\4 ’
C)\1,>\4,[2—>\14J€—)\14]C[>\14—2,>\14—/€],>\2,>\3 ’ (5'1>
where we write them in pairs to emphasize that each involves an opposite-helicity field, & is
an even integer, the square bracket [—, —] is a notation to indicate the range of exchanged
helicities, incremented by steps of 2, and A = Ay + A2 + A3 + Ay — the total number of
derivatives — must be even. For a better explanation of the notation used, we refer to [1].

For instance, the following

C>\1,)\2,[2—)\12,4—)\12]C[>\12—2,>\12—4]7>\3,>\4 7 C/\l’)‘3’[2_/\13’4_/\13]C[/\13_27/\13_4]’)‘2’)\4 , (5 2)
C/\l’)‘4’[2_)‘14’4_>‘14]C[/\14_2’/\14_4]’)‘2’)‘3 ’
would correspond to the following 6 pairs of coupling
CMA2:2= 2 oA12—2,A3, M ’ CA1A3:2=A13 A3 =222, , CM1A2=Aa A1 —2,A2, 3 ’
O Az A= 2 A2 —4,3,0 ’ CA1A3A=A1s A3 — 42,0 : CMAA= A oA —422 A5 (5.3)

For the colour case (4.37) with both even- and odd-derivative vertices, we need the following
set of couplings:

A1,A2,[1—=A12,k— A2—1 A 12—Ek],A3,\ A1,A3,[1—A13,k— A A13—1,A13—k],A2,A
oM 2,[ 12 12]C[12 12 ]34’ oM 3,[ 13 13]0[13 13 ]24’

A ,)\ ) 1-X ,k—)\ A —1,)\ —k ,)\ ,)\ (
C 1,1N\4 [ 14 14]0[ 14 14 ] 2,13 ,

2Note that the OPE associativity constraint becomes non-trivial only if at least two of the couplings
involved contain fields of opposite helicity, i.e. A\; = —A;. In principle, one could consider very generic couplings
that never generate any non-trivial constraint, though such theories would be rather trivial. Indeed, recall
that to obtain an exchange amplitude, we need at least two cubic couplings involving opposite helicity fields.
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where k is an integer, and the square bracket [—, —] is incremented by steps of 1. For the
mixed case (4.55), we need the following set of couplings:

A2, [T=A1a,k—A AMa2—1, 12 —k], A3, A1 A3, [1=A1g,E—A AMa—1,M13—k], A2,
oM 2,[ 12 12]0[ 12 12—k],\3 a oM 3,[ 13 13]0[ 13 13—k],A2 . (5 5)
A1, [k=A1a,1—A AMa—EA1a—1], 22, :
oM 4,[ 14 14]C[ 14 14—1],A2 8
where k is an even integer, the square bracket [—, —] is incremented by steps of 2, and

A must be odd.

Once all the couplings required to satisfy the constraint are included, an explicit solution
relating the various couplings can always be extracted from (4.28), (4.37), (4.51), and (4.52).
Below, we write down some explicit solutions for the couplings. In particular, we match
the result of [8] for lower-spin theories and pinpoint the difference with the solutions to the
light-cone quartic holomorphic constraint.

5.1 Lower-spin solutions

Following ideas from [1, 10-13] we look for the most general lower-spin cubic vertices (i.e.
involving lower-spins |A| = 0,1,2) that solve the OPE associativity constraint.

Singlet fields. This presentation closely follows that of [1], with the necessary modifications.
All possible even-derivative couplings are given by

{0—2,2,2’ 0—1,1,2’ 00,0,27 00,1,17 00,2,27 01,1,27 0272,2} . (5.6)

13 We can now search for all

In total, we have 7 couplings: 5 abelian and 2 non-abelian.
possible solutions to the OPE associativity, following (5.1).
We begin with two-derivative couplings, then {0_2’272, c—h12 002 00’171}. Solutions

to the OPE associativity are

{0—272,2} , graviton coupling, (5.7a)
{ct10y photons coupled to scalars via ¢F.,,  (5.7b)
{0—272,2 — 0070’2} , scalars coupled to graviton (5.7¢c)
{C7222 = 112} graviton coupled to photons, (5.7d)
{0—2,2,2 — 12 _ 007072, 00’1’1}, graviton, photons and scalars . (5.7e)

We use the following notation: within {---}, we list the active (free) couplings. When
a coupling appears alone, it is considered unconstrained — that is, it can appear in the
theory’s action with a free coefficient. It is important to specify the active couplings before
solving the constraints. Note that the relations above are consistent with the universality
of gravitational interactions.

3The non-abelian vertices are the most interesting ones, as they deform the gauge algebra in a covariant
formulation. The abelian ones do not. Nevertheless, it is worth noting that, in general, abelian vertices can
also be constrained and may play an important role in ensuring the consistency of the theory. Since we work
in the light-cone gauge and with holomorphic theories, we define abelian couplings as those with A; > 0
and Zz Ai > 0. Note that (0, s, s) is still considered abelian this way, which is justified since the spin-zero
exchange disappears from the constraint. Such couplings are, obviously, consistent on their own unless there
are non-abelian couplings that “talk to them”.
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If we allow for higher-derivative terms, the most general solution we obtain is the following;:

C0:1,1(0,2,2 3 (C022)2
—222 _ ~—112 _ 0,02 ~1,12 2,22 _
{C =C =C"" C = o222 ,C =10 0222 (- (5.8)

The constraint above implies that a theory containing R? and RF? terms with arbitrary coef-
ficients would not admit a celestial dual, due to the failure of OPE associativity. Instead, the
coefficients must be fixed to the specific values given above. These results correctly reproduce
those of [8]. The constraint imposed to C%1! in (5.8) for the higher-derivative theories

C0:1,1(00,2,2

1,1,2 _
c 0222

(5.9)

is novel, because in [8] the C%! abelian coupling between photons and scalars was not
considered.

Colour case. This presentation closely follows that of [1], with the necessary modifications.
We now examine all solutions in the presence of a gauge group, following (5.4). The complete
set of even- and odd-derivative couplings that can be constructed is given by

—21,2 ~—222 ~—1,02 ~—1,1,1 ~—1,12 ~—122 ~0,0,1 00,2
{C ,C ,C ,C ,C ,C ,CH0 CPE,

COLL (012 (022 oLLl (112 (122 02,2.2} ' (5.10)

In total, we have 15 couplings: 9 abelian and 6 non-abelian. We highlight the lower-spin
couplings as follows: blue indicates those which, on their own, require higher-spin couplings
for consistency; red denotes those which, when combined with any other coupling, also
require higher-spin ones; uncoloured couplings are, as we will show in more detail below, the
only consistent lower-spin couplings. We now search for possible theories that satisfy the
OPE associativity constraint. We begin by considering one-derivative interactions, involving
the subset of couplings

(0212 0102 o-LLl 0001y (5.11)

Theories that satisfy the OPE associativity constraint are given by

{c~bb1y Yang-Mills coupling, (5.12a)
{c7tbl = 00y Yang-Mills coupled to scalars, (5.12Db)
(=212 = c~Lbiy coloured graviton, (5.12¢)

where we do not have any sign factor appearing, thanks to the use of the ), = (=) term
in (4.29). This also matches standard definitions for lower-spin theories and with the results
in [8]. Note that including C~1%2 and at least one other of the couplings in (5.11) leads
to a non-associative OPE.

Another interesting option is the coloured graviton. It is well known that, under the
usual assumptions, gravitons cannot carry colour [44]. However, we find that it is possible
to have multi-graviton theories that satisfy the OPE associativity, provided we restrict to

’172

the self-dual case. The coupling C~%%?2 is the “usual” current interaction of one helicity of

the Yang-Mills field with a current built from a multiplet of gravitons.
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Including higher-derivative couplings, the most general consistent solution is

1 (CO1,1)2
( ) }

-1,1,1 _ ~—2,1,2 _ ~0,0,1 1,1,1 _ -~
{o =22 = 0001 oM = o

(5.13)
In this case as well, the associativity constraint implies that a theory containing an F'3 term
with an arbitrary coefficient would not admit a celestial dual, due to the failure of OPE
associativity. Any attempt to include other couplings breaks OPE associativity, forcing
us to introduce higher-spin fields. This is consistent with expectations from the covariant
formalism. For example, the coupling C =222 would lead to “colour gravity”, which is
known not to be consistent, at least when including only lower spins. These results correctly
reproduce those of [8], once we use notation valid for any semisimple Lie algebra given in (4.5)—
(4.8). The possibility of having OPE associativity in the presence of the non-abelian C~21+2
coupling (5.12¢) is novel because in [8] the exotic C =212 non-abelian coupling between
gravitons and spin-1 fields was not included.

Other solutions for lower-spin. Some vertices are still missing to fully reproduce the
lower-spin results obtained in [8]. In particular, we need to study the OPE associativity
constraints imposed on the following couplings, which were not included in the analysis above

G-112[p2
B3B5 1 Bs

CL1.2p4

abmdﬁ (%2 )a(éf);ﬁ,)b, Oab

01,1 p2 .

“Hp, On ¢31<¢;;>a<¢;3>b} |

(5.14)
where we denote the coupling by C to distinguish it from the other C’s. To treat these cases
and match the result in [8], we need to use the solutions found for the mixed cases. For the
mixed cases (4.11), following (5.1) and using (4.28) we can find

(0—2,2,2 _ 6_1’1’2)6’_1’1’2 -0, (0—2,2,2 _ 6—1,172)@17172 =0, (5.15)
(C0,0,2 _ 071,1,2)00,1,1 -0, C-L124112 _ 10.2240,1,1 (5.16)

While for the mixed cases (4.13), following (5.5) and using (4.55) we can find

1 = 1 ~ 1 ~
1,1,—1 1,12 1,1,—1 1,1,2 1,2,1 —1,1,1
Efcuagcc 60(130 - _Efalagcc 60@20 — g(salcc fCQQ(Igc

1 . ) - R
— gfalazccl,Lléca;gC 1,12 _ —gfalagccl’l’l&agC 1,12 _ §6a1001’2’ L Fnas CLLL
(5.17)

Then, using the full antisymmetry of f,;. and the fact that the spin-2 field is a singlet, we get
fal,ag,ag,é_l,laCLLl — 3fa1,a2,a3él71’20_17171 — 0—1,1,201,1,1 _ 301’1’26_1’1’1 ) (518)

In principle, there may be — and likely are — other admissible lower-spin theories that
satisfy OPE associativity, but we do not analyse them further here.

We conclude this section by noting that this method of solving the OPE associativity
constraints substantially simplifies the analysis compared to [7, 8]. Furthermore, it enables
extensions to higher-spin fields and to solutions with higher-derivative cubic couplings, as
discussed in [1].
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6 Holomorphic constraint vs OPE associativity

In this section, we make the connection between the quartic light-cone holomorphic constraint
and the holomorphic OPE associativity more explicit. In particular, we borrow the idea of a
“gauge” algebra [13] constructed starting from the cubic chiral vertices. First, we review and
define this Lie algebra. Then we relate the following four objects: the Jacobi identity for the
gauge algebra, the four-point tree-level amplitude constructed out of the cubic chiral vertices,
the OPE associativity in CCFT, and the quartic light-cone holomorphic constraint.

6.1 A gauge algebra from cubic vertices

In [13], the author proposed a gauge algebra built from the holomorphic vertices (including
the chiral higher-spin theories). This idea was originally introduced in the context of self-dual
Yang-Mills (SDYM) and self-dual gravity (SDGR) in [19], to derive the BCJ relations for
these theories. In particular, they identified the relevant gauge algebra of SDGR as the
Poisson algebra of area-preserving diffeomorphisms of S2, and related it to the kinematical
algebra of SDYM.

Let us consider the most general cubic couplings, but omit .5 whenever it is not crucial.
Starting from a chiral vertex in (2.10) (specifically, the holomorphic one), we associate to
it a structure constant as follows:

IP}y2s 1 B233
s v v vl % = fa4,45 = ZhaApas——
B 532 s (; ) TR g Py

where capital Latin letters such as A; collectively denote helicity, momentum, and possible

_ —C>‘1’)‘2’>‘3

hAlAzAs = (6'1)

other internal labels. Let us note that this procedure inverts the parity of the original coupling.
Effectively, it does send a cubic vertex H?f‘ 12223 £ 4 shifted one H§‘ 1+l A2=1As =1 thereby

reversing the parity of the coupling. This way, the structure constants read

1 A1,A2,A ]Fl)\2123_1 E
— 1,722,173 .
fAlAZAS - 20 61)\1+162)\216§\315< - qz) : (62>

We raise and lower indices using the natural inner product
(61:62) == Y [ d'qd'pdt(a-+p) b 8™ (60)"(65)" (6.3)
A,

where ¢ are the fields of the theory. Notice that, according to the definition of the inner
product, raising and lowering indices correspond to flipping the sign of both helicity and
momentum. Instead, nothing happens to internal indices, if present, due to the metric
normalized to d,. For any chiral theory, the cubic chiral action can be written as

§ = 5(6,06) — ha,a, 40" 6726 (6.4)

The idea to define f4pc is to factor out the kinematical part of the self-dual Yang-Mills
vertex, and interpret other theories, e.g. the Chiral higher-spin theories, as generalisations of
SDYM [13] with a certain gauge algebra defined by f4p¢. If we introduce the Lie bracket [e, o]

A
[TA17TA2] = f 3A1A2TA3 ? (65>
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that corresponds to f4pc, we can rewrite the action as the “SDYM?” where the colour Lie
algebra is replaced by the gauge algebra.'*

It is interesting to see whether f4, 4,4, defines a Lie algebra. We need to check the Jacobi
identity, which gives a constraint on the couplings. As a warm-up example, let us review
what we get for SDYM [13]. We could start from the Chalmers-Siegel action [46] as in [13]
and assume to activate the SDYM coupling C~111. Using the following SDYM vertex:

hayazas = 2farazas o 5A1,_15A2,16A3,16(Zq,) : (6.6)

From (6.2) we can read the structure constant for the gauge algebra

£4,4,45 = farazas (5A1,—15A2,15>\3,1+6 5>\1,15>\2,—15>\3,1+§2 Ox1,1000,1005,-1) (Z%’), (6.7)

Bt

and the Jacobi identity is a natural consequence of the one for the structure constant f@14293,
We can do the same for SDGR starting from

hAlAQAg = 2 l8122/l‘§31 5)\17_25)\2726)\3,26( Z ql) 5 (68)
then the structure constant is
P12 B3 Ie5;
fA1A2A3 = m (6/\1,726/\2,26)\3,24_/81 5}\1,25)\2 725)\3 2+/81 5)\1,25)\2,26/\3 — (;%) .
(6.9)
The Jacobi identity is then verified thanks to the identity
IF)12IF)34 + 1@231@14 + IF)311F)24 = A?> - B? + 02 — A? + B? — 02 =0, (610)

that on-shell coincides with a special case of the Schouten identity. In [1, 12] it was shown

CA -2

that a theory with the following couplings C?~22 = = [ is consistent. Therefore,

we could search for its gauge algebra:

¢ B P12/ Ba\* B3\ 4
A1AA3 = ¢ Bafs (5>\1,—25>\2,25)\3,2 + E 5)\1,25)\2,—25)\3,2 + E 5)\1725,\2,25)\37_2)
Py g1 222
+ &2_51153(5&, AOAp AON5,2 + (gj) a1 AOxg,—A0A5,2)
2
P A—1 22—2
;/811/8(5,\1,,\5,\2,25,\3,A + (gj) I A0x0,2005.—2)
3 [P
P 5/\71 3 222
+ ﬁlg_lzﬂl (02,2000, ~2\0xz 2 + (é) 6)\1725)\2’)\5)\37_)\))6(2%) ,

(6.11)

14\We write “SDYM?” since theories can have fields of various helicities. It is also important that there is
no scalar self-coupling for such an interpretation to work (this is the only coupling from which P cannot
be factored out). One can also consider SDYM/SDGR with these gauge algebras. For example, the Moyal
deformation of SDGR was discussed recently in [45]. Such theories would break Lorentz invariance since the
number of P in a vertex is strongly correlated with the helicities.
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and also here, the Jacobi identity is then verified thanks to the identity
IF)121F)34 + @231@14 + IF)311F>24 =A% B? + 02 — A? + B?— 02 =0. (612)

Now that we understood the general idea, we can try to solve the Jacobi identity for a
general gauge algebra.

6.2 Jacobi identity and celestial OPE associativity

The Jacobi identity for a generic gauge algebra is
fA1A2BfBA3A4 + fA2A3BfBA1A4 + ngAleBA2A4 =0. (6.13)
Using the definition (6.2) we get

i 1234X; pA12+Ai —1pAza—A;—1 2314\, pA23+Ai—1mpA1a—A;—1
Z(_)Z(C PR+ C R e SV
A (6.14)
31240 A3+ N — L ipA2a—Xi—1
G A Y N

and it coincides with the OPE associativity constraint (4.15)! Similar observations had
already been made in [43, 47].

If we assume that the cubic vertices used to construct the gauge algebra belong to some
representation of a gauge group G, and then, for example, we assume they are accompanied
by the structure constants fup., we get

i (12340 pAi2+Xi—1pAza—A—1 c 23140\ pA23+Ai—1mpAia—Ai—1 c
Z(—) Z<C PR faraseS Cagas TC BT P fasase S Caran T
Ai

+ 63124&I@gxlla-l—)\i—lﬁ)é\le—)\i—lfasalcfca2a4) =0. (6.15)

Now using the Jacobi identity for f,;., we obtain two independent constraints

Z(_)/\i <C1234)\i1§>1)\212+)\ifllpéxéfz;*)\i*l +C2314)\i1@2)\323%*)\2‘*11@1)\‘114*)\1*1) —0, (6.16)
A
Z(_)/\i <61234Ai1@1)\212+>\i711@§£47/\¢71 _|_C3124)\i1?>§\113+)\i711@)2)\424*Ai*1> —0, (6.17)

i

which after moving the external helicity using the symmetries (2.16), the first corresponds to
the colour ordering [1234] and then to (4.31), while the second to the colour ordering [1243].
Again, a term 6y, = (—)* can be added to match notations with the OPE associativity
case. Moreover, by assuming a more general gauge algebra including all the possible generic
couplings (2.15) contributing, we get the same expression as in appendix D.

6.3 Jacobi identity and vanishing of the four-point amplitude

Another interesting observation is the relation between the Jacobi identity and the vanishing
of the four-point tree-level amplitude for a generic chiral theory. Using identities from
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appendix C valid on-shell, the four-point amplitude takes the form

IEDA 2+ 1 IED>\34 i
A=A+ A+ A, =) (-2 2 426044263
"y B B2 (a1 + 42)? 6323
Py, 1P _ e AN S VI Ty S W
_ 121034 . Z (6123%19’{\212“1 I]P’é\f i 1—1—61423’\11?’5\323““ 1]}1,{\414 Ai—1

((h + %)2 Hz 1 ,B
+ C3124/\iI@g\lngr/\i—lI@,é\jr,\i—l) —0.
(6.18)
Therefore, the vanishing of the four-point amplitude for a chiral theory gives the same
expression as the Jacobi identity (6.14) and the OPE associativity (4.15).
In the presence of colours, the four-point tree-level amplitude can be written in terms of
the colour-ordered ones (3.17) and by considering a single colour-ordered amplitude, here
[1234], since the same is valid for the others, we obtain

A(1234) — P121P34 Z(_))\i (C1234’\iIﬁ’f‘glﬁ/\“l]f”é\j’“)‘i*l
A
(g1 + q2)? ITi=1 Xi (6.19)
N 62341Ai]@2>\:323+>\i—11@2f1f,\fl) -0,

where we can always introduce the 6, factors and correspond to the Jacobi identity for the
gauge algebra in (6.16), and to the OPE associativity in (4.31). Moreover, by considering
even more generic couplings (2.15) contributing to the amplitude, we get the same expression
as in appendix D with the same prefactor as in the expressions above.

6.4 Relation to the light-cone quartic holomorphic constraint

We revisit the statement made in [13] about the relation between the light-cone consistency
condition and the Jacobi identity for the gauge algebra. We point out that, on the energy-
shell,'® the two conditions are the same up to a specific product of couplings, and we
elaborate on the implications of such a difference.

Let us recall the form of the total free Hamiltonian H and the boost operator J:

o Qi SNV = T, 0
H:Zhél(qi)zz—q;, j:ZJQ/\Z(qZ):Z( qﬁq T +>\5>. (6.20)
i = ? i=0 ? 7 2 7

=0

The light-cone (holomorphic) constraint is equivalent to the Lorentz invariance of the S-matrix.
This can be rewritten as a set of Ward identities for all n-point off-shell amplitudes [21].16
The statement is the following:

[H,J]=0 <  [AJ]=0, (6.21)

5That is, we impose the energy conservation (i.e. with H = 0) for the external fields.
SFor a definition of the off-shell amplitudes, we refer to [21].
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where A is the off-shell amplitude. In particular, for chiral theories, where only cubic couplings
are present, we can focus on the four-point amplitude!”

[Hg, Jg] =0 <~ [.A4, Jg] =0. (6.22)
We can rewrite the condition above as follows
4
5 (Z qz-> TS r 2 (g1, q0,an,)~ hgm—&-(qg,% —qx,) + (t,u)-channels | =0, (6.23)
i=1 i

where \; represents the helicities of the particles exchanged in the quartic tree-level diagram.
The equivalence (6.22) may be established by a direct computation and arises as a consequence
of the following identity:

Ao As A —A;
J(h 22 gy g qn,) = hg3 * (CI3,€I47—QAi)>=

<( P A (AT )\2)51—()\24')\ —M)B2 s PN 1A
B1+ 2 3

where s = 1([12](12) + [34](34)), and the use of momentum conservation and energy con-

(6.24)

i+(1,2)H(3,4)) ,

servation (i.e. with H = 0) for the external fields is required. As we have reviewed above,
and following [21], to isolate the gauge algebra structure, we can factor out the SDYM
kinematical part of the vertices as

A1,A2,A4 1,1,— A3,A4,—A;i _ eB 1,-1,1
hy =faaBhyy h3 =" a0, hvn - (6.25)

Then, we rewrite (6.23) in the following form:

(Z ql> (( pLL —17}@{/{1,1)jA171,>\271,,\371,>\4+1[fAlAzBfBA3A4]

(6.26)
_ 91 4
+ T T hyar (B4, 4,550 ,) + (£ )-channels
By introducing the following operator
11 4 41 4
OS — (hl 1, 17h%’Ml 1)jA1—1,)\2—1,)\3—1,)\4+1 jl,Ll,—l[hl 1, I*h#Ml 1] , (627)

and the corresponding one for the ¢t and u channels. The equation above has the following
schematic form:

Oslfay 4,584, 4,] + Orlfa,4,58%, 4,] + Oulfaga,E54,4,1 = 0. (6.28)
The idea of [21] was to show that

0=0,=0,=0,. (6.29)

"Indeed, the quartic holomorphic constraint is the only constraint for a cubic theory. It is equivalent to
the Poincaré invariance of the four-point amplitude. Iteratively, one can show that higher-point amplitudes
have vanishing cuts (e.g. a cut of a five-point amplitude is the product of the (vanishing) four-point and a
three-point), i.e. they should vanish as well.
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By employing momentum conservation inside the Jacobi identity, this can be proven for
H = 0. Indeed, the three operators will differ only by terms proportional to the total
free Hamiltonian H.

We have thus established that any solution of the Jacobi identity must also satisfy the
light-cone holomorphic constraint. However, proving the converse requires first determining
the kernel of the operator 7. To this end, we apply J to the most general chiral polynomial
function K (P2, Pay, B1, B2, B3, f4) and we obtain

j)\17>\2,/\3,)\4 K =0, K = 5)\1 nﬁkz "BAS mﬂi“l mIP’12IP’34. (6.30)

This can be translated to the kernel of Oy, O, and O, and gives

Os- K, =0, O e P i 1 = (6.31a)
O, K, =0, Ky = B3>~ "5%‘ e A N (6.31b)
Ou-K,=0, K, =337 "pmn AZ m g2 PR P (6.31c)

At this point, we can look if the operators in (6.28) contain terms in the kernel of O, O,
and O,. The explicit form of the product of two structure constants is

IP;>\12+>\ —1I@>\34—)\i—1
~o OMA2A (1 AiA3,0 34

£, 4,554, 4 S . (6.32)
142 344 i\l lﬂé\g 1/8§\3 1/82\4+1

This term is in the kernel of the operator O, only for the specific case of C*1:A10C0A2:A2 where

m2A1 — 1 2)\2 1
P12

Os - M —1 A —1 >\2 T ohat1 =0, (6.33)
1

2 3 4
and the same, with obvious modifications, holds for O; and O,. These products of couplings
coincide with those left unconstrained by the quartic holomorphic constraint, as shown in [1].
We then identified the transformation relating the two constraints as that induced by the
operators Oy, O, and O,.
To conclude, we showed that the solutions to the quartic holomorphic constraint and to

the OPE associativity constraint coincide, up to the products of couplings CA1:A1:0C0A2:A2

which remain unconstrained in the holomorphic constraint.!'®

This distinction is significant, as already emphasised in [1]. In particular, it not only
allows for terms such as ~ F3 and ~ R? to appear with free coupling constants — consistent
with the covariant formulation of lower-spin theories — but also permits non-vanishing
amplitudes. Indeed, even in chiral theories and with higher-spin interactions, where the
Weinberg low-energy theorem would suggest a vanishing amplitude, this argument does not
apply to abelian terms (also referred to as Born-Infeld type interactions), which can give

rise to non-vanishing contributions.

Notice that this can also be checked directly by solving both constraints. The solution to the OPE
associativity found here, and the solution to the holomorphic constraint in [1], indeed coincide, up to the
special product C A 0C0A2A2,
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7 Conclusions

After a review of both the light-cone quartic holomorphic constraint in 4d higher-spin
theories [10-12], and the OPE associativity in 2d Celestial CFT [7, 8], we have solved
the latter using the same ideas employed to solve the former [1]. We have also clarified
their relation.

This is inspired by [8, 9], where it was argued that the Metsaev couplings of the full
chiral higher-spin theory are solutions to the OPE associativity constraint. In this work,
we established an explicit relation between the two constraints. We identify the operator
that relates the two and provide a method to classify all solutions, including those involving
higher-spin fields and higher-derivative vertices. Moreover, we also uncover an interesting
relation with the vanishing of the scattering amplitude and the Jacobi identity of a gauge
algebra constructed from the cubic vertices, as discussed in [13].

In [1], we initiated the programme of classifying all possible chiral higher-spin theo-
ries, which, for lower-derivative interactions, also leads to an OPE associative Celestial
CFTs. Differences can arise for higher-derivative theories due to the unconstrained product
CAMALOC0A2A2 a9 we showed for certain low-spin examples.

It would be interesting to provide a geometrical interpretation of the gauge algebras
constructed from the holomorphic vertices (6.2), which give rise to OPE-associative celestial
CFTs. A partial step was taken in [13], where the gauge algebra of the full chiral higher-spin
theory and its truncations to HS-SDYM and HS-SDGR were described. In particular, dual
celestial chiral algebras exist for SDYM and SDGR [9]. Extending this construction to all
OPE-associative celestial CF'Ts would be natural, since we have shown that each bulk gauge
algebra gives rise to an associative OPE on the boundary. Consequently, OPE associativity
guarantees the existence of an underlying celestial chiral algebra, which could also admit
a twistor interpretation, as in SDGR [48].

As shown in [13], with the help of the gauge algebra, one can reformulate the equations of
motion of the Chiral higher-spin gravities as the self-duality constraint. Therefore, one can also
refer to Chiral higher-spin gravities as self-dual ones. It is then tempting to place self-duality
at the centre of the picture and interpret the OPE associativity, the vanishing of tree-level
amplitudes, and the holomorphic light-cone constraint as consequences of self-duality.

A natural question that arises is whether some of the results of the paper can be extended to
the full quartic level by identifying the complete quartic constraint with the OPE associativity
constraint of the “all-order” celestial OPE [41, 42]. More broadly, it would be worthwhile
to extend this correspondence in two directions: first, by incorporating the classification of
massive cubic vertices [23], and second, by investigating how the relation might persist — or
be modified — at the loop level. Loop corrections for Chiral higher-spin gravity were studied
in [24, 49-51]. It would be interesting to see what happens to the theories [1] with finitely
many higher-spin fields, where some of the results of [24, 49-51] do not apply directly.

Another important direction for future work is the classification of higher-derivative
cases, both for the OPE associativity and for the light-cone holomorphic constraint. Here,
the relation to twistor methods should be fruitful [52-58]. It would also be important to
clarify the relation to the results of [59-61] where a “flat space” analogue of the singleton
representation was proposed and amplitudes of Chiral higher-spin gravity were computed.
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At least the theories of HS-SDYM type [1, 12, 13, 18, 62], fully classified in [1], are
conformally invariant. Therefore, none of the main conclusions of the paper should change
once a conformal transformation is applied to map them to anti-de Sitter space. It remains
to be seen what role the celestial OPE would play in AdS/CFT correspondence (see [63—66]
for the discussion of Chiral higher-spin gravity in the AdS/CFT context) and whether it can
be extended beyond the theories of (HS)-SDYM type that are conformal, where covariant
formulations [64, 67—72] of higher-spin theories should play an important role.

We conclude by noting that the holomorphic OPE in CCFT can be determined using
Poincaré invariance [3], which also allows fixing the cubic vertices in the bulk, interpreted
as OPE coefficients in the CCFT. This parallels the role of the cubic light-cone constraint.
In contrast, OPE associativity appears unrelated to Poincaré invariance. However, its close
connection to the quartic holomorphic light-cone constraint in the bulk suggests otherwise. The

AL0C0A2,22 remains unconstrained

slight discrepancy — namely, the fact that the product C*t
by the light-cone holomorphic constraint — deserves further investigation and may have a
deeper explanation. We hope to clarify these aspects in future work by trying to extend

this correspondence to the full quartic level.
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A Light-cone notations

We use both light-cone coordinates and the light-cone gauge (in fact, double-null). In flat
spacetime, we adopt the 4d Minkowski metric with “mostly plus” signature

at = ($0,$17x2ax3)7 77‘“’ = diag(_v+7+7+)v (A1>
ds® = —(dz®)? + (dz)? + (dz?)* + (dz®)?. (A.2)

We define the light-cone coordinates as

3,0 3_..0 1_;..2 1;,.2

x+:x +x ’ x_:x x ’ x:x 1 , j:x +1x 7 (A.3)
V2 V2 V2 V2

PP+ 93-9° Ot +io? - O1—io?
0_=0"= , 0L=0"= , 0= , 0= , A4
vz vz V2 V2 (A4

where the metric and the wave-operator become

ot = (27,27, 2,7), ds® = 2dztdx™ + 2dadz (A.5)
0=09,0" = 2070~ + 00), (A.6)
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the light-front scalar product becomes
AB"=A;B"+A_B” +AB+AB=A"B" + AtB~ + AB+ AB, (A7)
and our definitions for the derivatives imply
Ot~ =02t =0r=0z=1. (A.8)
In the light-front, 2T is taken to be the time variable, and 9~ is the time derivative. Moreover,
one assumes that 7 is always non-zero and therefore can be inverted as an operator.

B Celestial CFT notations for massless fields

In CCFT, to capture outgoing radiative data near future null infinity %, we parametrise
massless momenta (i.e. ¢> = 0) as

! (w,z,2,€) =ew(l+ 22,2+ Z,i(Z — 2), 1 — 22)

B.1
=ew(l+|z[% 2Re(2),2Im(z2),1 — |2|?), (B-1)

where ¢ = + distinguishes outgoing (4) and incoming!® (—) particles. The energy of a
massless particle is given by ¢° = w(1 + 2Z), with w > 0. The complex variables z and Z
serve as coordinates on the celestial sphere. While they are independent in complexified
Minkowski space, under the Lorentzian signature with the “mostly plus” convention 7, =
diag(—, +,+, +), they are taken to be complex conjugates of each other.

A scattering process involving n massless fields with momenta ¢! and spins s; can,
once expressed in a basis of boost eigenstates, be reinterpreted as a correlation function
of n conformal primary operators in the dual 2d CCFT. Each operator is characterised
by conformal weights (hz-,l_u)7 from which one can obtain the spin s; = h; — h; and the
conformal dimension A; = h; + h;.

C Spinor-helicity in both formalism

For our spinor-helicity conventions for massless particles, we follow [73]:

Gy =0u(0") gy, det(qyy) =—q"gu=m", =0 = q;=—|qlalql;=—Aa;, (C.1)

<¢j>::<qi|d\qj>dzxmxg, i3] := (i1 ]a =X N ja, A =Ny, N=€N;, (C.2)

10 01 0 —1 10
0__ 1__ 2 _ 3_
U‘(m)’ 0_<10>’ U‘(H))’ U_<0—1>’ (C-3)
a 0 1 ab O 1
€= _c,p= (_1 0), € b:—eaijz (_1 O). (C.4)

19We use the all-outgoing convention for amplitudes; then all particles are considered to be outgoing, and a

minus sign is introduced for incoming particles.
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Notice that for complex momenta ¢* the two spinors (A, 5‘6) are independent two-dimensional
complex vectors. In Minkowski space and for real momenta ¢q; is hermitian, and the two
spinors become complex conjugate \g = +(Ay)* (where the sign depends on whether the
energy is taken to be positive or negative, then on the convention we use on the background
flat metric).

Spinor-helicity variables ()\;, S\Z) are defined up to little group scaling (\;, 5\1) ~ (ti\i, t;lj\i)
for t; € C*. In CCFT, we can choose the following adapted coordinates for massless particles,
following [3]:

|Qi]a5)\ai:\/07i<_1zi>7 <qz‘\a55\ai=6i\/07i(—2¢ 1), 2, €C,  weC". (C.5)

Here, (2, Z;) are generally taken to be complex and independent of each other,?° w; specifies
the energy of the particle and ¢; = 1 stands for outgoing (+) and incoming (—) particles.
In the following, we consider all-outgoing particles, so we fix ¢; - ¢; = 1. Therefore, we
get the following:

[i] = Vwiwjzij,  (if) = —JWiwizij,  Zij =z 25, Zj =z~ % (C.6)

In the context of the light-cone Hamiltonian approach for massless higher-spin fields, we
adopt the following notation [21]:

= ()5 — V3 (‘-’q a ) ~V3 (‘qﬁ _qﬁ) = laalah = A%y, ()

Sie 2 (e —8) . e B e 2 () =R,
>\0«’L \/E (CJZ Bl) ) </LJ> ﬁzﬁ] ]P)Z] ? )\Q'L \/E <_/B7,> ) [Z]] /87,/8] ]P)Z] . (08)

The two formalisms are related by

IP;; _ P;; g% - G 1
Zii = =, Zij=——, z;=—, Zz;=—, JJw;i=—240;. C.9
Ygs Y s T 8T T B ' ’ (C9)
The relation between the cubic amplitude and the cubic Hamiltonian density follows:
A123 )
2 ]P> 123
As = C”\l’)‘z”’\¢3[12]d12 [23}6123 [31]d31 = Az 7\[/\ o = \/i/\mhg, (C.10)
1 2 3
B B33
A
_ N B B B V2 123 p—Ai23 Nyoa —
As=C AL, — Az, )\3<12> d12<23> d23<31> ds1 — (=M= A2,— A3 e = \/5 123h3,
BBy P
(C.11)

where Ajz is valid for A\j23 > 0 and A3z for A\j23 < 0, and we have defined

di2 = A2 — A3, dogz = Aoz — A1, d31 = A31 — A2 (C.12)

20They become complex conjugates in Lorenzian signature, where they act as coordinates in the celestial
sphere CPP!.
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We also have some standard relations for the n-pt scattering:

{i7)lij] = ;@Pij@ij =2q;-q5 = (6 +4;)°, (C.13)
L n " PP,

Yoaf=0 = Skl =3 =5 =0, (C.14)

Jj=1 j=1 j=1 Jj

In particular, using the relation above for the four-point scattering, we find

IPo1Ps, P3Py P14 1Py 9
= = R S;; = — ; + 1 5 C15
(1 +¢)? (+a@)? (¢+q)? Y @+ q) ( )

where s = s19, t = $14, u = s13 are the standard Mandelstam variables for massless four-point

scattering.

The relations above, in the light-cone approach, hold only when the external particles
are on-shell. Indeed, one of the main differences between the cubic Hamiltonian density
and the amplitudes in (C.10)—(C.11) is that the latter are inherently on-shell objects, while
the former contains off-shell information.

D OPE associativity: most general solution

It is straightforward to generalise the solution of the OPE associativity constraint to the
most general cubic vertices (2.15). We make use of the following definitions:

1234
F 3 ::falagcfca3a4 = (55 falazc fda3a4 s

k-li-234 - (7))\12 Z(i)kicl234>\i ’ k?1_234 — ZC1234>\7; , D1
1)
fl234(A, B) = ZCl234>\i (A _ B))\12+>\i—1(A 4 B)/\34—)\i—1 ’

A

where the upper index 1234 denotes the order of the external helicities. Moreover, 4,4, fcasas
indicates the natural pairing between the positive and negative helicity fields (¢7*)® and
(¢~—*)p, where the negative helicity fields take values in the dual vector space.?! The contraction
is performed with the standard Poisson bracket for fields decorated with vector space indices

and reads
(6" (ot = o ") D2
For general vertices, the holomorphic OPE associativity constraint takes the form
2(61234’\" (Fl234 | p2s4 | 71243 +f2143)1§>{\212+Ai—1I§,§\24—Ai—1
: 31240 (3124 | 1324 | 3142 +]_-1342)1@??11#&—11@2/\4247)%71 (D.3)

+Cl423>\i (f1423 + ]:-4123 +f1432 + f4132)]§)1)\i4+>\i_1]§)2>\323_Ai_1> _ 0’

2lFor example, if f%, are the structure constants of some Lie algebra g, and (¢**)® transforms in the
adjoint representation, then (¢~'), transforms in the canonical dual to the adjoint, i.e. in the coadjoint one.
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where we used the symmetry property (2.16), the one of P and an additional minus sign due
to the antisymmetry of (12) and (i3) appearing in the denominators when computing the
residue in (3.15); each exchange of spinor labels introduces an extra minus sign. Writing (D.3)
in terms of the independent variables A, B,C, we find

Z<61234)\i (.F1234 +.F2134 + f1243 + ,F2143)(A _ B))\12+/\i—1(A 4 B))\34—)\i—1
Ai

4 1342 (]_—1342 4 A2 pla2a ]_—3124)(3 _ C)’\13+)‘i_1(B + C))\24—>\1-—1 (D.4)
Q428N (p1428 4 pa128 | pl4s2 | pd182y (o A)A14+Ai—1(C+A))\23—/\i—1) —0,

it becomes

(J,—_~1234 _|_J—_-2134 + f1243 +f2143)f1234(14, B)
(FIR g FEUR y FI FI24) 132 ) (D-5)
+ (]_-1423 +]_~4123 _|_]_-1432 + ];4132)]01423(0 A) =0.

We can determine the polynomial form of the functions f" to be

f1234(A7 B) —_ k‘1_234AA_2 . k}i_234BA_2 7 (D63>
fi342(Ba C) — k1_342.BA_2 _ k-l|-342CA_2 , (D6b>
‘](3423(0, A) _ k17423cA72 _ k}r423AA72 ) (DGC)

By substituting these forms of the functions in (D.5), we find

AA_2 . (.F1234+.F2134+.F1243+f2143)k1_234— (Jr'l423 +f4123+f1432 +f4132)k}|-423 :O, (D?)
BA*Q . (f1342 +‘F3142+.F1324+.F3124)k£342— (F1234_’_F2134+F1243+f2143)ki234 :0, (D8)

cA-2. (428 4128 | 1482 | pa182) 1423 (pl3a2  p3la2  plaa paIap1si2 g (] g)
As usual, the solution for the couplings takes the form

012340 _ (k12344 (—)MiTh2 1234 (A —2)!
T 282t N — DAz —Ai—1)!

Vi, same for (1342) and (1423). (D.10)

The one presented here is a general solution, in the sense that it includes all possible non-zero
terms and uses the most general form for the cubic vertices (2.15) in the OPE associativity
constraint, with generic fupc.

As shown in the main text, the same solutions also satisfy the light-cone holomorphic
constraint. The only difference is that this constraint leaves the products C*1:A1:000A2:A2
unconstrained.

For instance, to recover the singlet case, we simply drop the F factors, which leads to the
solution (4.27). The sign differences arise from the different ordering of the external fields.
Here, we have chosen the ordering that avoids additional signs.

Instead, if we want to recover the solutions for the colour case, for the colour-ordering

[1234], we need to consider the terms F123* = F4123 and will match with (4.37).

— 34 —



A complete analysis of the theories that satisfy the most general form of the constraint,
along with a full classification, appears feasible but lies beyond the scope of this paper. As an
application of the expression above, we solve the OPE associativity constraint in the mixed
cases (4.11) and (4.12). This allows us to identify certain admissible lower-spin chiral theories
that would otherwise have been missed if one focused only on the singlet and colour cases.
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