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“The greatest quality of humans lies in their ability to recognize patterns and solve problems.
These problems are sometimes artificial, as in much of mathematics, while others arise from
our effort to understand nature and, by extension, the universe itself. I believe this is the
natural direction we should follow, rather than using our intelligence to wage war against one
another, treating peace merely as a pause while preparing for the next conflict. We share the
same world and we should take care of it, together.”

— A path to harmony and well-being

“Il fine di una rivolta, che sia il calcio in bocca ad un maschio violento o i tre giorni di un
rave party, € la sospensione del tempo e lapertura di squarci nel quotidiano dentro la quale
sperimentare gioiosamente avventure di libertd reale e collettiva... la bellezza di riappropiarsi
di una parte di cio che ti viene sottratto ogni giorno... un atto d’amore spontaneo verso sé
stessi e verso gli altri.”

— Un articolo

“The mass of men lead lives of quiet desperation.”
— Henry David Thoreau, Walden.

“Aveva quella bellezza di cui solo i vinti sono capaci. E la limpidezza delle cose deboli. E la
solitudine, perfetta, di cio che si e perduto.”

— Alessandro Baricco, Oceano Mare.

“Je ne puis vivre personnellement sans mon art. Mais je n’ai jamais placé cet art au-dessus
de tout.”

— Albert Camus, Discours de Suede.
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Abstract

By higher-spin gravities, we refer to any extension of gravity that includes at least one mass-
less field of spin greater than two, interacting non-trivially with the spin-2 graviton. These
theories are expected to provide a pathway toward a deeper understanding — and possibly a
solution — to quantum gravity. A central feature of such models is the presence of an enhanced
gauge symmetry, known as higher-spin symmetry, which is often (though not always) infinite-
dimensional. This symmetry plays a crucial role in constraining the dynamics and may provide
a mechanism to address the ultraviolet (UV) non-renormalisability of gravity by restricting the
set of allowed counterterms — potentially reducing them to a finite set or eliminating them all
— thereby rendering the quantum theory effectively classical.

Among the various ways to study interactions in higher-spin gravity — such as the Noether
procedure, the BV-BRST formalism, Unfolding, Twistors, and a few others — this thesis focuses
on the light-front approach. In particular, most of the results are derived from the analysis of the
holomorphic and non-holomorphic quartic constraints, which arise from requiring the closure
of the non-linearly realised Poincaré algebra — thereby ensuring the Poincaré invariance of the
theory.

Recently, it was discovered — quite surprisingly — that a particular type of theory, known as
chiral higher-spin theory, can be fully consistent while involving only cubic interaction vertices,
provided that all such vertices are included (except simple truncations, such as restricting to
only even spins). This remarkable feature is closely tied to deep concepts such as integrability,
twistor theory, deformation quantisation, and to the chirality of the theory.

To date, this represents the only example of a perturbatively local higher-spin extension of
gravity that propagates the correct degrees of freedom expected for a gravitational theory —
apart from including only one chirality of the graviton couplings. All other known examples are
either not perturbatively local (e.g. the collective-dipole approach or not making specific well-
defined predictions for interactions as in Vasiliev’s equations) or exhibit non-unitarity already
at the free level (as in conformal higher-spin gravity) or do not have propagating degrees of
freedom as in 3d-examples of matter-free higher-spin theories.

This theory, already compelling in its own right, may serve as a promising starting point
for the search for a complete, unitary theory of higher-spin gravity — potentially achievable
by extending it while preserving a controlled or mild form of non-locality. Importantly, any
higher-spin gravity in 4d has to contain the (anti)-chiral theory as a subsector.

This thesis explores three main directions. First, it examines the possibility of truncating

il
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the chiral higher-spin theory, considering whether it can be isolated as a special case within
a broader class of consistent chiral higher-spin theories, and initiates a systematic program
for classifying all possible chiral higher-spin gravities. Second, it aims to shed light on the
connection between the quartic holomorphic constraint and a constraint that arises in the
context of 2d Celestial CF'T — specifically, OPE associativity — which is conjectured to be
dual to asymptotically flat 4d bulk gravity. Third, it explores potential no-go and yes-go results
by attempting to solve the non-holomorphic quartic constraint and by searching for possible
four-point interaction vertices that ensure the consistency of the theory up to fourth order, for
both lower- and higher-spin fields.



Outline and main results of the Thesis

The present work is a natural continuation of the study initiated by Bengtsson, Bengtsson, and
Brink in 1983 [1-3], and later developed by Metsaev in 1991 [4, 5]. More recently, in 2017,
Ponomarev and Skvortsov revisited and extended the formalism [6]. This thesis builds upon
their approach and aims to explore new results within that framework.

The thesis is based on the following three research papers:

1. [7] M. Serrani, “On classification of (self-dual) higher-spin gravities in flat
space,” JHEP 08 (2025) 032, arXiv:2505.12839 [hep-th].

2. [8] M. Serrani, “Associativity of celestial OPE, higher spins and self-duality,”
JHEP 04 (2026) 047, arXiv:2508.16804 [hep-th].

3. [9] M. Serrani, “Massless spinning fields on the Light-Front: quartic vertices
and amplitudes,” arXiv:2602.12826 [hep-th].

The first two papers have been published in JHEP, while the third is currently available as
an arXiv preprint and has been submitted to JHEP. The thesis begins with an introductory

chapter, followed by one chapter corresponding to each of the three papers.

Chapter 1: Introduction. The first part of the introduction is intended to guide the reader
smoothly into the concepts and ideas of higher-spin gravity. The second part provides a brief
historical overview of the light-front approach to higher-spin interactions, along with essential
background material to facilitate the understanding of the core of the thesis.

We emphasise that the particular focus on certain topics within higher-spin gravity reflects
the author’s personal choice and subjective experience, and is by no means intended to provide
a comprehensive overview of the full literature on the subject. Rather, it should be viewed as a
personal account. The field is rapidly evolving, and for a more extensive and up-to-date review

of higher-spin gravity, covering both massless and massive fields, we refer the reader to [10].

Chapter 2: Self-dual higher-spin theories in flat space. This chapter is devoted to
the study of the light-cone quartic holomorphic constraint in 4d higher-spin theory. The main

results are:

e A complete solution to the light-cone holomorphic constraint for both even- and odd-

derivative vertices, in the presence or absence of a gauge group G.


http://arXiv.org/abs/2505.12839
http://arXiv.org/abs/2508.16804
http://arXiv.org/abs/2602.12826
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e We provide a systematic framework for classifying all consistent lower- and higher-derivative

chiral higher-spin theories.

e A full classification of chiral higher-spin theories with one- and two-derivative vertices,

with and without a gauge group G.

Chapter 3: Associativity of celestial OPE, higher-spins and self-duality. This chap-
ter is dedicated to exploring the connection between the light-cone holomorphic constraint in
4d higher-spin theory and the OPE associativity constraint in 2d Celestial CFT. The main
results are:

e Finding an explicit solution to the OPE associativity constraint in the most general case,

including higher-spin fields and higher-derivative vertices.

e We highlight and clarify the connection between several ideas: (a) the operator prod-
uct expansion (OPE) associativity in celestial conformal field theory (CCFT); (b) the
vanishing of tree-level amplitudes; (c) the Jacobi identity for the kinematic algebra; (d)
the light-cone holomorphic constraints. Naturally, (b), (c) or (d) are closely related to
self-duality:.

Chapter 4: Massless spinning fields on the Light-Front (quartic vertices and am-
plitudes). This chapter is devoted to the study of the full light-cone quartic constraint in 4d
higher-spin theory and on the construction of all local four-point higher-spin amplitudes in the

spinor-helicity formalism. The main results are:

e We develop a systematic method to determine the Hamiltonian four-point density, ei-
ther by explicitly constructing or by systematically checking the existence (via Frobenius

integrability) of local quartic vertices solving the quartic light-cone constraint.

e By computing local quartic vertices with increasing numbers of derivatives that solve the
quartic light-cone constraint, we conjecture the complete set of quartic vertices satisfying

the light-cone consistency conditions.
e We reproduce known no-go and yes-go results for lower-spin interactions.

e We find all allowed unitary local higher-spin theories and identify new families of local

quasi-chiral higher-spin theories.

e We determine all local higher-spin four-point amplitudes satisfying factorisation in the

spinor-helicity formalism.
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Chapter 1

Introduction

The greatest quality of humans lies in their ability to recognize patterns and solve problems.
These problems are sometimes artificial’, as in much of mathematics, while others arise from
our effort to understand nature and, by extension, the universe itself.

Theoretical physics perfectly embodies this concept: it begins by studying structures pro-
vided by nature?, passes through abstract mathematical constructions, and leads to a deeper
understanding of observed phenomena. The ultimate aim of physics is to develop a consistent
mathematical framework that can describe all possible observations as accurately as possible.

This is a challenging task for several reasons. First, nature’s complexity often makes phe-
nomena appear chaotic®, and recognizing meaningful patterns within them is far from trivial.
Second, there is the fundamental difficulty of defining what we mean by “observation” or, in
the language of modern physics, “observables”®. And even more subtle is the question of what
it means to describe phenomena “as accurately as possible”. As we now understand, certain
aspects of reality may be intrinsically unpredictable, as in quantum mechanics, and we cannot
expect mathematics to reveal what nature itself conceals.

Let us also keep in mind the key distinction between physics and mathematics; the role
played by experiments. In the end, physics must be guided by experimental evidence, and we
must be prepared to abandon even the most mathematically elegant theory if it fails to match

observations.

'Here, by “artificial” I mean “made by humans”. I do not intend to delve into the philosophical debate over
whether mathematics is invented or discovered — a question which, in any case, I believe is not well defined.

2The first people we can call “physicists” are those who looked to the stars and uncovered patterns through
astronomy and plane geometry. From Thales of Miletus (c. 624-546 BCE), who is credited with predicting a so-
lar eclipse and recognizing that the Moon shines by reflecting the Sun’s light, to Galileo Galilei (1564-1642), who
ushered in modern physics through the scientific method, combining careful experimentation with mathematical
reasoning.

3Here, by “chaotic”, we mean systems in which, without a solid theoretical prediction, it becomes extremely
difficult to identify any patterns. There exist processes — even fully deterministic ones — that are chaotic by
definition. A well-known example is the so-called “butterfly effect”, where tiny variations in initial conditions
can lead to dramatically different outcomes.

4These are physical quantities that can, in principle, be measured experimentally. In classical physics, they
can correspond to the position of a particle, its energy, angular momentum, or also the electric or magnetic field
strength. In quantum physics the most famous ones are scattering amplitudes that give rise to cross sections;
a quantitative measures of the probability for a given physical process to occur.
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At the time of writing this thesis, there is a broad consensus within the scientific community
that our current understanding of the physical world rests on two well-established and exper-
imentally confirmed theoretical frameworks. Historically, the first is General Relativity (GR),
formulated by Albert Einstein in 1915 [11], which provides a classical description of gravity as
the curvature of spacetime. The second is Quantum Field Theory (QFT), whose development
began in the 1920s through the contributions of many physicists and unifies quantum mechanics
with special relativity. By the late 1970s, it was established as the theoretical framework that
underpins the Standard Model (SM) of particle physics [12].

General Relativity describes the classical evolution of space-time and its classical interaction
with matter fields. Aside from being a beautiful mathematical construction rooted in pseudo-
Riemannian geometry, it has, to date, successfully reproduced all known physical observations.
From its early predictions, such as the perihelion precession of Mercury and the deflection of
light by the Sun [13, 14], to the groundbreaking discovery of gravitational waves in 2015 [15, 16],
the theory has proven remarkably accurate.

The Standard Model of particle physics describes the quantum interactions of matter (Spin—%
fermions) and gauge bosons (spin-1) with unprecedented precision, as confirmed by high-energy
collisions at the LHC and numerous other experiments around the world. Theoretically, it
describes three of the four known forces of nature, Quantum Electrodynamics (QED)?, the Weak
force® and the Strong force”. To date, the most accurate prediction is in the context of QED via
the measurements of the electron magnetic dipole moment a{™*) = 222 = 0.00115965218059(13)
[17) and ! = 0.001159652182032(745) [18], where g = 2 corresponds to the value predicted
by the Dirac equation, and the rest is called anomalous magnetic moment of the electron and
comes from loop corrections a, = 5= + O(a?), where a = % ~ % is the fine structure constant
of QED.

In the Standard Model, the theoretical idea that stands out is the concept of symmetries
and a special thanks goes to Emmy Noether [19] for introducing this concept. In particular, it
is built upon the concept of gauge symmetries®. It is a QFT with gauge symmetry SU(3)¢ X
SU(2)r, xU(1)y and it is precisely this gauge structure that ensures the renormalisability? of the

5The theory describing the interactions of matter via the exchange of photons (the quanta of lights), massless
spin-1 particles, and which classical counterpart is standard electrodynamics.

5The theory responsable for the radioactive decay of atoms and which mediators are the W+, W~ and Z
massive spin-1 particles.

"The theory governed by Quantum Chromodynamics (QCD), responsable for the existence of atoms and
allowing the confinements of quarks into protons, neutrons, and other hadron particles via the exchange of
gluons, massless spin-1 particles.

8Gauge symmetries are local symmetries, in contrast to global symmetries. Global symmetries are expected
to be absent in any consistent theory of quantum gravity, as suggested by one of the Swampland conjectures [20].
On the other hand, gauge symmetries are just redundancies of description (as is manifested in the light-cone
gauge, for example). Nevertheless, they can be extremely useful, e.g. it would be painful to explain GR without
using differential geometry where diffeomorphisms play the role of such gauge symmetries.

9Renormalisability is synonymous with predictivity at all energy scales. Strictly speaking, a theory is called
(non-)renormalisable if it allows for predictions at both low- and high-energies using a (in-)finite number of free
parameters. In the Standard Model, there are 19 such parameters, which must be determined experimentally.
An ambiguity in the choice of the gauge group is present as well as in the choice of the matter content, which
is one of the open problems.



theory. Another key concept is that of spontaneous symmetry breaking (SSB), the phenomenon
by which a global or a gauge symmetry is broken at low energies. In the SM, this breaking
is triggered by the Higgs field!® [21-23], which acquires a non-zero vacuum expectation value.
This mechanism has far-reaching consequences, such as giving mass to the W=+ and Z bosons,
as well as to fermions via Yukawa interactions.

Let us also note that the SM is built upon a set of fundamental particles!' with spins
0, %, 1. As we will explore in this thesis, our main focus is on investigating the possibility of
constructing a fundamental theory that includes higher-spin particles (s > 2), alongside the
familiar lower-spin fields.

While some might say that the golden age of 20th-century physics — characterized by both
theoretical breakthroughs and experimental excitement — is coming to an end, this view is
probably too pessimistic. Rather than a decline, it seems we are in a transitional phase, and
we need to recalibrate our approaches. A new era of discovery could well be on the horizon.

On the experimental side, growing attention is being directed toward the possibility of
observing the universe through entirely new eyes. In particular, there is significant excitement
surrounding the upcoming LISA mission [24] and the Einstein Telescope [25], which are expected
to give groundbreaking results and place stringent constraints on potential deviations from
General Relativity.

On the theoretical side, it is increasingly more important to develop models and theories well
in advance of experimental verification. Since the phenomena we are probing are becoming ever
more subtle and elusive — though not necessarily less important, and often more fundamental
— we are now in a position where we must know the answer before we see it in the data!?. This
is notably the case with the detection of gravitational waves: identifying the signal required
using filters'? specifically tuned to theoretically predicted waveforms. Indeed, there is currently
a major effort devoted to predicting all possible gravitational waveforms [27], arising from
a wide variety of processes — from binary systems with diverse mass ratios, to black hole
mergers, or intriguing phenomena such as superradiance [28]. This exemplifies the nature of
modern physics. Therefore, more than ever, we must focus our efforts on the theoretical side
— building as many consistent models and frameworks as possible to guide current and future

experiments in their search for new physics.

10The Higgs field is a spin-0 complex scalar field.

UTn principle, there exist many other massive excited states that can have arbitrarily large spin, both integer
and half-integer. However, these are not considered fundamental for two main reasons. First, fundamental
particles are those that participate in interactions in an essential way, meaning they explicitly appear in the
action of the fundamental theory. Second, fundamental particles are stable and do not decay, unlike excited
states. The only possible exception might be the proton, whose absolute stability remains unconfirmed, although
its lifetime is extremely long.

12Possibilities of discovering something due to serendipity, like happened for the discovery of radioactivity or
the Cosmic Microwave Background (CMB) radiation is less and less probable nowadays. Though, at least in
the theoretical side, this can still happen.

B3Extracting gravitational waves (GW) signals from the (typically much bigger) detector noise is both a
technological and a theoretical challenge. The idea of matched filtering is to enhance the signal-to-noise ratio
through smart integration techniques. This is possible only if the waveform is predicted in advance with high
precision, for more details, see Chapter 7 of [26].
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Interestingly, contemporary physics still faces a range of unresolved challenges, both phe-
nomenological and theoretical.

On the phenomenological side, key open problems include the nature and origin of dark
matter, dark energy, the Hubble tension, the matter—antimatter asymmetry, and the non-zero
neutrino masses, among others.

On the theoretical side, major puzzles persist, such as the strong CP problem, the hierar-
chy problem, the black hole information paradox, the trans-Planckian problem in inflationary
cosmology, and the challenge of formulating a consistent theory of quantum gravity.

This thesis is devoted to the problem of quantum gravity. A resolution of this issue could
also shed light on several of the other problems mentioned above, most notably, the black hole
information paradox.

Quantum gravity is the effort to reconcile General Relativity with the principles of quantum
mechanics. The natural starting point is to study gravity within the framework of quantum
field theory. While this is indeed possible, it turns out that General Relativity is perturbatively
non-renormalizable as a QFT [29, 30].

The motivation behind the search for a theory of quantum gravity can be several. First,
since the other fundamental interactions are all described by quantum field theories, unifying all
forces of nature into a single consistent framework strongly suggests that gravity, too, must be
quantised. Second, General Relativity predicts its breakdown through the singularity theorems
[31, 32], which indicate the inevitability of singularities such as those inside black holes and at
the origin of the universe. These are regions where the classical description of spacetime ceases
to be valid, and a quantum theory of gravity becomes essential. Quantum gravitational effects
are expected to become significant at energy scales close to the Planck mass, M,c* = \/% ~
10GeV, which is far beyond the reach of any current or foreseeable experiments on Earth (at
LHC we “only” reach ~ 10*GeV). At present, the most promising avenues for probing quantum
gravity effects come from astrophysical observations, such as the study of gravitational waves
generated by black hole or neutron star mergers. Alternatively, the only option is to turn to
Gedanken (thought) experiments.

Another possibility is to study quantum gravity at low energies. While this approach may
not directly help with the problem of quantum gravity, it could nonetheless provide crucial
evidence that gravity — like all other known forces — obeys the laws of quantum mechanics.
Several proposed tabletop experiments aim to test this, based on the idea of preparing a massive
object in a non-classical state (e.g. an entangled state). The object can then be probed
to determine whether it exhibits genuine quantum behavior. Although quantum decoherence
makes such experiments extremely challenging, recent technological advances suggest that they
may become feasible in the near future, see [33]. Importantly, it remains an open question
whether gravity is fundamentally quantum or purely classical. These types of experiments
could offer a definite answer to this issue.

Let us recall that, even though General Relativity is non-renormalisable, it is still possible to

extract meaningful and nontrivial information from its quantisation. Two important examples



are the following.

First, General Relativity can be treated as an effective field theory (EFT) [34-36]. Within
this framework, it remains a well-defined QFT at energies well below the Planck scale, allowing
for the computation of quantum corrections to classical results. Notably, this includes quantum
corrections to the Newtonian potential [37].

Second, one can study quantum fields propagating on a fixed classical curved background
[38]. This semiclassical approach has led to one of the most profound theoretical predictions
of the past century: the discovery that black holes radiate as black bodies, emitting radiation
with a specific temperature, now known as the Hawking temperature Ty [39, 40], and entropy
Spu ~ Apg, where Ay is the area of their event horizon. Together, these quantities obey the
four laws of black hole thermodynamics [41, 42]. This provided the first insight that the degrees
of freedom of a quantum gravity theory may be stored on a codimension-one hypersurface. This
holographic perspective foreshadows the AdS/CFT correspondence, which was first hinted at
in the work of 't Hooft [43, 44], then Flato and Fronsdal [45], then Brown and Henneaux [46]'4,
then Susskind [47], then Polyakov [48], and later established by Maldacena [49].

Up to date, several theories have been proposed for a theory of quantum gravity: String
theory, Higher-spin gravity, Loop quantum gravity, Asymptotic Safety, Higher-derivative grav-
ity, Lorentz violating gravity, Group field theory, Causal dynamical triangulation, Causal Set
Theory, Emergent Gravity, Non-Commutative Geometry, Matrix models, and even more un-
conventional ideas such as p-adic String Theory.

Each approach distinguishes itself by the way it attempts to solve the problem of quantum
gravity. Some introduce new frameworks, such as the worldsheet formulation in String Theory,
which also requires higher dimensions and an infinite tower of massive states. Others, like
Lorentz-violating gravity theories, relax some of the fundamental principles of quantum field
theory by breaking Lorentz invariance at high energy and in specific ways. More conservative
approaches, such as Asymptotic Safety, aim to show that gravity itself remains well-behaved
at high energies due to a yet-to-be-established UV fixed point. Moreover, these theories have
different goals: while some focus on quantising gravity, others, like String Theory, are more
ambitious, attempting not only to quantise gravity but to unify it with the Standard Model of
particle physics and more.

This thesis is devoted to the study of higher-spin gravity, with a particular focus on the
search for consistent interactions between higher-spin fields using a specific framework known
as the light-front approach. Higher-spin gravity is a proposed extension of Einstein’s general
relativity, which includes — alongside the spin-2 graviton — at least one interacting massless

field of spin greater than two. While less ambitious than string theory in scope!®, its goal is

4The contributions of Flato and Fronsdal, along with those of Brown and Henneaux, were acknowledged as
early precursors to the AdS/CFT correspondence only after the correspondence had been firmly established.

15String theory, in addition to addressing the ultraviolet problem of gravity, aims to unify all four fundamental
interactions and to provide a framework capable of explaining all possible phenomenological processes. In
contrast, higher-spin gravity takes a more modest approach and is best regarded as a toy model for exploring
aspects of quantum gravity within a mathematically consistent framework. While there are strong reasons
— discussed below — to believe that higher-spin gravity is unlikely to be the ultimate theory of nature, it



8 CHAPTER 1. INTRODUCTION

to address the ultraviolet (UV) divergences of gravity by introducing a finite, or more likely
infinite, tower of higher-spin fields.

6 are gauge theories, and they are fundamentally tied to the concept of

Higher-spin theories!
gauge symmetry manifesting in the form of a Lie algebra. The algebra associated with a higher-
spin theory is called higher-spin algebra and is usually, but not always, infinite dimensional.
This is a consequence of the fact that, usually, we need to deal with arbitrary higher-spin fields,
and thus infinitely many of them.

To introduce and motivate the study of such a theory, it is useful to draw a parallel with
supersymmetry. Supersymmetry (SUSY), first introduced in [50], is based on the idea of a
symmetry that relates fermions and bosons. This symmetry offers several theoretical advan-
tages: it partially addresses the hierarchy problem, improves the ultraviolet behavior of gravity,
and plays a central role in the formulation of superstring theory [51, 52|, a better-behaved, su-
persymmetric extension of bosonic string theory. These improvements are largely due to the
enhanced cancellation of divergences in supersymmetric models.

Examples of such cancellations include the finiteness to all orders in perturbation theory
of N' = 4 Super Yang-Mills (SYM) theory [53, 54], and the improved UV behavior observed
in supergravity (SUGRA) models [55-57].17 A direct group-theoretical consequence of super-
symmetry is that the field content (the spectrum) must organize into so-called supermultiplets,
which allows for representations of the supersymmetry algebra [58].

The idea of higher-spin gravity is similar in spirit, though it ask for a symmetry that
relates massless fields of all spins. As a consequence, one would naively expect that consistent
representations of the higher-spin symmetry require multiplets that include an infinite tower of
massless fields, with some notable exceptions, such as consistent truncations to only even-spin
fields, or to only odd-spin fields in the presence of a U(N) gauge algebra [59]. However, as
we will explore in this thesis, there also exist constructions with a finite number of higher-spin
fields, at least when the theory is restricted to a chiral sector.

The presence of higher-spin symmetry should make the UV divergences of gravity disap-
pear, by restricting the allowed counterterms — potentially reducing them to a finite set or
eliminating them all — thereby rendering the genuine quantum problems to the classical ones
(indeed, if the higher-spin symmetry kills all but finitely many counterterms, the theory is
renormalizable, at least). This could also be the key mechanism behind the improved UV
behavior observed in string theory. Then supersymmetry might play a secondary role: rather
than being the primary reason for UV finiteness, it could simply facilitate the construction of

consistent models!®. The true origin of finiteness might instead lie in the presence of an infinite

nonetheless offers a valuable and mathematically elegant first step toward a deeper understanding of quantum
gravity.

16Note that by higher-spin gravity we refer to a theory in which higher-spin fields interact among themselves
as well as with a spin-2 graviton, whereas higher-spin theories more generally refer to models where the last
requirement can be relaxed.

17Supergravity refers to any gravitational theory with a local supersymmetric algebra and can be systemati-
cally derived by gauging a global supersymmetric theory.

18Note that there exist consistent non-supersymmetric tachyon-free models [60-62].



tower of higher-spin states, which become massless in the high-energy (tensionless) limit of
string theory, o/ — oo [63-65].

From this perspective, our physical world could correspond to a spontanecously broken phase
of an underlying higher-spin theory'® [66, 67], where the symmetry is no longer manifest, and
the higher-spin fields acquire masses. This mechanism could also provide a pathway for a

phenomenological theory of higher-spin, maybe pointing towards string theory, or maybe not.

19it is important to emphasize that, unlike the internal gauge symmetries of the Standard Model, higher-spin
symmetry is a spacetime gauge symmetry. This distinction significantly complicates both the formulation of
consistent interactions and the description of symmetry breaking, making the study of higher-spin theories more
subtle.
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1.1 Higher-spin gravity

The first account on higher-spin fields dates back to Majorana’s proposal [68] where he gen-
eralised the Dirac relativistic invariant wave equations for the spin—% particle (the electron) to
arbitrary higher-spin fields, both integer and half-integer. This was then further revisited by
Dirac himself [69]. A few years later, in a seminal work of Wigner [70], all unitary irreducible
representations UIRs of the inhomogeneous Lorentz group 150(3,1) in 4d were classified, via
the novel method of induced representations.?°

This method reduces the problem of classifying the representation of a group (in this case,
the Poincaré group I1SO(d—1,1) = R 11 SO(d—1,1)) to that of classifying representations of
its stability subgroups (“little group”). In particular, the little group of massless particles (p* =
0) is ISO(d—2), which in turn admits two stability subgroups. The subgroup SO(d—2), which
stabilises the origin in R9~2, gives rise to finite-dimensional representations describing particles
with fixed, arbitrary helicity A\. The subgroup SO(d — 3) , which stabilises a (d — 3)-sphere
of radius g > 0 in R4"2, leads to infinite-dimensional representations known as continuous (or
infinite) spin representations, see [72, 73].

Higher-spin theory could be understood as the program aimed at constructing consistent
interacting field theories?! for all massless UIRs of the Poincaré group, with the possible ex-
ception of the continuous spin ones, and with particular emphasis on the spin-2 graviton. It
remains an open question whether all UIRs of Poincaré correspond to physical particles. To
date, only massive UIRs and massless ones with low-spin (A < 2) are known to exist in nature.

The first step in this direction was already taken by Bargmann and Wigner [74], trying to
associate, to any UIRs of Poincaré, a manifestly covariant differential equation whose (positive-
energy) solutions transform accordingly to the corresponding UIR. The restricted program of
searching them only for massive and massless representations in d = 4 was completed in [74].
For a generalisation to any dimensions, see [71]. In 3d the complete programme was completed
in [75].

An important step toward a modern field-theoretical description of free higher-spin fields
was made by Singh and Hagen [76, 77|, who constructed a Lagrangian formulation for massive
fields of arbitrary spin. Their work built upon earlier results, notably the Lagrangian descrip-
tions of massive spin-2 and spin-3 by Fierz and Pauli [78], and by Rarita and Schwinger [79],
respectively. Furthermore, in [78], the field equations for arbitrary massive spin were written
down, and these are the same as those reproduced by the Singh-Hagen Lagrangian description.

A few years later, Fronsdal, by taking the massless limit of the Singh—-Hagen Lagrangian,
managed to realise an action principle for free massless integer helicity fields [80] and, in collab-
oration with Fang [81], extended it to half-integer helicities. Fronsdal subsequently generalized

the formulation to (A)dS backgrounds [82]. The resulting field equations are two-derivative and

20For a modern and comprehensive review of UIRs of the Poincaré group in arbitrary spacetime dimensions
and their relation to relativistic field equations, see [71].

21Free particles are of limited physical interest. Even if they exist, they would neither be directly detected
nor have any observable effect, making them essentially a theoretical abstraction.
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are built out from totally symmetric tensor fields, ¢,,...,, for a spin-s field. A notable feature
of the resulting Lagrangian is the emergence of a novel gauge symmetry 0p,, ..., = O(u; o pis) s
accompanied by a peculiar double-tracelessness condition on the fields @y, .., 4y~ = 0 and
traceless gauge parameters ..., 5~ = 0, which becomes essential starting from spin-3 and
above.

We notice that in d > 5, the classification of UIRs of the Poincaré group, while qualitatively
similar to the 4d case, becomes more intricate. In higher dimensions, there are additional ways
to embed these UIRs into mixed-symmetry tensor representations, with the first covariant
formulation of mixed-symmetry fields developed by Labastida [83]. Such descriptions may offer
practical advantages and, notably, they naturally arise in string theory spectra, though for
massive fields.

We also point out that the Fronsdal formulation and, in general, the metric-like one, are
not the only available descriptions of massless higher-spin fields. As we will describe in detail,
the light-cone has a very simple free Lagrangian for arbitrary massless higher-spin fields, albeit
at the cost of manifest Lorentz covariance. Another alternative approach is offered by the
frame-like formulation of higher-spin fields, which generalizes the vielbein formalism of gravity;
see [84] for a comprehensive review.

The idea of the frame-like approach to higher-spin fields is to emulate the Cartan formulation
of gravity [85]** via the vielbein e% and the spin-connection w?".** By studying the Unfolding
equations of higher-spin fields, it is possible to find the proper generalisation of the Cartan
formulation for a spin-s particle. This corresponds to a set of one-forms w®=D%*) (Weyl
modules) for k < s — 1 and zero-forms C?*#)() (gauge modules) for k > 0. Therefore, all
spins together cover all two-row Young diagrams of the Lorentz group, each appearing in one
copy. Roughly speaking, the zero-forms encode the physical degrees of freedom of the theory
and the one-forms (the gauge parameters associated with them) the gauge symmetries.

One of the deep earlier results is the Flato-Fronsdal theorem [45] for so(3,2). The theorem
says, roughly speaking, that the tensor product of two singletons decomposes into a direct sum
of UIRs of the 4d anti-de Sitter group that are massless fields of all spins, each appearing in one
copy. More precisely, D (3,0)®D (3,0) = Y02 D(s+1,s), where D (3,0) is the Rac singleton
representation®® of s0(3,2) and Y oo, D(s + 1, s) are the UIRs corresponding to massless fields

22Notice that in the literature this is sometimes referred to as the first-order formulation of gravity, or the
tetrad formulation. To be precise also Palatini formulation of gravity [86] is first-order but as independent
variables use the metric g, and the connection I'f,,.

ZHere a,b,... = 0,1,...,d — 1 are so(d — 1,1) frame indices, referring to the local Minkowski frame, while
w,v,...=0,1,....d — 1 are spacetime coordinate indices.

24Same as for the flat case, where free fields are associated to UIRs of the Poincaré, in AdS, free fields can
be identified with UIRs of its isometry algebra, the non-compact group SO(d — 1,2). Analysing all the UIRs,
there is a peculiar representation. Representations that saturate the so-called unitarity bounds, on the field
theory side they coincide with fields that acquire a gauge symmetry. Surprisingly, this also happens for the
scalar representation. This representation is so short that it does not have enough degrees of freedom to live in
the bulk, but it can correspond to a scalar field in d — 1 dimension Minkowski space, with SO(d — 1, 2) playing
the role of the (d — 1)-dimensional conformal group. There is also an analogue for the fermionic representation.
These “remarkable” representations where discovered in AdSy by Dirac [87] and called Di, for the fermionic
singleton D (1, %), and Rac, for the scalar singleton D (%, 0).
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of spin-s. They are closely related to the same “all two-row Young diagrams” representations of
the Lorentz algebra one finds in the spectrum of zero-forms. This fact is related to the concept
of higher-spin algebra.

Even before Fronsdal, in d = 4 another (twistor-inspired) approach to massless fields with
spin was proposed by Penrose starting from [88], see also [89-91], which allows one to bypass
some of the restrictions of the Fronsdal description, e.g. to construct gravitational interactions
in flat space (more generally, any self-dual spacetime), and is the way to covariantize chiral
higher-spin theory. When going back from twistor space to the usual spacetime, it employs a
“very chiral” spinorial representation of so(3,1) ~ sl(2,C) Lorentz fields.

Once the free description, in the metric-like, or the frame-like, or the chiral, or the light-
front approach is found, we need to search for possible consistent interactions. By consistent,
we mean Lorentz invariant and perturbatively local.

In this regard, a fundamental concept for a theory of higher-spin fields is the existence
of a higher-spin algebra?®, just as for supergravity, it is the existence of a supersymmetry
algebra. This is defined as a (typically infinite-dimensional) Lie algebra that arises from the
global symmetries of a higher-spin theory. The higher-spin algebra is usually the starting point
for the construction of a fully non-linear higher-spin theory. Indeed, to search directly for a
consistent theory of higher spins is complicated, but it can be easier to construct first higher-
spin algebras and then try to consider interactions order by order. The first higher-spin algebra
in 4d, shs(1,C), containing AdS, as a subalgebra, was found by Fradkin and Vasiliev in [59].

The higher-spin algebra can be seen as the first step towards a complete higher-spin theory.
We could say that it corresponds to the first cubic deformation, like for the Lie algebra in
Yang-Mills theory. Though, as for Yang-Mills, we need to add higher-order terms in order to
make the theory consistent.

In the following, we explain in detail the light-front approach, as one of the methods to
introduce consistent interactions in higher-spin theories. There are some pros and cons. The
most important “pro” is that one deals with physical degrees of freedom only. All redundancies
due to gauge symmetry are eliminated. The outcome does not depend on which particular
Lorentz tensor one has (luckily or unluckily) chosen to embed the physical degrees of freedom
into (modulo gauge redundancies). Therefore, one gets unambiguous results concerning (non)-
existence of a certain type of interactions (this is to be contrasted with the non-existence of
gravitational interactions in flat space within the Fronsdal approach, which is simply a drawback
of this particular covariant approach and has no fundamental meaning). There is no higher-
spin algebra in the light-cone gauge. Instead, it gets transferred (if the covariant description
is available at all) to the form of the generators of the Poincaré algebra. We should also point
out that the most minimal QFT setup is to have the Hamiltonian, the time-ordered exponent
of which gives the S-matrix, and the existence of other generators of the Poincaré algebra
allows one to prove the Poincaré invariance of the S-matrix. There is no theorem that would

guarantee the existence of a manifestly covariant description that gives the same S-matrix. The

Z5For a formal definition and an introduction see [92].
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most important “con” is the lack of the manifest Lorentz symmetry, which is the price to pay.
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1.2 Higher-spin interactions in the light-front

The standard approach in contemporary physics is to formulate theories using Lorentz covariant
fields, so that the equations are manifestly Poincaré invariant. However, particularly in the
case of higher-spin fields, there exist multiple ways to embed the physical degrees of freedom
— two in four dimensions — into tensorial fields. As a result, when searching for interactions,
their presence or absence may strongly depend on the specific field realisation chosen. In this
context, the light-front approach provides a more reliable framework: by directly working with
the physical degrees of freedom, it offers a systematic and complete method to explore consistent
interactions without the ambiguities introduced by covariant fields. Therefore, it stands out as
the safest and most exhaustive method for analysing interactions of (higher-spin) theories.

The light-front approach to quantum field theory is a way to work only with the physical
degrees of freedom of the theory. It can either be reached from the gauge fixing of a covariant
formulation or — and it is important to stress — we can start directly with a theory in the light-
front, with no reference to any covariant description — such a covariant formulation may not
even exist. This method is generally considered as the most effective for establishing rigorous
no-go results or identifying promising yes-go results. However, to construct a complete theory,
to simplify computations, to improve its geometrical interpretation, to better exploit all the
symmetries and to study its quantum properties, one typically needs a covariant formulation.
We will elaborate more on these points in the following sections.

The light-front quantisation of relativistic quantum field theory was introduced in Dirac’s
seminal 1949 paper [93]. In that work, Dirac proposed three distinct forms of Hamiltonian
dynamics based on different choices of the time coordinate: the instant form (the conventional
one), the point form, and the front form — now commonly referred to as light-front or light-
cone quantisation?®. These formulations differ in the number of kinematical versus dynamical
Poincaré generators, as well as in the structure of the Cauchy initial-value problem (to be fair,
the light front is not a Cauchy surface and there are some subtle global issues related to that).

Given a particular foliation of spacetime, let ¥ be the codimension-one hypersurface on
which quantisation is performed. The subset of Poincaré generators that leave Y invariant
forms a subgroup of the Poincaré group, known as the stability group Gy of 3. In [94],
Leutwyler and Stern, under the assumption that the stability group Gy acts transitively on X,
proved that there are exactly five inequivalent classes of hypersurfaces. Dirac had originally
identified only three of them, missing two cases which, however, are less significant since their
stability groups are rather small.

The light-front approach has been applied in a wide range of problems since Dirac’s work.
It was rediscovered in the context of current algebra, as the “infinite momentum frame” in [95].

It was used to study quantum electrodynamics in a laser beam [96, 97|. It was applied to gauge

26The term light-cone can be somewhat misleading. Quantisation does not occur on the light-cone itself, but
rather on a light-like codimension-one hypersurface defined by constant z+. Geometrically, this corresponds
to the wavefront of a plane light wave, which is why Dirac referred to it as the front form. Nevertheless, the
terminology light-cone is widely used in the literature, including in the higher-spin context.
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theories, notably in QED [98, 99], and later in QCD [100]. The motivation was to provide a more
robust theoretical framework that could reconcile the constituent quark model (CQM) and the
quark parton model, originally proposed by Richard Feynman [101] to describe hadrons. The
importance of the light-front approach in the context of QCD is also closely tied to the strongly
coupled nature of the theory. Indeed, in the infrared (IR) regime, QCD exhibits confinement
and becomes strongly coupled, in contrast to its behavior in the UV, where asymptotic freedom
holds [102, 103]. Being strongly coupled in the IR means that standard QFT techniques —
such as perturbation theory and Feynman diagrams — are no longer directly applicable. The
light-front approach offers a powerful framework for studying QFT in such non-perturbative
regimes and for studying relativistic bound states. For an extensive review on the subject,
along with an interesting introduction to light-front field theory for lower-spin fields, see [104].

The light-front approach has played a crucial role in both string theory and supersymmetry.
Notably, it was instrumental in the first proof of the finiteness of 4d N' = 4 super Yang-Mills
(SYM) theory [53, 54]. It was also used for the initial quantisation of bosonic string theory [105]
and later extended to superstring theory [106]. Moreover, for certain supersymmetric theories
with extended supersymmetry, the light-cone superspace remains the only known consistent
off-shell superspace formulation. Examples include 4d N' = 4 super Yang-Mills (SYM) theory
[53, 54], 11d N' = 1 SUGRA [107, 108], 10d N' = 1 SYM [109]. Additionally, the light-cone
gauge provides one of the most effective methods to extract physical states in string theory
[105].

It is important to distinguish two kinds of “light-cone” approach. One is just to take an
advantage of the light-cone gauge as a manifestly unitary gauge (the one that keeps only the
physical degrees of freedom). Another one is the actual light-cone/front quantization where "
is chosen as “time” and one looks for the deformation of the generators of the Poincare algebra.

More recently, the light-front approach has also been applied to higher-spin interactions, as
we will now see and describe in detail. The use of the light-front approach to study possible
interactions in higher-spin theories began in 1983 with the work of Bengtsson, Bengtsson,
and Brink [1-3], where cubic interactions in flat space were found by solving the cubic light-
cone constraint, and the complete classification of cubic vertices was obtained in [3]. Just a
few months later, the first covariant cubic vertex was constructed in [110] via the Noether
procedure, starting from a free massless spin-3 Fronsdal field ¢*** and trying to make it self-
interacting?’. The idea is to search for a Yang-Mills-type theory only involving a higher-spin
field with an odd spin, in this case spin-32%. Although a non-abelian algebra emerged at the first

2TThe same analysis was performed in [111] for a cubic coupling of the form 4 —2 — 2 but the same conclusion
was found. Consistency at the first non-trivial order, the cubic, but impossibility to extend it further.

**For Yang-Mills, starting from a Maxwell-type action Sy = — [d'zF/* F{, and gauge symmetry doAf =
9,£%, the first non-trivial order give the vertex S3 = [d'x fabcAfﬁ“Ai’,Ac” and the gauge transformation
1AL = — “bcﬁbAﬁ, where fope is a structure constant. A similar result can also be found for odd higher-spin
fields. Though, for Yang-Mills, at the next order we find S; = —i i d4a:feacf€bdAﬁAb“A,§Ad” and dy = 0, with
the additional requirement that the structure constant f,;. have to satisfy the Jacobi identity, and the procedure
terminates. For higher-spin fields, the Noether procedure usually fails at the quartic order, see e.g. [112].
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non-trivial order, it was obstructed at the next order [113, 114]*°. This led to the realization
that a consistent interacting theory would likely require an infinite tower of massless higher-
spin fields. A related paper where conserved currents for massless fields of arbitrary spin were
explicitly constructed is [115]. Moreover, some years before, it was realized in [116, 117] that
the minimal coupling of gravity to higher-spin particles is problematic. In particular, such
couplings introduce terms proportional to the Riemann tensor, which cannot be cancelled by
the variations of the metric in flat space. This observation motivated the study of higher-spin
interactions in (A)dS backgrounds, especially after the positive results obtained in [118, 119],
where the earlier no-go results could be avoided thanks to the presence of the cosmological
constant A, which is produced together with the Riemann tensor from the commutator of two
covariant derivatives [V, V]{ ~ RE 4+ A&.

It is useful to note that the same year the existence of the gravitational two-derivative
interactions of massless higher-spin fields in flat space was discovered in the light-cone gauge
[3], which went almost unnoticed, even by the authors. One can also show that there is a one-
to-one correspondence between interactions of massless higher-spin fields in flat and anti-de
Sitter spacetimes [120, 121]. As discussed in [122], what happens is that the two-derivative
gravitational interaction cannot be written (locally) within the Fronsdal approach in flat space.
Instead, one can construct a (2s — 2)-derivative vertex. In anti-de Sitter space, a specific linear
combination of the 2- and (2s — 2)-derivative vertices of type s — s — 2 can be written down in
terms of Fronsdal fields (this is the Fradkin-Vasiliev vertex [118, 119]). Therefore, what breaks
down when going to flat space is the Fronsdal approach, while the gravitational and all other
interactions are smooth!

One of the cornerstones of the light-front approach to higher-spin interactions are the two
papers by Metsaev [4, 5], where, for the first time, the quartic light-cone constraint was system-
atically analyzed, leading to, what we will call, the Metsaev solution. This result completely
determines the values of the coupling constants for all cubic vertices.

It is known that light-cone perturbation theory proceeds as follows: the n-order constraint
fixes the form of the n-point vertices up to some free coefficients, while the (n 4 1)-order con-
straint determines those coefficients, which we will apply at the lowest cubic and quartic orders.
Therefore, the importance of the quartic constraint lies not only in its role in constructing the
quartic interaction vertices themselves, but, more fundamentally, in its ability to fix the free
parameters of the cubic theory — thereby determining the consistent higher-spin spectrum.

Moreover, as we will see, it is sufficient to consider only a specific sector of the quartic
constraint — namely, the (anti-)holomorphic part — to fix these free coefficients and, with
them, the spectrum of higher-spin fields required for consistency. The (anti)-holomorphic part
is a subset of the quartic consistency relations to which the quartic interaction vertices make
no contribution, which is a “miracle” that happens for massless fields in 4d.

25 years later, the results of Metsaev were reviewed in [6], where new features were un-

29 A more recent analysis [112], using the antifield formalism to search for consistent deformations, assuming
arbitrary symmetric Fronsdal gauge fields in dimensions strictly greater than three, showed that this deformation
is obstructed even when an infinite tower of higher-spin fields is introduced.
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covered, most notably, the possibility of consistently truncating the theory at the cubic level,
including only the holomorphic vertices. The resulting fully consistent theory was named the
chiral higher-spin theory.

Let us emphasize that by the chiral theory®?, we refer to a theory in which positive and
negative helicities are treated in a specific — but different — way. It is important to clarify a
common misconception: chirality does not mean that one helicity completely decouples from
the interactions. Rather, both helicities participate, but the interactions are structured in a
chiral way. In the light-cone gauge, this is very easy to describe, as we will review below.

A very important remark to make about chiral (or self-dual) theories is that even though they
are non-unitary and not parity invariant theories, they are consistent subsectors of the complete
theories [124]. By consistent subsectors, we mean that at the level of scattering amplitudes, all
amplitudes we can compute in a self-dual theory exactly coincide with the ones of the complete
theory. It is also true that all solutions of self-dual theories are solutions of the full ones.
However, due to the chirality of the interactions, not all of the amplitudes can be reproduced
by the chiral theory. For instance, both SDYM and SDGR are consistent subsectors of YM
and GR. Moreover, they are one-loop exact and finite theories, with no quantum divergences.
Therefore, the chiral higher-spin theory also represents a consistent subsector of the putative
full complete higher-spin theory (which is not available at present and is likely non-local).

We now turn to an introduction to the basics of the light-front approach to quantum field
theory. We stress that in this thesis, the light-front formalism is primarily employed as a
tool to introduce interactions in a consistent and the most general way. Although we make
use of canonical quantisation, our focus is not on studying quantum properties such as loop
corrections or renormalisation. Consequently, potential issues related to the quantisation of
light-cone theories are not of concern in our treatment. For further discussion on these aspects,
see [125, 126]. It remains an open question whether quantum field theories formulated in
different forms of dynamics (e.g. instant form vs. light-front form) are physically equivalent.

We now introduce the light-front approach to higher-spin theories to settle our notations
and make the presentation of the following three chapters more accessible. A more detailed
discussion can be found in the first sections of [6, 123, 127], in [128, 129], and also in the lecture
notes [130].

The light-front deformation procedure relies on two key ingredients: the Hamiltonian for-
mulation of quantum field theory in the light-cone gauge, and the non-linear realization of the
Poincaré algebra via higher-order corrections to the quadratic free Hamiltonian. As Dirac said
in his work [93], the “real difficulty in the construction of a theory of a relativistic dynamical
system” lies in determining the interaction terms (the potentials) that are consistent with the

commutation relations of the Poincaré algebra.

30Chirality in the light-cone formulation is expected to correspond to self-duality in the covariant approach.
This correspondence is well established in lower-spin theories, such as self-dual Yang-Mills (SDYM) and self-
dual gravity (SDGR). See [123] for the formulation of Chiral theory as a self-duality constraint. A part of this
thesis is also devoted to make the connection between what was initially called chiral higher-spin theories and
self-dual theories more transparent.
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While the problem is conceptually straightforward, the challenge lies in performing a signif-
icant amount of computation to determine the correct form of the interactions. Once the free
field realization for massless higher-spin fields is in place, the analysis of the cubic constraints
gives a number of cubic interactions vertices. The coupling constants in front of them remain
free at this order, as well as the spectrum of fields cannot be fixed yet. As we will see, it is only
at the level of the quartic constraints that the spectrum of a theory begins to be constrained.

For simplicity, we will work in four dimensions. Although the assumption of 4d will not
affect the early stages of the analysis, it will become important later on. Spinning massless

fields in d-dimensional Minkowski space are described by irreps of the SO(d — 2) little group.

(d+s=5)!
sl(d—4)!

and s > 1, we have only 2 degrees of freedom, and this simplifies their description. For the

Totally symmetric fields carry (d + 2s — 4) propagating degrees of freedom. For d = 4

analysis of both massive and massless higher-spin fields in d-dimensions using oscillators, see
[128].

We refrain from discussing no-go results in the light-cone approach in this section as they
are delegated to Chapter 4.
Notations. We use both light-cone coordinates (in fact, double-null) and the light-cone gauge.

In flat spacetime, we adopt the 4d Minkowski metric with “mostly plus” signature

ot = (xo, x1,$2,$3) , nt = diag(—, +,+,+), (1.2.1)
ds® = —(dz°)* + (da')? + (do?)? + (dz®)?. (1.2.2)

We define light-cone coordinates as

x+:x3—|—$07 xi:x:g—xoy x:xl—mﬂ’ a_j:xl—i—ia:z’ (1.2.3)
V2 V2 V2 V2
9+ 0° 0 —0° ot +i0* - Ol —i0?
o —or =210 g g LT gL 5T (0
V2 V2 V2 V2
where the metric and the wave-operator become
ot = (2%, 27,2, 7), ds® = 2dxtde™ + daxde, = 2dxTdx™ + 2dxdz (1.2.5)
0 =9,0" = (2070~ + 0°9,) = 2(070~ + 90) . (1.2.6)
The light-front scalar product becomes
A,B*=AB*+A B +AB+AB=A"B"+ A"B” + AB+ AB, (1.2.7)

and our definitions for the derivatives imply

O =02t =0z=0z=1. (1.2.8)
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In the light-front, ™ is taken to be the time variable and 0~ is the time derivative. Moreover,
one assumes that 0 is always non-zero and therefore can be inverted as an operator. The
coordinate x~ defines the longitudinal direction, whereas ! and z2, or equivalently z and Z,

are the transverse directions. We also use the following shorthand notation:

d*r = dzdz, d*p = dpdp, (1.2.9)

Pr = de d*x, &p=dptd®p, (1.2.10)

0*(x —y) = d(z —y)o(z — 7)), *(p+q) =0(p+qd(p+q), (1.2.11)

Pz —y) =02 —y )8 (x —y), Fp+q) =0 +q")+q). (1.2.12)
In the following part of the introduction, Greek indices pu,v,... = 0,1,2,3 label 4d spacetime
coordinates; Latin indices a, b, ... = 1, 2 are reserved for the transverse directions; when needed,
i,7,k, ... =1,2,3 denote the standard spatial coordinates, with 2° as the time variable.

Massless spin-1 field. Before studying higher-spin fields in the light-front formulation, we
consider a simple example of a spin-1 field, which highlights three key features characteristic of

this approach. Starting from the Maxwell Lagrangian for a free spin-1 field
1
S = 1 / d'zF,, F" Fr = 9FAY — 0V A* | 0AF = oH¢ (1.2.13)
whose equations of motion are
o,F"" =0A" — 0"0,A” = 0. (1.2.14)

There are various ways to gauge fix the theory; two standard gauges are the Coulomb gauge
9'A; = 0 and the Lorentz gauge 9*A, = 0. Here we employ the light-cone gauge that consists
of setting A™ = 0. This directly eliminates one component of the gauge field and can be reached

by a suitable gauge transformation

AT — AT +07¢ = otE=—A" - £ = —FAJF (1.2.15)
The first remark is that this gauge can be achieved once we assume that the operator 9F is
invertible. Indeed, in the presence of zero modes (p™ = 0), when ¢ satisfies 0t¢ = 0, this
gauge cannot be reached. Therefore, when working in the light-cone gauge, we need to assume
0t #0 (pt #0). Notice that the problem of physical zero modes or topological obstructions
is typical of the gauge fixing procedure in general. Zero modes are subtle and can affect the
vacuum structure, the topological sectors, and quantisation. For a further look at the subtleties
with zero modes in the light-cone gauge, some discussion can be found in [126, 131-135]. From

now on, we will assume the operator 0% to be always invertible.
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Let us look at the equations of motion (1.2.14) in the “+” direction

O (OTA™ +09,A") =0 = A” = —g—jAa. (1.2.16)

As we see, no time derivatives are involved; hence the equation for A~ acts as a constraint rather

than a dynamical equation, implying that A~ is not a dynamical field. It is also important that

the action is quadratic in A~ (i.e. the path integral is Gaussian in A~). Therefore, solving the

classical equations of motion for A~, as above, is equivalent to performing the path integral
over A~ exactly.

The second remark is that the operator a%r has to be interpreted as the Green’s function of

the derivative operator 0. Explicitly, one can define [53, 99]

o (o)) =otean) = gotan) = [ardr sy, (1217

where €(z) is the sign function, and, in this context, x = {*, x,Z}. The non-local form of the
constraint is not problematic: the operator ai+ is well-defined as an integral operator.

Third and final remark is that the appearance of terms such as a% originates from the
elimination of non-dynamical fields and does not indicate any genuine physical non-locality.
They arise naturally when solving the constraint equations. While 0% is formally non-local in
x~, it remains causal in light-front time z*, and therefore does not violate physical locality.
Equivalently, this can be seen from momentum space: for any physical field, locally, one can
always choose a frame where p* > 0, so the operator p% is well-defined.3! In contrast, terms
involving 8%, or equivalently % or % do indicate genuine non-localities, even in light-cone gauge,
and would correspond to true non-local behavior when interpreted in a covariant framework.

Let us look at the equations of motion (1.2.14) in the transverse “a” direction
OA% — 9“(9A° + 0T A7) =0 — OA*~ 0, (1.2.18)

whereby ~ we indicate that the equation is valid on the solution of the equations of motion for

auxiliary fields (A~ in our case is an auxiliary field). Then the two components of A® describe

a massless vector field. Finally, looking at the equations of motion (1.2.14) in the “—” direction
OA™ — 0 (0,A° +07A7) =0 — O0A™ ~ &DA“ ~0 (1.2.19)
b = ~ ot ~ U, 2

we see that this condition is automatically satisfied. Thus, in the light-front formulation, a
spin-1 field is described by a massless vector A’ satisfying the Klein-Gordon equation (1.2.18).

Equivalently, it can be represented by two complex conjugate scalar fields A and A, correspond-

31This is entirely analogous to Coulomb gauge (9°A; = 0), where solving Gauss’s law expresses the electric

field (and the Coulomb potential) in terms of an instantaneous non-local kernel \fiﬁl'
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ing to helicities +1 and —1. The action can then be rewritten in the form

1 _
S = -5 /d‘*x&uA“a“Aa = - /d4:cADA. (1.2.20)
Light-front gauge from Fronsdal fields. We start from the off-shell Fronsdal massless
spin-s field
¢M(S) ’ ¢prw(s—4) =0, 5¢u(8) — augu(s—l) 7 SVVM(S—S) =0, (1.2.21)

and its equations of motion

—1
ls) — Dqgu(S) — sO* (8,,¢”“(5_1) _ S 5 au¢yvu(s—2)> =0, (1.2.22)
where we used the standard notation
0 0 0
w(s) — (pu1pa...pos) = R

to denote symmetric tensors. Fixing the light-cone gauge amounts to setting to zero all off-shell
fields ¢**) that have at least one upper “+” index

ot =0, (1.2.24)

First, let us observe that the light-cone gauge above can always be reached. Indeed, it amounts
to finding a £ such that

O (s = DOETHETD) = —gtrlTD, (1.2.25)

This can be reached step by step, starting by fixing £+ up to £&*¢=1. For example, for the

spin-1 case, we find as before
1
£ = _8_+¢+’ (1.2.26)
while for spin-2, we first set to zero ¢™ by using £* as

1

€+ — —26—+¢++, (1227)
and then set to zero ¢ by using £* as
1 o+
e = —r (¢+ﬂ — 26_+¢++) , (1.2.28)

and so on for the generic spin-s massless field. As before, this gauge can be reached only if we
assume the operator 9 to be invertible everywhere; then we assume there are no zero modes.

We know that in four dimensions, massless fields propagate only two physical degrees of
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freedom — the two helicity states, corresponding to positive and negative helicity. In the light-
cone gauge, not all components of the field are set to zero explicitly. Many field components
are eliminated via their equations of motion. Only two components remain dynamical. As we
now discuss, all other components can be expressed in terms of the two physical helicity states
by solving the non-dynamical equations of motion, i.e. the constraints.

The components of the equation of motions (1.2.22) with two “+” after imposing the gauge
(1.2.24) give

o0t 0 = ¢, MY = 0 = ¢, =0, (1.2.29)

Traceless symmetric two-dimensional tensors, such as ¢**), have only 2 non-vanishing compo-

nents, which we denote

¢ =¢", ¢ =" (1.2.30)

where we use the indices x and x to denote the transverse directions in terms of the two complex
conjugate variables. For real Fronsdal fields, these are complex conjugate to each other, and
they correspond to the two physical helicity +s and —s states. The components of (1.2.22)
with only one “+” give

aJray(by,u(sfl) ~ 0 _— 8V¢V“(571) ~ O, (1231)

so the field is also transverse. Focusing on u with values in the transverse directions, we obtain

—a(s— alS— —a(s— ab alSs—

ot 4 gyebals—1) x — d*D & _a—+¢b (s=1) (1.2.32)
This implies that on-shell ¢ with a single “—” can be expressed in terms of the two independent

fields we introduce in (1.2.30). We can continue considering one more “—” index as
a+¢——a(s—2) +90 ¢—ba(s—2) ~ 0 —_— ¢——a(s—2) ~ _@¢—ba(s—2) (1 2 33)

b ~ ~ aJr . L.
Then using (1.2.32) we get
——a(s— ab ’ a(s—

p D) (a_+> PpPrals=2) (1.2.34)

then can be expressed in terms of ¢™*. We can proceed like this iteratively, and we find in

general that

—(n)als—n ab " n)a(s—n
o >%(_a_+) gHmalsn) (1.2.35)

This finally shows that each component of the Fronsdal field that was not gauged away by
(1.2.24) can be expressed in terms of the two dynamical fields ¢=*. The dynamical fields satisfy
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the Klein-Gordon equations
O¢™ =0, (1.2.36)

which is the easiest way to see what the Fronsdal action reduces to. Finally, if we substitute
the terms ¢** into the Fronsdal action

S

1 —1
S = 5 /d4x %(S)Gu(s) 4], GHs) [¢] = ) %nuupy vi(s—2) 7 (1.2.37)

we get

S=-1 /d4xau¢_58“qb+8. (1.2.38)

Let us emphasize that, although the fields ¢~* and ¢ resemble scalar fields®*?, only ¢° trans-
forms as a scalar under Lorentz transformations. The other fields transform differently, as we
will briefly discuss in the following section.

Notice that starting from any covariant formulation, we should find the same light-front
formulation. For instance, by starting from the chiral formulation used in [122], we find the
same result.

Basics of the light-front approach. Quantum field theory in flat spacetime has a rigorous
definition and requires a Hilbert space endowed with a unitary action of the Poincaré algebra.
The generators of the 4d Poincaré algebra iso(3,1) are the four momenta P* and the six

operators J* which combine angular momentum L° and Lorentz boost K* accordingly to

) 1 .., . ) )
L' = ée”kﬂk, K'=J%. (1.2.39)

The commutation relations (to be realized via Poisson brackets in classical theory and via

commutators in quantum theory) defining the algebra are

[P, P =0, (1.2.40a)
[JH, PP] = Phy? — PV, (1.2.40b)
[JH2, JPO) = JHoq e — JUOpp — T g e (1.2.40¢)

There are two main frameworks to quantise a field theory:

e The Lagrangian formalism is a manifestly covariant approach. Starting from a Lagrangian
density, and consequently an action functional, quantisation can be performed covariantly
via the path integral formulation. In the case of gauge theories, gauge fixing is required to
define the functional integral properly. To preserve covariance and systematically handle

gauge symmetries, one typically employs BRST-BV quantisation methods.

e The Hamiltonian formalism [136, 137] breaks manifest covariance due to the choice of a

32For our purposes, we will treat them as if they are scalar fields, complex conjugate of each other.
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hypersurface on which quantisation is performed. Quantisation proceeds via the canonical
quantisation. This framework is particularly well-suited to the light-front quantisation.
Moreover, the Hamiltonian formalism offers greater control over constrained systems and
provides an explicit description of time evolution. In what follows, we adopt this Hamil-

tonian perspective.

Canonical quantisation consists of postulating equal-time commutation relations between the
fields and their conjugate momenta. This procedure requires selecting a hypersurface ¥ (at
fixed time) on which the initial data are defined and from which the evolution of the system is
determined. This choice induces a foliation of spacetime into space-like or light-like (as in the
light-front approach) hypersurfaces, each characterized by a normal vector 7 that is time-like
or light-like, respectively.

To ensure causality, the hypersurface must intersect every physical world-line once and only
once, so as to guarantee both the existence and uniqueness of the evolution. The particular
choice of this surface leads to different quantisation schemes [93], each associated with a distinct
stability subgroup of the Poincaré group, i.e. the subgroup of symmetries that leaves the hyper-
surface invariant. The generators associated with the stability group are called kinematical (K)
and do not receive any corrections due to interactions, while the others are called dynamical
(D) generators.

The canonical equal-time quantisation uses t = ty as a choice for the space-like hypersur-
face ¥; upon which to quantise. The stability group of a space-like hypersurface consists of
spatial rotations L’ and translations P!. Instead, all boosts K* and time translations P’ = H
affect time; as a consequence, they do not preserve the surface, and they receive contributions
from interactions. Therefore, out of the 10 Poincaré generators, we have 6 kinematical and 4
dynamical ones.

The light-front quantisation instead uses a light-like hypersurface, given by the choice of
2t = const that becomes our “time” direction, and the new Hamiltonian is H = P~. This, of
all five possible quantisations [94], is the one with the least number of dynamical generators.
There are just three of them. Below is the list of the kinematical and dynamical generators of

iso(3,1) we will have to work with:

Kinematical: Pt pe, gt gt g 7. (1.2.41)

Dynamical: P~ Je 3. (1.2.42)

The time evolution of any operator G is determined by the Hamiltonian as G = -G =
i[H,G]. Therefore, if the Poincaré algebra relations are satisfied at the initial light-cone time

2T = 0, then they are satisfied at all times. As a consequence, generators that have an explicit

2" dependence like

Jt=z0"—atP, Jr =2%9" — 2o, (1.2.43)
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should be declared to be kinematical, as we indeed have done above, since the dynamical part
vanishes at 7 = 0. The " dependence can then be reconstructed by using the equations of
motion.

Each generator can be decomposed as G = Gy + Gy, where G5 denotes the free part
(quadratic in the fields) and Gy, encodes the interactions (higher-order in the fields). By
definition, the kinematical generators are fixed to their free expressions and do not receive
any corrections from interactions (they do not evolve with time). In contrast, the dynamical
generators do get G;,; contributions, but not arbitrary ones. Their form is highly constrained
by the requirement that the full algebra of generators — kinematical and dynamical — must
be preserved at all orders in the interaction expansion.

The explicit form of all commutation relations in the light-front can be seen in [6]. The

simplest type of commutator is
[K,K|]=K, (1.2.44)

and they are automatically satisfied at the non-linear level. Two more types of commutators

are
[K,D|]=K = [K,D;yu]=0, [K,D]=D = [K,Dju| = Din. (1.2.45)

Both of them result in linear differential equations on the deformation D;,;, and will be called
kinematical constraints. These can be easily solved exactly for D;,; at any order, and they will

restrict the form of the dynamical generators. The last type of commutator is
[D,D]=0 = explicitly: [J*,J]=0, [J*,P7|=0, (1.2.46)

and are the most difficult to solve, and the main challenge of the light-front deformation pro-
cedure. These are called dynamical constraints.

Free action and canonical quantisation. In four dimensions, all massless spinning fields
have two degrees of freedom, i.e. effectively they are made by two scalar fields — except for the
scalar field itself. We denote ¢* and ¢, the helicity +\ and —\ scalar fields??, respectively. As
we have seen, this can be achieved starting from a covariant formulation, such as the Fronsdal
action, and then going to the light-cone gauge. However, we must remember that the light-front
formulation exists on its own. We then start from the free action.

The free action for a generic helicity A massless field is (here, it is convenient to abbreviate

6= 6% and = )
si= [don=—} [0600da == [ (0%60+ 0% 66+ V() de, (1247

where V(¢) = (0,60°¢). Since the Lagrangian is linear in the velocities, we cannot solve for

33In the light-front literature, the helicity is more commonly denoted by A\. We will adopt this notation from
now on.
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the momenta IT and II. At this point, an even simpler model is to take a single real scalar field
s,= [dota=—4 [o000da—— [ (96 vie)da, (249

where V(¢) = $(8,00¢). Since we cannot solve for the velocity ¢, we find a primary constraint:

O(x) = I(z) — oL _ M(z) + 0T ¢(z), (1.2.49)

and the “naive” canonical Poisson brackets are then

[¢(‘T7 $+>, H<y7 y+)]m+=y+ = 63(«1' - y) s (1250)

where we have defined x = {z~,x,Z}. The (extended) Hamiltonian is given by

Hy = /dgx [V (6) + u(x)®(z)], (1.2.51)

where one needs to integrate over the equal-time z™ hypersurfaces. In fact, we do not have a
single constraint, but infinitely many of them, parameterized by the space point . The (now

in plural) constraints are second class
(), (y)] = [[(x), *6(y)] + [0*6(x), TT(y)] = 207 8 (x — ). (1.2.52)

The factor of two above is crucial!l Basically, the constraints “want” us to identify Il with
—0%¢. A way to do it is to reduce everything to the constraint surface and to compute the

Dirac bracket. For a general system of second class constraints ®, one has
[F,G]p = [F,G] — [F, ®,]C*"[®s,G], (1.2.53)

where C® is the inverse of [®,, Ps]. In our case, the inverse has the kernel $(87)'6(z — y),
with (07)~! understood as discussed above. The net effect is that the Dirac bracket differs

from the naive one by a factor of two

[¢($, $+)7 H(y> y+)]x+:y+ = %53(37 - y) ’ (1254)

and we can interpret ® as —0"¢. Curiously enough, one finds also

[¢($7 IJF)? ¢<y7 y+)]x+:y+ = L53(x - y) ) (1255)

while in the initial system ¢(x) were commuting to zero, of course. Coming back to the higher-
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spin fields, we find

06 ,04), 670y sy = 500w — ) (1250

or, equivalently

1

A,—s 53 o
oo —8;6 0 (z—vy). (1.2.57)

[QSA(:E? l’+), ¢S(y7 y+)]x+:y+ =
As standard in the Hamiltonian formulation, the Dirac bracket above gives the equation of

motion, and then the time evolution of the system via
F(¢) = 0" F(¢) = [F(¢), Hy]. (1.2.58)

In particular, for F(¢) = ¢*(x) we have

06 (@) = [6*(a), Ho) = ~ 906\ (x). (1.259)

The Poisson bracket with the factor of % just derived will be used many times in the text below.
Free field realisations. At this point, we can find a field realisation of the Poincaré algebra
on the “scalar” field ¢*, see e.g. [138] for an excellent review of many aspects of the light-cone

formulation. The standard linear free field realisation of the Poincaré algebra (1.2.40a) is
[2",0"] = =",  Pr.or =0, TN = (210 — 20" 4+ SM)¢t,  (1.2.60)

where S* is the spin part of the angular momentum. It is straightforward to check that this

realisation does satisfy the Poincaré algebra. In the light-cone gauge, we require
SJﬁu . ¢)\ — O, SHY . aﬂ(ﬁ)\ — O’ (1261)

where the first condition tells us that the only non-zero components of S¥* are S**, S*~, and
S%=. The second condition tells us that we can express the components of S*~ and S*~ in

terms of S** as

0 _ 0
SN = =5 g, 57N = 5 (1.2.62)

Then, the helicity representation is specified by the action of S** generating the Wigner little
group

ST = — AP, (1.2.63)
where ) is the helicity of the field. There is a formal way to prove that S** does really correspond

to the helicity operator and then A to the helicity, defined as the proportionality coefficients
between the Pauli-Lubanski pseudovector W# and the momenta P*; see Appendix B of [130]
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for a clear explanation. Notice that the fact that the field transforms non-trivially under S** is
what distinguishes a scalar field from a spinning field. We can go through the same argument
starting from the complex conjugate field ¢—.

The free action (1.2.47) is Poincaré invariant, by checking it is invariant under the transfor-

mations (1.2.60). We can read the Noether current associated with them:

JL )
P - = Z 5 V(;/\ A — P Ly (1.2.64)

JH [P = x“T”’p — g"THP 4 RMP (1.2.65)

where T"" is the energy-momentum tensor and L*** the angular-momentum tensor, with R****

the spin part
(5L2
RMP = St 1.2.66
=255 (1.2.66)

The Noether charges can be found by integrating over a fixed-time hypersurface as
P = [, wr = [ darmr, (1.2.67)
and explicitly, they read as

==Y / Bzt e pho JE = Z / Brdt e o (1.2.68)
A

The terms ph and j4” above correspond to the free field realisation (1.2.60) of the Poincaré

algebra rewritten in light-cone coordinates. The kinematical operators are

ps =0", p2 =10, Pr =0, (1.2.69a)
j3t = 2ot Jot = x0T, Jy T =—2"0", (1.2.69b)
J5" =20 + 70 — A, (1.2.69¢)

and the dynamical generators are
Py =hy = —— Jo = —r——x 0+ A JiT = —T——ax 0—A=. (1.2.70)

As it should be, the charges generate the algebra via the commutator (still the Poisson bracket,

in fact):
[0, Py] = pho*, (0%, J5*] = 38" 9™, (1.2.71)

where for p, = hy and P, = H, we correctly reproduce the Hamiltonian evolution.
Momentum space. In the core of the thesis, we will work with fields in the momentum

space. We introduce here the notation and conventions for the Fourier transformations with



1.2. HIGHER-SPIN INTERACTIONS IN THE LIGHT-FRONT 29

respect to £~ and the transverse directions x and x as

o(x,x%) = g/gb @ p ) gy, (1.2.72)

o(p, 3 /gb z, at)e 1@ ) By, (1.2.73)

followed by a change of variables p = iq, in order to avoid complex i factors around. Effectively,

the Fourier transform amounts to the replacement

0 — = —% (1.2.74)
m

and by analogy with the coordinate space, we denote ¢ = {q¢™, ¢, }. We also adopt the notation

¢y = Mg, q.q, 2 =0). (1.2.75)

The free field realisation of the kinematical Poincaré generators becomes*

ps =8, p2=q, P2=4q, (1.2.76a)
0 . 0 0
+ _ _ 7 S0 s i~ o =
— ﬁag’ J2 6aq’ Js Ng—1 8ﬁ5’ (1.2.76b)
= N, — N; — \, (1.2.76¢)

where N, = ¢0, and N; = q0; are the Euler operators. The dynamical generators are

qq - 04qq 0 q = 04qq 0 q
9 S g - _ 99, o0 \4 1.2.77
50 Tagstiaptre Taiptiggp g (LR

The equal-time commutator in terms of the Fourier transformed fields becomes

h2:_

65, 03] = 5*‘3%, (1.2.78)
and the Noether charges, by the Fourier transform of (1.2.68), take the form
Z/d3qd3p53 q+p)p* 0, b (q,0,); (1.2.79)
=3 [ @aps s i 0,006}, (12:50)
where once we solve for the delta function §%(q + p) we get
Q¢ = /d?’qug(?g(q, Og) by - (1.2.81)

34Following standard notations in the light-cone, we rename § = p+.
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This is the general form of the Poincaré charges, where ¢ is the generator of the Poincaré algebra
associated with a Killing vector . For £* = a* and &* = 0"z, we recover the standard free
charges.

The Poincaré algebra is realised via the commutator in the usual way

Sedy = (65, Qe) - (1.2.82)

Notice that the action of the free charges differs from (1.2.60)-(1.2.63). This is the case because
we realised the symmetries on the hypersurface at * = 0, then the 2% dependence disappears.
The action of a generator realised on an equal-time surface with zt # 0 is related to its
realization at 27 = 0 through the Hamiltonian equations of motion.

Notice that due to the nontrivial integration measure ¢* in (1.2.81), the conjugate operators

are defined as .

= —q—+OT(—q)q+, (1.2.83)
where the transposed operator is defined as usual via integration by parts, e.g. ¢© = ¢, 8}; =
—0d,. In particular, the generators of the Poincaré algebra are Hermitian O = O, like p' = p.

Using the Dirac bracket (1.2.78) and
a1 Ay Lot A
Je) = 505% + 505% = 0o, (1.2.84)
for Hermitian operators, one can verify that the following is satisfied:

[Qe, Q] = Qe » [0¢, 6] = Oje . - (1.2.85)

This relation implies that the algebra satisfied by the charges is the same as the one realised by
the symmetry generators (i.e. the Killing vectors £). A useful formula that is used to compute
the constraints is 9

F(0),Qd) = [ dvOc(w)o 55 F(6). (1.2
This section provided the essential toolkit needed to understand, compute, and analyse both the
kinematical and dynamical constraints. However, we will not solve these constraints explicitly
here. Instead, our focus will be on examining the results and offering a series of observations.
For a detailed treatment of the explicit solutions, we refer the reader to [6, 123, 130], as well
as to the introduction of Chapter 4.
Deformation procedure. To start the light-front deformation procedure, we need a general
ansatz for the dynamical generators at the interacting level. The three dynamical generators
take the form

H=P =Hy+» H,, J"=J5+Y Jo, J =J +> J, (1.2.87)
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where
0= Y [ @0 s (S a)ut oy o (1.2.38)
i %
=3 g ()t - i (S )k e, 28
A i /

J

oq;
Ji = ; / g 8 (D a) [0 - %h‘ii’!fi’fi"n (> a%ﬂ Gui O (1.2.90)

J

To simplify notation, we denote the densities®® as
O Jn = 337 Jn = 337 (1.2.91)

All the effort is now devoted to constraining — and, when possible, determining — the precise
structure of these densities.

Let us now make a few remarks concerning this specific choice of generators:

e The delta function imposes the conservation of the total momenta ¢t and transverse

momenta ¢ and § as a consequence of the translation invariance imposed by P and P4.

e The operators h,, j, and j, do all depend on transversal momenta ¢;,q and ¢, but
not on the time z* and, hence, its momenta ¢; since we need to construct generators at

xt =0 only.

e For cubic vertices, the combination ¢;g; can be eliminated via a field redefinition

ha(qs) = — 2% (1.2.92)

Bi
At the cubic level, a field redefinition is closely related to going on-shell (i.e. setting Hy =
0). However, this equivalence no longer holds at higher orders. For a detailed discussion

of field redefinitions within the Hamiltonian light-front framework, see Appendix B of
[128].

e The explicit h,, correction to both J*~ and J* is a trick which slightly simplifies the

remaining kinematical constraints for j, and j,.

e The form of the three densities h,, j,, and j, is not only tightly constrained by both

kinematical and dynamical constraints, but, most importantly, is constrained by locality.

The locality requirement rules out any terms involving % or/and %, which would introduce

1
B

naturally arise from solving the equations of motion and do not signal physical non-

genuine non-localities. However, as previously noted, terms like % are allowed, since they

locality. Furthermore, permitting more severe forms of non-locality — such as dividing

35We call them densities because we integrate them.
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by the free Hamiltonian HLQ — would trivialise the deformation procedure, in the sense

that any interaction would appear to be consistent.

We can rewrite the dynamical constraints (1.2.46) as

(77, T =0 — s I =15, il = > e Jy), (1.2.93)
1,7>2
i+j=n+2

[J%, Hy] =0 — [T~ Ha) = [Ha, Ji )= > [Hi Ji]. (1.2.94)
z+Zj7]:>nQ—&-2

Interestingly, in Appendix B of [6], it was proved that the [J%, J°"| = 0 constraint is auto-
matically satisfied provided that the [J%~, Hy] = 0 constraint is solved and J*~ is solved for in
terms of H at any given order.

Kinematical constraints. These constraints can be solved exactly. Those involving P and
P4 are solved by the delta functions enforcing momentum conservation. The analysis of the
remaining kinematical constraints can be found in [6]. The outcome is that all densities must

depend on specific combinations of momenta, denoted P;;, defined as
Pij = @b — 4;bi Py = @85 — @5 (1.2.95)

where ]T”Z-j = —Pﬁ and P;; = —P;;. In four dimensions, there are N — 2 such independent
variables for an N-point function. Once these N — 2 independent variables are chosen, the

kinematical constraints require that the densities be expressed in the following form:

hn hn(]P)ija]pij?Bk) 3 (1296)

In(Pii P, Br) same for 7, . (1.2.97)

Jn

We also find the following homogeneity conditions

B HP —H#P =) N, HP + #P = —#8, (1.2.98)
k

i HP—H#P = N — 1, #HP + #P = —#0, (1.2.99)
k

o #P—#P =D Ne+1, HP + #P = —#3. (1.2.100)
k

Cubic Dynamical constraints. The cubic dynamical constraints determine the form of the
cubic vertices, up to an overall coefficient — the coupling constant. For three-point vertices,
with N = 3, there is only one independent variable P and one P. In particular, after imposing
momentum conservation, we find

Pip =Py =P5 =P = (51 - 52)(]3 + (52 - ﬁ:s)(h =+ (53 - 51)(]2] ) (1-2-101)

W
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and the same for P. Both P and P are cyclic invariant, then oy93P = P, and 093P = P.

The restriction to the cubic order of the dynamical constraint (1.2.94) is

[H,J7)| = [Hs, J57] = [J5~ Ha] = 0. (1.2.102)

This can be solved, and leads to the classification of cubic vertices in the light-cone gauge:

IVRVSVIN A—A1,—A2,—A P~ uzs
h)\1,>\2,>\3 =7 M oha oAz + T [ R v V) (1'2'103)
1 B2° 03 By By 2P
' 2 ohands BT s (1.2.104)
I ds = 5 e B 2.
o =3O Gy
j 2 Ghda =y _ P AN (1.2.105)
jA 7)\ ’>\ —_ — ) ) — — — ) ) , 2.
1,A2,A3 3 BIA162>\253>\3
with Aoz = A\ + A2 + A3 and we defined
AN A28 — /81<)\2 _ )\3) + ﬁQ(/\ia — /\1) + /83<)\1 — )\2) , (12106)

while C' and C are the holomorphic and anti-holomorphic coupling constants, respectively.

Some observations are in order:

e An interesting feature of the cubic interactions, which is hard to see in any covariant de-
scription, is that the vertices split into holomorphic, P-dependent, and anti-holomorphic,
P-dependent. Indeed, field redefinition at the cubic level (1.2.92) allows one to eliminate
any power of PP ~ H, (via an appropriate canonical transformation) but not P or P
separately. Covariant descriptions usually lead to some PP-terms by default. This split
is fundamental for identifying the chiral higher-spin theory, as it isolates the two distinct

chiral sectors of the cubic vertices.

e The dynamical information about the theory is encoded in the coupling constants C*1-A2:A3

and C~2=22=23 Note that A\ +Ay+ A3 > 0 for C**228 ynless \; = 0 and A\ +X\y+ A3 < 0
for C~*1=227% ynless \; = 0%¢. There is a unique \; = 0 vertex, which corresponds to

(¢°)3. Tt is a matter of choice where to put this scalar cubic self-interaction, into C' or C'.

e To have the right dimension, we should set

C)\l,/\z,)\s — (£P>/\l+)\2+>‘3*1c)‘1’)‘27/\3 (12107)

)

where ¢ are dimensionless and /p is some constant of length. Any choice of ¢ leads to a

theory that is consistent up to the cubic order. At this order, all interactions do not feel

36These constraints on the helicities arise from the light-front locality condition, which forbids inverse powers
of g and ¢q. In terms of P and P, this translates into the requirement that only non-negative powers of P and P
are allowed.
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each other’s presence since the constraint (1.2.102) is a linear equation with respect to

Hj, J3, i.e. any linear combination of solutions is a solution again.

e Let us notice that even if in (1.2.103)-(1.2.105) we displayed both the value of the Hamil-
tonian and the boost densities, the latter are not independent from the former, and we
can always find j, and j, starting from h,. Conceptually, this is clear; the theory must
be completely specified by the form of the Hamiltonian H, and the boosts J*~ and J*~

must follow from it.3”

Light-front vs covariant cubic vertices. The classification of light-front cubic vertices is
given in equation (1.2.103). A parallel classification exists in covariant approaches; for our
purposes, we refer the reader to [112, 120]. The literature on the subject is extensive — for a
slightly broader overview, see also the references in [6]. In the covariant (Fronsdal) formalism,
one generically has two cubic vertices (this holds specifically in 4d) for any triplet of spins
in 4d. As we can see from (1.2.103), there exists a specific vertex hy, i, , for every possible
combination of helicities (A1, A2, A3). Therefore, the two classifications do not coincide: the
light-front approach allows for a broader set of vertices. This mismatch can be attributed to
two reasons. First, in covariant approaches, the existence of interactions heavily depends on
the field content; for example, the local electromagnetic interaction mediated by A, would look

non-local in terms of the field strength F},,, i.e. we cannot realize the minimal electromagnetic

s
interaction with F},, provided the locality is under control. Second, the notion of locality
between the two formalisms can differ. Indeed, some light-front vertices can be written in
covariant form only at the cost of introducing some non-localities [139].

To clearly illustrate the difference between the two approaches, we can list, for each triplet
of spins® (sy, s9,53), the possible number of interaction vertices in both frameworks. In the
light-front approach, one can distinguish between different types of vertices using the total
helicity sum |A; + Ay + A3| , which corresponds to the total power of P or P. In coordinate
space, this translates to the total number of derivatives appearing in the vertex (whenever it
has a realization via the Fronsdal field). Instead, in the covariant approach, we can write the
total number of derivatives. In the light-front approach, we have the following independent

vertices with P

(481, +52,+53), (+51,+52, —53), (+51, —82, +53),

(1.2.108)
(_817 + 52, +S3) ) (+817 —S2, _83) )

and similarly for the P-vertices, where all signs have to be flipped. Let us order spins as
S1 > Sy > s3. It is important that the last (+ — —)-configuration is only available when
S1 > S9 + s3, while the second to last is when s; < so + s3. Therefore, we always have four

P-vertices. These are, however, not real and are not parity invariant on their own. Remember

37The procedure to extract j, and 7, once h,, is known is described in section 3.1 of [127].
38By spin we refer to the modulus of the helicity, s = |A|. Hence, s is always positive, with A = £s.
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that parity has the following effect
P(¢M) = ¢, P(CY) =0, P(P)=P. (1.2.109)

Therefore, to have parity invariant vertices, the independent vertices with opposite helicities
must both be present and with the same coupling constant. This yields 4 parity invariant
vertices.

In contrast, in the covariant formulation, there exist only two vertices. With s; > s9 > s3

we find the following helicity configurations:
(—|—81, +82, —I—Sg) D (—81, —S89, —83) s (—|—$1, +82, —83) D (—51, —S89, —|—83) . (12110)

For a more detailed account of the various types of vertices — such as current interactions,
abelian vertices, and, most notably, the non-abelian ones — see [6, 120]. In particular, one can
see the two-derivative gravitational interactions corresponding to (+s, —s, +2) and (—s, +s, —2)
helicity configurations.

Let us also point out that the classification of the vertices coincides with the one that
can be quite easily obtained in the spinor-helicity formalism. However, there is an important
distinction. In the light-front approach, the vertices (1.2.103) are actual densities, used to
construct the interacting Hamiltonian of the system. As such, they carry off-shell information
— something not accessible in the purely on-shell spinor-helicity framework [140, 141]. This
justifies the more involved procedure required to derive them.

Quartic-order, Metsaev solution and Chiral higher-spin theory. The first challenging
constraint comes at the quartic order. It is at the quartic order that the spectrum of a theory

gets fixed, as well as all the cubic couplings. The constraint (1.2.94) at the quartic order is

A remarkable property of (1.2.111) observed in [4] is that the chiral sectors receive no contri-
bution from H, and J§~.3° In other words, there are two closed subsystems of equations, for
CC and for CC, that are independent of higher orders:

[Hy(B), J3~] = 0, [Hy(P), J3] = 0. (1.2.112)

These equations are very constraining, especially for higher-spin fields. Solving the holomorphic
(CCO) or anti-holomorphic (CC) constraint allows one to find the allowed spectrum and cubic
vertices and to fix all the couplings C***2:*3, This is the Metsaev solution, originally discovered
by Metsaev in [4, 5]. However, it was only in [6] that it was realized that, by truncating

the theory to a single chiral sector — either holomorphic or anti-holomorphic — the resulting

39This becomes clear by analyzing the homogeneity degree in ¢ and G of the various subsectors of the com-
mutators, and observing that the chiral sectors decouple and must be consistent independently of the quartic
generators.
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theory becomes consistent at all orders on its own, without the need for higher-order interaction
vertices.

The Metsaev solution completely determines all cubic couplings to take the following form:

A123—1 B ) \A123—1
(gp) C>\1,/\2,)\3 — (€p> (12113)

C/\1,)\2,>\3 _ )
LA+ A2+ A3)’ C(A1 + A2 + A3)

Moreover, if one requires the theory to be unitary and parity invariant, the coupling constants

above must satisfy the relation:
Cheds = (CMA2As s (1.2.114)

This condition then requires the inclusion of higher-point vertices, in addition to the cubic ones,
in order to ensure the consistency of the theory. In the final chapter, we will analyse the full
quartic constraint and study the quartic vertices.

Chiral higher-spin theory is defined as the maximal consistent theory that includes all cubic
vertices of a single chirality (practically speaking, we mean that it includes only C' or only
C couplings, i.e. the total helicity in every vertex is either positive, for the chiral theory, or
negative, for the anti-chiral one) — either holomorphic or anti-holomorphic. When fields are
assumed to transform in a specific representation (which we will discuss in more detail later in
the thesis) of a gauge group G, all such chiral vertices are activated. In the absence of a gauge
group, only the vertices with an even number of derivatives — i.e. those for which |[A; 4+ Ao+ As]
is even — are allowed, as a consequence of the symmetry property of the cubic vertices.
Simple actions for chiral theories. Using the cubic vertices (1.2.103) we can write down
in a simple way some consistent to all orders cubic actions. The action for SDYM in the

light-front, which was first given by Chalmers and Siegel in [142], is

S :/d3q1 dSQQ 53(Q1 + q2)(¢;11)aq;_§2(¢é2>a

B, (1.2.115)
+ /d3Q1 Pgy d*q36° (1 + 2 + QS)gfabc@[gza( ;1)(1( ;)b((b;)c,

where g ~ b1~ is the SDYM coupling constant and f. is the structure constant of some Lie
algebra g. By varying (1.2.115) with respect to ¢!, we obtain the SDYM equations of motion
for the helicity 41 field in the light-front. Once rewritten in the coordinate representation, we

get

26 (D)o = 26 (606 (0)) = 0. (12.116)

where we used the antisymmetry of f,;. to simplify the result.
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The action for SDGR in the light-front was also given by Chalmers and Siegel in [142], is

—92 Q2q_2 2
q1 52

+ /dgfh d*qy d*qs 53((]1 + g2+ q3)g

S :/dgfh d3Q2 53(% + ¢2)
(1.2.117)

m?ﬁ?’ o

where g ~ C%%72 is the SDGR coupling constant. By varying (1.2.117) with respect to ¢—2, we

obtain the SDGR equations of motion for the helicity +2 field in the light-front. Once rewritten

in the coordinate representation, we get

(©)6%(0) = 56 (0) g 0%(0)) = 0. (12.118)

D) + 2000 (555

The action for a general chiral higher-spin theory in the light-front is

_ C]2QQ
Z/d3(11 g2 6% (1 + @2) by, By -
A123

P
S / R A e Tl
A1,A2,A3 2

(1.2.119)

where A\jgg = A\j 4+ Ao + A3 and C*1*2% denote the coupling constants of the theory, which must
be properly fixed in the case of a specific chiral higher-spin theory. A more detailed discussion

of this point will be provided in the core of the thesis.



38

CHAPTER 1. INTRODUCTION



Chapter 2

On classification of (self-dual)

higher-spin gravities in flat space

Abstract: There! is a great number of higher-spin gravities in 3d that can have both finite
and infinite spectra of fields and can be formulated as Chern-Simons theories. It was believed
that this is impossible in higher dimensions, where higher-spin fields do have propagating
degrees of freedom. We show that there are infinitely many higher-spin theories in the 4d flat
space featuring nontrivial local interactions that can have either a finite or infinite number of
fields. We classify all one- and two-derivative (i.e. with gauge and gravitational interactions)
higher-spin theories by solving the holomorphic constraint in the light-cone gauge obtained by
Metsaev. Therefore, these theories are consistent subsectors of the higher-spin extensions of

self-dual Yang-Mills/gravity, which in turn are truncations of the chiral higher-spin gravity.

IThe content of this chapter is identical to the content of the paper.

39
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2.1 Introduction

The basic idea of looking for extensions of gravity by massless fields with higher spins dates
back to at least as early as [80]. The first candidate spectrum of a higher-spin theory was
proposed in [45] and contains massless fields of all spins from 0 to co. It was obtained via
the representation theory of the AdS,; symmetry group, which, in modern terms, corresponds
to working out the spectrum of single-trace operators in the free vector model and using the
AdS/CFT dictionary to read off the spectrum of the dual theory. It also came with the idea
[143] that interactions of higher-spin fields have something to do with the scattering of dipoles
— bilinears in the free fields — on the boundary of AdS,, which was a precursor to the modern
AdS/CFT duality with vector models on the boundary, see e.g. [144-148].

Despite the above mentioned initial input, where it is AdS; and not the flat space that
played a role, the systematic study of possible interactions had first been started in the light-
front approach? by Bengtsson, Bengtsson and Brink [1-3] in the flat space with the complete
classification of cubic vertices obtained in [3]. Around the same time, the first covariant cubic
vertices had been found in [110, 113], where it also became evident that the smallest spectrum
of fields to admit consistent interactions has to be infinite and unbounded in spin. One cannot
help mentioning numerous no-go theorems, most notably the Weinberg low energy theorem
[149] and the Coleman-Mandula theorem [150] that seem to shut down the whole higher-spin
idea. Analogues of both Weinberg’s and Coleman-Mandula theorems can be extended to AdS,
[151-156].% However, these results mostly indicate that higher-spin theories should be integrable
in some sense, in particular, the S-matrix must be trivial or simple enough, rather than telling
anything about the (non)-existence of these theories as field theories.

The present understanding of the problem of higher-spin interactions is that it is difficult for
the masslessness of higher-spin fields to coexist with the usual requirements of locality within
the field theory approach.? This problem is insensitive to the sign of the cosmological constant.
However, it takes a rather technical argument to see how the construction of interactions order
by order breaks down in the flat space, see e.g. [112, 123, 157], while it is much easier to arrive

at the same conclusion for the negative cosmological constant by using AdS/CFT [158-161],

2Introduced in a seminal paper by Dirac [93].

3The initial impulse towards anti-de Sitter space [118] was triggered by the fact that these analogues had
not yet been available and by the encouraging result [118] on the construction of “gravitational interactions”
of higher-spin fields that avoid the no-go of [116]. However, the cubic gravitational interactions in the flat
space were also constructed with the help of the light-front approach, the same year, as a part of the complete
classification [3]. As discussed in [122], the “non-existence” of the gravitational interactions for higher-spin fields
in flat space [116] is related to a somewhat degenerate nature of the description based on symmetric (Fronsdal)
fields and is not an invariant statement about higher-spin fields. In particular, the “gravitational” interaction
of [118] is a linear combination of several independent (the minimal and nonminimal) vertices in the light-cone
gauge.

4One of the possible applications of higher-spin gravities, apart from the general search for fundamental
interactions, is to provide simple models of quantum gravity where the extended symmetry associated with
massless fields should eliminate counterterms. One would not expect a quantum gravity model to be a local
field theory, which can partially explain why it is difficult to stick to the usual definitions of locality when
higher-spin fields are involved. Therefore, the higher-spin problem can also be rephrased as how to deal with
nonlocalities that higher-spin fields usually lead to.
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see, however, [162].

There are a number of well-defined, i.e. local or perturbatively local, higher-spin gravities
known to date. In lower dimensions, d < 4, the graviton and massless higher-spin fields do not
have propagating degrees of freedom, which neutralizes the locality problem. Also, the famous
no-go theorems do not apply. For example, there is a great number of (matter-free) higher-
spin gravities in 3d (purely massless, conformal and partially-massless) that can be formulated
with the help of the Chern-Simons theory with a Lie algebra into which the gravitational sly
subalgebra is embedded in a sufficiently nontrivial way, [163—170]. An example of a matter-
coupled theory has recently been constructed in [171]. In d = 2 one can use the BF-theory in
a similar way [172].

In d > 4 the situation has been more complicated and, for that reason, less rich in models.
The first perturbatively local theory has been the conformal higher-spin gravity of Segal and
Tseytlin [173-176], which is a higher-spin extension of conformal gravity. The local Weyl
symmetry keeps interactions perturbatively local. A recent example is chiral higher-spin gravity
[4-6, 123], which can be thought of as a higher-spin extension of self-dual Yang-Mills theory
and of self-dual gravity at the same time. The theory admits two simple contractions that are
higher-spin extensions either of self-dual Yang-Mills (HS-SDYM) or of self-dual gravity (HS-
SDGR) [122, 123]. Chiral theory and its contractions can also be double-copied [177] to give
theories with even bigger spectra. Recently, a quasi-chiral theory has also been found [178].
All of these theories have an infinite, unbounded in spin, spectrum of fields.?

Let us stress that the light-front approach has always played an important role in the study
of higher-spin interactions, see e.g. [121, 128, 181, 182].5 Its main appealing feature is that all
unphysical degrees of freedom are eliminated and one can get unambiguous results concerning
(non)existence of certain interactions.” In the present paper, we study the consistency condition
that appears at the quartic order in the light-cone gauge. It was obtained and analysed by
Metsaev in [4, 5]. An immediate consequence [6] of this result is the existence of chiral higher-
spin gravity.® What we show is that there are more sufficiently interesting solutions hidden in
there.

In a few words, the analysis of the quartic consistency proceeds as follows. One begins with

5One can also mention a higher-spin extension of the IKKT matrix model [179], which is a noncommutative
field theory with higher-spin fields in the spectrum. Also, one can try to reverse-engineer the AdS/CFT duals
of the vector models, see e.g. [180].

6To be fair, one should also mention covariant results, e.g. [120, 183-185], see also a very general review [10].

"Any covariant approach picks a certain embedding of the physical degrees of freedom into a Lorentz-
covariant field and, depending on the embedding, may miss important types of interactions. For example, the
conclusion of [116] that there are no gravitational interactions of higher-spin fields relied on a particular choice
of a Lorentz-covariant field, while gravitational two-derivative interactions are present on the list [3] within the
light-front approach. Similarly, while the graviton described by the symmetric tensor allows one to construct
the usual gravitational interactions, it is impossible to do so if a different Lorentz tensor is chosen [186].

8Note that the light-cone approach is instrumental in getting sharp no-go’s [123] or existence statements
[6]. However, once some positive result is established, it is also helpful to have a Lorentz-invariant formulation,
e.g. to study solutions, compute amplitudes, extend the results into (anti)-de Sitter space, some of which was
achieved for chiral higher-spin gravity in [187-193]. Still, the first quantum corrections have been computed in
the light-cone gauge [194-198]. Another interesting direction is AdS/CFT duality for chiral higher-spin gravity
[189, 199-201].
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some cubic interaction vertex V), x, r,, Which also implies the presence of fields with helicities

A1,2,3 in the spectrum. Every light-cone vertex leads to the standard spinor-helicity amplitude,

e.g.

Vaidz ~ (12 g3 e A g Y T s (2.1.1)

on-shell

and there is a similar expression with (|) when > \; < 0. The propagator connects +\ to —A.
The quartic light-cone constraint is equivalent to the Poincaré invariance of the S-matrix, see
e.g. [127]. To have a nontrivial quartic constraint, one either has \; = —\; among the already
introduced vertices or has to add more fields/interactions to “make them talk” to each other.?
However, the quartic constraint may not be satisfied as is and may force one to introduce more
exchange diagrams and, hence, more fields/interactions.

Quite often, the process does not stop till the chiral higher-spin gravity is reached. One
can confine oneself to gauge and gravitational interactions (i.e. one- and two-derivative ones)
that are present in the contractions — HS-SDYM and HS-SDGR — of the chiral higher-spin
gravity. As we show, there are still many nontrivial solutions in this subclass of interactions,
and we classify them all. Therefore, all the theories we found belong to the class of higher-spin
extensions of self-dual Yang-Mills and of self-dual gravity. In a bit more detail, we have found
9 families of HS-SDGR-like theories with finitely many fields (plus 4 particular cases) and 3
families with infinitely many fields. As for HS-SDYM-like theories, we have found 8 families
with finitely many fields (plus 2 particular cases) and 2 families with infinitely many fields.

It is tempting to make a parallel with the matter-free higher-spin gravities in 3d, which can
always be formulated as Chern-Simons theories [167]. They provide a huge variety of options
to have a finite number of higher-spin fields. Our results reveal that the case of 4d is somewhat
similar if one restricts oneself to holomorphic/anti-holomorphic interactions/amplitudes.

Among other highlights, one can mention that there are particular low-spin couplings, e.g.
V_1,02, that induce higher-spin amplitudes from the Poincaré invariance of the S-matrix, which
is surprising. There are also consistent solutions with both a finite spectrum and higher-
derivative nonabelian interactions. We also find that it is possible for the graviton to have
colour (multi-graviton theories) once we restrict to the self-dual subsector. Another curiosity
is that there are solutions with fractional helicities, e.g. A = 2/3,4/3, ..., which, at least at
present, are more of an oddity.

The outline of the paper is as follows: In Section 2.2, we briefly summarise the derivation
of the holomorphic quartic constraint, along with some basics of the light-front approach to
higher-spin interactions. In Section 2.3, we review and extend the solution of the holomorphic
constraint [4-6, 123, 202] to all integer spins, allowing for arbitrary couplings involving both

even- and odd-derivative interactions. We also analyse the constraint in the presence of a

90f course, one can always introduce abelian interactions, which correspond to all A\; 23 > 0 or Aj 23 < 0 in
a vertex or have a non-abelian interaction that is, nevertheless, consistent on its own because one cannot even
form an exchange diagram, e.g. one can take vertex Vggs,—13,—42 and it does not lead to any nontrivial quartic
constraint.
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U(N) gauge group. In Section 2.4, we present our main results: the complete classification of
two-derivative chiral higher-spin theories, all of which are contained within HS-SDGR, and the
classification of all one-derivative chiral higher-spin theories in the presence of a gauge group,
contained within HS-SDYM. We also discuss the higher-derivative case and highlight some
interesting features. Additionally, we provide explicit solutions for the couplings in certain
chiral higher-spin theories. In Section 2.5, we compute the 4-pt amplitudes of a generic chiral
higher-spin theory. Finally, in Section 2.6, we conclude with some comments and outline
possible directions for future work.

We also include five appendices. In Appendix 2.7, we settle our notation and review stan-
dard results of the light-front approach to massless higher-spin fields. In Appendix 2.8, we
provide some simple yet useful formulas used in the main text. In Appendix 2.9, we solve the
holomorphic constraint for the low-derivative cases. In Appendix 2.10, we consider the holo-
morphic constraint for the gauge groups SO(N) and USp(N). In Appendix 2.11, we consider
the holomorphic constraint for the case where all fields take values in the adjoint representation
of some Lie algebra of internal symmetry.

2.2 Quartic higher-spin Lorentz constraints

We begin by reviewing the derivation of the quartic holomorphic constraint. To construct
higher-spin vertices in 4d flat space using the light-cone gauge, one begins by expressing the
Poincaré algebra generators in terms of free fields. These are initially quadratic in the fields.
The idea is to deform them by adding higher-order local terms and require that the modified
generators continue to satisfy the Poincaré algebra, order by order in the fields.

An extensive study of this approach to construct consistent interactions for massless higher-
spin fields, along with various results, can be found in [6]. We review some relevant notation
and results in Appendix 2.7. Here, we begin by recalling the results for the cubic vertices and

boost generators, which are fixed up to field redefinitions to be

P23 _ P—A123
h}q,)\z,)\g = C’M,)@,)@W + CLAL_)QP}\SW , (221)
2 : ED2>\1233*1 ' ? ’
j)\l,)\z,)\g - g OAL/\ZABWAAMALAB ’ (222)
jA —— _2 Cf—)\l,—)\g,—kg I[Di)\mgil A)q,)\g,)\g (2 9 3)
1,A2,A3 3 61_>\152_,\263_)\3 , 2.

where A\jo5 = A\; + Ao + A3. Here, C*142:%3 are coupling constants and the main task is to deter-
mine which ones lead to consistent theories, i.e. which couplings may not be zero and what the
relations between various couplings are. Written in this form, the cubic vertices exhibit a clear
separation between holomorphic and anti-holomorphic components, corresponding respectively
to the terms involving P and P in the equations above. These expressions can be used to

construct the Hamiltonian H and the dynamical boost generators J*~ and J*~ via Egs. (2.7.8)
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and (2.7.9).

By examining the expressions for H and the dynamical boosts J*~,.J*~, we can assume
certain symmetry properties of the couplings C*1*2*3 to simplify our computations.'® Indeed,
one can observe that the parity under the exchange (Ai,q) <> ()j,q;) of both h{yT% and

-d1,492,93 3 : _ )\123 11
I e, is given by (—)*2%. Indeed, we have

‘ PAiz2s
H)2As = ohdes /d9q 5<qu'>m¢211¢222¢2§ 7 (2.2.4)
- Bt By B5°
H>\27/\1,)\3 _ C«)\z,)q,)\:a d9 ) Z . ﬂ¢)‘2¢)‘1¢/\3
3 = q ' q; 1\255\1@?3 a1 Pq2 Y3
q1$>q2 A A2, A1, 9 ]I_D/\mg A1 A2 LA
=7 (=)o 3/d q(5(Zqi> W%Wﬁ‘bq;’ (2.2.5)
i 1 P2 M3

and the same symmetry considerations apply to the boost generators. Therefore, we can assume
that the coupling constants are symmetric for even-derivative interactions and antisymmetric

for odd-derivative ones:

C/\1,)\27>\3 — (_)A1230A017Ao‘27)\03 ’ (2.2.6)
where o € Y3 represents an odd permutation. Then we can use the following form for the
generators:

= Y [ des(Ca)uss oiezoy, 221)
A2, A3 i
_ , 1 0
= 3 [eas(Sa) g - sran (2 so)lonoie. @29
A1,A2,A3 i J

i.e. to sum over all triplets of helicities instead of all distinct (up to permutation) triplets. This
observation also implies that odd-derivative couplings involving at least two identical fields'?
vanish by symmetry C**A = (.

The quartic dynamical constraint takes the simple form
Hoji™ = J5 ha+[Hs, J57]. (2.2.9)

We can observe, by examining the degree of homogeneity of ¢, that these two conditions must

be satisfied independently

[H3(P), J5] = 0, [H3(P), J3] = 0. (2.2.10)

We refer to them, respectively, as holomorphic and anti-holomorphic quartic constraints.

10This assumption is harmless, as it can be made without loss of generality.

HFor simplicity, we focus only on the holomorphic part, but the same reasoning applies more generally.

2In this context, “identical” refers to fields with the same helicity, since no additional quantum numbers are
yet considered.
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In particular, it is worth noting that if we assume the theory to be purely holomorphic (or
anti-holomorphic) and to satisfy the holomorphic quartic constraints, it will be a well-defined
theory at any order and will contain only cubic interactions. These are the theories we will

study. We can explicitly write down the holomorphic constraint as

[Hs, J57] =) / d’p d°q 6 (Z qz) [j;?i(qi) - —h3i§q") (Z a%)] x

DR
3 3
() o [T 102
j i=1 j=1
In computing the Poisson bracket, we get

Z Z ¢ qa’ Dps P | _92 Z ZCb oDy Dpa ] (2.2.12)

A1,A2,A3 a1,02,03 A1, 2 o, W

(2.2.11)

and the constraint can be brought to the form

012 [ rtos () o (Sn oo i sy

YR

N (2.2.13)
0 h3 () > o
) + Z 5" (pj) -
( k#3 0qx 3
Once we substitute the explicit form of the generators in (2.2.7), we get
oA —A )\ —A
(B1 +52) i 3" P4 (2.2.14)

AL A2, A—w A3, DA 2 +w—1HA A
CRA N MBI TP R g |

where \;; = \; + \; and we have to remember that the couplings C***2*s have the symmetry
(2.2.6).

In general, we can also assume that the fields live in some representation of a gauge group
G. The simplest option is to take the fields to be N x N matrices, i.e. ¢ € Maty and make

the replacement:

o) = ()T = ()5, Hy~ oy e)ey —  Hy~Tr(g)on2e)).  (2.2.15)
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In the presence of a gauge group the holomorphic constraint takes the form

N
1= e () -5 (2]
iyt k Tk
Trch;;,TrH :::] ,
i=1 j=1

()

and once we compute the Poisson bracket and substitute the explicit form of the generators,

(2.2.16)

we get

oM+ w—=A9)B1 — ()\2+w—/\1)52
[Hs, J57] d"?q6 ; - -
W)=Y [t (Zq> L A T 0

(2.2.17)
AP oM M B T (1 g )|
In this case, we have used the following form for the generators:
H= 3 [eas( X a)n o). (2.2.18)
AL A2, A3
5=y / dgqé(z%) [yzi(iﬁ—%hiﬁ’?f;?is(za%)hrw o). (2219)
AL A2, A3 i j

Note that both A{ "% and j1 %, are symmetric under the cyclic permutation of (A, ¢;). By
applying the same argument as before, we can assume C**2%3 to be cyclic symmetric.
We will now proceed to solve the holomorphic constraint explicitly, both with and without

a gauge group.

2.3 Quartic holomorphic constraint

In this section, we solve the light-cone holomorphic constraint for any integer helicity. We
begin by studying the case without a gauge group, and then extend the analysis to several cases
where the fields take values in certain representations of G = U(N), SO(N), and USp(N). Our
primary focus will be on the U(N) case, as the others follow a similar pattern. Additional

comments on the other cases are provided in Appendix 2.10.

2.3.1 Light-cone holomorphic constraint

We solve the holomorphic constraint (2.2.14) for fixed integer helicities A; 234 on the exter-
nal legs, considering both even- and odd-derivative interactions. As we will see, however,
Eq. (2.2.14) may require additional couplings to be nonzero on top of the initial input. These,
in turn, can trigger further instances of Eq. (2.2.14) involving different helicity configurations,

leading to an iterative process where new constraints arise. Consequently, finding a consistent
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solution to the cubic deformation involves more than solving the constraint for fixed external
helicities. Complete solutions to (2.2.14) will be presented in the next section.
The analysis begins by following Appendix A of [6]. We rewrite the light-cone holomorphic

constraint as'®

Z Sym |:(_)w (M +w—=2)8 = (A2 +w—X)pB Chdew CmwlaMPA eI phu—w | _

b1+ e
(2.3.1)
Here, Sym denotes the sum over 6 distinct contributions
(1234) = {1234} + {1324} + {1423} + {3412} + {2413} 4 {2314} . (2.3.2)

Starting from the variables P;; and f3;, using momentum conservation, only 5 of them are
independent. For instance, we can choose Pjs, P54 and three of the 8;’s. The various relations
can be found in Appendix 2.8.

Now we can sum the two contributions (1234) <> (3412) and w <> —w, and after defining

new independent variables

2A =Py + Pyy =Py3 — Py, 2B =P13—Pyy =P34 — Py, 2C =Py +Po3 = —P13 — Py,

(2.3.3)
and using the relations in Appendix 2.8, the § dependence disappears
(MF+w=2X)B1 — A+ w—=A1)Bs - (A3 —w—=Ag)f3 — (A4 —w — A3) B4 -
P34 + P15
B1+ Ba B3+ B4
_ _ W = _ _ _
= ()‘1 - )‘2)P34 + ()‘3 - )\4>]P>12 + E(Plg — ]Pzg + P24 — PM) (234)

= ()\1 —)\2+/\3 —/\4)A+()\1 —)\2 —)\3—|—/\4)B—2w0
The constraint (2.3.1) can then be rewritten as a polynomial in just 3 independent variables

Z(_)w [((AB - /\24)A + ()\14 — /\gg)B — 2&)0) 61234w(A — B)A12+“’_1(A + B)A34—w—1

+ (=) (Mg — Ag3) B + (Mg — A3g)C — 2wA) CP¥*(B — C)Mste=1(B 4 O)2aw!
+ (M2 = A34)C + (A3 — Aaa)A — 2wB) CM*33(C — At 1 (O + A1 =0, (2.3.5)

where \;; = \; + ), and C'#% = CrMAzw 0w We will use the fact that 1?34 is a product
of two couplings only at the end; for now, we will treat it as a generic function.

To avoid unnecessary minus signs between products of couplings and extra ¢ factors between
couplings, we assign an additional factor of 7 to odd-helicity fields. This is equivalent to taking

even-helicity fields to be Hermitian and odd-helicity fields to be anti-Hermitian matrices (with

I3Note that we use a different notation compared to [6], writing the pair of couplings with the exchanged
helicity in the middle, as in C* A2« C~@A3:A This is equivalent, since, as we have seen above, the couplings
are always cyclic symmetric.
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singlets treated as 1 x 1 matrices). With this convention, the factor (—)“ in (2.3.5) is removed.

Before we begin solving the constraint, we set the following definitions:

k-l|-234 = <_>/\12 Z(_)wleSéLw : k£234 = Z 61234w ’ kolfiA = <_>/\12 Z(_)ww61234w 7

kolJQEA = Z wc1234w , ki}%iil = (_))\12 Z(_)ww2 C1234w , ki;%?f = Z (.UQ Cl234w ’ (236)
i234(A—7 B) = (_)A34 Z(_)wcl234w<A i B)Am—l-w—l(A + B))\34—w—1 :

f13_34(147 B) = (_)A34 Z(_)wwcl234w(A _ B))\12+w—1(A + B))\g4—w—17

w (2.3.7)
fi234(A, B) = Z 01234W(A . B)/\m-‘rw—l(A + B)/\34—w—17

w

fu,1;2—34(Aa B) = Zw61234w(A . B))\lz—i-w_l(A + B))\34—w—1 7

where the upper index 1234 indicates the order of the external helicities. We can then rewrite
the constraint (2.3.5) using the functions (2.3.7) just defined as

((}\13 - )\24)14 + ()\14 - )\23)B)fi234(14, B) — 2w0f52_34(A, B)
+ (A4 — Aaz) B+ (M2 — A30)C) f17%4(B, C) — 2wAf24(B, 0) (2.3.8)

w

+ (Mg — A30)C + (s — Aoa) A) FH23(CL A) — 2wBfH123(0, A) = 0.

We divide the solution into four distinct cases, which differ based on the form of the constraint
once specific relations among the external helicities are imposed. The general approach proceeds

as follows:

e First, we determine the polynomial form of the functions appearing in (2.3.8) — up to
some free coefficients (later identified with those in (2.3.6)) — by setting to zero all

monomials except those that can be generated by at least two different functions f;".

e Second, we substitute these polynomial expressions back into the constraint (2.3.8) to

derive relations among the coefficients in (2.3.6).

e Third, once all coefficients in (2.3.6) are fixed, the equation (2.3.5) is solved and we can

C1234w

extract the products of couplings from the functions f;~ via a simple change of

variables.

As we will see, we always end up with a system of the general form

(A —2)!

C1234w
2A_2()\12 +w — 1)'(}\34 — W — 1)'

Vw, AE)\1+)\2+)\3+/\4 (239)

Assuming this form and using the formulas collected in Appendix 2.8, we obtain the following
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simple relations, which will be useful later:

1 1
()\34 — )\12)]€1234 — 2]{31234 5 (2 — A)]{I}r234 , ()\34 — )\12)]@1334 — 2]§7i,%i4 = 5 (2 — A>k£234 ,
1 1
k’i%fll = 5 ()\34 — /\12)]{_1334 s kiQ_iM = 5 ()\34 — )\12)]<31_234 s (2310)
A—-2 A—-2
ki%lf =~ /{:312, k32 = 0 k1212

These relations allow us to solve k., and k5, in terms of k5. Given the symmetry properties

of the couplings (2.2.6), we obtain the relations
ki234 = 2134 = (_)Agls JAA2 123 M2 = (_)AgL2se (2.3.11)

In all cases, we will present both the general solution and the solution assuming only even-
derivative vertices (i.e. k" = k7). In the following, we focus on A > 4; for lower-derivative
cases, fewer constraints arise due to the somewhat degenerate structure of the monomials. The
cases A = 2,3 are analysed separately in Appendix 2.9.

Case 1. Here, we assume that all helicities are equal, i.e. A\; = Ay = A3 = A\4. The constraint
(2.3.5) becomes

chllllw [C(A _ B)2/\+w—1(A + B)2/\—w—1 + (_)wA(B . C)2A+w—1(B + 0)2)\—0.)—1

(2.3.12)
+B(C— A)Q/\erfl(c_i_A)Q/\fwfl} — 0
First, we determine the polynomial form of the functions (2.3.7) as
LA B) = 2(k! A ABN P — BN AN B) (2.3.13a)
fINB,0) = 2(k " BOM P — B B30, (2.3.13b)
N, A) = 2kl C AN — OB A) (2.3.13c)

By changing variables and using S = A+ B, D = A — B, we can derive a system of equations
for the couplings by solving (2.3.13) for fixed w. The resulting system is

kllll wk11211 A —
clHitw — + (o) w+( s ) Vw#0. (2.3.14)

2A—4 20 —w-—1
Now, substituting (2.3.13) into (2.3.12), we obtain an additional constraint

(kL1 — kilzlf)AA_SBC' =0 = kU= k1111 A} k1111 0,
k112% — Z Wi k‘i%bl — Z W2 M (2.3.15)

wEeven weodd
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Only the solutions with even w survive. This was expected, since by symmetry, odd-derivative

vertices with at least two equal helicities vanish. The final solution is

EA(A - 3)!

Cllllw _ w?E
PN+ w— I(2A—w — 1)

Vw # Oeven. (2.3.16)

Consistency is guaranteed by the relation

WP(A - 3) _
2 @t e (2:3.17)

weeven

Note that the product C*0C%** decouples from the system; indeed, it does not contribute
to the constant k’ilglEl and does not appear in the constraint (2.3.12); it is then unconstrained.
As we will see, this has important consequences, such as allowing for non-vanishing amplitudes
and ensuring the correct relations among the couplings.

Case 2. Here, we assume A5 = A3y and Ay = Aoz, which implies Ay = A3 and Ay = \;. The

constraint (2.3.5) becomes

Z (A = Xo)A —wC) C*2(A — B)M2 T (A + B)M2e!

w

o (_)wwA Cll?2w(B . C)2A1+w—1<B + 0)2)\2—w—1 (2318)
+ (M — A)A —wB) C'#(C — AVt (O + A)Mee!] = 0.
First, we determine the polynomial form of the functions (2.3.7) as
FI22(A, B) =k12124N2 _ opl212gA-3p _ 1212 pA-2
=kIH2ANE 2 phe? (2.3.19a)
[P (A, B) =kPPAN? — 2k AN P B 4 2k 32 ABM
=2(k'312ABY? — |32 AN B) (2.3.19b)
SP(B,C) =kLPBN? 4+ 2((\e — MR — K BYEC
—2((\y — MK — B2 BOAS — g l120A 2 (2.3.19¢)
In this case k.2 and k}*'? are zero because the sum runs over both w and —w, then
ki}a}Z — (_))\12 Zw61212w — 0’ k‘,l.)2_12 — Z(_)ww 612120.1 — 0 . (2320)

The same happens to the coefficients k22" and k.?*'. The functions f1?*'(C, A) and f}?*'(C, A)
have the same form as f!?'?(A, B) and f!*'?(A, B).

Now, by using (2.3.11), we have k}*'? = k2**! and by substituting the functions back into
(2.3.18), we obtain the constraints

kL2 = (g — Ak = 122 (2.3.21)

w+
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and

ko2 4 (= M)k 22 = k32 RS2+ (= M)RLE? = kB (2.3.22)

w2— w2+ -

Notice that the only nontrivial constraints are those in (2.3.21), while (2.3.22) are automatically

satisfied, as can be seen using (2.3.10). From the relations above, we can rewrite (2.3.19) as

finZ(A’ B) — kl_?lZAAfQ o k_lf_?lZBAfZ’ (2323&)
f1212(A, B) = 2(k132ABA 3 — k1312403 (2.3.23D)

fli22(B7 C) — ()\2 . )\l)k£212<BA—2 o CA—Z) + 2(ki221_2B0A—3 . ki}%fBA—ch) ) (2323C)

w

From the functions (2.3.23a) and (2.3.23b), we obtain

y k1212 (_)A12+wk1212 A—9
Cl1 = SA7 + Ay — 0 — 1 Vw, (2.3.24)

1212w kizgl—z + (_)Alﬁwki}%f A—-2
C = Ty rp— 0 — 1 Vw. (2.3.25)

These systems are, in fact, equivalent due to the relation given in (2.3.10). From the function
(2.3.23¢), we obtain

CllQQw

B k£212 + (_)wkiQIQ A _ 2
N 2A-2 Ny —w— 1

) Vw#£0. (2.3.26)

Also in this case, the product C*t*1:0C0 242 remains unconstrained. Now, assuming we only

have even-derivative vertices, we can rewrite (2.3.24) and (2.3.26) as

E212(A — 2)!
ol1212w _ - \ 2.3.27
2A—3()\12—|—w—1)!()\12—w—1)! ¥ ( )

E1212(A —2)!
o122 _ = ) Yw#0. (2.3.28)

28320 +w — 1)I(20 —w — 1)!

Here, the sum runs over odd or even values of w, depending on the parity of the external
helicities. Everything discussed above holds for A > 5. For A = 4, although some monomial
powers become degenerate, the conditions in (2.3.21) are still satisfied, leading to the same

solution.

Case 3. Here, we assume A5 = A3y, in which case the constraint becomes

D [((Ms = Aaa) A+ (Mg = Ag3) B — 2wC) CP*¥(A — BNl (A 4 Byt

+ (—)/\24+w(()\14 — Ao3)B —2wA) C1324W(B _ C))\13+w—1(B + C«),\24_w_1 (2.3.29)

+ (()\13 _ /\24)A . QQJB) Cl423w<c . A)A14+w71(c + A)Agsfw—l] —0.
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First, we determine the polynomial form of the functions (2.3.7) as

f1234( ,B) _ /{31_234AA_2 o k_li_234BA_2, (2'3'30a)
1324( ,O) — ( )A(]{Z_IEMBA_Q + (()\24 o )‘13)1{;—1%324 . 2k3}3f4)C«BA—3 o k?£324CA_2> 7 (2330b)
f1423< ,A) — k’174230A72 o ((}\23 o )\14)]€1+423 o 2k,i)4+23)CAA73 o k}r423AA727 (2330C)

1234( ,B) k,12_34AA—2 + (()\34 o )\12>k01J2_34 - 2ki}223_4)AA—3B
— ((A\3a — Ai2) k12 — 28PN ABN 3 — 12 BA 2. (2.3.30d)

The functions f!3?* and f1*?* have the same form as f!**. We can now substitute these

functions into (2.3.29), leading to the constraints

/{51_234 _ k-l‘,-4237 k-lt,-324 — (_)Ak_li_234 /{51234 _ k’1234 — O,
1 1
ki3_24 - 5(_)/\()\24 - )\13)k71_423 ) ki;4_23 = 5(_)/\()\23 - >\14)k1_3247 (2331)

((has = M) kL2 = 2K 182%) = (=) (has — Mia) k32 — 20132

and
1
k1324 ()\24 - )\13)]51324 k1423 ()\23 o )\14)k1423
2 % (2.3.32)
P = (o — )42+ 2R) I = () (s — Mo KE o 281EY).
Using the relations above, we can rewrite (2.3.30) as
FIB4(A B = 1234402 _ 1234 pA-2 (2.3.33a)
B) = I ’ 3.
1324( 0) = (—) (k:1324BA_2 _ k1_324CA_2), (2.3.33b)
FU2B(C A) = pHBOA2 _ 1428 g0 (2.3.33¢)
12844 B) = 2(K\2MABMN P — k124 ANSB) (2.3.33d)

Notice that the only nontrivial constraints are those in (2.3.31), while (2.3.32) are automatically

satisfied, as can be seen using (2.3.10). From the function (2.3.33a), we find

(k£234 + (_)w+/\12k}r234)(/\ —2)!

61234w —
2A_2()\12 +w — 1)'()\34 - W — 1)'

Vw, (2.3.34)

and an identical expression holds for the external helicity configurations (1324) and (1423).

Now, assuming only even-derivative vertices, from the constraints (2.3.31) we obtain

e (2.3.35)
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that leads to the solution

Cl234w _ k}k234(A - 2)'
N 2A_3(/\12 +w — 1)'()\34 — W — 1)'

V. (2.3.36)

The same solution applies to the other two orderings of external helicities (1324) and (1423).
Everything discussed above holds for A > 5. For A = 4, although some monomial powers
become degenerate, the conditions in (2.3.31) are still satisfied, leading to the same solution.

Case 4. Here, we solve (2.3.5) assuming generic helicities. First, we determine the polynomial

form of the functions (2.3.7) as

[PYA, B) =k AN — pPBA 2 (2.3.37a)
FEPNA, B) =k AN 4 (hgy — M)k — 2k 132 AN B
+ (Mg — Aga) 234 4 2K B3N ABA 3 — 123422 (2.3.37D)

The functions f1***(B, C) and f1*?3(C, A) have the same form as f1?**(A, B), and the functions
1324(B,C) and f1*%3(C, A) have the same form as f?**(A, B).
From equation (2.3.37a), we can extract the system for the couplings and by substituting

the functions (2.3.37) into (2.3.5), also the relations among them:

1234 w2 L1234y (A 9]
1234w _ (k27 + () el ) Vw, same for (1324) and (1423),

282N+ w — D)I(Agg —w — 1) (2.3.38)
F1234 = 142 1324 — (—)Ag12s4 J1428 ()N ps2e

This gives the most general solution to the constraint (2.3.5) in the presence of both even- and

odd-derivative couplings. We also find these further constraints

1

2
1 1

(Agg — Apz) k132 1428 = 5()\23 — Mg k142 kfffg = §(>\23 — >\14)l€i423,

1
B = S — AR =
1
2
(Asa = M) B, 20 = 2k 152 = (Mg — M)k, — 2k 52%)
(Aaa — Aig)kp2t = 2k1350 = ()M (Nsg — M)k — 2k13%)

(Mo — Apa) B2 — 2% = ()M (( Mgy — Ai3) K12 — 28182

1
()\34 — )\12)]{;}334’ kigf‘l — §()\24 _ )\13>k}r324 7
k,1324 —

(2.3.39)

However, these are automatically satisfied, as can be seen using (2.3.10). Everything discussed
above holds for A > 5. For A = 4, although some monomial powers become degenerate, the
conditions in (2.3.38) are still satisfied, leading to the same solution.

The next problem is to find a meaningful solution'! to (2.3.38). This can be done by
examining each case individually; however, finding a general procedure to classify all solutions
is not straightforward.

For instance, we observe that a solution involving only odd-derivative vertices (i.e. k" =

4By this, we mean a solution that involves several couplings, perhaps, including the gravitational ones.
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—k) is inconsistent with (2.3.38). Consequently, any consistent solution must involve a non-
trivial combination of both even- and odd-derivative couplings (or only even).
Let us rewrite the coefficients in a more convenient form, which will facilitate the identifi-

cation of additional constraints:

k}3234 _ 1(1{:1234 + k1234) _ Z C1234w (2.3.40)
_ L 1280y — , 3.
2 (A124w)€even
1 w
23— 5(1{&234 2y = Z 1234w (2.3.41)
()\12+w)€odd

We can then rewrite the system governing the couplings in the form

K2 (A — 2)!

1234w __ 2349

C Py T w— )t — 0 — 1)) V (A2 +w) € even, (2.3.42)
kg3 (A — 2)!

12w = el ) V (A2 +w) € odd. (2.3.43)

N 2A_3(/\12 +w — 1)'(/\34 - W — 1)'

Recall that C'?** is a product of two terms. Therefore, following the procedure outlined in
Appendix A of [6], assuming that all even couplings are non-vanishing, and using (2.3.42) we

find that the unique solution (Metsaev solution) for the couplings is

3
1
CrAzAs \ € . 2.3.44

AL+ Ao+ Ag— DI ; even (2:344)

Similarly, assuming that all odd-derivative vertices are activated and using (2.3.43), we obtain

AL A2, ehraha :
CA1A2ds , A € odd, 9.3.45
(A1 4+ A+ A3 —1)! ; ( )
where e'*2% is a totally antisymmetric tensor. Using (2.3.40) and (2.3.41), the constraint

(2.3.38) becomes

Jl234 | 1230 _ 433 1423 J1324 1320 (A (p1234 _ p12sty 2540
JU28 138 (L A(pla2n | sty
Now, assuming (2.3.44), which implies k1?31 = k1321 = (1123 we arrive at
Fi23 — _puies F123 — (J)Mpi32t _ 128 (2.3.47)

that implies k;;" = 0. Therefore, in the presence of all even-derivative couplings, no consistent

solution can accommodate the inclusion of any odd-derivative interactions.
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On the other hand, assuming (2.3.45), we have k3t = k}}?* = k5?3 = ko, which leads to

k,1234 k%}423 + 2k0 — 0’ k,1324 ( )A+1k,1EQ34 + (_)Ak,o . kO — O7

k:1423 ( )A+1k}3324 i (_)A+1ko Y ko =0, (2.3.48)

Attempting to find a solution for even or odd A leads to ko = 0. Therefore, this case is also
ruled out.

We conclude that any viable solution must involve a truncated spectrum — i.e. one that
cannot contain all even- and /or odd-derivative couplings — and must feature nontrivial relations
among the couplings. A detailed investigation of this possibility is left for future work. From
this point onward, we restrict our analysis to the case in which only even-derivative vertices

are present.

When only even-derivative vertices are present (i.e. k" = k"), the solution to (2.3.38)
yields
f1234 1o _ pla2s _ p1osd _ 124 p142s (2.3.49)
+ - - e

and these are the solutions we will study in detail.

Summary. The general solution to the holomorphic constraint (2.3.5) is given by

1234 4 (_)w+A12k1234)(A —2)!
o1zt _ (R + v for (1324) and (1423
22t Dl w1y smeor B and ), )

L1234 — k}r423 k1+324 _ (_)Ak}r234’ L1423 — (—)Akl?’%, CMALO (022 A2 generic .

)

Assuming only even-derivative vertices, the solution to the holomorphic constraint is given by

01234 kA — 2)! v for (1324) and (1423)
— w, same for an ,
2A_3(>\12 +w — 1)'()\34 — W — 1)‘ (2351)
k_1334 _ k_l’_324 _ k-1|-4237 C)\l,)q,DOO,/\Q,)\Q = generic.

Let us stress that C'1?3% is not assumed to factorize into C*1 243,

Lower-spin analysis. We begin by examining solutions for lower helicities, specifically 0, 1, 2.

The corresponding even-derivative couplings are given by
(0222 0112 002 COLL (0022 (LLZ (222} (2.3.52)

In total, we have 7 couplings: 5 abelian and 2 non-abelian.'® We can now explore all possible

chiral theories that can be constructed from these couplings.

15The non-abelian vertices are the most interesting ones, as they deform the gauge algebra in a covariant
formulation. The abelian ones do not. Nevertheless, it is worth noting that, in general, abelian vertices can
also be constrained and may play an important role in ensuring the consistency of the theory. Since we work
in the light-cone gauge and with holomorphic theories, we define abelian couplings as those with A; > 0 and
>_; Ai > 0. Note that (0, s, s) is still considered abelian this way, which is justified since the spin-zero exchange
disappears from the constraint. Such couplings are, obviously, consistent on their own unless there are non-
abelian couplings.
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We begin with two-derivative theories, involving the couplings {C'~*%2 C~1.1.2 €002 0111

All possible two-derivative chiral theories with lower-spin fields that solve the constraints are

{C2%%} graviton coupling , (2.3.53a)
{CH10}, photons coupled to scalars , (2.3.53b)
{C™222 = 002y graviton coupled to scalars, (2.3.53c)
{C72% = 0~ h12Y graviton coupled to photons, (2.3.53d)
{222 = o~ hh2 = 0002 oLy graviton, photons and scalars . (2.3.53e)

We use the following notation: within {---}, we list the active couplings. When a coupling
appears alone, it is considered unconstrained — that is, it can appear in the theory’s action with
a free coefficient. However, the constraints may sometimes impose nontrivial relations among
these couplings. It is important to specify the active couplings before solving the constraints.
Notably, the resulting theories do not always correspond to truncations of the larger one.
For instance, the above theories do not always correspond to a truncation of the larger one
(2.3.53e) by setting to zero certain couplings, but rather to distinct theories. For example, to
obtain (2.3.53d) from (2.3.53e), we remove C*%2 which is not equivalent to setting it to zero in
(2.3.53¢). Note that the relations above follow from the well-known universality of gravitational
interactions.

If we allow for the higher-derivative terms, the most general theory we obtain is
(0222 = 7112 = 0002 (0Ll (0022 (112 (2221 (2.3.54)

The fact that the couplings satisfy the constraints implies that a consistent action can be written
in the light-cone gauge. In principle,'® it may be possible to find a covariant formulation of the
theory with an appropriate gauge symmetry.

Let us consider, for example, the largest two-derivative theory (2.3.53¢). In this case, the
covariant (parity completed) action corresponds to the truncation to the cubic order of the
Einstein-Maxwell-scalar theory

/ d*z\/—g < R— —v“wmp — iFWF ,+ ia goF’“’FW) , (2.3.55)
where V is the gravitational covariant derivative, ¢ is the determinant of the metric, k = 87G
is the gravitational coupling, R is the Ricci scalar, ¢ is the scalar field, and F,, = 0,4, — 0, A,
is the Maxwell-Faraday 2-form. The parameter a is the coupling constant between the scalar
and the vector field. The values of the coefficients in the action are directly related to those
appearing in light-cone gauge: we have k ~ C~222 while the relations among the other

couplings are determined by minimal couplings imposed by diffeomorphism invariance, and

16Tn some cases, a covariant formulation of the theory may not exist or may require introducing non-localities.
However, a covariant description can often be found, as is the case here.



2.3. QUARTIC HOLOMORPHIC CONSTRAINT 57

a ~ C%1 Note that we can always include a scalar cubic coupling C%%?, corresponding to a
potential term of the form V(¢) ~ 3. As expected from the covariant perspective, most of
the abelian couplings remain unconstrained.!”

The covariant (parity completed) higher-derivative action of (2.3.54) corresponds to the

truncation to the cubic order of

1 1
/d%;\/ ( R— —v“w o—~-F"F, + ZagpF’”Fw + bR? 4+ cRF? + dRng) ,

4
R? = Ryppe R yRP7 . RF® = Ry F*F?,  R®= Ry, R,
ke C227 0 o~ OO b O e O d e 0022 (2.3.56)

It is worth emphasising the importance of the freedom in the product C***-0C0% 242 - Without

this freedom, we would obtain the constraint (as in the case of chiral higher-spin gravity)

0,2,2 0,1,1,70,2,2
02,2,2 (C ) 01,1,2 — C C

REEEa e (2.3.57)

This would be in contrast with the covariant framework, where it is perfectly possible to intro-
duce both R? and FR? terms with arbitrary coefficients in a Lorentz-invariant way. This is a
further consistency check for our solutions.

We also point out that a method for constructing covariant chiral Lagrangians was recently
developed in [122], using the spinorial representation of the Lorentz group in four dimensions,
SO(3,1). This formalism appears to be the most suitable for formulating Lagrangian descrip-
tions of all consistent chiral higher-spin theories identified in the light-cone approach.
Higher-spin analysis. We now begin to search for complete solutions involving higher-spin
fields. In particular, we need to require that C'23* factorizes into the product of two couplings.
While it is commonly believed that the presence of higher-spin fields imposes strong constraints
on the theory, requiring an infinite spectrum of fields, we will show that this is not always the
case. In fact, we can find many interesting families of solutions, some with finite spectra
and others with infinite ones. Well-known examples such as HS-SDGR, HS-SDYM, and chiral
higher-spin gravity will appear as special cases.

To better understand the underlying logic, particularly for higher-derivative interactions,
we will sometimes label the couplings by their number of derivatives, rather than by the specific
helicities. We denote a generic n-derivative coupling as C", allowing us to schematically rewrite

the system of couplings (2.3.51) as

noYm o oYmomn k/\(A—2)| o 1234w _
C"C™ = C"C" = S T ka=>» C%%  A=n+m. (2358)

Remember, we consider n, m even and n, m > 2. The key observation is that (2.3.5) decomposes

into independent constraints at fixed total derivative order A; the same can be seen from the

ITThis is a typical feature of lower-spin theories. As we introduce higher-spin interactions, we will see that
many abelian couplings become constrained as well.
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system above. Let us assume a chiral theory that includes 2- and 4-derivative interactions.

Using (2.3.58), we can write the system (very schematically)'® as

0202 — 0202 ’
C2C* = 0, (2.3.59)
CiCt = 3(C1Ct +2CCY).

The first line corresponds to the 2-derivative sector, which is consistent on its own and includes
HS-SDGR and other theories all contained in the former. However, problems arise when we
try to go beyond 2-derivative interactions.

If we include 4-derivative interactions, the second constraint above is consistent and admits
solutions, but the third equation becomes inconsistent unless 6-derivative couplings are intro-
duced. Proceeding to the next order, we can resolve the previous inconsistency, but another

one will arise:
.

CiCt = 3(CHCt +20%CY),
C2C% = 2(C1C* +2C%C9)
‘ i6( ‘ ) (2.3.60)
CIC% = L(201C° +2C%CF)
COCt = B(C°CE +2C1C8 4+ 2C%CM).

The first two equations are consistent and fix the previous problem. However, truncating
the theory at 6 derivatives makes the remaining equations inconsistent, thereby requiring the

inclusion of terms up to 10-derivative couplings. This structure arises from the identity

(A —2)! B
; 283 A+ w — Dl(Agg —w—1)! L v, (2.3.61)

which underlies the consistency of the system (2.3.51).

This pattern persists at all orders: truncating the theory at any finite number of derivatives
generally introduces inconsistencies at higher orders, pointing toward a unique solution with
all couplings turned on, which is the full chiral higher-spin theory.

However, there is an alternative. One can impose that lower-derivative couplings do not
generate higher-order constraints. For instance, a theory involving only C? and C* couplings
must be arranged so that no C*C* term ever arises. Surprisingly, this condition can be satisfied,

and it provides a pathway for classifying all consistent chiral higher-spin theories in 4d flat space.

2.3.2 Light-cone holomorphic constraint with U(N) gauge group

Here, we solve the holomorphic constraint in the presence of a U(N) gauge group in the most

general setting, allowing for both even- and odd-derivative vertices. The generators of the u(N)

18We emphasize that this is just a sketch to understand the main logic behind the existence of a truncated
spectrum, especially for higher derivative theories. To identify consistent theories, one must solve all the
constraints explicitly. This will be carried out in the next section for lower-derivative theories.
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algebra satisfy the Poisson bracket

O (p+q)

2 0,0%6%, | (2.3.62)

A A c
[(5) B, (64) D]
where 0, = ™ is a phase factor reflecting a possible ambiguity in the commutator.
The constraint is given in (2.2.17). Due to the trace, we can decompose the contributions

into several colour-ordered terms, as

(1234) = [1234] + [1342] + [1423] + [1324] + [1243] + [1432]

(2.3.63)
[1234] = {1234} + {2341} + {3412} + {4123} .

We will focus on a single colour-ordered term, [1234], as the same will follow for the other
orders. The constraint for [1234] takes the form

Z Cycl |:(_)w9w ()\1 +w — AQ)gi ;(ﬁZ\Q +w — )\l)ﬁZ Cl?34wpi\%2+w—l]fpé\i4—wi| — 0 ) (2364)

As before, we can apply the trick of summing the terms (1234) <> (3412) and w <> —w, followed
by a change of variables to A, B, C. However, we must now account for the phase 6,,, and the
simplification works only if we have 6, = 6_,,. This is the case due to the antisymmetry of the

t.19

Poisson bracke The constraint then becomes

D L()%0u((Ms = Aaa) A+ (Mg — Aog) B — 2wC) C'#4(A — B)M2H 7 (A B!

+ (_)Amew(()\lz _ )\34)0 + ()\13 _ )\24)A . QWB) C4123w(0 . A)A14+w—1<c« + A))\zg—w—l} —0.
(2.3.66)

Following the same conventions used in [195] and in analogy with the previous case, we fix
0, = (—)“. This choice is again equivalent to taking even-helicity fields to be Hermitian and
odd-helicity fields to be anti-Hermitian matrices.

As in the previous case, we divide the solution into several subcases. However, we note that
the constraints (2.3.5) and (2.3.66) are structurally very similar. In fact, the only difference
lies in the form of the functions, which, in this case, include only half of the terms present
in the previous one. Therefore, we focus on two representative cases, as the others follow
straightforwardly.

In the following, we assume A > 3. Indeed, as in the previous case, for lower derivatives,
fewer constraints arise due to the partially degenerate structure of the monomials. Therefore,

the case A = 2 is treated separately in Appendix 2.9.

19Using the antisymmetric property of the Poisson bracket, we have

_ NP (ptg)
- o

01203 (p + q)

[(83)%. (88D 2 0_,646%,,  (2.3.65)

0,656 = — (6D, (69) 5] =

that implies 6\ = 6_,.
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Case 1. Here, we assume all helicities are equal, i.e. Ay = Ay = A3 = A\4. In this case, the

constraint (2.3.66) becomes

chllllw (C(A . B)Q)\-i—w—l(A + B)Qk—w—l

(2.3.67)
+ (_)wB(C . A)2/\+w71<0 i A)2/\fwfl> —0.
First, we determine the polynomial form of the functions (2.3.7) as
WA, B) = =2k AN B, SO, A) = 2k C AN (2.3.68)

Upon substituting them back into the constraint, we find it is trivially satisfied. From the
functions (2.3.68), we find the system

Cllllw _ kol.;121—1 (A - 3)'
220w - DI(2A —w — 1)!
kllll _ Z w? Cllllw'

w2— —

Vw0,
(2.3.69)

w

As in the previous analysis, here too, just by looking at (2.3.66), one can see that the product
CAMA0C0A22 decouples from the system; therefore, it is unconstrained.
Case 2. Here, we solve (2.3.66) assuming generic helicities. First, we determine the polyno-

mial form of the functions (2.3.7) as

fI24(A, B) = k214N (2.3.70a)
1230 A B) = kAN 1 (Aag — M)k — 21839 AN 3B (2.3.70b)

w—

The functions f#'# and f21?* have the same form as f!**(A, B) and f***(A, B), respectively.

Upon substituting these into (2.3.66) gives
f1284 — 4123 (2.3.71)

From the function (2.3.70a), we find the system

01234w _ k£234(A B 2)'
22Nt w— 1) A3y —w — 1)

p1234 _ 2: 012340
w

Vw,
(2.3.72)

and an identical expression holds for the external helicity configurations (4123). In all other
cases, when particular relations among the couplings are imposed, the same pattern follows.
The same procedure used to find a solution to the constraint for U(N) can be applied to

other gauge groups, such as G = SO(N), USp(N), where the case of SO(N) was first studied
in [5]. We comment on them in Appendix 2.10.
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Another interesting case is when all fields are taken to live in the adjoint representation of
a Lie algebra. This scenario is studied in Appendix 2.11.
Summary. A solution to the holomorphic constraint in the presence of U(N) gauge group is

given by even- and odd-derivative vertices that satisfy

012340 RZHA — 2)! v for (4123)
= w, same for :
202\ + w — D)!(Agq —w — 1)] (2.3.73)
jp1234 — pa123 CMALOC0A2 2 — generic.

Lower-spin analysis. We now examine all solutions in the presence of a gauge group, focus-
ing on lower helicities 0, 1,2. The complete set of even- and odd-derivative couplings that can

be constructed is given by

—21,2 ~-222 ~-102 ~-111 ~-112 ~—122 ~0,01 0,02
{C ,C , ¢ ,C ,C , ¢ N O Chiat

0,1,1 0,1,2 0,2,2 1,1,1 1,1,2 1,2,2 2,2,2 (2374)
077707”07’a07’a0’7a0777077}.

In total, we have 15 couplings: 9 abelian and 6 non-abelian. We now search for possible
consistent chiral theories.

We highlight the lower-spin couplings as follows: blue indicates those which, on their own,
require higher-spin couplings for consistency; red denotes those which, when combined with
any other coupling, also require higher-spin ones; uncoloured couplings are, as we will show in
more detail below, the only consistent lower-spin couplings.

We begin by considering one-derivative interactions, involving the subset of couplings
{0212 0102 o-LL1 0001y (2.3.75)

Consistent theories are given by

{c~tb1y ) Yang-Mills coupling, (2.3.76a)
{Cctbt = 001y Yang-Mills coupled to scalars, (2.3.76b)
{C212 = Cc~hhY coloured graviton . (2.3.76¢)

Note that including C~%%? and at least one other of the couplings in (2.3.75) leads, by consis-

tency, to an infinite tower of higher-spin fields.

If instead we look for the minimal consistent theory that includes C 02

1,0,2

, we still necessarily
generate at least one higher-spin field. Indeed, C'~ gives rise to an exchange via the scalar
field, which is proportional to C~1%2C~102 Next, the minimal consistent set of couplings is
given by?

02,—17000,2,—17 02,2,—303,—1,—1’ 02,—17000,—1,2 . (2377)

20We are making use of the concept of the small crystal (2.4.52), which will be introduced and justified in the
next section.
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In particular, the solutions for the couplings give

(0_1’0’2)2

~1,02 322 ~—1,-13 _
{C ,C ,C = a2 }.

(2.3.78)

This is a surprising result on its own: a one-derivative lower-spin coupling induces higher-spin
couplings!

Another interesting option is the coloured graviton. It is well known that, under the usual
assumptions, gravitons cannot carry colour [203]. However, we find that it is possible to have
multi-graviton theories provided we restrict to the self-dual case, which is thanks to C~2%%2,
However, we expect that once the unitary completion is considered — via the inclusion of its
parity-related anti-self-dual counterpart C =252 — the general quartic constraint will lead to
non-localities.

Now we can start to include higher-derivative couplings, then the most general consistent
theory is

{C—l,l,l — 0—2,1,2 — 0070,17 0071,17 Cl,l,l}‘ (2379)

Indeed, any attempt to include one of the couplings highlighted in blue or red in (2.3.74) leads to
inconsistencies, forcing us to introduce higher-spin fields. This is consistent with expectations
from the covariant formalism. For example, the coupling C =222 would lead to “colour gravity”,
which is known not to be consistent [203], at least including only lower spins.

Save for the C~212 coupling, the covariant (parity completed) action, corresponding to
(2.3.79), is the truncation to the cubic order of

1 1
S = /d“x <——Tr(FWF””) — §D“¢D“g0 +aF? + bgoFQ) :

202
F3 = Tr(F,, F" F"), oF? = Tr(oF,, F™) | (2.3.80)
a~ O b1 a~ O b~ OOLL

Here, D denotes the covariant derivative, F, = 0,A% — 9,A% + f**°ALAS is the YM field

L1 indicates the YM coupling. The relations among the couplings are

strength and o ~ C!
determined by the minimal coupling, required by the gauge invariance.
Higher-spin analysis. The study of solutions involving higher-spin fields follows the same

logic as in the case without a gauge group.

2.4 Low-derivative chiral higher-spin theories

In this section, we provide a complete classification of chiral higher-spin theories with one- and
two-derivatives. In particular, we identify new families of theories beyond the well-known HS-
SDYM, HS-SDGR, and full chiral higher-spin gravity. These novel higher-spin theories feature
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a reduced spectrum, which in turn allows more freedom to the couplings.?!

In the following, we always consider that at least two cubic couplings “talk” with each
other (i.e. they share at least one pair of opposite helicities.). In fact, it is always possible to
construct well-defined theories with isolated couplings that do not “talk”, but such cases are

rather trivial.

2.4.1 Two-derivative chiral higher-spin theories

Here, we classify all inequivalent solutions of chiral higher-spin theories involving two-derivative
interactions. As previously established, satisfying the holomorphic constraint (2.3.1) requires

respecting two basic rules:

e Starting from a single pair of two-derivative couplings C?C?, four additional ones are

required. In particular, the following set of couplings must be present together:

Cw\1,>\2,2—/\12 C)‘IQ_Z’)‘3’)\4 O>\1,/\372—>\13 C>\13—2,)\2,/\4

C/\1,)\4,2—)\14C)\14—2,)\2,)\3 (2 4 1)
5 . S

Y

We also impose Zle A; = 4 to ensure that only two-derivative interactions are present.
We refer to the collection of the 6 couplings above as a small crystal. An exception is the
pair CMALOC0AzA2 which is excluded from the small crystal, as it does not participate
in the constraint (2.3.5).

e These couplings have to satisfy the following system of equations:

A1,A2,2=A12 A12—2,A3,A0  __ A1LA3,2—A13 Y A13—2,A2,00 YA, A0,2—A1g A 14—2,X2,)3
C C =C C =C C ,

(2.4.2)
C«>\1,>\1,0007)‘27>‘2 = generic.

While this system does not affect the classification below, it plays a role in determining
relations among the couplings in any given theory. Notably, a solution is always guaran-
teed to exist — namely the one corresponding to HS-SDGR — in which all two-derivative
couplings in the theory take the same value. However, in general, for smaller theories than
HS-SDGR, some couplings remain unconstrained and correspond to free parameters. In

what follows, we assume that all such free parameters are kept different from zero.

We begin by outlining the method used to identify solutions and introducing some key termi-
nology. We define a crystal as a self-consistent set of couplings that, taken together, satisfy
the condition (2.4.1). Each crystal is uniquely determined by the C2C? pair of couplings from
which it originates.

In particular, starting from a set of external helicities (A1, A2, A3, A4), they uniquely identify

a crystal. We refer to this configuration as the seed.

21Let us note that the problem of solving the light-cone constraints should be closely related to the problem of
classifying higher-spin algebras, as in [59, 153], see also [123] for the steps towards establishing such a relation.
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For instance, the seed (2,2 — 2\, A\, \) generates the crystal
(12220, =242) (2-2XA AN (C2AACA2-22 (C2AACA2-22)

2,2,—2 2,22 2,—2,2 ~—2,2,2 2,2,—22,2,—2
C C , C C , C C

(2 2H202-2) (1~ 24+20,2,2-2) (2.4.3)

(222 (12,220, ~ 242X (22720220 (2-2),2,~2+2)

Y Y

20— A A2~ 2,2,—2 ~2,0,— A 2= M —AN,2
C C , C C , C C )

To construct the crystal above, we do as follows. The first line represents the small crystal
generated by the seed. We then search for all possible pairs that we can connect (via fields with
opposite helicity) to generate other small crystals. We repeat this process till it terminates.
Note that all couplings involved are two-derivative ones.

The crystal above defines a specific chiral higher-spin theory with two-derivative interac-
tions. It contains a finite amount of couplings, a finite spectrum, and includes the SDGR
interaction C%722. We can observe that starting from a different seed, corresponding to a
small crystal other than the initial one, would generate a different crystal. For instance, start-
ing from (2,2, —2,2) leads to SDGR, producing only the second line of (2.4.3). Starting from
(2,A,2,—A) or (2,2,2 — 2\, —2 + 2)) would still generate smaller solutions.

We say that two crystals are equivalent if their seeds can be mapped into each other via a

combination of the following two operations:

e A general permutation of the external legs:
(/\17 /\27 )\37 )\4) — ()\017 )\027 >\037 )\04) y o€ 54 . (244)

This is a simple consequence of the symmetry of the corresponding amplitude, which
is also seen from the three products of couplings in (2.4.1) that contribute to the same

holomorphic constraint.

e An affine transformation of the helicities:
(A1, Aoy As, ) = (X5, X, X5, N = AN +b. (2.4.5)

What we mean is that a solution can have some of the helicities \; as free parameters
and two solutions that differ by an affine integer-valued transformation of these free

parameters should be considered equivalent.??

Observations and simple solutions. Here, we present some general observations that en-
able us to readily recover known solutions and identify new ones.

First, HS-SDGR is a well-defined theory. It contains all higher-spin fields and all possible
chiral two-derivative couplings, and is thus defined by the largest possible crystal. Moreover,

starting from a seed containing only even helicities, we will never generate odd ones. Conversely,

22We just mean that, for example, if the classification contains theories with helicities A, A + 1, A + 2 and
2X —1,2) 22X + 1 for any A\, X', then this is the same solution (parameterised by A = 2\ — 1).
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it is not possible to construct a theory with only odd helicities. This tells us that HS-SDGR
admits a consistent truncation to the even-helicity sector.

Some solutions have only (++—) cubic couplings. This possibility was first pointed out
in [123] while exploring possible subalgebras of the “gauge algebra” of HS-SDGR (see also
[202]). A covariant action for the case including all (++—) couplings and no scalar fields was
constructed in [122].

To see the existence of such theories using our method, we have to start from a small crystal
(2.4.1) and impose that the newly generated couplings never produce any (——+) terms. We

can achieve this by requiring
)\1,)\2,)\3 Z?’LZQ, n €. (246)
As a consequence

AM=4—Xo3 < —n < =2,
)\”—227122, Z,jz{1,2,3}

These define consistent truncations of HS-SDGR: we have a truncation for every n > 2 where
all couplings will only contain fields of helicities |A| > n. We can also observe that there exist
solutions containing all possible cubic couplings constructed from the truncated spectrum.??
To see it, we need to prove that any coupling with |A| > n can be reached by a small crystal
generated by two couplings with helicities [A\| > n. To do this, we simply use that pair of
couplings as the seed of the small crystal. These are exactly the truncations found in [123].

Note that this does not prevent the existence of consistent “smaller”?* theories. Indeed,
as we will see later, this is the case. We should interpret the solutions we just described as a
collection (finite or infinite) of crystals, nested one inside the other. This idea is related to the
notion of subalgebras, see [123].

An additional interesting observation arises when we attempt to include a scalar field. A
two-derivative cubic coupling involving a scalar takes the form C*2~*0 and generates (even on

its own, but here we assume the presence of two such couplings) the small crystal

C/\172*/\1,OC'0,>\272*>\2 C/\1,A2,2*>\12 C)\12*272*/\172*/\2

C)\1,27)\2,)\27)\1 C)\lf)\272*’\17)‘2 i (248)

) )

This crystal contains both (++—) and (——+) couplings if at least one of the helicities satisfies
A >3 or A < —1. Therefore, it is not possible to consistently add a scalar field and retain only
(++4—) couplings while preserving Lorentz invariance; adding a scalar necessarily introduces
(——+) couplings as well.

The only exceptions occur for A = 1, which gives a crystal with a single coupling C1%°, or

23This is, in fact, a more general statement. As we will see, all consistent two-derivative chiral higher-spin
theories are entirely determined by their spectrum.
24Here by smaller we mean theories that contain fewer fields and/or fewer cubic couplings.
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A = 0,2, yielding the two couplings C?? and C' 222,
We can now ask which is the simplest theory that includes the SDGR coupling C~%2?2 and
a generic coupling containing at least one scalar field C*?~*%, The smallest crystal containing

them is generated by the seed (2, A,0,2 — \), which gives the spectrum
+{0,2, \, A — 2,2\ — 2}. (2.4.9)
The cubic couplings are then all possible ones constructed from the spectrum above:
(07222 022N 022-AA-2 O22-2A-2 (0002 (2-2AAA 002-AN (2-AZ-AZ-2Y (9 4 1()

One final observation is that we can easily recover the minimal coupling® to gravity for higher-

spin fields, thanks to the small crystal
(2:2-2 22~ O2A=ACA2—A O2AAO—A2X (2.4.11)
This configuration yields the following solution to the system of equations:
02,2,—202,)\,—)\ _ C«Q,A,—)\C)\,Z,—)\ = 02,2,—2 — 02,/\,—)\ ) (2412)

This result demonstrates the universality of gravitational interactions, even for higher-spin
fields. An expression of what is commonly referred to as the equivalence principle.

Both the crystal (2.4.9) and (2.4.11) will appear again in the classification we present below.
Spectrum =- couplings. There is an interesting “experimental fact” that all two- and one-
derivative theories we classify below have all possible cubic couplings that can be constructed
from the spectrum of the helicities that participate in the interactions, which we can call
“interacting spectrum”. In other words, suppose that the free approximation contains fields
with helicities S” = {\/}, while the cubic couplings contain a subset of these helicities S’ 5 S =
{Ai}. Then, the theory contains all cubic vertices Vi, x; x,, Ai +A; +Ax = 1 or 2. Some theories
contain free parameters, and for the above to hold, we assume these parameters are generic —
that is, they do not vanish. The fact that the (interacting) spectrum determines the couplings
is nontrivial, and as we will show later, this property no longer holds in the higher-derivative
case.

All two-derivative solutions. To construct inequivalent crystals, we begin with a seed
containing generic helicities (A1, A2, A3, A\4), with the condition Z?Zl A; = 4. We then proceed

as follows:

25For massless fields, the minimal coupling corresponds to the cubic interaction with the lowest number of
derivatives, two for gravitational interactions and one for gauge interactions. Note also that the mass dimension
of the coupling scales as 1 —|A; + A2 — A3|. Consequently, the gravitational minimal coupling has mass dimension
—1 and is proportional to 1/Mp, while the gauge (spin-1) coupling is dimensionless and corresponds to the
electric charge e for photons or the gauge coupling g for gluons. For a more detailed explanation, including
a generalization to massive higher-spin fields, we refer to [204]. There, all cubic interactions — not only the
minimal ones — are classified using the spinor-helicity formalism, which is also adapted to the massive case.
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First, we construct the small crystal generated by the seed and identify all possible rela-
tions among the helicities that would generate new small crystals. This is done by fixing

two generic helicities to be opposite to each other.

For each such relation, once imposed, we compute the newly generated crystals and then
look for further constraints they induce.

Since the initial small crystal contains three independent helicities — taken to be (A1, Ag, A3)

— we iterate this process up to three times and then stop.

Finally, we identify inequivalent crystals, modulo the equivalence relations (2.4.4) and
(2.4.5).

In general, the solutions may also include non-integer helicities,?® that would correspond to
non-physical configurations. In the classification below, we only report the physical solutions.

We present the solutions starting from the three-parameter family, then proceed to the two-
and one-parameter families, followed by particular cases. However, it is important to interpret
the classification in the opposite direction. The solution with the greatest helicity freedom
remains valid until an additional relation is imposed, reducing the number of free parameters.

As all solutions are completely determined by the (interacting) spectrum, for each inequiv-
alent crystal, we only write down the interacting spectrum in the following way: +{\;,...} U
{s1,...}. The spectrum of a theory consists of fields with helicity 4\, ..., £s1, ...2”. The cubic
vertices are given by all possible triplets of fields with helicities £, ... and +s1, ... (no —s;!)
such that the total helicity is (1)2 for (one-)two-derivative theories.

Note that a crystal can exhibit two possible behaviours when a new relation among the

helicities is imposed:

e The new relation may trigger the formation of new and different small crystals. This
leads to an inequivalent crystal compared to the original one, but with one less degree of

freedom in the helicities.

e The new relation does not result in any new small crystals. In this case, the resulting
crystal is simply a contraction of the original one, in the sense that, although it contains

fewer fields and couplings, it is not independent of the original.

We begin by describing inequivalent crystals with a finite spectrum of fields and a finite

number of cubic couplings. The first case is the simplest and least interesting, involving only a

26In particular, most of them do not contain half-integer spins, which should be interpreted as (bosonic)
fermions (note, that the generators for fermions are slightly different and are not just obtained but letting A be
half-integer). Instead, they involve helicities like A = %, %, or other generic rational values. These configurations,
even though they may be mathematically interesting they are not physically relevant. For this reason, we decided
to omit them in the classification. Nevertheless, it is tempting to consider A € R since the light-cone generators
tolerate that. One can also speculate that the light-cone gauge allows one to define “fractional spin” in four
dimensions.

2"The free Hamiltonian always contains pairs of fields with opposite helicities.
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single small crystal. This case gives a three-parameter family of solutions, with the following
seed (A1, A2, Ag,4 — A123) and the crystal contains 10 fields:

{2 = A2, 2 — Augy 2 — Aoz} U {A1, Aoy Az, 4 — Ao} (2.4.13)

There are 4 two-parameter families of finite crystals:

1. The seed (A1, Ag,0,4 — Aj2) generates a crystal with 22 fields:

{0, A1 — 2,00 — 2, A0 — Ao, 2A1 — 2,200 — 2,6 — 2Apo,

(2.4.14)
2 — Mg, 4 — A — 29,4 — 201 — M FU{ A, Ao, 4 — Ao}
It is obtained by imposing A3 = —A3 = A3 = 0.
2. The seed (A1, A2,2,2 — A\j2) generates a crystal with 8 fields:
+4{2, A1, X2, 2 — A2} (2.4.15)

It is obtained by imposing A3 — 2 = A\; = A3 = 2.

3. The seed (A1, A2,2 — 21,2 4+ A\ — \y) generates a crystal with 13 fields:
{200 — 2,200 — A2, 2 — Ao, 24 200 — 20 U {0, 2 — 21,24+ Ay — Ao}, (2.4.16)
It is obtained by imposing 2 — A\j3 = A\; = A3 = 2 — 2.
4. The seed (A1, A2,2 — A1, 2 — \y) generates a crystal with 13 fields:
+{0,2\; — 2,20 — 2, A1 — A2, 2 — Ao} U {1, A2, 2 — A\, 2 — Ao} (2.4.17)

It is obtained by imposing 2 — A\j3 = A3 —2 = A3 =2 — \q.
There are 5 one-parameter families of finite crystals:

1. The seed (0,6 — 4\, \, 3\ — 2) generates a crystal with 24 fields:

+{0,A— 2,2 — 2,3\ — 4,4\ — 4,5\ — 6,6\ — 6,

(2.4.18)
TA — 8,8\ — 10,9\ — 10,12\ — 14} U {\, 3\ — 2,6 — 4A} .
It comes from (2.4.14) by imposing Ay — A\; = 2\ — 2 = Xy = 3)\; — 2.
2. The seed (0,4 — 3\, A, 2)\) generates a crystal with 31 fields:
L0, — 2,20 — 2,30 — 2,4\ — 4,4\ — 2,5\ — 4,6\ — 6, 6\ — 4,
(2.4.19)

TA— 6,8\ — 6,90 — 8,10\ — 8,12\ — 10} U {2\, 4 — 3A} .

It comes from (2.4.14) by imposing Ay — A\; = A\ = Ay = 2);.
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3. The seed (4 — 3\, 2 — 2\, A\, 4\ — 2) generates a crystal with 16 fields:

£{12\ — 10,9 — 8,8\ — 6,6 — 6,50 — 4,2X — 2, A} U {4 — 3, 4A — 2}

It comes from (2.4.16) by imposing A\; = 2 — 2\,.

4. The seed (1,2 — 2\, A\, A + 1) generates a crystal with 16 fields:
L0, A — 120,20 — 1,30 — 1A\ — 2 U {1, A + 1,2 — 2)}.

It comes from (2.4.16) by imposing 2\ —2 =2 — 2X\y = Ay = 1.

5. The seed (6 — 6,4 — 3\, 6 — 4\) generates a crystal with 13 fields:
£{2X — 2,3) — 4, 7A — 8,8\ — 10, 12\ — 14} U {\,6) — 6,6 — 4\} .

It comes from (2.4.16) by imposing A\; + Ao —2 =2 —2Xy = A\; =4 — 3\,.
There are 4 particular finite crystals:

1. The seed (0,1, 1,2) generates a crystal with 5 fields:
+{0,1,2}.

This corresponds to SDGR coupled to the photon and a scalar field.

2. The seed (0,0,2,2) generates a crystal with 3 fields:
+£{0,2}.

This corresponds to SDGR with a scalar field.

3. The seed (—2,2,2,2) generates a crystal with 2 fields:
+{2}.

This corresponds to SDGR.

4. The seed (1,1,1,1) generates a crystal with 2 fields:

{0,1}.

This corresponds to the abelian vertex ¢ alone.

69

(2.4.20)

(2.4.21)

(2.4.22)

(2.4.23)

(2.4.24)

(2.4.25)

(2.4.26)

Below, we present the crystals with infinite spectra and infinitely many cubic couplings, which

we refer to as infinite crystals. We explicitly indicate whether helicities 0 and +2 are present
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in the theory, as these fields are of particular relevance. There is 1 two-parameter family of

infinite crystals:

1. The seed (—A1, A1,4 — g, \2) generates a crystal with the following fields:
H{2,2-M)k£2, (2= N)kEN}, ke Zs. (2.4.27)

It is obtained by imposing A3 = —\;.
There are 2 one-parameter families of infinite crystals:

1. The seed (—2,6, —\, \) generates a crystal with the following fields:

+ {2, 4k}, k€Zso, A=2(mod4), (2.4.28a)
+{0,2,2k} k€Zs, A=0(mod4), (2.4.28b)
+{0,2,k}, ke€Zso, Aodd. (2.4.28¢)

It comes from (2.4.16) by imposing Ay = Ao — A\; — 2 = A\; = —2 or from (2.4.27) by

imposing Ay = —2.

2. The seed (0,6 — 2\, A — 2, \) generates a crystal with the following fields:
£{0,2,(2= Nk, (2= Nk 2}, k€ Zs,. (2.4.29)

It comes from (2.4.14) by imposing A\; = Ay — 2.
There are some particular infinite solutions:®

e The following seeds generate all integer helicities:

{(0,0,1,3),(0,1,—1,4),(0,3,-3,4), (1,2, -2, 3),

(2.4.30)
(1,—-1,-2,6),(1,4,-4,3),(1,—1,1,3)}.
e The following seeds generate all even helicities:
0727_274 ) 0707074 ) 0747 _474 ) 0707_276 )
{(0.2,-2,),(0,0,0,4), (0,4, ~4,4), 0,0, ~2,6) .
(0,6,—6,4),(0,10,—-10,4), (4,—4,-2,6), (0,10, -4, —-2)} .
e The following seeds generate all helicities A = 2 (mod 4):
{(2,-2,-2,6),(10,—10,—2,6), (6, —6,—2,6)} . (2.4.32)

In the following, we present additional crystals which, as described above, are merely contrac-

tions of larger crystals, even though they exhibit a different spectrum. Nevertheless, they are

28We include these cases because they arise by fixing specific helicities in the finite crystals discussed above.
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relevant, and we include them here as well. We also indicate whether the crystal coincides with
its small crystal, and whether it contains only (++—) couplings. There is 1 two-parameter

family of finite crystals:

1. The seed (A1, A2, A1,4 — 2A\; — A\y) generates a crystal with 7 fields:
20 — 2,2 — Ao} U {1, Aoy 4 — 20 — Ao} (2.4.33)

It is a contraction of (2.4.13) by imposing 2 — A\js = 2 — A3 = A3 = A\;. It coincides with

the small crystal.
There are 13 one-parameter families of finite crystals:

1. The seed (0,1,3 — X\, \) generates a crystal with 21 fields:
{0, 1,0 — 1,0 — 2,20 — 4,20 — 3,20 — 2,3\ — 5,30 — 4,4\ — 6} U {\, 3 — \}. (2.4.34)

It is a contraction of (2.4.14) by imposing Ao =2 — Ay = Ay = 1.

2. The seed (2, A,0,2 — \) generates a crystal with 9 fields:
£{0,2,\, A — 2,2\ — 2} . (2.4.35)

It is a contraction of (2.4.14) by imposing 2Xy — 2 = Ay = Ay = 2.

3. The seeds (0, A\, A, 4 — 2)\) and (2A — 2, A\, 2 — A\, 4 — 2)\) generate a crystal with 11 fields:
10,0 — 2,20 — 2,30 — 4,4\ — 6} U {\, 4 — 22} . (2.4.36)

It is a contraction of (2.4.14) by imposing A\; — Ay = Aa — A} = Ay = A; and of (2.4.16)
by imposing 2 — 2A\; = 2 s — 2 = A\; = 2 — Ay, respectively.

4. The seed (0,6 — 3\, A\, 2\ — 2) generates a crystal with 17 fields:
10,2 = A2\ — 4,20 — 2,30 — 4,4\ — 6,50 — 8,6\ — 10} U {\,6 — 3\}.  (2.4.37)

It is a contraction of (2.4.14) by imposing Ay = 2A\; — 2.

5. The seed (2,2, —\, \) generates a crystal with 4 fields:
+£{2,\}. (2.4.38)

It is a contraction of (2.4.15) by imposing Ay = 2. This crystal contains only (4++—)

couplings. It coincides with the small crystal.
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The seed (2,2 — 2\, A\, \) generates a crystal with 6 fields:
02,0, 2\ — 2} . (2.4.39)

It is a contraction of (2.4.15) by imposing Ay = A;. This crystal contains only (++—)

couplings.

The seed (6 — 4\, A\, A\, 2\ — 2) generates a crystal with 6 fields:
{3\ — 4,20 — 2 U {\, 6 — 4\} . (2.4.40)

It is a contraction of (2.4.16) by imposing A\; = 2\, —2. This crystal contains only (++—)

couplings. It coincides with the small crystal.

The seed (2 — 2\, 2 — 2\, A, 3\) generates a crystal with 8 fields:
L 4N — 2,60 — 2} U {2 — 2),3\} . (2.4.41)

It is a contraction of (2.4.16) by imposing Ay = 2 — 2);.

The seed (10 — 6A, A, 2\ — 2,3\ — 4) generates a crystal with 10 fields:
+{2X — 2,3\ — 4,4\ — 6,5 — 8} U {\, 10 — 6A}. (2.4.42)

It is a contraction of (2.4.16) by imposing 2 + A\; — Ay = 2X\y — 2 = Ay = 3\ — 4. This

crystal contains only (4++4—) couplings.

The seed (1,1,2 — A\, \) generates a crystal with 8 fields:
{0, A= 1,20 — 2} U{1,\,2 — A}. (2.4.43)

It is a contraction of (2.4.17) by imposing 2Xy — 2 =2 — 2y = Ay = 1.

The seed (A, A,2 — A,2 — \) generates a crystal with 5 fields:
+£{0,20 — 2} U {2 — A}, (2.4.44)

It is a contraction of (2.4.33) by imposing A\ + Ao —2=2—=X 1 — Ay = Ay =2 — \;. It

coincides with the small crystal.

The seed (4 — 3X,2 — A\, A, 3\ — 2) generates a crystal with 11 fields:
£10,2)0 — 2,4\ — 4,6)\ — 6} U {4 — 31,2 — A\, \, 3\ — 2} (2.4.45)

It is a contraction of (2.4.17) by imposing Ay — A\; = 2\ — 2 = Ay = 3\ — 2.
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13. The seed (4 — 3X\, A\, \, \) generates a crystal with 4 fields:
+{2\ =2} U{)\,4 —3)\}. (2.4.46)

It is a contraction of (2.4.33) by imposing 2\; —2 = A\; + Ay — 2 = Ay = A\;. This crystal

contains only (++4—) couplings. It coincides with the small crystal.

We also present 5 additional one-parameter families of infinite crystals which, although arising
as specific contractions of (2.4.27), also originate from the two-parameter families of finite

crystals. As such, they are important for the complete classification.

1. The seed (0,0,4 — A, A) generates a crystal with the following fields:
+£{0,2,(2— Nk, (2= Nk £2}, k€ Zsg. (2.4.47)
It comes from (2.4.14) by imposing \; = 0.
2. The seed (0,4, —\, \) generates a crystal with the following fields:

+ {0,2, k}, ke Zso, A odd, (2.4.48a)
+{0,2, 2k}, k€Zsy, A even. (2.4.48b)

It comes from (2.4.14) by imposing 4 — Ay — Ay = =X\ = A2 = 4. This seed leads to
HS-SDGR. In particular, starting from an even A yields a truncation of HS-SDGR to even
helicities, while an odd X gives the full HS-SDGR spectrum.

3. The seeds (2, —2,4— X, \), (2A—6,A,4—X,6—2\) and (A, \, =\, 4 — \) generate a crystal
with the following fields:

+{2,2—-Nk+2},  keZs. (2.4.49)

It comes from (2.4.15) by imposing Ay = —2 and from (2.4.16) by imposing 2 — 2\, =
Ay — A —2= A; =4 — Xy and from (2.4.33) by imposing Ay = —\;, respectively.

4. The seed (2 + 2X\, A\, —A, 2 — 2)) generates a crystal with the following fields:
£{2,2kA 2,2k + 1)A}, k€ Zsg. (2.4.50)

It comes from (2.4.16) by imposing Ay = —\;.

5. The seed (A, 2+ A, —\,2 — \) generates a crystal with the following fields:
+{0,2, kA £ 2,k\}, keZs. (2.4.51)

It comes from (2.4.17) by imposing Ay = — ;.
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Further observations. From the classification above, we find that the only seeds leading to
the full HS-SDGR theory are:

(N, =\ 1,3) O A0S CALIACA-L-AS CAB=I=ACAHL=AL
(A, =, 0 4) CAA2C-204  CAO2-ACA=2-Ad CAM=2ACMZN0 ) o4 |
(A, (5) ONTMOTRLS L CATLISAGTIRASAS L OASSBACSA-A-L A = () (mod 3),
(—2,6, )\, )\) C26-202A-A  C2AMIAC—ARAG A 2o MR C—ASAGA ) (|

Therefore, HS-SDGR is the unique solution iff at least one of these C?C? coupling pairs is
turned on.

Another noteworthy observation is that the only finite crystals containing the SDGR cou-
pling C~2%22 — and which can thus be interpreted as chiral higher-spin gravity theories — are
those generated by (2.4.15) and its contractions. In contrast, all infinite crystals include the
SDGR coupling.

As we will see later, when solving the system of equations for the couplings associated with
a crystal, some solutions may allow certain couplings to vanish. This gives rise to a sub-crystal,
which corresponds to a subalgebra in the terminology of [123]. As shown in [123], solutions
to the light-cone holomorphic constraint correspond, with a few exceptions, to specific Lie

algebras.

2.4.2 One-derivative chiral higher-spin theories

Here, we classify all inequivalent solutions of chiral higher-spin theories involving one-derivative
interactions in the presence of a U(N) gauge group. For SO(N) and USp(N), the classification
of the crystals remains the same. The only difference is in the system for the couplings, as
discussed in Appendix 2.10. Satisfying the holomorphic constraint (2.3.64) requires two basic

rules:

e Starting from a single pair of couplings C*C*, four additional ones are required. In

particular, the following set of couplings must be present together:

Cv)q)\271*)\12Cv>\12*17>\3,>\47 CA1,>\371*>\13C)\13*1,>\2,>\4’ C>\17>\4,1*)\14C>\14*1,>\2)\3. (2452)

We also impose Z?Zl A; = 2 to ensure that only one-derivative interactions are present.
We refer to the collection of the 6 couplings above as a small crystal. An exception is the
pair C*MALOC0A2A2 which is excluded from the small crystal, as it does not participate
in the constraint (2.3.66).

e These couplings have to satisfy the following system of equations:

AAz,l=A12 A A2—1 A3, 0 AL L=Aa Aa—10,0
C 1,1N\2 120 12 3 — O 1 1 O 1 2 3’

C«)\1,)\1,000,)\2,)\2 — generic. (2453)
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The same equations also appear for the other colour-ordered constraints (2.3.63). While
this system does not affect the classification below, it plays a role in determining relations
among the couplings in any given theory. Notably, a solution is always guaranteed to exist
— namely the one corresponding to HS-SDYM — in which all one-derivative couplings in
the theory take the same value. However, in general, for smaller theories than HS-SDY M,
some couplings remain unconstrained and correspond to free parameters. In what follows,

we assume that all such free parameters are kept different from zero.

To justify the need for the small crystal in (2.4.52), we recall that the constraint (2.3.66)
applies only to a single colour-ordered case, specifically [1234], and requires just two pairs of
couplings. We make a simplifying assumption that C*22« £ (0 implies C*2M% £ 0. As a
result, we also need to satisfy the colour-ordered constraint [1342], which in turn implies that
all permutations must be included and all colour-ordered constraints must be fulfilled.

Apart from the change in the number of derivatives of the vertices, the classification strategy
remains unchanged. Then we follow the same procedure as in the two-derivative case. Let us
give an example of a crystal generated by the seed (1,1, —\, A), which yields

11,—1~1,-AA L=AA—A1A LA=AAL-A
C C : C C : C C

(2.4.54)
01,1,7101,71,17 01,71,1071,1,17 L1l -1

The above defines a specific chiral higher-spin theory with one-derivative interactions. It con-
tains only a finite number of couplings, a finite spectrum, and the SDYM interaction C~111,
The notion of equivalence between crystals is the same as in the two-derivative case.
Observations and simple solutions. First, HS-SDYM is a well-defined theory. It contains
all higher-spin fields and all possible chiral one-derivative couplings, and is thus defined by the
largest possible crystal. Moreover, starting from a seed containing only odd helicities, we will
never generate even ones. This tells us that HS-SDYM admits a consistent truncation to the
odd-helicity sector.

As in the two-derivative case, solutions that include only (+-+—) cubic couplings are allowed.

The argument is the same as before, starting from the small crystal (2.4.52) and by requiring
)\1,)\2,)\3 ZTLZ ]_, n €. (2455)
As a consequence

AM=2-Ap3<—n<—1,
1—-X; <—n< -1, i,7 ={1,2,3}, (2.4.56)
/\1]‘—127121, 27]2{1,2,3}
These define consistent truncations of HS-SDYM, and we can have arbitrary truncations, con-

taining fields of helicities |A\| > n. As before, there exist solutions that incorporate all possible

cubic couplings constructed from the truncated spectrum.
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Let us try to include a scalar field. A one-derivative cubic coupling involving a scalar field

takes the form (A, 1 — A, 0) and generates the small crystal

C)\l,lf)\l,oco,)\g,lf)\z C)\l,)\Q,l*/\lQC/\12*1717/\1:17)‘2’ C)‘1717>‘27)‘27)‘1 C/\li/\Q’li/\l’)Q . (2457)

Y

This crystal contains both (++—) and (——+) couplings if at least one of the helicities satisfies
A >2or A < —1. Therefore, adding a scalar necessarily introduces (——+) couplings as well.
The only exceptions occur for A = 0, 1, which gives a crystal with two couplings C%% C—1bL,
We can now ask which is the simplest theory that includes the SDYM coupling C~11 and
a generic coupling containing at least one scalar field CM =9 The smaller crystal containing

them is generated by the seed (0,1,1 — A, \), which gives the spectrum
+{0, 1, \, A —1,1—2)\}. (2.4.58)
The cubic couplings are then all the possible ones constructed from the spectrum above:
{O001 0O1-AA CL-AACLI-A=I4A CI-AL-A-142X GI-2AAX (-1L1 GLI-20,-1422} (9 4 50)

One final observation is that we can easily recover the minimal coupling to the spin-1 gauge

field for higher-spin fields, thanks to the small crystal
Cl,l,—lcl,)\,—)\ Ol,)\,—)\c)\,l,—)\ Ol,—)\,)\c—)\,l,)\ ) (2460)
This configuration yields the following solution to the system of equations:
CLL=102A=X _ oLA=ACAL-A = obL-l — oA (2.4.61)

This result demonstrates the universality of the coupling to spin-1 for higher-spin fields.
Both the crystal (2.4.58) and (2.4.60) will appear again in the classification we present below.
All one-derivative solutions. We follow the same procedure as in the two-derivative case.
Recall that, in this case as well, the spectrum completely determines the cubic couplings.

The first solution is a three-parameter family with the following seed (A1, A2, A3, 2 — Aja3)
and the crystal contains 10 fields:

H{1 — Ao, 1 — Aig, T — Ao F U {1, Ao, A3, 2 — Aos ) (2.4.62)
There are 4 two-parameter families of finite crystals:
1. The seed (0, A1,2 — A2, A2) generates a crystal with 22 fields:

£{0,1— 201, 1= A1, 1 —200,3 = 2012,2 — Ay — 200, 1 — Ao,

(2.4.63)
2—=2X1 — Ao, 1= Ao, A — A U {2 — Ajg, Ao}
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It is obtained by imposing A3 = —A3 = A3 = 0.

2. The seed (1, A1,1 — A1, \2) generates a crystal with 8 fields:
{1, A\, 1 — A2, Ao}

It is obtained by imposing A3 — 1 =X = A3 = 1.

3. The seed (1 —2A;, A1, 14+ A\ — A2, \y) generates a crystal with 13 fields:

{0 1= 220, 14220 — 220, 1 — A2, 200 — A U {1 — 20, 1+ Ay — Ao, Ao}

It is obtained by imposing 1 — A\j3 = Ay = A3 =1 — 2.

4. The seed (1 — Ay, A1, 1 — A9, \o) generates a crystal with 13 fields:
+{0,1 —2X;, 1 —2X0, 1 — Mo, Ay — A U {1 — A, A, 1 — Ao, Ao}

It is obtained by imposing 1 — A\j3 = A3 — 1= A3 =1—\;.
There are 4 one-parameter families of solutions:

1. The seed (0,3 — 4\, \, 3\ — 1) generates a crystal with 24 fields:

+{0,7 = 12A,5 — 9X,5 — 8\, 4 — TA,3 — 6,3 — 5,
24X 2—301—2\1—A}U{3 =4\ A, —1+3)\}.

It comes from (2.4.63) by imposing Ay — A\; =2\ — 1 = XAy = 3)\; — 1.
2. The seed (0,2 — 3\, A, 2\) generates a crystal with 31 fields:

+{0,5— 12,4 — 10X, 4 — 9,3 — 8X,3 — TA,2 — 6,3 — 6A, 2 — 5,
1—4X2—4X01-3)01—2)\1— X —A}U{2—3)2)}.

It comes from (2.4.63) by imposing Ay — A\; = A\ = Ay = 2);.

3. The seed (2 —3A,1 — 2\, \, 4\ — 1) generates a crystal with 16 fields:

{5 — 12X, 4 — 9,3 —8X,3 — 61,2 —5A, 1 — 2\, AL U {4\ — 1,2 — 3A}.

It comes from (2.4.65) by imposing Ay = 1 — 2),.

4. The seed (6A — 3, A\, 2 — 3),3 — 4)) generates a crystal with 13 fields:
{71205 — 8\, 4 —TA, 2 — 30,1 — 20} U {3 — 4\, A\, 6\ — 3} .

It comes from (2.4.65) by imposing A\ + Ao — 1 =1 —2Xy = A\; =2 — 3\,.

7

(2.4.64)

(2.4.65)

(2.4.66)

(2.4.67)

(2.4.68)

(2.4.69)

(2.4.70)
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There are 2 particular finite crystals:

1. The seed (0,0,1,1) generates a crystal with 3 fields:
+£{1,0}.

This corresponds to SDYM coupled to a scalar field.

2. The seed (—1,1,1,1) generates a crystal with 2 fields:

+{1}.
This corresponds to SDYM.

There is 1 two-parameter family of infinite crystals:

1. The seed (—A1, A1,2 — g, \2) generates a crystal with the following fields:

ﬂ:{l,(l—)\Q)k?ﬂzl,(l—)\g)kﬂ:)\l}, k€Z20~

It is obtained by imposing A3 = —\;.
There is 1 one-parameter family of infinite crystals:

1. The seed (0,3 — 2X\, A — 1, \) generates a crystal with the following fields:
+{0,1,(1 =Nk, (1 =Nk £ 1}, keZs.
It comes from (2.4.63) by imposing A\; = Ay — 1.
There are some particular infinite solutions:

e The following seeds generate all integer helicities:

{(_1707 17 2)7 (07 07072)7 <_2707 272)7 (_1707073)7 (_3707273)7
(—5,0,2,5),(—4,0,2,4),(-2,—1,0,5), (—2,—1,2,3)}.

e The following seeds generate all odd helicities:

{(-1,-1,1,3),(-5,-1,3,5),(—3,—1,3,3)}.

(2.4.71)

(2.4.72)

(2.4.73)

(2.4.74)

(2.4.75)

(2.4.76)

In the following, we present additional crystals obtained through specific contractions of the

spectra of the previously discussed crystals.

There is 1 two-parameter family of finite crystals:
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1. The seed (A1, A1,2 — 21 — Ao, \2) generates a crystal with 7 fields:
:l:{l —2/\1,1 _>\12}U{>\1,2—2)\1 —/\2,)\2}. (2477)

It is a contraction of (2.4.62) by imposing 1 — A5 = 1 — Ay3 = A3 = A\;. It coincides with

the small crystal.
There are 11 one-parameter families of finite crystals:

1. The seed (0,1,1 — A\, \) generates a crystal with 9 fields:
+£{0,1,A,2\ — 1,\ — 1} (2.4.78)

It is a contraction of (2.4.63) by imposing 2A\; — 1 = A\; = A\; = 1.

2. The seeds (0, A\, A\,2 —2)\) and (2A — 1, A\, 1 — A\, 2 — 2)\) generate a crystal with 11 fields:
££0,3— 40,2 — 30,1 — 20,1 - A} U{2 -2\, A}, (2.4.79)

It is a contraction of (2.4.63) by imposing A\; — Ay = Aa — A} = Ay = A and of (2.4.65)
by imposing 1 — 2A\; =2\ — 1 = Ay = 1 — Ay, respectively.

3. The seed (0,3 — 3\, A, 2\ — 1) generates a crystal with 17 fields:
0,5 — 60,4 — 50,3 — 40,2 - 301202201 - A U{3 -3\ A}.  (2.4.80)

It is a contraction of (2.4.63) by imposing Ay = 2X\; — 1.

4. The seed (1,1, —A, \) generates a crystal with 4 fields:
£{1,A}. (2.4.81)

It is a contraction of (2.4.64) by imposing Ay = 1. This crystal contains only (4++—)

couplings. It coincides with the small crystal.

5. The seed (1,1 — 2X, A\, \) generates a crystal with 6 fields:
£{1,1—2X\, A} (2.4.82)

It is a contraction of (2.4.64) by imposing Ay = A;. This crystal contains only (4++—)

couplings.

6. The seed (3 —4A, A\, A, 2\ — 1) generates a crystal with 6 fields:

+{2 -3\ 120} U{3 -4\ A}. (2.4.83)
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It is a contraction of (2.4.65) by imposing A\; = 2\, — 1. This crystal contains only (++—)

couplings. It coincides with the small crystal.

7. The seed (1 — 2\, 1 — 2\, A, 3)\) generates a crystal with 8 fields:
{1 — 6\, 1 — 4\ A} U {3\, 1—2)}. (2.4.84)
It is a contraction of (2.4.65) by imposing Ay = 1 — 2);.
8. The seed (5 — 6\, A\, 2\ — 1,3\ — 2) generates a crystal with 10 fields:
{4503 —40,2—3\1—2\}U{5 -6\ \}. (2.4.85)

It is a contraction of (2.4.65) by imposing 1 + A; — Ay = 2X\y — 1 = Ay = 3\ — 2. This

crystal contains only (4++4—) couplings.

9. The seed (A, A\, 1 — A, 1 — \) generates a crystal with 5 fields:
+{0,1 =22} U {1 — A\ A\}. (2.4.86)

It is a contraction of (2.4.77) by imposing Ay + Ao — 1 =1—=XA1 — Ay = A =1— A\, Tt

coincides with the small crystal.

10. The seed (3A — 1, A, 1 — \,2 — 3\} generates a crystal with 11 fields:
£{0,3— 60,2 -4\ 1 -2\ U{2 - 301 — A\, —1+3\}. (2.4.87)
It is a contraction of (2.4.66) by imposing Ay — A\; =2\ — 1 = Ay = 3); — L.
11. The seed (2 — 3X\, A\, A\, \) generates a crystal with 4 fields:
{1 —2\}U{2 -3\ )} (2.4.88)

It is a contraction of (2.4.77) by imposing 2A; — 1 = A\ + Ay — 1 = Ay = A;. This crystal

contains only (++4—) couplings. It coincides with the small crystal.

There are 7 one-parameter families of infinite crystals which, although arising as specific con-

tractions of (2.4.73), also originate from the two-parameter families of finite crystals:

1. The seed (0,0,2 — A, \) generates a crystal with the following fields:
£{0,1,(1= Nk, (1= Nk 1}, k€ Zs,. (2.4.89)

It comes respectively from (2.4.63) by imposing A\; = 0.
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The seed (0,2, —\, \) generates a crystal with the following fields:
+{0,1,k}, k€ Zsy. (2.4.90)

It comes from (2.4.63) by imposing 2 — A\; — Ao = —A; = Ay = 2. This seed leads to
HS-SDYM.

The seeds (1, —1,2— X, \) and (A, A, =\, 2— \) generate a crystal with the following fields:
H{L,(1-Nk£1}, ke Zs. (2.4.91)

It comes from (2.4.64) by imposing Ay = —1 and from (2.4.77) by imposing Ay = —Aq,

respectively.

. The seed (1 —2X,2 — A\, \,2)\ — 1) generates a crystal with the following fields:

H{1,A+Nk+1}, ke Zs. (2.4.92)

It comes from (2.4.65) by imposing 1 + A; — Ao =2X\; — 1= Ay =2 — 4.

. The seed (142X, A, =\, 1 — 2)) generates a crystal with the following fields:

H{1,2kA £ 1,2k + DA}, k€ Zs. (2.4.93)

It comes from (2.4.65) by imposing Ay = —\;.

. The seed (—1,3, —\, \) generates a crystal with the following fields:

+{0,1,k}, ke Zs, A even, (2.4.94a)
+{1,2k + 1}, keZsy, A\ odd. (2.4.94b)

It comes from (2.4.65) by imposing Ay = Ao —A; —1 = A\; = —1. This leads to HS-SDYM.
In particular, starting from an odd A yields a truncation of HS-SDYM to odd helicities,
while an even A gives the full HS-SDYM spectrum.

. The seed (A, 1+ A, —\, 1 — ) generates a crystal with the following fields:

+{0, 1, kA £ 1,kA}, k€ Zs. (2.4.95)

It comes from (2.4.66) by imposing Ay = —A;.
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Further observations. From the classification above, we find that the only seeds leading to
HS-SDYM are:

(A, —A,2,0)  CMACTI20 CA2TIACIEAAD L OALLAGIHA A2
()\ /\ 3 _1) C)\,f)\,lcvfl,B,fl’ C)\,3,727)\02+)\,7)\,71’ Cf)\,fl,Qf)\Cvf2+)\,7)\,37 A even ,
( ’ ) C)\,—)\,lc«—l,—QA’ C/\’_2’3_>\C_3+/\’_)\’4, C)\,4,—3—)\03+/\,—)\,—2 ’ A=0 (HlOd 3) ’
(—2,-1,0, 5) C-2-10=105 (20303715 2520210

Therefore, HS-SDYM is the unique solution iff at least one of these pairs of C*C! couplings is
turned on.

Another interesting observation is that the only finite crystals containing the SDYM coupling
C~1bL1 are those arising from (2.4.64) and its contractions. In contrast, all infinite crystals do
contain the SDYM coupling.

2.4.3 Higher-derivative

Here, we explore the various features that emerge in the higher-derivative case, which also
makes its classification more involved. We focus on the case without a gauge algebra. When
a gauge algebra is present, one simply needs to include odd-derivative couplings as well; the
rest of the analysis remains unchanged. Satisfying the holomorphic constraint (2.3.1), requires
respecting two basic rules:

e Starting from a single pair of couplings C"C™, with n+m = k+2 being the total number

of derivatives, the following set of 3k couplings must be present together:?’

k 2 k 2 k 2
C)\1,>\2,k—)\120>\12—k,>\3,)\4’ C)‘l’A3’k_)‘130>\13_k’>\2’)\4, C>\2A3,k—>\230>\23—k,)\1,>\4
k—2 4 k—2 4 k—2 4
C)\l’)\2’k_2_)\12C)\12+2_k’>\3’)\4, C)\l’)\3’k_2_)\13C)\13+2_k’>\2’)\4, C)\g,)\3,k—2—)\23C>\23+2—k,)\1,)\4
- ce
2 k 2 k 2 k
C’)\ly)\272_)\12 C/\12—2,/\3,)\4’ CA1,A372_)\13 C)\13—2,)\2,)\47 C)\z,)\3,2—/\230)\23—2,)\1,)\4 )

We also impose 2?21 Ai = k + 2 to ensure that only couplings with up to k£ derivatives
are present. We refer to the collection of the 3k couplings above as a small crystal. An
exception is the pair C*A10C0% 222 which is excluded from the small crystal, as it does

not participate in the constraint (2.3.5).

29Gometimes, for convenience, we indicate the number of derivatives of a coupling on top of it.
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e These couplings have to satisfy the following system of equations:

C)\ly)\2,UJC*w,)\3,)\4 _ k_l|_234(/\ — 2)!
223\ +w — D)l(Agq —w — 1)

same for (1324) and (1423),

k}r234 = 132 = e CrMA0C0A A2 — generic .

Vw,
(2.4.96)

While this system does not affect the classification, it plays a role in determining relations
among the couplings in any given theory. Notably, a solution is always guaranteed to
exist — namely the one corresponding to full chiral higher-spin theory, with the Metsaev
solution (2.3.44).

Let us examine a specific example to highlight the key differences from the lower-derivative

case. The seed (6,—4,2,2), with A = 6, generates the higher-derivative crystal

CG,—4,[2,O]C[—2,O],2,2 06,2,[—4,—6]0[4,6],—4,2 06,2,[—4,—6]0[4,6],—4,2

C26:-6(6-62 2060662 O2:2-2(12,6,~6
(26:-66—40 244460, (12:0.00,6,—4
—4,6,0 0,—4,6 —4,-4,10 ~—10,6,6 —4,6,0 0,6,—4
C C , C C , C C
1066626 C-102105-1066. (—10,6,6(1—6.6,2
(210.-1010,-102 (2—10105-10,10.2. (2:2,-2(12,10,-10 (2.4.97)
2,10,—10 ~10,—4,—4 2,—4,4 ~—4,10,—4 2,—4,4 ~—4,10,—4
C C , C C , C C
02,4,7404,74,2’ 02,74,4074,4,2, 02,2,7202,4,74
22720222, 2220222 C22-2(12.2,-2
222200, 2000020 (2:0.00,2,0
2,2,(0,—2] [0,2],0,2 2,0,[2,0] ~[—2,0],2,2 2,2,(0,—2] ~[0,2],2,0
C220.-210l02].0.2 c?0R0 20122 c?20.-2 0220
where the square bracket [—, —] is a notation to indicate the range of exchanged helicities,

incremented by steps of 2.3

The above crystal contains the following 10 couplings:

2 2 2 2 2 2 2 2 4 4
{0—2,2,2’ 0_4’2’4, 0—4,0,6’ 0—6,2,67 00,0,27 0—4,—4,10’ 0—10,6,6’ 0_10’2’10, 00’2’2, 0—4,2,6} . (2.4.98)

It includes SDGR, but does not contain all possible couplings that can be constructed from the

30Tf we want to include both even- and odd-derivative interactions and/or in the presence of a gauge group,
the step would be of 1.
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spectrum up to 4-derivatives. In particular, it omits the following 12 couplings:

2 2 2 2 4 4
(C6-210 =644 (=226 (=204 —10410 =6.0,10
. . . . . . (2.4.99)
O-646 =210 o444 (0-206 (=224 (004
The solution for the couplings in the crystal (2.4.97) is:
(C222 — (002 — =424 _ (=626 — (-10.2,10
bimd0 _ (C—406)2 o022 _ 2220426 (2.4.100)

C-10,6,6 (—4,0,6

The first line is a manifestation of the universality of gravitational interactions.
It is worth stressing that, without the freedom of having an arbitrary value for the product

of couplings CA1 MO0 222 we would get an additional constraint:

10 (00,2,2)2

o222 — ‘
3 (0-222

(2.4.101)

This is the same constraint encountered in (2.3.57) for the higher-derivative theory for lower
spins, and also here it would lead to a vanishing amplitude.

The example above illustrates all the new features of the higher-derivative case:

e The couplings are no longer fully determined by the spectrum. In the example above,
some 2- and 4-derivative couplings are missing. This complicates the classification of

higher-derivative chiral theories.

e The presence or absence of a gauge group becomes more relevant. In its presence, odd-
derivative vertices must also be included, leading to potentially very different solutions,

unlike the similarity observed in the lower-derivative case.

e As already seen in (2.3.79) and in the example above, the freedom to choose the prod-
uct CMAOC0A 222 hecomes relevant. It is also tied to the possibility of obtaining non-

vanishing amplitudes.

Simple observations. Full chiral higher-spin theory is a well-defined theory. It contains all
higher-spin fields and all possible chiral even-derivative cubic couplings, and is thus defined
by the largest possible crystal. Moreover, starting from a seed containing only even helicities,
we will never generate odd ones. This tells us that full chiral higher-spin admits a consistent
truncation to the even-helicity sector.

As in the low-derivative cases, we have solutions that include only (++—) cubic couplings.
Starting from a small crystal, we impose that the newly generated couplings never produce any
(——+) terms, by requiring

A, Ao, A3 >n >k nezr. (2.4.102)
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As a consequence

M=k+2—Xos<—n< —k,
0—Xij<-n<—k, i,j=11,2,3}, (=1{2,4,... k}, (2.4.103)
Aij—l=>n>k, i, =A{1,2,3}, (={2,4,....k}.

These define consistent truncations of the full chiral higher-spin theory and can have arbitrary
truncations containing fields of helicities |A\| > k. There also exist solutions that include all
possible cubic couplings constructed from the truncated spectrum.

Note that a theory that includes both higher-derivative and the SDGR coupling C'~222,
or one that includes a scalar field, inevitably leads to the presence of both types of couplings
(++—) and (——+).

Metsaev solution. Including the self-interacting higher-derivative coupling C=*** for |\| >
2, uniquely leads to the Metsaev solution. We now present a proof of this statement.
We begin by using the coupling C~** to form the small crystal

A A A
C)\,—A,[2>\—2,22]C[2—2>\,—2},>\,)\ CO\,)\,[—Z,Z—Q)?]C[Q,Q)\—Q],—/\,)\7 C«A,A,[—2,2—2>\2}C[2,2)\—2},—)\,>\ o (2.4.104)

From this point onward, we write only the necessary permutations of the small crystal and, for
clarity, indicate the total number of derivatives above each pair.

Starting from the small crystal above, we can generate further ones, forming a chain of small

crystals:
2 2
CMARA-22] H2-20 =21 A% SAN[-22-20] 7[2,2A-2],- A (2.4.105a)
4r—4 Ar—4
CMA=2,A=44-3N H4-A3A-4L,-A20-2 A -A[4A=6,2] H[6-47,~2],22A-2,2\2 (2.4.105b)
8A—12 8A—12
(CMAN=6,[3A—8,8—5X] [8—3A5A—8],~AAA—6 A, —A[8A—14,2] [14-8),—~2] 4\—6,4A—6 (2.4.105¢)

"

Since |A| > 2,31 we can reach a pair of arbitrary numbers of total derivatives, and generate the
coupling CM" for arbitrary n > 2. Taking two such couplings, we can generate the small

crystal

12 ni2
CAmlne=A=22-m =N OP=n2+2x4m=2-Anz - oA =An2=22 2-m2,~Amnina (2.4.106)

The coupling C?=™2:=2mm2 hag now n,, ny as arbitrary helicities. Looking again at (2.4.105),

2

we see that couplings of the form C*"2 can always be generated. In particular, they can be

31Tndeed, for A = 2, we have the SDGR coupling C =222, which does not lead to the full chiral higher-spin
theory.
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generated from CM*" and C12~m23:-2msm2 i this way:

na3 n23
A, — A\, [ne3—2,2 2—na3,—2],n3,n Ansg,[ne—A—2,2—nz—A\ 24+A—ng,A+n3—2],—A\,n
CHh~ =22 0l2-nzs,~2nanz - CAnailnz s Al OHA-n2 Atna =2~ Anz (2.4.107)

Then by suitably choosing no, we can always generate C*"3:2 with arbitrary ns.
Now we can pair CM2 with C™vm2[2=m2.-2] by choosing ng = k 4+ 2 — A — n12 and generate

k+2 k+2
C«n1,n2,[k—n12,2—n12} C[n12—k7n12—2],>\7"3 , Cn1,n3,[k—n13,2—n13] C[n13_k’n13_2]’n2’>\ . (24108)

"2 involving up to k derivatives with

Then C™m2:lk=m2.2=n] §g 5 generic cubic coupling C™
arbitrary k. This proves that all couplings must be present.

Therefore, following Appendix A of [6] we conclude that the Metsaev solution is the unique
one in the presence of at least one higher-derivative coupling of the form C~***. While this
result has long been known in the higher-spin literature, to the best of our knowledge, it has
not been rigorously proven before.

As a consequence of the result above, we can make two additional observations. Firstly, in
the presence of a coupling of the type C*»~M with 2n — A > 2, one has to add CM~**, thereby
recovering the Metsaev solution. Secondly, if we assume the existence of at least one nonabelian
higher-derivative coupling, the following reasoning applies. Higher derivatives imply that many
values of w can appear in the exchange. Therefore, starting from a generic pair (assuming

A1 > \y), we can always recover the specific type of coupling mentioned above:
CAly/\me*wz)‘S»)% _ C/\17)‘2’7)‘207)‘2’)‘3’/\4 . (24109)

This again leads to the Metsaev solution. In this sense, one can view the emergence of the
Metsaev solution as more tied to the presence of high-derivative vertices rather than to the
presence of higher-spin fields themselves.

Note that in the presence of a gauge group, we can follow the same logic as above by replacing
the condition on C~*** with the requirement |[A\| > 1. Consequently, a colour-graviton can

self-interact through the coupling C~%22 only if all cubic couplings are present.

2.4.4 Solutions for the couplings

Now that we have the classification, we can solve the system for the couplings for each case. This
also provides information about the sub-crystals contained within each inequivalent crystal, as
well as explicit solutions for the couplings. The couplings generally have more freedom than in
HS-SDGR, HS-SDYM, and the full chiral higher-spin theory. We do not present all cases here
— only some examples — to clarify the logic and display explicit solutions.

We begin by noting that the crystal in (2.4.23) correctly reproduces the result of (2.3.53).
The simplest example involving higher-spin fields is given by (2.4.38), which admits the follow-
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ing solutions for the couplings:

(CPA = o222y (2.4.110a)
{0222} (2.4.110b)

where we list only the nonzero couplings. The first line corresponds to the full crystal, and the
second to its sub-crystal, which coincides with SDGR.
The crystal (2.4.15) admits the solutions:

{02,—)\2,)\2 — 222224t o2 dn A (222 C)‘l’)‘2’2_>‘1_)‘2} (24111a
{02,2,—2 _ CQ,—)@,/\Q _ CQ’_)‘l’)\l}, (2.4.111b
(C?272 = 0> MM = 222 e ) (2.4.111c

2,2,—2 __ 2,=X2,2 __ 2,2—X1—-A2,—2+A1+A
{C = 272 — (f 1—A2 1 2}’

)
)
)
(2.4.111d)
)
)
)
)

{02,2,—2 _ CrQ,—>\1,/\1}7 (241116
{02,2,—2 _ 02,—>\2,)\2}’ (24111f
{02,2,72 _ 02,2—A1—A2,72+/\1+/\2}’ (2.4.111¢g
{02,2,—2’ C)\1,>\2,2—)\1—>\2} . (24111h

Thus, both (2.4.38) and SDGR are contained as sub-crystals. Note that the coupling CA1:2- 12222
is free and is what makes this crystal more than just a sum of (2.4.38).

We give two other examples, where the couplings differ from the standard Metsaev-type
solution. The crystal (2.4.35) has the solution:

—222 _ 0,02 _ ~22-20,—242X _ ~2,2-X,—24A _ 2=\
{C =C =C =C =C ,

- 2.4.112
2 A2=0 =242 _ (Co2 AN C02-AA O2=2AA) ( )
O2=22A) ’ :

Here, we only illustrate the solution involving all the couplings, not all the possible truncations.

As we can see, there is more freedom compared to HS-SDGR, where all couplings must be equal.
The crystal (2.4.45) has the solution:

0,4—3X,—2+3X)2 0,4—3X,—2+3X(10,2— A\
_ (C ) CA3A2=A AN C¢ C

T (066X, —2+3A,—2+3)7 CA—4A N, =243 )

{ (4—3AA4—3),—~6+6)

0,4—3X,—24+3X 0,2—\,\ 0,2— A\ 2
O2—222=X =243\ _ ¢ ,C' O2-22-A 242X _ (C ) (2.4.113)
(O'4—3X\,—2+2) ) 22X

A—AAN,—243X ~A—3XAN—2420 ~0,4—3X,—2+3X 0,2—A X ~6—6X,—243X,—243X ~2—2X A\
C ,C ,C ,C ,C ,C }.

2.5 Amplitudes

In [195, 196], it was shown that the tree-level and one-loop amplitudes of the full chiral higher-

spin theory constructed from the Metsaev couplings vanish. A more general statement about
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solutions of the holomorphic constraints was made in [123], see also [202, 205]. Here, we show
that this result can be extended to all chiral higher-spin theories, with a caveat.

Let us compute the 4-pt amplitude for a generic chiral higher-spin theory. We use identities
from Appendix 2.8, which hold on-shell (Hy = 0). The amplitude can be written as

EDMQ-HU 1 Pksz;—w

A=A+ A+ A, =) C5%

F2e 41243
” BY B (41 + 42)? B3 37

P12P34 wipA12+w—1mpAza—w—1 WwipA14+w—1pA2g—w—1
_ (ql " q2 2 H B}\ Z (61234 ]Pléz-i- ]Pngizl . 81423 ]P)lizﬁ- P3§3 (2 ! 1)
=1 ..
_ _ PP _ _
B Cl324w]}pi\é3+w—lﬂp§\24—w—l> . 12 34 A Z <C1234wP1\212+w—1]P>§\24—w—1

+CQ314wP§\§3+w—1Pi\i4—w 1 +C1324WP/\13+LU IIP’)‘Q“ e 1> —0,

where in the last equality we assume only even couplings, so the sum is over even or odd values

of w only. Plugging in the general solution (2.3.51), we obtain

_ /{}}334]?12]?)34 ((]13)12 4 P34)A_2 o (P34 B PIQ)A_Q
242 H?:l @)‘ (1 + q2)?

+ (Py3 + P14)A72 — (Pyy — IF’23)/\72 + (P3; + ED24)A72 — (Pyy — P31)A72> )

(2.5.2)

which, using the variables A, B, C, becomes

. l{;f34[?’121?’34
Hle @Ai(fh + ¢2)?

((*2 = (BY*2 4 (O 2 = (A2 4 (=B = (—0)*2) =0,
(2.5.3)

The same conclusion holds if we include odd-derivative couplings, as long as the conditions
(2.3.50) are satisfied.

There is a caveat: in the case discussed above, we did not account for the fact that the
product C*A10C%A2:22 can be arbitrary. When this is properly taken into account, certain
exceptions to the vanishing of the amplitudes may arise. For example, we can examine the
amplitude in the simplest higher-derivative theory that includes the abelian R*¢ and/or R3
terms (2.3.54), and compute the (2,2,2,2) scattering amplitude

Py,P
A(Z, 27 2, 2) _ ( " 1)22 1?:} ﬁQ Z 02 2, w O, 2,2 (P3+w]1)>3 w 4 ]P)3+w]P>3 Wy ]P3+wIP)3 w)
Al 42 i=1
P,,P . . L
- (1 + q1)22 13:14 32 O 302’2’7202’2’2) (P%sz; + P3PS, + P§1P34> .
1 2 i=1i

(2.5.4)

Here the freedom in choosing C?*°C%%2 allows for a non-vanishing amplitude. Notice that
this does not contradict the Weinberg no-go theorem [206], since these are abelian (Born-Infeld

type) vertices, not constrained by the Weinberg low-energy theorem.
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Note that in a larger theory (e.g. one including all higher-spin fields), the products C*1:A1:0(C0:A2:A2
may be subject to constraints.
We can also demonstrate the vanishing of amplitudes in the presence of a gauge group.

Remember that in this case we can separate the colour factor and rewrite it in the form

A(12-n) = Y Te(T* T - T ) A(0109 -+ 0,) . (2.5.5)

O'GSn/Zn

By considering a single colour-ordered amplitude, namely [1234], since the same is valid for the

others, we obtain

A(1234) = ( Plzpﬁ; ﬁk Z (C1234WP)\12+W 1phsi—w=l _ o23lwplastw—1PAn —w- 1)
q1 + (12 i=1
]P)12P34 Z <Cl234w]}p>\12+w—1]fp§\24—w—1_|_( )wcl423w]P>>\14+w IIP))\Q?, w— 1)
(Ql + QQ 2 Hz 1 5)\
P12P34

_ o m A—2 w1 A-2 ~ A—2  AA-2 —
= 2A_2(q1 + q2)2 H?ZI 63” ((PH + P34) + (PM ]P)23> ) (A A ) O

(2.5.6)

Here, we include both even- and odd-derivative vertices in the sum.

Again, examples exist where the amplitude does not vanish. For instance, in the lower-spin
theory with an F2¢ and/or F3 interactions, the amplitude A(1111) can be nonzero, thanks to
the freedom of the product C110C%11,

In principle, there seems to be no obstruction to extending the analysis of [194-196] to show
that all tree-level amplitudes vanish, up to the small caveat we discussed, for any generic n-pt

scattering in all chiral higher-spin theories.

2.6 Conclusions and discussion

One of the main results of the paper is that we have shown that, contrary to common belief,
there are nontrivial higher-spin theories with finite spectra of fields. We have found a great
number of nontrivial solutions to the quartic consistency condition in the light-cone gauge,
which enriches the space of higher-spin theories in 4d. However, we have not found all of
them since we omitted the higher-derivative interactions, and this is the first obvious direction
for future work. In addition, the choice of representations for the colour cases has been very
restrictive and we have not studied theories that have both coloured and singlet fields under
some gauge algebra as well. Lastly, we have completely omitted fermions and, as a result,
supersymmetric theories.

So far, we have directly analysed the quartic consistency condition in the light-cone gauge. It
was shown in [123] that it entails the Jacobi identity for a Lie algebra, save for some degenerate

cases. Therefore, it seems plausible that the problem can be solved by the algebraic tools
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and one can find a class of finite- and infinite-dimensional Lie algebras that lead to consistent
higher-spin theories.®® The latter would make the parallel to the case 3d higher-spin gravities
even more pronounced.

It is worth discussing to what extent the new theories are “nontrivial”. Obviously, one can
take any number of abelian couplings and add them up, which imposes no constraints in the
light-cone gauge. One can also activate some C*12*3 that do not “talk” to each other, i.e.
no exchange diagram can be formed. These cases are trivial. Whenever an exchange diagram
exists, there is a nontrivial equation for the couplings, which quite often forces us to introduce
further couplings that contribute to the same exchange diagram to make it Poincaré invariant.
From what we can see, there does not seem to be any way to discriminate such cases further,
i.e. to divide couplings into “more nonabelian” and “less nonabelian”. Nevertheless, the final
results, i.e. the set of couplings that need to be turned on, can be rather different. For example,

Ctsts75 ¢ > 2 leads to the full chiral higher-spin gravity and activates all couplings save for

C%90 " Also, the presence of scalar couplings C* 120

is very important.

It is also important to note that in the classification we presented we assume that all
coupling constants, if more than just one, are nonvanishing. First of all, this gives a simple
way to list all cubic vertices that belong to a given theory, which is what we call “spectrum
determines couplings/cubic vertices”. Secondly, the equations for the couplings C; have the
schematic form C1Cy 4+ C3Cy + ... = 0 with many degenerate points. Nevertheless, if some of
the coupling constants are set to zero, we will have to end up with another theory that belongs
to the classification. It would be interesting to study the “degeneration tree” that determines
the relation between various theories in the classification when some of the coupling constants
are set to zero.

There are a number of natural future directions triggered by the results obtained in the

paper.

Covariantization. So far, it has always been possible to covariantize the results obtained in
the light-cone gauge, e.g. [122], and we expect this to be true for the new theories. Any
cubic interaction can easily be written in a covariant way, e.g. one can extract such
couplings from the equations of motion of chiral theory in flat space [187-191]. However,
the covariantization of chiral theory forces one to introduce higher-order interactions.

Therefore, the covariantization of the new theories may not be straightforward.

We also note that the covariant form of HS-SDYM and HS-SDGR obtained in [122] does
not contain vertices of type (——+) and the scalar field as in [123], see also [202].

Twistor space. Self-dual theories admit a simple description on twistor space. This applies to
HS-SDYM and HS-SDGR as well, [178, 207-209], see also [210] for the self-dual conformal
higher-spin gravity. However, the twistor formulation of chiral higher-spin gravity was

lacking, see [209] for the first steps and [211] for the very recent update.

32Not all of the new theories feature a spin-two field, i.e. not all of them are “gravities”.
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(Anti)-de Sitter space. All known higher-spin gravities are smooth in the cosmological con-
stant, and one could expect this to be true for the new solutions. However, the light-cone
analysis becomes more complicated, see [121]. In particular, there seem to be more con-
straints, because AdS, cubic vertices have a more complicated structure compared to their
flat space limits, but some interesting results can still be obtained [198, 199, 212-214].

Therefore, covariantization of the new theories seems a necessary step to proceed.

Quantum corrections. One can quite generally show that most holomorphic solutions of the
quartic light-cone consistency condition have vanishing tree level amplitudes, [123] and
also the present paper. This implies that there are no UV-divergences in these theories
at least at one-loop. However, for the theories that have a finite spectrum, one cannot
expect the additional mechanism (regularized sum over the spectrum) that would make
them vanish [194-196]. After all, the scattering of higher-spin fields might have nontrivial
S-matrix [215]. For a more recent analysis of anomalies for higher-spin theories in twistor

space, see [216].

Celestial holography. It was shown in [217] that chiral higher-spin gravity solves the celestial
OPE associativity condition. We expect that all of the theories constructed here (and
other, higher derivative, solutions that are yet to be found) do solve the same constraints.
On the other hand, the study of flat space holography for chiral higher-spin gravity has
just begun in [202, 218-220]. It would be interesting to see if similar statements can be

made about the new theories.

Unitary higher-spin theory. It would be interesting to investigate whether some of these
chiral higher-spin theories — especially the higher-derivative ones — admit a local unitary
completion, given that they display more freedom in their couplings. In any case, studying
their unitary completions could provide valuable insights and better control over the non-
localities.  We have also found that there exist some exotic low-spin couplings, e.g.
C~212 that pass certain consistency checks and, in general, more freedom (holomorphic
and anti-holomorphic vertices can be considered independent) is available in the choice
of vertices as compared to covariant approaches [3-5, 181, 221]. Therefore, it is worth

investigating if more consistent theories can be constructed with the usual, low-spin fields.

Higher dimensions. Recently, some of the chiral higher-spin “magic” has been extended to
6d and, more generally, to all even dimensions [222]. One can hope that some of the

results of the present paper can be extended to even dimensions.
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2.A Standard results and notations

The 4d Poincaré algebra iso(3,1) is defined as

[PA7PB] 207 (271&)
[JAP, PC] = P4nPC — PPpAc, (2.7.1b)
[JAB’ JCD] — JADnBC . JBDT]AC . JACnBD + JBCT]AD, (2710)

where P4 are the generators of translations and J4Z of Lorentz transformations.

To perform canonical quantisation in quantum field theory, one has to choose a hypersurface.
A standard approach is to select equal time slices, t = ¢y, and define the Hamiltonian H = P°
as the operator responsible for evolving the system in the time direction.

In this work, however, we adopt light-front quantisation, where we fix a light-like hyper-
surface and treat ™ as our time direction. The corresponding Hamiltonian is then given by
H=p 3

We consider general massless higher-spin fields, which in 4d possess two degrees of freedom.
These are denoted ¢**, representing helicities +s, and are complex conjugates of each other.

We use both light-cone coordinates and the light-cone gauge. In flat spacetime, we adopt

the 4d Minkowski metric with mostly plus signature as

ds® = —(da®)’ + ) (da')?. (2.7.2)

We define light-cone coordinates as

3 0 3 _ 52 1 2
x+_”3\j§x , = p= F= T :;5” , (2.7.3)

and the metric becomes

ds® = 2dxtdr™ +2dzdz. (2.7.4)

We work with Fourier transformed fields with respect to £~ and the transverse directions.
The Dirac bracket is given by
3*(p+q)

(65 (27™), ¢ (27)] = 5‘“”7 - (2.7.5)

34Unlike standard equal time slices of the spacetime M at fixed 2", we consider surfaces of constant 2 ¥, and
for simplicity we can fix 7 = 0. Choosing initial data on a light-like surface changes the standard Cauchy
problem, requiring careful treatment of boundary conditions. A detailed discussion can be found in [135, 223].
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The free field realisation of the kinematical Poincaré generators is®

Pt =53, P=gq, P=q, (2.7.6a)
0 . 0

Jt = —B— JtH = —-B— J tT=—-Nz—1 2.7.6b

Baq7 Baq7 B ; ( )

JF =N, — Ng— A, (2.7.6¢)

where N, = ¢0, is the Euler operator. The dynamical generators are

qq - 5 qq9 9 q .0 qq _0 q
Hy= -2 JiT = A+ Jim= 1 a2 \2L 277
2 3 2 2 T g 3 155 3 ( )

We now deform the dynamical generators using a local ansatz:3%

= H2+Z/d3"q5 7 L AR (2.7.8)

- n rodn 1 eodn a
=k +Z/d3 ad( [hl’,...’,‘in 5 A (Z—,)]cb?ﬂ Mo (2.7.9)

n - 8qj

J
1 0
— - 3n,, sf{ \N )\ |9, n T 1.qlyee n
= +Z/d q5 [hl ..... F L VS (Za%)]é g (2.7.10)
Let us define the momentum combinations

Py = @b — ¢; 5 Pij = GiB; — 45, (2.7.11)

where Pij = —sz‘ and IP;; = —IP;;. Solving order by order all constraints required by the closure

of the Poincaré algebra [6], leads to the classification of cubic vertices:

) o R VRV e SRS VS W VI e (2.7.12)
Mg =TT e s vy v vl e
: FRFRR
JA1 A2\ ng’\l’AQ’A?’—PAlQS_l ANA2As (2.7.13)
1,A\2,A3 1 2 9 ol
3 T
T = — 2@ daen P (2.7.14)
1,A2,A3 3 ﬁ;)qﬁ;/bﬁg)\s
with Aj23 = A1 + A2 + A3 and where we define
1
Pl = Py = Py = P = 2 | (B — B2)ds + (B2 — Bo)ai + (B — Bu)as) (2.7.15)
A>\1’)\2’>\3 = 51()\2 — )\3) + 62(/\3 — /\1) + 63()\1 — )\2) . (2716)

35Following standard notations in the light-cone, we rename 8 = p™*.

360nly the dynamical generators are deformed. One advantage of working in light-front quantisation is the
reduced number of dynamical generators. Out of 10 Poincaré generators only 3 are dynamical (H, J*~, J*7),
compared to 4 in the usual equal-time quatisation (H?, J%¢).
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Note that due to momentum conservation P is cyclic invariant, then o193 = P, same for P.
Here C*1*223 and CMA2% are a priori independent coupling constants. For dimensional

reasons, we can introduce a length parameter to compensate for the powers of momenta. We

denote it by ¢p, which can naturally be associated with the Planck length. The couplings take

the form
CMAzda — (g hm e Chdada — (g ) hm—Tghdeds (2.7.17)
If we demand unitarity, in the case with no internal symmetry, we have to impose
CMA2As = (Ol AAa ) (2.7.18)
If we include a gauge group, unitarity imposes

CArAzAs — (_)/\123(0)\1)\2,)\3)* for: SO(N)’ USp(N) (2.7.19)

2.B Useful relations

In 4d and light-cone gauge, for a given N-pt function, there are N —2 independent IP;; variables.
In particular, for 4-pt scattering, we have 2 independent P variables, which, for example, can
be chosen to be Piy, P34. Additionally, there are three independent 3’s. All other P;; can be

expressed as

5 BsPio+ Py = _Pu(ﬁﬁ + By + Bs) + BiP3y

Fis = i+ B Fia = B+ B2 ’ (2.8.1a)
= BoP3y — B3P1o = Pm(& + fo + B3) — BoPsy

Pos = BN R Poy = 5.1 5, : (2.8.1b)

Below, we collect some useful relations for n > 0 that are employed in the main text:

i(Z)k(k—l)---(k—€+1):n(n—1)~~~(n—€+1)2”Z, (2.8.2a)

Z (Z)k(k—1)---(k;—£+1):n(n—l)---(n—£+1)2”-f—1. (2.8.2b)

keeven/odd
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These identities can be derived by taking ¢ derivatives of the binomial theorem. In particular,
the following relations will also prove useful:

; Z) ()"(A-DB)"(A+B)" " =2"B", (2.8.3)
é Z) (A= B)f(A+B)"F=2"A", (2.8.4)
kzn: Z) (A= B)*(A+B)" " =21 (A" + B"), (2.8.5)
g;d :) (A= B)*(A+B)"*F =2""1(A" - B"), (2.8.6)

Y (”) (=)k (k=1)- - (k — € + 1)(A — BY*(A + B)"*

—\k (2.8.7)
=nn—1)---(n—0+1)(B-A2B)""
" (n
k(k—1)--(k—{+1)(A-B)*A+B)"*
e (k’) (2.8.8)
=nn—-1)--(n—0+1)(A- B)Z(QA)"*Z
Finally, for 4-pt scattering, the following relations hold on-shell:
9 L PP,
G+ ) = ———P, P, vk . 2.8.9
From these, we deduce o o o
Py, P Py, P Py, P
12F34 _ _Ta1fa4 _ T14%23 (2.8.10)

(1 +@)? (+a)? (¢ +q)?

2.C Low-derivative constraints

We begin by analysing the cases A = 2 and A = 3 for the constraint (2.3.5). For simplicity, we

adopt the following notation in both cases:
011234 = (A2 Az (A2 =4 A3,A— 123 7 (2.9.1)

with analogous definitions for the orderings (1324) and (1423).
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Case A = 2. In this case, only one-derivative interactions are present, and the constraint is

(Mg — D)(Ci2 — B3 o**3) =0, (2.9.2a)
(1= Ag3) (O — P L O0*®) =0, (2.9.2b)
(Mg — 1)(OF3 — O3 - C1*2%) = 0 (2.9.2¢)

These equations are consistent with the antisymmetry of the couplings, and they admit the

solution

Ol — oIt _ Gl (2.9.3)

Therefore, in one-derivative theories, it is possible to find solutions even when only odd-
derivative vertices are present. This stands in contrast to the general case, where odd-derivative
vertices must be accompanied by even-derivative ones for consistent solutions to exist.

As expected, this solution does not lead to a self-interacting photon. For example, assuming
a theory with the coupling C~%!! substituting it into (2.9.3) gives C~b1! = 0. This result
also follows directly from symmetry arguments — in particular, C** = 0 for odd-derivative
vertices, with the sole exception of C%%! which gives rise to the self-dual sector of scalar
QED. In this case, the symmetry argument no longer applies because the two scalar fields need
not be identical; rather, they can be complex conjugates of one another. Accordingly, it is
more appropriate to write the coupling as C%%! corresponding to the cubic interaction ¢pPA™T.
Furthermore, the constraint (2.9.3) leaves C%%! unconstrained.
Case A = 3. In this case, the sum runs over two values of w and includes two-derivative

interactions. The constraint becomes

(2)\13 _ 3)((_))\12011234 + (_))\12+1021234 + (_)/\14011423 + (_)/\14021423) — , (294&)
(3= 2Xg3) (=) V12O 4 ()20 (=) OP 4 () ™) =0, (2.9.4b)
(2/\12 . 3)((_))\13011324 + (_))\13+1021324 + (_)/\14011423 + (_)A14+1021423) —0. (2.9.4C)

Using the definitions in (2.3.6), this can be rewritten as

(213 — 3) (K123 — k-ll—423) —0, (3— 2)\23)(1{:}334 + k-ll—324) — 0, (2.9.52)
(2A12 — 3) (K2 + k%) =0. (2.9.5b)

These are the same conditions found for the general case (2.3.50).
Case A =2 with a gauge group. We now consider the constraint (2.3.66) at A = 2 with a
U(N) gauge group. The constraint for the [1234] colour-ordering takes the form

(M = D((=) 72010, O+ (2) 11401, C) =0, (2.9.6a)
(1= A3) (=)' 711201, C1% + (=)' 7140, C1') =0, (2.9.6b)
(/\12 - 1)((_)1_)\1281—)\12011234 + (_>>\1401—>\14Oi1123) =0, (2'9'6C)
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and gives the solution
(m)ihzg, 12— (ylohag o2 oIBL (e g o2 (9. 7)
Meanwhile, the constraint corresponding to the colour ordering [2341] leads to
OB — (s, 0,_5,,C2 . (2.9.8)
Using the identity C}'?* = C#4 we find 6;_y,,0,_x,, = 1, which implies four possible choices
Oh = +1,—1, (=), (=), (2.9.9)

The cases 0y = +1,—1 and 0, = (—)*, (=) yield, respectively

C123 — (_)las o128 C134 — o2 (2.9.10)

In the main text, we consider C}*** = C!'*3, in analogy with the higher-derivative case. More-
over, for the classification of crystals, the specific values of the couplings are not important.

As we will see in Appendix 2.11, the special solutions with 6, = 41 are closely tied to the
existence of solutions in which all fields transform in the adjoint representation.

For the gauge groups SO(N) and USp(N), by using the symmetry properties given in
(2.10.3) and (2.10.10) of Appendix 2.10, we arrive at the same constraint (2.9.7) as in the
U(N) case. However, here the solutions to the various colour-ordered constraints mix due to
these symmetry properties, which also determine the symmetry of the couplings. In particular,
we find the following solutions.

For 0, = (—)*, (—)! the solution is given by

O34 — o _ o1 (2.9.11)

and for SO(N) the symmetry of the couplings is

Cheds = (Andmde (= (D)), NN — _Amdede (g = (D) (2.9.12)
while for USp(N) the symmetry of the couplings is

Chdeds = (A dmdey (g = (ML) cNded — _Amdndn (g = (Z)Y). (2.9.13)

For 6, = +1, —1 the solution is given by

011234 _ (_))\24ci1123 _ (_))\14011324’ (2.9.14)
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and for SO(N) the symmetry of the couplings is

ChAzAs — ChovAopdoy (= 1) CAAzAs — _ChrorAopdes (= 1) (2.9.15)
while for USp(N) the symmetry of the couplings is

ChAds = CrorAmdtes (0, =1),  CMMN = A (G, =—1).  (2.9.16)

2.D SO(N) and USp(IN) gauge groups

Without diving into explicit computation, we examine the SO(N) and USp(N) cases. For
SO(N), the Poisson bracket takes the form

0* 15 (p + q)

o (0acOBp + 0x0apdBC) , (2.10.1)

[(6)) B, ()cp) =

and also here, due to the antisymmetry of the Poisson bracket, we have 6, = 6_,. Moreover, in

this case, the phase can be related to the symmetry properties of the field under transposition

N3 (p + q)

[(6))Ba, (¢4)cp] = ot (0pcdap + 0x0ppbac) = OA[(0)) an, (#)cp] . (2.10.2)

where we used the identity 65 = 0,\0_, = 1 and we find the property (¢})pa = 0x(¢;)a5. This

implies the following symmetry for the couplings:
(¢9)Ba = O0x(0)) 4B = ChAzds — (_yhzsg, g, 0, Crortezdes (2.10.3)

where o € Y3 is an odd permutation. Given this, the Poisson bracket yields

w —w 1 1 AA2 A4 1A3 1 42 (A3 1Aq
[Tr(gb%l ¢222 Qw)7 Tr((b;\; (z)é\: ¢qu)] = 2q_+ <9>\36/\4 Tr(¢21 (b(/I\Q ¢2\4 (bé\s ) + ewTr<¢q)\1 ¢2\2 ¢23 (bl/]\4 )) ’

(2.10.4)
where we contract only ¢¢ , and the constraint becomes
Z(—)wCycl [<9w61234w 4 (_))\34+w8/\30)\461243w> y
w (2.10.5)

(M F+w—=2A)B1 — (Ao +w—A1)Bs
2(61 + f2)

Using (2.10.3) we find the relation

A2 +w—1pAza—w | __
P P23 =0.

Cl23w — (_haitwg, g, g, 1284 (2.10.6)
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The constraint (2.10.5) can then be solved in the same way as for U(N). If we additionally
require that there be no relative signs among the various couplings, as in Metsaev’s solution,

we obtain the condition
0.(1463,0%,) =2(—)* = 0, =(—)". (2.10.7)
For USp(N), the Poisson bracket is

M5 (p + q)

ot (CacCrp + 0,CapChe), (2.10.8)

[(¢9)as, (¢)ep] =
where Cyp is the antisymmetric invariant tensor
Cap = —Cga, CapC =69 . (2.10.9)

The matrices C raise and lower indices as follows: VA = CA8Vg and VEBCp4 = V4. As before,

we can find the properties
On=0_x, (¢))Ba=0x())an, CY2N = (=)tlg, 0,,0,,C s (2.10.10)

where o € Y3 is an odd permutation. Given this, the Poisson bracket yields

» 1
AR C A AT R es (000 Tr(@ 020000 + 0, Te(0} o) )
’ (2.10.11)

where we contract only ¢; , and the constraint becomes

Z(—)w+ICYC1|:(9w61234w o (_))\34+w€>\30)\461243w> >

~ 2.10.12
(A +w =) — (Ao +w—=A)B2 53w 15M—w] | )
Py P33 ] =0.

2(B1 + B2)

This constraint can then be solved as before. If we additionally require that there be no relative

signs among the various couplings, as in Metsaev’s solution, we obtain the condition
0.(1+463,03,) = 2(—)“"! = 0, = (=), (2.10.13)
Using the values of 6, found for the two cases, we get the properties

SO(N): (¢))a = (=) (4,)Ba = CMA2h = QAo Amde (2.10.14)

q

USp(N):  (¢9)as = (=) (¢9) 4 = CMAs = Crorrendhey (2.10.15)

q

where o € Y3 is an odd permutation. These results are consistent with the analysis in [195],
which was carried out under the assumption of Metsaev-type couplings only. Notably, in all

cases, fields with odd helicity always take values in the adjoint representation of the respective



100 CHAPTER 2. SELF-DUAL HIGHER-SPIN THEORIES IN FLAT SPACE

gauge group. This matches the Chan-Paton structure appearing in open string theory [224].
Note also that the couplings are fully symmetric, which is consistent with the fact that, for
example, Yang-Mills theory exists for all compact simple gauge groups, thus including both
SO(N) and USp(N). This would not have been possible if the couplings turned out to be
antisymmetric.
Due to the symmetry of the couplings in (2.10.14), the solution to the constraint for both
SO(N) and USp(N) — once all colour-ordered constraints are taken into account — takes the

form
E1234(A — 2)!
C1234w — — YV w, same for (1324) and (1423),
202y +w — D)l Agy — w — 1)! ( ) ( ) (2.10.16)
j1234 _ 11324 _ 11423 CMAOC0N2 — generic.

2.E All fields in the adjoint

Following [6], we assume that all fields take values in the adjoint representation of some Lie
algebra of internal symmetry with structure constant f*2%3. In this setup, the space-time
part of the cubic vertices remains unchanged, while the coupling constant is multiplied by the

structure constant
C«>\17>\27>\3 N C)\1,>\27/\3fa1a2a3 ) (2‘11.1)

Since the structure constant is antisymmetric, even-derivative couplings become antisymmetric,
and vice versa; the symmetry properties of the vertices are effectively reversed. As a result, the

new symmetry property for the coupling is
C’Alv’\%}‘if = (_)’\123"'10’\017)‘027/\03 . (2.11.2)

where o € X3 represents an odd permutation. This implies that odd-derivative vertices in-
volving two identical fields can be nonzero. For example, the Yang-Mills vertex C15=1 #£ 0 is

allowed. We now rewrite Eq. (2.3.5) using the shorthand notation
Fi934(A, B) + Fi304(B,C) + Fia23(C, A) = 0, (2.11.3)

where each term represents a different line of Eq. (2.3.5). Upon substituting (2.11.1) into this

expression, we obtain

Fio34(A, B) fayasv S nzas + F1324(B, C) farasp [ ey + F1423(C, A) farassf ugas = 0, (2.11.4)
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and using the Jacobi identity, we find two constraints:
Fia34(A, B) = Fi493(C, A) :

Z(_)w [(()\13 _ )\24)/1 + ()\14 _ )\23)B . QUJC) 61234w(A . B))qz—l—w—l(A + B)A34—w—1
» (2.11.5)
= (M2 = 2a0)C + (Mg = Aaa) A = 2wB) CH3(C — APl (C + AP 1] = 0.

F1234(A7 B) = _F1324(Bac) :

Z [(_)w(()\l?) - )\24)A + ()\14 - )\23)3 — QWC) 61234‘”(14 — B)’\12+W_1(A + B)/\34—W—1

w

+ () (Mg — A23) B+ (Mia — A34)C — 2wA) CH¥2%(B — O)M# (B + C’)’\M*”*l} —0.
(2.11.6)

To solve the constraints (2.11.5) and (2.11.6), we can follow the same procedure applied previ-
ously for Eq. (2.3.66). Using (2.3.64), we rewrite here the colour-ordered constraints for [1234]
and [1243], respectively:

3 1900 ((Ms — Ao) A + (At — Aag) B — 2wC) €34 (A — B etel(A 4 By

+ (5)M (A2 — A3)C + (A1 — Aag) A — 2wB) CH#(C — ANt 1 (O + A1 =0,
(2.11.7)
D L0, (M3 — Aaa) A+ (Mg — Aa3) B — 2wC) CP*43(A — B2t l(A 4 Bylos!

+ ()90, ((Ma — Aaz) B + (A2 — Agg)C — 2wA) C¥*(B — )Mt (B + C) 1] = 0.
(2.11.8)

By setting 6, = —1 and applying the modified symmetry relation (2.2.6), we match them to
the constraints (2.11.5) and (2.11.6), respectively.

From the previous analysis, we already know that a solution with 6, = —1 exists only for
A = 2, that is, in the presence of one-derivative interactions only. This corresponds to one of

the special solutions found at the end of Appendix 2.9. The solution is then given by

Cl234 — (_)hoa M2 — (_yhals2d (2.11.9)

If we further assume all helicities to be odd, we obtain

‘011234 — N3 o1 ‘ (2.11.10)

In particular, the HS-SDYM theory truncated to only odd helicities constitutes a consistent
solution. This agrees with the findings of [6], although the specific truncations and possible
extensions involving both odd and even helicities were not explicitly identified there. Neverthe-

less, the conclusion that consistent solutions involving fields all in the adjoint representation of
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the same internal symmetry algebra exist only for one-derivative theories is confirmed.



Chapter 3

Associativity of celestial OPE,
higher-spins and self-duality

Abstract: We! highlight and clarify the connection between several ideas and self-dual theo-
ries: (a) the operator product expansion (OPE) associativity in celestial conformal field theory
(CCFT); (b) the vanishing of tree-level amplitudes; (c) the Jacobi identity for the “gauge” al-
gebra; (d) the light-cone holomorphic constraints. Naturally, (b), (c¢), or (d) are closely related
to self-duality. In particular, the recently classified [7] chiral higher-spin theories with one- and
two-derivative interactions (i.e. with gauge and gravitational interactions, which are extensions
of self-dual Yang-Mills and self-dual gravity) also satisfy the OPE associativity constraint. We
discuss the OPE associativity constraint and the holomorphic constraint for the most general

class of cubic vertices.

IThe content of this chapter is identical to the content of the paper.
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3.1 Introduction

In the paper, we elaborate on the links between several recent and old developments. (1)
The requirement of associativity of the celestial OPE [225-229] leads to certain constraints for
couplings [230] that relate low- and higher-derivative ones. Such constraints have nothing to
do with Lorentz invariance in the bulk and are puzzling at first sight. (2) It was shown in
[205, 217] that, remarkably, Chiral higher-spin gravity passes the celestial OPE associativity
test. (3) Chiral higher-spin gravity is, under certain assumptions, a unique perturbatively local
higher-spin gravity in 4d [4-6, 123]. (4) It was shown in [123] that the equations of Chiral
higher-spin gravity can be formulated as a self-duality constraint for a certain “gauge” algebra.
Two new theories were also found in [123] that can be thought of as higher-spin extensions of
self-dual Yang-Mills (SDYM) and self-dual gravity (SDGR), which are contractions of Chiral

% respectively. (5)

higher-spin gravity that feature only gauge and gravitational interactions,
It is a folklore statement that self-dual theories have vanishing tree-level amplitudes, which is
one of the definitions of classical integrability. (6) Very recently, it was shown [7] that there
are more “chiral” theories with higher-spin fields, all of which activate different subsets of the
Chiral higher-spin gravity couplings. In the paper, we aim to clarify the relation between all

these statements, which can be summarised by the following diagram

Holomorphic constraint OPE associativity
in the light-cone gauge (Celestial) CF'T
OUIZOI‘
CQI)@Q[
self-duality
Vanishing of (tree-level) Jacobi identity of
amplitudes the "gauge” algebra

In more detail, let us begin with higher-spin gravity [10, 130], which was the initial motivation
for this work. Chiral higher-spin gravity and its contractions [4-6, 123] were first constructed
in the light-cone gauge, relying on the earlier works by Bengtsson, Bengtsson, and Brink [1, 2],
who were the first to construct cubic interactions of massless higher-spin fields. The light-cone
gauge has always been a very useful tool for initial developments, with the main idea being to
directly construct generators of the Poincaré algebra order by order in terms of the physical
degrees of freedom, putting aside any gauge redundancy a covariant formulation can lead to.
A remarkable feature [4, 5] of the light-cone gauge in 4d is that the quartic constraint, which is

equivalent to the Poincaré invariance of the quartic amplitude, contains the (anti)holomorphic

2As will be made clearer later, by gauge and gravitational interactions, we mean those that have one- and
two-derivative cubic interactions, respectively, when counted in the light-cone gauge.
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parts that are insensitive to the quartic Hamiltonian itself, but still heavily constrain the cubic
couplings. The (anti)holomorphic constraints involve only the vertices whose cubic amplitudes
are made of (square)angle brackets. Solving the holomorphic constraint leads to Chiral higher-

spin gravity, whose cubic amplitudes are

1

F[)\l - )\2 " )\3] [12})\1-1—)\2—)\3 [23]/\2-1-)\3—)\1 [13])\14-)\3—/\2

. D >0, (3.1.1)

The Gamma-function is what the holomorphic constraint fixes the helicity dependence of cou-
plings to be. This is a unique solution provided one starts with at least one nonabelian higher-
spin self-interaction, as proven in [7]. It should be noted that self-dual Yang-Mills (SDYM)
and self-dual gravity (SDGR) are also solutions to the holomorphic constraint. As found in
6, 7, 123, 202], there are other solutions to the holomorphic constraint that feature only gauge or
gravitational interactions (HS-SDGR and HS-SDYM) and can even have finitely many higher-
spin fields. In fact, all solutions of the holomorphic constraint immediately give consistent
theories by setting all higher orders and anti-holomorphic couplings to zero. In this sense,
Chiral higher-spin gravity is the maximal completion of self-dual theories that activate all spins
and all couplings. All of these theories — with a minor caveat to be discussed — have vanishing
tree-level amplitudes, which can also be understood as being closely related to self-duality.

The relation of the above to self-duality can be clarified with the help of the kinematic and
“gauge” (Lie) algebra [123, 177, 231].3 Tt is a nontrivial statement that there is a Lie algebra
behind any of the theories above, which amounts to checking the Jacobi identity. The gauge
algebra allows one to rewrite the equations of motion as a self-duality constraint. Remarkably,
all chiral higher-spin theories (with a minor caveat), including the new ones [7], have a gauge
algebra, i.e. are self-dual, as we show in the paper.

We also show that all chiral higher-spin theories — with a minor caveat — pass the celestial
OPE associativity test with the first example given in [205, 217]. We also find a general
solution to the celestial OPE associativity and provide some explicit low-spin examples. The
same condition can also be related to the vanishing of the four-point amplitudes.

The paper is organised as follows: In Section 3.2, we review the light-front approach to
higher-spin interactions, and in particular the quartic holomorphic constraint. In Section 3.3,
we review the associativity of the celestial OPE and extend it to the case where fields live in
some representation of a gauge group GG. In Section 3.4, we solve the celestial OPE associativity
constraint in various cases by rewriting it in terms of the light-cone variables. In Section 3.5, we
discuss in detail lower-spin theories that satisfy the OPE associativity constraint. We also match
the results with those in [217] and identify additional solutions. In Section 3.6, we discuss the
relations between: (a) the celestial OPE associativity; (b) the vanishing of tree-level amplitudes;
(c) the Jacobi identity for the gauge algebra; (d) the light-cone holomorphic constraints. Finally,

in Section 3.7, we conclude and outline possible future directions for extending the connection

3In [231], the kinematical algebra of SDYM is identified as the Lie algebra defined by the SDYM cubic vertex
after stripping off the colour factor. By contrast, in [123, 177], the “gauge” algebra is defined as the Lie algebra
obtained by factoring out the SDYM vertex from the cubic vertices.
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between the light-cone constraints and the OPE associativity in CCFT.

We include four appendices. Appendix 3.8 introduces our light-cone notation. Appendix
3.9 presents the CCFEF'T notation for massless fields. In Appendix 3.10, we present an on-shell
map between the 4d light-cone and 2d CCFT formalisms via their relation to spinor-helicity.
In Appendix 3.11, we solve the OPE associativity constraint for the most general class of cubic

vertices.

3.2 Light-cone holomorphic constraint

We begin by briefly reviewing the essentials of the light-front approach to interactions and
the derivation of the quartic holomorphic constraint. For further details and background, see
[6, 7, 123, 127, 130]. The conventions for the light-cone notation adopted are detailed in
Appendix 3.8.

The light-front deformation procedure relies on two key ingredients: the Hamiltonian formu-
lation of classical /quantum field theory in light-cone gauge and the non-linear realisation of the
Poincaré algebra through the inclusion of higher-order corrections to the free (quadratic) gen-
erators of the Poincaré algebra. Accordingly, we begin with the 4d Poincaré algebra iso(3,1),
defined as

(P4, PE] =0, (3.2.1a)
[JAB7PC] :PAT/BC _ PBT/AC, (321b)
[JA37JCD] :JADT]BC _ JBDnAC _ JACTZBD + JBCUADv (3.2.1¢)

JAB of Lorentz transformations.

where P4 are the generators of translations and
In 4d, massless spinning fields have two degrees of freedom; i.e. they are effectively repre-
sented by two “scalars” — except for the scalar field. We denote ¢* and ¢~ as the helicity +\
and —\ fields, respectively. In Lorentzian signature, the one adopted here, they are complex
fields and complex conjugates of each other ¢~* = (¢*)*. The free action is S = 3 [ d*z ¢~ *0¢*
and is real in any signature.
We work with Fourier transformed fields with respect to = and the transverse directions x
and z. The Dirac bracket is given by
3
)0yt = D), (3:2:2)
In the Hamiltonian approach, it is crucial to distinguish between the kinematical and dynam-
ical generators of the Poincaré algebra (3.2.1). The kinematical generators correspond to the
stability group of the codimension-one hypersurface on which quantisation is performed (i.e. in
the light-front at ™ = 0), and they remain unaffected by the introduction of interactions. In
contrast, the dynamical generators are deformed once interactions are included, as they govern

the evolution from one hypersurface to another. The allowed deformations are determined by
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solving the dynamical constraints order by order in the deformation procedure while carefully
imposing locality at each order.
The free field realisation of the kinematical Poincaré generators reads*

P*zﬁ, P=q, P=q, (3.2.3&)
0 - 0

JT = = JTT = —p— J t=—-Ng—1 3.2.3b

ﬁag ) aq 5 B ) ( )

J* = Ny—Ng— X, (3.2.30)

where N, = q0, is the Euler operator. The (free) dynamical generators are

jm =091 ;0 (0 54y

9q¢ b "op P

H2: 67 J2

We now deform the dynamical generators using a local ansatz:?
H:H2+Z/d3”q 5<Zqi>hn¢211---¢2:, (3.2.5)
JE =5+ Z/d?’"q 6(2%) [jn — %hn (Z %)} Gl gt (3.2.6)
. ; j
F— gt ;/demq (Xa)lin - h, (; %)Wﬁ g (3.2.7)

where we used the shorthand notation

hn = B35 Jn = J0T8 Jn =05 (3.2.8)

Let us define the momentum combinations
Pi; = @i3; — q;04, Py = @B — @;5: (3.2.9)
where P;; = —P;; and P;; = —P;;. Solving all cubic constraints required by the closure of the

Poincaré algebra [1-5] leads to the classification of cubic vertices:

h3 — C)\l,)\g,)\gl + 7*)\17*/\2:*>‘3P7—>\123 (3210)
s BBy By
S 2 C)\l’AQ’)\S phzat AAIJ\%)‘S (3 2 11)
J3 = 3 Bixlﬂéxzﬂé\?s ’ o
_ 2 _ A A A ]];))7)\123*1 A1,A2,A ( )
R e e p—— v P 3.2.12
3 /81 )\1/82 A2/83 A

4Following standard notations in the light-cone, we rename 8 = pt.

5Only the dynamical generators are deformed. One advantage of working in light-front quantisation is that
the number of dynamical generators attains its minimum. Out of 10 Poincaré generators, only 3 are dynamical
(H,J*=,J*7), compared to 4 in the usual equal-time quantisation (H°, .J%%).
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with Aja3 = A1 + A2 + A3 and where we defined

Pl =Py =Py =B = - [(5— B + (B~ A + (B — ], (3213)
AN = ) (g = Xg) + Ba(Xs — A1) + Bs (M — Xa). (3.2.14)

Eq. (3.2.13) follows from momentum conservation, which also implies the cyclic invariance of
P and P: 093P = P, 093P = P. These expressions can be used to construct the Hamiltonian
P~ = H and the dynamical boost generators J*~ and J*~ via Egs. (3.2.5) and (3.2.6).

Written in this form, the cubic vertices exhibit a clear separation between holomorphic and
anti-holomorphic components, corresponding respectively to the terms involving P and P in
the equations above. This can be reached through field redefinitions, which at the cubic order
correspond to the freedom of adding terms proportional to powers of the free Hamiltonian
H, ~ PP, as explained in [6, 128)].

Each cubic vertex in (3.2.10) comes with an independent coupling constant, C*1*243 or
C~ =22=% which remains unfixed by the deformation procedure at the cubic level. To uncover
relations among these couplings and constrain the spectrum of the theory, one must analyse
the quartic consistency conditions (at the very least). In particular, it turns out that only a
specific subset of these conditions — namely, the (anti-)holomorphic constraint — is sufficient
for this purpose. On the other hand, if we are interested in theories that do not close at the
cubic level and thus require a genuine quartic interaction, the full set of quartic constraints
needs to be studied.

We stress that in Lorentzian signature, holomorphic and anti-holomorphic vertices are re-
lated by complex conjugation. Consequently, the reality of the action — and hence unitarity
— requires including both sectors with cubic couplings satisfying CM1A2% = (C—Au—A2=As)x,
In contrast, parity invariance would require CM*223 = C=A1=322.=% Tn what follows, we focus
on the holomorphic sector alone, in which case the action is complex.

It is important to note that the cubic constraints, which determine the structure of the
cubic vertices in (3.2.10), treat all cubic vertices as independent. This allows us to extend the
field content by assigning to them an additional index, indicating that they belong to some
representation of a gauge group G with structure constants f,;.. Possible choices for G include
G =U(N),SO(N) and USp(N); for further details, see [5, 7, 195]. One can assume that a field

of helicity A takes values in a representation V) of G. We will loosely denote the tensor that

A1,A2,A3

specifies a cubic coupling 7,

, i.e. use the same Latin indices for all modules V). Therefore,

with a gauging turned on, the most general form of the cubic vertices is

P)\u:s

H =1 [ o(SDa) o O 66 (3:2.15
i 1 ~2 M3

It is convenient to sum over all ;53 instead of all distinct triplets A\; 3. To do so correctly,

A1,A2,

e A3 for the coupling to be non-zero. Following

we need to impose a specific symmetry on f
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[7], given any permutation o € X3, we assume

ol oniany® = (=)= fhies. (3.2.16)
This will impose a symmetry property on the cubic couplings, but only in the case of identical
fields, such as

f)\7/\’8 = (_>2)\+Sf>\7)\78 = fazalas = (_)2/\+Sfa1a2a3 : (3217)

asalas aiazas

In contrast, when the fields do not carry any group indices, we must always impose a specific

A2,A3

symmetry on the coupling constants C*t: . In particular, we require

CAAzAs — (_))‘1230)‘017)‘027)‘03 , (3218)

where 0 € ¥3. Therefore, we can assume that the coupling constants are symmetric for even-
derivative interactions and antisymmetric for odd-derivative ones. This observation also implies
that odd-derivative couplings involving at least two identical fields vanish by symmetry C? =
0. To further simplify calculations, we can sometimes introduce generators T such that ¢* =

2T and the generators can depend on the helicity, which we often omit. This does not, of

A1,A2,A3

course, give the most general coupling tensor §;’

Assuming the symmetry above, we can take the following form for the generators:

Hy= Y fﬁé?z’“/dgq 5(Zqi)h3 (o) (02)0(0)2)°, (3.2.19)

A1,A2,A3 t
= 3 [@as(Ya) [jg—ghg(Z%)}wx)awsﬁwﬂ (3.2:20)
A1,A2,A3 i J

and for the case with no gauge group:

Hy= % Cxl,Az,/\s/d9q5<2qi)h3¢211¢222¢2§, (3.2.21)

A1,A2,A3 i
J3— = Z O A3 /d9q (5(2%) [jg — %hg (Z %)}@;@;@;7 (3.2.22)
A1,A2,A3 i i J

i.e. to sum over all triplets of helicities instead of all distinct (up to permutation) triplets.

Quartic consistency. The quartic dynamical constraint takes the form

(H, )% = [Hy, Jo] + [Ha, Jo] — [J0, H] a={z,7}. (3.2.23)

4

We can observe, by examining the degree of homogeneity of ¢, that the following two conditions

must be satisfied independently [4, 5]

[H3(P), J27] = 0, [H3(P), J3]=0. (3.2.24)
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We refer to them, respectively, as holomorphic and anti-holomorphic quartic constraints. Ex-
plicitly, first the Poisson bracket between two cubic couplings is computed, then we substitute

the explicit form of the generators, and once the dust has settled, we obtain

12 v M Fw =)0 — (A +w—A)Se
H3; J3 Z/d q0 <Z qz) |: (61 +ﬁ2)ﬁ?15525§,\3 2\4

Ai,w

(3.2.25)
G e NPT Gl 0 e |

where )\;; = \; + A;. Recall that the couplings C*12%3 obey the symmetry property (3.2.18).

In the presence of a gauge group, we obtain

_ )\ +w—)\)ﬁl (/\2"‘0.}—)\1)52
(Hs, J371=>" [ d2q6 Y a ! 2
: / ! ( q) o Bt BB BEBERY

i yw

(3.2.26)
fa1a20fca3a4 C«)q,)\g,wc—w,)\g,A4]fpi\éz+w—1p§i4—w (gb)‘l )a1 (¢>\2 )az (¢A3 )aa <¢;\:)a4

In particular, it is worth noting that if we assume the theory to be purely (anti-)holomorphic
and to satisfy the (anti-)holomorphic quartic constraints, it will be a well-defined theory at any

order and will contain only cubic interactions.®

3.3 OPE associativity in 2d CCFT

Recently, considerable attention has been devoted to the study of the OPE associativity con-
straint, see [205, 217, 228-230, 232-238|. Here, we briefly review the basics of 2d CCFT for
massless particles (see Appendix 3.9 for notations), to provide context for the OPE associativity
constraint. For more details and reviews on the topic, see [239, 240].

In CCFT, of fundamental importance is the isomorphism SO (1, 3) ~ SL(2,C)/Zs, between
the 4d (connected) Lorentz group and the set of conformal transformations of the 2d celestial
sphere CP'[241].

This is what allows the S-matrix in asymptotically flat spacetime to be recast as a celestial
amplitude. The idea is to perform a change of basis: from the standard energy-momentum
eigenstate basis, with definite energy and momentum, to a new basis of boost eigenstates. In this

new basis, the S-matrix is interpreted as a correlation function of operators inserted at points

6We stress once again the chronological development of these results. In 1983, Bengtsson, Bengtsson, and
Brink [1, 2] determined the form of the cubic interactions by solving the light-cone constraints at cubic order,
and the complete classification of cubic vertices was later provided in [3]. Several years later, in 1991, Metsaev
began the analysis of the quartic constraints in [4, 5]. He observed that a simpler condition — the holomorphic
quartic constraint — was already sufficient to fix all the cubic couplings (under certain assumptions), leading
to what we call the Metsaev solution. Twenty-five years later, Ponomarev and Skvortsov revisited the problem
in [6]. Remarkably, they found that if the theory is truncated to the (anti-)holomorphic sector, it becomes a
consistent theory with only cubic vertices at all orders, and the couplings are the same as those found by Metsaev.
More recently, in [7], it was shown that the holomorphic constraint admits multiple consistent truncations, even
allowing for theories with a finite spectrum that still involve higher-spin fields.
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on the celestial sphere at null infinity. These operators are labelled by the conformal dimension
and spin associated with the 2d global conformal group of the celestial sphere SL(2,C)/Zs.
The S-matrix element for the scattering of n massless fields in the standard energy-momentum

eigenstate basis is
Ay (wj, 25, Z;) = (out|S|in) . (3.3.1)

The integral operation that allows one to perform the change of basis to the boost eigenstate

one and then trades the energy” w for the conformal dimension A is the Mellin transform

* d,
M() = / LA, (3.3.2)

0w
Then the S-matrix in the boost eigenstates (i.e. the celestial amplitude) is given by the Mellin-

transformed amplitude
_ = o dwj A _
Mn(Aj7zj7Zj) = H ij An(wjazjvzj) ) (333)
1 Jo j
where, by definition, we have

Mn(Aj7 Zj, Zj) = b008t<0ut|5|in>boost == <Oi1,sl (21, 21) OAn,Sn( s Zn)>CCFT 3 (334)

where the operator (’)XmSn represents outgoing (+) or incoming (—) celestial conformal primary
operators with 2d conformal (or boost) weight A,, and spin s,, that crosses the celestial sphere at
a point (z, z). In particular [242], when A,, € 1+ iR, corresponding to the principal continuous
series of the Lorentz group, the transformation above can be inverted using the inverse Mellin

transform
n

147200 dA 3
Auwr 5 5) =] / MDA 25,2 (3.3.5)

1 J1-ico 27rz

From this point on, we omit the &+ sign and adopt the all-outgoing convention, as in Appendix
3.9.

One of the central ingredients in any conformal field theory is the operator product expansion
(OPE), which provides a systematic way to compute products of local operators and correlation
functions. The holomorphic OPE of two conformal primary operators with conformal weights
(hs, Bi), where s; = h;—h; and A; = h;+h;, in celestial CFT can be obtained by the holomorphic

collinear limit (i.e. z; — z3) of scattering amplitudes [225, 226, 243] and can be expressed as

Oy iy (21, 21) Oy iy (22, 22) ~ — Z Z C VB, ho) 2y ™0™ Oy sy (22, 22) (3.3.6)

Z
12 7

Zij :Zi—Zj, 21']‘ :21'—2]', hi]’ :hi+hj, hij :Bz—i—ﬁj Sij :5i+5j7 (337)

where ngm)(le, hy) denotes the OPE coefficient determining the contribution of the mth right-

"To be precise, the energy is given by £ = wq® = w(1 + 22).
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moving descendant with weights (hyy — 1, his +p + m) and is given by
m)(1, 7 1 $1,52,8 1 7 7
Cp (hl, hg) = —50 5oz 3%B<2h1 +p+m, 2hs +p) , (338)

where B(a, b) is the Euler beta function and C*%2:% is the coupling constant appearing in the
flat bulk 3-pt function of massless (higher-spin) particles with spins (s, s2,83 = p+ 1 — $12).
Therefore, there is a one-to-one correspondence between holomorphic bulk 3-pt vertices and
holomorphic celestial OPE.

Notice that the OPE expansion (3.3.6) represents only a partial result, as it captures solely
the holomorphic sector at tree level. In fact, one-loop contributions already introduce double
poles ~ Z%, arising from massless loops, as well as logarithms such as ~ log z15 [228, 229, 234,
244—247].12Moreover, taking into account the anti-holomorphic sector leads to a more complete,
“all-order” celestial OPE that involves series expansions in powers of both z and z. This has
so far been achieved only in the maximally helicity-violating (MHV) sector at tree level, via
twistor string theory in [248] and through collinear expansions using on-shell recursion relations
in [249].

A crucial consistency condition — expected to be necessary for the existence of a well-
defined celestial dual theory of gravity — is the associativity of the OPE. We now review the
(anti-)holomorphic OPE associativity constraint in 2d CCFT as derived in [217], which implies
the Jacobi identity for the charges studied in [230].

A standard way to check OPE associativity is to introduce a mode expansion of the opera-
tors involved and compute the commutators using their OPE, see [250]. Then OPE associativity
implies the Jacobi identity for the modes. This is of particular interest when applied to con-
formally soft currents, see [230]. The relation is made possible thanks to the commutators for

holomorphic objects [227, 240] determined by a contour integral as

[A, B](#1) = j{ ——A(z9)B(z1) = Res A(z2)B(z1) . (3.3.9)

| 2mi za—21

We start with the following identity between correlators of conformal primaries involving con-

tour integrals®

% le f ng — f dZQ % le — f dZQ f le X
|z13]|=2 |z23|=1 |z23|=2 |z13]=1 |223]|=2 |z12]=1 (3310)

( 211751(2’1, 7)o OZ”n,sn(Zna Z,)) =0,

where we allow the presence of internal indices, enabling the operators to live in specific rep-

resentations of an internal gauge group. This can be rewritten in terms of a “double residue

8This was the method used in [217]. A related one-loop analysis for self-dual Yang—Mills was already carried
out in [228], where extra powers of z; in the Jacobi identity are needed to extract higher—order poles coming
from the one-loop OPE. At tree level, no such terms are required.
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condition” as

Res Res — Res Res — Res R O Z1) - OW ns2Zn)) = 0. 3.3.11
(21—?33 22—e>§3 22—e>§3 21—e>§3 22—e>§3 Zl—e>§2) < A1,81 (217 Zl) An,sn (Z & )> ( )
For further discussion of this constraint and possible ambiguities in its definition, see [232, 235].
To express (3.3.11) in terms of the standard momentum space amplitude, we use the Mellin

transform (3.3.3) and compute the residues of the amplitude A, (w;, 2, Z;) as

(Res Res — Res Res — Res Res ) A, (1---n)=0. (3.3.12)
21—23 29—23 29—23 Z21—23 29—23 2122

At the amplitude level, the residue can be efficiently computed by taking the appropriate
collinear limits. Schematically, proceeding step by step, we first take the collinear limit ¢}' || ¢,

which gives

i T 619

where we focus on the leading order in i and possible other channels decouple in the limit.

Then it is followed by the collinear limit ¢4 || ¢5, and we get

. .Ag 122 ./43 )An_g(j4 te n)
1 li : 3.3.14
i Jimg A Z Z V12](i3)[i3] (8:3.14)
Then we can extract the residue of the last expression as
12 137) A, _o(g4 - -
Res Res An(12 o n) _ Z Z A?)( Z)AS(Z j)A_ 2_(] n) :
2223 2122 VY W1WoW;W3219%2;3 (3 3 15)
_ W21 T waZe
i = Ww; = Wi + wa,
w1 + Wa

where we used the notation introduced in Appendix 3.10. Using the expression for the double
residue (3.3.15) inside (3.3.12), we get®

> As(pi', o i) As(*, vt ) As(py®s e i) As (o pit s )
x, Z12Zig(w1 + wa )wiwaws Zo3Zi1 (wa + w3)wiwaws

N . N (3.3.16)
AS(p337p11apiZ)A3<p22ap447p; 1)

+ ——
Z31 Zio (W1 + w3)wiwaws

:O’

where we dropped the sum over \; because the OPE must vanish for a generic A,,_, so the
constraint must hold separately for each A;. For simplicity, we relabel \; as A4.
If we consider fields transforming in a matrix representation of a Lie algebra, the associated

generators T are carried along throughout the computation. As shown above, the procedure

9From now on, we change notation and denote the spin s,, of the massless fields by the helicity ), in line
with the light-cone higher-spin literature.
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remains essentially the same, with the only difference being that we can factor out the trace
over the generators. The clearest way to illustrate this is to begin with the colour amplitudes,

written in terms of the colour-ordered ones as

A(12--n) = Y Te(T* T - T ) A(0109 -+ 0,) - (3.3.17)

0ESn )/ ln

Consequently, the constraint (3.3.12) takes the form

T dor Aoy Aoy 7 s Aoy Aow Ao,
> As(Por" 52" Poi” ) As(P” Poi’ s Do )Tr(Taf’lT%zT%sTa%) —0. (3.3.18)

o€/l N 20100 %0103 (Wo + Woy )We, We,Wey

These two constraints (3.3.16) and (3.3.18) are the celestial OPE associativity constraints, which
we will solve in full generality. A similarity with the previously discussed light-cone constraint
is already apparent (in the sense that both consist of two three-point vertices brought together
times some additional kinematical factors), and we will aim to establish a direct connection
between the two in the following sections.

Even more in general, we can assume, as considered for the holomorphic constraint, fields
belonging to some representation of a gauge group GG with generic structure constants fq., and

arrive at

- ¢/ Aoy Aoy Aoiy 7 Aes Aoy Ao,
Z Z Aaalaaz (p0'117p0227p0i )Acaagaa4(p033apa447poi )

Zo100%0,03 (Wo, + Wo ) Wo, Wor, Wog

Ao Ao Qo (o7 —
T o2 s %o | = ()
0€SK/Ln X;

(3.3.19)
where we denoted Az = flabcT“T be = AgfabcT“T bT¢. We solve this more general case in
Appendix 3.11.

3.4 Celestial OPE associativity constraint

In this section, we present an exact solution to the OPE associativity constraint by switching
to the light-front approach!?. It turns out to be very useful to rewrite the OPE associativity
constraint in terms of the light-cone variables. This can be done by following Appendix 3.10,
where we explain how to relate the two formalisms through the spinor-helicity one. The result

is that, on-shell, we have the following identity:

i -\ DA Ai—1mpAza—Ai—
Z .A3(pi\lap§\27pi )A3(p§\37pz)1\4api ) _ Z(_))\ic)\l,h,/\icf&)\g,)w Pl%z—’_ 1]P>3Z4 ' (3 4 1)

" Z12Zi3(W1 + Wa)wiwows " flﬁ§2ﬁ§3ﬂi“
T T

The right-hand side is not the same term present in the quartic holomorphic constraint, but,
as we will see in the final section, the OPE associativity constraint is closely related to it. The

quartic holomorphic constraint was solved in [7] in two specific cases: for singlet fields and for

10We will use the terms light-front and light-cone interchangeably throughout this work.
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fields living in some matrix representation of a gauge group G.
If we wish to reproduce all lower-spin constraints arising from the OPE associativity (3.3.16)

and (3.3.18), as found in [217], we need to consider the following types of cubic couplings:

hs ~ @200 (3.4.2)
) ~ Te(T, T, ) (601 (602) 26 (3.4.3)
B~ Te( Ty Ty T (821) (922)%2 (02) . (3.4.4)

For semisimple compact Lie algebras, we can write

1
Tr(TmTaQ) = §6a1a2 s (345)

1 1 )
Tr(To, To, Tuy) = §(Tr(Ta1 {Tay, Tag}) + Tr(To, [Ty, Ta3])) = Z(dawws + @ farazas) » (3.4.6)

where the first line is a normalisation that can always be achieved, f,, 4,4, denotes the antisym-

metric structure constant, and dg, 4,4, the symmetric d-symbol, both defined as

‘ . 1
[Tal Y TG/Q] = /LfalaQaBT ’ ? {Tal Y TGQ} — N a1a2H + da1a2a3T ? Y (347)
i frragas = 2Tr(To [Toy, Tha]) s doyasas = 2Tr(To, { Ty, Toy }) - (3.4.8)

Looking at the various couplings in (3.4.2)—(3.4.4), we can identify five possible structures that
can occur at the quartic order:

(h$", g A AT (3.4.9)
(h$ h§) (T, T Ty T ) (000" (6)2) (092)" (6)2)™ | (3.4.10)
(B D) (WY R) oL, Ty ) (6™ (6)2) 20 ) (3.4.11)
(h$ ) Te(To, Ty ) Tr(Tay Ta ) (0 (6022 (602) % (60)™, (3.4.12)
(h$” h§) Te(T0, Ty Ty ) (6™ (632) (032) 62 (3.4.13)

where on the left of each structure, we indicate the type of pair of cubic vertices responsible for
generating each distinct type of constraint. In particular, we observe that while the first two
involve the same type of cubic vertices, the others mix and intertwine different types of cubic
vertices. As we will see, there are two main mechanisms by which the constraint can be solved.

Every type of constraint will fall into one of these two cases.
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3.4.1 Singlet fields

We start by solving the OPE associativity constraint [217], for singlet fields (3.4.9), then

) As(or® py® 00 As (s it pi ) | As(p® pa® ) As(p" ' i)
Z12Zi3 (w1 + wa)wiwaws ZosZi1 (w2 + w3)wiwaws

A (3.4.14)

+

As(p3’ py s pi ) As(pa® o ) |
Z31 Zio (W1 + w3)wiwaws ’

and we rewrite it in the light-cone formalism (see Appendix 3.10) as

i i —\; DA Ai—17A —)\i—l RYWY; — i A2, DA /\i—17A _)\i_]-
Z(_W (Ckl,)\z,)\10 AZ,Ag,M]P)l%z-&- P L oM oA >\3]P>1i4+ P
X (3.4.15)
A3 AL =i Az A A3+ — 1Az —Ai—1) B
£ CRMNCARMPIT NI RN 0, Ay = A .

This structure is reminiscent of the quartic holomorphic constraint studied in [6, 7]. As we
will see in the final section, the two are closely related. Moreover, our strategy to solve the
constraint follows the same ideas used to address the quartic holomorphic constraint in [7].
To avoid unnecessary minus signs between products of couplings and extra ¢ factors between
couplings, we assign an additional factor of 7 to odd-helicity fields. This is equivalent to taking
even-helicity fields to be Hermitian and odd-helicity fields to be anti-Hermitian matrices (with
singlets treated as 1 x 1 matrices). With this convention, the factor (—)* in (3.4.15) is removed.

We begin by introducing three independent variables:

2A = Py + Pyy = Po3 — Py, 2B = Py3 — Pyy = P3y — Py,

t2 T 3T (3.4.16)
2C = P14 + P23 - _Pl?) - IP)24 )

with the following transformation properties:

12 13 14 23 24 34
A+— B, A+——-A, A«—C, A+ -C, A+ —-A, A+— —B, (34.17a)

142 13 243 24

14 34
C+— —-C, B+—C(C, B<:>—B, B+— —-B, B+— —C, C;—C, (3.4.17Db)
and define

C1234% . oA A2 (=i As A ’ ki234 — (_))\12 Z(_>Aicl234,\i : 1234 . 201234&- 7
)\z‘ /\i
i234(A7 B) — (_))\34 Z(_)/\i61234)\i (A _ B)A12+)\7;*1(A + B))\347)\i71 7 (3418)
A
fi234(14, B) — ZCl234)\i(A . B)/\12+>\i71(A + B))\347)\¢71’

Ai
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where the upper index 1234 denotes the order of the external helicities. We note immediately
that f1%4(A, B) = f1%4(B, A)(—)*"!, where A = A\ + A2+ A3+ Ay, but it is convenient to keep

both of them. The OPE associativity constraint can be recast as

Z(Clzszp\i (A — ByM+hl(4 4 pa—hil 4 (—)AC3124)‘i(B — O EtATL(B g ) h]
£ CHEN(C = APIRTI(C o AN 0, (3.4.19)
and plugging in the definitions (3.4.18) for the functions f~, we have

YA, B) + (=M 12Y(B, C) + f45(C, A) = 0. (3.4.20)

The most general polynomial form of the functions f~ that is compatible with the constraint
(3.4.20), is the following:'!

FIBUA B) = [12B14A-2 1231 pA-2 (3.4.21a)
— ) - V— + ) o

FIM(B C) = KBU A2 _ 31202 (3.4.21b)
FHUB(C,A) = EMBOA2 12 gA-2 (3.4.21c¢)

where k7 are some free coefficients (that we identify with those in (3.4.18)). Substituting these
back into (3.4.20) gives the constraints

k£234 _ k_l‘_423, k,£‘1124 _ (—)Al{_l’_234, k£423 _ (_)Ak3_124 ) (3422)

The form of the functions in (3.4.21) plus the conditions in (3.4.22) gives the solution to the
OPE associativity constraint (3.4.20). To express the solution in terms of the cubic couplings,

C.....

we need to solve (3.4.21) in terms of the product of couplings . This can be done by

expressing (3.4.21) using the previous variables P3; = A + B and P15 = A — B, as follows

A—2 A-2
ZC1234/\1-Pi\52+)\i*11p§\i4*)\i*1 — k£234 (@) — k;_1~_234 (@) . (3423)
A

By expanding the Binomial on the RHS and matching the monomials in terms of P34 and Py

we get

61234)\,' _ (k£234 4 (_)Ai+>\12kn—1~_234)<A . 2)|
202(Ajg + N — DAz — Ay — 1)!

V A\;, same for (3124) and (1423). (3.4.24)

"For instance, choosing f1234(A, B) ~ A'BJ, with 4,7 > 0 and i + j = A — 2, would never satisfy (3.4.20),
since neither f3124(B, C) nor f1423(C, A) could cancel such contributions.



118 CHAPTER 3. OPE ASSOCIATIVITY, HIGHER-SPINS AND SELF-DUALITY

Summing over \;, we can check consistency:

Aza—l A-2
A —2)! 1 A—2
> i ( ,) =i D =1. (3.4.25)
Ai=—A12+1 2 O‘l? + A 1)'<)‘34 —Ai— 1)- 2 0 n
Notice that, if we consider only even-derivative vertices (i.e. with k7" = k"), we get
f1280 2 120 s pl2sd 1o p1a2s (3.4.26)

This case makes the classification of solutions to the OPE associativity constraint easier.

Summary. The general solution to the OPE associativity constraint (3.4.15) is

61234)\1- _ <k£234 + (_))\i+>\12k}r234)(A - 2)'

vV X\;, same for (3124) and (1423)

222+ N = DI(Agy — A — 1)) (3.4.27)
]{Z£234 — ki423’ ]i]3124 — (_)Ak}r2347 ]{Z£423 — (_)Ak1124 )

When only even-derivative vertices are present, the solution is

C1234N _ k(A - 2)! VA
203 (Ao 4+ A — DI(Agg — A — 1) Y (3.4.28)

same for (3124) and (1423) 2t = kA =

3.4.2 Colour case

In the presence of a colour factor — such as when fields live in representations of a gauge
group G = U(N), SO(N) and USp(NN) — we only need to consider colour-ordered amplitudes,
as discussed above. For instance, we focus here on the ordering [1234], then (3.4.10). The

associativity constraint gets modified into

Z(—)Aie/\_ A3<pi\17pg\27pi\i)A3(p§37pi\4api_Ai) + AS(p4/1\4,pi\l,pf\i)Ag(p;Q’pg‘ii’pi—)\i)

— —— =0,
Z19Zi3 (w1 + wa)wiwaws Za41Z2i (g + w1 )wawiwo

Ai

(3.4.29)

where we introduce a factor ,, which can be justified by interpreting the amplitudes as arising

from a Poisson bracket, with an associated 6, factor. For instance, in the u(N) case, we have

MR (p+q)

2 0,0%6% | (3.4.30)

[(63) 5. (89

A is a phase factor reflecting a possible ambiguity in the Poisson bracket. Fol-

where 0, = e*®
lowing the same conventions used in [7, 195, and in analogy with the singlet case, we fix

0y, = (=)*. This choice is again equivalent to taking even-helicity fields to be Hermitian

(3
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and odd-helicity fields to be anti-Hermitian matrices.!? This choice will become particularly
useful when we later search for consistent lower-spin theories satisfying the OPE associativity

constraint. Rewriting (3.4.29) using light-cone variables, we find

Z (Cl234)\iPi\%2+>\i_lpg\24_>\i_l - C4123)\i]f}):1\i4+)\i—1@;32)3—)\1'—1> —0. (3431)

Using the variables defined in (3.4.16), we get
Z (01234/\1'(‘4 o B))\12+/\¢71<A + B))\347/\1'71
¥ (3.4.32)
+ (_)A14+>\,’C4123)\1-(C o A))\14+>\i—1(c + A)A%—M—l) — 0’
and plugging in the definitions (3.4.18) for the functions f, we have

YA, B) + ()M (0, A) = 0. (3.4.33)

As before, we can determine the form of these functions to be

FI2BA B) = 1234402 (3.4.34a)
B (0 A) = (=) MR AN2 (3.4.34Db)

where in the definition of k™ we also include the ), factor. Substituting them into (3.4.33)
leads to the constraint
E1284 = g1 (3.4.35)

From (3.4.34), we find the system for the couplings:

E1234(A — 2)!
222Ny + A — 1)!(Aag — A — 1))
k1234 261234)\

61234)\

vV A\;, same for (4123),
(3.4.36)

Let us conclude with a comment on the possibility of using SU(N) as the gauge group. In
this case, the Poisson bracket in (3.4.30) acquires an additional term of the form ~ <6469,

This contribution induces, in the holomorphic constraint, a term of the type (3.4.12). As a
result, the solution to the constraint becomes more involved. However, in special cases, such
as for the cubic vertices of Yang—Mills theory, where the couplings are proportional to the fully
antisymmetric structure constants f,;. this additional term vanishes. Indeed, one would ob-
tain an extra contribution of the form ~ Tr([Ty,, Tu,|) Tr([Tuy, Tu,)) (091 (032)2 (92 )* (d) ™,

which vanishes due to the cyclicity of the trace. This mechanism is sometimes referred to as

2Tn the case of Yang-Mills, we can choose to work with hermitian matrices (7%)" = 7, then an 4 factor
would appear in the commutator [T%,T?] = i f®*°T*, or work with anti-hermitian matrices (7%)" = —T and
then [T@,T%) = fabeTe,
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photon decoupling: at tree level, gluon scattering amplitudes are identical whether one works
with U(N) or SU(N).

Summary. The solution to the associativity constraint in the colour-ordered case is

012340 _ k(A — 2)! v\
282Nz + A — DIAsg — A = 1)! v (3.4.37)
same for (4123) El24 — 4123

3.4.3 Main mechanism

As we have seen above, there is a simple procedure to solve the constraints. By looking at the
most general case presented in Appendix 3.11, one can see that this is always the case. We
can divide the procedure into two parts. First, we see that the constraint reduces to setting a
polynomial in three variables to zero. The admissible functions available for this purpose are,
as indicated in (3.11.6), the following:

f(A, B) — CL1AA72 + bl‘BA727 C1234)\i, C2134)\i, Cl243/\7;7 C2143)\i 7 (3438)
f(B C) — bQBA_2 + Cch_2 61342)\1' C3142)\i 01324>\i C3124Ai (3439)
f(07 A) _ CQCA_2 4 (IQAA_2, Cl423)\i7 C4123)\i7 C1432>\i7 C4132)\i’ (3440)

where on the right of each function, we wrote the product of couplings that can produce them.

The constraint they have to satisfy is
f(A,B)+ f(B,C)+ f(C,A)=0. (3.4.41)

These polynomials can cancel each other in different ways to ensure the total sum vanishes:

1. If all coefficients are non-zero, consistency requires setting a; = —aq, by = —bs, and
c1 = —co. This corresponds to the case of singlet fields, where only even-derivative
vertices are present, as shown in (3.4.28). In this case, we need at least one product of
couplings in (3.4.38), in (3.4.39), and in (3.4.40) to be present.

2. If only two terms are non-zero — for instance, by = by = c¢; = o =0 and a; = —ay —
we obtain a solution that corresponds to the colour case (3.4.37); the same holds under
permutations of a, b, c. In this case, we need at least one product of couplings in (3.4.38)
and (3.4.40) to be present.

3. One can consider configurations with two vanishing terms and four non-zero coefficients,
for example, ¢; = co =0, a3 = —aq, and by = —by. This type of cancellation may appear
in the singlet case as well, as in (3.4.27), but it requires the inclusion of odd-derivative
vertices. In this case, we need at least one product of couplings in (3.4.38), (3.4.39), and
(3.4.40) to be present.
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Once one of these cases is realised, by looking at the form of a single function, for instance,
f(A, B) = a1 A*2 4+ b, B2 and recalling the definitions (3.4.18), we can extract the solutions

for the couplings and find two distinct cases:

1. If we have a; # 0 and b; # 0, to reproduce the correct form of the function, we must sum

over all even or odd integer values of \;.

2. If we have a; # 0 and b; = 0, or vice versa, to reproduce the correct form of the function,

we must sum over all integer values of \;.

3.4.4 Mixed cases

Here we analyse the three remaining cases (3.4.11), (3.4.12), and (3.4.13). We start by looking
at (3.4.11) then

Tr(Ta, To, ) (95) ™ (632) 2 002 0y ~ Garas (990 ) ™ (932) 2 032 Bt (3.4.42)

In this case, all fields “commute”, as in the case of singlet fields. Therefore, the solution to
the constraint coincides with the one found in the singlet case (3.4.27) and (3.4.28). Regarding
(3.4.12) we have

T (T Ty ) Tr(Tay Ty ) (950)™ (902) 2 (332) % (31) ~ GaraGagas (03) (952)72 (052)™ (g )™
(3.4.43)

In this case, we have to consider the following four exchanges
(1234) + (2134) + (1243) + (2143) , (3.4.44)

where for each (1234) ordering we also include the associated (3412) exchange. As shown
above, in the presence of these exchanges, the holomorphic quartic constraint, reducing to the
equation (3.4.41), forces f(A, B) = 0, which cannot be satisfied. This conclusion holds for
generic vertices, and in the absence of additional vertices that would contribute extra terms to
(3.4.41). We now consider the last case, (3.4.13). We have

T (T, Toy Ty ) (93 ) ™ (032) %2 (63 By (3.4.45)

In this case, using the cyclic property of the trace, and that ¢2§ “commutes” with the others,

we have to consider the following exchanges

(123)4 + (312)4 + (231)4 —  (1234) + (1243) + (3142) + (3124) + (1423) + (4123), (3.4.46)
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where again for each (1234) we also have the associated (3412) exchange. To read off the

solution, we can look at the general case in Appendix 3.11, and we get

(F1234 + J~_'1243)k1234 _ (.F1423 4 ‘F4123)]€_1~_423 =0 — F1234k£234 — F1423k_1i_423 ’ (3447&)
<f1342 + F1342)k1_342 _ (F1234 + JT"1243)]<3_1~_234 =0 — F1342k1_342 _ .F1234]€_1|_234 ’ (3447b)
(f1423 + f4123)kl423 o (f1342 + ]:1342)]€1+342 =0 — f1423k_£423 — f1342k}r342 7 (34470)

where in the second expression we identified the various F terms since they are equal in this

C'234 as well as for

case, like F1%1 = f, .. = F'13 and the value of the coupling product
(1342) and (1423) is given in (3.11.10). If we consider only even-derivative vertices (i.e. with

k= =Fk), we get
FIBI2 _ FIM2EI302 _ pI4BE108 _ FI241234 _ FlM2Iser _ pla2sp1as (3.4.48)

Another particular solution to the constraint in (3.4.47) arises when we start with a pair of
couplings CMA22 0223\ where one is an even-derivative and the other an odd-derivative

vertex. Borrowing ideas from [7], we can rewrite the solution in a more convenient form using

1
k'}5234 — —(k£234 + k}r234) — Z C1234N ’ (3.4.49)
2 (A12+A;) € even
1 :
k10234 — §(k1_234 _ k}r234> — Z 1234\ (3.4.50)
(A12+X;)€0dd

We can then rewrite the system governing the couplings in the form

cizsn _ k(A 2)! ¥ (s 4+ Ag) € even (3.4.51)
= 2A_3(/\12+)‘i_1)!(>\34_)\i_1)! 12 i ven , 4.
1234( A _ 9|
C1234n _ ko ) V (A2 + ;) € odd. (3.4.52)

N 2A73(/\12 + )\z — 1)'()\34 — )\z — 1)'

If we rewrite the constraint (3.4.47) in terms of these new variables, we find

]:1234(]{%/‘234 + k,é234) — .F1423(]{72‘423 o ké423) , F1342(k72‘342 + ké342) — ]:1234(]{/,2‘234 o k?5234) ;

f1423<k£‘423 + ké423) — ‘F1342(k1E342 o ]{7(1)342) , (3453)

and becomes easier to identify the two special solutions. The first occurs when k5 = 0, leaving

only kj, which corresponds to the purely even-derivative case discussed in (3.4.48), and gives

Fl2saplase _ pisezplsar _ pl423p 1403 (3.4.54)
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The second special case arises when two of the kj; coefficients and one k;; term vanish. For

instance, setting k3?3 = kp*? = k5'* = 0 we find
FIRMEI_ _ FIsRpse | plasg 13 (3.4.55)

Notice that the same solution also applies to the constraint found in the singlet case (3.4.27),
provided we drop the F terms. On the other hand, if we look for solutions involving only
odd-derivative vertices (i.e. with k" = —k"), we encounter a contradiction. This is evident

from the structure of (3.4.47), and was already shown for the singlet case in [7].

3.5 Solutions to the OPE associativity

In the section above, we solved the OPE associativity constraint in several specific cases, with
the most general case addressed in Appendix 3.11. However, finding a consistent theory com-
posed of holomorphic cubic couplings that simultaneously solves all possible OPE associativity
constraints arising among them is a related but distinct problem.

Fortunately, this issue was already addressed in [7] for the holomorphic light-cone constraint,
and the same approach applies here. The key idea is that, starting from a specific pair of
cubic couplings CMA2Ai C—A3:M inyolving at least one opposite helicity field,'® requiring the
constraint to be satisfied may — and typically does — generate new cubic couplings. These, in
turn, can give rise to further constraints, and the process continues recursively. For a detailed
discussion, see [7].

We briefly explain here the procedure to find consistent solutions for various cases. In the
case of a singlet field (3.4.28) and the mixed case (3.4.54) with only even-derivative vertices,
satisfying the OPE associativity requires that each time one of the pairs of couplings below is

present, all the others must follow:

A1,A2,[2—A12,k—=A12] Y[ A12—2,A12—K], A3, A1,A3,[2—A13,k—A13] Y[ A13 -2, 13—k, A2,
C [ ol ] ’ C [ 1ol ] 7

Cf>\17/\4,[2—)\14,/€—>\14]C[>\14—2,>\14—k]7>\2,>\3 (35 1)

where we write them in pairs to emphasize that each involves an opposite-helicity field, k is an
even integer, the square bracket [—, —] is a notation to indicate the range of exchanged helicities,
incremented by steps of 2, and A = A\; + Ay + A3 + Ay — the total number of derivatives —

must be even. For a better explanation of the notation used, we refer to [7]. For instance, the

13Note that the OPE associativity constraint becomes non-trivial only if at least two of the couplings involved
contain fields of opposite helicity, i.e. A\; = —\;. In principle, one could consider very generic couplings that
never generate any non-trivial constraint, though such theories would be rather trivial. Indeed, recall that to
obtain an exchange amplitude, we need at least two cubic couplings involving opposite helicity fields.
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following

C)\1,)\27[2*)\12,4*)\12} C[)\12*2,)\12*4],)\3,)\4 C)\l,/\37[2*)\13,4*)\13]C[A13*27>\13*4],)\2,)\4

Y Y

3.5.2)
AL AL 2= A14,4— A A1a—2,A14—4], A2, (
oM 4,[ 14 14}0[14 14 ]23’
would correspond to the following 6 pairs of coupling
A1 A2,2=A12 YA 12—2,23, 0 ALA3,2—A13 A3 =22, M4 A1 AL,2= A1 A LL—2, 22,0
C 1,72 IQC 12 3 , C 1,13 130 13 2 , C 1,N4 140 14 2 3’
(3.5.3)

C>x17>\274—>\12 C/\12_4’/\3’>\4 C)\1,>\374—>\13 C>\13—4,>\2,>\4 C>\17>\474—>\14C)\14—4,)\2,>\3

9 Y

For the colour case (3.4.37) with both even- and odd-derivative vertices, we need the following

set of couplings:

C>\17/\2,[1*>\12,k*)\12]C[>\12*1,>\12*k],)\3,>\4 : C)\l,)\&[l*)\w,k*)\w]C[A13*1,>\13*1€]7>\2,)\4 , -

C>\17/\4,[1—>\147k‘—>\14]C[>\14—1,>\14—k]7>\27>\3 ( o )
where k is an integer, and the square bracket [—, —| is incremented by steps of 1. For the mixed
case (3.4.55), we need the following set of couplings:

C>\17/\2,[1—>\12J€—>\12]O[A12—1,>\12—k]7>\3,)\4 0)\1,>\37[1—/\13,k—)\13]C[A13—1,>\13—/€]7>\2,>\4

Y )

C>\1,>\47[k—>\14,1—>\14]C[>\14—/€,>\14—1]7)\27>\3 (355)

where k is an even integer, the square bracket [—, —| is incremented by steps of 2, and A must

be odd.

Once all the couplings required to satisfy the constraint are included, an explicit solution
relating the various couplings can always be extracted from (3.4.28), (3.4.37), (3.4.51), and
(3.4.52). Below, we write down some explicit solutions for the couplings. In particular, we
match the result of [217] for lower-spin theories and pinpoint the difference with the solutions

to the light-cone quartic holomorphic constraint.

3.5.1 Lower-spin solutions

Following ideas from [4-7, 123] we look for the most general lower-spin cubic vertices (i.e.
involving lower-spins |A| = 0, 1,2) that solve the OPE associativity constraint.
Singlet fields. This presentation closely follows that of [7], with the necessary modifications.

All possible even-derivative couplings are given by

{C—Q,Q,Q7 0—1,1,27 00’0’2, C’O’l’l, 00’2’2, 01,1,27 02,2,2} . (3.5.6)
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In total, we have 7 couplings: 5 abelian and 2 non-abelian.'* We can now search for all possible
solutions to the OPE associativity, following (3.5.1).

We begin with two-derivative couplings, then {C~%22 C—112 (002 C0L1Y " Selutions to
the OPE associativity are

{C222} graviton coupling, (3.5.7a)
{C+10y photons coupled to scalars via ¢F, (3.5.7b)
{C7222 = 002} scalars coupled to graviton, (3.5.7¢)
{0222 = ¢~ 112) graviton coupled to photons, (3.5.7d)
{C222 = ¢~bh2 = 0002 COby graviton, photons and scalars . (3.5.7¢)

We use the following notation: within {---}, we list the active (free) couplings. When a
coupling appears alone, it is considered unconstrained — that is, it can appear in the theory’s
action with a free coefficient. It is important to specify the active couplings before solving the
constraints. Note that the relations above are consistent with the universality of gravitational
interactions.

If we allow for higher-derivative terms, the most general solution we obtain is the following:

(3.5.8)

0,1,1,70,2,2 0,2,2\2
{02,2,2 — L2 — 002 o112 _ chc i (C?%2) }
= = 7 - —

0222 —
C-222 ' 10 C-2.2.2

The constraint above implies that a theory containing R* and REF? terms with arbitrary coef-
ficients would not admit a celestial dual, due to the failure of OPE associativity. Instead, the
coefficients must be fixed to the specific values given above. These results correctly reproduce
those of [217]. The constraint imposed to C%!! in (3.5.8) for the higher-derivative theories

00,1,100,2,2

1,12 _
¢ T C-222

(3.5.9)

is novel, because in [217] the C%M! abelian coupling between photons and scalars was not
considered.
Colour case. This presentation closely follows that of [7], with the necessary modifications.

We now examine all solutions in the presence of a gauge group, following (3.5.4). The complete

14The non-abelian vertices are the most interesting ones, as they deform the gauge algebra in a covariant
formulation. The abelian ones do not. Nevertheless, it is worth noting that, in general, abelian vertices can also
be constrained and may play an important role in ensuring the consistency of the theory. Since we work in the
light-cone gauge and with holomorphic theories, we define abelian couplings as those with A; > 0 and >, A; > 0.
Note that (0, s, s) is still considered abelian this way, which is justified since the spin-zero exchange disappears
from the constraint. Such couplings are, obviously, consistent on their own unless there are non-abelian couplings
that “talk to them”.
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set of even- and odd-derivative couplings that can be constructed is given by

—212 ~—222 ~—-102 ~—111 ~—112 ~—122 ~0,0,1 0,02
{c ,C , O O ,C ,C N O Chiat

Co,l,l7 00,1,2’ 00,2,2’ 01,1,1’ 01.1,2’ 01,2,2’ 02,2,2} ‘ (3‘5‘10)

In total, we have 15 couplings: 9 abelian and 6 non-abelian. We highlight the lower-spin
couplings as follows: blue indicates those which, on their own, require higher-spin couplings
for consistency; red denotes those which, when combined with any other coupling, also require
higher-spin ones; uncoloured couplings are, as we will show in more detail below, the only
consistent lower-spin couplings. We now search for possible theories that satisfy the OPE
associativity constraint. We begin by considering one-derivative interactions, involving the
subset of couplings

(C212 0-102 L1 001 (3.5.11)

Theories that satisfy the OPE associativity constraint are given by

{c~tt1y ) Yang-Mills coupling, (3.5.12a)
{Cc~tht = gooly Yang-Mills coupled to scalars, (3.5.12Db)
{C212 = Cc~hh1Y coloured graviton, (3.5.12¢)

where we do not have any sign factor appearing, thanks to the use of the ), = (=) term in
(3.4.29). This also matches standard definitions for lower-spin theories and with the results in
[217]. Note that including C %2 and at least one other of the couplings in (3.5.11) leads to a
non-associative OPE.

Another interesting option is the coloured graviton. It is well known that, under the usual
assumptions, gravitons cannot carry colour [203]. However, we find that it is possible to have
multi-graviton theories that satisfy the OPE associativity, provided we restrict to the self-dual
case. The coupling C~212 is the “usual” current interaction of one helicity of the Yang-Mills
field with a current built from a multiplet of gravitons.

Including higher-derivative couplings, the most general consistent solution is

1 (00,1,1)2}

“1,1,1 _ =212 _ 001 ~111
{ermr=omrz = gom g = S

(3.5.13)
In this case as well, the associativity constraint implies that a theory containing an F*® term with
an arbitrary coefficient would not admit a celestial dual, due to the failure of OPE associativity.
Any attempt to include other couplings breaks OPE associativity, forcing us to introduce higher-
spin fields. This is consistent with expectations from the covariant formalism. For example,
the coupling C~222 would lead to “colour gravity”, which is known not to be consistent, at
least when including only lower spins. These results correctly reproduce those of [217], once
we use notation valid for any semisimple Lie algebra given in (3.4.5)—(3.4.8). The possibility of

7172

having OPE associativity in the presence of the non-abelian C'~%!? coupling (3.5.12¢) is novel
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because in [217] the exotic C~%1? non-abelian coupling between gravitons and spin-1 fields was
not included.

Other solutions for lower-spin. Some vertices are still missing to fully reproduce the lower-
spin results obtained in [217]. In particular, we need to study the OPE associativity constraints

imposed on the following couplings, which were not included in the analysis above

C 1,1 2[[1)2 N
" BR65 By

0,1,17p2 1,1,27p4

{505—;1’ 0 (8L,)7 (6,6 g o PO, <¢-1>“<¢;3>”} ,
(3.5.14)

where we denote the coupling by C' to distinguish it from the other C’s. To treat these cases

and match the result in [217], we need to use the solutions found for the mixed cases. For the

mixed cases (3.4.11), following (3.5.1) and using (3.4.28) we can find

(072,2,2 . 671,1,2)671,1,2 -0, (072,2,2 . 671’1’2)61’1’2 =0, (3‘5.15)
(00’0’2 o C~«—l,1,2)c~¢0,1,1 —0 : C—l 1 201 1,2 CO 2 200 1, l (3516)

While for the mixed cases (3.4.13), following (3.5.5) and using (3.4.55) we can find

2‘5611001 ,2, lfcagagc 1,1,1
(3.5.17)

1 ~1,2,—1 1,1,1
3|6a100 H fcagagc B

1 ~
1,1,—1 1,1,2 1,1,—1 1,1,2 __
afalagcc 5ca30 fa1agcC 5ca20

1 ~
_ gfalachLl’l&cagC_Ll’Q fala;col 1, 150a20_1 1,2
Then, using the full antisymmetry of f,;,. and the fact that the spin-2 field is a singlet, we get
fala2a3é—1,1,201,1,1 _ 3fa1a2a3é1,1,2c—1,1,1 — (L1201 _ g ALL20-1L1 (3.5.18)

In principle, there may be — and likely are — other admissible lower-spin theories that satisfy
OPE associativity, but we do not analyse them further here.

We conclude this section by noting that this method of solving the OPE associativity con-
straints substantially simplifies the analysis compared to [217, 230]. Furthermore, it enables
extensions to higher-spin fields and to solutions with higher-derivative cubic couplings, as dis-

cussed in [7].

3.6 Holomorphic constraint vs OPE associativity

In this section, we make the connection between the quartic light-cone holomorphic constraint
and the holomorphic OPE associativity more explicit. In particular, we borrow the idea of a
“gauge” algebra [123] constructed starting from the cubic chiral vertices. First, we review and
define this Lie algebra. Then we relate the following four objects: the Jacobi identity for the
gauge algebra, the four-point tree-level amplitude constructed out of the cubic chiral vertices,

the OPE associativity in CCF'T, and the quartic light-cone holomorphic constraint.
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3.6.1 A gauge algebra from cubic vertices

In [123], the author proposed a gauge algebra built from the holomorphic vertices (including
the chiral higher-spin theories). This idea was originally introduced in the context of self-dual
Yang-Mills (SDYM) and self-dual gravity (SDGR) in [231], to derive the BCJ relations for
these theories. In particular, they identified the relevant gauge algebra of SDGR as the Poisson
algebra of area-preserving diffeomorphisms of S?, and related it to the kinematical algebra of
SDYM.

Let us consider the most general cubic couplings, but omit f,,. whenever it is not crucial.
Starting from a chiral vertex in (3.2.10) (specifically, the holomorphic one), we associate to it

a structure constant as follows:

A1,A2,A3 Pi\%% 1 5253
hA1A2A3 = —C""% W§(Z%> — fA1A2A3 = §hA1A2A3m, (361)

7

where capital Latin letters such as A; collectively denote helicity, momentum, and possible
other internal labels. Let us note that this procedure inverts the parity of the original cou-
pling. Effectively, it does send a cubic vertex HQ 1224 46 a shifted one HQ A= LA =L Cehereby

reversing the parity of the coupling. This way, the structure constants read

PR 0 O W ' 3 3.6.2
A1A2A3 — _5 5>\1+1/8)\2_1B>\3_1 q; ) - ( .0. )
1 2 3 7

We raise and lower indices using the natural inner product
(0109)i= 3 [ dadinst(a +p)5u 5@ (03)" (3.6.3)
A,

where ¢ are the fields of the theory. Notice that, according to the definition of the inner product,
raising and lowering indices correspond to flipping the sign of both helicity and momentum.
Instead, nothing happens to internal indices, if present, due to the metric normalized to 4.

For any chiral theory, the cubic chiral action can be written as

§ = £(6.00) — haaya, 600 (36.4)

The idea to define f4p¢ is to factor out the kinematical part of the self-dual Yang-Mills vertex,
and interpret other theories, e.g. the Chiral higher-spin theories, as generalisations of SDYM
[123] with a certain gauge algebra defined by f4pc. If we introduce the Lie bracket [e, o]

[Ty, Tay) = £4%, 4, s (3.6.5)

that corresponds to figc, we can rewrite the action as the “SDYM” where the colour Lie
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algebra is replaced by the gauge algebra.'®

It is interesting to see whether f4, 4,4, defines a Lie algebra. We need to check the Jacobi
identity, which gives a constraint on the couplings. As a warm-up example, let us review what
we get for SDYM [123]. We could start from the Chalmers-Siegel action [142] as in [123] and
assume to activate the SDYM coupling C~15!, Using the following SDYM vertex:

P
hAlAQAS = 2fa1a2a3 ﬁuﬁﬁl 5>\1,*15>\2,15>\3 15(2 ) : (366)

7

From (3.6.2) we can read the structure constant for the gauge algebra

2 2

20010010351 + = O 001,105,100, —1)5<Z Qi> ., (3.6.7)
i Bt

fA1A2A3 - fa1a2a3 (6)\1,—15>\2,15>\3,1 +

i

i

and the Jacobi identity is a natural consequence of the one for the structure constant f@1¢293.
We can do the same for SDGR starting from

]P>2
hA1A2A3 =2——= 1261 5)\1, 25A2,2(5>\3,25(Z%> y (368)

3 i

then the structure constant is

P 4 4
51225: (Oa1,—2020,2005.2 + gl Ox1,207z,~2025,2 + g1 Oxp,2005,20,— )(5( Z qi) . (3.6.9)

i

fA1 A2 A3 -

The Jacobi identity is then verified thanks to the identity
P1yPsy + PosPiy + Py Py = A2 — B2+ C? — A2+ B> - (C? =0, (3.6.10)

that on-shell coincides with a special case of the Schouten identity. In [6, 7] it was shown that

a theory with the following couplings C*~%2 = C*»~*2 = ( is consistent. Therefore, we could

15We write “SDYM?” since theories can have fields of various helicities. It is also important that there is no
scalar self-coupling for such an interpretation to work (this is the only coupling from which P cannot be factored
out). One can also consider SDYM/SDGR with these gauge algebras. For example, the Moyal deformation of
SDGR was discussed recently in [251]. Such theories would break Lorentz invariance since the number of P in
a vertex is strongly correlated with the helicities.



130 CHAPTER 3. OPE ASSOCIATIVITY, HIGHER-SPINS AND SELF-DUALITY

search for its gauge algebra:

P 4 4
fa, 454, :€< ﬁfﬁﬂ; (5)\1,—2(5)\2,2(5)\3,2 + (%) Ox,2009,—2025,2 + (%) (5/\1,25/\2,25/\3,—2)
P, g1 222
51’\2511ﬂ (Oa1,~A0ro 20052 + (%) I A0x,—20x52)
2 P3 1
]F)12/8)\_1 /83 22—2 (3611)
+ 6,\,—1152(5,\1,45,\2,25&,)\ + (E) I 20x,2005,—0)
3
P, g1 222
+ %(5)\1,25)\2,—)\5)\3,)\ + (%) (5)\172(5)\27)\5>\37_)\))5< Z Qi) s
3 i
and also here, the Jacobi identity is then verified thanks to the identity
P15P3y 4 PosPiy + Py Poy = A> — B>+ C° — A+ B> — C* = 0. (3.6.12)

Now that we understood the general idea, we can try to solve the Jacobi identity for a general
gauge algebra.

3.6.2 Jacobi identity and celestial OPE associativity

The Jacobi identity for a generic gauge algebra is

£a, .88, 4, + FasnsBE 00 4, + Eaga, 00,4, = 0. (3.6.13)
Using the definition (3.6.2) we get

Xi [ 1234X;pA12+Ai—LpAza—A;—1 23140 pA2z+Ai—1pAra—Ai—1
E (-) (C Py P33 +C P53 Pys
Ai (3.6.14)
3124X; pA13+Ai—1pAoa—Ai—1Y\ __
+C P3 P53 ) =0,

and it coincides with the OPE associativity constraint (3.4.15)! Similar observations had already
been made in [250, 252].

If we assume that the cubic vertices used to construct the gauge algebra belong to some
representation of a gauge group G, and then, for example, we assume they are accompanied by
the structure constants fy., we get

i 1234); pA12+ i —1pAza—A;—1 c 2314\ A23+A i —1mpAia—A;—1 c
> (P (BB TR N fge gy + CINBE TP TN e,

i

+ C3124/\¢Pgii‘s-l-)\i—lpgizl—)\i—lfasalcfclm(m) =0. (3615)
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Now using the Jacobi identity for f,,., we obtain two independent constraints

Z(_))\Z <Cl?34)\iﬁ)i\212+)\i*1p?/}i4*)\i*l + CQ314>\¢P§§3+A¢*1Pi\i4f/\ifl) — 0 ’ (3616)
Ai
Z(_))\i (C1234)\¢Pi\212+)\i—11@§24—)\i—1 + C3124>\iP§i3+/\i_l]ﬁ)g\i4_/\i_l> -0 : (3617)

i

which after moving the external helicity using the symmetries (3.2.16), the first corresponds to
the colour ordering [1234] and then to (3.4.31), while the second to the colour ordering [1243].
Again, a term 6, = (—)* can be added to match notations with the OPE associativity case.
Moreover, by assuming a more general gauge algebra including all the possible generic couplings

(3.2.15) contributing, we get the same expression as in Appendix 3.11.

3.6.3 Jacobi identity and vanishing of the four-point amplitude

Another interesting observation is the relation between the Jacobi identity and the vanishing of
the four-point tree-level amplitude for a generic chiral theory. Using identities from Appendix

3.10 valid on-shell, the four-point amplitude takes the form

P/\12+)\i 1 IP)>\34 Ai
A=A+ A+ A, = Z R 42644263
B Bs (1 + ¢2)? 3 4
_ P15Psy . Z <61234>\ipi\%2+>\i—1ﬂ5§24—/\i—1 - CMBNRA A1 pA A

(1 + q2)? H, By
4 C3124)\iﬁ)§]1_3+)\i_1P§i4_>\i_1) —0.
(3.6.18)
Therefore, the vanishing of the four-point amplitude for a chiral theory gives the same expression
as the Jacobi identity (3.6.14) and the OPE associativity (3.4.15).
In the presence of colours, the four-point tree-level amplitude can be written in terms of the
colour-ordered ones (3.3.17) and by considering a single colour-ordered amplitude, here [1234],

since the same is valid for the others, we obtain

A P12P34 12342 A 12+ —1ipAza— A —1
A 1234) = (C P2 TAT IPASAT A
) = [T 5" 4 Z N " (3.6.19)

23410 A2z +Ai—1mAar—Ai—1Y) _
-C IP>23 ' IP>41 ) =0,

where we can always introduce the 6, factors and correspond to the Jacobi identity for the
gauge algebra in (3.6.16), and to the OPE associativity in (3.4.31). Moreover, by considering
even more generic couplings (3.2.15) contributing to the amplitude, we get the same expression

as in Appendix 3.11 with the same prefactor as in the expressions above.
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3.6.4 Relation to the light-cone quartic holomorphic constraint

We revisit the statement made in [123] about the relation between the light-cone consistency
condition and the Jacobi identity for the gauge algebra. We point out that, on the energy-
shell,'% the two conditions are the same up to a specific product of couplings, and we elaborate
on the implications of such a difference.

Let us recall the form of the total free Hamiltonian H and the boost operator J:

H—;hz (Qz)_; 5 j—;h (%)—Z( 5 90, qzaﬁﬁ)\lﬁ). (3.6.20)

i=0 ¢
The light-cone (holomorphic) constraint is equivalent to the Lorentz invariance of the S-matrix.

This can be rewritten as a set of Ward identities for all n-point off-shell amplitudes [127].17

The statement is the following:
[H,J] =0 = [A, J] =0, (3.6.21)

where A is the off-shell amplitude. In particular, for chiral theories, where only cubic couplings

are present, we can focus on the four-point amplitude'®

We can rewrite the condition above as follows

4
, 1 Y
J (Z qi) J (Z hy 2 (qu, o, q,\i);hg‘?”\“’ N (gs, quy —qn,) + (1, u)—channels) =0, (3.6.23)
i=1 i

1

where \; represents the helicities of the particles exchanged in the quartic tree-level diagram.
The equivalence (3.6.22) may be established by a direct computation and arises as a consequence

of the following identity:

s
((_)Ai (M A+ X = A)B1 — (A2 + X = Ay)
B1+ B2

, 1 .
j(h?/}l’A%AZ(QMQ%QM) hy* Az(q37q4,_%)) =
(3.6.24)

Papan-1pn 4 (1,2) & <3,4>) |

where s = $([12](12)+4[34](34)), and the use of momentum conservation and energy conservation
(i.e. with H = 0) for the external fields is required. As we have reviewed above, and following

[127], to isolate the gauge algebra structure, we can factor out the SDYM kinematical part of

16That is, we impose the energy conservation (i.e. with % = 0) for the external fields.

"For a definition of the off-shell amplitudes, we refer to [127].

8Indeed, the quartic holomorphic constraint is the only constraint for a cubic theory. It is equivalent to
the Poincaré invariance of the four-point amplitude. Iteratively, one can show that higher-point amplitudes
have vanishing cuts (e.g. a cut of a five-point amplitude is the product of the (vanishing) four-point and a
three-point), i.e. they should vanish as well.



3.6. HOLOMORPHIC CONSTRAINT VS OPE ASSOCIATIVITY 133
the vertices as
hg\l,/\Q,)\i _ fAlAQBh%(,;/,[—l : hg\:h)\47_>\i = fBA3A4h%(71\_/[171 . (3625)

Then, we rewrite (3.6.23) in the following form:

4
1
11,-11, 1,211 a1 As—1,
5 (Z qz> ((hYM ghYM >jz\1 1,A2—1,A3 1>\4+1[fA1A2BfBA3A4]
=1

(3.6.26)
1
+ jl’l’l”l[h;’i/’flgh%\}l’l](fAlAQBfBA3A4) + (t, u)—channels) )
By introducing the following operator
0, = (h%(’i/’[_llh{}i/[lJ)j)\l_l’Ag_l’)\3_1’>\4+l 4 jl’l’l’_l[h#i&_llh{;l\}l’l], (3.6.27)
s s

and the corresponding one for the ¢ and u channels. The equation above has the following

schematic form:
Oslf4, 4,887 4,4,) + Oulfa, 4,555 4] + Oulfaza58%4,4,] = 0. (3.6.28)
The idea of [127] was to show that
0=0,=0,=0,. (3.6.29)

By employing momentum conservation inside the Jacobi identity, this can be proven for H = 0.
Indeed, the three operators will differ only by terms proportional to the total free Hamiltonian
H.

We have thus established that any solution of the Jacobi identity must also satisfy the
light-cone holomorphic constraint. However, proving the converse requires first determining
the kernel of the operator J. To this end, we apply J to the most general chiral polynomial
function K (Pia, Pay, B1, 32, B3, B1) and we obtain

j)\l,)\z,)\s,)\4 K = O, K = ﬁf‘l_n 2)\2—71 ?/)\3—m 2‘4_"1[@?2@’?}1_ (3630)

This can be translated to the kernel of O, O;, and O, and gives

O, -K,=0, K= By B2 " Bs~m By~ 2P, P (3.6.31a)
0, K, =0, K, = B2 " Bas g m g2 PP (3.6.31b)
O, -K,=0, K, = B3 "B B2 m g P P (3.6.31c)

At this point, we can look if the operators in (3.6.28) contain terms in the kernel of O, O,
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and O,. The explicit form of the product of two structure constants is

A2+~ 1 pAza—Ai—1
Prg* ™ Pt ™

~ C)\l,)\z,AiC—)\i,)\S,A4 (3632)

B
fA1A2Bf Az Ay A—1oXa—1 pA3—1 pAg+1 °

1 2 3 4

This term is in the kernel of the operator @, only for the specific case of CM 1000 242 where

m2A1 —1m2Aa—1

P3P

12 34 _

ST TN =1 oM—1M—1 ohatl 0, (3.6.33)
1 2 3 4

and the same, with obvious modifications, holds for O; and O,. These products of couplings
coincide with those left unconstrained by the quartic holomorphic constraint, as shown in [7].
We then identified the transformation relating the two constraints as that induced by the
operators Oy, O,, and O,.

To conclude, we showed that the solutions to the quartic holomorphic constraint and to the
OPE associativity constraint coincide, up to the products of couplings C*t 000222 which
remain unconstrained in the holomorphic constraint.?

This distinction is significant, as already emphasised in [7]. In particular, it not only allows
for terms such as ~ F3 and ~ R? to appear with free coupling constants — consistent with
the covariant formulation of lower-spin theories — but also permits non-vanishing amplitudes.
Indeed, even in chiral theories and with higher-spin interactions, where the Weinberg low-
energy theorem would suggest a vanishing amplitude, this argument does not apply to abelian
terms (also referred to as Born-Infeld type interactions), which can give rise to non-vanishing

contributions.

3.7 Conclusions

After a review of both the light-cone quartic holomorphic constraint in 4d higher-spin theories
[4-6], and the OPE associativity in 2d Celestial CFT [217, 230], we have solved the latter using
the same ideas employed to solve the former [7]. We have also clarified their relation.

This is inspired by [205, 217], where it was argued that the Metsaev couplings of the full
chiral higher-spin theory are solutions to the OPE associativity constraint. In this work, we
established an explicit relation between the two constraints. We identify the operator that
relates the two and provide a method to classify all solutions, including those involving higher-
spin fields and higher-derivative vertices. Moreover, we also uncover an interesting relation with
the vanishing of the scattering amplitude and the Jacobi identity of a gauge algebra constructed
from the cubic vertices, as discussed in [123].

In [7], we initiated the programme of classifying all possible chiral higher-spin theories,

which, for lower-derivative interactions, also leads to an OPE associative Celestial CFTs. Differ-

9Notice that this can also be checked directly by solving both constraints. The solution to the OPE asso-
ciativity found here, and the solution to the holomorphic constraint in [7], indeed coincide, up to the special
product Cr1:A10C0A2A2,
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ences can arise for higher-derivative theories due to the unconstrained product C*tA1:0C0A2:A2,
as we showed for certain low-spin examples.

It would be interesting to provide a geometrical interpretation of the gauge algebras con-
structed from the holomorphic vertices (3.6.2), which give rise to OPE-associative celestial
CFTs. A partial step was taken in [123], where the gauge algebra of the full chiral higher-spin
theory and its truncations to HS-SDYM and HS-SDGR were described. In particular, dual
celestial chiral algebras exist for SDYM and SDGR [205]. Extending this construction to all
OPE-associative celestial CFTs would be natural, since we have shown that each bulk gauge
algebra gives rise to an associative OPE on the boundary. Consequently, OPE associativity
guarantees the existence of an underlying celestial chiral algebra, which could also admit a
twistor interpretation, as in SDGR [253].

As shown in [123], with the help of the gauge algebra, one can reformulate the equations of
motion of the Chiral higher-spin gravities as the self-duality constraint. Therefore, one can also
refer to Chiral higher-spin gravities as self-dual ones. It is then tempting to place self-duality
at the centre of the picture and interpret the OPE associativity, the vanishing of tree-level
amplitudes, and the holomorphic light-cone constraint as consequences of self-duality:.

A natural question that arises is whether some of the results of the paper can be extended to
the full quartic level by identifying the complete quartic constraint with the OPE associativity
constraint of the “all-order” celestial OPE [248, 249]. More broadly, it would be worthwhile
to extend this correspondence in two directions: first, by incorporating the classification of
massive cubic vertices [128], and second, by investigating how the relation might persist — or
be modified — at the loop level. Loop corrections for Chiral higher-spin gravity were studied
in [194-197]. It would be interesting to see what happens to the theories [7] with finitely many
higher-spin fields, where some of the results of [194-197] do not apply directly.

Another important direction for future work is the classification of higher-derivative cases,
both for the OPE associativity and for the light-cone holomorphic constraint. Here, the relation
to twistor methods should be fruitful [178, 207-209, 211, 216, 254]. It would also be important
to clarify the relation to the results of [218-220] where a “flat space” analogue of the singleton
representation was proposed and amplitudes of Chiral higher-spin gravity were computed.

At least the theories of HS-SDYM type [6, 7, 122, 123, 202], fully classified in [7], are
conformally invariant. Therefore, none of the main conclusions of the paper should change
once a conformal transformation is applied to map them to anti-de Sitter space. It remains to
be seen what role the celestial OPE would play in AdS/CFT correspondence (see [189, 199
201] for the discussion of Chiral higher-spin gravity in the AdS/CFT context) and whether it
can be extended beyond the theories of (HS)-SDYM type that are conformal, where covariant
formulations [187-193] of higher-spin theories should play an important role.

We conclude by noting that the holomorphic OPE in CCFT can be determined using
Poincaré invariance [226], which also allows fixing the cubic vertices in the bulk, interpreted
as OPE coefficients in the CCFT. This parallels the role of the cubic light-cone constraint. In

contrast, OPE associativity appears unrelated to Poincaré invariance. However, its close con-
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nection to the quartic holomorphic light-cone constraint in the bulk suggests otherwise. The
slight discrepancy — namely, the fact that the product C**1:9C%A242 remains unconstrained
by the light-cone holomorphic constraint — deserves further investigation and may have a
deeper explanation. We hope to clarify these aspects in future work by trying to extend this

correspondence to the full quartic level.
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3.A Light-cone notations

We use both light-cone coordinates and the light-cone gauge (in fact, double-null). In flat

spacetime, we adopt the 4d Minkowski metric with “mostly plus” signature

ot = (mo, a:l,m2,x3) , nt = diag(—, +,+,+), (3.8.1)
ds* = —(d2°)? + (dz')? + (dz?)? + (da®)? . (3.8.2)

We define the light-cone coordinates as

23+ 20 - T —iT

xt = , r = . T = ., T = , 3.8.3
V2 Ve V2 i B89

3 0 390 14 :92 ~ 1_ ;92
I A W S ek s SR VO ek LT WY

V2 V2 V2 V2
where the metric and the wave-operator become

ot = (2,27, 2,7), ds® = 2dxtdx™ + 2dxdz (3.8.5)
0=0,0"=2(0T0 +090), (3.8.6)

the light-front scalar product becomes

AB*=A,Bt+A B  +AB+ AB=A"B"+ AtB™ + AB + AB, (3.8.7)
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and our definitions for the derivatives imply
Ofe~ =02t =0r =01 =1. (3.8.8)

In the light-front, 2™ is taken to be the time variable, and 0~ is the time derivative. Moreover,

one assumes that 0 is always non-zero and therefore can be inverted as an operator.

3.B Celestial CFT notations for massless fields

In CCFT, to capture outgoing radiative data near future null infinity .#*, we parametrise

massless momenta (i.e. ¢ = 0) as

Mw,z,z,6) =ew(l+ 22,2+ 2,i(Z — 2),1 — 22)

(3.9.1)
= Ew(l + |Z’2, QRG(Z), QIm(Z), 1- |Z’2) )

where € = =+ distinguishes outgoing (+) and incoming® (—) particles. The energy of a massless
particle is given by ¢° = w(1 + 2z), with w > 0. The complex variables z and z serve as coor-
dinates on the celestial sphere. While they are independent in complexified Minkowski space,
under the Lorentzian signature with the “mostly plus” convention 7, = diag(—, +, +, +), they
are taken to be complex conjugates of each other.

A scattering process involving n massless fields with momenta ¢! and spins s; can, once
expressed in a basis of boost eigenstates, be reinterpreted as a correlation function of n con-
formal primary operators in the dual 2d CCF'T. Each operator is characterised by conformal
weights (h;, h;), from which one can obtain the spin s; = h; — h; and the conformal dimension
A; = h; + hy.

3.C Spinor-helicity in both formalism

For our spinor-helicity conventions for massless particles, we follow [255]:

Gui = Gu(0")gy, det(q) = —a"qu=m>, > =0 = q4=—lgalgly=—AN;, (3.10.1)

(i7) = (qlalg;)® = xmx;, [i7] = [Gi]%gi)a = ANoNja , AT =€®Ny, AT =€P),  (3.10.2)

10 01 0 — 1 0
o’ = , ol = , ol = ! , o = , (3.10.3)
01 1 0 it 0 0 -1

20We use the all-outgoing convention for amplitudes; then all particles are considered to be outgoing, and a
minus sign is introduced for incoming particles.
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a 0 1 ak 0 1
€= —ey = (_1 O) , et = —¢,; = (_1 0) . (3.10.4)

Notice that for complex momenta ¢* the two spinors (A, :\b) are independent two-dimensional
complex vectors. In Minkowski space and for real momenta ¢ ; is hermitian, and the two spinors
become complex conjugate \; = +(A,)* (where the sign depends on whether the energy is taken
to be positive or negative, then on the convention we use on the background flat metric).
Spinor-helicity variables (\;, \;) are defined up to little group scaling (A, Ai) ~ (t:\s, £ 1\)

for t; € C*. In CCFT, we can choose the following adapted coordinates for massless particles,
following [226]:

|Qi]a = )‘ai = \/E <_1ZZ> s <Qi|d = 5\(’”’ = 6,‘\/67@‘ (_Zz ].) ; Zi,fi - C, Wi - (C* . (3105)

1

Here, (z;, ;) are generally taken to be complex and independent of each other,?' w; specifies

the energy of the particle and ¢; = +1 stands for outgoing (+) and incoming (—) particles. In
the following, we consider all-outgoing particles, so we fix ¢; - €¢; = 1. Therefore, we get the

following:

[Zj] = ‘/w,-wjéij, <Z]> = TV WiW;Zij, Zij = Zi — Zj, 27;]' =Z; — 7j . (3106)

In the context of the light-cone Hamiltonian approach for massless higher-spin fields, we adopt

the following notation [127]:

4., = qM(O-M)ai) = \/§ (q 1 ) ~ \/§ (_% j]ﬁ) = _|Q]a<Q|b = _)‘aj‘i)’ (3107)

q —pB

- 2% N 2 21 7 . 2 -
A = i TP = Al 2 p L Aai = ) = A 7 g L (91U
VAU ezl VA, (—@-) =B B

The two formalisms are related by

Yoossy Y s Tt s T B

21They become complex conjugates in Lorentzian signature, where they act as coordinates in the celestial
sphere CP!.

Vi = —2i/B; . (3.10.9)
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The relation between the cubic amplitude and the cubic Hamiltonian density follows:

A123
2 Ip))\123
.A3 — CA1,>\2,)\3[12]d12[23]d23 [31]d31 — C’M,M’)\S\/_ﬁ—)\zﬁ = \/_)\123 (31010)
2

_ e 7 B B e \/ﬁ)‘mﬂb A123 )\123
A3 :C A2, )\3<12> d12<23> d23<31> a1 :C A /\361 Alﬁg Azﬂ—)ﬁ - \/_

(3.10.11)
where Aj is valid for Ajp3 > 0 and Aj for A\ja5 < 0, and we have defined
di2 = M2 — Ag, daz = Ao — A1, d31 = A1 — Mg (3.10.12)
We also have some standard relations for the n-point scattering:
()] = —2g g = (g + 4%, (3.1013)

Bzﬁj

Z%—O = Zw k] = Zpﬁp ~0. (3.10.14)

In particular, using the relation above for the four-point scattering, we find

P12P34 P31P24 P14P23 2
_ _ 7 sii = —(g; + )2, 3.10.15
(1 +@)?  (+a)? (¢ +q)? ! @+ %) ( )

where s = s19, t = s14, u = s13 are the standard Mandelstam variables for massless four-point
scattering.

The relations above, in the light-cone approach, hold only when the external particles are
on-shell. Indeed, one of the main differences between the cubic Hamiltonian density and the
amplitudes in (3.10.10)-(3.10.11) is that the latter are inherently on-shell objects, while the

former contains off-shell information.

3.D OPE associativity: most general solution

It is straightforward to generalise the solution of the OPE associativity constraint to the most

general cubic vertices (3.2.15). We make use of the following definitions:

f1234 fCLlCLQ fca3a4 = 5d falaz Jfdagaw

k-li-234 — (_)/\12 Z(_) 101234 ’ L1234 .= ZCI234/\i :
i A\ (3.11.1)

f1234(A B 261234/\ A B))\12+)\ —l(A + B))\34 i —1
Ai
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where the upper index 1234 denotes the order of the external helicities. Moreover, f4,4, feasas
indicates the natural pairing between the positive and negative helicity fields (¢™*)® and (¢=)s,
where the negative helicity fields take values in the dual vector space.?? The contraction is

performed with the standard Poisson bracket for fields decorated with vector space indices and

reads 5( )
a S —S ca q +p
[(¢2)7, (&5)] = 6™ 5b2(]—+- (3.11.2)
For general vertices, the holomorphic OPE associativity constraint takes the form
Z<C1234,\i(]_—1234 L 184 1243 +f2143>]13>1\52+xi—11p§24—xi—1
+C3124Ai(]_—3124 4+ Fl324 | p3142 +‘F1342)]P§\i3+>\i—1]fb§i4—>\i—l (3.11.3)

+C1423)\i (f1423 + ]:-4123 + f1432 + ‘/—_-4132)1?)?414-5-/\1‘—1]155\;3—)\«;—1) — O,

where we used the symmetry property (3.2.16), that of P and an additional minus sign due to
the antisymmetry of (12) and (i3) appearing in the denominators when computing the residue
in (3.3.15); each exchange of spinor labels introduces an extra minus sign. Writing (3.11.3) in

terms of the independent variables A, B, C', we find

2(61234&- (]_-1234 +F2134 _|_]_-1243 —|-J7:2143)(A o B))\12+>\i—1(A+ B))\34—)\i—1

BN (FIB42 a2 | s psldy (B oM tAinl(B oy o)A hin] (3.11.4)
CMRBN (P28 | 128 | pl4s2 4 TS (O A))‘14+’\"*1(C+A)’\Q3’)‘i’1> —0,

where we have used the symmetry properties of A, B,C in (3.4.17). In terms of " it becomes

(JT_'1234 + F2134 + .F1243 + F2143)fi234(A’ B)
+ (.F1342 + ]:-3142 + f1324 + F3124)fi342(B’ O) (3115)
4 (‘7_'1423 4 f4123 + ‘7_'1432 + f4132)f1423(0 A) =0.

We can determine the polynomial form of the functions f to be

FIB(A, B) = E12MAN2 123 gA-2 (3.11.6a)
— ) - - + ’ T

F2(B,0) = 1342 pA-2 _ 132082 (3.11.6b)
FUB(C) A) = FHUBOA-2 _ pUB A2 (3.11.6¢)

By substituting these forms of the functions in (3.11.5), we find

AA—2 . (F1234+.F2134 +F1243 +J,—_-2143)k,1_234 . (.F1423+F4123 +f1432+F4132)k}i_423 — O, (3117)

22For example, if % are the structure constants of some Lie algebra g, and (¢+*)? transforms in the adjoint
representation, then (¢~1!), transforms in the canonical dual to the adjoint, i.e. in the coadjoint one.
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BA—2 . (F1342+F3142 +.F1324+.F3124)k71_342 o (F1234+‘F2134+F1243 +~F2143)k7_1i_234 _ O, (3118)
CA_2 . (f1423 +f4123+f1432+f4132)k£423 o (f1342 +}~3142 +.F1324+f3124)k'}r342 =0. (3119)

As usual, the solution for the couplings takes the form

012340 _ (K123 4 ()M 228 (A — 2)]

= ; for (1342 1423) . A1.1
5200y A = 1)1 — N — 1] V' Ai, same for (1342) and (1423). (3 0)

The one presented here is a general solution, in the sense that it includes all possible non-zero
terms and uses the most general form for the cubic vertices (3.2.15) in the OPE associativity
constraint, with generic fup..

As shown in the main text, the same solutions also satisfy the light-cone holomorphic
constraint. The only difference is that this constraint leaves the products C*1 000 242 yp.
constrained.

For instance, to recover the singlet case, we simply drop the F factors, which leads to the
solution (3.4.27). The sign differences arise from the different ordering of the external fields.
Here, we have chosen the ordering that avoids additional signs.

Instead, if we want to recover the solutions for the colour case, for the colour-ordering [1234],
we need to consider the terms F'#3* = F4123 and will match with (3.4.37).

A complete analysis of the theories that satisfy the most general form of the constraint,
along with a full classification, appears feasible but lies beyond the scope of this paper. As an
application of the expression above, we solve the OPE associativity constraint in the mixed cases
(3.4.11) and (3.4.12). This allows us to identify certain admissible lower-spin chiral theories

that would otherwise have been missed if one focused only on the singlet and colour cases.
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Chapter 4

Massless spinning fields on the
Light-Front (quartic vertices and
amplitudes)

Abstract: Within! the light-front approach in flat space, we study the closure of the Poincaré
algebra at the quartic order, specifically the non-holomorphic constraint involving both MHV
and anti-MHYV vertices. We first recover some well-established results: the existence of Yang-
Mills theory and gravity, as well as the inconsistency of interacting multi-graviton theories. We
explicitly construct several lower-derivative and lower-spin quartic vertices. We then turn to
theories involving massless higher-spin fields. It becomes evident that the quartic constraint
does not allow many cubic interactions to survive, in accordance with the well-known no-go
results. Nevertheless, once higher-derivative cubic vertices are included, we find nontrivial
solutions to the full quartic constraint and determine the corresponding quartic vertices. On
this basis, we conjecture the complete set of quartic vertices that solve the light-cone consistency
conditions. Exploiting this, we find all allowed unitary local higher-spin theories and identify
new families of local quasi-chiral higher-spin theories. We then determine all local higher-spin
four-point amplitudes using the spinor-helicity formalism together with locality in the form of

consistent factorization. We conclude with a short discussion on non-locality.

IThe content of this chapter is identical to the content of the paper.
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4.1 Introduction

The light-cone or light-front approach to dynamics is perhaps the most powerful tool to search
for new theories within the (perturbative) field theory approach or for proving no-go theorems
against particular types of theories. For example, string theory was first quantised in the
light-cone gauge [105], and the finiteness of N' = 4 super-Yang-Mills theory was established in
the light-cone gauge [53, 54]. The first cubic interactions of massless higher-spin fields were
also constructed in the light-cone gauge [1]. The complete classification of cubic interactions of
massless higher-spin fields was obtained in the light-cone gauge [1-5, 128, 181, 182, 256], as well
as the construction of the first example of a perturbatively local higher-spin theory [4-6].% Tt
is beyond the scope of the paper, but the light-cone gauge also allows one to construct off-shell
formulations of supersymmetric theories.

There are several advantages to the light-cone gauge. Firstly, it is a unitary gauge, and all
redundant degrees of freedom associated with gauge symmetries are absent (not even present to
begin with). Secondly, the light-cone approach operates with physical degrees of freedom only
and, hence, allows one to find unambiguous results concerning the (non)existence of particular
types of interactions. By contrast, within any covariant approach, some results can depend on
the type of Lorentz covariant field chosen to contain the physical degrees of freedom, e.g. the
dual graviton does not exhibit gravitational interactions [186]. Thirdly, within the perturbative
field-theory approach, the aim is to construct the charges of the Poincaré algebra, including the
Hamiltonian, which is the minimal requirement for obtaining a Poincaré-invariant S-matrix.
The light-cone approach does precisely this and requires nothing more.

In 4d, the structure of interactions exhibits additional features that are absent in higher
dimensions. There are significantly more cubic interactions (for a given set of three spins)
in the light-cone gauge [4, 5, 139, 221] or in the spinor-helicity language [140, 141] than the
standard description in terms of a totally-symmetric (Fronsdal) tensor field can give, see e.g.
[183, 257, 258]. The light-cone form itself exhibits several peculiar features. Firstly, the cubic
vertices split into holomorphic (h or MHV) and anti-holomorphic (ah or anti-MHV), which
is difficult to see in a covariant approach. Secondly, the closure of the Poincaré algebra at
the quartic order has a remarkable structure: there are two sectors that contain the h—h and
ah—ah vertices and receive no contribution from quartic generators (we call them holomorphic
constraints), but these equations are already powerful enough to fix the spectrum and coupling
constants [4, 5, 7, 123]. In this way, upon setting the ah-vertices to zero, one obtains consistent
chiral /self-dual theories.

The present paper is divided into two parts, which can be read largely independently. The
first part, up to Section 4.6, is devoted to the study of the non-holomorphic quartic constraint

in the light-cone gauge. This completes the analysis of higher-spin interactions at quartic

2... with massless propagating fields; otherwise, there are plenty of “topological” theories in 3d [163-170] and
the conformal higher-spin gravity [173-176]. The only nontopological theory with massless fields that has not
been constructed via the light-cone approach is [171], but it owes its existence to the covariant form [187-191]
of the chiral higher-spin gravity [4-6], which was first found in the light-cone gauge.
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order within the light-cone framework. The second part, presented in Section 4.7, adopts a
complementary perspective by studying four-point amplitudes in the spinor-helicity formalism
that satisfy the factorisation constraints. To systematically explore all possible cases, we employ
an efficient version of the factorisation procedure. The two approaches, based respectively on
the light-cone formulation and on spinor-helicity methods, lead to fully consistent results. This
agreement is expected, since it was shown in [127] that the light-cone deformation procedure
can be reformulated entirely in terms of the spinor-helicity formalism at all orders in the
interactions.®> While the light-cone approach provides explicit off-shell expressions for the local
quartic vertices, the spinor-helicity approach allows us to compute all local higher-spin four-
point amplitudes explicitly.

The first part of the paper is a systematic study of the quartic light-cone non-holomorphic
constraint, i.e. of type h—ah. In a previous paper, we derived a general solution to the (anti)-
holomorphic constraints [7] and explicitly classified theories with gauge and gravitational in-
teractions (one- and two-derivative, respectively). However, parity and unitarity require both
h- and ah-vertices to be present at the same time and to have equal couplings. Therefore,
the non-holomorphic constraint becomes essential, and this is also where most of the no-go
theorems hide. The first important steps were already taken in [5].

We will warm up with Yang-Mills theory and gravity and proceed to numerous cases involv-
ing higher-spin fields. We strengthen some no-go results and find some yes-go options. We also
consider quasi-chiral cases, a term coined in [178], where we allow for both h- and ah-vertices,
but in an asymmetric fashion.

In the second part, we use the on-shell spinor-helicity formalism for massless particles to
determine all local higher-spin four-point amplitudes consistent with factorisation and compute
them explicitly. Similar ideas have been explored in several previous works. The pioneering
study of higher-spin amplitudes from the perspective of factorisation is [140] (see also [262—
264]),* which initiated a systematic search for constructible theories using the BCFW recursion
relations [266, 267] through a four-particle test starting from cubic amplitudes. However, the
BCFW construction requires amplitudes to exhibit sufficiently good behaviour under large com-
plex deformations of the external momenta. In particular, it requires the amplitude to vanish in
the limit 2z — oo, where 2z is the complex deformation parameter, so that the contribution from
the contour integral at infinity can be neglected. While this condition is satisfied in Yang-Mills
theory and gravity, it generally fails for higher-spin amplitudes, making the BCFW approach
less suitable for studying higher-spin interactions.

In subsequent works [141, 268], a generalised notion of constructibility was introduced,
allowing for amplitudes that do not vanish in the limit z — oo and, consequently, for the
presence of boundary contributions. These contributions are directly related to self-consistent
quartic vertices, which correspond to solutions of the homogeneous quartic constraint in the

light-cone formulation. The resulting generalised four-particle test can therefore be consistently

3For earlier works exploring the relation between the spinor-helicity formalism and the light-cone formulation,
see [259-261].
4For related results in the covariant approach, see [157, 265].
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applied to higher-spin amplitudes. These works provided important partial results, including
the identification of several local four-point amplitudes constructed from cubic higher-spin
amplitudes. However, a complete and systematic classification of local higher-spin four-point
amplitudes was still lacking.

Another very interesting work addressing higher-spin four-point amplitudes consistent with
factorisation is [269]. The philosophy adopted there is closer to the one pursued in the present
work, as it does not rely on a BCFW complex deformation but instead derives the constraints
directly from four-point factorisation.

The main difference is that the analysis of [269] assumes the four-point amplitude to be
constructed from a given three-point amplitude A3 together with its parity-conjugate amplitude
As, then assuming unitarity. In contrast, we do not make this assumption and derive the
factorisation constraints in full generality. Their analysis therefore corresponds to the unitary
case that will be discussed in Section 4.6. A second difference is that we do not just derive the
conditions for the existence of local four-point amplitudes, but determine their explicit form
in all cases. Our motivation is to classify all local four-point amplitudes, rather than only
those arising in local unitary theories. Indeed, assuming parity invariance would, for example,
exclude quasi-chiral higher-spin theories, which are instead local higher-spin theories at the
quartic order and may be consistent to all orders.

Lastly, we will also observe the emergence of color-kinematics duality and the double-copy
structure at the level of non-holomorphic higher-spin four-point amplitudes. For similar results
in the chiral sector, see [123, 177].

Summary of the main results

We summarise here the main results of the paper. The first results are presented in Section 4.5,
where we study the quartic light-cone constraint in detail for the cubic vertices of Yang—Mills
theory and gravity. We find that self-dual Yang-Mills theory is described by a complex Lie
algebra with a structure constant ffab]; while self-dual gravity is described by a complex commu-
tative and associative algebra with a structure constant Y(ab)- Moreover, upon assuming CPT
symmetry or unitarity, we show that the full Yang—Mills theory is governed by a Lie algebra
with imaginary and fully antisymmetric structure constants fa,. Gravity, instead, is governed
by a commutative, symmetric, and associative algebra with a real structure constant g(a.). We
also derive the explicit form of the local quartic vertices for Yang—Mills theory, given in (4.5.32)
and (4.5.33), and for gravity in (4.5.40). We verified the results by matching the four-point
amplitudes obtained by summing the exchange diagrams and the quartic vertex. An analogous
analysis can be readily extended to other classes of lower-spin vertices, as well as to vertices
involving higher-spin fields.

In Section 4.6, all local quartic vertices, including higher-spin fields, that solve the quartic
light-cone constraint are determined. Given two cubic vertices, one holomorphic C142% (X5 +
w > 0) and the other anti-holomorphic C~“*3* (X34 —w < 0), forming the exchange as shown

in Figure 4.1, a local quartic vertex C*M*223:M exists if the following sets of inequalities are
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satisfied:®
)\1§/\2—|—w—|—k—1, )\QS)\l—i‘w—'—k—l, /\3§)\4+w+k—1, (411)
M< A twtk—1, M2 > Aa, k=0,1,2,3. h

)\2 /\3 )\2 )\3
W —Ww
C c - ><
)\1 A4 >\1 )\4

Figure 4.1: Generic CC exchange with contact term C*1A2A3:A1,

When (4.1.1) is satisfied only for k = 1,2,3,% additional exchange diagrams are required,
as discussed in the main text. Accordingly, local quartic vertices fall into four classes: self-
consistent quartic vertices (k = 0);7 vertices requiring a single-channel exchange (k = 1);
vertices requiring exchange in two channels (k = 2), as in Yang-Mills theory; and vertices
requiring s-, t-, and u-channel exchanges (k = 3), as in gravity.

We used these results to determine all local unitary theories up to quartic order. We found

the following possibilities:

e Theories consisting exclusively of abelian couplings, both holomorphic (C') and anti-

holomorphic ('), that satisfy the triangular inequalities. These form unitary theories

that can involve higher-spin fields.

e Theories that contain at least a parity-related pair of lower-spin non-abelian couplings. In
this case, only additional lower-spin couplings are allowed, while all higher-spin couplings,

whether abelian or non-abelian, are ruled out.

We further identify a class of local “quasi-chiral” higher-spin theories that extend both self-
dual Yang—Mills theory and self-dual gravity. These theories allow for both holomorphic and
anti-holomorphic cubic couplings and are therefore distinct from the chiral HS-SDYM and
HS-SDGR theories [122, 123], while remaining non-parity-invariant and non-unitary.

In Section 4.7, we determine all local four-point higher-spin amplitudes in flat space by
exploiting spinor-helicity properties such as little-group scaling and the locality of the ampli-
tudes. We also explicitly check the results in several cases by summing the exchange diagrams

together with the local quartic contact vertex. When the conditions (4.1.1) are satisfied for

5We adopt the notation Aij = A+ Ajand A = A\ + A+ A

6By “satisfied only for” we mean that at least one of the inequalities appearing in (4.1.1) is saturated, i.e. it
holds as an equality.

“In this case, w no longer represents an exchange field; instead, it parametrizes the number of derivatives
carried by the quartic vertex, D = Ajo — Agq + 2w — 2.
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k = 0, self-consistent local quartic vertices are allowed. These correspond to solutions of the

homogeneous quartic constraint and lead to the following amplitudes

g
a

AP (1,,23,3040,) = <ci sit¥—i> [12]22 (34) M1 esa [ 3]s dea[qha—des (41.9)

¥ ‘

homo

Il
=)
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where D denotes the total number of derivatives carried by the quartic vertex, or equivalently
the mass dimension of the amplitude, while d = 3\; — Ag34 is the total sum of the powers
of spinor brackets, and ¢; are % + 1 free coefficients. In particular, we need to associate
the helicities A1, A9, A3, Ay with the fields 1,2,3,4 in such a way as to maximise d, namely
d= #r]n??k);z{iﬂ)\i — Njke, =3\ + Njre}, where 4, 5, k, ¢ = 1,2,3,4. We can also exchange ( ) and
[ ] when necessary.

When the conditions (4.1.1) are satisfied for k& = 1, amplitudes that include single-channel

exchange diagrams are allowed and are given by

D—d+2

AP (1, 20,31, = b [P @M L AR (413
D§d+2

AP (13,22,33,4,) = ki [12]2 34y g g 4 AD) 0 (4.1.3D)
D—d+2

AP (1, 23,30, 40,) = o — (22 AP P[P 4D (4130)

u

where k, ~ CC is the product of cubic couplings in the s-, t-, and u-channels. In particular,

when D = d — 2, we have a unique solution corresponding to

ks
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When the conditions (4.1.1) are satisfied only for £ = 2, and we have D = d —4, Yang-Mills-like
(YM-like) amplitudes are allowed and are given by

kst

Ag?74)(1A12A23)\34/\4) - E[lQ]zAQ<34>/\1_/\234[13])\13_)\24[14])\14_)\23 g (4.1.5a)
Fus - - -
,,42174)(1)\12)\23)\34/\4) _ _[12]2)\2 <34>)\1 /\234[13])\13 )\24[14])\14 A23 ’ (415b)
us
_ Kty
A (20,30 40,) = S [12)7 (34N e [13] e 14 e (4.1.5¢)

These are not independent since A% = %Agi_ll) = %A%_4)

. As we will show in the main
text, this reflects the existence of a Jacobi identity, which implies the existence of two color-

ordered amplitudes and the BCJ amplitude relations for non-holomorphic higher-spin ampli-



4.2. NO-GO’S 149

tudes. When the conditions (4.1.1) are satisfied only for £ = 3, and we have D = d — 6,
gravity-like (GR-like) amplitudes are allowed and are given by

— ksu —\o- — —
AL (15,20,3x,40,) = $[12]2A2<34>A1 Aasa[13] s A 4] e A2 (4.1.6)

stu

with kg, = ks = ki = k. In the case of gravity, this reproduces the MHV four-point graviton
amplitude. As we will show in the main text, GR-like amplitudes can be obtained through a

“double copy” construction from YM-like ones.

Outline of the paper

The outline of the paper is as follows: In Section 4.2, we review various no-go theorems to
appreciate the no-/yes-go results in the paper. In Section 4.3, we briefly recall the light-front
approach to massless higher-spin interactions through the study of the light-cone constraints. In
Section 4.4, we focus on the quartic constraint, highlighting some of its features and explaining
our strategy for studying it. We describe the two main methods employed to study the system
of PDEs arising from it. In Section 4.5, we solve the quartic constraint for lower-derivative
quartic vertices, recovering known results such as the existence of Yang—Mills and gravity ver-
tices. We compute the four-point amplitudes by summing exchange contributions and quartic
contact terms. In Section 4.6, we extend the analysis to higher-derivative quartic vertices. We
conjecture the complete set of quartic vertices that solve the light-cone quartic constraints. We
use them to find all unitary local higher-spin theories in flat space and identify new families of
local quasi-chiral higher-spin theories. In Section 4.7, we find all local higher-spin four-point
amplitudes. In Section 4.8, we discuss the possibility of quartic vertices with exchange-type
non-localities. Finally, in Section 4.8, we summarise our conclusions and comment on possible
future directions.

We also include six appendices. In Appendix 4.10, we explain how unitarity and parity
are implemented in the light-cone formalism and, in particular, how they act on the quartic
densities. In Appendix 4.11, we collect some useful formulas and relations. In Appendix 4.12,
we comment on the quartic constraint in the presence of a cubic scalar vertex. Appendix 4.13
collects some explicit solutions for quartic vertices. Appendix 4.14 contains a review of the
on-shell relation between the light-cone and spinor-helicity formalisms. Appendix 4.15 collects
some of the tables we used to conjecture the complete set of quartic vertices that solve the

light-cone quartic constraints.

4.2 No-go’s

To better understand the role of the no-go and, more importantly, the yes-go results in this
paper and [4-7, 123], it is necessary to review the most well-known no-go-type arguments

against nontrivial interactions of massless higher-spin fields.
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Various no-go theorems or other constraints implied by higher spin symmetry can be grouped
into several categories: (A) global vs. (B) local; flat space (I) vs. de Sitter or anti-de Sitter (II).
In the latter category, one may also add results for general gravitational background (III), or
backgrounds that are less restrictive than (I-II), e.g. pp-wave or self-dual. Under (A), we group
the results that constrain observables at ‘infinity’, such as the S-matrix or the holographic
S-matrix. Under (B), we collect results that impose restrictions on interactions within the
perturbative approach to field theory, which is usually understood as some form of the Noether
procedure.

Some important distinctions between (A) and (B) include: (1) simplicity or even triviality

of the asymptotic observables from (A) does not necessarily imply that (B) is empty, e.g.
interactions can conspire as to produce a simple (or trivial) S-matrix [6, 123, 194-196]; (2) any
results of (A)-type do not imply that there is a local quantum field theory that can deliver
them. In fact, in some cases, it is quite clear that a given S-matrix that is a solution of the
higher-spin symmetry constraints cannot result from a field theory. Lastly, it is never too late
to rethink some of the explicit and hidden assumptions underlying the no-go results. We do
not attempt to do this below and, instead, just state what every result means in “plain terms”,
i.e. what kind of conclusions are usually drawn.
A-category: global constraints of higher spin symmetry. Global constraints can be
derived by requiring S-matrix type observables to be invariant under higher spin transforma-
tions. Depending on the situation, these can be just constraints to ensure the masslessness of
external states or an assumption of extended global symmetries.

AL In flat space, the canonical observable is the S-matrix and free massless fields (which are
the only ones relevant for the asymptotic states) can be described, for instance, by (gauge-fixed)

Fronsdal tensor ®,, .. [80] with gauge symmetry of the form
0P;..a0 = O €az.as) - (4.2.1)

The most powerful result in this category is Weinberg’s low-energy theorem [149]. Roughly
speaking, it implies that the S-matrix for any theory with massless higher-spin fields has to be
the trivial one, S = 1. There are at least two important remarks. Firstly, the conclusion is true
once the higher-spin interactions survive in the low energy limit, which corresponds to the most
interesting nonabelian interactions. Such interaction vertices are not trivially gauge-invariant
and are the ones to produce the low-energy constraints. If one takes the abelian interactions
only, no interesting constraints arise. Secondly, Weinberg’s theorem is about the “number of
derivatives in the nonabelian interactions”. For one- and two-derivative interactions (gauge and
gravitational ones), one gets the charge conservation and the universality of the gravitational
coupling. For higher-derivative interactions, the constraints are just too strong. However, the
number of derivatives depends on how the physical degrees of freedom are embedded into a
covariant Lorentz tensor. In the Fronsdal formulation “gauge” and “gravitational” interactions
turn out to have a higher-derivative form. By contrast, in the chiral formulation [122], which

follows from twistor theory [88-91], the gauge and gravitational interactions have the usual
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number of derivatives. This allows for an interesting loophole [215].

Another powerful constraint is the Coleman-Mandula theorem [150] that implies that S-
matrix cannot have “extended symmetries”, where the latter means the existence of some
charges (QQq4,.. ., that transform in a higher-spin representation of the Lorentz group, i.e. with
5> 2.

An obvious way to avoid all of the above arguments is to have a theory with nontrivial
interactions that conspire to give a trivial S-matrix, as it happens in chiral theory [6, 122, 123,
194-196] and, more generally, in all self-dual theories. The nontriviality of interactions can still
reveal itself in more nontrivial backgrounds.

ATLI. In the case of anti-de Sitter space, the requirement of masslessness of external states is
indistinguishable from the requirement to have extended symmetries, realized by some higher

spin charges. Massless higher-spin fields are AdS/CFT dual to conserved higher-spin currents
0Pa, .0y = Varbas...ay) — O* Jeny.m. = 0. (4.2.2)

There is an extension of the Weinberg-Coleman theorems to the AdS/CFT setting: all CFTs in
d > 3 that have at least one higher-spin current are free CE'Ts (possibly, in disguise) that have,
in fact, infinitely many higher-spin currents [151, 153-155]. Therefore, the AdS/CFT analogue
of S =11is § = free CFT on the boundary.

An interesting deviation from this “trivial” S-matrix is that one can consider different

boundary conditions and, eventually, a higher-spin gravity can be dual to something interesting,
e.g. to the critical vector model [144-147] and, more generally, to Chern-Simons matter theories,
see e.g. [148]. A recent development [189, 199-201] is the duality between chiral higher-spin
gravity and a subsector of Chern-Simons matter theories.
B-category: local constraints of higher spin symmetry. What falls into this category
are various attempts to construct higher-spin theories as (reasonably) local field theories. Here,
the main players are the Noether procedure, the light-front approach, and various AdS/CFT-
related ideas.

BI. Flat. The Noether procedure is a way to search for theories by fixing some free field
content and then deforming the action and gauge symmetries with higher-order terms while

using gauge invariance and locality to constrain interactions.
6(Da1...as = a(algag...as) + O(q)f) . (423)

Gauge symmetry is important in maintaining the correct number of degrees of freedom. While
some cubic interactions are available [3-5, 113, 183, 257, 258], there is an obstruction at the
quartic order [112, 123, 157]. The obstruction is that one cannot find a local quartic vertex that
is compatible with any “interesting” cubic interaction (note that abelian cubic interactions are
consistent, but they do not induce any deformation of gauge symmetries and do not contain
interactions such as gravitational and gauge). One might think of relaxing the standard def-

inition of locality, but it is not clear how (if one completely abandons locality, then anything
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can be made into a theory [270]). Nevertheless, the best one can do at present is to construct
a chiral/self-dual subsector of a hypothetical theory that has some degree of nonlocality.

BII. (A)dS. Not surprisingly, the same problems persist in (A)dS. Thanks to the
AdS/CFT duality, one can get a better handle on the problem since one can just take a free CFT
on the boundary and try to “reconstruct” the interactions in AdS that would give the same
correlation functions back. It happens that such interactions are too nonlocal [158, 160, 161]:
the degree of nonlocality is the same as that of an exchange diagram, i.e. one cannot separate
classical from quantum, roughly speaking.

Note that the initial excitement about massless higher-spin fields in AdS was based on [271]
where “gravitational interactions” of higher-spin fields were constructed in AdSy, while no such
result was available in flat space in terms of Fronsdal fields. However, the complete classification
of the cubic interactions in flat space [3] has both gauge and gravitational interactions on the
list, but in the light-cone gauge. Therefore, [271] revealed that, while gauge and gravitational
interactions cannot be constructed in terms of Fronsdal fields in flat space, one can do so in
AdSy, i.e. it revealed some singularity of the Fronsdal description. Objectively, there is a
one-to-one correspondence between cubic interactions in flat space and AdSy, [121, 272].

BIII. More general backgrounds. It is easy to show that the Fronsdal equations,
with partial derivatives replaced by covariant ones, cease to be gauge invariant on general
gravitational backgrounds [116]. Adding various curvature-dependent (non-minimal) terms
does not improve the situation. The situation does not improve either if one restricts to
Einstein backgrounds. The reason is simple: in checking gauge invariance, one has to commute
covariant derivatives, and the commutator brings the four-index Riemann tensor, [V, V]{ ~ R¢E.
Its traceless component, the Weyl tensor, survives on Einstein backgrounds and destroys the
gauge invariance. However, in view of the discussion above, one should phrase this result as the
impossibility of putting Fronsdal fields on backgrounds more general than maximally symmetric
space-times.

It has been known since [89, 91, 116], see also [122], that higher-spin fields can propagate on
self-dual backgrounds; see e.g. [273]. However, to achieve this, one has to choose an appropriate
Lorentz covariant field description, which originates from twistor theory, not the Fronsdal fields.

It is also known that higher-spin fields can propagate on pp-wave backgrounds [274], see also
[193].

4.3 Living on the Light-Front

The light-front (or light-cone) approach to field dynamics dates back to Dirac [93] and has been
instrumental in making the first important steps in various directions. We refer to [130] for a
pedagogical exposition of the subject. The present paper is based on [3], where the complete
classification of cubic interactions of massless spinning fields was obtained, and on [4-6], where
the first quartic analysis of the higher spin problem was conducted.

The main idea of the approach is to construct the charges of the Poincaré algebra, P and
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JAB  directly in terms of physical degrees of freedom (the light-cone gauge is unitary):®

[PA, PP =0, (4.3.1)
[JAB pC] = pAyBC _ pBpAC, (4.3.2)
[JAB7JCD] _ JADnBC _ JBDT}AC _ JACnBD_i_JBCnAD. (4.3.3)

It is also convenient to choose x* as the light-cone time.?” Most of the generators turn out to
be kinematical, i.e. they do not receive any corrections due to interactions (or receive simple
ones, e.g. JT7, JT%) and stay as in the free theory. The choice of the light-cone time minimises
the number of generators that need to be deformed. It is well-known that the only relations to

worry about are'?

[J*",H] =0, [J°=, J7] =0, (4.3.4)

where H = P~ is the light-cone Hamiltonian. It can further be shown that, at least classically,
the second relation is a consequence of the first one, see [6] for more details.

One of the crucial simplifications of the light-cone gauge!! in 4d is that a massless spin-s
field is represented by a complex scalar field ¢(x) = ¢**(x) and its conjugate ¢(z) = ¢~ (z)
that are helicity eigenstates. In Lorentzian signature, the one adopted here, they are complex
conjugates of each other ¢=* = (¢™*)*. The free action is S = 3 [ d*z ¢ *0¢* and is real in
any signature.

It is convenient to work with Fourier-transformed fields
+ _d=l —i(z"pT+px) +y gd—1
o(p, ™) = (2m)" 2 e PP g(x, ™) d . (4.3.5)

One more ingredient is the Poisson bracket:!?

6,4, 0,)] = LD (1.36)

Once generators J4Z and P# satisfy the Poincaré algebra relations at * = 0, they do so at

8We choose the mostly plus convention for nap and A, B,... = 0,...,d — 1. In fact, d = 4. The light-front
coordinates are % = (23 +2°)/v/2, so that n™~ = n~F = 1. In 4d, we replace 22 with two complex conjugate
variables z and Z, so that ;vAxBnAB =2zt s~ 4+ 222.

9This choice may not be free of troubles, in principle, since z* lies along the characteristic surfaces. Various
subtleties are discussed, e.g. in [135, 223, 275, 276]. As far as we can see, none of them matters for the present
paper.

10The Latin indices a, b, ... = z, Z are reserved for the transverse directions.

1Tt is worth mentioning that we do not have to impose any gauge. It is true that, given one or another
covariant description, we can go into the light-cone gauge and get what is in the text. However, there is no
general statement that allows one to uplift any light-cone result to a given covariant description, e.g. to express
the result as a local interaction in terms of Fronsdal fields. The existence of the S-matrix relies on JAZ, PA
rather than on having Lorentz-covariant fields with such indices.

12\When seen as coming from the covariant Fronsdal free theory as a result of imposing the light-cone gauge,
this turns out to be a Dirac bracket.
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any x1. Therefore, another important simplification is to set ™ = 0, which explains why we

omit it from all formulas below. The free field realisation reads

= 5 = o= T Das T A,
_ S IR
hy = : _ ~ (4.3.7)
B =~ _ 9O 0 P
> opp Top B
The corresponding Poincaré charges are
Q2 = /p+ d*pd~hO0(p, 8,) ¢k O=hy,j5 ,j5 . (4.3.8)

To take into account interactions, J*~ and H are assumed to have local expansions in ¢. On

general grounds, with some simple kinematical relations taken into account, we should have
H=H,+Y / PR (Z q,;) Pl @A gn (4.3.9a)
z— — n [ . vesdn 1 weesn a ]
J = J +Z/d3 g8 (Z qi) P et Wi (Z a_qj> Gyl d) . (4.3.9)
n J J
zZ— Z— n -_' edn 1 o lin a -
T =0+ / g6 (3 a) [7% - ~hs, (Z a—%) oyl dar . (4.3.9¢)

where we have not made any assumptions regarding the spectrum of states, and all helicities
are allowed. The kinematical generators constrain further the form of densities h, j and j to

depend on

Prm = qxBm — @B » Pim = @xBm — Gl - (4.3.10)

Here k,m = 1, ..., N label fields gzﬁ;\: at order N. Due to momentum conservation, there are
N — 2 such independent variables among P and the same for P. Finally, the densities have to

be

P (@15 - @) = Pxg v (P Proms Br) (4.3.11a)
Irtredn (@5 s @n) = Ingrein (P Proms Br) same for j . (4.3.11b)

The remaining kinematical constraints (together with their origin indicated on the left) can be

rewritten as

J* Np—Np+ ) Ak] Rt~ 0, (4.3.12a)
k

- 0
J T Np + Np + E Bka—Bk] hg\ll """ q)\"n ~0, (4.3.12b)
k

77777
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_ 0
—F . _ 71y qn
JH NP+NP+;ﬁka—Bk Jet ~ 0, (4.3.12¢)
Jt _NP +Np+ ) Bki_ Fit () (4.3.12d)
P - aﬂk Alyeery An )
J? Np—Np+ > M — 1| j@de ~o0, (4.3.12¢)
i k 1
J* Np — Np + Z e+ 1] g4 ~ 0, (4.3.12f)
I k |

where Np = Y- P2 (sum over P’s that the densities depend on), idem. for Np.
Cubic vertices. The complete basis of cubic interactions is given by [3-5] and has a very

neat form of (there are no negative powers of P, P, as explained below)

A NN A eny PN
hS = h>\1,>\2,>\3 = iqﬁé\zﬁ_?i@ T L /B;AIB;)Qﬁ;)\S ’ (4'3'133)
P _ 2o PP e 43.13b
13" = Iaens = T3 G g ; (4.3.13b)
1 P2 "Ps
j/\i = Jadeds = —26_’*’\1’*’\2’43 —P_/\m_l ANAzAS (4.3.13¢)
3 T JALA2,A3 T -1 o— — ) -
’ 3 B By 2 By
where
/\ijké = /\z + )‘j + )\k + )\g R )\ijk = )\,L -+ >\j —+ )\k 3 )\ij = )\2 -+ )‘j s (4314&)

There is just one independent P at this order, Pij; = Py = P3; (momentum conservation). It

is convenient to define democratic variables, both for P and P,

Ply=...=P"= - [(B1 — B2)q5 + (B2 — B3)q] + (85 — B1)g5] - (4.3.15)

Wl

The dynamical information about the theory is encoded in coupling constants C*1*243 and
C—2M=22=23 Note that Ay + Ay + A3 > 0 for CM2223 ynless \; = 0 and A\; + Ao + A3 < 0 for
C~7=227% ynless \; = 0. There is a unique )\; = 0 vertex, which corresponds to (¢g). It
is a matter of choice where to put this scalar cubic self-interaction, into C or C. To simplify
notation, we assume that all coupling constants are packed in C***2% and it is equal to C*12:A3
for A\; + Ay + A3 > 0, to CA122% for A\; + Ay + A3 < 0 and C%%0 is the coefficient of (¢g)®. To

have the right dimension, we should set

C«)q,)\z,)\g — (gp))\123*1c>\1,/\27)\3 , (4.3.16)
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where ¢ are dimensionless and ¢p is some constant of length dimension. Any choice of ¢*1A2:A3

leads to a theory that is consistent up to the cubic order. At this order, all interactions do not

feel each other’s presence since the main constraint
[H, J*] = [Hs, J3~ | —[J§,Ha] =0, (4.3.17)

is a linear equation with respect to Hs, J3, i.e. any linear combination of solutions is a solution
again. The basis is provided by (4.3.13). An interesting feature of the cubic interactions,
which is hard to see in any covariant description, is that the vertices split into holomorphic,
P-dependent, and anti-holomorphic, P-dependent. Indeed, H, at the three-particle level is
proportional to PP and, hence, any non-holomorphic contribution can be redefined away (via
an appropriate canonical transformation). Covariant descriptions usually lead to some PP-terms
by default.

Higher orders. The first serious constraint comes at the quartic order. It is at the quartic
order that the spectrum of a theory usually gets fixed, as well as most of the cubic couplings.

In general, at order n, we have to solve

[Js™ H,) — [Hy, J7 ) = Y [H, Ji7). (4.3.18)
1,7>2
i+j—2=n

Rewriting it in terms of the densities leads to

Hyjo™ =35 [hal+ Y [H,J¢7], (4.3.19)
1,>2
i+j—2=n

where the boldface operators are sums of the one-particle ones:
I =35 (), Hy =Y halgi). (4.3.20)

Here j¢~ commutes with §(3" ¢;) and reads

g5 (@) = 757 (¢, 0,) = 55~ (0:)" — hg(qi)% (Z 82@) , (4.3.21)

where hy can be found in (4.3.7) and

qq O 0 q

s g0 _0 q
— A 05 T AT =2 —
3 0q q@ﬁ 3 (2)

()T = =29 -9 9 4.3.22
At first sight, it may seem puzzling how a single equation, (4.3.18), involving two free functions,
Jn and h,,, could admit unique solutions. Indeed, as is evident from (4.3.19), H, represents

merely a number (the total energy). Thus, one can always divide by Hy to determine j, for
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any given choice of h,,:

jo = H%(Jg a4 > [H ). (4.3.23)
§,5>2
i+j—2=n

In doing so, we will find transverse momenta in the denominator, which makes 7, non-local at
this order and will induce a similar non-locality in h,, at the next order. The proof of Poincaré
invariance of S-matrix relies on H and J“~ being local, i.e. not having transverse momenta in
denominators. It is this locality assumption that allows one to find unique (or almost unique)
solutions for two functions from a single equation. If locality is abandoned, one can literally
take any “interaction” h,, at each order and prolong it to a “formally consistent” generator of
Poincaré algebra.!?

4.4 Quartic analysis

A general procedure for bootstrapping theories goes as follows. One begins by making certain
assumptions about the spectrum and cubic interactions, which translates into requiring some

CMA223 and /or CMA223 not, to vanish. The equation to be solved at the quartic order is
H, i~ = J5 [ha] + [Hs, J5 ). (4.4.1)

This is understood as a quadratic equation for the couplings. Due to the (anti)-holomorphic
factorization of the cubic vertices, the equation splits into CC, C'C' (we call these chiral), and

CC sectors. For each of these sectors, we find that [H;, J$~| contributes as

0 (Z Qi> CMA2 M By s (Pr2, Pag, Pro, Pay, B37) %\f ¢2§¢2§’¢;\f ; (4.4.2)

where the function F' depends on the sector and will be given below. An important technical
aspect is whether some of ¢’s have the same helicity and, hence, the density should take this
symmetry, i.e. bosonic symmetrisation (or anti-symmetry in the case of fermions), into account.
For a given helicity ), the field * may also come in several species, e.g. as in the case of Yang-
Mills theory.

Chiral theories. A remarkable property of (4.4.1) observed in [4, 5], see also [6], is that the

chiral sectors receive no contribution from H, and J;. In other words, there are two closed

13As a side remark, let us note that the same effect also appears in the Noether procedure [270]; i.e. one
can always find a solution by abandoning locality. The same reasoning applies to theories in (A)dSy, with the
additional subtlety that the denominators take the form p? + ... + A, where A is the cosmological constant.
This allows one to expand the denominators and observe infinite derivative tails in powers of p?, rather than
an explicit non-locality in the denominator, which can make one erroneously feel that the situation in (A)dS is
somewhat better.



158 CHAPTER 4. MASSLESS SPINNING FIELDS ON THE LIGHT-FRONT

subsystems of equations, for CC' and for CC, that are independent of higher orders:

[Hs(P), J5~ (P)] = 0, [H3(P), J5~ (P)] = 0. (4.4.3)

These equations are highly constraining, particularly for higher-spin fields. Solving the holo-
morphic (C'C) and anti-holomorphic (CC) quartic constraints allows one to determine the
allowed spectrum of cubic vertices, by fixing the various couplings C*1*223 and C*t*2As  In
particular, a general solution to the holomorphic quartic constraint was recently found in [7],
where a complete classification of lower-derivative chiral theories was also achieved.

It is worth noting that if one allows at least one higher-spin particle to self-interact via
a coupling of the type C**~° with s > 2 for singlet fields and s > 1 in the color case, the
holomorphic constraint forces the inclusion of all possible vertices. This leads to the so-called

Metsaev solution, which uniquely determines all cubic couplings to be

b, (G,

CrAzAs — 7 CArAzAs — . 444
F()\l + )\2 + /\3) F<>\1 + )\2 + )‘3) ( )

Moreover, if we search for a unitary theory, the couplings above are related by'4
O~ 2= As (CM,)\Q,As)*_ (445)

In the analysis below, it is not necessary to assume Metsaev couplings; it suffices to follow the
general solution to the holomorphic constraint presented in [7]. Further details will be provided

in the following paragraph.

[Hs,J3] commutator. We now analyse the quartic constraint (4.4.1) in the general case,®

assuming that the starting cubic theory already satisfies both the holomorphic and anti-
holomorphic constraints. Let us compute the commutator explicitly, both in the presence
of an external gauge group G and in its absence. Expressed in terms of the densities (4.3.13),

the commutator takes the following form:
_ By hA’(ql) 0
[Hs, J; ]=Z/d9pd9q6<zqi> [y?(qi)— 5o\ 2 )]
i k

YR
3 3

5 (ij) hy? (ps) Tero;;,Trﬂaoz;‘] ,
J i=1 j=1

14The reality condition for the fields is (qbg)* = gb:;‘. Complex conjugation swaps P or P. When the (—q) is
eliminated in the vertex, after the complex conjugation P and P remain unchanged. In addition, the product of
B’s yields (—)*123. Therefore, to have a Hermitian action, every P or P needs to be accompanied by 4. This i
can be absorbed into ¢, and we do not write it anywhere below. After putting this ¢ under the rug, the reality
conditions for the couplings are the ones written down.

15We will focus on the quartic constraint (4.4.1) for a = 2. The complex conjugate constraint will be analysed
in a few pages.

(4.4.6)
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where to keep the analysis general, we assume that fields take values in the matrix algebra
(e.g. ¢* = ¢ with some generators T,) — analogous to what is done in Yang-Mills theory.
As a result, the fields acquire a Lie algebra structure, and we apply the trace to ensure the
appearance of an invariant tensor. The non-colored case corresponds to the trivial algebra of
singlet fields, in which case the trace can be safely omitted.

We now choose to contract the fields gb’\3 and ¢p?, which correspond to the internal (ex-

changed) lines in the Feynman diagrams, and we get

Yo > [Tr(eyeen), Tr(gpidnap)] =9 > Y Te(d)i oy dni 652, b -

A1,A2,A3 a1,02,a3 Al A2 a1,00 W
(4.4.7)

We can now take a closer look at Eq. (4.4.6) and observe that the first derivatives 0;,, 0g, still
act on the fields, while the derivative 0;, acts on the delta function associated with momentum
conservation. It is therefore natural to integrate by parts the derivatives acting on the fields,
but not the one acting on the delta function. Then, using the Poisson bracket and the symmetry

under the exchange p <+ ¢ within the integral, we arrive at the following expression:

—Qs3 + 2 A1 L2
[Hs, 5] Z /dgp Tao (Z (h) (Zpﬂ) 9% (qg p3)¢ Qsé\z p1 Pp2 ¥

Aiy0uj

(]3 ¢ +Z@qk z ) hy (pj) -

k£3

(4.4.8)

As expected, momentum conservation factors out. This follows directly from the Poincaré

algebra, which implies the relation

[P, H] =[Pt H =0, [P,J"]|=§"P, [P, J"]=-P", (4.4.9a)
[P, [J°, H]] + [J*,[H, P + [H,[P*,J"]] =0 = [P [J",H]]=0, (4.4.9b)
[PY,[J H]| + [J°,[H, PT]] + [H,[PT, )" ]]=0 = [P",[J"",H]]=0, (4.4.9¢)

where we used the definition of the Poincaré algebra and the Jacobi identity. The last relation
means that the commutator (at any order) must commute with P* and P, and therefore it

must be proportional to a delta function ensuring momentum conservation.

[H5(P), J5~(P)]

)\2 >\3
w —W
> D Kk, © c = 0
NESy w
)\1 )\4

Figure 4.2: Holomorphic constraint.
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Hy, Ji I [h
N [Hs, J5] N 3\ [7u4] N
w —w
Z Z K34 C C + >< =2
NESy W
A A4 At Ay

Figure 4.3: Non-holomorphic constraint.

Starting from Eq. (4.4.8) and using the explicit form of the densities (4.3.13), we obtain the

following expression:

B 4w — ) — Bo(da +w — \y) BB
[Ho, J5) Z/ dwqé(Z%) O e 151% "

61234wP1\212+w71P§4)\34+wj|¢ ¢ ¢ ¢

q4

(4.4.10)

where we denote C!1%% = CMA 2w (C~@A3M the product of the couplings, in analogy with [7],
and we have used the fact that the holomorphic part of the commutator already vanishes. A
diagrammatic representation of the holomorphic and anti-holomorphic quartic constraints is

shown in Figures 4.2 and 4.3, respectively. In the case of matrix-valued fields, we have

A — A A — A1) B3° By
(H, ;] Z/d”q&(z%ﬂ e e R

1 M2

61234w]p?52+w—1}p3—4)‘34+w]Tl"(¢ ¢ Cb Cb )
(4.4.11)

In order to be as general as possible, and following [8], let us compute the commutator for the
most general class of cubic vertices. We extend the field content by assigning to each field an
additional index, indicating that it belongs to a representation of a gauge Lie algebra g with
structure constants fu.. A field of helicity A is then assumed to take values in a representation
V\ of g. We will denote by fj;jm the tensor specifying the cubic coupling, using the same

Latin indices for all modules V). The most general form of the cubic Hamiltonian and boost

generators is then given by

Hy= > ful*™ / Pq3( D0 a) M (@) (6 (6} (@) (4.4.12)

A1,A2,A3 )
= 2w [ i) - g (30 50 )@@y,
A2, p — 0

(4.4.13)

where we have summed over all A\; 23. This choice is convenient, especially for computations.
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However, to remain consistent, we need to take into account the appropriate symmetrisation'®
[8] of the coupling constants:

fadlv 027 — (_))\IQSf)\ly)\Qy)\S . (4414)

o100y %3 ajazas

Note that this imposes a symmetry property on the cubic couplings, though only in the case
of identical fields, such as

féﬁ’fag = (_>2)\+Sf2;)(\z’:a3 = fa2a1a3 = (_)2)\+Sfa1a2a3 . (4415)

Considering the most general class of cubic vertices, the commutator takes the form

[H, J57) = Z/dwq 5 (Z ql) [ Bilh +w = A9) = Bo(de +w — N [3’32641 y

(ﬁl + ﬁ2)2w+1 1 M2

F1234W]P))\12+w 1IED)\34 w (¢2 )a1 (¢A2)a2 (¢A3)a3 <¢ ) ]

)\i,w

(4.4.16)

. . : Mg
where, for convenience, we rewrite the tensor couplings as ;2" = §u;,,C**»% and define

FI2 = § o anef aya, O 2 C XA Therefore, in the singlet case, we have F1234 = C1234w 17
The contraction is performed with the standard Poisson bracket for fields decorated with vector

space indices and reads
0*(q +p)
2¢t

Although this point is not directly relevant for our purposes, let us emphasise that, following

[(6)% (63)s] = 6™°5 (4.4.17)

[7, 8, 195], the factor (—)* appearing in [H3, J3] can be removed by choosing even-helicity fields
to be Hermitian and odd-helicity fields to be anti-Hermitian matrices (with singlets treated as
1 x 1 matrices).

At this stage, we have all the necessary tools to begin our analysis of quartic interactions.

In particular, to find hy, as suggested in [6], we can use the following trick:
Hyji™ = J5 [ha] + [Hs, J57] = (I3 [ha) + [Hs, J5 |)|m,=0 = 0. (4.4.18)

In this way, we first determine h4, and by substituting it back into the first equation above, we
then obtain the corresponding j;. Note that this is not as strong as being on-shell, where, in

addition to the full four-momentum conservation, one also has p? = 0.

6For bosons, and then integer helicities, this is a consequence of Bose symmetry. Fermions would get an
extra minus sign.

"Here, fa,a,€ feasa, indicates the natural pairing between the positive and negative helicity fields (¢*)? and
(¢~*)p, where the negative helicity fields take values in the dual vector space (note that the Poisson bracket pairs
the fields of opposite helicities). For example, if f%_ are structure constants of some Lie algebra g, and (¢pTM)e
transforms in the adjoint representation, then (¢~*); transforms in the canonical dual to the adjoint, i.e. in the
coadjoint one. Since we consider only the case of (semi)-simple Lie algebras, one can use the invariant metric
tensor kg, instead of §f. For the case where generators T, are given, this is the Killing form kq, = Tr(T,T3).
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Let us highlight some features of the commutator (4.4.16) in comparison with the holomor-
phic one studied in [6, 7]. The symmetry properties of the cubic couplings remain unchanged.
Moreover, the kinematical part of the commutator — disregarding the couplings and the fields
— is, as for the holomorphic one, (anti-)symmetric under the exchange 1 <> 2 or 3 <> 4 for
(odd-)even-derivative cubic vertices. However, two important differences emerge due to the

presence of both the holomorphic P and the anti-holomorphic P terms:

e First, once the ordering of the external helicities ); is fixed, each w in the sum contributes
independently (there are more independent monomials that can be constructed from P
and P than from just P as was the case for the holomorphic constraints). As a result, only
the various permutations of \; can contribute to the same quartic constraint, while for
the (anti)holomorphic constraints, different w could ’talk’ to each other. This is precisely
what makes the constraint stronger and more difficult to solve than the holomorphic one,
where the sum over w played a crucial role in solving it in the presence of higher-derivative

vertices.

e Second, the sum over pairs such as (1234) and (3412) no longer leads to the clean sim-
plifications we obtained in terms of only three independent variables A, B, C, as in the
holomorphic constraint [6, 7]. As we will see later, it is now possible for one of these per-
mutations to be present while the other is absent — a situation that did not occur before.
In the holomorphic case, the presence of F'?3* automatically implies the presence of
F3412» Here, however, the two products of couplings are generally different, so summing
over (1234) and (3412) would implicitly assume that both products are nonzero.

This is, in a sense, expected: in the present case, the commutators are not required to vanish

by themselves but rather to cancel out through the inclusion of a suitable quartic interaction,

as shown in (4.4.18). Let us now rewrite the quartic commutator for singlet fields (4.4.10) as'®

[Hy, J57] ~ Sym | (—=)*C'*** Kyg34,| , (4.4.19)

where we have defined the following kinematical factor:

Bi(M +w = Ag) — Ba(Xa +w — \i) B3* B! Phiztw—lp-dsitw
(51 I 62)2w+1 1A1 2>\2 12 34

Koz = : (4.4.20)
and where Sym denotes the sum over the following 6 distinct permutations of the external
helicities:

(1234) + (1324) + (1423) + (3412) + (2413) + (2314). (4.4.21)

Notice that the presence of these 6 contributions is fully analogous to the holomorphic con-

straint. The key difference, as already emphasised, is that all of them must be treated as

18 As already noted, although the full commutator involves a sum over w, it decomposes into several indepen-
dent constraints. Each constraint receives contributions only from terms with identical external helicities, and
with the helicity w of the exchanged field fixed by requiring not to change the powers of P and P, ensuring they
belong to the same constraint.
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independent. Summing over terms such as (1234) and (3412) would not only fail to simplify
the expressions but would also be inconsistent if we wish to consider the most general case.
In the case where the fields take values in the matrix algebra (4.4.11), we have to consider

color-ordered constraints. For the color ordering [1234] corresponding to
[1234] = (1234) + (2341) + (3412) + (4123), (4.4.22)

we get
[Hs, J57] ~ CYCI[(—)w9w61234wK1234w] ; (4.4.23)

where Cycl denotes the sum over the cyclic permutations, and 6, arises from the freedom to
choose a phase factor in the definition of the Poisson bracket; see [7, 8, 195].
Assuming the most general class of cubic vertices as in (4.4.16), the commutator could

include any of the possible 4! = 24 permutations of (1234) depending on the symmetries of the

A1,A2,A3

generic cubic couplings f,1;725.

In the following, our goal is to solve the quartic constraint (4.4.18), where the commutator
[Hs, J5 ™| takes either the form given in (4.4.19), the cyclic form in (4.4.23), or a more general
one if we consider (4.4.16). To be as general as possible, we will not assume any specific form
for the couplings. However, as already pointed out above, the kinematical factor (4.4.20) is
(anti-)symmetric under the exchange 1 <+ 2 or 3 <+ 4 for (odd-)even-derivative cubic vertices.
Therefore, when searching for the most general solutions of the quartic constraint (4.4.1),
choosing the exchange (1234) or any of the other permutations (2134), (1243), or (2143) does
not make any difference. We can thus focus on the six independent kinematical factors (4.4.21);
once a solution is found, we can further analyse the possible types of structure constants that
may arise.

[H,J*"] and [H,J?*"] constraints. Let us recall that we need to solve the two independent
constraints (4.4.1), for both a = z,z. Together, at the quartic order, we need to solve the

following system

Hyji™ = J5 [ha] + [H3, J37] = (I3 [ha] + [H3, 57| [,=0 = 0

Lo ' ’ i (4.4.24)
Hyj; = J57 [ha] + [Hs, J5~] = (57 [ha] + [H3, J57])|1,—0 = 0.

The operators J;~ and J; are described in (4.3.20) and (4.3.22), while the commutator

[Hj, J; 7| is written as

012 [ 0o (S () oS

YR

8h3 i
( +Z@qk 3(6]) 3(pj)-

k#£3

(4.4.25)
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Using the explicit form of the densities (4.3.13), we obtain

9 Ao +w—N) = B\ +w— \) BB
H3"]3 Z/qué(qu) 5[ B e w(gl 352)—125&11 = 2 /6;\3ﬁ

4

O)xl,)\2,wo—w,)\g,)\z;]P)lfé\lz7w71P§247wi| ¢ ¢ qb gb
(4.4.26)

This corresponds to [Hs, J; | in (4.4.10) after
G G , i e —\i, ChAzds ¢y G2 As (4.4.27)

In the case of matrix-valued fields, we need to take the trace, i.e. use Tr(-) and, for the
most general class of cubic vertices, introduce the tensor couplings fig;z A= §,,CMA2N8 ag in
(4.4.16). Notice that these are the same transformations obtained after applying parity (see
Appendix 4.10). This observation will be important later when we discuss quartic vertices for
specific, highly symmetric cases.

For our purposes, we would like both constraints in the system (4.4.24) to act on the same
Hamiltonian density hy. It is therefore convenient to rewrite the commutator in the following

equivalent form:

. 9 LBy —w = A3) — Bs(As — w — \g) f3®
[H&JS ]:go;/qua(;(b>§[(_) - (53154)23w+f 4 il %\ZX

1 ~2

(7

C)\l,)\2,wCrfw,)\s,A4Pi\%2+w]}p;4>\34+wfli| ¢ (b (b ¢
(4.4.28)

where the following relabelling has been performed:

(QMQDBD )\1) A (Q37q3a63a )‘3)7 (QQaq%/BQ) AQ) <~ (947@17547 A4) ) C C_’a W —w.
(4.4.29)

4.4.1 Construction of the ansatze

Here, we construct the most general ansatz for the quartic local Hamiltonian density hs and
local boost density j;. To do so, we examine the quartic constraint (4.4.18), from which we can
determine the required powers of P, P, and 3 to build the ansatz. We denote a quartic vertex
by the pair (n,m), where n and m correspond to the number of derivatives in the holomorphic
and anti-holomorphic cubic vertices appearing in the exchange term [Hs, ;™| and [Hs, J; |

that participate in the same quartic constraint. Specifically:

e The n-derivative holomorphic vertex with helicity (\;, A2, w) and cubic coupling C*1:A2%
with n = A3 +w > 0.
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e The m-derivative anti-holomorphic vertex with helicity (A3, A4, —w) and cubic coupling
C_V—w,A3,)\4’ with m = —A3qs +w > 0.

In the following, we refer to lower-derivative quartic vertices as those with n,m < 2, which
participate in the same constraint as the lower-derivative cubic vertices. Conversely, higher-
derivative quartic vertices are those with n, m > 2. Note also that the total number of deriva-

tives in a quartic vertex is n +m — 2. From the structure of the constraint (4.4.18), we can
find

[Hg, ng_] ~ 6)\34—>\12—2wPA12+w—1P—)\34+w ~ B—n—m]fpn—lﬂgpm’ (4430)
P _ _
Jg— i h4 ~ Eh4 —_— h4 ~ ﬁ)\347)\1272w+2]P)/\12+w71]P>7)\34+w71 ~ B2fnfm]P;nfl]P;mfl : (4431)
z— ]P)P z— z— —A12—2w+3 T w—2Tp— w— —n—mpn—2pm—
Hy - ji~ ~ ﬁh —> ji ~ Tt platemiprlatent | g8 PP 2Pt (4.4.32)

We immediately observe a particular feature of the (1,1) quartic vertices: they admit no con-
tribution from j4, but only hy. As we will see, this is precisely the case for Yang—Mills theory.
Moreover, Yang-Mills theory is complete at the quartic order, meaning h,, = 0 and j, = 0 for
n > 5.

We now need to identify the independent variables. As mentioned above, for a four-point
scattering, we have two independent P and two independent P. We choose Pia, P4, Pio, and
P34 as our independent variables, while the remaining ones can be expressed in terms of these
using the relations collected in Appendix 4.11. Additionally, there are three independent [
variables, since one can be eliminated using momentum conservation. Altogether, this gives
us a total of seven independent variables. We will show how to further eliminate two of them,
reducing the number of independent variables to five.

First, due to the fixed homogeneity in 5 of hy and j,, we can remove one further variable
by performing a change of variables. Of the new variables, only one must carry homogeneity
different from zero. For example, assuming (31, f2, and (3 as independent variables, we can
make the following change of variables:

N . B _

= 3 = [y =1Ip, = 3 =  [B3=1b. (4.4.33)
Using the variables , y and (;, the only one that carries non-zero homogeneity in 5 is f;.
Therefore, we can drop it in the construction of hy and j4. Once a solution is found, we can
reconstruct the 8, dependence from the required homogeneity.

Due to them having better symmetry properties, in the following, we use the following

slightly different variables:

B — D -z
62_ +161a

Yy
T = —
Bi + B2 x

. B3 — B4 +1
T y64, (4.4.34)

y_53+54

Py =

and upon using momentum conservation, the same comments as before apply. Second, we
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can also remove one P or P by using, as we have already pointed out in (4.4.18), the energy
conservation (i.e. with Hy = 0) for the external fields. This gives us a further relation of the

form

B1Po PyPyy  a? — 1Py Py
B3fs Pra y2 —1 P2

H, =

1 (Pupu Py P34 (4.4.35)

Br+ B2 \ P15 B 334 ) =0 = Fe=

where the variables x and y are those introduced in (4.4.34). The most natural way to take this
constraint into account is to choose as independent variables PioPsy, P1oPss and P”Pm + nggj‘
This choice works when n = m, whereas for n > m we complete the set by mdudmg the
variables P, and Py, as we see in the ansatz below.

We now present the most general ansatz used in our analysis. We do not write the ansatz
explicitly for j;~, as it coincides with that of A4 in the (n — 1,m) case. In what follows, we
denote (81 + [2)? <Péf]g;2 + B Egg?‘) = s12 and take each function f; to depend on the variables
z and y, i.e. f; = fi(z,y). The ansitze are

D Z fay), (4.4.36a)
1 _ _
R2D T (Piofs + Paufa) (4.4.36b)
4(1371) - (B1 + B2)? (Plof1 + PioPas fo + Py fs) (4.4.36¢)
n 1 mn— mN—27 o pn— mn—
hiY = (Br+ B2)n 1 (Pl fi + PioPoafo + - + PPy fu + Py fo) . (4.4.36d)
(2.2) 1 B P
hi™™ = m (P1oPsafi + s12fo + IP>12]P>34f3) ; (4.4.36e)
n,n 1 pPr-lpn- n—2pn— n—
hi = (B + Ba)*n—2 ( Py PPy s fo o s T
+ Py *Phy *s12 fon—o + P15 'PE fon 1) (4.4.36f)
1 _ _ _ _
h32 = CEYAL (P1oP3yf1 + Pyusiafo + Prasiafs + PaulPiyfi) | (4.4.36g)
1+ D2
nzm 1 m—1mn— m—2mn— mn—m m—
hz(L = = (ﬁl + ﬁz)n+m72 <P12 1]P>34 1f1 + P75 2P34 2S12f2 +oet P34 S12 1fm +
Py "s12™ o -+ PY PP ?s1a framen + P?z_lpg};_lfmrmq) : (4.4.36h)

To improve symmetry, we consistently use (8, + () as the homogeneity factor. Furthermore,

the number of free functions to be determined at each order is given by:
#f=n+m-—1. (4.4.37)

We have focused on the case n > m; the complementary case n < m is easily obtained by taking
the parity transformed system of constraints (4.4.24). This gives the same set of equations, with
the products of couplings mapped to the n < m case. This simply reflects the fact that there

should be no distinction between positive and negative helicities: the two are interchangeable,
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and their roles can always be exchanged:
M2 G ds — CM—dem oA (4.4.38)

The ansétze for the case n < m are then the same after exchanging P and P. The same ansétze
were already used by Metsaev in [5]. We will comment more on [5] in the last section of the
paper when discussing non-localities.

We do not write any ansatz for (n,0) quartic vertices because no local quartic vertex of this
type can exist. Indeed, from (4.4.31) we see that it would require negative powers of P or PP,
leading to non-local quartic vertices.

The scalar cubic coupling C%%? appears in the holomorphic quartic constraint. As shown in
[7], generic solutions to the holomorphic constraint do not accommodate a scalar self-coupling.
Nevertheless, in special cases — and in particular for certain lower-spin couplings — the scalar

cubic vertex can remain consistent. We discuss these possibilities in Appendix 4.12.

4.4.2 Solving the quartic constraint

The analysis of the system of quartic constraints (4.4.24) based on the ansatz described above
leads to a system of coupled first-order PDEs that can be approached using various methods. We
describe two methods: the first is for finding explicit solutions; however, it becomes increasingly
intractable as the number of derivatives grows.! A second method allows us to determine
whether a solution may exist by exploiting the Frobenius condition (integrability condition) on
flat space d? = 0.2° We also note that, in principle, each solution can be complex and written

h4(x> y) = §R[h4(x> y)] + Z%[h4(£€, y)] ’ (4'4'39)

where hy(x,y) is a complex function of two real variables. However, the commutator [Hj, J; |
is real (up to the possible complex value of the product of coupling), and the only potentially
non-trivial part of the vertex — i.e. the part that contributes to solving the quartic constraint
(and that may not exist) — is its real component. The imaginary part corresponds to solutions
of the homogeneous PDEs. In the following, we will therefore concentrate on the real part of

hy(z,y) while separately pointing out the corresponding homogeneous solutions.

19Tf the system of PDEs is consistent and a solution does exist, it is fast, but if the system is inconsistent, it
becomes rapidly intractable.

20The Frobenius theorem states that a distribution (locally defined by a first-order system of PDEs) is
integrable if and only if it is involutive. In flat space, involutivity of such a system reduces to the statement
that successive derivatives commute, i.e. to the nilpotency d? = 0; in particular, in Cartesian coordinates, one
has [0, 0y] = 0.
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Structure of PDEs. Once we use the appropriate ansatz described before and go on the

energy shell via (4.4.35), the generic form of the PDEs arising from (4.4.24) is

BB B3 [

G(Pyg, Psy, Poy, z,y,0,,0,) =0, xr = , = .
(12 34,134 Yy y) B, + Bs Y B3 + Ba

(4.4.40)

The system of PDEs arises from isolating independent terms, corresponding to terms with
different powers of Pyy, Psy, and Psy. For the [Hs, J: | constraint and a (n,m) quartic vertex,

this always leads to a coupled system of PDEs of the form

PV i+ PN f + PV =0
PP fo+ BP0, fo+ P fu + PP 0, fi + PP =0
PO fy+ PP 0, fs + P fo + P8, fo + PP = 0

(4.4.41)
P1(k_2)fk—2 + Pz(k_Q)aacfk—2 + ngk_2)f1c—3 + P4(k_2)ayfk—3 + Pék_Q) =0
PED f 4+ PEDE, f o+ PED R, ]34(/!@71)811]%72 + P g
\Pfk)fk—l + Pg(k)ayfk—l + nyk) =0,
and another similar system of PDEs for the [H3, J; | constraint:
(4.4.41) with P® < P® 0, 0,. (4.4.42)

where 2k = 2(n + m) is the number of PDEs, Pj(i) = Pj(i) (x,y) and Pj(i) = ]5].@ (x,y) are known
rational functions of z, y, and f; = f;(x,y), with i = 1,..., k — 1 being the free functions in the
ansatz to be determined. This system of PDEs is a consequence of the structure of the linear
differential operators J;~ and J;~ acting on hy.

The PDEs in (4.4.41) and (4.4.42) are linear first-order partial differential equations. The
Cauchy-Kovalevskaya theorem ensures that, under mild assumptions — such as working over
the field of real R or complex numbers C and having coefficients Pj(i) (z,y) and ]5]-(i)(fb, y) that
are analytic functions of z and y (in our case, they are actually rational functions) — the system
always admits a local solution with real or complex analytic functions. These can be obtained,
for instance, using the method of characteristics or by direct (brute-force) integration. The
system does not usually have a unique solution since it admits homogeneous solutions, which
parameterize quartic vertices that are consistent on their own.

Importantly, the system consists of 2k PDEs for only k£ — 1 unknown functions. As a result,
although each equation can be solved, the existence of non-trivial solutions requires satisfying
the integrability conditions. In flat space, these conditions are equivalent to the commutativity
of partial derivatives, d* = 0, or 9,0, f = 9,0,f.

Solving the PDEs. The structure of the systems (4.4.41) and (4.4.42) allows them to be
solved straightforwardly. Starting from the first equation (and analogously from the last), we

solve for fi(z,y), substitute the result into the subsequent PDEs, and then solve for fy(x,y).
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This procedure can be iterated to determine all functions f;(x,y).
At each step, the integration introduces a free constant. Once the final function fz_;(z,y)
has been determined and substituted back into the last two PDEs, we are left with a pair of

algebraic equations

k-1 k—1

Z Ai(z,y)a; =0, Z Bi(z,y)a; = 0. (4.4.43)

i=1 =1

where A; and B; are known rational functions of z and y, while the a; are the integration
constants arising from the solution of the various PDEs. Solving the algebraic system (4.4.43)
fixes some of these free coefficients. In particular, as we will see, all free coefficients are fixed
except in the case where one considers the homogeneous system alone, i.e. in the absence of
exchange contributions.

Notice that, once a solution for the density h4 is found, we can use the full form of the
constraint in (4.4.18) to extract the boost density j,. This is always possible: indeed, once the
Hamiltonian of the system is constructed, we know, in principle, everything about the system.
Determining the explicit expressions for the boost densities then becomes merely an exercise.

Let us emphasise that, for this procedure to work, a solution must exist. Otherwise, not
only would we fail to find one, but additional complications could arise, for instance, overly
cumbersome integrations, the appearance of irrational functions or square roots, or situations
that render the process overly involved. For this reason, having an alternative method to
check integrability without performing the explicit integrations is extremely valuable. We now
proceed to describe such a method.

Existence of a solution. The method we present here allows us to check the Frobenius
integrability condition and, consequently, the existence of solutions without the need to solve
any of the PDEs explicitly. Starting from the initial system of PDEs, we differentiate the
equations and impose the condition 0,0, = 9,0,. The idea is to take successive higher-order

U In practice, it

derivatives until the number of equations exceeds the number of variables.?
is often necessary to go further and generate a substantially larger set of equations due to
the possible presence of non-trivial relations among them. This behaviour is characteristic of
overdetermined systems of differential equations subject to integrability conditions.

Starting from (4.4.41), which we rewrite schematically, we apply both derivatives 0, and 0,

2lHere, the variables refer to the unknown functions and their derivatives. The system effectively becomes
an algebraic system of equations to be solved.
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as follows:

(0:)"10)" 1 (fi + 0uf1) =0
(0:)" 1) (fo+ Oufo+ fr + 0y f1) =0
(0)" 1 (0y)" (fs + Oufs+ fo+ Oy fa) =0
(4.4.44)
- (fr—2 + Oufr—a+ fo—3 + Oyfi-3) =0
(D)1 (0" (fom1 + On i1 + fr2 + Oy fr—a) =0
L (02)" (0" (frmr + Oy fra) = 0.

The same is done for the system (4.4.42). To maximise efficiency, we take the same number of

(02)"71(9,)"
ay

0, and 0, derivatives.

Once a sufficient number of steps have been performed, to concretely solve the algebraic
system, we fix 2 and y to specific values (while generic rational values are sufficient, we specifi-
cally choose (x,y) = (2,0), as we have observed that in practice this choice significantly speeds
up the integrability method) and search for a solution to this system. If a solution is found,
the original system of first-order PDEs is integrable, meaning that a solution exists; otherwise,
the system of PDEs is inconsistent.??

We will use this method to verify and formulate general conjectures about consistent and
inconsistent quartic vertices, both for lower-derivative higher-spin interactions and, more in-
terestingly, for higher-derivative ones, since we will find some yes-go results. This method is
computationally far more efficient for proving no-go’s than the previous approach based on
explicitly solving the PDEs. Once this method establishes the existence of a solution, we can

then construct it explicitly using the approach outlined above.

4.5 Quartic vertices for lower-derivative theories

We begin by considering the system of quartic constraint (4.4.24), involving the exchange
terms [Hs, J;~] and [H3,J;~| with one- and two-derivative cubic vertices. We first examine
the integrability of the resulting PDEs, and when a solution exists, we proceed to solve them
explicitly to find the corresponding densities.

As expected, we recover the no-go theorems for local minimal vertices of higher-spin fields,
alongside the well-known positive results for lower-spin quartic vertices, such as those in
Yang—Mills theory and gravity. We consider all possible lower-derivative quartic vertices, then
three cases: (1,1), (2,1), and (2,2) quartic vertices.

To cover all possible cases, we organise the analysis as follows. As shown in (4.4.21),

the commutator, due to its symmetries, can be organised in terms of the following relevant

22More precisely, integrability would be guaranteed if one were to consider derivatives of arbitrarily high
order and check the existence of a solution. In practice, however, it is sufficient to go to a sufficiently high
derivative order: if a solution exists at that stage, this ensures the actual existence of a solution to the full
system. Conversely, if no solution exists already for a finite subset of equations, then the full system admits no
solution.
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exchanges:
s t s t u u
(1234) + (2341) + (3412) + (4123) + (1324) + (2413). (4.5.1)

We have slightly reorganised these terms so that the first four naturally correspond to the
exchanges relevant to the color case, while the remaining two are additional. This arrangement
also facilitates the reading of the tables presented below, as it makes it straightforward to
recognise patterns that can be traced back to the color case.

Quartic vertices. Before presenting the results, it is important to understand the logic
behind them. Let us briefly recall what we are doing and what we are looking for. We proceed
to solve the constraint? (4.4.18). Quartic vertices are uniquely specified by the pair (n,m) and
the helicities of the external fields (Ay, Ao, Az, Ay), where Ay = n —m — Aj93. Let us write down
(4.4.18) explicitly, as

4
¢q 0 9 %\ ; (nm w
(Z (— 3 0a i 25 + )\E> h&l7/\2)7/\37&9211;1)2‘3%’\@334 +(—) <K1234w.7:1234w
i=1 (2 1 (2 (2

+ KosawFazaiw + Ksa12wFaa120 + Kai2swF 1230 + Ki3240 F 13240
+ K2413w-7:2413w>>( ;\11)0’1( ;\22)“2( 2§)a3(¢2:)a4 =0,

(4.5.2)

A1,A2,A3,
ajasa3a4

above admits solutions whose form depends on the presence or absence of the various coefficients
‘F.....'

If we set all Foeeee t0 zero (i.e. we set the cubic vertices to zero), the problem reduces to

where g M represents the coupling constant of the quartic vertex. The system of PDEs

solving the homogeneous PDEs. These determine the quartic vertices, which are well-defined
even in the absence of any cubic interactions.?* Alternatively, one may look for solutions when
at least one exchange term Fqeee iS non-zero. In this case, the quartic vertices become necessary
to ensure the Lorentz invariance of the theory. We emphasise that, as already mentioned, the
kinematical factors are (anti-)symmetric under the relevant permutations.?> Consequently, once
a solution exists, one can, in principle, choose which of the four possible kinematical structures
K eeeee is present. In highly symmetric situations, this distinction disappears.?6

The main problem then reduces to determining whether (4.5.2) — together with the J*~
constraint — admits a solution with six free coefficients, each activating one of the six inde-
pendent kinematical structures.
Integrability. Using the integrability method, we can construct tables listing all quartic
vertices that admit a solution to the quartic constraint (4.4.24) for lower-derivative theories.

The tables below were obtained as follows:

23The other constraint is analogous; thus, we restrict attention to this one.

24When all cubic vertices are set to zero, the quartic constraint admits the trivial solution hs = 0 as well.

2We recall that K194, = (=) Ka130 = (=) K143, = (—)*1254 Ka143,,.

26Tn general K934 F12340 and Ko1340 Fo1340, are unrelated. For instance, one can have fara,¢ # 0 while
fasa,© = 0. However, in special cases — e.g. when A\ = Ao — one finds K12340F 12340 = K21340F 2134w, SO the
two contributions coincide and the distinction disappears.
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e Assuming we are searching for an (n,m) quartic vertex, we check the Frobenius integra-
bility of the system of quartic constraint (4.4.24) by evaluating the commutators [Hs, J; |
and [Hs, J;~] with all possible exchanges (4.5.1) as explained above. There are six or-
derings that contribute to the same quartic constraint, each weighted by an independent
free coeflicient k; = (—)“Feeses. For instance, for (1234) we have k; = (—1)“Fioz4, and

analogously for the other orderings.

e The helicities w appearing in the exchanges are automatically fixed by the requirement
of having an (n, m) quartic vertex. In addition, we can fix the value of \4 via the relation

n —m = Ajo34. As a result, the problem reduces to searching for exchanges of the form:

(1234) = ()\1, )\g,w, )\3, )\4) = ()\17 )\27 n — )\12, )\3, n—m— )\123) . (453)

e We set the maximum helicity Apax > |A1], [A2], |As| and apply the integrability condition
to all such cases. Whenever a solution to the Frobenius integrability condition is found,
we record in the tables whether it also fixes any of the coefficients k;. In particular, in all
three tables presented below, we have checked the existence of a solution to the quartic

constraint up to Apa. = 10.

e The tables list only inequivalent solutions. Whenever a solution exists, permutations of
the external helicities generally generate additional valid solutions. However, these are
already taken into account, as they can always be deduced from the combined symmetries

of the kinematical structures and the coupling constants.

Therefore, the tables collect the quartic couplings (“yes-go”) that admit a local solution to the
quartic constraint (4.4.24), while at the same time indicating that all quartic vertices not listed
do not satisfy it and thus fall into the category of “no-go”.

The first entry (A1, Ao, w, Az, A\y) specifies the helicities associated with the contribution from
the (1234) ordering in the exchange [Hs, J;~| and [Hj, J;~]. The remaining entries correspond
to the other orderings listed in (4.5.1). Due to the structure of the P*P* monomials, differ-
ent orderings present in the quartic constraint can “talk” to each other, which may restrict
and relate the products of the cubic couplings (k; in our shorthand notation). These con-
straints/relations are summarised in the tables below. If the entry is zero, it means that the
corresponding product of couplings must vanish. If the entry contains k;, it means that two
(or more) k; turns out to be related or unconstrained. We summarise the results in Tables 4.1,
4.2, and 4.3. For example, in Table 4.1 the second column has ks under ko, which means that
ko is unconstrained. The third column has k; under k5, which means that k3 = k;. The last
column has ky — ko under kg, which means that kg = ki — ky. We also keep k; as the initial
free coupling; hence, there is no reason to include it in the tables.

A final remark concerning the tables is the following. For exchanges of the form (A1, A1, 0, A2, Ag),
both commutators [Hs, J;~| and [H3, J; | vanish. In this case, the corresponding exchange does

not enter the system of constraint (4.4.24), and the associated coefficient k; is therefore left
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unconstrained. In the tables, we therefore list the coefficient as free. However, it should be

kept in mind that, for example, this coefficient will not appear in the solution for the quartic

vertex.
()\1, Ao, W, Az, /\4) ko = (2341) ks = (3412) ky = (4123) ks = (1324) ke = (2413)
(—1,1,1,—1,1) ko kq ko 0 ki — ko
(—1,1,1,0,0) ko ky 0 0 ki — ko
(07 07 17 07 O) k? kl kQ k5 k5

Table 4.1: (1,1) quartic vertices satisfying the quartic constraints.

(A1, Aoy w, Az, M) | ko = (2341) | ks = (3412) | ky = (4123) | ks = (1324) | kg = (2413)

(-1,2,1,-1,1) oy 0 0 0 k1
(-1,2,1,0,0) oy 0 0 0 k1
(0,1,1,—1,1) 0 0 ke 0 ki — ky
(0,1,1,0,0) o 0 0 0 kg

Table 4.2: (2,1) quartic vertices satisfying the quartic constraints.

(A1, Ao, w, Az, M) | ko = (2341) | ks = (3412) | ky = (4123) | ks = (1324) | kg = (2413)
(=2,2,2,-2,2) by ky ke 0 k1
(-2,2,2,—1,1) by ky 0 k1
(—2,2,2,0,0) oy k1 0 0 k1
(-1,1,2,—1,1) o ky ko 0 kg
(—=1,1,2,0,0) s Ky 0 0 ke
(-1,2,1,-1,0) ky 0 0 ky
(0,0,2,0,0) o Ky ko ks ks
(0,1,1,-2,1) 0 0 k1 0 ky

Table 4.3: (2,2) quartic vertices satisfying the quartic constraints.

Several free coefficients remain, corresponding to solutions that are consistent (at this order!).
For instance, in the Yang—Mills case (—1, 1,1, —1, 1), the presence of two free coefficients, k; and
ko, is related to the color structure of the theory. We have two different quartic contributions
for the [++——] and [+—+—] sectors. Instead, for gravity (—2,2,2,—2,2), there is only one
free coefficient, reflecting the no-go for a multi-graviton theory (a color graviton would have
two different color-ordered amplitudes).

Let us stress once again that these tables represent consistency at the quartic order. The
quintic light-cone constraint may impose further conditions. For instance, in Yang—Mills theory,
the quintic Hamiltonian should vanish since the theory has no quintic vertex; therefore, the

quintic constraint should be satisfied automatically without requiring a nonzero quintic vertex.
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In the following, we prove the existence (at the quartic order) and uniqueness of Yang—Mills
theory and gravity using the results collected in the tables above. Our strategy proceeds as
follows:

e Firstly, we list the unique cubic vertices using (4.3.13).

e Secondly, we solve the holomorphic constraints (4.4.3) that give relations among products
of (anti-)holomorphic CC' (CC') couplings.

e Thirdly, we use the information provided by the tables above, which establish the existence
of a quartic vertex solving the quartic constraint (4.4.24) and determine the relations

among the products of C'C' couplings.
e Fourthly, we use the CPT symmetry.

As we will see below, the holomorphic constraint gives us the Jacobi identity for the self-dual
sectors, while the solution of the non-holomorphic quartic constraint (4.4.24) gives us, together
with the CPT symmetry, among others, a relation that in [277] was called non-ambiguity
condition (NAC). This allows us to relate the two self-dual sectors and find a unique Lie
algebra.

Existence and uniqueness of Yang-Mills theory. We analyse the case of a spin-1 self-
interacting theory. We start with the one-derivative holomorphic and anti-holomorphic spin-1

cubic vertices:

Ppi, . slab) PPs -

YM _ b c ab c

hs ™ = T 55 (90 )a(00) (P40) + i }5152(%%(%%( p)” (4.5.4)
where fibg = Ty and f[ab = — are antisymmetric as a consequence of (4.4.15). In what

follows, we omit the brackets [ |. The two sets of indices (upper indices for ¢* and lower indices
for ¢~) belong, in general, to different vector spaces. The only requirement needed to define
the kinetic term (~ 0,(¢7)*0"(¢"),) and to allow contractions in the commutator (4.4.17) is
the existence of a pairing between these spaces. Accordingly, we assume that the positive- and
negative-helicity fields (¢*)* and (¢ ), take values in vector spaces that are dual to each other.

Both couplings f and | satisfy their own Jacobi identity as a direct consequence of the
holomorphic quartic constraint [7]. Let us briefly recall how this arises. For the cubic vertices

(4.5.4), only a single commutator contributes to the holomorphic constraint (4.4.3) (see [7]):

Fasas Toats (D0 )ar (60,72 (64,)%%, (0, )01 (65,) (03,)"] (4.5.5)

The holomorphic constraint gives

N B 52— B3 + 3P4 )
[H3(P), J; ]—/d q5<z ) (51+52 SRy G e (4.5.6)

FarasTase(09,)" (04,) (D )as (04,)™ = 0.
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We can use the three independent variables A, B, C' defined as

24 =Py + Py = Py — Pyy, 2B = P13 — Poy = P3y — Pys,

T - (4.5.7)
20 == P14 + P23 = _Pl?; - IP)24 )

and notice that Bose symmetrisation imposes that the equation above must be symmetric under
the exchange of fields 1,2,4. This leads to the form?”

[H?)( ) Jg ]—/d12q6 (Z q2> A B — C) <fa1a2fa4c+fa2a4fa1c

(4.5.8)
P42 ) (08" (65" (6o (67)" = 0.
The unique nontrivial solution is given by the Jacobi identity
fz1a2fa4c + fa2a4falc + fa4a1fggc == 0 (459)

The same steps can be repeated for f, leading to the Jacobi identity in the dual space. Therefore,
within the light-cone formalism, the Jacobi identities for both f and f follow directly from the
holomorphic quartic constraint. As a result, already the self-dual sectors are governed by a Lie
algebra; a complex Lie algebra in the generic case.

Let us now turn to the analysis of the non-holomorphic quartic constraint. As we will see, the
conditions that arise are closely related to those obtained by imposing consistent factorisation
or via constructibility using BCFW. An analysis along these lines was recently carried out in
[277]. We will adopt the same terminology here for the various conditions we will find.

We describe in detail the information that can be extracted from the first line of Table
4.1. We have (—1,1,1,—1,1), corresponding to the exchange C~51C~1~b1 with two free

coefficients, k; and ks. We find two independent quadratic conditions on the coupling constants:

ky =ks = (—)wf1234 = (—)w]:3412

. o-LLigL UfanfcaS ot et llfa4cfca1 fa2cj‘_ca3 _ a4cfca1 ’ (4.5.10)
ki —ky=ks = (—)"Firaa — (—)wf2341 = (—)“Foas

— LLIGL 11fa20fca3 g fachcal 01,1,716—41,71,71]%2%;?”3

— o LLIELL, lf(mcfcag, LI G-, 1fa26fca1 R fa2a4fa1a3

= |Tasclas” — Tasclas” = Tagaide ™ | (4.5.11)

where we have used the symmetry property (4.4.14) of C*1A2As§a1a2a3 - We also notice that the
third condition ky = k4 would lead to the same constraint as (4.5.10). In analogy with [277], we
call the condition (4.5.11) the modified Jacobi identity and (4.5.10) the non-ambiguity condition

27 Alternatively, we could apply the general formula in (4.12.1) directly, summing over all possible contribu-
tions.
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(NAC).

These relations are, in principle, enough for the existence of a “Yang-Mills” theory, up to
the quartic order. However, if we are willing to relate the holomorphic and anti-holomorphic
couplings, we need a further assumption, CPT symmetry. CPT symmetry implies the following
relation between f and § (see [277]):

f' = (o) - (4.5.12)

Notice that this is also a consequence of imposing unitarity.

In [277] it was proven that (4.5.10) together with (4.5.12) implies the existence of a basis
where the F, = (f,)§ are Hermitian F,, = F; then ¢, = (f2.)*. We can now further use (4.5.10)
to show that § is indeed imaginary and fully antisymmetric fape = flang. The Jacobi identity
for f is now a consequence either of the Jacobi identity for the self-dual sector (4.5.9) or of
the modified Jacobi identity (4.5.11). Therefore, the self-coupling of a spin 1 massless particle
has the structure of a Lie algebra, with the couplings §¢, that play the role of the structure
constants.

The results just obtained can also be derived using the Noether procedure, starting from
the free Maxwell Lagrangian in the covariant formulation. In particular, this problem can
be addressed in a more systematic way within the framework of BV-BRST cohomology. For
Yang-Mills theory, this analysis was carried out in [278, 279], and we find perfect agreement.
Existence and uniqueness of gravity. We can perform the same analysis we have done

for Yang-Mills with gravity. We start with the two cubic spin-2 vertices:

P22

hglR a ]PJQBI
3363

" 53,63

(03 )a(09,7)"(63,7)° + 3"

(69, )a(bg, )o(,)° (4.5.13)
where Yioe) = Y(et) and gé"”) = gé”“) are symmetric as a consequence of (4.4.15). In what follows,
we omit the brackets ().

Both couplings g and g form an associative and commutative algebra, as a direct consequence
of the holomorphic quartic constraint [7]. Let us briefly recall how this arises. For the cubic
vertices (4.5.13), only a single commutator contributes to the holomorphic constraint (4.4.3)
(see [7]):

089 (072 (622 (622)%, (82000 (832) (6320 (45.14)

The holomorphic constraint gives
N — Bi) 5 2(85 +3B4) 5
Hy(P), J? :/d125 ; ( =2 PP, —IPIP’2
H (). 7] ! (Zq) Bitp Bs+ By 0P (4.5.15)

TarasJase( D )™ (03,7)" (6,7 )aa (85,7)" = 0.

We can use the variables A, B, C' defined in (4.5.7) and notice that Bose symmetrisation imposes

that the equation above must be symmetric under the exchange of fields 1,2,4. This leads to
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the form

[H3(P), J5] = /d”q ) (Z Ch’) (~A+B+C) ((A2 — B?) g5 0,952,

(4.5.16)
+ <B2 - 02)922&192?0 + (02 - A2)gs4a19330)>( (—;12)(11 <¢;-22)&2 <¢;32) 3( ;;2)!14 =0.
The unique nontrivial solution is given by
ararYase = YarasJare = Yasa Jase - (4.5.17)

If we identify gj. with the structure constants of a finite N-dimensional algebra, with V' as

internal space and define the product as
(z-9)* = g& xby°, Vae,yeV. (4.5.18)
Effectively, the condition (4.5.17) coincides with the associativity of the algebra:

(@ y)-z=z-(y-2) = IonfanIae = JnasFite = JnasJame = 0. (4.5.19)

Moreover, the condition gj. = g% implies that the algebra is commutative. The same steps
can be repeated for g, leading to the commutativity and associativity of the dual algebra.
Therefore, within the light-cone formalism, the associativity for both g and g follow directly
from the holomorphic quartic constraint. As a result, already the self-dual sectors are governed
by a commutative and associative algebra.

We now turn to the analysis of the non-holomorphic quartic constraint. We describe in detail
the information that can be extracted from the first line of Table 4.3. We have (—2,2,2, —2,2)
corresponding to the exchange C~222C~%722 with only one free coefficient, k;. We find the

following independent quadratic conditions on the structure constants:

ki =ky = (—)w]:1234 = (—)w]:3412

s —222~—2-22 a1 =caz __ —222~-2-22 a3 =cai
C C gagcg - C C ga4cga2

a4

~caz __

= | YascTas = YascTas (4.5.20)
ki =ky =k = (—)“Froza = (=) Fazar = (=) Fauz
_— 0—2,2,26—2,—2729230'@;;3 — 02,—2720—2,2,—292369251 — 02,2,—26_12,—2,—29((1:2(149?1(13

= YareTas’ = YaneJay = Jazasde |- (4.5.21)

The other condition, k; = ky, is a consequence of the one above. We call the condition (4.5.20)
the modified associativity and (4.5.21) the non-ambiguity condition.

These relations are, in principle, sufficient to allow the existence of a theory of “gravity”, up
to the quartic order. However, if we are willing to relate the holomorphic and anti-holomorphic

couplings, we need to assume CPT symmetry. CPT symmetry implies the following relation
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between g and g, see [277]:
2" = (9a)" (4.5.22)

Notice that this is also a consequence of unitarity.

In [277] was proven that (4.5.21) together with (4.5.22) implies the existence of a basis
where the G, = (g,)§ are Hermitian G, = G}, then g5, = (¢2.)*. We can now further use
(4.5.21) to show that g is indeed real and fully symmetric gape = g(are). The associativity
for g is now a consequence either of the associativity for the self-dual sector or of the modified
associativity (4.5.20). Therefore, the self-coupling of a spin 2 massless particle has the structure
of a commutative, symmetric, and associative algebra, with structure constant g,.

Once again, the same results can be derived using the Noether procedure within the frame-
work of BV-BRST cohomology. For gravity, this analysis was carried out in [203, 278], and we
find perfect agreement. In [203], it was also shown that finite-dimensional real algebras endowed
with a positive-definite scalar product, which are commutative, symmetric, and associative, nec-
essarily have a trivial structure: they decompose into a direct sum of one-dimensional ideals.
Consequently, for the graviton, only self-interactions are possible.

Following the same line of reasoning applied to the cubic couplings of Yang—Mills theory
and gravity, a similar analysis can be carried out for any other set of cubic couplings. For
example, looking at the second line of Table 4.1, where we have (—1,1,1,0,0). In this case, we

find the following condition:

ki = ks — (—)wf1234 = (—)w]:3412
— C—l,l,lc_«—l,O,Ofal Zc — 00,0,10—1,—1,1£a3a4¥ca1 7 (4523)

azcraszaq a2

ki — ko =k = (—)“Frasa — (—)w]‘_2341 = (—)w}_2413

s _C—l,l,lc—l,O,Ofal /¢ . Ol,0,0o0,0,—lggzcéal — Cl,0,0cO,—l,nggcgm

ascrasaq cay casg
—-1,1,1 ~/—1,0,0¢a1 pc 1,0,0 ~0,0,—1 pazcpar __ 1,0,0 ~—1,0,0 paac pa1
—s [ b 00fe o 4 GLO0C00 e GLOOC100 e | (4.5.24)

While analysing the third line of Table 4.1, where we have (0,0,1,0,0), gives

ki =ks = (—)“Fraza = (=) Faarz
— OO,O,IC«—LO,O@@@QZ{: — C0,0,ICf—l,0,0gag(ch — Ealaglfc _ €a3a4gc ) (4525)

azaq aiaz aszaq ayaz

Of particular interest would be to perform this analysis explicitly for the most general lower-
spin cubic couplings, in order to classify all allowed lower-spin theories up to quartic order and
to identify whether any new possibilities emerge. The advantage of the light-cone approach is
threefold:

e [t provides the most general framework for studying perturbation theory, allowing for a

complete search in which nothing is missed.

e [t gives natural access to the self-dual sectors.
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e By treating all helicities on the same footing, as complex scalar fields, it allows us to find

solutions for all higher-spin fields, as we will see in the next section.

We also emphasise that, in spirit, light-cone perturbation theory is closer to on-shell methods
[140]. To study the self-dual sector within the BV-BRST cohomology framework, one would
likely need to start from a chiral version of the free action and use chiral variables, along
the lines of [122]. In particular, it would be interesting to understand how the holomorphic

constraint emerges in that approach.

4.5.1 Lower-spin theories

As a warm-up exercise and a consistency check of our method, we compute the quartic vertices
hy for Yang-Mills theory and the quartic vertex hy along with its related boost generators
Ji~ and j;~ for gravity. These are already known in light-cone gauge [138, 280-283], and we
reproduce them in our formalism. The idea is to start from the most general ansatz described
above and solve the system of quartic constraints (4.4.24).

We employ two different definitions for x and y. The choice of definition is dictated by the

symmetry properties of the specific example. In particular, we may use either of the following:

x:61_52 y253—54
B+ B2 B+ By

(4.5.26)

n,m)

We then denote the quartic vertex using round brackets as hg Ao As Ag)

. Alternatively, we may
use the following definition:

BBy b
Bi+ B3 Bo+ By

(4.5.27)

(n,m)
[A1,22,A3,M

is chosen because it leads to simpler transformation properties under cyclic permutations. We

We then denote the quartic vertex using square brackets as h - This second definition

will adopt it in situations where color-like structures are present, as for Yang—Mills theory.
(1,1) quartic vertices. These vertices solve the system of quartic constraints (4.4.24) when
the commutators [Hs, J;~] and [Hs, J;~| involve solely cubic one-derivative interactions. The

ansatz is

1,1
hf/\l,gg,x&,\d = f(z,y), (4.5.28)

where f(x,y) is a real function of two real variables.
(2,2) quartic vertices. These vertices solve the system of quartic constraints (4.4.24) when

the commutators [Hs, J5~] and [Hs, J;~] involve solely cubic two-derivative interactions. The
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ansatz is
PP PP P, P PP
hg\z)/\ . 12lP34 h < 1212 Pae 34) ot 12IP34 s,
DAB A8 (81 + B2) B1B2 B34 / (@1 + [32) (4.5.29)
2 (1,2) _ Piagr + Payugo 2 (2,1) _ Pragy + P3ugo
j()\l,)\g,)\g,)\4) - (51 4+ ﬁ2) ) ]()\1,/\2,)\3,)\4) - (51 + 62) )

where fi(w,y), folw.y), fo(@,y) 91(2,9), 2(x,9), Gi(w,y), and Ga(a,y) are real functions of
two real variables.

Yang-Mills theory. Searching for Yang-Mills theory, we take our fields to transform in the
adjoint representation of a Lie algebra. In practice, we just take them to be matrix-valued.
Due to the cyclicity of the trace, the two color-ordered contributions, namely [++——] and

[++—+—], remain independent and do not mix. The quartic Hamiltonian takes the form:

o= [ a5 (Ya) (W1 Tlogopenen) + 1 Tlobonola) . (4530

It is well known that Yang-Mills theory provides the unique unitary and parity-invariant non-
abelian quartic completion of the cubic vertices C1'%~! and C~H 11, Therefore, as a consistency
check of our method, we expect to find a unique solution for the quartic vertex.

Since j;~ and j; are absent in the (1, 1) case, the quartic Hamiltonian densities must obey

the following system of quartic constraints:

I3 [hal + [H3, J57]

=0

- ' (4.5.31)
J5 [ha] + [Hs, J; ] =0.

Using the independence of Py and Psy, and of Py, and Py, respectively, we end up solving a

system of inhomogeneous first-order PDEs. Solving the PDEs gives us the following quartic

Hamiltonian densities:

2 | 2
(1.1) _ Tty -2
byl (@y) = klw ; (4.5.32)
2 (2022 — 22 — o
Wt L (@y) =k (227 v, (4.5.33)

(2 = y?)°

where k, = — Vb IobLTl = — 0LLIC-LLEL D Note that hﬁ’}_)#’_](x,y) = hfi’72,+7_](y,x)

follows from the symmetry (1234) <> (3412), implied by the cyclicity of the trace

(1,1) _ 1 (1) _ _
h[+,f,+,f]<x’y)Tr[ ;¢q2 ;J;¢q4] - h[+,f,+,f](x7y)Tr[ ;3%4 ;¢q2]‘ (4‘5‘34)

Moreover, we can check the parity and unitarity invariance of the quartic vertices. For
the definitions of parity and unitarity, as well as their action on the densities hy, we refer to
Appendix 4.10. In the present case, parity acts by exchanging positive and negative helicities.

Thanks to the use of the smart variables (4.5.27), this action effectively translates into simple
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symmetry of the quartic vertices. Both solutions are therefore parity invariant, as we have

1,1 P (1,1 (1234)4>(3412) 1,1 1,1
W) wy) SR y) T L) (@) =R (a—y), (45.35)
1,1 P (1,1 (1234)4>(2341) 1,1 1,1
WYL @) SR ) I R ey = B, (g —2),  (45.36)
1,1 P (1,1 (1234)+(4123) 1,1 1,1
hE+7_)7+’_} (l’,y) = h[(—,-|)-,—7+] (ZL', y) = h[(+,_)7+7_]<x?y) = hf_l'_’_)’_l,_’—](_y?x) . (4537)
As we can see, hﬁ”l_)7+7_] (z,y) = hfi’71_)7+1_](y,x), together with the symmetries (4.5.36) and
: 1,1 1,1
(4.5.37) explains why hEJﬁf)’Jrﬁ] = h[(+77)7+77] (22, 9?).

We can compare (4.5.32) and (4.5.33) with an explicit computation of the quartic vertex of
Yang—Mills theory using light-cone coordinates. The calculation is straightforward and begins

with the Lagrangian of Yang—Mills theory:
1 17
LN(A) = = Tr(Fu ). (4.5.38)

By imposing the light-cone gauge A™ = 0 and rewriting the Yang—Mills Lagrangian in terms

of light-cone coordinates, we obtain the following quartic interaction terms:

YM _ 12 9> (B2 — B3)(B1 — fBa) Lo o4 A
HYM = /d g0 (Zq) (Z ((62 AT 1) Tr(AF AT A A7)
9 (B2 = B3) (B = Bs)  (Br—B2)(Bs — Ba) A+ A= AT A-
i <(52 +B3)(Bi+ Ba)  (Br+ B2)(Bs + Ba) * 2) B (AqlAq2AQ3Aq“))

(4.5.39)

where we denote by ¢ the coupling constant, which, upon using momentum conservation,
corresponds precisely to the quartic vertices given in (4.5.32) and (4.5.33) upon identifying
ki = —g*. This also shows that by employing suitable variables, the form of the vertices can
be simplified. We have also verified our result by comparison with those obtained in [282, 283],
finding complete agreement; see also [284].
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Gravity. Repeating the same procedure but for gravity, using for hgj) +2,-2,-2) the ansatz
(4.5.29), we find
1
fi(z,y) = —m(?ﬁxy (x2 ((a:2 — 4) vyt + 1) + y2) ) , (4.5.40a)
1
+ 2%y (= Ty' = 17y* +6) + 5y° + yY)) | (4.5.40b)
1
fa(z,y) = —W(Z’)me (ZL‘4 (y2 + 8) + (y4 — 2092 + 1) + 8yt + y2) ) , (4.5.40¢)
)
gi(x,y) = ! 1 (16x( — 525 + (3x4 + 5% — 3) y® + (8374 +102% — 3) x2y?
(% = 1) (2% — y?)
+ (32° — 312" + 162 — 3) ), (4.5.40d)
go(x,y) = — ! 7 (16y (2° (3y* + 27y* — 29) + 2* (3y° — 67y" + 58y + 3)
(> = 1) (2 = y?)
+aty? (229" — 1207 = 7) + 4t (1P - 2))) (4.5.40e)

The symmetry under the exchange (1234) <> (2134) implies

fl(xvy) = _fl (-(E,y) ) fQ(x7y) = f2 (-I,y) ) f3(x7y) = _f3 (_1:73/) : (4541)

Similarly, under the exchange (1234) < (1243), it implies

fl(xvy) = _fl ('T7 _y> ) fQ(x7y) = f2 (l‘, _y> ) f3(x7y) = _f3 (I, _y> : (4542)

Moreover, some symmetries follow from parity invariance. In particular, parity relates

(2,2) P 7(22)
h(+2,+2,—2,—2)(5€7 y) - h’(_27_27+27+2)(m7 y) . (4543)

This leads to additional relations among the f;. For instance, the symmetry under the exchange
(1234) <> (3412) implies

fl(x7y) :fl(yvx)7 f2($,y) :fQ(ywr)’ fg(l‘,y> :f3<y,l'). (4544)

The symmetry under the exchange (1234) <> (2134) gives

fl(xay) = _f3 (—C(I,y) ) f2(x7y) = f2 (_x7y> ) (4545)

and under the exchange (1234) <> (1243) gives

fl(xay) = _f3 (I7 _y) ) f2(x7y) = f2 ('Ta _y> : (4546)
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Finally, note that the two constraints appearing in (4.4.24) are related by a parity transforma-
tion. Concretely, under parity, one has

Hoji = J5 [ha] + [Hs, Ji 7] i Haoji = J5 [ha] + [Hs, Ji7], (4.5.47)
where the Hamiltonians are parity invariant. Therefore, j(gjz(Q_é) +o42) = P j(ZJ:2(,ﬁ?—2,—2)'
Others lower-spin quartic vertices. We follow the same procedure used for Yang—Mills
theory and gravity to construct quartic vertices for lower-spin theories with one- and two-
derivative interactions. For clarity and readability of the main text, all results are collected in
Appendix 4.13.

4.5.2 Four-point amplitudes

All massless cubic vertices found in the light-cone formalism can also be recovered in the spinor-
helicity one (as amplitudes). This indicates the close relationship between the two approaches.
When restricted to on-shell external fields, the two coincide; see [127]. For all known massless
lower-spin theories, four-point amplitudes are well-known and can be expressed using the spinor-
helicity formalism [255].

Here, we employ the explicit on-shell map between the spinor-helicity and light-cone for-
malisms to compare our results and verify their agreement. This provides a strong consistency
check for the quartic Hamiltonian densities we have derived. We illustrate this explicitly for
Yang—Mills theory and gravity. The same analysis extends straightforwardly to the other cases
and to higher spins, and additional amplitudes will be discussed in a following section.

It is essential to emphasise that our results extend beyond simply reproducing known on-
shell amplitudes; they are genuinely new, as they hold off-shell. The quartic Hamiltonian
densities we have constructed are off-shell quantities. For instance, our off-shell formulation
allows one to write a Lagrangian and compute off-shell quantities (e.g. form factors). This is the
trade-off for the more involved procedure compared to the spinor-helicity method, which builds
amplitudes using little-group scaling for the cubic ones and applies on-shell recursion relations
(like BCFW) for higher-point ones. While efficient, the latter, in its simpler form, assumes
“good” high-energy behaviour in order to efficiently drop the contour integral at infinity, making
it less suited for constructing vertices for higher-spin fields [140]. We review the on-shell relation
between the light-cone and spinor-helicity formalisms in Appendix 4.14.

The total four-point amplitude in light-cone gauge is computed by summing all nonvanishing

exchange contributions together with the quartic vertex:

A(1x,25,30540,) = k1 A%(1x,20,3x40,) + k2 A%(20,3x,40, 1n,) + k3 A% (32340, 10, 2),)

o (4.5.48)
+ k4"4€(4)\41)\1 2>\23)\3) + k5"4€(1)\1 3>\32>\24)\4) + kGAe(2)\24)\41>\13)\3) + hg)\;,)\)g,/\g,)q) )
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where A° denotes the exchange diagram that, in the light-cone gauge, takes the form

AL+ A2+w —Az—Agtw
IE])12 1 ]P)34

A (15,25,30,40,) = ——
’ N B2 (= B1 — Bo)? (@1 + q2)* B34 B M(B1 + Bo)”
(_)w Pi\5+/\2+w71]p3*4>\3*>\4+w 633 24

2 ]P)12<ﬂ1 _|_ﬂ2)2w {\171 5\271 )

(4.5.49)

The sum over six distinct contributions may seem unusual when compared to the standard s-,
t-, and u-channel exchange contributions in the covariant formulation. The reason for more
diagrams is that the same diagram can have —4 or +— on the internal line, and these are
different diagrams in the light-cone gauge. In the case of singlet fields (as for gravity), (4.5.49)

coincides with the sum over the s-, t-, and u-channel contributions in the covariant language:
A1 23,3040) = As(1a, 2553040 ) + Ae(10, 20,30 40,) + Au(13,20,3x0,40,) - (4.5.50)

While for color amplitudes, it coincides with the expression in terms of color-ordered amplitudes
as

A(12--n) = Y Te(T* T - T (o103 -+ 0,) - (4.5.51)

0E€Sn/Zn

We now proceed to compute the amplitudes in the light-cone formulation for Yang—Mills theory
and gravity.
Yang-Mills theory. For the color ordering [17213747], the four-point amplitude obtained
from (4.5.48) and (4.5.49), with the coefficients k; fixed as in Table 4.1, reads

o e — A= e — A= el 1— — 1,1
A(1+273747) = AS(17273747) + AS(2737471%) + A°(471727°37) + A1) L (45.52)
where we set k; = 1. By substituting the values of the exchanges and the quartic vertex
(4.5.32), we obtain

T(1+o+a—4—) — (34)*
A(1t2t3747) = 137725 I L) (4.5.53)

Similarly, for the color ordering [17273%747], we have

A(17273%47) = A°(17273747) + A°(273T4717F)

. o e/ A1t 1,1
+AY(3TATIY2T) F AT Al

(4.5.54)

By substituting the values of the exchanges and the quartic vertex (4.5.33), we obtain

i(1Ho-ata—) — (24)*
A(1T273747) = 223 GO AT (4.5.55)
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Gravity. For gravity, the total four-point amplitude corresponds to
A(1T2%3747) = A°(172%3747) + A°(1747372%) + A°(372F1747) (4.5.56)

+AS(1F3T2HT) + A2 3D,

where again we set k; = 1. By substituting the values of the exchanges and the quartic vertex
(4.5.40), we obtain

[12]%(34)*

17273747) = —
A( ) stu

(4.5.57)

4.6 Quartic vertices for higher-derivative theories

We now turn to the case of higher-derivative interactions. As we will see, the solution space
grows with derivatives, highlighting the deep relation between higher-spin fields and the neces-
sity of higher derivatives.

As in the lower-derivative cases, we begin with an integrability-based analysis. Local higher-
derivative quartic vertices are considerably more cumbersome, and for this reason, we avoid
presenting them explicitly. Tables for (3,1) 4.4, (3,2) 4.5, and (3,3) 4.6 quartic vertices satis-

fying the quartic constraints are given below.

(A1, Aoy wy Mgy M) | ko = (2341) | ks = (3412) | ky = (4123) | ks = (1324) | kg = (2413)

(-1,2,2,—-1,2) s ky ks 0 ki — ko
(-1,2,2,0,1) ks ky 0 0 ki — ko
(0,1,2,0,1) ks ky ks 0 ki
(0,2,1,0,0) ks 0 0 ki — ks
(1,1,1,—-1,1) 0 0 ks 0 k1 — ky

Table 4.4: (3,1) quartic vertices satisfying the quartic constraints.

(A1, Ao, w, Az, M) | ko = (2341) | ks = (3412) | ky = (4123) | ks = (1324) | kg = (2413)

(-1,2,2,-2,2) 0 0 k1 0 k1

(-1,2,2,—1,1) o 0 0 0 ki — ko
(—-1,2,2,0,0) s 0 0 0 ki — ko
(0,1,2,-2,2) 0 0 ky 0 ky
(0,1,2,—1,1) 0 ko 0 ke
(0,1,2,0,0) o 0 0 0 ke
(1,1,1,—2,1) 0 0 k1 0 ky

Table 4.5: (3,2) quartic vertices satisfying the quartic constraints.
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A1y Agyw, Az, Ag) | ko = (2341) | ks = (3412) | ky = (4123) | ks = (1324) | ke = (2413)
(—2,2,3,-2,2) ks k1 o 0 ki — ko
(—2,2,3,—1,1) ks k1 0 0 ki — ko

(—2,2,3,0,0) koo k1 0 0 ki — ko
(-1,1,3,—1,1) ks ky s 0 ki
(—1,1,3,0,0) ks oy 0 0 ki
(-1,2,2,—1,0) oo 0 0 ke — ko
(0,0,3,0,0) ks k1 oo s ks
(0,1,2,—-2,1) 0 0 ks 0 ke — Ky

Table 4.6: (3,3) quartic vertices satisfying the quartic constraints.

Additional tables are presented in Appendix 4.15, where we display results up to (4,4). Al-
though our explicit analysis extends to quartic vertices up to (8,8) (with additional checks
beyond this range), we do not include those tables here, as they are too lengthy. Nevertheless,
we used them as well to identify patterns across the various cases, allowing us to infer the
general behaviour of a generic (n,m) quartic vertex, which we summarise below.

One possible way to present the results would be to write tables for a generic (n, m) quartic
vertex. Although this could be done in principle, such an approach neither provides intuition
about the underlying structure nor offers a convenient formulation for further analysis. There-
fore, we proceed differently. First, we describe the pattern that emerges from inspecting all
tables up to (8,8). Once this is established, we present another formulation of the result, which

will prove useful for addressing various questions.

e From the complete list of (n, m) quartic vertices satisfying the quartic constraint (4.4.24),
we focus on those containing the maximal and minimal external helicities. They corre-
spond to the first line in the various tables we present.?® This depends on the specific

type of quartic vertex, whether it is of the form (even,even), (odd, odd), (even,odd), or

Z8This is the condition which, for (1, 1), gives the consistency of the Yang—Mills cubic vertices, and for (2,2),
ensures the consistency of the gravitational cubic vertices.
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(odd, even). Let us write them here:

(even, even) : (1234) = < m+27n—2|—2,n2m7_m;—2’n—2|—2), (4.6.1a)
(2413) <”+2,"+2 2,—m;2,—m2+2) : (4.6.1b)
(odd, odd) - (1234) :( m+ 1 ”“,”Zm, mgl,”gl), (4.6.1¢)
(2413) :<n+1,n—l—1 _’_mSLl’_m;—l), (1.6.1d)
(even, odd) : (1234) :< ;—1’n+2’n+7;¢—1’ m;—l’g) : (4.6.1e)
(2413) <";”2 g 1, m;—l)_m;—l) , (4.6.1f)
(odd, even) : (1234) < %, ;L ’n—|—7;1—1’ m;an;Ll)j (4.6.1g)
(2413) = <”;1,”;1,—1,—7;,—m7+2) , (4.6.1h)

where we omit the remaining exchanges, as they are straightforward to obtain. We display
only (1234) and (2413), which also highlight the special role of spin-1 and spin-2. We now
select from them the maximal and minimal external helicities, which we call respectively
Moy and mey, and the maximal and minimal internal (exchanged) helicities, which we

call respectively My and myy.

2 2
even,even) My = nt Mext = mx My = notm Ming = —2
< b ) 2 M) 2 ) 2 ) )
(4.6.2)
1 1
(Odda Odd) Mext - nt y  Mext = _& s Mint = ntm ) Mint = -1 )
2 2 2
(4.6.3)
) _
even Odd Mext — n+ Mext = _m——i_z Mint = n_‘_—rnjl Mint = —1
( b 2 ) 2 ) 2 ) )
(4.6.4)
2 2 -1
(Oddv 62}671) Mext - n;_ y  Mext = _%a Mint - %a Mint = —-1.
(4.6.5)

o We now outline a set of rules that determine the specific elements appearing in the table.

1. All the exchanges (A1, A2, w, A3, A4) involving either external or exchanged helicities

that exceed the maximal value or fall below the minimal value identified in the
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previous point are set to zero.?? Therefore, exchange diagrams must satisfy
Mext S >\17 >\27 >\37 >\4 S Mexta Mint S w S Mint (466)

2. If at least one of the external fields has either maximal or minimal helicity, the
existence of a solution requires turning on all exchange diagrams allowed by the first

rule.

3. For exchange diagrams allowed by the first rule, where none of the external helicities
are extremal, the following applies. If an exchange diagram (1234) is allowed and
the corresponding diagram (3412) is also allowed, then both must be included with

the same value of k;. Otherwise, (1234) appears alone.

We now make a few interesting comments using the results above:

e As the number of derivatives of the cubic vertices involved and the derivatives of the
quartic vertices (i.e. n+m and n+m—2, respectively) increases, the number of consistent

quartic vertices does the same. This is a characteristic feature of higher-spin theories.

e The quartic consistency of the cubic non-abelian self-interaction for a field of helicity A of
the type CM~* is satisfied only for helicities A = 1,2. Indeed, for A even, a (A, \) quartic

t %, while (A, =X\, A, A — \) has A as external

helicity. Therefore, consistency requires % = A = X = 2. The same happens for A

vertex has, as external helicities, at mos

odd, replacing 2 with 1.

e For (n,n) quartic vertices, there exists a two parameter family of solutions where the
exchange diagrams are of the form (—a,a,n, —b,b), with a,b < ”T“ for n even and a,b <
"TH for n odd. However, even though the local quartic vertex exists to solve the quartic

constraint, the cubic vertices do not form a consistent local theory. Indeed, if a = b is

immediate to see that we would need to satisfy a new constraint because of the exchange

(n,—a,a,a,—n). However, the associated quartic constraint does not admit a solution

because n exceeds the maximal helicity (with the exceptions of A = 1,2).

If instead a # b, one must consider the holomorphic (C'C') quartic constraint generated by
the exchange (—a, a,n,n,n). Following [7], solving this holomorphic constraint requires,
among others, the presence of the cubic vertex (—n, n,n), which would imply the spectrum
of the full chiral higher-spin theory. Consequently, one could then construct arbitrary
(CC) exchanges using the C' cubic vertex (—n, —b,b), many of which fail to satisfy the

quartic constraint.

Therefore, for instance, even though Tables 4.4-4.6 might suggest that color gravity could
exist, a full analysis of all newly generated quartic constraints shows that no local solutions
are possible for a multi-graviton theory.

29This implies that no solution to the quartic constraints with a non-zero exchange contribution exists, in the
sense that no local quartic vertex can satisfy the system.
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The last comment was made to draw attention to the meaning of the tables. Knowing the
solutions to all quartic constraints provides information about the consistency of cubic vertices
with Lorentz invariance and also tells us which quartic higher-spin amplitudes turn out to be
local. However, this is not yet enough to construct a consistent local higher-spin theory at the
quartic order. Given a set of cubic couplings, one must examine all the quartic constraints they
generate, and every such constraint must admit at least one local solution.

This situation is reminiscent of the holomorphic constraint discussed in [7]. The main differ-
ence is that, in that case, by successively introducing additional cubic vertices — typically, but
not always, leading to the full chiral higher-spin spectrum with all holomorphic cubic vertices
turned on — a solution always exists. Here, by contrast, identifying a set of cubic couplings
that solves all quartic constraints is not always possible, and determining all admissible local
higher-spin theories is considerably more challenging.

Moreover, recall that we must always verify that the cubic vertices that solve the non-
holomorphic quartic constraint also solve the holomorphic one. A complete solution to the
quartic light-cone constraint is obtained only when the cubic couplings satisfy both constraints
simultaneously. We will illustrate how this works through specific examples in the next part. To
approach this more intricate problem, we will reformulate the solutions to the quartic constraint

in a more natural way.

A2 A3

)\1 )\4
Figure 4.4: Exchange diagrams for a generic pair CC.

Reformulation. A reformulation of the solutions is as follows. Starting from an (n,m)
exchange diagram (A1, Mg, w, A3, A\4) as in Figure 4.4, where n = Ajs +w and m = —A3y +w. We
start from the condition given in (4.6.6). In particular, we focus on the stronger requirement
obtained by excluding both maximal and minimal external helicities. Under this assumption,
we find

m n m n m n m n

<= < = < = _ <<= 6.
2_A1_27 2_>\2_27 2_>\3_27 2_)\4—27 (467&)

OSwgn;m, n,m>0, (4.6.7b)

where w > 0 is a consequence of (4.6.7a). These conditions are equivalent to the following

minimal set of conditions

)\1§)\2—|—w, A2§A1+w, )\3§/\4+w, )\4§)\3—|—w, (468&)
/\12—|—w > 0, —)\34—|—w > O, )\12 > )\34. (468b)
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In this case, a solution to the system of quartic constraints (4.4.24) does exist without the
need for other exchange diagrams.®® In the case A\j3 = Az4, both (1234) and (3412) satisfy the
condition. Indeed, equation (4.6.8) becomes symmetric under the exchange (A1, A2) <> (A3, Ay).
In this situation, both exchange diagrams must therefore be included, with the same value of
k;. This is an analogue of the third rule discussed above. The conditions (4.6.8) show a clear

difference between how the helicity in the exchange and in the external states is constrained.

)\2 AS >\2 )\3

A1 A Al A4

Figure 4.5: A quartic vertex with a single exchange exists when the conditions (4.6.8) are
satisfied.

The remaining possibilities, which follow from the first and second rules stated above, arise
when some of the external helicities are allowed to be either maximal or minimal, thereby
violating the conditions in (4.6.8). This corresponds to configurations in which at least one of
the external helicities (any of the four) surpasses (4.6.8). Then, at least one of these conditions

is true
)\1:)\2~|—w—|—n1, )\2:)\1~|—w—|—n2, )\3:)\4—{—w+n3, )\4:)\3—{—w+n4, (469)

where 11934 = 1,2. In this case, the quartic vertex exists if and only if we turn on all other
exchanges that satisfy (4.6.8), with the possibility for some of the helicities to satisfy (4.6.9).

Let us provide an explicit example for the (8,8) quartic vertex in Figure 4.6.

) -2

Figure 4.6: Exchange diagrams between C>%! and C~27571,

This exchange diagram respects the conditions (4.6.8), with some of the fields having maximal

helicity (4.6.9). In particular, we have

A1§A2+w, )\2:)\1+w+2, )\3:)\4+w+2, >\4§)\3+w, (4610&)
A+ w >0, —Ayu+w>0, A=Az (4610b)

30Tn the tables, this exchange would correspond to a free coefficient k;.
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We then need to consider all other possible exchange diagrams, obtained by permuting the

various external helicities, that still satisfy the conditions (4.6.8) with some maximal helicity

(4.6.9). These diagrams are represented in Figure 4.7.

-2

-5 ) 2 2 )
) ) 8 -8 8 -8

2 -5 -2 -2 -5

Figure 4.7: Relevant exchange diagrams for parity invariant pairs of cubic abelian vertices.

If we activate all the cubic vertices in these diagrams, we can solve the system of quartic

constraints (4.4.24). Three possible structures arise:

1.

If the exchange diagram satisfies (4.6.8), it is sufficient to consider only the s-channel
diagram (1234), and, if allowed, (3412), with the same k;. As we will see, the amplitudes
obtained by summing the exchange contributions and the quartic vertex exhibit a % pole.

We refer to these as single-channel amplitudes.

. If the exchange diagram has at least one external helicity that surpasses (4.6.8) with at

most n; = 1, the quartic vertices exhibit a structure similar to that of Yang—Mills theory.
There are three possible quartic vertices associated with the three channel pairs st, us,
and tu. Only two of them are independent, corresponding to the two cyclic orderings
[1234] and [1324]. In Yang-Mills theory, these are the standard color-ordered amplitudes

with helicity configurations [++——] and [+ —+—]. The amplitudes obtained by summing
11

st? us’

the exchange contributions and the quartic vertex then exhibit poles of the form

and i, respectively. We refer to these as Yang—Mills-like (YM-like) amplitudes.

If the exchange diagram has at least one external helicity that surpasses (4.6.8) with
n; = 2, the quartic vertices exhibit a structure similar to that of gravity. In this case,
there is a single quartic vertex that requires the presence of the s-, t-, and u-channel
exchange diagrams. The amplitudes obtained by summing the exchange contributions
and the quartic vertex then display a - pole. We refer to these as gravity-like (GR-like)

amplitudes.

Homogeneous solutions for the quartic vertices. One aspect that has not yet been

discussed is the study of the homogeneous solutions of the quartic constraint, i.e. solutions

to (4.4.24) without any exchange contributions. Once again, we can employ the integrability

method. We show tables up to (4,4) in Appendix 4.15. Performing this analysis, we find that

a homogeneous solution exists if the following conditions are satisfied:

)\1§)\2+w—1, )\ng\l—l—w—l, )\3§>\4—|—w—1, )\4§)\3+w—1. (4611)
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Here, w no longer represents an exchange field; instead, it parametrizes the number of derivatives
carried by the quartic vertex, denoted by D. Indeed D = n+m — 2 = A\jg — A34 + 2w — 2.

Equivalently, one may eliminate w in favour of D, and we get
D—B)\1+)\23420, D—S/\2+)\13420, D+3)\3—)\12420, D+3)\4—)\12320. (4612)

This pattern will become clearer when we study four-point amplitudes in detail in Section 4.7.

4.6.1 Initial results

We start by collecting a series of initial results obtained using the reformulation of the full set
of local solutions to the quartic constraint.

Abelian cubic vertices. Here, we study the consistency of abelian cubic vertices. As already
discussed in [7], where the holomorphic quartic constraint was studied in detail, self-dual abelian
cubic vertices are consistent on their own because they never generate any C'C' exchange dia-
grams. In contrast, in the presence of a scalar field, C'C' exchanges can occur, making the holo-
morphic constraint nontrivial. The only exception is the special case of the pair C*1:ALOC0A2A2
which is unconstrained: in this case, the holomorphic constraint vanishes identically. How-
ever, once we consider the presence of both holomorphic and anti-holomorphic abelian vertices,
they start to form C'C' diagrams, and we must then consider the non-holomorphic constraint.
Let us first examine the case of a generic parity-related pair of abelian vertices, C*1*2:*3 and
C~2=227% with A\j 93 > 0. The relevant exchange diagrams for the system of quartic con-

straints (4.4.24) are presented in Figure 4.8.

A2 —\ A3 —A3 A3 — A3
)\3 —)\3 )\1 —)\1 )\2 _)‘2

A —A2 A2 —A2 A1 -1
Figure 4.8: CC exchange diagrams for parity invariant pairs of cubic abelian vertices.

Following (4.6.8), we find the conditions
A< o+ g, Mo <A+ Ag ) As < A+ Ay (4.6.13)

These are the usual triangular inequalities. Therefore, each triangle with integer unit length
defines an allowed pair of abelian cubic vertices. Notice the interesting analogy with the holo-
morphic constraint: here as well, the only allowed scalar cubic couplings are C*0.

We have just described allowed unitary higher-spin theories with abelian vertices. Particular
examples of the one described above are the generalisations of linearised curvatures such as F'3
and R3, but for higher-spin fields, see Figure 4.9.
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Figure 4.9: Linearised curvature terms (R*)? for higher-spins are consistent to the quartic level.

The same triangular inequalities were already found in [285, 286]. The underlying idea is to

S
H1V1,5. s hsVs

them to build invariant tensors, such as R*' R*2 R*. By counting the number of free indices, one

construct linearised higher-spin curvatures R (de Wit-Freedman curvatures) and use
finds that such constructions are possible only if the spins satisfy the triangular inequalities.
Let us note that imposing the light-cone gauge in a theory with only abelian cubic interactions
can lead to higher order vertices in H, as in the process, one has to solve non-linear equations
for auxiliary fields.

Let us now consider the case of two abelian couplings that do not form a parity-related pair.
Let the vertices be C**2 and C~% =2~ with ;934 > 0 and w > 0. In this situation, the

relevant diagram is the one in Figure 4.10.

A2 —A3

/\1 _/\4
Figure 4.10: Exchange diagram for a pair of cubic abelian vertices with one opposite helicity.

The conditions that must be satisfied are those in (4.6.8), and they are less restrictive than the

triangular inequalities mentioned before. An example is the one in Figure 4.11.

10 —100 10 —100
20 —50

20 —140 20 —140

Figure 4.11: Example of abelian cubic vertices that satisfy the quartic constraint.

These cubic vertices, which surpass the triangular inequalities, cannot be expressed using lin-
earised gauge curvatures.

Non-abelian couplings. Non-abelian couplings are subject to stronger constraints from
Lorentz invariance. Nonetheless, it is possible to identify specific cubic vertices that satisfy

the quartic consistency conditions. Let us take two generic vertices, CM2¢ and C«AsM,
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The constraints (4.6.8) must still be respected. Such conditions can also be satisfied in the

non-Abelian case; an example is in Figure 4.12.

2 -3 2 -3
7 -7

—1 2 -1 2

Figure 4.12: Example of non-abelian cubic vertices that satisfy the quartic constraint.

Abelian vs Non-abelian cubic vertices 1

Because we have referred to both abelian and non-abelian cubic vertices, let us briefly clarify
this distinction. In Figure 4.12, we have in fact slightly abused the terminology. At first sight,
the couplings C~1>7 and C~3%~7 might appear to be non-abelian, since they are of the (++—)
and (——+) type, rather than the more familiar abelian (+++) and (— — —) vertices. This,
however, is not the case.

The criterion distinguishing abelian from non-abelian cubic vertices was explained and found
in [112]. We briefly review the relevant results for us here.

First of all, it should be emphasised that the distinction between abelian and non-abelian
cubic vertices is naturally formulated in a covariant framework. Indeed, this terminology refers
to the way a cubic interaction deforms the gauge algebra. Since in the light-cone formalism the
gauge has already been fixed, there is no deformation to discuss.

We start by recalling that not all cubic vertices can be written in the standard (Fronsdal
like) covariant formulation. If we fix 51 < s9 < s3 with 5153 > 0, covariant vertices exist only

for the following helicity configurations:
(+51, +82, +S3) I, (-Sl, — 389, —83) s (—81, +52, +83> ) (51, — 89, —83) . (4614)

Note that in the chiral formulation, all cubic vertices can, in principle, be constructed [122,
187, 287]. However, here we restrict our attention to the Fronsdal formulation, since the results
discussed below were derived within this framework.

The results of [112] can be summarised as follows. Vertices of the type (s1,s2,s3) and
(—s1, —S2, —s3) provide the simplest examples of abelian vertices, since they do not require
any deformation of the gauge transformations. There are also vertices of the type (—s1, $2, s3),
together with their parity conjugates, satisfying s; + s < s3. These do require a deformation
of the gauge transformations; however, the commutator of the deformed gauge transformations
still vanishes. They are therefore also referred to as abelian, since the gauge algebra remains
commutative. Non-abelian vertices are of the type (—si, s2, $3) with s + s > s3, together with
their parity conjugates. In this case, the gauge transformations must again be deformed, but

now the commutator of the deformed gauge transformations is non-vanishing. Equivalently,
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the gauge algebra itself is deformed into a non-abelian one.

Therefore, the cubic couplings displayed in Figure 4.12 should more properly be referred to
as abelian vertices according to the definition given above. As can already be inferred from
the condition in (4.6.9), there also exist local quartic vertices that solve the quartic light-cone
constraint while involving non-abelian vertices. We will explore this point in more detail at
the end of Section 4.7, where we introduce the notions of single-channel, YM-like, and GR-like

amplitudes, which will provide a clearer picture and connections with amplitudes.

4.6.2 Unitary local higher-spin theories in flat space

In this section, we find all possible unitary local higher-spin theories in flat space. Starting from

2223 ynitarity forces us to include its parity-related counterpart C—*1—2=2s,

a cubic vertex CM
These two vertices form a C'C pair, which in turn generates quartic constraints that must be
solved.
/\2 _/\1
Az —As3

A1 —Ag
Figure 4.13: Generic C'C unitary exchange.

Considering that in this case, each of the helicities can end up on the external legs, we obtain

the following conditions:
)\1§>\2+)\3, )\2§>\1+)\3, A3 < A1+ As. AM+A+A3>0. (4615)

These conditions correspond to the triangle inequalities. As discussed above, a theory contain-
ing an arbitrary number of pairs of parity-related cubic abelian couplings that satisfy them
forms a consistent and unitary theory admitting higher-spin fields.

We now start to study the cases when at least one of the external fields is allowed to be

maximal. We will proceed as follows:

e Firstly, we start from a generic CC unitary exchange diagram, as shown in Figure 4.13,
and consider the case where some of the external fields are maximal. There are three

possible cases, which we will analyse separately.

e Secondly, we examine the constraints imposed by (4.6.8) and (4.6.9) and construct addi-

tional diagrams that are required to satisfy the quartic constraint.

e Thirdly, we notice that these new diagrams generate new cubic vertices. For each of them,
we must include the corresponding parity-related pair and ensure that the triangular
inequality (4.6.15) is satisfied. This will provide additional constraints which we use to

restrict the helicities of the external fields in the original diagram.
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First case. By imposing that all three external fields have maximal helicities, we find

ML=zt s A=Azt g, A=A tng, Ay >0 (4.6.16)

= Aoz = —(n1 +no+ng).

Recalling that n; 23 = 1,2, we see that this system is inconsistent.

Second case. By imposing that two external fields have maximal helicities, we find

A=A +n1, d=As+ny A3 <A, Az >0

ni + ng ng — Ny ny (4.6.17)
- Ay = A AL > —.
5 1+ 5 M

— )\3:

The existence of this diagram implies the presence of additional diagrams (see Figure 4.14).3!
This new diagram, obtained from the original one by a permutation of the external helicities,
respects the conditions (4.6.8) with the possibility of (4.6.9). In particular, it satisfies

M<Xtw, v=M+w+n, A=M+twt+n, A< A+w, (4.6.18)

)\12+w>0, —)\34+w>0, )\12:)\34,

where Aj 934 indicates the helicities of the diagram on the right in Figure 4.14, in the same

order as in Figure 4.4.

A+ magm —\ M Ay g
——nl—;’m 2)\1 —nNq
-
)\1 —)\1 - % —/\1 —)\1 — @

Figure 4.14: The left diagram, by quartic consistency, implies the presence of the right one.

As a consequence of unitarity, each newly generated cubic vertex, for instance the vertex
Cri—M2=m st satisfy the condition (4.6.15), up to the possibility of being of maximal

helicity. This additional constraint leads to

M —m <0 = A< % (4.6.19)

This is inconsistent with (4.6.17). The only remaining possibility is to take this vertex to be
maximal, which implies

My —ny =ng = A = 2 ; s (4.6.20)

At this point, we can list the cubic vertices that satisfy all the conditions derived. They are

31'When space is limited, only w is shown, omitting —w.
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given by
(4.6.21)

Ny +ns Mo+ Ny N1 + no
A, A, Ag) = — .
( 1, N2, 3) < 2 ’ 9 ) 2 )
Setting ny 23 = 1,2, there are 22 possible combinations. Among all solutions, only two contain

exclusively integer helicities. Including the parity-related vertices as well, we obtain
((1, 1,-1)& (-1,—1, 1)) ® ((2, 2,-2) B (~2, -2, 2)) . (4.6.22)

These correspond precisely to the cubic vertices of Yang-Mills theory and gravity.

Third case. By imposing that one external field has maximal helicity, we find

A<z, A=Aiz+n, A< A, Az>0

4.6.23
— /\12—%; /\32—7, g > — ( )

This diagram implies the presence of an additional diagram (see Figure 4.15). This respects
the condition (4.6.8) with the possibility of (4.6.9). In particular, it satisfies

A1§A2+w, )\2§>\1+w, )\3:)\4+w+n1, )\4§>\3+w, (4624)
AM2F+w>0, =Asa+w>0, Ag= Az, -

where again by A 234 we indicate the helicities of the diagram on the right in Figure 4.15, in

the same order as in Figure 4.4.

A1z + 1y —A13 — -\ Az + 1
)\3 —)\3 2)\13 + ny
— ) SR
)\1 —)\1 )\1 _)\13 — N1

Figure 4.15: The left diagram, by quartic consistency, implies the presence of the right one.

As a consequence of unitarity, each newly generated cubic vertex, for instance, the vertex
CrvAu2hstm st satisfy the condition (4.6.15), up to the possibility of being of maximal

helicity. This additional constraint leads to
n

2A13+n1 <0 — Az < —7 . (4625)

This is inconsistent with (4.6.23). The only remaining possibility is to take this vertex to be

maximal, which implies

Ny — 1Ny

. (4.6.26)

2)\13 +ny =no =4 )\13 =
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The constraint (4.6.26), together with (4.6.23), gives

2 N> b >y <2 )\3§%. (4.6.27)

My = =5 =77 =779 =7

At this point, we can list the cubic vertices that satisfy all the conditions derived. They are

given by
(A, Mz 11, A3), Az = 2 ; o A1, —% <A < % (4.6.28)
This gives
ng +Mn1 No — My ny o
A —A —— <\ <= 4.6.2
( 1 9 ) 9 1) ’ 9 = 1> 9 ( 6 9)

Setting n1 o = 1,2, there are 3 possible combinations. Among all solutions, only two contain

exclusively integer helicities. Including also the parity-related vertices, we obtain
((o, 1,0) & (0, —1,0)) ® ((0,2,0) & (0, —2,0)) ® ((1,2, )@ (~1, -2 1)) . (4.6.30)

These correspond to the non-abelian cubic interactions between fields of helicities 0, 1, 2; scalars,
Yang-Mills fields, and gravitons.

By applying a procedure analogous to that discussed above, one can show that imposing
the presence of any of the non-abelian vertex pairs in (4.6.22) and (4.6.30) requires all higher-
derivative abelian vertices to be set to zero, leaving only the lower-spin abelian interactions.
We begin by observing that, due to the holomorphic constraint, as discussed in [7], the presence
of the self-dual couplings C%?? and C1?~! necessarily requires the inclusion of the self-dual
gravitational coupling C%%72. Similarly, the self-dual coupling C%'¥ requires the presence of
the self-dual Yang-Mills coupling C14~1. Therefore, it is sufficient to show that the presence
of either of the coupling pairs OtV =1 @ C~b=b1 or C2272 @ C~2722 implies that no additional
higher-spin couplings can be consistently introduced. To this end, we start from the most
general cubic vertex that forms an exchange, the one on the left of Figure 4.16, with the

C™ "™ cubic vertex, and require A\; and Ay to be higher-spin fields; then A, Ay > 2.
)\2 n )\1 /\2

ny —ny A2 -2

)\1 —n1 n —N1
Figure 4.16: The left diagram, by quartic consistency, implies the presence of the right one.

This diagram implies the presence of an additional diagram (see Figure 4.16). This respects
the condition (4.6.8) with the possibility of (4.6.9), as can be easily checked.
This new diagram generates two new cubic vertices: CM*2™ and C*27*2~™1 These can

form another exchange (see Figure 4.17) that must satisfy its own non-holomorphic constraint.
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The constraints in (4.6.8) imply

N <ni—Aa, = Mo < % (4.6.31)

Repeating the same steps with the roles of A\; and A, reversed gives the constraint

M<n—A, = A< % (4.6.32)
Finally, we have
Alé%, Agé%, M+ Ad+n>0. (4.6.33)

Therefore, no higher-spin fields are allowed.

A2 A

ny —nn1

)\1 _)\2
Figure 4.17: New exchange diagram between C*42m and CA2—A2—m,

In the case that the external fields are maximal (4.6.9), we find

e Ny = T (4.6.34)

M\ =
! 2 2

In any case, no higher-spin fields are allowed.

Let us note that we have discarded possible solutions involving half-integer helicities. This
is because we are considering only bosonic fields here. However, it seems that allowing for half-
integer helicities, we would obtain additional solutions for cubic vertices involving both A = :I:%
and A\ = i%. This suggests that, even when massless fermions are included, an analogous
structure should emerge. Moreover, it indicates that one could potentially recover — through
a similar consistency analysis at the quartic order — the existence of interacting and consistent
supergravity theories, such as N' = 1 supergravity in 4d. Investigating solutions to the quartic
constraints in the presence of massless fermions is a natural next step, which we plan to pursue
in the near future.

In conclusion, we have demonstrated that no unitary and local higher-spin theory in flat
space can consistently coexist with the unitary cubic self-interactions of gravity and those of
Yang—Mills theory (4.6.22) or with the non-abelian couplings (4.6.30). The sole assumption of
our analysis is that higher-spin interactions begin at the cubic order.

A potential loophole, however, is the following. One may retain the standard consistent
cubic vertices for the lower-spin fields while allowing the higher-spin sector to start directly at

quartic order and then attempt to close the algebra from that point onwards. In the light-cone
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formalism, this strategy would require a complete analysis of the quintic constraint. We leave

this investigation for future work.

4.6.3 On the possibility of “quasi-chiral” higher-spin theories

As we have shown above, although abelian vertices are consistent among themselves, they
become inconsistent once we require the presence of either of the pairs of cubic vertices in
(4.6.22) or (4.6.30). The interpretation is as follows: higher-spin abelian couplings can be
consistently defined on a fixed background geometry, but they cannot interact with the geometry
itself, which is represented by the cubic vertices of gravity.

A slightly weaker question is whether it is possible to couple higher-spin vertices to the
self-dual sector of gravity or Yang—Mills theory in a way that includes both holomorphic and
anti-holomorphic vertices, i.e. beyond the chiral theories described in [7], while satisfying both
the holomorphic and non-holomorphic quartic constraints.

Here, we demonstrate the existence of such theories and describe their structure. These
constructions allow coupling to one chiral sector, but not to both simultaneously. We refer to
these theories as “quasi-chiral”®? higher-spin theories. By “quasi-chiral” we mean a theory that
is not parity-invariant yet contains both holomorphic and anti-holomorphic quartic vertices,
together with additional quartic interactions required to ensure consistency, at least up to
quartic order.

We begin by constructing a theory that couples to self-dual gravity. We start by studying

the corresponding exchange diagram in Figure 4.18.

A1 -2
-2 2

A2 -2

Figure 4.18: Exchange diagram involving a generic vertex and the anti-MHV cubic vertex of
GR.

This diagram cannot respect (4.6.8). We have to allow the external fields to have maximal

helicity (4.6.9). The existence of quartic vertices requires
)\1:)\2—2+n1, M= —24+n,y. — Ny = Ng = 2 — A= Ng. (4635)

The existence of this diagram implies the presence of an additional diagram, as shown in Figure
4.19.

32This terminology was introduced in [178], where a related theory featuring a slightly different spectrum
and some non-local interactions was constructed via a deformation of the Chalmers-Siegel action of self-dual
Yang—Mills theory [142].
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A -2 A A
—2 2 A —-A

A -2 -2 -2
Figure 4.19: The left diagram, by quartic consistency, implies the presence of the right one.

The newly generated cubic vertices are also required to satisfy the holomorphic constraints. In

particular, one can construct the diagrams shown in Figure 4.20.
A A A -2
: A —A : : —2 2 :
-2 —2 - -2
Figure 4.20: Holomorphic constraints between C'~2722 and CM 72,

The holomorphic constraints fix the coefficients of the two anti-holomorphic cubic vertices
C=2722 and C»*72 to be equal, implying C~2722 = CMA~2_ As discussed in [7], these two
anti-holomorphic cubic couplings are consistent even in the absence of additional higher-spin
vertices, since they form a consistent truncation of the full chiral higher-spin gravity.

We have thus identified a fully consistent quasi-chiral higher-spin theory that we call quasi-
chiral HS-GR, at least up to the quartic order, comprising a specific set of cubic and quartic

vertices. The theory contains the following interactions:

{O_z,_m = O M2 hﬁif;fﬁ,)_g)} ‘ (4.6.36)

Notice that summing over all values of A\ gives a theory that remains consistent. Indeed, no
new types of exchange diagrams are generated.
If we now attempt to include the holomorphic cubic vertex of gravity, C*%~2, we can form

the two-derivative exchange diagram in Figure 4.21.

A 2
—2 2

- -2
Figure 4.21: (2,2) CC exchange diagram.

This exchange diagram does not admit a quartic vertex that solves the quartic constraint.
Interestingly, the same phenomenon also appears in the case of Yang-Mills-like interactions.

In this case, we obtain the quasi-chiral HS-YM theory — an extension of self-dual Yang-Mills
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theory — comprising the couplings

{Chmtt = oM AT oM A Y Y (4.6.37)
As before, summing over all values of \ gives a theory that remains consistent. Attempt-
ing to include the holomorphic cubic vertex C1'%~! leads to inconsistencies, similar to those
encountered in the case of quasi-chiral HS-GR.

We expect that additional quasi-chiral higher-spin theories may exist that do not include

the SDYM (C~1~11) or SDGR (C~%722) cubic vertices. It would be interesting to classify all
possible quasi-chiral higher-spin theories.
Comparison with the literature. To our knowledge, the only other work that discusses
quasi-chiral higher-spin theories is [178], in which the authors consider the possibility of extend-
ing higher-spin self-dual Yang-Mills theory (HS-SDYM) [122, 123] to a quasi-chiral framework
by allowing the presence of both MHV and anti-MHYV cubic vertices.

The theory described in [178] features, in our notation, the following spectrum of cubic
vertices:

{C—sbt Osvmsnly $,81,50 >0, (4.6.38)

where, as emphasised in [178], the positive-helicity external fields are restricted to spin-1 in order

to preserve gauge invariance. The authors also computed four-point color-ordered amplitudes

(which we will reproduce later) given by
<12>2s+1

“1(1;2;3T4T)::25575552113’ A(172{374]) =

<13>23+2
(12)(23)(34)(41)

(4.6.39)

They further discuss an analogue of the Parke—Taylor formula for the n-point scattering of this
theory. It is also noted that allowing the positive-helicity legs to carry arbitrary spin, rather
than being fixed to spin-1, would make the amplitudes non-local.

We argue that the theory in [178], named HS-YM, does not define a local theory; rather, it
defines a non-local one. As we have proven above, the simultaneous presence of both Yang—Mills

cubic couplings C~41t and C—H11

cannot be locally consistent with any cubic higher-spin
coupling. In particular, from (4.6.37), the light-cone analysis indicates that the consistency of
the theory requires the presence of the cubic vertex C*~%!. However, together with C~5~11,
this inevitably leads to non-locality.

Nevertheless, the theory remains of considerable interest, both for the way it evades various
no-go results and for the peculiar structure of its non-localities, which merit further investiga-

tion. In particular, it admits a simple Lorentz-invariant formulation.

4.7 Four-point higher-spin amplitudes

In the previous section, we demonstrated that a local and unitary higher-spin theory cannot

consistently include parity invariant pairs of non-abelian cubic interactions. Nevertheless, we
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also observed the presence of many non-trivial local quartic vertices that solve the quartic
constraint (4.4.24). Whenever such a local quartic vertex exists, one can construct a well-
defined local four-point amplitude by combining the exchange contributions with the quartic
contact term. Even though the local quartic vertices appear quite complicated,®® the amplitudes
take an especially simple form when expressed in spinor-helicity variables.

As we will now see, contrary to the self-dual sector,3* none of these local four-point am-
plitudes vanish, providing an explicit counterexample to the standard expectation that local
higher-spin amplitudes should vanish. These amplitudes evade Weinberg’s soft theorem, as
shown in [215]. To determine the local four-point amplitudes for generic spins, one could pro-
ceed following the same strategy adopted for Yang—Mills theory and gravity in Section 4.5.2.

A more systematic approach is provided by the spinor-helicity formalism, which naturally
incorporates the little-group scaling of massless amplitudes while implementing locality through
consistent factorisation. In [127], it was shown that the light-cone deformation procedure for
constructing interacting massless theories in 4d flat space is equivalent to searching directly for
spinor-helicity amplitudes satisfying the appropriate little-group scaling properties and locality
constraints, the latter being reflected in the presence of only simple poles. It was further
argued that this reformulation provides a more efficient framework for the search for consistent
higher-spin interactions. Here we follow precisely this strategy. In several cases, we explicitly
verify the resulting amplitudes by summing the contributions from the local quartic vertices
and exchange diagrams derived in the light-cone gauge.

Using this approach, we provide a complete classification and explicit expressions for all local
higher-spin four-point amplitudes. To the best of our knowledge, this is the first systematic and
exhaustive determination of this class of amplitudes. Partial results and specific examples had
previously been obtained in [140, 141, 157, 265, 268, 269, 288, 289]. In addition, the quasi-chiral
HS-YM amplitudes were previously derived in a covariant formulation in [178].

The recipe for determining the local amplitude A(1,,2,,3x,4,) for generic helicities is as

follows:

1. We have to match the little group scaling:

L0 .0 .
2Ai = Ny — Ny, Njg = ’Z]Wa Ny = <Z|W7 1=1,2,3,4, (4.7.1)

where Nj; and Ny; are the powers of |i] and (i| in the amplitude, respectively.

2. We notice that every local four-point amplitude can be written as follows:

ALy 203540, ) = p(s, £)[12]7 (34)72 [13]7# [14]™ , (4.7.2)

33While the light-cone formalism has proven extremely efficient in the self-dual sector, where only cubic
vertices are present and amplitudes can be computed with remarkable simplicity [194-196], it is likely not the
most suitable framework for computing amplitudes in the presence of higher-point vertices.

34In the self-dual sector, amplitudes vanish identically [7, 8]. Moreover, amplitudes can only have helicity
configurations (++++) and (+++—), and are therefore necessarily non-MHV.
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where x1, T2, x3, 24 € Z, and p(s, t) is a meromorphic function of the Mandelstam variables

s and t,%

as u can always be recovered via s +t +u = 0. To demonstrate that every
spinor-helicity expression for a four-point amplitude can be cast into this form, one needs

to apply momentum conservation:

W= —s—t, (12) = —[1—5’2], (13) = —ﬁ, (14) = —ﬁ, (4.7.3a)
B [13}(34) B [14] <34> B —t[lQ] B u[12]
e =- ey = T = e A= s (A7)

In general, there are other possible structures besides (4.7.2). For instance, one may
replace [13] with [24], or [14] with [23]. More generally, one is allowed to permute the
labels 1,2, 3,4 on the right-hand side of (4.7.2), as well as to exchange square and angle
brackets, [ij] <> (ij). However, as we will explain below, configurations such as [12]*[34]*2
and (12)*1(34)*2 are excluded.

3. The expression above can be constructed for arbitrary choices of the external helicities.
We now impose the stronger requirement that the amplitude is generated by the exchange
of two cubic vertices, as depicted in Figure 4.4. This requirement enforces the factorisation
properties of the amplitude and, consequently, provides the constraints necessary to ensure
locality.

The form of the amplitude in (4.7.2) requires a minimum of D derivatives carried by the
quartic vertex. Therefore?® D = n4+m — 2 = A\jg — Ay + 2w — 2,37 must exceed the
minimal number required by the little-group scaling d = x1 + x5 + 23 + 74 in (4.7.2).
Taking into account possible poles, then D — d + 2k > 0. The integer k takes the values
k = 0 for a pure quartic vertex, k = 1 in the single-channel case (A4 ~ 1/s), k = 2 in the
YM-like case (Ay ~ 1/st), and k = 3 in the GR-like case (A4 ~ 1/stu). By applying the
constraint D — d + 2k > 0 to any possible d coming from all local four-point amplitude
expressions such as in (4.7.2), we reproduce the same algebraic constraints discussed in
(4.6.8) and (4.6.9).

Before studying the constraints imposed on four-point amplitudes, let us justify the statement
made above and prove that the following procedure is equivalent to standard factorisation.
The advantage of this approach is that it can be applied systematically, given any four external
helicities, and it does not require checking factorisation channel by channel.

“Fast factorisation”. We now explain why the above procedure (which we shall refer to

as fast factorisation) is equivalent to the usual factorisation. The first step is to show that the

351f we require the locality of the amplitude, p(s,t) must contain at most single poles. Then we can also write
p(s,t) = ﬁP(sJ), where P(s,t) is a polynomial in s and ¢, and a,b,¢ =0, 1.

36Here, D can equivalently be understood as the momentum degree (mass dimension) of the four-point
exchange amplitude generated by two cubic vertices AP ~ ‘g(")p%\/?,(m) ~ pttm=2 o [M]tm-2,

37Here, w denotes the helicity of the exchanged field; when only a quartic vertex is present, w is just a way
to assign a number of derivatives to the specific quartic vertex.
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general form (4.7.2) of a four-point amplitude is unique, up to permutations of the external
legs 1,2, 3,4 and the exchange of square (] |) and angle (()) spinor brackets. This follows from
an explicit construction.

Since the amplitude is gauge invariant, it can only depend on the external spinors through
Lorentz-invariant spinor contractions. Without loss of generality, we first fix the little-group
weight of particle 2, by starting with either Ay ~ [12]**2 or Ay ~ (12)72*2. After this choice,
the remaining little-group weights must be fixed using spinor contractions involving the other
external legs. There are only three independent spinor brackets left, namely (13), (14), and
(34), where (ij) denotes either a square bracket [ij] or an angle bracket (ij). The most general

ansatz therefore takes the form
A(15,25,3x40,) = p(s,1)(12)*1(34)*2(13)%2(14)"* . (4.7.4)

Since the Mandelstam variables carry zero little-group weight, they can appear with arbitrary
powers, p(s,t), without affecting the little-group scaling. All other possible ansétze are then
found by arbitrary permutations of the external legs. For example, replacing (13) by (24) is
equivalent to the permutation (1,2) <> (4, 3).

For each factor (ij) we may choose either a square or an angle bracket. However, the two
configurations [12]"1[34]*2 and (12)**(34)"* are excluded. There are two reasons for this. First,
if the amplitude is required to arise from a factorisation channel, such structures can never be
generated by gluing two three-point amplitudes. To see this explicitly, consider a factorisation

channel in which the internal momentum is k,,:

Ay = ADL 400 pophaegppreremi oo gy o gyt gy deto—ds
’ ’ (4.7.5)
The resulting four-point expression can never reduce to a structure containing [12]"*[34]"> with
both @1, s # 0; the same applies to £(12) (34)"2.

There is another, more fundamental reason for excluding such configurations. Allowing
them would destroy the predictive power of the pole structure, which is essential for analysing
factorisation. Indeed, one would have to enlarge the class of admissible functions p(s,t) by
allowing arbitrary dimensionless cross-ratios of the Mandelstam variables, such as powers of
(s/t), (t/u), and (u/s). Although these factors preserve both the little-group scaling and the
total number of derivatives D, they can generate higher-order poles. In fact, such poles can
always be removed by trading them for different spinor structures. For example

2 t2

“—[12]2[34]2 = [13]%[24)%, [12]?[34]* = [14]*[23]?. (4.7.6)

52 s2
Consequently, the pole structure is no longer uniquely determined by the chosen spinor ansatz.
In contrast, for the ansétze considered here, such as (4.7.2), the poles contained in p(s,1)
cannot be eliminated by the accompanying spinor factor [12]*1(34)*2[13]*3[14]** even after using

momentum conservation. This uniqueness of the pole structure is what makes this method
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powerful to classify the most general four-point amplitudes satisfying factorisation.
Fast factorisation = Factorisation. We now prove that fast factorisation is equivalent

to the usual notion of factorisation.

e Factorisation — Fast factorisation.

Ordinary factorisation implies that, when an internal particle goes on-shell, the four-point
amplitude factorises into a product of cubic amplitudes as A, — A;(J,"%Aém) (and analo-
gously in the t- and u-channels whenever the corresponding poles are present). Since each
cubic amplitude has the correct little-group scaling, the resulting four-point amplitude
automatically inherits the appropriate little-group weights. It can therefore always be
expressed in the form (4.7.2), or, more generally, as a sum of three terms of this type.>®
Moreover, by construction D > d — 2k. The special case D = d — 2k corresponds to a

constant polynomial numerator in the Mandelstam variables, for instance P(s,t) = 1.

e Fast factorisation — Factorisation.

Conversely, fast factorisation states that the amplitude can be written in the form (4.7.2)
with D > d — 2k. If the amplitude contains one (1/s), two (1/st), or three (1/stu)
physical poles, then it can be factorised in the corresponding channels. For the s-channel,
one may write Ay — Agn)%Aém), where n +m — 2 = A9 — A34 + 2w; — 2 = D, which fixes
ws = 3 (D 42+ A\gg — Ai2). Similarly, if a ¢-channel pole is present, Ay — Aé”)%Agm),
with n4+m —2 = Ay — Aoz +2w; —2 = D, so that w, = % (D + 2+ Aoz — A14) . Likewise, if
a u-channel pole is present, Ay — Afg,”)%Ag’"), withn+m—2=XA3— Ay +2w,—2=0D,
which gives w, = % (D + 24 Aog — A\i3). Therefore, every amplitude satisfying the fast
factorisation criterion admits a factorisation into appropriate three-point amplitudes in

every physical channel in which a pole is present.

Let us make a few remarks. First, the degrees n = A\j2+w (of the holomorphic cubic amplitude)
and m = —A3y + w (of the anti-holomorphic cubic amplitude) must be identical in all three
channels. Otherwise, the three factorisation channels cannot form the same four-point ampli-
tude. This follows simply from counting angle and square brackets: momentum conservation
can reshuffle spinor products ((1k)[k4] = (12)[24] = —(13)[34]) but never changes their number.
This is precisely the same condition encountered in the light-cone formalism, where the powers
of P and P must coincide in all channels for the three exchanges to belong to the same quartic
constraint.

As a consequence, specifying the exchanged helicity w in the s-channel uniquely determines
the corresponding exchanges in the ¢- and wu-channels. Indeed analysing a single exchange
diagram is sufficient to determine whether an amplitude can factorise in one, two, or all three

channels.

38 As we will see in the single-channel case A4 can be decomposed as A4 ~ A, + A; + A, where A, ~ %,
Ay~ L and A, ~ L
t T U w”
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We also emphasise that there is always a representation free of spurious poles. In particular,
the representation with maximal d is manifestly local, with the only poles arising from the
physical propagators. This follows from the fact that any denominator in (4.7.2) involving
spinor brackets can always be converted into a numerator by exchanging angle and square
brackets.

In the following, we derive the constraints imposed by fast factorisation and illustrate them
through several examples, highlighting the properties discussed above.

Applying the first and second rules described above gives the following form of the amplitude
A(13,23,35,40,) = p(s, 1)[12]222(34) M~ A2sa [13]Ms a1 4] Aes (4.7.7)

where d = 3A\; — Ag34. By considering the constraint D — d + 2k > 0, for (4.7.7) we get
M< mt+wt+k—1. (4.7.8)

If we start from a different ansatz for the amplitude, for instance, exchanging [ij] with (ij) in
(4.7.7), then starting from

A(13,25,3x,4x,) = p(s, 1) (12)222[34] M HAsa (13) st Aea (1)~ Mathes (4.7.9)
then d = —3\; + Ag34; by considering again the constraint D — d + 2k > 0, we obtain
M > —%(—)\34+w+k—1)——%(m+k—1). (4.7.10)
If, instead, we permute the RHS labels (1234) in the ansatz (4.7.7) with (3214), we have
A(1,2),3x4x,) = p(s,1)[32]222(14) 37214 [3]]As1—A2a[34]Asa A (4.7.11)
then d = 3\3 — A214. The constraint does give

/\3§%(/\12+w+k:—1):%(n+k—1). (4.7.12)
By further exchanging [ij] with (ij) and then having
A(1),2),30,4x,) = p(s, 1)(32) 72 2[14] e A4 (31) ~Asrthaa (34) ~Asatrar (4.7.13)
then d = —3X3 + A214, we would obtain

M<As+wt+k—1. (4.7.14)

We now derive the constraints arising from all possible forms of (4.7.2). It is straightforward
to verify that the corresponding ansatze exhaust all possible values of d = 3\; — A, for every

permutation of ¢, j,k, ¢ = 1,2, 3,4. Evaluating each case, we obtain the following minimal set
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of independent constraints:

/\1§)\2—|—w—|—k,‘—1, A2§A1+w+k—1, (4715&)
/\3§)\4+w+k5—1, )\4§)\3—|—w+k‘—1, (4715b)
)\12 > )\34, ]{720,1,2,3. (4715C)

Notice that the condition A2 > A34 is equivalent to (4.7.10) and also to (4.7.12) once we use
(4.7.15a) and (4.7.15b). These are a rewriting of the conditions found above: (4.6.8), (4.6.9),
and (4.6.11). The additional conditions n = A3 +w > 0 and m = —A34 +w > 0 must be added
by hand to ensure we are looking at non-holomorphic amplitude.

The conditions (4.7.15) can be used in two complementary ways. If we are only interested in
constructing amplitudes, then for a fixed value of k, every choice of helicities (A1, A2, Az, A\, w)
satisfying (4.7.15) defines an amplitude A(1,,2,,3,4,,) that factorises correctly into k channels,
whose explicit form is given by (4.7.2).

Alternatively, if the goal is to recover the information encoded in the light-cone tables, one
can proceed as follows. Whenever (4.7.15) are satisfied, the exchange (1234) is allowed. As
a direct consequence, the exchanges (4123), and (1324) are always allowed as well®®, whereas
(3412) is allowed only if A5 = A34, (2341) only if A4 = Aog, and (2413) only if Aj3 = Aoy These
conditions follows directly from (4.7.15). For instance, if (1234) is allowed, then A5 > Asy;
demanding that (3412) be allowed as well implies A3y > Aja, and hence A\ = A3y The
remaining cases follow analogously. Moreover, the relations among the various couplings can
also be determined completely. We will illustrate this procedure below.

We can now begin to present the explicit form of all local four-point higher-spin amplitudes.
Even though, as pointed out above, a given amplitude generally admits several equivalent

representations, we choose a canonical one by maximising the quantity d, namely

d= A — Njke, =3\ + Njke} s gk, 0=1,2,3,4. 4.7.1
#I;glfg;e{?) ke, —3Ni + Ajre} i, ] 3 (4.7.16)

As discussed above, the representation with maximal d makes locality manifest, with the only

poles arising from the physical propagators.

Quartic amplitudes from quartic vertices. When the conditions (4.7.15) are satisfied for

k = 0, local quartic vertices are allowed. These correspond to the solution of the homogeneous

quartic constraint studied above and lead to the following amplitudes:

]
a

AP (1,,2,.3,,4,,) = ¢; ST ) [12]22 (34) M A3 s dea [ g ahes (47,17
1 2 3 4

" ‘

homo

Il
=)

%

where the ¢; are %l + 1 free coefficients.

39This differs slightly from the various tables shown because the helicities are ordered here so that d is
maximal.
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Single-channel amplitudes. When the conditions (4.7.15) are satisfied for k& = 1, single-

channel amplitudes are allowed, and the most general four-point amplitude is

AP (14,2),35,4y,) = AP + AP 1 AP (4.7.18)

where
AP (15,2),3040,) = kstﬁlj+2[12]2A2<34>A1—A234[13]A13—A24[14JA14—A23-+-¢4§§;0, (4.7.19a)
2 (13,2035,40,) = ktull€+2[12PA2<34>A1‘AZ“[13}“3—*%114}M4—A23+-¢4ﬁilo, (4.7.19D)
AP (12030 4,) = kzustz [12]2% (34 a3 4 AD) L (4.7.190)

where we selected a representative four-point amplitude, noting that the addition of homoge-
neous solutions can always modify the explicit form of the term with the pole. The coefficients
ks ~ CC are the products of cubic couplings in the s-, ¢-, and u-channel. In particular, we

have*0
by = by = ks [ —— [ —— (4.7.20)

where, as discussed above for quartic vertices, coefficients such as k; and ks are equal only
when both are nonzero. It may nevertheless happen that consistency requires one of them to
vanish. This can be seen explicitly by checking whether a given exchange contribution satisfies
the conditions in (4.7.15). The same reasoning applies to the pairs (kq, ky) and (ks, kg).

For the special case when D = d — 2, we have a unique solution corresponding to

o

AL (L, 20,30, 4,) = (1212 BHN L3 1P (4.7.212
S
_ k

A (1, 20,80 00) = 2O 18P 1P, (4.7.21b)
ku

AL (L, 20,30, 41,) = 122 1P, (17210
u

Note that if we sum single-channel amplitudes as in (4.7.18), they will admit factorisation into

three channels if kg, k;, k, # 0 or two channels (for example, s and t) if we take k, = 0.

77777
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YM-like amplitudes. When the conditions (4.7.15) are satisfied only for & = 2, and we have
D = d — 4, YM-like amplitudes are allowed, and we obtain the following unique amplitudes

ks

A (1,,20,3040,) = S—tt[12]2*2<34>*1—A234[13]A13—A24[14]A14—A23 : (4.7.22a)
kus — — —

A (15,2),3),4, ) = ——[12]22(34) M1 s [1 3]s ea [ 4] os (4.7.22b)
us
K,

A (15,2,,30,40,) = t; [12]22 (34) M1 Az 3]z [14]Ma A2 (4.7.22¢)

Here, by factorisation, we get the following relations among the various couplings kg = ks = ki,
kys = ky, = kg, and ky, = ky = ky, then ky = ks = ki = ks = ky = k, = k. There is a unique
coupling. Moreover, if we sum over all of them and look for an amplitude that has three poles,

we get

A(d_4)(1)\12/\23/\34)\4) = A Vi + Aui 4 + A(d Y
4.7.23
— /{3(8 +i+ u) [12]2>\2 <34>)\1*>\234 [13]&3*)\24[14])\14*)\23 =0. ( )
stu

This tells us that a GR-like amplitude cannot exist. For instance, Yang—Mills theory does not
admit a GR-like amplitude. More generally, however, the statement is stronger: no YM-like
amplitude can ever generate a GR-like one. The same conclusion can also be reached in a more

conventional way by searching for an amplitude of the form
k:st kus k

+

A(d—4)(1)\12>\23>\34)\4) — (g + - ﬁ) [12]2)\2 <34>>\1—>\234[13]>\13—>\24[14]>\14—>\23 ) (4724)

Consistent factorisation (by matching the s, ¢, and u residues) implies:

S:(@_’%):E Rt:(@_@):_g Ru:(kus_@):_@,
t t t U U U S S S

(4.7.25)

where R, denoted the s-channel residue of A% 4! and similarly for the ¢- and u-channels.

The system of equations (4.7.25), in order to admit a solution [204], does require
ks — iy = ko . (4.7.26)

This is the modified Jacobi identity, analogous to the one encountered in Yang—Mills theory
n (4.5.11). This observation suggests the possibility of extending color—kinematics duality
and the double-copy construction to higher-spin amplitudes in the non-holomorphic sector.
Color-kinematics duality and the double-copy have already been explored in the self-dual sector

for higher-spin theories, where the underlying kinematic algebra is particularly tractable [123,

41'We recall that the s-channel residue is obtained in the limit (12) — 0 and [34] — 0. More generally, consider
an amplitude A(1x,2x,3x,4x,)- If A2 +w > 0 and A\34 — w < 0, the p?; — 0 limit is reached via (12) — 0 and
[34] — 0. Conversely, if A\j2 +w < 0 and Az4 — w > 0, the same limit is reached via [12] — 0 and (34) — 0.
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177].

In the following we will show that, at the level of four-point amplitudes, color—kinematics
duality and the double-copy construction can indeed be extended beyond the self-dual sector.
At higher multiplicity, one could attempt to reorganise the amplitudes into a representation
better suited for the analysis of color—kinematics duality [290, 291].

GR-like amplitudes. When the conditions (4.7.15) are satisfied only for k£ = 3, and we have
D = d — 6, GR-like amplitudes are allowed, and we obtain the following unique amplitude

kst;: [12)222 (34) M —A2sa [ 3] M8 —Aoa g g]Ma—Aos (4.7.27)

-Agtu )(1>\1 2>\2 3>\34>\4) -

where consistent factorisation fixes kg, = ks = ki = ky, = k.
From the expression of the YM-like amplitudes in (4.7.22) and the GR-like amplitudes in
(4.7.27), it is simple to see

AT = A = ST, (4.7.28)
and .
_ S

AGE) (193,200,300, 4o, ) = E(A(d D10, 203040,)) " (4.7.29)

At four points, these structures imply the existence of color-ordered amplitudes, the BCJ ampli-
tude relations for YM-like amplitudes, and the double-copy construction of GR-like amplitudes
from YM-like ones, via KLT relations [292]. We will investigate these relations in greater detail
in the following, providing several explicit examples.

We stress again that all the amplitudes described above are local amplitudes. We now
present some explicit four-point amplitudes for several representative examples.

External scalar fields. We start with amplitudes involving only external scalar fields, then
d=0and k = 0. From (4.7.17), we find

D/2
Abono(10203040) = Y (¢ 'tP/>77) (4.7.30)

1=0

In the case of ¢* theory, then for D = 0, we have Ah0m0(10203040) = ¢, where ¢y corresponds
to the ¢* coupling constant.

If we now consider the single-channel amplitudes, then d =0, k = 1, and D = 2w — 2. From
(4.7.19) we find

AR9=2)(10203040) = KL + A2 (1090304, (4.7.31)

homo

where k, = CO9«(C~200 and if we consider all three channels (4.7.18) we get

w UJ

t w—
A(Qw 2)<10203040) - k — —|— kt_ + k ‘|‘ A (2 2)<10203040) : (4'7'32)

homo
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In the case of ¢® theory, then for w = 0 and k, = k; = k, = k, we get

A2 (10203040) = k(l 1y 1) : (4.7.33)
s t wu
where k = (C%%9)% is the square of the ¢* coupling constant.
It is worth noting that the four-point amplitudes constructed remain valid for the ¢ theory,
even though the case n,m = 0 was excluded from our analysis.
We also note that four-point amplitudes with external scalar fields and higher-spin exchanges
were previously computed in [6], where their explicit expressions in the light-cone gauge were
derived.

External helicities A\; 234 = +1. We have again d = 0 and k£ = 0. From (4.7.17), we find

D/2

2
(D) (1+o9+at +) — oigD/2—i [12]
Ahomo(l 27374 ) - ; (Cz s't ) <34>2 . (4734)
For a local amplitude we require D > 4. For D = 4, we find
AW (1+2+30A4T) = ¢ [12)2[34]% + 1 [12][34][14][23] + co[14]2[23]?
= ch[12]7[34]* + ¢, [13]%[24])% + ¢} [14])*[23)? (4.7.35)

2 t2
= [12]7[34]% + c;Z—Q[12]2[34] + 06?[12]2[34]2 ,

where we used the Schouten identity, [12][34] + [14][23] = [13][24] and redefined the coefficients
according to ¢y = co— %, ¢} = 5, and ¢ = ¢o— 5. As already remarked, this illustrates that an
ansatz containing the factor [12][34] would require the function p(s,t) to include contributions
involving cross-ratios, such as u/s and t/s. Consequently, the locality of the amplitude would
no longer be manifest in this parametrization.

If we now consider the single-channel amplitudes, then d = 0, £ = 1. Moreover, by the
requirement that m > 0, we get w > 3, then D > 4. From (4.7.19) we find

# [12)?

Ag2w72)(1+2+3+4+) — ks_ + A(2w72)(1+2+3+4+)7 (4736)
S

<34>2 homo

where k, ~ CH1@C=%b1 and if we consider all three channels (4.7.18), we get

[12]*

(312 + AP (1+273%41) (4.7.37)

tw w W
A=) (1Ho T3yt = (ks— + ktu? + kus—)
S Uu
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Yang-Mills theory. For Yang-Mills theory, from (4.7.22), we find

A9 (1r2t3747) = k:M [12]3(34)% = —kYM%, (4.7.38a)
AO(1t2+3747) = kﬁﬂ [12]2(34)% = —kYM% : (4.7.38D)
A0 (1tat3747) = kt‘;M [12]2(34) = —kynt [23][2[i]2[]13][14], (4.7.38¢)

where kyy ~ CTL=1CL=1-1 From this representation, it is immediate to see A\ (17273747) =
§A§2)(1+2+3—4—) = A§2>(1+2+4—3—). The remaining two amplitudes correspond precisely to

the two standard color-ordered amplitudes:

A(1F273747) = — MA“ (1t273747) = % (4.7.39)
A(1T372747) = — kYMA J(17273747) = [13“3[21]2[]2 T (4.7.40)

These are again related, as a consequence of s + ¢+ u = 0, that implies Ag? +AY + AE?) =0.
Moreover, just by looking at (4.7.38) we find A" (172{3747) = 5A§?(1f2f31_41_). This is the
simplest example of BCJ amplitude relation [290].

Gravity. For gravity, from (4.7.27), we find

12]4(34)*

AD (15253745 )—kGR[ (4.7.41)

stu

where kgr ~ C*%72C%7272 This can also be obtained by double-copy from the Yang-Mills
quartic amplitude via the simplest of the KLT relations [290]

st

AR (1F253547) = = (AD(172%3747))?, (4.7.42)
u

stu
after the identification of kqr = k2.
Quasi-chiral HS-YM. For the quasi-chiral HS-YM theories found above, four-point ampli-

tudes are a simple generalisation of the YM ones

A=A (ar2rsray) = Btpuapeaye - i L (4.7.43
st s 4s 91 % st [23][34][41] o
AZD(1k2f3747) = @[12]2%34)2 = — kMt i (4.7.44)
us ATs Ss TLE us MT13][34][24]° -

(25—2) ;1 ++a— 41—\ __ @ 2s 2 _ HS [12]2S+2

where K ~ 0557100171 As before, we have AG 2 (17253747) = LA P (1523747) =

./4(28 2 (1;2;41 37 ). The remaining two amplitudes correspond to the two color-ordered ampli-



214 CHAPTER 4. MASSLESS SPINNING FIELDS ON THE LIGHT-FRONT

tudes:
5 o 1 [12]25—&—1
15243747) = Cs2 (123747 4.7.46
A( s “s 1 1) kHS‘A ( ) [23][34“ ] ( a)
A(1F372747) = (25-2)(1+9F3-47) = (12 (4.7.46D)
O A [13][32][24][41] -
These amplitudes are also related as a consequence of s + ¢ 4+ u = 0, that implies A(QS 2 4

AZD 4 AP0 = 0. Moreover, just by looking at (4.7.38), we find Alzs?) (1j2j31 47) =
5./45?8 2 (1:2:31 1) This is a BCJ amplitude relation for higher-spin amplitudes in the non-
holomorphic sector. More generally, the same applies to all YM-like amplitudes (4.7.28).

The expressions (4.7.46) coincide with those found in [178], although we have already em-
phasized that the theory described there exhibits a certain degree of non-locality. Setting s = 1,
we recover the standard Yang-Mills four-point amplitudes.

Quasi-chiral HS-GR. For the quasi-chiral HS-GR theories found above, the four-point am-

plitudes are a simple generalisation of the GR ones

12]2(34
AR (11235 47) = kHS%, (4.7.47)

k83 ~ C5572C%7272, Setting s = 2, we recover the standard MHV four-point graviton

where
amplitude. Some of them can also be obtained by a ”"double-copy” for higher-spin amplitudes
from the four-point amplitude of HS-YM via

AL g253,45) = (AT 01 23047))°, (4.7.48)
after the identification of ki = (ki9)%. More generally, the same applies to all GR-like
amplitude (4.7.29).

We emphasise once again that the conditions in (4.7.15) precisely coincide with those ob-
tained in the light-cone Hamiltonian formulation, namely (4.6.8), (4.6.9), and (4.6.11). This
agreement is expected, as it was shown in [127] that the light-cone deformation procedure can
be reformulated entirely in terms of the spinor-helicity formalism at all orders in the interaction.

Let us stress, however, that the existence of local four-point amplitudes does not by itself
guarantee the existence of a local Lorentz-invariant theory. Indeed, while a given four-point am-
plitude may be local, other amplitudes in the same theory may still be non-local. Establishing
Lorentz invariance of a theory requires verifying the full set of amplitudes, a task that we carry
out explicitly in Section 4.6. From the light-cone perspective, this corresponds to determining
whether, for a given set of cubic vertices, the quartic light-cone consistency condition admits
a local solution. In some cases, although local quartic vertices solving some of the constraints
do exist, additional non-local quartic vertices are nevertheless required to solve all of them.

The strategy pursued here, as already suggested in [127], may provide a viable route towards

solving the light-cone constraints at all orders in perturbation theory. This would require a
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systematic investigation of the existence and form of general n-point higher-spin amplitudes.
Such a program would be analogous to the search for compact expressions for known classes
of amplitudes, such as the Parke—Taylor formula for tree-level MHV scattering amplitudes of n
gluons [293, 294], the tree-level MHV graviton amplitudes [295, 296], and also that of the quasi
chiral HS-YM amplitudes [178].

The same ideas are likely applicable to holomorphic amplitudes, potentially reproducing
the results of [6, 7]. Furthermore, from the amplitude perspective, the extension to fermions
and massive fields seems more direct [204].

We conclude by observing that the YM-like and GR-like amplitudes constructed above do
not admit homogeneous quartic contributions. This absence suggests the possibility that a
suitable complex momentum deformation, analogous to the BCFW shift, may exist such that
the boundary contribution at z — oo vanishes. Establishing the existence of such a shift would

allow for the construction of higher-point amplitudes through on-shell recursion relations.

Abelian vs Non-abelian cubic vertices 11

Here we show that the conditions in (4.7.15) contain information about the nature, abelian or
non-abelian, of the cubic vertices entering the amplitude. It is straightforward to see that, if
we require an amplitude to contain at least one cubic vertex saturating the bound in (4.7.15)
for k = 1, then at least one of the cubic vertices must satisfy (—s1, $2,s3) with s1 4+ s9 = s3,
or a parity-related equivalent condition. Similarly, requiring saturation of the bound for k = 2
implies that at least one cubic vertex satisfy (—si, s2,$3) with s; + s + 1 = s3, or a parity-
related equivalent condition. Finally, saturation of the bound for k£ = 3 requires the presence
of at least one cubic vertex that satisfy (—sq, s2, s3) with s; + s5 + 2 = s3, or a parity-related
equivalent condition. These three condition are associated with the three classes of four-point
amplitudes: respectively, single-channel amplitudes (k = 1, then s; + s = s3), YM-like (k = 2,
then s; + s9 + 1 = s3) and GR-like (k = 3, then s; + so + 2 = s3) amplitudes.

This is consistent with the interpretation of cubic vertices as abelian or non-abelian given in
Section 4.6, following [112]. Our analysis provides an on-shell characterisation of this distinc-
tion, making its relation with the light-cone formulation more explicit. Furthermore, it reveals
a stronger constraint: while all abelian deformations are compatible with locality, the only
non-abelian deformations allowed by locality are those satisfying s3 = s1 4 s9 + 1 corresponding
to YM-like deformations, or s3 = s; + so + 2 corresponding to GR-like deformations. More

generally, deformations with s3 = s; + s9 + ¢, £ > 2 are excluded by locality.

4.8 Comments on non-local quartic vertices

From the analysis above, it is clear that although the landscape of local higher-spin interactions
is richer than previously thought, admitting some non-trivial higher-spin quartic vertices and,

as a consequence, certain quasi-chiral higher-spin theories, it also presents a clear obstruction
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to achieving parity invariance and unitarity without having to abandon locality. This also helps
explain why, in the covariant framework, where parity is sometimes implicit, no parity-invariant
higher-spin theory has ever been found.

This inevitably leads us, if we aim to construct a parity-invariant theory, to extend our
search to non-local higher-spin interactions. The difficulty with exploring non-local vertices in
a perturbative Noether-like approach is that, once we allow for non-localities of the form HLQ,
the deformation procedure becomes trivial. In the light-cone, allowing for such non-localities
trivialises the quartic constraint, as shown in (4.3.23).

We then follow the guidance of the light-cone deformation procedure. In doing so, we should
allow for certain non-localities, with the aim of constructing a unitary theory, while explicitly
excluding terms of the form HLQ This can be referred to as mild non-localities. Although the
resulting quartic Hamiltonian will contain transverse momenta in the denominator — and thus
be effectively non-local — it does not have to trivialise the scattering or make the amplitudes ill-
defined. In general, mild non-localities extend the space of admissible quartic vertices, opening
the possibility for a unitary higher-spin theory that accommodates both chiral and anti-chiral
vertices.

A systematic classification and analysis of all possible mild non-localities is a highly non-
trivial task. For instance, a mild non-local version of the (1,1) quartic vertex could take the
form

n n—1

WD (00) = B2 () + 2l o) 4 g fulw9) + fua (o)
34 34 34

Py prst P

+ = fara(@,y) + -+ 27 fon(@,y) + =
IP’34f +2(z,9) szlﬁ (z,y) By,

(4.8.1)
f2n+1(xa Z/) :

However, other types of mild non-localities may also arise, such as

c1(Bi) P2 €1 (51)P%2
c2(Bi) P12 + c3(B:i)Pss Ca(Bi)Piy + c3(Bi)P1oPsa + ca(B:) P54

(4.8.2)

More generally, one may encounter expressions of the form

p1(P12, Psy, Bi) 1 (1?127 ]1?34, Bi)
p2(P12,Pss, Bi)  pa(Pi2,Psa, Bi)

(4.8.3)

where the complex conjugate has been added to ensure unitarity. Such mild non-local structures
would allow us to solve the quartic constraint (4.4.24). However, even without trivialising the
perturbative procedure, they may still give rise to a very large number of possibilities.

We can try to follow a different line of thinking. A method to address the potential non-
localities was proposed in [5]. Instead of searching for a local solution to the system (4.4.24),

the quartic Hamiltonian density is split into two parts:

hy = —RS<h 4 phomo (4.8.4)
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where h$*! is a non-local quartic Hamiltonian density (constructed ad hoc, as we review below)
with exchange-type non-localities (these are not of the form ~ HLQ) that solves the system
(4.4.24), and hh™° is a solution of the corresponding homogeneous system.

As emphasised in [5], a solution with exchange-type non-localities to (4.4.24) always exists,

taking the form

23 (_)wc«)\l,)\g,wc_v—w,)\37
S

A PR TP Byt g
2 X kg
(B + B2)* B Bs?

hgxh = (4.8.5)
to cancel the (1234) exchange diagram (4.5.49). The same form takes the solution for the other
exchanges upon permuting the helicities in (4.8.5) and substituting s with either ¢ or u.

Once h$*! is constructed, one can then search for the most general solution of the homoge-
neous system, which Metsaev also provided in terms of Jacobi polynomials. The next step is to

hhome with the non-local h$*M and determine under which

combine the homogeneous solution
conditions a local solution to (4.4.24) exists. This is the crucial question, which, however, is
not solved in [5].

This is the question we addressed above. We have shown that a local solution to (4.4.24)
exists if and only if D — d + 2k > 0, where D = A5 — A\34 + 2w — 2 is the total number of
derivatives carried by the quartic Hamiltonian density, d = #%17?]5; e{)\i — Njke, —Ai + A\jre} and
k = 1,2,3 for single-channel, YM-like, and GR-like amplitudes, respectively. This condition,
however, leads to the impossibility of a consistent local higher-spin theory, except for the case
containing only abelian cubic interactions.

Therefore, the only possible way to construct an interacting unitary higher-spin theory in
4d is to allow for a certain degree of non-locality (while avoiding singularities of the type HLQ)
Such non-localities would necessarily modify the pole structure of the resulting amplitudes. For
instance, they may introduce higher-order poles, or conversely remove poles altogether. As an
example, by choosing the quartic vertex to precisely cancel the exchange-type contributions as
in (4.8.5), the resulting four-point amplitude can be made to vanish.

Then a minimal example of a non-local theory at quartic order, consistent with the quartic
light-cone constraint, would consist of turning on all the local quartic vertices described above
and then reproducing all local four-point higher-spin amplitudes, while cancelling all remaining
non-local four-point amplitudes through the exchange-type non-local contributions in (4.8.5).

It would be interesting to investigate the structure of all possible exchange-type non-
localities, at least at quartic order, and determine whether they exhibit any special or universal
properties.

Concerning higher-order light-cone constraints (4.3.18), we expect them to behave in a way

analogous to the quartic one.*?

“2For example, in the covariant approach, it is possible to extend the triangular inequalities for abelian
vertices to quadrilateral inequalities and, more generally, to n-point inequalities that ensure the consistency of
higher-point abelian vertices, following the same line of reasoning used for cubic interactions. We can therefore
expect that analogous constraints to those found in the light-cone formulation can be extended to higher-point
vertices as well; where spin-1 and spin-2 will maintain a special role.
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4.9 Conclusions and discussion

In the paper, we carried out a detailed study of the full quartic constraint (4.4.1). We began
by developing a method to consistently address the problem of determining both the local
Hamiltonian quartic density hs and the corresponding boost densities j;~ and j;. We then
introduced two complementary approaches: one to construct explicit solutions and another
for systematically checking the existence of consistent quartic vertices (i.e. those that solve
the associated system of quartic constraints (4.4.24)), via Frobenius integrability. The latter
approach allowed us to compile several tables listing all quartic vertices that solve (4.4.24). We
then conjectured all such (n,m) quartic vertices, revealing the special role taken by the spin-1
and spin-2 fields.

Our analysis reproduced known no-go and yes-go results for lower-spin interactions. In
particular, chiral higher-spin gravity [4-6, 187-191] does not have a local completion in flat
space; see also [123]. An important novelty of our analysis is the ability to extract quartic
vertices involving higher-spin fields. Indeed, the method does not rely on any assumptions
about the high-energy behaviour but comes as a solution to the quartic constraint (4.4.18),
which is always well-defined. The same analysis can be carried out for fermions, as well as for
massive fields, starting from the work [128, 182].

Using the conjectured local quartic vertices, we determined all possible local unitary higher-
spin theories. We find that a consistent local higher-spin theory can contain only abelian cubic
vertices that satisfy the triangular inequality. Conversely, attempting to include nontrivial
lower-spin cubic vertices, such as the Yang—Mills or gravitational cubic couplings, leads to a
no-go result for local higher-spin interactions.

Even though the impossibility of having a local unitary higher-spin theory is confirmed,
many local higher derivative higher-spin quartic vertices have been discovered. This, in turn,
suggests the existence of certain consistent local “quasi-chiral” sectors. We have studied
and commented on the existence of a quasi-chiral HS-YM theory and a quasi-chiral HS-GR
theory. Quasi-chiral theories have both MHV and anti-MHV vertices, but they enter in
an asymmetric way with respect to the spins involved (the symmetric combinations of type
(M A —=A) ® (=X, =\, \) can exist only for A = 1,2).

Using the spinor-helicity formalism and imposing locality in the form of factorisation, we de-
termine all local higher-spin four-point amplitudes and identify four distinct classes: amplitudes
arising from self-consistent quartic vertices, amplitudes requiring a single exchange channel, am-
plitudes requiring two exchange channels (YM-like), and amplitudes requiring all three channels
(GR-like). The latter two classes are closely related to the standard Yang-Mills and gravity
MHYV four-point amplitudes. Furthermore, the YM-like amplitudes exhibit color—kinematics
duality [297], while the GR-like amplitudes can be obtained through a double-copy construction
[298], extending these ideas to higher-spin non-holomorphic amplitudes. Indeed, the holomor-
phic case has already been analysed in [123, 177]. See also [299], where color—kinematics duality,
and in particular the self-dual higher-spin kinematic algebra, is employed to construct all n-

point half-collinear self-dual higher-spin amplitudes as generalisations of half-collinear self-dual
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Yang-Mills amplitudes [300].

A very interesting question to explore is whether colour—kinematics duality and the double-
copy construction in the form of the KLT relations we have found for higher-spin non-holomorphic
four-points amplitudes, extend in some way to all local n-point tree-level amplitudes.

One important remark is that, although it was long believed that higher-spin theories require
an infinite spectrum of fields in order to be consistent, this is not necessarily the case. In fact,
it was already observed in the chiral sector in [7], and also hinted at in [6], that such an infinite
spectrum is not strictly required. Moreover, the study of the full quartic constraint does not
appear to indicate any preference for an infinite spectrum over a finite one. As we have seen,
the obstruction arising from locality is the same in both cases, whether the spectrum is infinite
or finite. Moreover, the “quasi-chiral” theories we have found seems not to require an infinite
spectrum of higher-spin fields.

An interesting future direction would be to extend the idea of mild non-locality to AdS
and see if it improves the locality properties of the quartic vertices found via the AdS/CFT
correspondence in [158]. Note that for cubic vertices, the flat-space limit — when the cosmo-
logical constant goes to zero — is smooth, and the two classifications (cubic vertices in flat
and AdS spaces) coincide [121]. Also, there does not seem to be any mechanism that would
prefer a non-vanishing cosmological constant over flat space, as far as the higher-spin problem
is concerned, and we expect the same yes-go/no-go results to extend to AdS if one follows the
light-cone gauge path [121].

Perhaps most importantly, there is the search for the optimal definition of mild non-locality
for higher-spin quartic vertices. Such a definition would ideally allow for the existence of a
unitary higher-spin theory while preserving the desirable features of perturbative field theory. In
this work, we have proposed a concrete notion of mild non-locality. The analysis of possible non-
localities has also been explored from the CFT side [160-162, 301], and it would be interesting
to compare the two approaches to determine whether they are related in some way.

Finally, it would be interesting to interpret the results obtained for the local quartic vertices
in the context of a putative dual 2d celestial CFT. Indeed, in [8], building on the ideas of
[202, 205, 217], it was shown that the holomorphic light-cone constraint is equivalent to the
associativity of the celestial OPE. We expect that this relation can be extended to the full
quartic light-cone constraint and beyond. Achieving this would require a study of the “all-
order” celestial OPE [248, 249] and likely also the multi-particle celestial OPE [302]. Such a
connection could provide valuable insight into the relation between the existence of a consistent
gravity theory in the bulk and a well-defined celestial CFT with an associative OPE on the
boundary.
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4.A Unitarity and parity in the light-cone

Parity transformations are defined as
Pt = ¢, P:CYN = (C™™, P:Gg—q = P:P—P. (4.10.1)

At the cubic level, parity invariance requires C**223 = C—*:=22=%  On the other hand,
unitarity (i.e. a Hermitian Lagrangian) requires CM1A2A3 = (C~*1—A2=23)* 43 When both C
and C are real, the two conditions coincide, so the theory is simultaneously parity-invariant
and unitary. However, if the couplings are complex, one can, in principle, obtain a theory that
is unitary but not parity-invariant, or vice versa.

Imposing parity to hy. We begin by recalling that, for a three-point vertex, parity invari-
ance requires the presence of both its holomorphic and anti-holomorphic components. In fact,

parity exchanges the two as

7)\123 /\123
A1,A2,A3 P ¢ P Y=A1,—A2,— A3 P (4 10 2)
A1 QA2 QA3 A1 QA2 QA3 e
1557 By By By* Bs
For the quartic vertices, parity acts as follows:
q1,92,93,94 A1 42 A3 L Ag P [ 7.91,G2,43,G4 —A1 4—A2 L—A3 1—Ag
Hy ~ h>\17>\27>\37>\4 ¢Q1 ¢Q2 ¢QS ¢Q4 —  Hi~ h—>x1,—>\2,—/\3,—>\4 ¢q1 ¢Q2 ¢Q3 qa (4‘10'3)

where by h we mean the same expression as h, with the replacement ¢ <+ ¢, which effectively

corresponds to P <+ P. We can distinguish two cases:

o If the helicities of h4 are not a permutation of those of hy, no additional condition needs
to be imposed on the quartic vertex. In that case, achieving parity invariance proceeds
exactly as in the cubic case: we simply add hs to the spectrum of quartic vertices.
However, the presence of both vertices can introduce new constraints, possibly rendering
previously consistent configurations inconsistent, exactly as it happens in the cubic case

when attempting to parity-complete a chiral theory.

43Note that if we take even-helicity fields to be Hermitian matrices and odd-helicity fields to be anti-Hermitian
matrices, the conditions become CriAzds = (M2 C=A=A2=As for parity invariance and CMAzAs =
(—)M23(C~ M —A2:723)* for unitarity.
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Let us also note that for the quartic Hamiltonian density of type (n,m), with n # m,

that has the following dependence on transverse momenta
hy ~ PPl Dy~ PP (4.10.4)

parity exchanges an (n,m) quartic vertex with an (m,n) one, in direct analogy with
the cubic case. Therefore, to obtain a parity-invariant quartic vertex, both the (n,m)
and (m,n) must be present together. If one of them exists, it can always be “parity

completed” by adding the other.

e A distinctive feature of quartic vertices is that, for an (n,n) vertex, the helicities of hy
may coincide with those of hy up to a permutation. In such cases, one must impose
non-trivial symmetry conditions on the quartic vertex. Specifically, any permutation
symmetry acting on the helicities must be satisfied by the transverse momenta ¢. In

addition, we must recall that parity exchanges P and P.

Some useful transformation properties of f;(z,y), used in the main text, under permutations
of the external legs, are listed below. When z and y are defined as in (4.5.26), one finds

filz,y) = fi(—x,y) (1234) <> (2134), (4.10.5a)
filz,y) = fi(x,—y) (1234) «» (1243), (4.10.5b)
filz,y) = fily,x) (1234) <> (1243). (4.10.5¢)

When z and y are defined as in (4.5.27), one finds

filz,y) = fily, —x) (1234) > (2341), (4.10.6a)
filz,y) = fi(—z, —y) (1234) «» (3412), (4.10.6b)
fi(z,y) = fi(—y, ) (1234) < (4123). (4.10.6¢)

4.B Useful formulas and relations

For the variables z,y defined in (4.5.26), we have the following relations

Bi—PBs 2+x+y Bi—PBs 2+x—y
Bi+Bs  w—y Bi+Bs wty

Bo—Ps —2+x—y Bo—PBs  —2+x+y
Bot+Bs  z+y Bot By m—y

(4.11.1a)

(4.11.1b)



222 CHAPTER 4. MASSLESS SPINNING FIELDS ON THE LIGHT-FRONT

While for the variables x,y defined in (4.5.27), we have the following relations

B1+ B2 r—y Bi+ Ba r+y o
Bo—Ps 2—ax+y Bs—PBs —24+x+y

_ , - . 4.11.2h
Ba + B3 Tty Bs + Ba T—y ( )

For four-point scattering, we have 2 independent P variables, which, for example, can be chosen
to be P15 and Pyy. Additionally, there are three independent §’s. All other I@ij can be expressed

as
Py — BsP1a + 1P3y ’ Py — _Pu(@ + B2 + f5) + B1Psy ’ (4.11.3a)
Bi+ B2 Bi+ Ba
_ Py, — B3P _ P — B,P
v = B2lP3y — B3P1o , By — 12(B1 + B2 + B3) — BolP3y ' (4.11.3b)
p1+ B2 B1+ Do
The same applies to P. On-shell, the following relations hold:
ij)[ig =2¢ ¢ = (@ + ),
< >[ ] 6@5] J ( J) (4 14)
n A1
P;;Pj
>g-0 ~ -3
=1 bi
In particular, using the relation above for the four-point scattering, we find
Py,P Py, P Py 4P
12084 Pailfos IFialfas s = — (g + ;)% (4.11.5)

(@1 + ¢2)? B (@1 +g3)? B (1 + q1)?’

where s = s19, t = s14, and u = s13 are the standard Mandelstam variables for massless
four-point scattering. Off-shell, the Mandelstam variables are defined as
P1oPry | PyyPy P14Pyy " Py3Pss P3Py " P24 Psy

S8 BB BB BB T BB | Babs

(4.11.6)

4.C Cubic scalar vertex

The holomorphic constraint originally analysed in [4-6] was further studied in [7], whose no-
tation we follow. Here, we examine the holomorphic constraint for the cubic scalar vertex.
Although this case is not explicitly discussed in [7], it highlights several interesting features
and provides a useful testing ground for the light-cone deformation procedure. As we will see,

it reproduces all the correct predictions for lower-spin vertices while also providing answers for
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the higher-spin ones. The holomorphic constraint for generic vertices is

/\—l—w—)\)ﬁ’l ()\2+w—)\1)62
[Hy, J3~ d2q 8 ; ! 2
v H1=3 [ (Zq) L AT o o TR

Ai,w

(4.12.1)
F1234wPA12+w IP/\34 w (¢>\1 )al (¢/\2>a2 (¢A3)a3 (¢A4)a4]

where F1234 = 7§, . f°

(a CC pair). Following the approach of [7], we analyse the solutions in the case where one of the

)\ >\ _ >\ )\ . . . . . .
430, C 17 2OCTAM g built from a holomorphic pair of cubic couplings
two couplings is the scalar cubic self-interaction C%%°. As in the non-holomorphic constraint,

six independent kinematical structures contribute:
(1234) + (1324) + (1423) + (3412) + (2413) + (2314). (4.12.2)

Typically, the holomorphic constraint receives contributions from both (1234) and (3412)
(and similarly for the ¢ and u channels), because they involve the same product of couplings
ChdrewC—wlsd — O —wowAA2 - However, when one of the couplings is the scalar self-
coupling %% we notice from (4.12.1) that while the power of P is zero, the power of P is neg-
ative, giving a non-local contribution. The resolution to this apparent issue is that Eq. (4.12.1)
is no longer valid in this special case. Before inserting the explicit expressions for the densities,

the commutator reads

[H3, J57] IZ/dgp d’q (Zqi) <ij) g go—as 003 erza)925 g g

YRS

0 h3' (@) \ o
(]3 gi +Zaqk 33 >h3 (pj) -

k#£3

(4.12.3)

Here, only hs can generate the C%%% contribution, since j3 would vanish.**. The solution is
then (4.12.1) once all contributions that would have produced non-local terms are set to zero.
Let us start by looking at the holomorphic constraint for the pair of coupling C*1*2:0C0:0.0,

In this case, we just get one contribution
[Hy, JZ] ~ CMA200000(\ ) — \ P2t =0 — A=) (4.12.4)

For the pair of couplings CM0C%%0 we have three independent contributions coming from
(1234), (1324), and (1423), then we get

[Hs, J;] ~ CMOC00 (P + P + P ) =0 — A=2. (4.12.5)

Lorentz consistency between C1%0 and C%°0 is possible in the case of a color scalar vertex;

441n particular, the holomorphic constraint for the pair of couplings C%9-9C0%.90 gives identically zero.
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thus, we need to consider only the cyclic contribution [1234], and two terms survive
[H3, J7] ~ CYMOOC000 (P! — YY) =0 — A=1. (4.12.6)

Interestingly, we can also make C'*%Y consistent with C%%0 if the cubic scalar is made out of

three different scalars, then we find

[H37 J;i] ~ C/\,U1,01 001,02,03]1])?2*1 4 C)\,02702002,03,01Pi\51 4 C)\,03,03003,01,02Pi\;1 =0
— A=1 A QL0 4 QL0204 OL0a0a (4.12.7)

— =2 A 20101 — (2,02,02 _ (72,03,03 ’

where 01, 0o, and O3 denote three distinct scalar fields. Notice that the solution for A = 1
implies that the total charge must vanish, while the case A = 2 confirms the universality of
gravitational interactions.

As we have seen, the consistency of the scalar cubic couplings C%%? with higher-spin cubic
couplings is restricted to interactions of the form C**°. Consequently, for example, in the full
chiral higher-spin theory, where all holomorphic cubic couplings are turned on, the cubic scalar
coupling is not allowed.

The above results for lower-spin couplings are consistent with what is known in the co-
variant formulation. Recall that the Lorentz-invariance constraint in the light-cone formalism
corresponds to gauge invariance in the covariant language. Indeed, the minimal coupling of a

scalar field to gravity remains consistent even in the presence of a ¢® interaction term.

4.D Explicit form of lower-derivative quartic vertices

We present explicit examples of lower-derivative quartic vertices. Free coefficients arising from
solutions of the homogeneous system of quartic constraints are denoted by ¢; when present.
Throughout, we use the commutator in the form given in (4.4.16).

(1,1) quartic vertices.

1 1+ xy

pn- S 413.1
[0,0,0,0] f(z,y) 57 + K1 (@ —y) 2 CETNE +c, ( )
1 -2y
pb -k 4.13.2
[1,—1,0,0] f(x7 y) 1 (ZL' — y)2 ) ( )
k
Mt floy) =—=. (4.13.3)

2
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In the case of hfé:é)o,op the quartic constraint allows for single-channel, YM-like, and GR-like

vertices.*® In particular, we have

—1
h%jé,)(],O] : single—channel: f(x, y) = kléy_—y + s (4134)
) ry — 1 142y
YM-like: flzy) =k ((x —F G+ y)2> +c, (4.13.5)

(2,2) quartic vertices.

32 :
(—1,1,-1,1)
fi(n.y) = (= Dy +1) (k1 (z 4+ y)* _22(12:24(r2§)24+ Bry+a+yRy—1)+1)) . (4.13.7a)
B (22 — 1) (y? — 1) (Bky(x + y)* — 8ky (222 + 32y + 29> — 1))
folz,y) = (T ) : (4.13.7b)
@+ Dy —1) (ki(z+y)t — 2k Bry + (20 — 1) +24° + y + 1))
fs(z,y) = 2w+ p) : (4.13.7¢)
hgg,)z,o,o) : filz,y) = %k‘l (x —2)y, (4.13.8a)
folz,y) = 332/@1 (3(z* =3)y* —2*+7), (4.13.8D)
fs(z,y) = %kl (z+2)y. (4.13.8¢)
kFiy+1D)(x+y—1 +y—1)—2y+1
hg;gﬁm) i@, y) = — 1(y )z +y 2(l(i(3;)2 Y ) Y ) 7 (4.13.92)
k@ -1)Bz"+3(2*—-3)y*+6(2* —1)ay — 2+ 4)
folz,y) = — O ICERE , (4.13.9b)
 kly-Da4y+1) @+ (e + 2y +a+1)
fs(z,y) = — SIEEmE ) (4.13.9¢)

4.FE Light-cone and spinor-helicity

For our spinor-helicity conventions for massless particles, we follow [255]:

Gup = Qu(0")gy,  det(qy) = —q"gu=m*, ¢ =0 = q;=—|dulaly= ANy, (4141)

45This notation is explained both in section 4.6 and section 4.7.
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(i5) == (ailala)® = NaXd, (i) = [aillgj]a = ANja . A" =€™Ny, A =€), (4.14.2)

a 0 1 al 0 1
e = —¢, = (_1 O) , ¢t = —€, = (_1 0) ) (4.14.4)

Notice that for complex momenta ¢* the two spinors (A, S\b) are independent two-dimensional
complex vectors. In Minkowski space and for real momenta ¢ ; is hermitian, and the two spinors
become complex conjugate \g = +(Xa)* (where the sign depends on whether the energy is
taken to be positive or negative, then on the convention we use on the background flat metric).
Spinor-helicity variables (\;, \;) are defined up to little group scaling (\;, \;) ~ (t;:\i, t;*\;) for
t; € C*.

In the context of the light-cone Hamiltonian approach for massless higher-spin fields, we

adopt the following notation [127]:

q J—

N S S NI SRR L O/ e | 2B
il= T (o =) ==\ 55Pus 1 m<-@>’ il =/ 55,0 (1146

The relation between the cubic amplitude and the cubic Hamiltonian density follows:

Gy = Gu(0") 5 = V2 (q_ qﬁ) ~ V2 (‘% ! ) = —fqlalaly = —AaXy,  (4.145)

A123 =
VIR g

Az = CMA2A3[12]h2[23]42 31451 = CAs — hs . (4.14.7)
11 05° 05
A123
- _ 9% P2 15—
Ay = C)\1,>\2,/\3<12>—d12 <23>—d23 <31>—d31 — C)q,)\z,)\g% _ \/5/\ dhg ’ (4.14.8)
BBy 2B
where Aj; is valid for A\ja5 > 0 and Ajs for A\ja3 < 0, and we have defined
dig = A2 — Az, daz = Aoz — A1, d3z1 = A31 — A2 (4.14.9)

The relations above, in the light-cone approach, hold only when the external particles are
on-shell. Indeed, one of the main differences between the cubic Hamiltonian density and the
amplitudes in (4.14.7)-(4.14.8) is that the latter are inherently on-shell objects, while the former

contains off-shell information.
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)\2 >\3
A7 -7
)\1 )\4
Figure 4.22: Generic four-point exchange diagram.
Given a four-point scattering, as shown in Figure 4.22, momentum conservation implies
1qrl4| = — (1D 14] = (1| — q1 — q2]4| = (1|q3 + q4|4
(tarl4) = =D = (1] = 0 = al4] = (1lgs + 4] e

— (11)[14] = (12)[24] = —(13)[34] .

4.F Tables for higher-derivatives quartic vertices

Tables 4.7-4.10 collect quartic vertices that solve the system of quartic constraints (4.4.24).
These tables!® have been used to conjecture the list of all quartic vertices that solve (4.4.24),

as discussed in the main text. Table 4.11 collects quartic vertices that solve the homogeneous
system of quartic constraints.

(A1, Ao, w, Az, M) | ko = (2341) | ks = (3412) | ky = (4123) | ks = (1324) | kg = (2413)

(-1,3,2,—-1,2) oy 0 0 0 k1
(-1,3,2,0,1) oy 0 0 0 k1
(0,2,2,—1,2) 0 0 ke 0 ki — ky
(0,2,2,0,1) o 0 0 ke
(0,3,1,0,0) iy 0 0 k1
(1,1,2,—1,2) 0 0 ke 0 ki — ky
(1,1,2,0,1) 0 0 ke 0 ke

Table 4.7: (4,1) quartic vertices satisfying the quartic constraints.

46We display them only up to (4,4), although our analysis extended up to (8,8).
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A1y Agyw, Az, Ag) | ko = (2341) | ks = (3412) | ky = (4123) | ks = (1324) | ke = (2413)
(=2,3,3,-2,3) oy k1 oy 0 k1
(-2,3,3,-1,2) ey k1 0 0 k1
(—2,3,3,0,1) oy k1 0 0 ky
(-1,2,3,—1,2) o key ko 0 ke
(—1,2,3,0,1) o k1 0 0 ke
(-1,3,2,—1,1) ey 0 0 k1
(—-1,3,2,0,0) oy 0 0 k1
(0,1,3,0,1) o k1 oo 0 ki
(0,2,2,-2,2) 0 0 oy 0 k1
(0,2,2,0,0) koo 0 0 0 ki
(1,1,2,-2,2) 0 0 oy 0 k1
(1,1,2,—1,1) 0 0 s 0 ki

Table 4.8: (4,2) quartic vertices satisfying the quartic constraints.

Aty Agyw, Az, Ag) | ko = (2341) | ks = (3412) | ky = (4123) | ks = (1324) | ke = (2413)
(—2,3,3,-2,2) ey 0 0 0 k1
(—2,3,3,—1,1) oy 0 0 0 k1
(—2,3,3,0,0) ey 0 0 0 Ky
(-1,2,3,-2,2) 0 0 ks 0 ki — Ky
(-1,2,3,—1,1) ks 0 0 ke
(—1,2,3,0,0) ks 0 0 e
(-1,3,2,—1,0) ey 0 0 ey
(0,1,3,-2,2) 0 0 s 0 ke — Ky
(0,1,3,—1,1) 0 0 ks 0 ki
(0,1,3,0,0) oo 0 0 0 ki
(1,1,2,—2,1) 0 0 ks 0 ki — Ky

Table 4.9: (4, 3) quartic vertices satisfying the quartic constraints.
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Aty Agyw, Agy Ag) | ko = (2341) | kg = (3412) | ky = (4123) | ks = (1324) | kg = (2413)
(—3,3,4,-3,3) k1 oy ey 0 oy
(—3,3,4,-2,2) key ky 0 oy
(—-3,3,4,—1,1) k1 oy 0 oy
(—3,3,4,0,0) k1 oy 0 0 oy
(—2,2,4,-2,2) oo oy o 0 ke
(—2,2,4,—1,1) o kor 0 0 ko
(—2,2,4,0,0) o ker 0 0 ko
(=2,3,3,-2,1) Ky 0 0 0 k1
(-2,3,3,—1,0) k1 0 0 0 oy
(—1,1,4,—1,1) o oy koo 0 e
(—1,1,4,0,0) s oy 0 0 ki
(-1,2,3,-3,2) 0 0 oy 0 oy
(-1,2,3,—1,0) ko 0 ko
(-1,3,2,—1,-1) key 0 oy
(0,0,4,0,0) ko ko1 oo ks s
(0,1,3,—3,2) 0 0 ky 0 kor
(0,1,3,—2,1) 0 0 Ky 0 e
(1,1,2,-3,1) 0 0 iy 0 oy

Table 4.10: (4,4) quartic vertices satisfying the quartic constraints.

(n,m), D | (A, A2, A3, A1) | (n,m), D | (A1, A2, A3, Aq) | (n,m), D | (A1, A2, Az, Ag)
(1,1),0 | (0,0,0,0) | (4,3),5 | (1,0,0,0) | (53),6 | (2,1,0,—1)
(2,2),2 | (0,0,0,0) | (4,3),5 | (1,,0,—1) | (5,3),6 | (2.2,—1,-1)
3,1,2 | (1,1,0,0) | (52,5 | (1,1,1,0) | (6,2),6 | (1,1,1,1)
(3,2),3 | (1,0,0,0) | (52,5 | (2,1,0,0) | (6,2),6 | (2,1,1,0)
4,1),3 | (1,1,1,0) | (6,1),5 | (2,L,1,1) | (62,6 | (2.2,0,0)
(3,3),4 | (0,0,0,0) | (6,1),5 | (2,2,1,0) | (7.1.,6 | (2.2,1,1)
(3.3),4 | (1.0,0,—-1) | (4,4),6 | (0,0,0,0) | (7,1),6 | (3,1,1,1)
(3,3),4 | (1,1,-1,—1) | (4,4),6 | (1,0,0,—1) | (7,1),6 | (2,2,2,0)
(4,2),4 | (1,1,0,0) | (4,4),6 | (1,1,-1,—-1) | (7,1),6 | (3,2,1,0)
5.1,4 | (L1,1,1) | (53,6 | (1,1,0,0) | (7,1),6 | (3,3,0,0)
(5,1),4 (2,1,1,0) (5,3),6 (2,0,0,0)

(5,1),4 | (2,2,0,0) | (53),6 | (1,1,—1,—1)

Table 4.11: Homogeneous quartic vertices satisfying the quartic constraints.
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