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qualités essentielles pour la suite de ma carrière, à savoir: améliorer mes capacités
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pu échanger quotidiennement dans la bonne humeur.

E per concludere questi ringraziamenti, vorrei ringraziare tutta la mia famiglia
e amici per il loro sostegno senza limiti e per avermi sopportato fino alla fine, anche
se concordo che non sempre è facile.
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Summary

Metamaterials, photonic designs with subwavelength structures, have attracted tremen-
dous interest over the last decades thanks to the new possibilities they offer to control
electromagnetic fields. Among them, hyperbolic metamaterials have a plethora of
interesting properties such as extreme photonic density of states, super-Planckian
thermal radiation, negative refraction and the most famous capability to overcome
the diffraction limit with the so-called hyperlens. Our goal is to explore hyperbolic
metamaterials and to investigate their behaviours in various designs, which may
have applications as photodetectors, sensors and lasing.

In this thesis we study the coupling mechanism of the elementary excitations of
two-dimensional hyperbolic metamaterials and develop a method to describe their
dispersion relations. We demonstrate this way an influence of the geometry, fre-
quency regime and symmetry of the mode on the coupling. Next, we explore the
scattering properties of tilted hyperbolic cavities and show that even extremely sub-
wavelength cavities support Fano resonances thanks to the simultaneous excitation
of propagating and evanescent modes. Furthermore, we study the physic of four-level
dye infiltrated hyperbolic multilayers and demonstrate that ohmic loss compensa-
tion in these materials are accompanied by the generation of exceptional points,
and, under certain conditions, also by strong coupling. Finally, we combine some
of the previous results and explore the angular dispersion of dye-infiltrated tilted
cavities and study the strong coupling regime with Fano resonances, highlighting
phenomena such as absorption-induced transparency.
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1
Introduction

1.1 State of the art

Electromagnetic properties of a material result from the interaction between waves
and these materials. Various ways of manipulating light are thus possible by com-
bining different media, such as dielectrics or metals. The scope of electromagnetic
functionalities is thus mainly limited by the properties of the materials found in
nature. To overcome this limit, novel platforms are synthesized at the molecular or
atomic level to bring new capabilities, such as polytetrafluoroethylene (better known
as Teflon, with a very low effective index and perfectly transparent from the deep-UV
to the IR, over a large temperature range) [1] or more recently with two-dimensional
materials like graphene [2] and transition metal dichalcogenide monolayers [3], but
the range of applications is still limited by the material itself.

This is exactly where metamaterials come into play. The philosophy behind
metamaterials is well resumed by the following quote of Nelson Mandela:

‘It always seems impossible until it’s done.’

Indeed, the prefix ‘meta’ originates from the greek ‘µετα’ meaning ‘beyond’, so
metamaterials are an artificial platform that offers possibilities to steer light in a
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manner beyond what is observed in nature with common materials. Unlike natu-
ral materials that take their optical properties from the interaction of light at the
atomic or molecular level, metamaterials get their attributes from the interaction
of light with a subwavelength architecture: the building blocks of metamaterials
are thus not atoms or molecules, but functional inclusions often called ‘meta-atoms’
(Figure 1.1). The scale of these composite structures is still much smaller than the
wavelength of interest and their electromagnetic responses can be expressed in terms
of homogenized effective material parameters.

Figure 1.1: Key concept of natural materials (left) and metamaterials (right). Nat-
ural materials get their properties from the interaction of the electromagnetic field
with the atoms (≈ 0.1 nm) while metamaterials take their properties from sub-
wavelength meta-atoms with size ranging from 10 nm to 10 mm depending on the
frequency regime.

The first paper on the study of materials with properties not found in nature,
opening the way to the new discipline of metamaterials, was written by Veselago in
1968 on the problem of left-handed materials, where he theorized the behaviour of an
imaginary medium with both negative permittivity and permeability [4]. However,
the field of metamaterials has really grown, in combination with the improvement of
nanolithography, after the first experimental demonstration in 2000 of a left-handed
material in the microwave regime by Smith et al. with an array of subwavelength
nonmagnetic split-ring resonators [5]. This paper also marked the first use of the
term ‘metamaterial’ to describe a medium that provides new properties from its
subwavelength geometries, rather than from the materials it is built with.

In this field a particular recent class of metamaterials called ‘hyperbolic meta-
materials’ (HMMs) aroused the curiosity of the scientific community, thanks to their
astonishing applications and ease of fabrication, as shown by the growth of scientific
literature on the subject (Figure 1.2). Originally introduced to overcome the diffrac-
tion limit with the description of the hyperlens [6, 7], HMMs also demonstrated an
extremely broadband and large photonic density of states, super-Planckian thermal
radiation and negative refraction [8, 9].
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Figure 1.2: Documents published each year since 2008 containing the term ‘hyper-
bolic metamaterial(s)’ in the title or in the abstract, from the citation database
Scopus [10].

The main directions of study for HMMs are the hyperlens [11, 12], spontaneous
emission control [13–15], thermal emission engineering [16, 17], and active and tun-
able HMMs [18–22]. Very recently, the field explored other opportunities, such as
the emergence of magnetic metamaterials that support both TE and TM hyperbolic
polaritons [23], and the search for naturally hyperbolic two-dimensional transition
metal dichalcogenides [24]. In this thesis we do not explore these directions (except
for the active and tunability part) as they are already extensively examined in the
literature. We rather study these structures for a fundamental analysis in Chapter
4, in connection with cavity and sensing applications in Chapter 5, for lasing and
light-matter engineering in Chapter 6. We introduce these chapters in the next
section.

1.2 Outline

This thesis is structured as follows. Chapter 2 describes the optical properties of
dielectrics and metals (including a brief review on graphene). We then demonstrate
how to homogenize a periodic multilayer of subwavelength metal and dielectric lay-
ers, and the appearance of hyperbolic properties. We present the limit of these ho-
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mogenized models and compare it to the exact model with a transfer-matrix method
description. Finally, we show analytically that the dispersion and features of hyper-
bolic multilayers originate from the coupling of the surface plasmon polaritons at
each metal-dielectric interface of the stack.

Chapter 3 reviews the various resonant phenomena involved in the following
chapters, and the methods used to model them. We start from the Fresnel coef-
ficient description of a single interface between two media to explain Fabry-Perot
resonances in cavities. We then explore more complicated phenomena such as Fano
resonances that appear when a sharp resonant process interferes with a slowly vary-
ing background. Moreover, we develop a two-oscillator model to describe the effects
of strong coupling and PT -symmetry. Finally, we explain the two modeling methods
used in this thesis, which are the finite element and transfer-matrix methods.

Then, Chapter 4 gives a detailed theory on the dispersion of two-dimensional
arrays of deeply subwavelength metallic nanorods in a dielectric host. The dispersion
is described via the coupling of specific ‘elementary excitations’ that exist inside
these metamaterials. We numerically calculate the dispersion of these elementary
structures and compare them systematically with the plasmonic bands of the full
arrays. We show that there are various regimes of coupling, depending on the
symmetry of the modes inside the plasmonic band, the frequency range and the size
and shape of the nanorods.

Next, we deal in Chapter 5 with the scattering properties of a hyperbolic mul-
tilayer with a sudden tilting of the layers. In this way we create a cavity that is
hyperbolic, but with the optical axis that is slanted with respect to the normal. We
show that in this cavity, a propagating and an evanescent mode are always excited
at normal incidence. The propagating mode is then responsible for narrow Fabry-
Perot resonances while the evanescent mode provides an exponential output for light
as a slowly varying background. The interference between these two distinct pro-
cesses gives rise to sharp, highly asymmetric Fano resonances, even for extremely
compact cavities. Furthermore, we demonstrate this general concept for tunable
graphene-based multilayers, which is interesting e.g. for sensing applications.

In Chapter 6 we focus on the problem of ohmic loss compensation in hyper-
bolic metamaterials. Because of the metal content, many applications of HMMs
are limited by their intrinsic losses. We semi-analytically and numerically study the
impact of loss compensation using four-level dyes, and present a design to overcome
the problem of light incoupling to realize population inversion of the emitters. We
explore two regimes discriminated by the coupling strength of the dyes with the
electromagnetic field. First, we demonstrate that the weak coupling strength cor-
responds to only a small perturbation of the discrete plasmonic modes (for finite
stacks) or bands (for infinite stacks). Next, we show that large coupling strength
leads to strong coupling and a fork’-like distortion of the hyperbolic modes of a fi-
nite hyperbolic stack at the absorption and emission lines, respectively. It turns out
that exceptional points are generated at the plasmonic band edges when gain-loss
compensation is achieved.

Chapter 7 combines concepts introduced in Chapters 5 and 6 and examines the
angular dispersion of the Fano resonances of tilted multilayer cavities and their in-
teraction with excitonic lines of absorption. We demonstrate that the conditions



1.3 Publications 5

for the generation of Fano resonances can be fulfilled even for non-normal incidence
but with different physical processes. In particular, we expose that anisotropy is
present in the cavity and this leads to the excitation of different modes depending
on the energy flow direction, combined with the excitation of complex modes instead
of purely evanescent modes. The transverse momentum inside the cavity controls
the interference phenomenon between the slowly varying background generated by
these complex modes and the anisotropic Fabry-Perot resonances, allowing to ma-
nipulate the shape and amplitude (or Fano parameter) of the resonances. We then
introduce an excitonic line of absorption in the cavity and study the interaction
with various resonances. We demonstrate a link between the Fano parameter and
the Rabi splitting in the strong coupling regime, together with the existence of an
absorption-induced transparency zone for specific angular incidences and anisotropic
absorbances of the cavity.

Finally, Chapter 8 concludes the thesis with a brief review of the different results
and an outlook.

1.3 Publications

The following is a list of contributions during the PhD work.

1.3.1 Publications in international journals

• F. Vaianella, G. Rosolen and B. Maes, Graphene as a transparent electrode
for amorphous silicon-based solar cells, Journal of Applied Physics, vol. 117,
243102, 2015.

• F. Vaianella and B. Maes, Describing the dispersion of plasmonic nanorod ar-
rays via coupling of elementary excitations, Physical Review B, vol. 93, 165417,
2016.

• F. Vaianella and B. Maes, Fano resonance engineering in slanted cavities
with hyperbolic metamaterials, Physical Review B, vol. 94, 125442, 2016.

• F. Vaianella, J. M. Hamm, O. Hess and B. Maes, Strong coupling and ex-
ceptional points in optically pumped active hyperbolic metamaterials, ACS
Photonics, vol. 5, 2486, 2018.

• F. Vaianella and B. Maes, Fano resonances in slanted hyperbolic metamate-
rial cavities in ‘Fano resonances in optics and microwaves: Physics and appli-
cation’, Springer, 2018.

• S. Wang, Q. Le Van, F. Vaianella, B. Maes, S. Eizagirre Barker, R. Hjelmgart-
Godiksen, A. Curto and J. Gomez-Rivas, Strong coupling of excitons in mul-
tilayer WS2 with collective plasmonic resonances. In preparation.

• F. Vaianella and B. Maes, Angular dispersion and absorption-induced trans-
parency in dye-infiltrated hyperbolic metamaterial cavities. In preparation.
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1.3.2 Contributions in international conferences
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malism to describe the dispersion, 18th Annual Workshop of the IEEE Pho-
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• F. Vaianella, B. Maes, Describing the dispersion of hyperbolic metamaterials
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• F. Vaianella, B. Maes, Analysis of 2D hyperbolic metamaterial dispersion by
elementary excitation coupling, SPIE Photonics Europe, Bruxelles, Belgium,
2016.

• F. Vaianella, B. Maes, Strongly subwavelength cavities in multilayer hyperbolic
metamaterials based on nanometric steps, Meta’16 - 7th International Con-
ference on Metamaterials, Photonic Crystals and Plasmonics, Malaga, Spain,
2016.

• F. Vaianella, B. Maes, Fano resonance engineering in a slanted hyperbolic
metamaterial cavity, 21st Annual Symposium of the IEEE Photonics Society
Benelux Chapter, Ghent, Belgium, 2016.

• F. Vaianella and B. Maes, Exciting Fano resonances in structured hyperbolic
metamaterials, General Scientific Meeting of the Belgian Physical Society,
Mons, Belgium, 2017.

• F. Vaianella and B. Maes, Fano resonance excitations in slanted hyperbolic
cavities, 11th International Congress on Engineered Material Platforms for
Novel Wave Phenomena, Marseille, France, 2017.

• F. Vaianella, J. M. Hamm, O. Hess and B. Maes, Generation of exceptional
points in dye-infiltrated hyperbolic metamaterials in the strong-coupling regime,
22nd Annual Symposium of the IEEE Photonics Society Benelux Chapter,
Delft, Netherlands, 2017.

• F. Vaianella, J. M. Hamm, O. Hess and B. Maes, Exceptional points in the
strong-coupling regime with active hyperbolic metamaterials, SPIE Photonics
Europe, Strasbourg, France, 2018.

1.3.3 Award

• Umicore Materials Technology MSc Award 2015 for the Master thesis entitled
‘Using graphene as a transparent and conductive electrode for photovoltaic
cells’. The prize is awarded for original contributions in fields such as fine
particles, sustainable energy, catalysis and economic and societal issues about
metal-based materials.



2
Materials and hyperbolic multilayers

Metamaterials are artificial structures that obtain their astonishing properties from
their subwavelength design - often called ‘meta-atoms’ - built from materials found
in nature [25]. Even if the optical response of metamaterials is generally completely
different from the one of their constitutive materials, it is important to study the
optical properties of the latter.

In this chapter we review the mechanisms that are responsible for the electromag-
netic behaviours of dielectrics in Section 2.1 and metals in Section 2.2. In Section
2.3 we discuss the effective medium theory of metal-dielectric composites, focusing
on multilayer hyperbolic metamaterials, wich are periodic stacks of a metal and a
dielectric with deeply subwavelength thicknesses, and present some of their inter-
esting properties. Finally we use an exact formalism to explore the dispersion of
these hyperbolic multilayers and explain how they originate from the coupling of
their elementary excitations in Section 2.4.

2.1 Dielectrics

Dielectrics are a particular class of materials where the valence and conduction
band are separated by a large band gap, typically larger than 5 eV. For this reason,
electrons from the completely filled valence band cannot pass to the conduction
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band, and no electrical current flow is allowed inside the material when applying a
potential difference. For the same reason, dielectrics are usually transparent in the
visible regime.

When applying an electric field to a dielectric, bound electrons will not flow as
they will do in a metal. However, they will move slightly from their equilibrium
position inducing dipole moments and causing the dielectric to be polarized. The
interaction of light with these media in the linear regime can be analyzed using the
constitutives equations [26]:

D = ε0E + P = ε0(1 + χe)E = ε0εrE (2.1)

B = µ0(H + M) = µ0(1 + χm)H = µ0µrH (2.2)

where D and B are the electric displacement and magnetic induction, E and H the
electric and magnetic fields, P and M the polarization and magnetisation densities,
χe and χm the electric and magnetic susceptibilities, ε0 and µ0 the free-space per-
mittivity and permeability, and εr and µr the relative permittivity and permeability.
In the following, we omit to use the subscript r for the relative quantities, which
does not introduce notation ambiguities.

In this thesis we do not study optical structures with magnetic materials, so
that µr = 1 (or χm = 0). Note that Equation 2.1 is valid only in the frequency
domain and usually not in the time domain (especially for the high frequencies of
the visible regime). The dispersion of dielectrics is directly obtained from Equation
2.1 combined with a damped oscillator model and we can show the dielectric function
ε(ω), expressed in the classical Lorentz-Drude model, takes the form:

ε(ω) = εb +
∑
i

giω
2
i

ω2
i − ω2 − iωγi

(2.3)

with gi the oscillator strength, ωi and γi the frequencies and damping constants
of the resonant modes that exist in the dielectric and εb the intrinsic permittivity
of the dielectric. The real part of the dielectric function is normally positive for a
dielectric.

Typically, the resonant modes responsible for absorption and dispersion of the
material are phonon resonances in the mid-infrared and infrared regime, and electron-
hole transitions over the band gap in the UV regime. In the optical regime where
we work however, there are usually no resonances and the dielectrics appears to be
transparent and dispersionless. For this reason, we usually fix in our studies the
dielectric function as a constant, and the dispersion of the metamaterial will arise
exclusively from the metallic components that we describe in the next section.

In Chapter 6, where we explore active metamaterials, we introduce organic dyes
inside the dielectric constituants of our structure to overcome ohmic losses of the
metal. The excitonic transitions of these dyes introduce dispersion and gain/loss
in the material, which means that its dielectric function cannot be considered as a
constant anymore. To account for this effect, we developped a model to describe
these transitions and the dielectric function takes the special form (see Appendix A
for more details):

ε(ω) = εb +
∑
i

giL(ωi, γi) (2.4)
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with L(ωi, γi) the second order Lorentzian line-shape complex function

L(ωi, γi) = − 1

π

2ωi
(ω2 − ω2

i − γ2
i ) + 2iγi

(2.5)

using the same notations as in Equation 2.3. This form of the permittivity arises
directly from Maxwell-Bloch equation and, unlike the typical form of Equation 2.3,
allows to connect directly the coupling strength of the oscillator to the cross-section
of the excitonic transition and thus the dipole matrix element and population density
in the ground and excited states.

2.2 Metals

Metals are materials that have their Fermi level that sits inside a continuous en-
ergy band, which is partially filled with electrons. Consequently, any photon that
interacts with a metal can excite an electron to a higher level. The electrons are
thus free to move in this type of materials and to participate to the current flow. In
contrast to dielectrics, light cannot propagate in the metal and penetrate inside it
as an evanescent wave to a distance commonly smaller than 100 nm [27].

In this section we review the optical properties of metal in Section 2.2.1 and
graphene (which is not properly a metal as we will discuss) in Section 2.2.2.

2.2.1 Free electron gas

As we did for dielectrics, the physics behind the optical properties of metals is derived
directly from the constitutive equations (Equations 2.1 and 2.2) in combination with
the motion equation of electrons, which we suppose are free to move. The equation
of motion of a free electron driven by a time harmonic incident field is:

m
d2r(t)

dt2
+mγm

dr(t)

dt
= −eE0e

−iωt (2.6)

with m and e the effective mass and charge of the electron, γm the damping constant
(or electron collision rate), r(t) the position vector of the electron, E0 the incident
electric field amplitude and ω the frequency of the driving light. This movement
of the electron creates an electrical dipole moment in the material equal to p(t) =
−er(t).

The net polarization density P created by all the dipole moments is then given
by:

P = −ner = − ne2

m(ω2 + iγω)
E0e

−iωt (2.7)

where we have replaced r by solving the equation of motion (namely Equation 2.6),
with n the density of free electrons. Combining Equations 2.1 and 2.7, we finally
arrive to the Drude model form of the dielectric function for a free electron gas:

εm(ω) = 1−
ω2
p

ω2 + iγmω
(2.8)
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where we introduce the plasma frequency

ωp =

√
ne2

ε0m
(2.9)

which is the characteristic frequency resonance of the collective oscillation of the
electrons in the metal, also called a plasmon. The real part of the permittivity of
metals is negative for frequencies below the plasma frequency ωp, which means that
above this frequency metals start to behave like dielectrics.

In this thesis, we essentially use silver as metal since it is the best platform
to be used in plasmonics in the visible regime when it comes to propagation of
surface waves. Typical values of plasma frequency and damping rate for silver are
ωp = 1.26× 1016 rad/s and γm = 5× 1013 s−1.

One should note that at this time we did not talk about size effects on the optical
properties of metals. However, the damping rate of metal is directly linked to the
Fermi velocity vF by γm = vF/lc, with lc the mean free path of the electrons. When
the size of the metallic structure is on the order of the free path of the electrons,
the metal edges are physical boundaries that reduce the effective mean free path,
and are also accompagnied by quantum effects, increasing the damping rate. In this
thesis, we never use metallic layers thinner than 5 nm, which is the usual limit where
these phenomena start to appear [8, 27]. We can thus omit these particulars and
consider the damping rate as a constant.

2.2.2 Graphene

This section is of particular interest for our study in Section 5.4 on graphene-based
hyperbolic metamaterials in the terahertz regime. Graphene is a bidimensional crys-
tal of carbon atoms arranged in a honey-comb lattice, with inter-atomic distance
of about 0.142 nm [28]. Graphene can support surface waves similar to the sur-
face plasmon polariton at the dielectric-metal interface, which renders it usable for
plasmonic applications [29, 30].

This material has the interesting property that its valence and conduction bands
touch each other at the center of the reciprocal lattice, creating the so-called ‘Dirac
point’, which means that graphene is a semi conductor with zero bandgap or a
semi-metal. In the vicinity of the Dirac point, the energy dispersion is generally
considered as linear [31], with the form:

E±(k) = ±vF~|k| (2.10)

where E(k)± is the energy of the conduction (+) and valence (-) band, vF ≈ 106 ms−1

the Fermi velocity, ~ the Planck constant and k the wavevector. This particular
shape of the dispersion contrasts with the usual parabolic shape of classical materi-
als, and provides graphene with outstanding transport properties.

There are two mechanisms that contribute to the conductivity of a single layer
of graphene. One contribution is from the intraband electron-photon scattering
processes (σintra), the other is related to the interband electron transitions (σinter),
which means that the total conductivity of a single layer is σ = σintra + σinter. The
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two contributions can be derived from the well-known Kubo-Greenwood formula
[32]:

σintra(ω,EF ) =
2ie2kBT

~2π(ω + iτ−1)
ln

[
2 cosh

(
EF

2kBT

)]
(2.11)

σinter(ω,EF ) =
e2

4~

[
1

2
+

1

π
arctan

(
~ω − 2EF

2kBT

)
− i

2π
ln

(~ω + 2EF )2

(~ω − 2EF )2 + (2kBT )2

]
(2.12)

with T the temperature (we use only room temperature 300 K), kB the Boltzmann
constant, EF the Fermi level (or doping level) and τ the scattering lifetime of the
carriers (≈ 10−13 s). Note that σintra is similar to the Drude model of classical
metals, which we have described in the previous section as Equation 2.8.

The conductivity can be linked to the permittivity of the single layer using the
formula [33]:

ε(ω,EF ) = 1− iσ(ω,EF )

ε0ωdg
(2.13)

with dg the thickness of a single layer of graphene (≈ 0.5 nm). We do not use
directly the permittivity in our simulations of Section 5.4, instead we describe the
graphene with a surface current as boundary condition (so the thickness dg → 0),
using the conductivities derived in Equations 2.11 and 2.12. In this way, we avoid
the problem of meshing layers that have subnanometer dimensions when using finite
element method (see Section 3.2.2), which would lead to large computational times.

2.3 Effective medium theory for metal-dielectric

multilayers

As stated in the introduction of this chapter, metamaterials are artificial structures
that obtain their properties from their building blocks. Usually, these building blocks
are composed of metals and dielectrics, and the amazing properties of metamaterials
arise from the contrast between the optical response of these two classes of materials.

When the inhomogeneity scale is much smaller than the used wavelength, light
cannot see the features of the building blocks, and feels the metamaterial as an
homogenous bulk material. Thus under this condition we can describe a micro-
scopically heterogenous system as a macroscopically homogenous medium, usually
presenting anisotropy [25, 34, 35].

The properties of this homogenized medium are also described by the constitu-
tive equations, Equations 2.1 and 2.2. As a reminder, we do not explore the field
of magnetic metamaterials, so only Equation 2.1 describing the relation between
electric displacement and electric field is required for our purpose.

2.3.1 Effective parameters

Browsing through the literature, there is an incredibly large number of mixing rules
to homogenize composite media, going from the most popular Maxwell-Garnett
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theory [36, 37] and Bruggeman’s model [38, 39], to less-known models such as the
Looyengas formula and De Loor model [40, 41]. Each of these models has its advan-
tages and disadvantages, and there is still not, to this day, a homogenized theory
that works for every structure and every optical regime. The history of effective
medium theory (EMT) begins more than a century ago and is still a hot topic today
[42–45].

In this thesis we explore mainly 1D metamaterials based on a periodic stack of
a metal and a dielectric with thicknesses of about 10 nm (much smaller than the
wavelength in the visible regime), as shown in Figure 2.1. We then restrict the
discussion to describe effective medium theory for this class of structures. In the
following, the subscript m will refer to the metal and d to the dielectric.

Figure 2.1: Multilayer of metal and dielectric with subwavelength thicknesses dm
and dd. The metal has permittivity εm and the dielectric has permittivity εd.

Depending on the light polarization, the optical response of the multilayer is
different. Indeed, when the incident wave is polarized parallel to the interfaces of
the layers, from Maxwell equations we know the electric field needs to be continuous
across each interface and supposing that the electric field is constant at the period
scale (because the period is much smaller than the wavelength), we have:

Ed = Em = Eeff (2.14)

where Eeff is the electric field for the effective medium. We suppose the effective
electric displacement Deff to be equal to the weighted mean of the electric displace-
ment in each layer, meaning that:

Deff = ε‖Eeff = fdDd + fmDm (2.15)

and thus

ε‖ = fdεd + fmεm (2.16)

where ε‖ is the effective permittivity for a wave polarized in the xy-plane and fd,m
the volume filling fraction of the dielectric and metal, respectively, defined as fd,m =
dd,m
dd+dm

, so that fm + fd = 1.
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For a wave polarized in the direction normal to the growth direction (z direction),
however, Maxwell equations state that the electric displacement is continuous across
each interface, meaning (still supposing that the electric displacement is constant at
the period scale):

Deff = ε⊥Eeff = Dm = Dd (2.17)

In this scenario, the effective electric field is the weighted mean of the electric field
in each layer so that:

Eeff = fdEd + fmEm. (2.18)

Combining Equations 2.17 and 2.18 with the constitutive Equation 2.1 we find
for the effective permittivity of waves polarized in z direction:

ε⊥ =
εmεd

fdεm + fmεd
(2.19)

As we can see from our calculation of the effective parameters, the multilayer is
anisotropic and its parameters do not depend on the thickness of the layers, but
only on their relative filling fraction.

The effective permittivities (Equations 2.16 and 2.19) could have been derived
from the famous Bruggeman’s formula [38] which describes the effective response
of a composite material where every constituent has a similar behaviour (unlike
the Maxwell-Garnett model where one of the constituent is considered as the host
matrix), with the formula:

fm
εm − εeff
εm + κεeff

+ fd
εd − εeff
εd + κεeff

= 0 (2.20)

where κ is the screening parameters of the external field. In this way, ε‖ is the limit
case when the field is aligned with the layer so that κ→∞ and ε⊥ is the limit case
when the field is normal to the layers so that κ→ 0.

2.3.2 Dispersion relation

As derived in the previous section, multilayers of metals and dielectrics are uniaxial
crystals with permittivity tensor ε as [8, 46]

ε =

 ε‖ 0 0
0 ε‖ 0
0 0 ε⊥

 (2.21)

with ε‖ and ε⊥ that depend on the frequency.
To determine the dispersion relation of light in a medium described by Equation

2.21, let us consider the following two Maxwell’s equations in the absence of sources:

∇× E = −∂B

∂t
(2.22)

∇×H =
∂D

∂t
(2.23)
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Using the constitutive equations (Equations 2.1 and 2.2) and using plane wave ex-
pressions for the field, we obtain:

k× E = ωµ0H (2.24)

k×H = −ωε0εE (2.25)

Inserting Equation 2.24 in Equation 2.25 we find the relation

k× (k× E) + ω2µ0ε0εE = 0 (2.26)

which can be developed in matrix form as: k2
0ε‖ − k2

y − k2
z kxky kxkz

kxky k2
0ε‖ − k2

x − k2
z kykz

kxkz kykz k2
0ε⊥ − k2

x − k2
y

 Ex

Ey

Ez

 = 0 (2.27)

with k0 the momentum in free-space.
The presence of nontrivial solutions imposes the determinant of the matrix to

be equal to zero, and this leads to the dispersion relation (with k‖ =
√
k2
x + k2

y):

(k2
‖ + k2

z − ε‖k2
0)

(
k2
‖

ε⊥
+
k2
z

ε‖
− k2

0

)
= 0 (2.28)

When set to zero, the left factor corresponds to the dispersion of TE polarized waves
(electric field along y direction, E = [0, Ey, 0] and H = [Hx, 0, Hz]), and the right
factor to the dispersion of TM polarized waves (magnetic field along y direction,
E = [Ex, 0, Ez] and H = [0, Hy, 0]).

We are particularly interested in the TM dispersion relation because the two
components ε⊥ and ε‖ appear in its expression (and the surface plasmon polaritons
that are responsible for hyperbolicity, as we discuss in the next section, are supported
only in TM polarization). From Equations 2.16 and 2.19, thanks to the sharp
contrast in the optical parameters of metals (negative permittivity) and dielectrics
(positive permittivity), it is possible that the two components have opposite sign
(ε‖.ε⊥ < 0) and thus, the dispersion relation becomes the equation of a hyperbola.
This is the reason metamaterials that have this property are called hyperbolic
metamaterials (HMMs), which are the metamaterials we focus on this thesis.

Figure 2.2 shows typical value of the effective permittivities of a multilayer of
silver (lossless Drude model) and TiO2 (n = 2.7), with fm=1/3. The zones high-
lighted in yellow are the regions where the components have opposite sign and the
multilayer is thus hyperbolic.

We can distinguish two classes of hyperbolic metamaterials: HMMs of Type I
when (ε‖ > 0, ε⊥ < 0 ), also called dielectric HMMs, and HMMs of Type II when
(ε‖ < 0, ε⊥ > 0 ), also called metallic HMMs. Figure 2.3 shows the isofrequency
surfaces (the surface of equal frequency in wavevector space) of an isotropic medium
(a sphere), a typical anisotropic medium (an ellipsoid) and HMMS (two types of
hyperboloid). Note that we use mainly Type II HMMs in this thesis since Type I
HMMs with multilayers are usually obtained in the ultraviolet regime.
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Figure 2.2: Effective parameters of a multilayer made of (lossless Drude model) silver
and TiO2 for a metal fill fraction fm= 1/3. In the regions highlighted in yellow the
multilayer is hyperbolic. The left yellow region is HMM Type I (ε‖ > 0, ε⊥ < 0 ),
the right yellow region is HMM Type II (ε‖ < 0, ε⊥ > 0 ).

Figure 2.3: Typical isofrequency surface of: (a) an isotropic medium (ε‖ = ε⊥), (b)
an anisotropic medium (ε‖,⊥ > 0), (c) a HMM Type I (ε‖ > 0, ε⊥ < 0), (d) a HMM
Type II (ε‖ < 0, ε⊥ > 0).

They key concept that offers HMMs their interesting properties stems from the
special shape of their isofrequency surface: unlike isotropic or classical anisotropic
media, their isofrequency surfaces are open surfaces, and the wavevectors inside
HMMs are thus unbound, and could take infinite values (in theory, under effective
medium theory and without loss).

2.3.3 Some properties and applications

As mentioned, the amazing properties and applications derive from the special shape
of their isofrequency surfaces. The three major axes of applications are:
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• The hyperlens (exploiting the unbound wavector property). When examining
the Fourier decomposition of light emitted or scattered by an object, low mo-
mentum waves encode large geometric features, while high momentum waves
encode smaller details. These large momentum waves cannot propagate in-
side isotropic and typical anisotropic media, because the maximum wavector
is bound to the isofrequency surfaces, which are closed. In HMMs, however,
propagating waves can have an infinitely large momentum, and one can over-
come the diffraction limit, creating what we call hyperlenses [7]. Figure 2.4
shows an experimental realization [11].

Figure 2.4: Schematic of a hyperlens and numerical simulation of imaging of sub-
diffraction-limited objects. The high-k waves scattered by the features printed by
nanolithography propagate inside the cylindrical HMM and can be resolved beyond
the diffraction limit. Figure from [11].

• Spontaneous emission control (exploiting the extremely high photonic density
of states) and super-Planckian thermal emission. Emission from dyes and
quantum dots not only depends on their dipole moments, but also on the elec-
tromagnetic environment that surrounds them. This effect is called the Purcell
effect. Usually, cavities or surface plasmon polaritons are used to decrease the
lifetime of emitters, but these methods have the disadvantage of relying on a
resonant process. However, when an emitter is placed inside or in proximity
of a HMM, Fermi’s golden rule tells that the emission rate is related to the
density of states, which is extremely high for HMMs in a broadband fashion, as
shown in Figure 2.5a [13]. Indeed, theoretically, for lossless HMMs the density
of states is proportional to the shell volume between the isofrequency surfaces
at ω and ω + dω that is infinite, reducing drastically the lifetime of emitters
in their vicinity as shown in Figure 2.5b [14, 15, 19]. The thermal emission
beyond the black body limit arises from the same principle [16, 17].
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Figure 2.5: (a) Normalized local density of states in the near-field of an eight-layer
HMM with effective medium theory in logarithmic scale. (b) Emitter lifetime when
placed inside a HMM compared with glass as reference. Figure (a) from [13] and
figure (b) from [19].

• Negative refraction (from group velocity and phase velocity misalignment). In

conventional materials, the wavevector k and Poynting vector 〈S〉 = Re(E×H∗)
2

are aligned. However, in a HMM the wavector is constrained to the hyperbolic
isofrequency contour, while the Poynting vector (or group velocity) is normal
to it. As an example, Figure 2.6 shows the behaviour of light at the interface
between an isotropic medium and a HMM (with εx < 0). At the interface, the
transverse z component of the wavevector (kz) is conserved. In the isotropic
medium, the Poynting vector Si is aligned with the wavevector and directed
in the positive z direction, while in the HMM, it is normal to the isofrequency

contour and Sz = kz
εx

H2
0

2ωε0
< 0. The Poynting vector is thus directed in the

negative z direction, meaning that energy undergoes negative refraction at
the interface [18, 47].

Figure 2.6: Negative refraction of light at the interface between an isotropic medium
and a hyperbolic metamaterial. The red curves are the isofrequency contours in both
media, blue arrows are the wavevectors and green arrows are the Poynting vectors.
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2.4 Hyperbolic multilayers: exact formalism

In the previous section we analyzed the metal-dielectric multilayer as an effective
medium using homogenization theory based on field averaging. However, this model
fails to represent the rich physics of HMMs because it does not take into account the
excitation of surface plasmon polaritons (SPPs) at each interface, and the extreme
variation of field they are responsible for. A clear example of this effective medium
breakdown is presented in Chapter 5.

We develop the exact dispersion relation of multilayer HMMs, and show the
presence of a second mode caused by the non-local nature of SPPs in Section 2.4.1.
We explain how this dispersion can be derived from the coupling of the elementary
excitations of the stack in Section 2.4.2.

2.4.1 Exact dispersion relation

The exact dispersion relation in TM polarization of a metal-dielectric multilayer can
be derived using a transfer-matrix method (more details in Section 3.2.1) combined
with Bloch’s eigenvalue equation as [48, 49]:

Mb = λ±b (2.29)

with b the Bloch eigenvectors, λ± = e±ikzD the Bloch eigenvalues (whereD = dm+dd
is the period and kz the Bloch wavevector) and M the transfer matrix of a unit cell
of the multilayer. M can be evaluated using the conversion matrix Um,d in the
metal and dielectric and the propagation matrix Pm,d (see Section 3.2.1 for the
exact definition of these matrices) so that:

M = Pd(dd/2)U−1
d UmPm(dm)U−1

m UdPd(dd/2) (2.30)

where we used a parity symmmetric unit cell with a metal layer of thickness dm
surrounded by two dielectric layers of thickness dd/2. Solving the eigenvalue problem
and using the fact that (λ+ + λ−)/2 = cos(kzD) = Λ, we obtain the dispersion
relation (for TM waves):

Λ = cos(kzD) =
(κdεm + κmεd)

2

4κdκmεdεm
cosh(κddd + κmdm)

− (κdεm − κmεd)2

4κdκmεdεm
cosh(κddd − κmdm)

(2.31)

with κd,m = (k2
x − k2

0εd,m)1/2 the decay coefficients in the dielectric and metallic
layers. The effective permittivities ε‖,⊥(ω,k) depend thus on the wavevector and
thicknesses of the layers, and not only on the frequency as we obtained using EMT.
The underlying non-locality emerges from the plasmonic nature of the dispersion,
with surface plasmon polaritons being supported at each metal-dielectric interface.
Moreover, we can show that the typical plasmon saturation occurs at the SPP
resonance frequency ωSPP = ωp/

√
1 + εd, while the EMT predicts a saturation at

the frequency ωEMT = ωp/
√

1 + (dm/dd)εd (resonant behaviour for ε⊥ →∞).
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Analyzing the dispersion relation at the center of the Brillouin zone (kz = 0),
Equation 2.31 becomes:[
κd
εd

tanh

(
κddd

2

)
+
κm
εm

tanh

(
κmdm

2

)]
.

[
κd
εd

cosh

(
κddd

2

)
+
κm
εm

cosh

(
κmdm

2

)]
= 0

(2.32)

and so, each bracket corresponds to the dispersion of a propagating mode. Thus,
the multilayers support two plasmonic bands, and not one as predicted by the EMT,
as shown in Figure 2.7. The presence of two propagating waves instead of one is a
consequence of non-locality caused by SPPs at each metal-dielectric interfaces [50].

Figure 2.7: Typical plasmonic bands (highlighted in yellow) of a metal-dielectric
multilayer HMM with dm < dd (in this particular case, dd = 20 nm and dm =
10 nm). The red curves are the dispersion curves at the center of Brillouin zone
(kz = 0), purple curves are the dispersion curves at the edge of the Brillouin zone
(kz = π/D) and blue curve the dispersion curve obtained using the Bruggeman’s
effective medium theory described in Section 2.3.

2.4.2 Elementary excitation coupling

The metal-dielectric multilayer is nothing else than an infinite succession of metal-
dielectric interfaces, each supporting SPPs. Looking simply at the bulk mode of
the multilayer just as the coupling between the SPPs at each of these interfaces is
however erroneous. The reason of this is because the coupling of the SPPs through
the metal and through the dielectric is indeed not the same. In fact, we can write
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the coupling strength between two adjacent SPPs as [51]:

cd =
1

dd

∫ dd

0

fSPP (x)fSPP (−x+ dd) dx = e−κddd (2.33)

cm =
1

dm

∫ 0

−dm
fSPP (x)fSPP (−x− dm) dx = e−κmdm (2.34)

where cd (cm) is the coupling coefficient through the dielectric (metal) and fSPP
is the mode profile of the SPP across the interface. cm and cd are of course not
equivalent generally.

It is however more correct to descrive the multilayer dispersion from the coupling
of gap (metal-dielectric-metal structure) plasmons when cm > cd, or slab (dielectric-
metal-dielectric structure) plasmons when cd > cm. The transition between the two
regime occurs when cm = cd and so:

κmdm − κddd = 0. (2.35)

Inserting this criterion (Equation 2.35) inside the two dispersion relations we
have calculated at kz = 0 (Equation 2.32), we prove that the two mode dispersions
intersect when:

κmεd + κdεm = 0 (2.36)

which occurs at the exact coordinates:

ωi =
ωp√

1 + εd
dd
dm

(2.37)

kx,i =
ωi
c

√
εd

1− dm
dd

. (2.38)

We immediately conclude from Equation 2.38 that the two plasmonic bands
intersect only if dm < dd as we can see from Figures 2.8a and 2.8b.

Figure 2.8 shows that when dm > dd, the multilayer is always ‘slab-like’ and
the slab plasmon dispersion is always at the center of the plasmonic bands. When
dm < dd, however, both ‘slab-like’ and ‘gap-like’ regimes exist.

This result is of crucial importance when we want to design our multilayer HMM
to yield a band structure with predefined desired properties. For instance, we apply
this procedure in Chapter 6 with dye-infiltrated HMMs where we design our stack so
that the excitonic lines of the dyes surround the intersection point. Furthermore, in
Chapter 4, we show that the dispersion originates from the coupling of elementary
excitations not only for multilayers, but a priori for any kind of HMMs. In particular,
there we analyze the dispersion mechanism of arrays of square and rectangular
metallic nanorods in a dielectric host. More useful than for multilayer, our results
allow to quickly predict the dispersion behaviour of such metamaterials, even if they
do not have analytical solutions up to this day.
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Figure 2.8: The two plasmonic bands of a periodic metal-dielectric stack when (a)
dm > dd and (b) dm < dd, along with the slab plasmon dispersion (yellow) and gap
plasmon dispersion (purple). Lower subplots show the relative deviation between
the center of plasmonic bands and the gap and slab dispersions [51].
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3
Optical concepts and methods

This chapter introduces the basic theoretical concepts involved in our HMM struc-
tures in Section 3.1, and we discuss the semi analytical and numerical tools employed
to describe them in Section 3.2. In particular, we review (in preparation of Chapter
5) the basic theory of Fabry-Perot cavities in Section 3.1.1, and examine a special
type of asymmetrically-shaped resonances called ‘Fano resonances’ in Section 3.1.2.
Sections 3.1.3 and 3.1.4 explore the theory of strong coupling and PT -symmetry,
which are of particular interest for Chapter 6 treating the interplay of hyperbolic
modes with active media.

3.1 Resonant phenomena

3.1.1 Fabry-Perot cavities

Fabry-Perot cavities are characterized by two parallel partially transmitting mirrors
that induce interference phenomena in reflection and transmission when illumunated
by a plane wave. This interference is responsible for the apparition of resonances so
that the transmittance (and reflectance) spectra are characterized by local maxima
(minima) [52]. We first briefly review the theory of reflection and transmission of
a single interface and then describe the properties of two-mirror based structures,
which is essential for the comprehension of Chapters 5 and 7.
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Fresnel coefficients

At the interface between two different media (noted 1 for the incident medium with
refractive index n1, and 2 for the transmission medium with refractive index n2),
an incident plane wave can either be reflected or transmitted. We can describe
this phenomenon using the electromagnetic continuity equations (without external
current and charge):

n̂ · {D1 −D2} = 0 n̂ · {B1 −B2} = 0 (3.1)

n̂× {E1 − E2} = 0 n̂× {H1 −H2} = 0 (3.2)

with n̂ the unity vector normal to the interface (x direction in our study). For TE
polarisation, where the electric field is normal to the incidence plane (y direction
here), the continuity equations impose that the electric field is continuous across the
interface, meaning that:

Ei + Er = Et ⇒ 1 + rTE = tTE (3.3)

where Ei, Er and Et are the incident, reflected and transmitted electric field, re-
spectively, rTE = Er/Ei and tTE = Et/Ei the Fresnel coefficients for reflection and
transmission. Continuity of the tangential component of magnetic field imposes
(using the Maxwell-Faraday equation for plane waves H = 1

ωµ0
k× E):

−kx,1Ei + kx,1Er = −kx,2Et ⇒ kx,1(1− rTE) = kx,2tTE. (3.4)

Combining Equations 3.3 and 3.4 we finally derive the expressions for the Fresnel
coefficients:

rTE =
kx,1 − kx,2
kx,1 + kx,2

, tTE =
2kx,1

kx,1 + kx,2
. (3.5)

The Fresnel coefficients for TM polarization are obtained in a similar way:

rTM =
n2

2kx,1 − n2
1kx,2

n2
2kx,1 + n2

1kx,2
, tTM =

2n1n2kx,1
n2

2kx,1 + n2
1kx,2

. (3.6)

The energy flow of electromagnetic waves, carried by the Poynting vector S is
defined as:

〈S〉 =
1

2
Re(E×H∗) (3.7)

and we can rewrite for plane wave excitation as:

|〈S〉| = Re(k)

2µ0ω
|E|2 =

Re(n)

2µ0c
|E|2. (3.8)

Using Equation 3.8 with the definition of the Fresnel coefficients (r, t), the trans-
mittance T and reflectance R of light at an interface, valid for both polarizations,
can be calculated as:

R =
〈Sr〉
〈Si〉

=
|Er|2

|Ei|2
= |r|2, T =

〈St〉
〈Si〉

=
Re(n2)|Et|2

Re(n1)|Ei|2
=

Re(n2)

Re(n1)
|t|2. (3.9)
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Two-interface cavities

Fabry-Perot cavities are structures with two partially transmitting mirrors separated
by a distance L. For instance, a three-layer structure (n1 − n2 − n1, where n2 is
the index of the cavity and n1 of the surrounding layers) with large optical contrast
is a typical Fabry-Perot cavity. At each interface, light can either be reflected or
transmitted, generating outside the cavity interference from the multiple reflected
or transmitted waves.

The reflection and transmission amplitudes for such a cavity, determined from
the superposition of all plane waves at the output, normalized by the incident field,
are given by:

r =
Er
Ei

= r12 +
t12t21r21e

2iφ

1− r2
21e

2iφ
, t =

Et
Ei

=
t12t21e

2iφ

1− r2
21e

2iφ
(3.10)

where the subscript ‘12’ tells from medium 1 to medium 2’ and with φ = kxL the
propagation phase. The reflectance and transmittance are obtained by taking the
square of the norm of these amplitudes.

Resonances appear when constructive interferences occur, which is realized when
the phase accumulated during a round-trip inside the cavity is equal to

2kxL+ ϕ1 + ϕ2 = 2mπ (3.11)

where m is an integer, ϕ1 and ϕ2 are the phases induced by the reflection at interface
1 and 2, respectively. The frequency separation between two resonances, for a
dispersionless cavity, is:

|∆ω| = πc

n2L
(3.12)

or, in terms of wavelength (also called the free-spectral range):

|∆λ| = λ1λ2

2n2L
(3.13)

where λ1 and λ2 are two successive resonant wavelengths. This free-spectral range
is an important quantity to define the finesse of the peaks F as:

F =
∆λ

δλ
≈ πR

1/2
s

1−Rs

. (3.14)

with δλ is the full width at half maximum of the peaks and Rs the reflectance of
the interface betweem medium 1 and 2. The Fabry-Perot resonances are thus more
sharp when the reflectance of the interfaces is high. We use these properties in
Chapter 5, where we tilt the layers of a multilayer HMM, leading to large effective
index of the propagating mode in the cavity, and thus a large optical contrast and
reflectivity at the interfaces.
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3.1.2 Fano resonance

Ugo Fano developed in 1961 a theory to describe the asymmetrically-shape reso-
nances in the studies of the Rydberg series for a phenomenon called auto-ionization
[53]. This type of resonance, that arises from the interference between discrete quan-
tum states and a continuum of states are well defined by the famous Fano formula:

σ(E) = D2 (q + Ω)2

1 + Ω2
(3.15)

where σ(E) is the absorption spectrum or a scattering cross-section, E is the energy,
q = cot δ is the Fano parameter with δ the phase shift of the continuum, Ω = 2(E−
E0)/Γ with E0 and Γ the energy and damping of the resonance, and D2 = 4 sin2 δ.
Figure 3.1 shows typical Fano resonances for different Fano parameters q.

Figure 3.1: Typical Fano resonances for various limit cases of the Fano parameter
q. Figure from [54].

The limit q → ±∞ corresponds to the case where the external perturbation does
not couple with the continuum, and the resonances thus have a typical lorentzian
shape. The case q = 0 is the limit where the perturbation does not couple to the
discrete state and the Fano has an inverted lorentzian shape, sometimes called anti-
resonance. The case q = 1 is the typical picture of a Fano resonance, with the
scattering going from a minimum to a maximum in a very sharp fashion.

Even if it was first observed in atomic physics, Fano resonances are present in
practically every discipline, including photonics [54–56]. The spectrally asymmetric
shape can for instance be derived in the scattering properties of a single-mode res-
onator coupled to two ports, using coupled mode theory (CMT), which we briefly
describe in the following [57].
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The temporal equation of CMT (using typical Dirac bracket notation 〈v|=
[v∗1, v

∗
2]) is:

da

dt
=

(
iω0 −

1

τ

)
a+ (〈κ|∗) |s+〉 (3.16)

|s−〉 = C|s+〉+ a|d〉 (3.17)

where a is the complex amplitude of the mode in the cavity, ω0 and τ the frequency
and lifetime of the resonance. s+ and s− correspond to the input and output exci-
tations at the ports, respectively. 〈κ| describes the coupling of the resonator with
the input and 〈d| for the output. In addition, the incoming and outgoing waves in
the ports can also couple through a direct pathway with scattering matrix C.

Using time-reversal transformation and energy conservation one can show that
〈d| and 〈κ| are related to the other parameters by:

|κ〉 = |d〉 (3.18)

〈d|d〉 = 2/τ (3.19)

C|d〉∗ = −|d〉 (3.20)

For a structure with mirror symmetry, the problem is simpler with d2
1 = d2

2, and
the scattering matrix for the direct process C has the special form:

C = eiφ
(
r it
it r

)
(3.21)

where r, t, φ are real constants with r2 + t2 = 1. Using Equations 3.19 and 3.20, we
can determine the scattering matrix S of the system as:

S = eiφ
[(

r it
it r

)
+

1/τ

i(ω − ω0) + 1/τ

(
−(r ± it) ∓(r ± it)
∓(r ± it) −(r ± it)

)]
(3.22)

with (+) sign corresponding to the case where the resonant mode is even, and (-)
sign for the odd one. The related reflectance is therefore

R =
r2(ω − ω0)2 + t2(1/τ)2 ∓ 2rt(ω − ω0)(1/τ)

(ω − ω0)2 + (1/τ)2
(3.23)

which has a Fano asymmetric line shape.
In Chapter 5 we demonstrate Fano resonances in a HMM tilted cavity. These res-

onances arise from the simultaneous excitation of and interference between a propa-
gating and an evanescent mode, the former providing for rapidly varying Fabry-Perot
resonances, and the latter leading to a slowly varying background (the continuum
or direct channel).

3.1.3 Strong coupling

The strong coupling regime is reached when the coherent energy exchange between
two damped coupled oscillators is faster than their average dissipation rate. The
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spectral signature of this effect is the splitting of the power dissipation spectrum,
with the apparition of two distinct hybrid states [58, 59]. From the photonic point-
of-view that interests us, in the strong coupling regime, light enters in a dressed state
with matter transitions which leads to the generation of two distinct light-matter
hybrid states (or polaritons).

A typical example is the strong interaction of an excitonic material inside a cavity,
where the strong coupling between the excitonic absorption and the cavity mode
gives rise to two independent hybrid polaritons, and so, two peaks of absorption
instead of just one [60, 61].

We can describe this interesting regime using a damped coupled oscillator model,
with just one driving force. The limit between the weak and strong coupling is
different when using a classical or a quantum theory to describe these effects. We
develop the two point-of-views in the following.

Classical model

The equation of motion for two damped coupled oscillators is given by:

ẍi + γiẋi + ω2
i xi − Ω2xj = Fi (3.24)

where xi are the displacement from equilibrium, ẋi the speed, ẍi the acceleration,
ωi and γi the uncoupled resonance frequency and damping rate of the oscillator ‘i’
(with i=1, 2). Ω is the coupling constant between the two oscillators, Fi the driving
force per mass on oscillator ‘i’.

If we suppose a harmonic driving force only on oscillator 1 with frequency ω
(F1e

−iωt), we can assume that the amplitude of the oscillators have the same har-
monic dependence, so that xi(t) = xi0e

−iωt. The coupled equation of motion of
Equation 3.24 can then be written in matrix form as:(

ω2
1 − ω2 − iγ1ω −Ω2

−Ω2 ω2
2 − ω2 − iγ2ω

)(
x1

x2

)
=

(
F1e

−iωt

0

)
. (3.25)

Note that the same system of coupled equations could be used to describe the
Fano resonances of the previous section, with |γ1|>> |γ2| and |Ω2|<< |γ1|. The dis-
sipated power of oscillator ‘i’ is Pi = ω2γi|xi(ω)|2, so we need the displacement from
equilibrium of both oscillators. This can be easily extracted by inverting Equation
3.25 as:(

x1

x2

)
=

1

Z

(
ω2

2 − ω2 − iγ2ω Ω2

Ω2 ω2
1 − ω2 − iγ1ω

)(
F1e

−iωt

0

)
(3.26)

where Z = (ω2
1 − ω2 − iγ1ω)(ω2

2 − ω2 − iγ2ω)− Ω4.
If the two oscillators have different resonance frequencies ω1 6= ω2, the exchange

of energy is not efficient and the regime is similar to weak coupling. They must thus
have the same resonance frequency ω1 = ω2 = ω0. A condition to see a splitting
behaviour in the dissipated power is that Ω2/(ω0(γ1 + γ2)) ≥ 1, which means it is
necessary that the energy exchange between the two oscillators does more than one
cycle before dissipation.
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A typical strong coupling splitting is shown in Figure 3.2b, compared to the weak
coupling regime in Figure 3.2a. As we can see in Figure 3.2b, the initial oscillators
with resonances ω0 are split in two resonances, one at a frequency ω0 − ωRabi/2,
the other at frequency ω0 + ωRabi/2, with ~ωRabi the Rabi splitting energy (also
sometimes called Autler-Townes splitting).

Figure 3.2: Total power dissipated by two damped coupled oscillators with the same
resonance frequency when only one oscillator is driven by an external force. (a) In
the weak coupling regime when Ω2/(ω0γ) = 0.5. In the strong coupling regime when
Ω2/(ω0γ) = 3. Figure from [58].

Quantum model

The Hamiltonian describing the dynamics of a system of two damped coupled os-
cillators is non-hermitian, meaning that the energy spectrum is complex, with the
imaginary part of the energy related directly to dissipation. As we have seen in the
previous section, strong coupling is achieved only when ω1 ≈ ω2. Dividing the first
row of the 2× 2 matrix on the left side of Equation 3.25 by (ω1 +ω) and the second
row by (ω2 + ω), the equation of motion becomes (in the case ω1 ≈ ω2 ≈ ω):(

ω1 − iγ1/2− ω −Ω2

2ω

−Ω2

2ω
ω2 − iγ2/2− ω

)(
x1

x2

)
=

(
0
0

)
. (3.27)

The 2 × 2 matrix on the left side can be rewritten as H − ωI, with I the identity
matrix and H the Hamiltonian matrix (normalized by ~)[58, 62]:

H =

(
ω1 − iγ1/2 gc

gc ω2 − iγ2/2

)
(3.28)

where gc = −Ω2/2ω is the effective coupling constant.
A non-trivial solution of this system is possible only if det (H − ωI) = 0 which

leads to the eigenfrequencies:

ω± = ω̃ ±
√
g2
c +

∆2

4
(3.29)
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with ω̃ = (ω1 +ω2)/2− i(γ1 +γ2)/4 the average complex frequency of the uncoupled
states and ∆ = (ω1−ω2)− i(γ1− γ2)/2 their detuning. When the states are lossless
(γ1 = γ2 = 0) and degenerate (ω1 = ω2), ∆ = 0 and the two eigenstates of the
coupled system are separated by the Rabi splitting energy ~ωRabi = ~|ω+ − ω−|=
~|gc|.

When |gc|<< |∆/2|, the eigenfrequencies ω± = ω̃±∆/2 are just the frequencies
of the bare states, showing that the influence of the coupling is weak and we can
treat it as a perturbation. We cannot consider the system as perturbed as soon as
|2gc/∆|≥ 1, which is the quantum condition for strong coupling.

For use in Chapter 6 we have developed a semi-classical model to describe the
coupling of excitonic lines in a one-dimensional periodic structure. This model is
described in detail in Appendix A.

3.1.4 PT -symmetry and exceptional points

An axiom of quantum mechanics states that the Hamiltonian operator H, expressing
the dynamics of a system, must be Hermitian [63], meaning:

H = H† (3.30)

where † stands for the Dirac Hermitian conjugation (combination of matrix trans-
position and complex conjugation). Hermicity ensures that the eigenvalues of H are
real and that the time-evolution operator is unitary.

This statement was questioned in 1998, when Bender and Boettcher [64] made a
breakthrough affirming that non-Hermitian Hamiltonian operators with parity-time
(PT ) symmetry provide a real energy spectrum, and could thus describe quantum
systems. This condition is weaker than requiring hermicity and thus opens the
way to previously unknown phenomena [65]. An Hamiltonian is said to be PT
symmetric if it commutes with the PT operator ([H,PT ] = 0). But because PT is
not linear [PT (λφ) = λ∗PT (φ)], the eigenstates of H are not necessarily eigenstates
of PT . One can show that if φ is an eigenstate of H and PT , this imposes that the
eigenvalue E of H related to this eigenstate is real.

If every eigenstate of H is also an eigenstate of PT , then their eigenvalues are real
and we say that the PT symmetry of H is unbroken. Conversely, if some eigenstates
of H are not eigenstates of PT , then their eigenvalues are not necessarily real and
we say that the PT symmetry of H is broken.

By tuning some parameters of H, it is possible to pass from the broken phase
to the unbroken phase, with drastic changes in the behaviour of the system. At the
transition between these two regimes lies what is called an ‘exceptional point’, a
point where the eigenvalues coalesce and are degenerate.

For a typical Hamiltonian of the form:

H =
p̂2

2m
+ V (r̂), (3.31)

the condition for the Hamiltonian to be PT symmetric is that the potential V
has the property (because the impulsion operator p̂ is invariant through the PT
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operator):

V (r̂) = V ∗(−r̂). (3.32)

This condition means that the real part of the potential needs to be symmetric with
respect to the operator P , unlike the imaginary part, which has to be antisymmetric.

The equivalent of the potential in the photonic field is the permittivity ε(r),
which must thus satisfy the conditions:

Re [ε(r)] = Re [ε(−r)]
Im [ε(r)] = −Im [ε(−r)] ,

(3.33)

that is, the real part of the refractive index is symmetric, while the imaginary part
(related to gain and loss) has to be antisymmetric.

A classical example to present the effect of PT symmetry is the directional
coupler. A directional coupler is a simple structure consisting of two single-mode
waveguides that couple with each other. For the coupler to be PT symmetric, it
must satisfy the conditions of Equation 3.33, meaning that the two waveguides need
to be identical (same real part of refractive index nr), but one must experience
gain (Im(Neff ) = −γ with Neff = neff − iγ the effective index of the unperturbed
waveguide, neff the real part of the effective index and γ the gain/loss (positive)
modal effective parameter) while the other experiences loss with the same magnitude
(Im(Neff ) = γ).

The system is described by the equations [66]:

i

k0

d

dz

(
c1

c2

)
=

(
neff − iγ g

g neff + iγ

)(
c1

c2

)
(3.34)

with ci the amplitude of the mode in waveguide ‘i’, and g the coupling constant
between the two waveguides. The effective indices of the two supermodes are then
given by:

N± = neff ±
√
g2 − γ2. (3.35)

Note the similarity between Equations 3.35 and 3.29, showing that PT symmetry
is an analogue to the strong coupling regime for systems where the gain is exactly
balanced by the loss (γ1 = −γ2). Figure 3.3 shows the typical ‘fork-like’ evolution
of the effective indices of the two supermodes with the gain/loss parameter. When
γ < g, the effective index of the two supermodes are real and they propagate without
loss or gain. This regime is called the unbroken PT symmetry phase. When γ > g
we enter the broken PT symmetry phase where the real part of the effective indices
are equal but the imaginary parts are opposite, wich means that one supermode
experiences dissipation while the other is amplified.

At the junction of the two regimes lies an exceptional point (EP), a point where
the two eigenmodes coalesce and are degenerate. These EPs present interesting
physical properties, such as extreme spontaneous emission enhancement [67, 68],
resonance narrowing, laser oscillation [69], and stopped light behaviour [70]. The
latter stopped light is a crucial result for enhanced light-matter interaction [71].
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Figure 3.3: Evolution of the real (a) and imaginary (b) part of the effective indices
N± of the two supermodes as a function of the gain/loss factor γ. When γ < g one
has the unbroken phase, while when γ > g one has the broken phase. At γ = g the
two supermodes coalesce and an exceptional point appears. We used neff = 2 and
g = 0.02.

3.2 Semi-analytical and numerical methods

During this work we employ various methods to solve the electromagnetic Maxwell
equations. In particular, in Chapters 4 and 5 the structures are too complex to
resolve the equations completely in an analytical way. For this reason, we use
the finite element method to analyze the optical response, and we introduce the
method briefly in Section 3.2.2. Chapter 6 treats the physics of active stratified
media, structures for which an analytical solution exists that can be derived with
the transfer-matrix method, which we describe in Section 3.2.1.

3.2.1 Transfer-matrix method

This section introduces the transfer-matrix formalism necessary to understand the
scattering properties of light in stratified media. This method is of particular interest
for Chapter 6 where we study the interaction of quantum emitters in multilayers.
We limit our presentation to nonmagnetic, linear and isotropic media, as these are
the only materials used in this thesis.

If we examine the propagation of light in a given fixed direction, the transfer-
matrix M links the amplitudes of the incoming and outgoing field from one side of
the structure, to the amplitudes on the other side as:(

A+
U

A−U

)
= M

(
A+
B

A−B

)
(3.36)

with the amplitude definition shown in Figure 3.4.

In each layer of the stratified medium, the electric and magnetic field are related



3.2 Semi-analytical and numerical methods 33

Figure 3.4: Definition of the amplitudes on each side of a structure linked by the
transfer-matrix M .

to the amplitudes A by:

E‖ = A+eikzz − A−e−ikzz

Z0H‖ = Z−1
‖ (A+eikzz + A−e−ikzz)

(3.37)

with kz =
√
εk2

0 − k2
x the momentum in z direction (the direction normal to the

layers), Z0 =
√
µ0/ε0 the wave impedance of free space and Z‖ the impedance of

the layer, depending on the polarization and defined as:

(TM) Z‖ =
kz

εk0

,

(TE) Z‖ =
k0

kz

.

(3.38)

The continuity at the interface being only relevant for the field and not for the
amplitude, we need to define the conversion matrix U using equation 3.37 as:(

E‖
Z0H‖

)
= U

(
A+

A−

)
=

(
1 −1
Z−1
‖ Z−1

‖

)(
A+

A−

)
. (3.39)

The amplitude propagation over a distance d is represented by the propagation
matrix P as: (

A+
2

A−2

)
= P (d)

(
A+

1

A−1

)
=

(
eikzd 0

0 e−ikzd

)(
A+

1

A−1

)
. (3.40)

With these two matrices, we can build the total transfer-matrix and describe the
scattering properties of any stratified media (without current lines). If we suppose
a layer ‘i’ of thickness di with permittivity εi, the transfer of the fields across this
layer is:

Mi = UiPi(di)U
−1
i . (3.41)
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If we suppose a structure with a semi-infinite substrate (with subscript 1) and a semi-
infinite superstrate (with subscript n), the total transfer-matrix of the multilayer is
then just the product of each individual transfer-matrix:

M = U−1
n

(
n−1∏
i=2

Mi

)
U1. (3.42)

If we suppose an excitation from the top, from causality we have A+
B = 0 and we

can fix arbitrarily A−B = 1. Then the reflectance R and transmittance T are easily
extracted using the transfer-matrix formalism as R = |A+

U/A
−
U |2 and T = |1/A−U |2.

Note that we have already presented in Section 2.4.1 how to define and use the
transfer-matrix to calculate the dispersion relation of a periodic multilayer.

3.2.2 Finite element method

We study complex structures that do not have analytical solutions up to this day.
Some insights can be retrieved analytically, but exact solutions to the Maxwell
equations usually require numerical methods. In particular, we use the commer-
cial package COMSOL Mutliphysics, which implements the computational method
called the ‘Finite Element Method’ (FEM) [72, 73].

The principle of FEM is to subdivide the structure we want to model in N finite
subsections, building what is called a ‘mesh’. In that way we transform the problem
to a large set of linear equations solvable by matrix inversion techniques. This mesh
is generally triangular (tetrahedral in 3D) as it allows to fit curved boundaries better
compared to cubic or squared meshes required by other techniques (Figure 3.5). The
desired function ψ is then approximated by an expression such as:

ψ(x, y, z) =
M∑
i=0

uibi(x, y, z) (3.43)

where bi is a basis of known functions, and ui are the coefficients to be determined
using continuity of the field across elements and the boundary conditions. One then
defines a suitable functional J , so that ∂J/∂ui = 0 when the set of ui is solution to
the equation.

Figure 3.5: Triangular mesh of a rounded structure composed of two materials,
typically studied in Chapter 4.
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The Wave Optics module in COMSOL provides a wide range of modeling tools to
solve time-harmonic electromagnetic field distributions. We mainly use two nodes
for our simulations: the Mode Analysis node that we use to calculate the modes
and disperion of a 2D cross-section of a waveguide (used in Chapter 4), and the
Boundary Mode Analysis node that we use to calculate the modes of a given 1D
periodic multilayer, which are then injected in the structure using a port boundary
condition (used in Chapter 5).
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4
Two-dimensional elementary excitation
coupling

The multilayer we have presented in detail in Chapter 2 is not the only metal-
dielectric design that provides hyperbolicity, leading to fascinating properties and
applications such as a very large density of states [74, 75] and refractive index [76, 77].

In 2011 and 2013, two different groups showed that the hyperbolic properties
in multilayer configurations (Figure 4.1a) arise from the plasmonic nature of the
structure, and they are specifically explained as a competition between ‘gap’ modes
(coupling of surface plasmons through the dielectric) and ‘slab’ modes (coupling of
surface plasmons through the metal), as we have presented in Section 2.4.2 [51, 78,
79]. These studies provide for an intuitive picture to describe the modal properties in
a 1D setting, by comparing the Bloch modes (judiciously averaged over the Brillouin
zone (BZ)) with ‘elementary’ structures.

However, surface plasmon polaritons of planar metal-dielectric interfaces are
clearly not the only plasmonic design at our disposal. For example, another typical
structure that offers the same type of hyperbolicity is an array of cylindrical metallic
nanorods in a dielectric host [80, 81].

In this chapter we discuss another type of 2D plasmonic array that is also hyper-
bolic. An extension of the theory developed in Section 2.4.2 for the 1D multilayer is
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presented for this different design. In particular, with this extended procedure we
study the dispersion of arrays of square and rectangular silver nanorods in a TiO2

host (Figure 4.1b). The method is in this case more complex because of the higher
number of modes and because of the 2D nature of the BZ for the transverse Bloch
components (kx, ky). In addition, there are more elementary modes to consider,
compared to the 1D case.

(a) (b)

Figure 4.1: (a) Multilayer consisting of periodic subwavelength layers of metal (silver
(Ag)) and dielectric (TiO2). (b) Geometry consisting of an array of square (or
rectangular) silver nanorods in a TiO2 host. wx and wy are the size of the nanorods
in the x and y directions, respectively. P is the period of the array. wx = wy = w
for square nanorods.

We show that the dispersion of the array arises from the coupling of elementary
excitations, and the particular basic structure depends on the size of the nanorods.
For small and large square nanorods, the elementary geometries are a single rod and
a four-corner structure, respectively. The intermediate size case arises from various
elementary excitations in function of the frequency range and mode symmetry. Fi-
nally, for rectangular nanorods (one dimension much larger than the other) we find
a good description via two coupled semi-infinite rods.

In Section 4.1 we explain the geometries, the notation and the analysis procedure.
In Section 4.2 we examine the dispersion of arrays of small (compared to the period)
square nanorods. In Sections 4.3 and 4.4 arrays of large and medium size nanorods
are treated, respectively. Finally, in Section 4.5 we break the symmetry between the
x and y directions with rectangular nanorods, and we conclude in Section 4.6.

4.1 Methods

4.1.1 Geometries

We study the dispersion of arrays of silver square and rectangular nanorods of various
size in a dielectric TiO2 host. From the discussion in Chapter 2 on the material
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response in the visible regime, we take a dispersionless refractive index for TiO2 of
n = 2.7. We avoid the problem of complex wavevector propagation in this study by
taking a lossless Drude model for silver from Equation 2.8:

εAg(ω) = 1−
ω2
p

ω2
(4.1)

with ωp = 1.26× 1016 rad/s the plasma frequency.

We slightly round the corners of the rods (via quarter circles of 1 nm radius) in
order to avoid extreme hotspots for the simulations. The influence of the period is
not considered here, we fix the period of all structures to P = 30 nm, which is much
smaller than the wavelength in the range analysed (from visible to near infrared
spectrum).

For the square nanorod arrays, three cases are examined: a first case with the
width w of the rods being much smaller than the period (we choose w = 8 nm,
Figure 4.2a, analysed in Section 4.2). A second case with the width of the rods
slightly smaller than the period (we choose w = 25 nm, Figure 4.2b, analysed in
Section 4.3), and a third case with an intermediate width (we choose w = 16.3 nm,
Figure 4.2c, analysed in Section 4.4).

(a) (b) (c) (d) (e)

Figure 4.2: Single unit cell of the structures under study: array of square nanorods
with period P = 30 nm and nanorod width (a) w = 8 nm, (b) w = 25 nm, (c)
w = 16.3 nm. (d) Array of rectangular nanorods of width wx = 20 nm and wy =
10 nm. (e) Reciprocal lattice and first Brillouin zone (in red). For square nanorod
arrays, the irreducible Brillouin zone is the triangle delimited by the Γ, X1 and M
points. For rectangular nanorod arrays, the irreducible Brillouin zone is the square
delimited by the Γ, X1, X2 and M points.

For these three cases the x and y directions are equivalent because the structures
are invariant under rotation of 90◦ (the mode propagates along the z direction, out
of the page here). The irreducible Brillouin zone is a triangle (Figure 4.2e) delimited
by three important points: the center of the BZ Γ where kx = ky = 0, the X1(X2)
point where kx (ky) is equal to π

P
and the M point where kx = ky = π

P
.

We also study rectangular nanorods where we break the x, y symmetry (with x
direction width wx = 20 nm larger than y direction width wy = 10 nm, Figure 4.2d).
In this case, the irreducible Brillouin zone is the square delimited by the four points
Γ,X1,X2 and M.

Unlike the simple multilayer case, purely TM propagating modes do not exist
here. All modes present the six components of the fields [82]. Thus it is very difficult
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Figure 4.3: Lattice under study, which can be described from different viewpoints.
The blue rectangle represents single-rod excitations. The green rectangle represents
four metallic corners connected via dielectric. The red rectangle associates with
structures made of two coupled (semi-infinite) rods. Shown is the z component of
the electric field Ez for the aa mode (at the Γ point, kx = ky = 0) for the medium
size square nanorod array at the wavelength λ0 = 700 nm.

to analytically study these lattices, and we employ the numerical software COMSOL
Multiphysics 5.1, with a mode solver based on the finite element method.

To obtain the dispersion of the structure the solver calculates the modes at a
given frequency and provides the propagation constant of these modes. For the pe-
riodic arrays we simulate only one unit cell of the geometry with Floquet conditions
at the lateral boundaries, with predetermined values for kx and ky. For the elemen-
tary geometries we do not use perfectly matched layers, as the modes are confined
enough and a computational width of 200 nm with scattering boundary conditions
suffices.

In analogy with the multilayer case, we look for elementary excitations or ‘sim-
pler’ structures that can describe the array dispersions. To guide our search, the
arrays can be seen as lattices with different bases (Figure 4.3): a lattice of single
rods (blue rectangle), a lattice of four metallic corners connected via a dielectric
medium (green rectangle) or a lattice of two coupled rods (red rectangle).

The simplest excitation here is no longer the surface plasmon polariton (as for
the multilayer), but the plasmonic mode guided by a metallic corner. This corner
plasmon can couple to neigbouring corners: through a dielectric layer, via a metallic
edge or with a combination (through dielectric in one direction and via metallic
edge in another direction). This leads to three elementary structures: the single-rod
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structure (Figure 4.4a), the four-corner structure (Figure 4.4b) and the coupled-rod
structure (Figure 4.4c), respectively. According to the size of the nanorods, we will
see that the array dispersion seems to be associated with one of these elementary
excitations. Note that various other fundamental geometries can be constructed,
but analysis showed they do not corroborate well with the array modes.

(a) (b) (c)

Figure 4.4: Elementary structures: (a) single rod in an infinite dielectric host. (b)
Four metallic corners connected via dielectric medium. (c) Two coupled semi-infinite
rods. Red arrows indicate the principal ways of coupling between corners.

4.1.2 Notations

Unlike the multilayer case, where only two different guided modes are present (a
symmetric and an asymmetric one), four different symmetries for guided modes
exist in our structures (Figure 4.5). We use a notation similar to the one adopted
in [82] to indicate the mode.

A mode is described by two letters, the first letter represents the symmetry of
Ez along a rod side in the x direction, and this letter can be “a” asymmetric or “s”
for symmetric along x. The second letter represents the symmetry along a rod side
in the y direction, with the same modalities. We only focus on the lower frequency
modes, so an extra notation for the order of the mode is not needed.

The four possibilities are thus the aa mode (Figure 4.5a), as mode (Figure 4.5b),
sa mode (Figure 4.5c) and ss mode (Figure 4.5d). The same nomenclature is used
for the elementary structures.

Note that the sa and as modes for the arrays of square nanorods at the Γ and M
points are degenerate because the x and y directions are equivalent and a rotation
of 90◦ maps the Γ point to itself and maps the M point to the M̃ point, which is
related via a vector of the reciprocal lattice (Figure 4.2e). However, the sa and as
modes are not degenerate at the X1 (or X2) point because a rotation of 90◦ maps
the X1 (X2) point to the X2 (X̃1) point that is not connected via a vector of the
reciprocal lattice.

For the elementary structures, the sa and as modes are degenerate for the single-
rod and the four-corner structure, because of 90◦ rotation equivalence, but they are
not degenerate for the coupled-rod case (no 90◦ symmetry).



42 4 • Two-dimensional elementary excitation coupling

(a) aa (b) as

(c) sa (d) ss

Figure 4.5: Ez profiles of the electric field over a single unit cell for an array mode
at the Γ point for w = 16.3 nm at λ0 = 700 nm. (a) aa mode. (b) as mode. (c) sa
mode. (d) ss mode.

Finally, the rectangular nanorod array modes and their elementary structure
modes are not degenerate because the equivalence between the x and y directions
is broken.

4.1.3 Dispersion analysis method

We introduce a 2D extension of the method used in [51]. They showed that the mean
of the plasmonic band dispersion of a multilayer closely corresponds to the dispersion
of elementary excitations of the structure (‘slab’ or ‘gap’ modes), providing for an
intuitive picture to understand the 1D array modes.

In the case of 2D arrays of square nanorods, where the irreducible Brillouin zone
is a triangle, the mean of the plasmonic band is calculated as

ωm(kz) =
ωa(Γ, kz) + ωa(X1, kz) + ωa(M, kz)

3
(4.2)

For arrays of rectangular nanorods, where the irreducible Brillouin zone is a square
we use

ωm(kz) =
ωa(Γ, kz) + ωa(X1, kz) + ωa(X2, kz) + ωa(M, kz)

4
(4.3)

with ωm(kz) the mean of the plasmonic band for a given propagating constant kz.
ωa(Γ, kz), ωa(X1, kz), ωa(X2, kz) and ωa(M, kz) are the frequencies of the propagating
mode of the periodic array at the Γ, X1, X2 and M points, respectively.

In analogy with the 1D case, we assume that a good correspondence between the
mean of the plasmonic band and the dispersion of an elementary structure indicates
that the array modes ‘arise’ from the modes of this elementary geometry. The nature
of the basic structure will depend on the size and shape of the nanorods in the array.
Mathematically, this assumption is simply

ωm(kz) ≈ ωe(kz) (4.4)
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where ωe(kz) is the frequency of the elementary excitation for a given kz.
One should pay attention that the symmetry of a given mode at the center of the

Brillouin zone (Γ) is not necessarily the same at the X1 and M points, so it requires
caution when using equations 4.2 and 4.3 to calculate the mean of the plasmonic
band, and to choose the adequate elementary mode.

A detailed application of this procedure is given in the next Section.

4.2 Small nanorods

We examine the dispersion for arrays of small (compared to the period) square
nanorods with a width w = 8 nm. Using equation 4.2, we calculate the mean of the
plasmonic band for each mode. In this case, the symmetry of each mode does not
change between the Γ, X1 and M points.

Figure 4.6 shows the dispersion for the small nanorod case at each specific point of
the BZ. All the modes approach the horizontal asymptote defined by ω = 0.255 ωp,
which is typical for the single corner plasmon mode. This effect is because the
modes are tightly confined to the corners at this frequency, so that no coupling
occurs between them. As we point out in Section 4.1.2, the sa and as modes are
degenerate at the Γ and M points (red curve in Figure 4.6a and Figure 4.6c), but
not degenerate at the X1 point (red and magenta curves in Figure 4.6b).

Figure 4.6d shows the utilisation of the procedure described in Section 4.1.3
for the ss mode. We apply equation 4.2 to calculate the mean of the plasmonic
band (black dashed curve), thus the average of the ss dispersion at the Γ (red
curve, Figure 4.6d), X1 (green curve, Figure 4.6d) and M (blue curve, Figure 4.6d)
points. This mean is then compared to the three elementary structure dispersions
in Figure 4.7d, to determine which one best describes the array.

Now Figure 4.7 shows this mean for each mode, and compares it with the three
elementary modes of the same symmetry. We clearly see that the calculated mean
corresponds perfectly with the dispersion of the single-rod geometry for each mode
(the dashed black curve overlaps well with the blue curve).

Therefore, according to our assumption (equation 4.4), the elementary excitation
that best describes the array mode seems to be the single rod structure, which
comprises of four corners that are connected via metal-dielectric interfaces (the four
sides of the rods). The single-rod being the ‘basic’ excitation is also intuitively
acceptable in these small rod arrays, as the rods are too far from each other for
efficient coupling.

4.3 Large nanorods

We proceed with the same treatment for large square nanorod arrays (w = 25 nm).
Again, using equation 4.2 we calculate the mean of the plasmonic band for each
mode. However, unlike the small nanorod case, the symmetry of the mode changes
between the Γ, X1 and M points, so that the modes need to be chosen carefully to
apply equation 4.2. A summary of the mode symmetry changes is given in Table 4.1.



44 4 • Two-dimensional elementary excitation coupling

kz(m
−1)

×108
0 1 2 3 4 5

ω
/
ω
p

0.05

0.1

0.15

0.2

0.25

0.3

Mode aa
Mode sa/as
Mode ss

(a) Γ

kz(m
−1)

×108
0 1 2 3 4 5

ω
/
ω
p

0.05

0.1

0.15

0.2

0.25

0.3

Mode aa

Mode as

Mode sa

Mode ss

(b) X1

kz(m
−1)

×108
0 1 2 3 4 5

ω
/
ω
p

0.05

0.1

0.15

0.2

0.25

0.3

Mode aa
Mode sa/as
Mode ss

(c) M

kz(m
−1)

×108
0 0.5 1 1.5 2

ω
/
ω
p

0.05

0.1

0.15

0.2

Γ

X1

M
Mean

(d) ss

Figure 4.6: Dispersion of small square nanorod array (w = 8 nm). (a) At the Γ
point (kx = ky = 0). (b) At the X1 point (kx = π

P
, ky = 0). (c) At the M point

(kx = ky = π
P

). (d) Mean of the dispersion calculated using equation 4.2 for the ss
mode (black dashed line).

Γ(0, 0) X1( π
P
, 0) M( π

P
, π
P

)

aa sa ss
as ss sa
sa aa as
ss as aa

Table 4.1: Symmetry changes for large square nanorod arrays in function of the
Bloch wavevector for a given kz. Each row corresponds to a particular mode. This
Table is also valid for the medium size nanorod array above ω = 0.246ωp.

We see that when the wavevector in the x direction changes from kx = 0 to
kx = π

P
, the symmetry in the x direction changes from symmetric to asymmetric

(and vice versa). When the wavevector in the y direction changes from ky = 0 to
ky = π

P
, the same phenomenon occurs for the y-symmetry.

Figure 4.8 shows the mean for each mode and compares it again with the ele-
mentary excitations of the same symmetry. In this case, the calculated mean cor-
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Figure 4.7: Comparison between the mean calculated with equation 4.2 and the
three possible elementary excitations for the small nanorod array. For each graph,
the green curve corresponds to the four-corner structure, red curve corresponds to
the coupled-rod, blue curve corresponds to the single-rod and black dashed curve
correspond to the calculated mean. (a) For aa mode. (b) For as mode. (c) For sa
mode. (d) For ss mode.

responds very well with the dispersion of the four-corner structure for each mode.
This implies that the plasmonic mode of the large nanorod array originates from
the four-corner structure, thus the plasmonic corners mainly couple through the
dielectric (Figure 4.4b).

This statement is also confirmed by the field plots of the lattice at the three
specific BZ points, see for example Figure 4.9 for the profiles of the aa band (first
row of Table 4.1). At the three BZ points the same pattern emerges (Figure 4.9a-
c) and this pattern is very similar to the aa mode of the four-corner structure
(Figure 4.9d), which is thus the elementary excitation.

Note that the single-rod elementary structure does not at all correspond with
the mean dispersion in this case: in Figure 4.8 the blue curves are not aligned with
the dashed black curves. This is intuitively acceptable again, for the large nanorod
structure the four nearby corners communicate strongly, which thus mainly happens
through the thin dielectric.
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Figure 4.8: Comparison between the mean calculated with equation 4.2 and the
three possible elementary excitations for the large nanorod array. For each graph,
the green curve corresponds to the four-corner structure, red curve corresponds to
the coupled-rod, blue curve corresponds to the single-rod and black dashed curve
correspond to the calculated mean. (a) For aa mode. (b) For as mode. (c) For sa
mode. (d) For ss mode.

(a) Γ (b) X1 (c) M (d) El. excitation

Figure 4.9: Ez field plots for the aa band (first row of Table 4.1) of the large nanorod
array at three specific points for kz = 3×108m−1. (a) At the Γ point. (b) At the X1

point. (c) At the M point. At the three specific points, the same pattern highlighted
by the blue dashed square emerges. (d) Mode aa of the four-corner structure related
to the large nanorod array, also for kz = 3× 108m−1.
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We remark that a coupling through dielectric is accompanied by a change of
symmetry in one given direction when the Bloch wavector is equal to π

P
in this

direction. For example for the first row in Table 4.1, we see that the symmetry in
the x direction of the mode aa changes between the Γ and X1 points (where kx = π

P
)

and thus aa becomes sa. When the wavector in the y direction is equal to π
P

, the
symmetry in the y direction changes between the X1 and M points and the mode
sa becomes ss.

This change of symmetry does not happen when the coupling occurs via metal-
dielectric interfaces (as for the small rod case of the previous Section).

4.4 Medium size nanorods

We study arrays of medium size square nanorods (w = 16.3 nm). This particular
size was chosen by examining the dispersion at the Γ point for varying widths.

For small nanorods, the aa mode dispersion is always above the ss mode (Fig-
ure 4.10a, green above blue curve). In the case of large nanorods however, the ss
mode is above the aa mode curve (Figure 4.10c, blue above green curve). At the
particular width w = 16.3 nm, the aa and ss curves intersect each other and the
modes are very close (Figure 4.10b).
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Figure 4.10: Dispersion at the center of the Brillouin zone for nanorod arrays of
width (a) w = 8 nm (b) w = 16.3 nm (c) w = 25 nm.

This width thus indicates a boundary between the two regimes analysed in the
previous Sections, and a mix is expected between coupling via metal-dielectric in-
terfaces (small nanorod case) and through dielectric (large nanorod case).

Again, using equation 4.2 we determine the mean for each mode. Here, the
symmetry changes are not straightforward, because they depend on the frequency
range. We delimit two frequency ranges by the intersection between the aa and the
sa/as modes around ω = 0.246 ωp. Note that the ss and sa/as curves are very
close but do not intersect. The symmetry changes for the two ranges are given in
Table 4.2 (below ω = 0.246ωp) and Table 4.1 (above ω = 0.246ωp, same as the large
nanorod case).

As we can see in the first two rows of Table 4.2, below ω = 0.246 ωp the mode aa
and as change symmetry only in one direction (y and x direction, respectively) and,
as seen before for large nanorod arrays, this is a sign of coupling through dielectric
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Γ(0, 0) X1( π
P
, 0) M( π

P
, π
P

)

aa aa as
as ss ss
sa sa sa
ss as aa

Table 4.2: Symmetry changes for medium sized arrays below ω = 0.246 ωp in
function of the Bloch wavevector for a given kz. Each row corresponds to a particular
mode.

in the y direction for the aa mode and in the x direction for the as mode (and thus
coupling via metal-dielectric interface in the x direction for aa mode and in the y
direction for as mode). The elementary excitation is thus likely to be the coupled-
rod structure, and this statement is confirmed by Figure 4.11a and Figure 4.11b.
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Figure 4.11: Comparison between the mean calculated with equation 4.2 and the
three possible elementary excitations for the medium size nanorod array. For each
graph, the green curve corresponds to the four-corner structure, red curve to coupled-
rod, blue curve to single-rod and black dashed curve to the calculated mean. (a) aa
mode. (b) as mode. (c) sa mode. (d) ss mode.
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In the third row of Table 4.2, we notice that the mode sa does not change
symmetry in any direction, a coupling via metal-dielectric interface occurs and the
elementary excitation is the single-rod. This statement is also confirmed with Fig-
ure 4.11c.

Finally, in the last row of Table 4.2, the symmetry of the ss mode changes in the
two directions, a coupling through dielectric occurs and the elementary excitation
is the four-corner structure, which is confirmed in Figure 4.11d.

Above ω = 0.246 ωp the dispersion is difficult to analyze from Figure 4.11,
as the confinement is so strong that all elementary modes converge to the single
corner dispersion, so one cannot discriminate between them. However, the symmetry
changes (Table 4.1) lead us to state that the elementary excitation is the four-corner
structure for all modes, because the changes of symmetry are the same as for large
nanorod arrays.

At medium size, the resulting elementary excitations thus depend on the sym-
metry and frequency range, which is intuitive because the coupling strengths via
interfaces and dielectrics are similar. This is also indicated because the calculated
average is not as perfectly superposed with the elementary modes, in contrast with
small and large widths.

4.5 Rectangular nanorods

Now, we break the symmetry between the x and y directions by studying rectangular
nanorods instead of square ones, see Figure 4.2d. The width in the x direction is
much larger than the width in the y direction. A change of symmetry of the modes
between the specific points is also present in this situation and is summarized in
Table 4.3.

Γ(0, 0) X1( π
P
, 0) X2(0, π

P
) M( π

P
, π
P

)

aa sa aa sa
as ss as ss
sa aa sa aa
ss as ss as

Table 4.3: Symmetry changes for rectangular nanorod arrays in function of the
Bloch wavevector for a given kz. Each row corresponds to a particular mode.

We note that the symmetry in the x direction changes (as in the case of large
square nanorods), but not in the y direction (similar to small square arrays). The
coupling between corners is thus through the dielectric in the x direction, and via
metal-dielectric interface in the y direction. The leading elementary excitation is
therefore the coupled-rod structure, which is confirmed by Figure 4.12.

This is again intuitively acceptable because the corners are strongly connected
through dielectric in the x direction, and through the metal-dielectric interfaces in
the y direction.

This can also be confirmed via the field profiles at the four BZ points, see Fig-
ure 4.13a-d for the as band (second row of Table 4.3). The same pattern emerges,
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Figure 4.12: Comparison between the mean calculated with equation 4.3 and the
three possible elementary excitations for the rectangular nanorod array. For each
graph, the green curve corresponds to the four-corner structure, red curve to coupled-
rod, blue curve to single-rod and black dashed curve to the calculated mean. (a) aa
mode. (b) as mode. (c) sa mode. (d) ss mode.

which corresponds with the as mode of the coupled-rod structure (Figure 4.13e),
thus forming the elementary excitation.

One should remark that the coupled-rod structure is the basic geometry in this
case, because one dimension of the nanorods (wx) is much larger than the other one
(wy), with respect to the period. If wx and wy were much smaller than the period,
the elementary structure would be the single-rod. If both widths were close to the
period, the elementary structure would be the four-corner structure.

4.6 Summary

In this chapter we have demonstrated that the dispersion of an array of square or
rectangular metallic nanorods in a dielectric host can be connected directly to the
modes of simpler geometries, in analogy with the gap and slab plasmon for the
multilayer HMM presented in Section 2.4.2. This leading ‘elementary excitation’
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(a) Γ (b) X1 (c) X2 (d) M (e) El. excitation

Figure 4.13: Ez field plots for the as band (second row of Table 4.3) for the rectan-
gular nanorod array at the four specific BZ points for kz = 3× 108m−1. (a) At the
Γ point. (b) At the X1 point. (c) At the X2 point. (d) At the M point. At the four
points the same pattern highlighted by the blue dashed square emerges. (e) Mode
as of the coupled-rod structure related to the rectangular nanorod array, also for
kz = 3× 108m−1.

depends strongly on the size and shape of the nanorods, and can be determined
via the proposed analysis method, which compares the elementary dispersion with
a judiciously averaged array dispersion.

The analysis also provides information on the symmetries of the modes at the
particular BZ points. In fact, a strong coupling of the corners through dielectric in a
given direction is accompanied by a change of symmetry when the Bloch wavevector
in this direction is equal to π

P
. This behaviour is not observed for coupling via a

metal-dielectric interface.
We demonstrated that the dispersion of small square nanorod arrays originates

from single-rod excitations, and that large square nanorod arrays are associated
with four-corner structures. Indeed, for small squares the corners are coupled via
the metallic sides, whereas for large squares the corners couple through the dielectric.

In the intermediate size regime, the array modes result from various elementary
modes, depending on the frequency and mode symmetry. This complication is due
to the balanced strength of coupling via the metal sides or through the dielectric.

Finally, rectangular nanorod arrays (with one relatively large dimension) can
be described by the coupled-rod structure. The corners are thus connected via the
metal rod sides in the narrow direction, and through dielectric in the wide direction.

In short, via the introduced analysis method one gains understanding of the
dispersion in arrays of metallic nanorods, which opens the way to comprehend other
types of metamaterials via their elementary excitations.

Most of the work of this chapter was presented in [83].
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5
Fano resonances in tilted HMM cavities

Various designs of cavities based on HMMs have already been studied, and they
present interesting features such as an anomalous scaling law [76], whispering-gallery
modes [84], zeroth order Fabry-Perot resonances [85] and Fano resonances [86].

In this chapter we demonstrate a new type of cavity using hyperbolic properties,
that presents very sharp Fano resonances for both classic and graphene multilayers.
As we have described in Section 3.1.2, Fano resonances are asymmetrically shaped
resonant phenomena that arise from the interference between a slowly varying back-
ground and a narrow resonant process [56, 87, 88]. Because their features stem from
the interplay between two distinct channels, the resonances are very sensitive to any
changes, rendering them interesting, among others, for sensing applications [55].

Using rigorous numerical simulations and a thorough modal analysis, we eluci-
date the mechanism as the simultaneous excitation of a propagating and an evanes-
cent mode in the cavity. The propagating mode being responsible for the narrow
Fabry-Perot resonances, whereas the evanescent modes leads to the slowly varying
background.

This study is also a clear example to demonstrate that the effective medium
model described in Section 2.3 breaks down when the effective indices start to be
large [43].

Moreover, because the effective index is very high in the slanted cavity, we
can create deep subwavelength cavities of a few nanometers in the visible regime
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with metal-dielectric structures and a few micrometers in the terahertz regime with
graphene-based multilayers. Even if the main part of this chapter treats lossless
metamaterials, we show that this mechanism remains valid even in the presence
of losses. In addition, the graphene-based multilayers have the advantage to offer
tunability and control on position and sharpness of the Fano resonances, through
variation of the doping.

In Section 5.1 we present the proposed cavity designs. Section 5.2 inspects the
light behaviour using effective medium theory, leading to an incomplete description.
In Section 5.3 we calculate the correct characteristics, and explain the observed
behaviour for metal-dielectric multilayer, and subsequently for graphene multilayers
in Section 5.4. Finally, in Section 5.5 we discuss the impact of loss in the metal-
dielectric multilayer, and we conclude in Section 5.6.

5.1 Design

We study the transmission and reflection of light along the parallel direction (so k⊥ =
ky = 0) of a HMM with a finite section of tilted layers in the middle (Figure 5.1).
The central tilt section is described by A (the vertical offset), B (the horizontal
offset) and L (the parallel length) with L =

√
A2 +B2 = A

sin θ
, and θ is the tilt

angle.

Figure 5.1: A multilayer HMM with a tilted section in the middle. The fundamental
mode is excited from the left. The structure is divided in three parts along the x
direction: Two identical HMMs on the left and right and an asymmetrical HMM
(or AHM) in the center.

Because we work in the visible and near-infrared region, we use silver (Ag) as
metal and TiO2 as dielectric, which are well-known to provide good performances
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at these frequencies [13, 89, 90]. We choose dm = 10 nm for the Ag thickness and
dd = 20 nm for the TiO2 thickness. For the same reasons as for Chapter 4, we use
a dispersionless index for TiO2 with nTiO2 = 2.7 and a Drude model for Ag (using
Equation 2.8):

εAg = 1−
ω2
p

ω2 + iωγ
(5.1)

with ωp = 1.26× 1016 rad/s the plasma frequency and γ the collision frequency that
we fix equal to zero; we examine the influence of losses in Sec. 5.5.

We work in the regime where only one propagating Bloch mode exists in the
HMM, hence the wavelength is larger than 600 nm in our case. We excite the
structure from Figure 5.1 with this propagating mode from the left and look at its
reflectance and transmittance for a Bloch momentum ky = 0.

In the next section we study this structure using an effective medium theory,
which will show its limits to describe such systems.

5.2 Effective medium theory

For a uniaxial multilayer using effective medium theory, Equation 2.28 describes
the dispersion relation for TM waves (transverse magnetic, magnetic field along z
direction), that is [46, 91]:

k2
‖

ε⊥
+
k2
⊥
ε‖

= k2
0 (5.2)

where k‖ (k⊥) is the wavevector in the direction parallel (perpendicular) to the layers
and k0 the wavevector in free-space. The permittivity in the parallel and normal
directions depends only on the permittivity of the constitutive materials and their
filling fraction, as we have seen from Equations 2.16 and 2.19, that we recall here
for convenience:

ε‖ = fεm + (1− f)εd, (5.3)

ε⊥ =
εmεd

fεd + (1− f)εm
(5.4)

where ε‖ and ε⊥ are the components of the permittivity in the parallel and perpen-
dicular directions, εm and εd are the permittivity of the metal and the dielectric,
respectively, and f is the metal filling fraction.

For the used wavelength regime, these materials turn out to be hyperbolic, and
Equation 5.2 is thus the equation of a hyperbola. Consequently, the HMM can
support propagating modes with extremely large wavevectors. We note, however,
that this equation also has other solutions. There is an evanescent mode (imaginary
parallel momentum and real perpendicular momentum), and a mode with real par-
allel momentum and imaginary perpendicular momentum. These modes are often
overlooked, because they are accessible only in certain conditions. We show later
on that we fulfill the conditions to excite the evanescent mode, and it will play an
important role for the cavity mechanism in the next section.
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The geometry explained in the previous section can be divided in three different
parts (Figure 5.1). The left and right parts are ‘standard’ HMMs and are governed
by Equation 5.2 with ε⊥ = εy, ε‖ = εx and k‖ = kx, k⊥ = ky.

The central part however is a hyperbolic medium with the optical axis tilted with
respect to the x direction. In the literature these HMMs with tilted optical axis are
sometimes referred to as asymmetric hyperbolic metamaterials (AHMs) [92, 93].

The AHM part of Figure 5.1 is also governed by Equation 5.2, but with ε⊥ = εy′ ,
ε‖ = εx′ and k‖ = k′x, k⊥ = k′y. Even if the thicknesses of the Ag and TiO2 layers
in the central part change (d′m = dm cos θ and d′d = dd cos θ), we still have the same
εx = εx′ and εy = εy′ , because Equations 5.3 and 5.4 only depend on the filling
fraction f , which remains the same.

Using a coordinate transformation, Equation 5.2 in the AHM becomes, in the
main coordinates:

k(1,2)
x =

kyεxy ±
√

(ε2
xy − εxxεyy)(k2

y − k2
0εxx)

εxx
(5.5)

with the the solution k
(1)
x corresponds to the sign “+” in the formula for mode

propagating towards smaller x and k
(2)
x to the sign “-” for waves propagating towards

larger x. Note that in our case of normal incidence, k
(1)
x and k

(2)
x are equal in

magnitude. εxx, εxy and εyy are the permittivity components of the AHM in the
main coordinates, which are obtained by applying a rotation matrix to the diagonal
permittivity tensor in the tilted coordinates:

ε = R(θ) ε′ R(θ)T =

(
εxx εxy
εxy εyy

)
(5.6)

with R(θ) the matrix of rotation around the z axis and ε′ =

(
ε′x 0
0 ε′y

)
the per-

mittivity tensor in the tilted coordinates. This leads to

εxx = εx′ cos2 θ + εy′ sin
2 θ (5.7)

εxy = (εx′ − εy′) cos θ sin θ (5.8)

εyy = εx′ sin
2 θ + εy′ cos2 θ (5.9)

For zero momentum in the y direction (i.e. ky = 0), we can easily calculate the
momentum in the x direction in the HMMs and in the AHM. We find for the HMMs,

kx,HMM =
√
εy k0, and for the AHM, kx,AHM =

√
(ε2
xy − εxxεyy)(−k2

0εxx)/εxx. The

difference in the momentum leads to reflection at the interfaces and the introduced
design functions thus as a cavity structure of width B.

Now that we have defined the effective permittivity components in the HMM
and AHM parts, we can easily calculate numerically the scattering characteristics
of the structure with the different parts replaced by homogeneous blocks with these
effective parameters. The reflectance of light as a function of the tilt angle θ and
the length L at a wavelength λ0 = 700 nm is shown in Figure 5.2.

We observe two distinct behaviours above and below a transition tilt angle of
about θt ≈ 21◦. This phenomenon can be understood by looking at the isofrequency
contours of the HMM and AHM sections, respectively (Figure 5.3).
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Figure 5.2: Reflectance versus tilt length L and angle θ using effective medium
theory.

(a) HMM (b) AHM

Figure 5.3: Isofrequency contours (a) in the HMM, and (b) in the AHM for a tilt
angle of 45◦ with EMT, for λ0 = 700 nm. Blue curve corresponds to propagating
waves, green curve corresponds to evanescent waves and red curve corresponds to
propagating wave in the x direction and evanescent in the y direction. The orange
arrow in (a) indicates the input wavevector, in (b) the dominant (green) mode in
the AHM.

Blue curves correspond to the isofrequency contour of propagating modes, thus
with real components for the x and y momenta (therefore, real part of momenta
is plotted). Green curves correspond to evanescent modes with imaginary mo-
mentum components in both directions (therefore, imaginary part of momenta is
plotted). Red curves correspond to modes with real x-momentum and imaginary y-
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momentum (therefore, the real part of the momentum is plotted on the abscissa and
the imaginary part is plotted on the ordinate). Note that the isofrequency contours
of Figure 5.3b are just the isofrequency contours of Figure 5.3a rotated by 45◦.

The conservation of the momentum in the transverse direction (ky = 0) imposes
in the tilted coordinates (x′, y′):

ky = k′x sin θ + k′y cos θ = 0 (5.10)

so
k′x sin θ = −k′y cos θ (5.11)

and thus, the mode evanescent in the y′ direction and propagating in the x′ direction
(red curves in Figure 5.3) inside the AHM cannot be excited because Equation 5.11
cannot be fulfilled. The mode evanescent in all directions (green curves in Figure 5.3)
and the propagating one (blue curves in Figure 5.3) however can fulfill Equation 5.11,
and can be excited for normal incidence (ky=0).

The orange arrow in Figure 5.3a shows the incident momentum inside the HMM.
From Figure 5.3b we see that transverse momentum conservation (the orange arrow
in Figure 5.3b needs to be horizontal) requires that only one mode at a time is
excited inside the AHM. The latter mode is either propagating (blue) or evanescent
(green), in function of the tilt angle.

The transition angle θt between the two regimes is determined by the asymptote
of the hyperbolic contours (the same asymptote for both blue or green contours),
this angle equals

θt = atan

(√
εx
εy

)
≈ 21.6◦ (5.12)

at λ0 = 700 nm.
Thus, below θt only a propagating mode (orange arrow touches blue curve) is

excited inside the AHM, so the lobes in the lower part of Figure 5.2 are Fabry-Perot
resonances of the cavity. The fairly weak reflectance of the lobes is typical of Fabry-
Perot cavities with low reflection at each interface, which is the case for small tilt
angles.

Above θt only the evanescent mode (orange arrow touches green curve) is ex-
cited in the AHM, leading to the absence of Fabry-Perot fringes. Furthermore, the
reflectance increases monotonously with B (= L cos θ), because the mode amplitude
decreases exponentially with the length of propagation.

In the next section, we show that this EMT description is actually incomplete,
and only provides for qualitative trends compared to the exact simulations.

5.3 Rigorous calculations and analysis

We employ the commercial finite-element software COMSOL Multiphysics 5.2 [72]
(described in Section 3.2.2) to calculate the exact propagation through the struc-
ture (Figure 5.1), with slightly rounded corners to avoid hotspots. The reflectance
in function of the tilt angle θ and the parallel propagation length L is shown in
Figure 5.4. The same lobe-like behaviour as with EMT below θt is present, but the
behaviour above θt is completely different.
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Figure 5.4: Exact reflectance in function of θ and L. Black dashed line corresponds to
the eight first orders of the Fabry-Perot constructive interferences. The wavelength
is 700 nm.

In order to understand this difference, we need to take into account the exact
dispersion relation, derived in Section 2.4.1 (Equation 2.31) by solving Maxwell’s
equations and applying Bloch’s theorem [50, 51]

cos (kyD) =
(κdεm + κmεd)

2

4κdκmεdεm
cosh (κddd + κmdm)

− (κdεm − κmεd)2

4κdκmεdεm
cosh (κddd − κmdm)

(5.13)

with D = dm +dd the period of the multilayer, κd,m =
√
k2
x − k2

0εd,m the decay coef-
ficients in the dielectric and metallic layers, respectively. This dispersion relation is
also valid in the AHM, by replacing (kx, ky) with (k′x, k

′
y), dd,m with d′d,m = dd,m cos θ

and D with D′ = D cos θ. Combining Equation 5.13 with the transverse momentum
conservation condition (Equation 5.11) in the AHM, we finally arrive at

cos (k′xD
′ tan θ) =

(κ′dεm + κ′mεd)
2

4κ′dκ
′
mεdεm

cosh (κ′dd
′
d + κ′md

′
m)

− (κ′dεm − κ′mεd)2

4κ′dκ
′
mεdεm

cosh (κ′dd
′
d − κ′md′m)

(5.14)

The main conclusion is that two modes satisfy this equation at the same time for
all tilt angles θ: an evanescent one and a propagating one. This result is consistent
with the rigorously simulated isofrequency contours (Figure 5.5), where the blue
curve represents the propagating mode and the green curve the evanescent mode.
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(a) HMM (b) AHM

Figure 5.5: Exact isofrequency contours (a) in the HMM and (b) in the AHM for a
tilt angle of 45◦ in the first Brillouin zone for λ0 = 700 nm. Blue curves correspond
to propagating waves, green curves correspond to evanescent waves. Conservation
of the transverse wavevector is illustrated by the orange and green arrows.

The orange arrow in Figure 5.5a shows the incident momentum inside the HMM.
In Figure 5.5b, two horizontal arrows are needed to represent the momentum of the
two excited modes inside the AHM. The orange arrow represents the momentum
of the propagating mode and the green arrow represents the momentum of the
evanescent mode.

The first important difference with the EMT contours of Figure 5.3 is that the
evanescent wave contour (green contours) that was an open curve is now a closed
curve for the exact calculations of Figure 5.5. Secondly, because the structure is
periodic, all the information is encoded in the first Brillouin zone, thus the isofre-
quency contour of the propagating wave (blue curves) is also periodic and is not
limited by asymptotes, in contrast with the EMT contours.

For these reasons, inside the AHM, an evanescent and a propagating mode are
always excited together. The interferences between these two modes inside the AHM
cavity are responsible for the Fano resonances appearing in Figure 5.4. Indeed, Fano
resonances can be described as arising from the interference between a slowly varying
background (here: the evanescent wave) and a resonant process (here: the Fabry-
Perot oscillations of the propagating mode).

The Fano nature is more visible in Figure 5.6 (blue curve), which shows the re-
flectance for an angle θ = 45◦ as a function of the width B of the cavity. Figure 5.6
further illustrates the cavity principle in detail: the Fabry-Perot oscillations of the
propagating mode (red dashed curve) and the slowly increasing evanescent back-
ground (green curve) are shown separately. Both reflectance curves are obtained
using a transfer matrix method under the hypothesis of an isotropic medium (a
good approximation for normal incidence) as (from Equation 3.10):

R = |r|2=

∣∣∣∣rHA +
tHAtAHrAHe

i(2kxB+ϕ)

1− r2
AHe

i(2kxB+ϕ)

∣∣∣∣2 (5.15)

with rHA and rAH the Fresnel coefficients of reflection of the propagating (resp.
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evanescent) mode for the HMM-AHM and AHM-HMM interfaces, tHA and tAH
the Fresncel coefficient of transmission, kx the wavevector in the x direction of the
propagating (resp. evanescent) mode and ϕ a fitted phase term.
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Figure 5.6: Comparison between the exact calculation of the reflectance (blue solid
curve) and the slowly varying background of the evanescent mode (green solid curve)
and the Fabry-Perot oscillations of the propagating mode (red dashed curve) for
θ = 45◦ at λ0 = 700 nm.

The exact reflectance thus arises from the interference of these two phenomena
(leading to the blue curve). When the cavity length B becomes larger, the effect of
the evanescent mode disappears, as its resulting reflectance (green curve) tends to
1, as the mode decays and does not manage to transmit. Then the characteristic
only consists of typical Fabry-Perot oscillations from the propagating mode. For
smaller lengths we obtain the typical asymmetric double-peak (maximum-minimum
or vice-versa) Fano characteristics.

Black dashed lines in Figure 5.4 show the good correspondance between the
Fano resonances and the Fabry-Perot peaks of the propagating mode; the latter are
plotted using Equation 3.11, the typical phase-matching round-trip relation we have
derived in Section 3.1.1:

2kx(θ)B + 2ϕr(θ) = 2πm (5.16)

with m an integer indicating the order, ϕr(θ) the phase change at each interface
obtained by fitting, and kx(θ) the wavevector in the x direction for ky = 0 obtained
from Equation 5.14 (and using kx = k′x cos θ − k′y sin θ). The momentum in the
x direction for the evanescent and propagating modes is shown in Figure 5.7.

The very high value of the mode index inside the cavity leads to the possibility
to create very compact cavities, on the order of 5 nm width for θ = 45◦ (first peak
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Figure 5.7: Momentum in the x direction kx inside the AHM in function of the tilt
angle for ky = 0. Blue curve and axis represent the propagating mode, green curve
and axis represent the evanescent mode.

in Figure 5.6). For the first order (m = 1) the reflectance shows a single peak, so
no asymmetric double-peak characteristic, which is similar to other contexts, such
as a cavity placed on the side of a waveguide [94]. The latter effect is intuitively
acceptable as the evanescent mode background (the ‘direct’ channel) has a very large
transmission for very thin cavities.

The shapes of the resonances are also present in the spectra of the structure. We
show these spectra in two cases for θ = 45◦, with a reflectance peak for A = 5 nm,
B = 5 nm (first order resonance, Figure 5.8a), and with asymmetric Fano shapes
for A = 35 nm, B = 35 nm (third order resonance for λ0 = 700 nm, second order
for λ0 = 885 nm , Figure 5.8b).

The insets of Figure 5.8 present the magnitude of the electric field at the first
order resonance (inset of Figure 5.8a) and third order resonance (inset of Figure 5.8b)
for the wavelength λ0 = 700 nm. As we can expect, the first order resonance does
not present a node in the cavity and the third order profile indicates two nodes. The
field inside the cavity for the first order resonance is quite large, so one needs to pay
attention to losses, this is discussed in the next section.

The reflectance for two specific tilt angles is presented in Figure 5.9, showing
that cavity engineering is possible in the regime where hyperbolic modes are sup-
ported. For an angle θ = 30◦ and λ0 = 700 nm (Figure 5.9a), the green curve of
the isofrequency contour of Figure 5.5b indicates that the imaginary part of the
momentum of the evanescent mode is fairly high, which is true for small θ (see also
Figure 5.7). This explains why the asymmetric Fano resonances disappear rapidly,
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(a) A = 5 nm, B = 5 nm

(b) A = 35 nm, B = 35 nm

Figure 5.8: Reflectance spectra with geometric parameters (a) A = 5 nm, B = 5 nm
and (b) A = 35 nm, B = 35 nm. Insets show the magnitude of the electric field at
the resonance wavelength λ0 = 700 nm for a single unit cell of the periodic stacks.

and quickly lead to standard Fabry-Perot features.

For θ = 60◦ and λ0 = 700 nm (Figure 5.9b) the imaginary part for the evanescent
mode is low enough to allow for the existence of Fano resonances over a large range
of cavity widths (see also Figure 5.7). Moreover, as the reflection of the propagating
mode at each HMM-AHM interface is larger (because of the larger effective index, see
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(a) θ = 30◦, λ0 = 700 nm
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(b) θ = 60◦, λ0 = 700 nm

Figure 5.9: Reflectance for specific configurations at λ0 = 700 nm: (a) θ = 30◦. (b)
θ = 60◦.

Figure 5.7), the peaks are narrower than for the smaller tilt angle (e.g. Figure 5.9a).

5.4 Graphene multilayers

In this section we describe the Fano resonances in a different system, namely graphene-
based multilayers. This shows that the mechanism is more general, and can appear
in various structures.

Graphene is a two-dimensional hexagonal lattice of carbon atoms whose inter-
esting properties have been studied intensively over the last decade. This material
supports surface waves in the near- to far-infrared, similar to the surface plasmons
of metal-dielectric interfaces [29, 30, 95, 96]. Even if graphene is not a suitable
platform for visible and near-infrared applications because of large losses, when
combined with dielectrics, graphene-based multilayers offer a good opportunity for
hyperbolic metamaterials in the terahertz regime [22, 97, 98]. Such graphene-based
hyperbolic metamaterials offer interesting opportunities for a large variety of appli-
cations, such as negative refraction [99], total absorption [100] and enhancement of
spontaneous emission of an emitter placed in the vicinity of the multilayer [21].

We search for similar phenomena as in the previous sections, by investigating the
slanted multilayer as in Figure 5.10. For this structure we model the graphene layers
as conductive sheets, with conductance obtained by the Kubo-Greenwood formula
[101–104] from Equations 2.11 and 2.12 that we have described in Section 2.2.2

σ = σintra + σinter (5.17)

with

σintra =
2ie2kBT

~2π(ω + iτ−1)
ln

[
2 cosh

(
EF

2kBT

)]
(5.18)

σinter =
e2

4~

[
1

2
+

1

π
arctan

(
~ω − 2EF

2kBT

)]
− e

2

4~

[
i

2π
ln

(~ω + 2EF )2

(~ω − 2EF )2 + (2kBT )2

]
(5.19)
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Figure 5.10: A graphene-based multilayer with a tilted section in the middle. The
fundamental mode is excited from the left. The structure is divided in three parts
along the x direction: Two identical HMMs on the left and right and an asymmetrical
HMM (or AHM) in the center. Grey lines are the graphene sheets.

with σintra the conductivity related to the intraband electron-photon scattering pro-
cesses, σinter related to the interband electron transitions, EF the doping level, τ the
electron scattering lifetime, T the temperature (we use room temperature, 300 K)
and kB the Boltzmann constant. We neglect spatial dispersion of graphene because
the lattice constant is deeply subwavelength in the terahertz regime [105].

For simplicity, we model lossless graphene to compare with the previous section
and so we take the imaginary part of the conductivity given by Equation 5.17. We
use n1=1.5 for the refractive index of the dielectric (permittivity ε1 = 2.25) and a
period P = 1 µm. The exact dispersion relation is obtained similarly to Equation
5.13 combining the transfer-matrix method (with surface currents) with Bloch’s
theorem, and one obtains [21, 88, 100]:

cos (kyP ) = cos (ky,1P )− i

2
σZ0Z

(p) sin (ky,1P ) (5.20)

with Z0 the impedance of free-space, ky,1 =
√
ε1k2

0 − k2
x the wavevector in the

dielectric, Z(p) = ky,1/(k0ε1) the impedance of the dielectric for TM-polarized waves.
With Equation 5.20 we can calculate the isofrequency contours both in the

graphene-based HMM (Figure 5.11a) and the AHM (with a tilt angle θ = 60◦,
Figure 5.11b). We can see the magnitude of the wavevectors are much larger than
for the metal-dielectric case, reducing drastically the size of the cavity (compared
to the wavelength).

In a similar way than in the previous sections, we have highlighted the incident
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(a) HMM (b) AHM

Figure 5.11: Exact isofrequency contours (a) in the graphene-based HMM and (b)
in the AHM for a tilt angle of 60◦ in the first Brillouin zone for λ0 = 100 µm and
a doping level EF = 0.1 eV. Blue curves correspond to propagating waves, green
curves correspond to evanescent waves. Conservation of the transverse wavevector
is illustrated by the orange and green arrows. The inset in (a) shows a zoom on the
small momentum part of the isofrequency contours of the HMM.

wavevector by the orange arrow in Figure 5.11a. Note that unlike Figure 5.5, we
have rotated the wavevectors and not the axes here. The effective refractive index at
normal incidence is approximatively the refractive index of the dielectric (n = 1.5),
simplifying drastically the problem of light incoupling that can occur with a metal-
dielectric multilayer. Similar to the previous metal-dielectric case, two modes are
always excited in the AHM: an evanescent one and a propagating one (green and
orange arrows in Figure 5.11b).

The resonances in this cavity are also Fano resonances, see the blue solid curve
in Figure 5.12, which can again be explained as an interference between the smooth
evanescent transmission (solid green curve in Figure 5.12) and the Fabry-Perot
modes of the propagating mode (dashed red curve in Figure 5.12). Here, because
of the large contrast between the refractive index in the HMMs and in the AHM,
the peaks are very sharp and the quality factor of the resonances becomes large.
Note that Fano resonances for cavities as small as 0.5 µm can be realized, which is
drastically smaller than the wavelength in free-space (100 µm).

Interestingly, the sharpness of the resonances depends on the particular order.
We observe in Figure 5.12 that odd orders are wider than even orders. By odd order
we mean the first, third, fifth . . . peaks in Figure 5.12. This behaviour is caused by an
interplay between the evanescent mode and the Fabry-Perot resonances, as confirmed
by the fact that for large cavity widths, the evanescent background disappears and
the sharpness of the peaks remains constant. The presence of the evanescent mode
adds an extra amplitude to the reflection, which interferes with the symmetry of the
odd and even Fabry-Perot resonances. This results in a more rapid phase change
for the even Fano order and a slower one for the odd ones. This effect is much less
visible in the metal-dielectric multilayer case (Figure 5.6), as the coupling with the
two modes is too different there.



5.4 Graphene multilayers 67

0 1 2 3 4 5 6 7 8 9
B (µm)

0

0.2

0.4

0.6

0.8

1
R
efl
ec
ta
n
ce

Figure 5.12: Comparison between the exact calculation of the reflectance (blue solid
curve) and the slowly varying background of the evanescent mode (green solid curve)
and the Fabry-Perot oscillations of the propagating mode (red dashed curve) for the
graphene-based HMM with a tilt angle θ = 60◦ and λ0 = 100 µm and a doping level
EF = 0.1 eV.

By calculating the refractive index inside the cavity, we can also demonstrate
that the system is highly tunable. Combining Equation 5.20 with the transverse
momentum conservation condition (Equation 5.11), we determine the refractive in-
dex for the propagating and evanescent mode (Figure 5.13). Thus, at the angle of
Figure 5.12 (θ = 60◦), a small change of the doping level can lead to a drastic change
in the wavevector of the propagating and evanescent modes.

For example, a small decrease of the doping level from 0.1 eV to 0.07 eV changes
the refractive index of the propagative mode from about 60 to 100, and of the
evanescent mode from about 4i to 2i. This completely modifies the position and
sharpness of the Fano resonances, see Figure 5.14 (blue curve compared to red curve).
This tuning is not only geometric, but is also clearly visible in the dispersion spectra.
Compare for example the blue curve to the red curve in Figure 5.15a (B = 0.55 µm),
and in Figure 5.15b (B = 1.38 µm).

However, an increase of the doping level from 0.1 eV to 0.15 eV strongly reduces
the refractive index of the propagative mode, and increases the imaginary part of
the wavevector for the evanescent mode. Thus, the Fabry-Perot resonance becomes
very broad (as the contrast between the HMM and AHM is low), and the evanes-
cent background disappears for a very small cavity width. For these reasons, the
Fano resonances are destroyed when increasing the doping level (Figure 5.14, yel-
low curve). The latter is also observed in the reflectance spectra (Figure 5.15a and
5.15b, yellow curve compared to red curve).
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Figure 5.13: Momentum in the x direction kx inside the graphene-based AHM in
function of the tilt angle for ky = 0, and various doping levels EF . Blue curves and
left axis represent the propagating mode, green curves and right axis represent the
evanescent mode.
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Figure 5.14: Reflectance versus the cavity width B for various doping levels. Blue
curve corresponds to EF = 0.07 eV, red curve to EF = 0.1 eV, and yellow curve to
EF = 0.15 eV.

5.5 Loss effect

In this section, we return to the metal-dielectric structure, and study the influence
of loss on the Fano resonances. Therefore, we use a Drude model with loss for the
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Figure 5.15: Reflectance spectra of the graphene-based multilayer for various doping
levels: (a) A = 0.96 µm, B = 0.55 µm, (b) A = 2.39 µm, B = 1.38 µm.

metal. The collision frequency in Equation 5.1 is now γ = 0.5 × 1014 rad/s, which
fits well with experimental measurements [76, 106].

Unlike the lossless model, modes with purely real or purely imaginary propaga-
tion constant do no longer exist. However, the mainly evanescent and propagating
modes still exist (if losses are not too large) and are excited with the provision of
momentum conversation. Furthermore, in order to show the same Fano mechanism
as in the previous section, the modal parameters should obey certain conditions.
Specifically, the propagating mode should have a large real part and small imagi-
nary part of the modal refractive index in the x direction, whereas the evanescent
mode should have an imaginary part of the mode index in the x direction in the
range between around 1 and 2 (above 2 the Fano resonances disappear quickly, below
1 the slowly varying background is not effective).

We focus on structures with metal filling fraction f = 1
3

as in the previous
sections. Equation 5.14 is still valid, so we can calculate the refractive index of the
modes inside the AHM. Figures. 5.16 and 5.17 show the ratio between the real and
imaginary parts of the propagating mode, and the imaginary part of the evanescent
mode, respectively. The structure with period of 30 nm and tilt angle of 65◦ respects
the conditions cited above, so we use these parameters for the simulations.

From the field profiles (insets of Figure 5.8) we can see hotspots created by sharp
corners. These hotspots are critical in the presence of loss and can kill the resonance
effect, therefore we limit their influence by replacing sharp corners with sections of
10 nm radius circles.

The reflectance and transmittance in function of the cavity width B is shown
in Figure 5.18. We still observe the Fano resonances and the extreme sensitivity to
small changes in the cavity width. The cavity principle thus remains operational, as
the spectrum in Figure 5.19 also illustrates. Note that the decrease in transmittance
corresponds to an increase in reflectance, so it is an interference effect, and not only
due to metal absorption.
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Figure 5.16: Ratio between the real and imaginary parts of the refractive index of
the propagating mode inside the AHM.

Figure 5.17: Imaginary part of the refractive index of the evanescent mode inside
the AHM.

5.6 Summary

We show in this chapter the possibility to excite Fano resonances in multilayers
with a central tilted section that functions as a cavity. Inside this cavity, for normal
incidence (ky = 0), momentum conservation allows a propagating mode and an
evanescent mode to always be excited, the propagating mode being responsible for
Fabry-Perot oscillations, while the evanescent mode ‘direct’ channel leads to a slowly
varying background.

Furthermore, we have clearly shown that the effective medium theory breaks
down and cannot explain the existence of these resonances, as it only predicts a
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Figure 5.18: Reflectance and transmittance with period 30 nm and tilt angle 65◦

with losses. Blue curve corresponds to the reflectance, red curve to transmittance.
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Figure 5.19: Reflectance and transmittance spectrum with period 30 nm, tilt angle
of 65◦ and cavity width B = 17.7 nm with losses. Blue curve corresponds to the
reflectance, red curve to transmittance.
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single mode at a time, either propagating or evanescent.
Thanks to the hyperbolicity of the multilayer, relatively large effective indices

inside the cavity offer the possibility to create very compact subwavelength cavi-
ties, as small as 5 nm in the visible regime with metal-dielectric multilayers, and
0.5 µm in the terahertz regime with graphene-based multilayers. In addition, the
specific characteristics can be tailored, either presenting total transmittance or total
reflectance at resonance, or exhibiting an asymmetric spectrum.

For the graphene-based multilayers, the doping level is another parameter to
control the position and sharpness of the Fano resonances, with a variation as small
as 0.03 eV changing completely the reflectance spectrum. Moreover, compared to
the metal-dielectric devices, light incoupling can be easier because the mode index
is approximatively equal to the index of the dielectric at normal incidence, avoiding
the necessity to rely on incoupling techniques such as gratings or prisms.

Finally, we have taken metal losses into account and we have shown that these
Fano resonances still exist. This bimodal interference mechanism in slanted cavities
is therefore quite general and offers new practical possibilities, in particular in the
domain of sensing applications thanks to their sharpness.

Most of the work of this chapter on the metal-dielectric multilayers was presented
in [107] and [108].



6
Strong coupling and exceptional points in
active HMM

Like many metamaterials based on metal-dielectric structures, hyperbolic metama-
terials suffer from high ohmic losses [92, 109, 110]. For example, their usefulness
for spontaneous emission enhancement is limited by emission in dissipative channels
through quenching in the metallic constituents [35]. The inclusion of gain media in
the dielectric material offers a pathway to mitigate these losses [111–117], and gives
rise to the new class of active HMMs, where light strongly interacts with quantum
transitions of the active medium [18, 20, 118, 119].

In this chapter we investigate a multilayer HMM structure infiltrated with dye
molecules inside the dielectric layers, which can conveniently be modelled on the ba-
sis of a four-level (quantum) system. While the weak coupling regime was studied for
loss-compensation [91], we consider strong coupling with large oscillator strengths,
where light enters a dressed state with electronic transitions associated with both
the absorption and the emission line of the dye [58, 120, 121]. Previously, Shekhar
and Jacob [122] theoretically investigated strong coupling between the intersubband
absorption line of a multiple quantum-well gain medium and the bulk polariton of a
finite HMM. However, the simultaneous interaction of light with an absorption and
an emission line, as present in optically pumped gain media such as dyes, has to the
best of our knowledge not been studied yet.



74 6 • Strong coupling and exceptional points in active HMM

The proposed HMM is fundamentally simple to fabricate and features a band-
structure optimized for efficient incoupling from within the light cone. It also ex-
hibits rich physics that ties multiple concepts together, as exposed by detailed ana-
lytical and numerical modeling. The absorption line of the dye leads to strong cou-
pling features, with large momentum modes exhibiting the typical avoided crossings
via Rabi splitting. On the other hand, the gain provided gives rise to exceptional
points (EPs) close to the emission line, which are actively examined in parity-time
(PT ) symmetry studies [123, 124]. We show that these EPs lead to group velocity
singularities and arise naturally when the band edges intersect with the inversion
line, i.e., where the losses are precisely compensated by gain. Thus the four-level
dye brings various related features together in a judiciously tailorable fashion. Both
finite and infinite multilayers are discussed, each time showing the same class of ef-
fects, but in a particularly distinctive way. An important result is our semi-analytical
theory, which faithfully models and explains the behaviours of the modes at play,
and matches very well with exact transfer-matrix calculations.

In Section 6.1 we detail the structure, together with the dye parameters, and an-
alyze the passive dispersion diagram. The theory for passive and optically pumped
active HMMs is presented in Section 6.2, including a semi-analytical model for cou-
pling with the electronic dye transitions. In the results Section 6.3 we first discuss
the interaction of finite and infinite HMMs with absorption or emission lines in
isolation, and then with the full four-level dye model.

6.1 Design

As a practical realization of an optically pumped HMM we propose a multilayer
structure where dye-infiltrated epoxy is spin-coated on silver layers [27], represented
in Figure 6.1a (period delimited by the orange dashed lines). The dye that provides
gain is represented by a four-level model, with energy levels as sketched in Figure
6.1b. Pumping of the dye and population inversion involves the excitation of elec-
trons from the fundamental level with energy E1 to the excited state E2 (blue arrow
in Figure 6.1b). The electrons relax through fast non-radiative processes (green ar-
rows in Figure 6.1b) and spontaneous and stimulated light emission occurs via the
optically active transition from E3 to E4 providing gain (red arrow in Figure 6.1b).

Further, to accommodate for optical pumping and solve the problem of light-
injection into hyperbolic modes literally on the fly, we propose a structure where
high-energy pump light can propagate inside the structure to excite the dye, pro-
viding gain at the lower emission frequency. A typical dispersion of a hyperbolic
multilayer is depicted in Figure 6.2, where the orange curves are the dispersions at
the center of the Brillouin zone and the purple curves at the edge of the Brillouin
zone (see below for more details).

The multilayer presents thus two distinct plasmonic bands, the lower one provid-
ing the propagation of extremely high momentum waves (red shaded zone in Figure
6.2), and the upper one lying partially inside the light cone (grey shaded zone in
Figure 6.2). For this reason it is crucial that the absorption line of the dye falls
within the upper band inside the light cone, while the emission line resides in the
lower band (horizontal dashed lines in Figure 6.2). This particular arrangement
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Figure 6.1: (a) Schematic of the active HMM, consisting of silver (blue) and dye
infiltrated (red dots) epoxy layers (green), with a unit cell marked by orange dashed
lines. (b) Energy diagram of a four-level dye molecule, with an absorption (blue)
and emission line (red).

Figure 6.2: Illustration of the plasmonic bands of the passive HMM with the dye
absorption line at frequency ωa (blue dashed line) above and the emission line at
frequency ωe (red dashed line) below the intersection point, highlighted by the green
circle, where the upper (grey shaded) and lower band (red shaded) connect. Inset
shows a zoom on this intersection point.
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allows for light emission into the hyperbolic modes, benefiting simultaneously from
both a strong field enhancement and large wavevectors.

6.2 Theory

In this section we start with a standard theory of passive HMMs, then we moti-
vate our choice of parameters for the dye-infiltrated structure, and subsequently we
develop a semi-analytical model that describes optical mode coupling with the dye
transitions.

6.2.1 Passive HMMs

Effective medium theory is often used to approximately describe the optical proper-
ties of hyperbolic multilayers [78, 79, 125]. However, as we pointed out in Chapters
2 and 5, the effective medium model becomes increasingly inaccurate for larger
wavevectors and frequencies, as the quasi-static approximation breaks down [8, 50,
126].

Rather than relying on the effective medium approximation, we use the exact
dispersion relation (for TM polarization), which is found directly by solving Bloch’s
eigenvalue equation Mb = λ±b, where M is the transfer matrix of the unit cell,
and b the Bloch eigenvectors (see Section 2.4.1). The Bloch eigenvalues can be
represented as λ± = e±ikzD where D = dm + dd is the thickness of the unit cell,
and kz the Bloch wavevector. The exact dispersion for a two-layer metal-dielectric
HMM is [49, 51]

Λ = cos(kzD) =
(κdεm + κmεd)

2

4κdκmεdεm
cosh(κddd + κmdm)

− (κdεm − κmεd)2

4κdκmεdεm
cosh(κddd − κmdm)

(6.1)

with decay coefficients κd,m = (k2
x − k2

0εd,m)1/2 in the dielectric and metallic layers,
respectively. In this work a simple Drude model (Equation 2.8), εm = 1− ω2

p/(ω
2 +

iωγp), with plasma frequency ωp = 1.26 × 1016 rad/s and damping rate γp = 5 ×
1013 s−1 is used to model the silver layers in the visible regime [89, 90, 106]. Using
Eq. 6.1 we can express the Bloch eigenvalues as

λ± = cos(kzD)± i sin(kzD) = Λ± i
√

1− Λ2 . (6.2)

Thus, the eigenvalues become degenerate when Λ = ±1, which implies Re(Λ) = ±1
and Im(Λ) = 0, i.e., when kzD is purely real and the Bloch wavector is at the center
or edges of the Brillouin zone (where kz = 0 or kz = π/D so cos(kzD) = ±1). This
statement remains valid for active multilayer structures and implies the existence of
exceptional points at the intersection of the loss-compensation curves (defined by
the Im(Λ) = 0 condition) and the edges of the plasmonic bands (more details later
in the Results Section 6.3).

As explained in the previous section, the intersection point between the upper
and lower bands of the HMM (highlighted by the green circle in Figure 6.2) is of
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particular interest for the design of the active, optically pumped HMM, and the
geometric and dye parameters should be selected carefully. As we have derived in
Section 2.4.2, this intersection point has the frequency (Equation 2.37):

ωi =
ωp√

1 + εd(dd/dm)
. (6.3)

To facilitate pumping into the upper band and emission into the lower band (hor-
izontal lines in Figure 6.2), the layer thicknesses need to be chosen such that for
the given dye the peaks of absorption and emission lines fall above and below the
intersection point, respectively.

6.2.2 Dye-Infiltrated Multilayer

To demonstrate the feasibility of optical pumping in the structure, we consider re-
alistic material parameters for the dye model. Rhodamine 6G, frequently used for
loss-compensation in optical metamaterials [127, 128], has peak emission and absorp-
tion wavelengths at 520 nm and 480 nm, which translates into angular frequencies
ωe = 0.288ωp and ωa = 0.313ωp. The respective linewidths are approximately
γe,a = 0.005ωp. With the dye embedded in epoxy (εepoxy = 2.56) the permittivity
of the active dielectric layers is modeled by Lorentzians (see Appendix A for more
details)

εd = 2.56 + gaL(ωa, γa) + geL(ωe, γe) (6.4)

where

L(ωj, γj) = − 2

π

ωj
(ω2 − ω2

j − γ2
j ) + 2iγj ∗ ω

(6.5)

is the normalized second-order Lorentzian line-shape function of the excitonic tran-
sitions. The coupling strengths ga and ge determine the oscillator strength of the
absorption and emission lines, respectively. While they generally depend on the
population of the various levels (Figure 6.1b), we here assume an inverted system
with equal coupling strengths but opposite signs, ge = −ga (where ga > 0), for the
emission and absorption lines.

To push the absorption line into the upper and the emission line into the lower
band (Figure 6.2) we align the intersection point (green circle in Figure 6.2) between
the two transitions at ω = 0.3ωp. From Eq. 6.3 we thus find the required ratio of
layer thicknesses dd ≈ 4 dm. In addition, to allow for large wavevectors, which are
useful for instance for imaging applications, we aim for a large bandwidth of the lower
band. The period therefore needs to be as small as possible, as the wavevector along
z is limited by the Brillouin zone edge (|kz,max| = π/D). Considering fabrication
constraints we choose dm = 5 nm, as vapor deposited silver layers of this thickness
are sufficiently smooth when a 1 nm thick germanium layer is used as a wetting
layer [27, 129], and dd = 20 nm, which is readily achievable by spin-coating.

To determine the effectiveness of the optical pump scheme, we first calculate
the light transmittance of the passive multilayer for a finite structure of 10 periods.
Figure 6.3a shows that transmission of incident waves above ω = 0.3ωp from inside
the light cone is almost perfect (white region). Note that, for finite multilayers
the plasmonic bands are replaced by discrete modes, as opposed to the continuous
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bands observed for infinite structures. A typical eigenmode profile is presented in
Figure 6.3b, showing the magnetic field profile of the third discrete eigenmode of
the lower band at ω = 0.25ωp (marked by a black star in Figure 6.3a). This mode is
symmetric and presents three maxima and two nodes. When the order of the mode
increases, the number of nodes increases and the interaction with the gain medium
is then reduced.

As the passive structure is almost transparent to the pump, absorption of light by
the dyes should be effective. To confirm this we calculate (with the commercial finite-
element software COMSOL Multiphysics 5.2) the absorbance within the various
layers with dyes for normal incidence (kx = 0), by taking into account the absorption
line only (emission switched off), see Figure 6.3c. The total absorbance by the dyes
(blue curve) at the central absorption frequency is almost 90%, with about 25% of
the light absorbed in the first period (brown curve), and 10% in the fifth period
(yellow curve). For the last period (purple curve) the absorbance is small as most
of the light has already been absorbed. We note that with the population numbers
fixed, this analysis neglects saturation effects, which render the dielectric layers
transparent with increasing pump strength, until all layers are equally pumped into
inversion.

Figure 6.3: (a) Transmittance of a finite HMM of 10 periods with thickness dm =
5 nm (logarithmic scale). (b) Magnetic field profile Hy of the third eigenmode of the
lower band at ω = 0.25ωp, marked by a black star in Figure 6.3a. (c) Absorbance
at normal incidence (ωa = 0.313ωp) of the dyes for the whole structure (blue curve),
the first period (brown curve), the fifth period (yellow curve) and the last period
(purple curve), respectively.

6.2.3 Semi-Classical Model

To understand the coupling of the modes with the dyes, we develop a model that
describes the behaviour of the oscillators. As the four-level dye presents an absorp-
tion and an emission line, with opposite signs for the coupling strength, we expect
to have two distinct interactions at these frequencies.

For finite structures (Figure 6.3a) the continuous bands are replaced by discrete
resonant modes, with the number of these modes per band equal to the number of
periods (there are 10 modes for a 10-period stack, note that some of the modes are
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invisible with the scale of Figure 6.3a). When infiltrated with dyes, coupling between
these discrete modes and the excitonic lines occurs. For simplicity, we first examine
coupling with only one excitonic line (either the emission or absorption line) before
showing the full model. From the Maxwell-Bloch equations and the wave equation
we derive a semi-classical model for this system, which results in coupled oscillator
equations for the modal field amplitude E and the polarization of the respective
transition P (see details in Appendix A):

∂t

(
E
P/ε0

)
= −iΩ±

(
E
P/ε0

)
=

(
−iΩm iAm
iK12 −iΩ12

)(
E
P/ε0

)
, (6.6)

where Ωm and Ω12 are the complex frequencies of the selected optical mode and the
excitonic transition (absorption or emission), whose negative imaginary parts are the
modal damping rate γm and the linewidth of the transition (γa or γe), respectively.
The off-diagonal coupling terms are determined as Am = ΩmΓ/2 and K12 = σ12/ε0,
introducing the spatial overlap factor Γ of the plasmonic mode with the dielectric
medium, and the cross-section σ12 of the excitonic transition under consideration.
The latter relates to the coupling strength of the oscillator via g = πσ12/ε0.

Solving for the eigenfrequencies Ω± of the coupled system we find

Ω± =
1

2
(Ωm + Ω12)± 1

2

√
4K12Am + (Ωm − Ω12)2, (6.7)

which defines the mode splitting within the semi-classical coupling model for two
oscillators. Note that, with all other parameters determined, the only remaining
parameters to fit are the frequency of the selected optical mode Ωm, and its spatial
overlap factor Γ with the gain layers. Both parameters only depend on properties of
the passive structure and are independent of the dye characteristics. For the given
structure we determine γm ≈ 0.004ωp for the decay rate of the modes (γm does
not change much for the various modes of the lower band) and an overlap factor
of Γ ≈ 1/3 as best fits to the modes shown in Figure 6.3a. Both parameters prove
to be relatively frequency insensitive within the range under consideration (between
0.2 and 0.4 ωp).

Unlike the standard classical oscillator model, the semi-classical model predicts
different behaviours for the absorption and emission cases. Indeed, the cross-section
σ12 is related to the population levels via

σ12 = −µ2
12(N2 −N1)

3~
(6.8)

where µ12 is the dipole matrix element, N1 and N2 the density of atoms in the
ground state and excited states, respectively. For absorption transitions (whereN2 <
N1) Eq. 6.7 describes the usual transition from weak coupling to strong coupling,
manifesting itself as vacuum Rabi splitting within the semi-classical framework.
As the cross-section becomes negative for emission processes (N2 > N1), the term
4K12Am in the discriminant of Eq. 6.7 becomes negative too. For sufficiently large
coupling strength ge the sign flip for an emission line produces a splitting behaviour
similar to the fork observed in PT -symmetry breaking scenarios. These two distinct
behaviours will be described in detail in Section 6.3 where we discuss the results.
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In the complete case of four-level dyes, coupling occurs simultaneously to both
emission and absorption lines. Each line provides its own polarization Pe and Pa
that interacts with the amplitude E of the optical mode. This results in a modified
coupling model:

∂t

 E
Pa/ε0

Pe/ε0

 = −iΩ̃

 E
Pa/ε0

Pe/ε0

 =

 −iΩm iAm iAm
iKa −iΩa 0
iKe 0 −iΩe

 E
Pa/ε0

Pe/ε0

 (6.9)

where Ωa and Ωe denote the complex frequencies of absorption and emission lines,
respectively. The matrix elements Ka,e = σa,e/ε0 are expressed in terms of the cross-
sections σa and σe, which in turn are proportional to the coupling strengths ga and
ge, respectively. It follows that solving the eigenvalue equation determines the three
eigenfrequencies Ω̃. As Ka > 0 and Ke < 0, a mixed behaviour of Rabi splitting
and PT -symmetry breaking is expected for sufficiently large coupling strengths, as
discussed next.

6.3 Results

Having introduced the structure and the semi-analytical theory, we proceed to in-
vestigate the active HMM dispersion. Again we first consider the absorption and
emission lines in isolation, and later we employ the full four-level dye system. In each
part we compare the discrete mode behaviour in finite structures with the resulting
deformation of bands in infinite structures. The semi-classical model is applied to
a specific discrete mode, and provides a good description of the behaviour for finite
devices in all cases (loss, gain and both). As we will see, the absorption line produces
the classical strong coupling behaviour (Rabi splitting), whereas the emission line
leads to a fork-like splitting and the appearance of exceptional points.

6.3.1 Absorption line: weak and strong coupling

We focus on the effect of an absorption line on the dispersion, ignoring the emission
for the moment. Qualitatively we can distinguish two regimes, a weak coupling
regime characterized by small distortions of the dispersion, and a strong coupling
regime leading to Rabi splitting of modes.

Figure 6.4a shows the reflectance map of a 10-period finite structure via transfer-
matrix calculations, with each reflectance maximum indicating a discrete plasmonic
mode. For a small value of the oscillator coupling strength (ga = 3× 1012) a slight
perturbation and smearing of the optical modes is observed around ωa = 0.313ωp
when compared with the passive case (Figure 6.3a).

When applying the semi-classical model to two particular modes (green and
magenta curves in Figure 6.4a), one obtains an excellent fit to the exact transfer-
matrix results. A slight deviation from the passive case around ωa is visible for the
green curve e.g., indicating the coupling with the dye. We can understand the weak
coupling from the model equations 6.7, as in this regime |4KaAm| � |Ωm − Ωa|2,
so Ω+ ≈ Ωm and Ω− ≈ Ωa. This means that one mode retains the character of the
optical mode, and the other that of the excitonic line.
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Figure 6.4: (a) Reflectance with an absorption line in the weak coupling regime
(ga = 3×1012) and (c) strong coupling regime (ga = 1014) for the finite structure (log-
arithmic scale). The green and magenta curves are obtained via our semi-classical
model for two different modes. (b) Dispersion diagram of the infinite structure with
an absorption line in the weak coupling regime and (d) strong coupling regime. Or-
ange curves are the edges of the plasmonic band at the center of the Brillouin zone
(Re(Λ) = 1) and magenta curves at the edge of the Brillouin zone (Re(Λ) = −1).
(e) and (f) real and imaginary parts of the complex eigenfrequencies Ω± obtained
with the model (green curves) in the strong coupling regime. Blue dashed curve
is the excitonic absorption line and black dashed curve is the unperturbed optical
mode. The two polaritons resulting from the coupling of the optical mode with the
excitonic line are identified by the numbers 1 and 2 (Ω− and Ω+, respectively).

A similar small perturbation around ωa is observable at the band edge of the
infinite multilayer (Figure 6.4b) showing the real part of Λ (analytically calculated
with Eq. 6.1). The orange curves correspond to the plasmonic band edge at the
center of the Brillouin zone (Re(Λ) = 1), while the magenta curve is the plasmonic
band edge at the edge of the Brillouin zone (Re(Λ) = −1). Comparing the band
edges in the active case of Figure 6.4b (orange and magenta curves) with the band
edges in the passive case of Figure 6.2 (orange and purple curves), one can see that
the absorption line causes only a very small deviation.

However, the dispersion qualitatively changes in the strong coupling regime for
a larger coupling strength (ga = 1014, Figure 6.4c), where anti-crossings appear
and a gap opens in the reflectance map. This effect is particularly visible for the
discrete modes of finite structures, and we plot the same two modes as before using
the model with green and magenta curves. Again, the model fits well with the
exact results, even in this strongly coupled case. We can understand the behaviour
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by inspection of Eq. 6.7: close to the crossing point of the optical mode and the
excitonic line (ωm = ωa) the first term in the square root dominates and one obtains
(Ωm−Ωa)

2 ≈ (γm−γa)2. If Re(4KaAm)� (γm−γa)2 and Re(4KaAm)� γm, γa (the
resonance linewidth of the optical mode and the exciton needs to be smaller than
the splitting to be in the strong coupling regime), the square root becomes real and
a gap opens. The width of this gap is the Rabi splitting energy ~ΩRabi =

√
2KaAm,

with Am containing the overlap factor Γ. When the order of the optical mode
increases, the number of nodes of the mode profile also increases, reducing slightly
Γ and thus the Rabi splitting. An analogous situation was reported by Shekhar and
Jacob [122], where they studied the interaction between intersubband transitions of
multiple quantum well layers and optical modes in a HMM.

Interestingly, our model allows to directly determine the Rabi splitting with
only prior knowledge of the dispersion characteristics of the unperturbed optical
mode and the absorption line (Figure 6.4e). Figure 6.4e shows the dispersion of the
polaritons calculated with our model (green curves) using parameters of the excitonic
line (blue dashed curve) and the unperturbed optical mode (black dashed curve).
Away from the crossing, the polaritons simply follow the two components, with one
polariton being dominantly plasmonic (polariton 1) while the other is dominantly
excitonic (polariton 2) for small wavevector kx (and vice versa for large kx). At the
crossing point a gap opens and the two polaritons are a mixed state between an
excitonic and a plasmonic mode.

Another advantage of our model is that we can not only retrieve the real parts of
the polaritonic eigenfrequencies, but also their imaginary parts (Figure 6.4f), thus
providing the essential mode characteristics, while most other models convey only
the real parts. For example, the imaginary parts of Ω± are small in the region where
we can see the modes in Figure 6.4c, and large in the more blurry parts where the
modes become overdamped. This is the reason why only polariton 1 is visible for
small wavevectors kx (as the imaginary part of the eigenfrequency of polariton 1
increases in magnitude with kx) and only polariton 2 for large kx (as the imaginary
part of the eigenfrequency of polariton 2 decreases in magnitude with kx).

The strong coupling effect is also observed in the infinite structure (Figure 6.4d),
where bands arise from the continuum of resonances. In the absence of discrete
resonances the impact of strong coupling is less obvious, as the gap effectively closes
due to the superposition of an infinite number of dispersive modes. At the band edges
however, a strong distortion is observed (analytical calculation of Λ in Figure 6.4d)
around ωa, which corresponds with the anti-crossings of the finite stack. Indeed,
the band edges tend to larger or smaller values of kx, below or above the absorption
line, respectively.

6.3.2 Emission line: exceptional points

We next consider the emission line in isolation, ignoring the absorption line. For
emission processes Ke (via σe) changes sign in Eq. 6.8, and the first term in the
square root of Eq. 6.7 also changes sign. However, for a small coupling strength
(such as ge = 3 × 1012) one has |4KeAm| � |Ωm − Ωe|2, so the situation is similar
to a weakly coupled absorption line, where modes become only slightly perturbed
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(not shown), just as in Figure 6.4a and 6.4b.

The situation becomes more interesting for larger coupling strength (ge = 1014)
when the linewidths of the optical mode and emission line are similar and small
compared to the frequencies, which is true for our parameters (γm = 0.004ωp ≈ γe =
0.005ωp). Again we notice from the reflectance map of the finite structure (Figure
6.5a) that a gap opens for the plasmonic modes around the emission frequency
(ωe = 0.288ωp). The modes bend towards smaller kx below the emission line and
towards larger kx above. This behaviour is opposite to the previous case where we
only took the absorption line into account. With the semi-classical model applied
to two particular mode couples (green and magenta lines in Figure 6.5a), we again
obtain a very good agreement with the exact results.

To understand the behaviour with the model equations, we examine the ar-
gument of the square root of Eq. 6.7:

√
4KeAm + (ωm − ωe)2. As the first term

becomes large and negative when the coupling strength increases, the square root
becomes almost purely complex in the regime where |4KeAm| > [ωm(kx)−ωe]2, which
means that both eigenfrequencies Ω± have the same real parts but imaginary parts
with opposite signs. In other words, this regime is similar to the broken-symmetry
phase of PT systems that produce fork-like bifurcations and give rise to exceptional
points when the two modes merge (similar to the splitting of the directional coupler
modes, Figure 3.3). As a side note we point out that PT -symmetric hypercrystals
made of HMMs were studied in [130], but the gain was introduced in the dielectric
surrounding the HMM, and not directly into the HMM as proposed here.

To analyze the coupling behaviour in more detail we show the uncoupled and
coupled modes in Figure 6.5c for a particular optical mode (corresponding the the
green curve in Figure 6.5a). The two branches of the fork correspond to the polari-
tons 1 and 2 in Figure 6.5c. However, only polariton 2 appears in the reflectance map
of Figure 6.5a. The imaginary part of polariton 1 (not visible in Figure 6.5a) has
a large imaginary part of the eigenfrequency (Figure 6.5d) and is therefore strongly
damped (broadened line), while the polariton 2 has a smaller imaginary part and
can thus be observed in Figure 6.5a as a sharp resonance, except in the gap region
where its imaginary part is positive and large (gain).

The ‘lines of points’ appearing in the large gain case around ω = 0.27ωp and
ω = 0.31ωp (highlighted by the blue arrows in Figure 6.5a) are not true exceptional
points. Indeed, they would be ‘pure’ exceptional points if the square root in equation
6.7 would be zero (so that the eigenvalues are degenerate), which is not exactly the
case here. However, these high-reflection points are regions where the imaginary
part of the eigenfrequency of polariton 2 is close to zero (see Figure 6.5d), and thus
the resonances becomes very sharp.

Just as for the absorption case, remnants of the fork-like splitting can be observed
only at the edges of the plasmonic band of the infinite multilayer structure (Figure
6.5b, showing the real part of Λ). An important distortion is observed around
ωe = 0.288ωp where the band edges (Re(Λ) = +1, orange curves, and Re(Λ) = −1,
magenta curves) undergo a distortion similar to the one of the resonances of the finite
stack. Indeed, the band edges tend to smaller (larger) kx below (above) the emission
line. The cyan curves in Figure 6.5b are the loss-gain compensation boundaries
(Im(Λ) = 0), which intersect the band edges. From equation 6.2 we know that
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Figure 6.5: (a) Reflectance with an emission line in the large coupling strength
regime (ge = 1014) for the finite structure (logarithmic scale). The green and ma-
genta curves obtained via our semi-classical model on two different modes. (b) Dis-
persion diagram of the infinite structure with an emission line in the large coupling
strength regime. Orange curves are the edges of the plasmonic band at the center
of the Brillouin zone (Re(Λ) = 1), magenta curves at the edge of the Brillouin zone
(Re(Λ) = −1) and cyan curves are the loss-compensation boundary (Im(Λ) = 0).
(c) Real (green solid curves) and (d) imaginary (green dashed curves) parts of the
complex eigenfrequencies Ω± obtained with our semi-classical model. In (c) the red
dashed curve is the excitonic emission line and the black dashed curve is the unper-
turbed optical mode. The two polaritons resulting from the coupling of the optical
mode with the excitonic line are identified by the green numbers 1 and 2 (Ω+ and
Ω−, respectively.

here the condition for the generation of exceptional points is met. True exceptional
points thus appear in the case of an infinite multilayer, as discussed in more detail
in the next section.

6.3.3 Four-level dyes: strong gain-loss interaction

We introduce the full four-level dispersion of pumped dye molecules, including both
the absorption and emission line. We will see that loss compensation and the ap-
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Figure 6.6: (a) Reflectance with both absorption and emission in the large coupling
strength regime (g = 1014) for the finite structure (logarithmic scale). The green and
magenta curves are obtained via our semi-classical model on two different modes. (b)
Dispersion diagram of the infinite structure with both absorption and emission lines
in the large coupling strength regime. Orange curves are the edges of the plasmonic
band at the center of the Brillouin zone (Re(Λ) = 1), magenta curves at the edge
of the Brillouin zone (Re(Λ) = −1) and cyan curves are the loss-compensation
boundary (Im(Λ) = 0). (c) Real (green solid curves) and (d) imaginary (green
dashed curves) parts of the complex eigenfrequencies Ω̃ obtained with our semi-
classical model. In (c) the red dashed curve is the excitonic emission line, the blue
dashed curve is the excitonic absorption line and the black dashed curve is the
unperturbed optical mode. The three polaritons resulting from the coupling of the
optical mode with the two excitonic lines are identified by the green numbers 1, 2
and 3.

pearance of exceptional points are directly connected.
Figure 6.6a shows the reflectance map obtained with the transfer-matrix method

of the finite structure for large coupling strengths g = ga = ge = 1014. As before,
the maxima of reflectance are discrete modes, and we apply the full semi-classical
model Eq. 6.9 for two optical modes (green and magenta) to obtain the polaritons.
Zoom-ins on the splitting behaviour with the model are provided by Figures 6.6c
and 6.6d.

The blurry regions (around 0.28-0.29 ωp and 0.31-0.32 ωp) occur when the mag-
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nitude of the imaginary part of the eigenfrequencies becomes large, while regions
where discrete modes are visible have very small imaginary parts (Figure 6.6d). At
the absorption line (blue curve in Figure 6.6c) the typical mode-splitting occurs,
while at the emission line (red curve in Figure 6.6c) the fork-like features of PT
systems are present (Figure 6.6c). In the region between the two excitonic lines
(between ωe and ωa) the modes tend towards large kx and can reach extremely high
values of the effective index (for example, the bifurcation point of the green mode
around ω = 0.3ωp in Figure 6.6c has an effective index of 7, while at this frequency
the effective index was 4 in the passive HMM). Only the dispersion of polaritons 3
and 2 (for small kx and in the vicinity of the gain/loss compensation points) can be
observed in Figure 6.6a, because of their small (in magnitude) imaginary parts of
their eigenfrequencies. Polariton 1 cannot be observed as it is always overdamped
(Figure 6.6d).

As discussed previously, the emission and absorption lines exert a similar effect
on the band edges of the infinite HMM. In this case the forks at the edges provide
real EPs, unlike the points in the dispersion diagram of the finite structure where
a vanishing imaginary part produces just lines of sharp resonances. In Figure 6.6b
(the real part of Λ of the infinite HMM) an important distortion is observed around
ωe and ωa, where the band edges (Re(Λ) = +1, orange curves, and Re(Λ) = −1,
magenta curves) undergo a distortion similar to the resonances of the finite stack.
The cyan curves in Figure 6.6b are the loss-gain compensation boundaries, which
intersect the band edges. At these intersections Λ = ±1, so from equation 6.2 one
concludes that the eigenvalues are degenerate, and that these points are thus EPs.

The presence of EPs has significant implications in the infinite structure, e.g. on
the group index (along z) ng,z (calculated using the implicit function theorem [131]),
see Figure 6.7.

Five EPs exist with the chosen parameters. Zoom-ins on two EPs (EP1 and
EP2, one on each band edge) are also shown in Figures 6.8a and 6.8b, providing
evidence that ng,z diverges, which is a signature of the existence of exceptional
points, connecting with recent results in [70]. These singularities were also studied
recently by Pick et al. [67].

Note that there is a very direct connection in position (in the (kx, ω) dispersion
coordinates) between the EPs of the infinite and the finite multilayer. For the finite
structure one compares with the two ‘lines of points’ in Figure 6.6a (ω = 0.275ωp
and ω = 0.3ωp), but only with the points at the smallest and largest kx for each
line. For instance, EP1 is visible in both Figure 6.7 and Figure 6.6a at ω = 0.275ωp
and kx/k0 = 9. Similarly, EP3 is both times visible at ω = 0.3ωp and kx/k0 = 6.
This correspondence shows that in both cases the exceptional points arise effectively
from a mechanism similar to PT -symmetry.

6.4 Summary

In this chapter we have studied the consequence of loss compensation by the dis-
persive gain provided by the infiltration of emitters such as four-level organic dyes
in the dielectric layer of a HMM multilayer. We developed a semi-analytical model
to describe the interaction of the excitonic lines with the optical mode of the HMM
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Figure 6.7: Group index in z direction ng,z of the dye infiltrated multilayer. Orange
curves correspond to the band edges at the Brillouin zone center kzD = 0, magenta
curves correspond to the band edges at the Brillouin zone edge kzD = π, and cyan
curves correspond to the gain-loss compensation line where Im(Λ) = 0.

Figure 6.8: (a) Zoom on EP1 and (b) EP3 of Figure 6.7. Orange curves correspond
to the band edges at the Brillouin zone center kzD = 0, magenta curves correspond
to the band edges at the Brillouin zone edge kzD = π, and cyan curves correspond
to the gain-loss compensation line where Im(Λ) = 0.
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and demonstrated that the model fits very well with the exact results obtained by
the well-known transfer-matrix method.

We considered both the weak and strong coupling strength case of interaction
with the emission and absorption lines, respectively. We have shown that for weak
coupling strength (|4KaAm| � |Ωm − Ωa|2), the interaction of both the emission
and absorption line results only in a small perturbation of the optical mode and the
polaritons remains either purely excitonic or either photonic.

For strong coupling strength (|4KaAm| � |Ωm − Ωa|2), however, emission and
absorption lines produce two different extreme distortions of the plasmonic band.
For absorption, the interaction of the excitons with the optical mode leads to the
typical Rabi splitting, with Rabi energy obtained directly from our semi-analytical
model as ~ΩRabi =

√
2KaAm.

At the emission line, a transition similar to the transition from the PT -symmetry
broken phase to the PT -symmetry unbroken phase appears, with generation of true
exceptional points at the loss-gain compensation frequencies.

Moreover, the design we proposed with the introduction of gain in HMMs also
provides a convenient route to facilitate injection of light into hyperbolic modes
and overcomes the problem of light incoupling, which are otherwise not directly
accessible from within the light cone.

The results of this chapter are important for active components with HMMs,
and for the use of exceptional points in active multilayers. Most of the work of this
chapter was presented in [132].



7
Angular incidence and strong coupling in
tilted cavities

In this chapter we combine the results of Chapter 5 on the extremely sharp Fano
resonances in tilted HMM cavities with various concepts introduced in Chapter 6 on
active HMMs. In particular we study the interaction between the Fano resonances
and an excitonic line of absorption embedded in the dielectric compound of the
asymmetric cavity. The energy exchange and strong coupling with Fano resonances
has never been studied systematically before, to the best of our knowledge.

We first examine the angular dispersion of the Fano resonances excited in the
tilted cavities described in Chapter 5, and show that the anisotropy of this medium is
responsible for interesting dispersive behaviours, with excitation of different modes
following the direction of propagation of light. The interference of the Fabry-Perot
resonances that originate from the propagating modes and the evanescent back-
ground is physically more interesting under non-normal incidence, as the evanescent
modes are not purely evanescent, but they also have a real effective index part, which
differs for the two directions of energy flow. In particular, changing the wavevector
parallel to the interfaces can lead either to sharper and inversed Fano resonances, or
to the extinction of the Fano resonances, meaning that we have a complete control
on the background effect by incidence angle.
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Finally, we introduce a loss line in the cavity, and determine that the angular
properties allow various intriguing phenomena linked to the strong coupling, such
as enhancement of the Rabi splitting and even absorption-assisted transparency.
Furthermore, the anisotropy in the direction of propagation does not change the
angular dispersion and Rabi splitting, but has a deep impact on the amplitude of
the absorbance peaks.

In Section 7.1 we describe the angular dispersive properties of the asymmetric
cavity in the lossless case. Next, we examine in Section 7.2 the interaction of the
Fano resonances with an excitonic line of absorption, and describe the anisotropic
effects. We finally conclude in Section 7.3.

7.1 Angular dispersion

We discussed in Chapter 5 the origins of the Fano resonances in tilted cavities (Figure
5.1). They originate from the interference between the Fabry-Perot effect (created
by the round-trips of a propagating mode) and a slowly varying background (via a
purely evanescent mode). The excitation of these two modes is directly connected to
the conservation of the momentum (Equation 5.11) in the transverse direction y (see
Figure 5.1 of Chapter 5 for notations). For non-normal incidence (ky 6= 0), however,
both Fabry-Perot resonances and the background still exist but are intrinsically
different. In fact, the transverse momentum conservations at the interfaces between
the HMM and the AHM are:

Re(ky) = Re(k′x) sin θ + Re(k′y) cos θ (7.1)

Im(ky) = Im(k′x) sin θ + Im(k′y) cos θ = 0 (7.2)

with k′x and k′y the wavevectors in the natural axis coordinates of the tilted cavity.
For these coordinates, Equation 2.31 is valid and is expressed as:

cos(k′yD cos θ) =
(κ′dεm + κ′mεd)

2

4κ′dκ
′
mεdεm

cosh(κ′ddd cos θ + κ′mdm cos θ)

− (κ′dεm − κ′mεd)2

4κ′dκ
′
mεdεm

cosh(κ′ddd cos θ − κ′mdm cos θ)

(7.3)

with dd the dielectric thickness in the surrounding HMMs, dm the metal thickness,
D the period, κd and κm the plasmonic decay coefficients in the dielectric and metal,
respectively. We state that Equation 7.2 is equal to zero because we excite the cavity
from the left with a purely real transverse momentum ky. In this chapter, we use a
lossless Drude model for silver, with thickness of the silver layers dm = 10 nm and
for TiO2 dd = 20 nm. The optical parameters are the same as in Chapter 5. Finally,
in order to have sharper Fano resonances, we choose a geometric tilting angle of the
cavity layers θ = 55◦ (see Figure 5.1 for graphic representation of this angle).

By solving Equations 7.3, 7.1 and 7.2 numerically in the (k′x, k
′
y) coordinates

and using a coordinate transformation to express the solution in the (kx, ky) coor-
dinates, we note that anisotropy of the cavity plays an important role, as it leads
to the excitation of modes with different kx momenta depending on the energy flow
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direction (meaning the orientation of the period-integrated Poynting vector in the
x direction). Indeed, there are two different solutions (as seen in Figure 7.1) for
propagating modes (purely real momentum), but only one is excited at a time be-
cause of causality. In particular, light propagating from left to right (Figure 7.1a)
has to have energy flow towards the positive direction while light propagating from
right to left (Figure 7.1b) needs an energy flow towards negative direction. Since the
effective index of the propagating mode is different in the two directions of energy
flow, for a round-trip, the phase accumulated during the propagation in one way
is not the same than in the other one. Moreover, the angular dispersion of both
modes is completely different, with the mode linked to energy flow from left to right
having decreasing effective index with increasing ky momentum, and vice versa for
the other direction.

(a) From left to right (b) From right to left

Figure 7.1: Angular dispersion of the real part of the effective refractive index in x
direction of the propagating mode for an asymmetric tilted cavity with tilting angle
θ = 55◦: (a) from left to right. (b) From right to left.

Figure 7.2 shows the reflectance map obtained with exact calculation as a func-
tion of the ky momentum for a cavity width B = 34.75 nm. Because of the par-
ticular anisotropic behaviour of the cavity, Equation 5.15 is no longer usable, since
determining the Fresnel coefficients of reflection and transmission at each interface
without an exact homogenization theory is impossible[133]. However, Equation 5.16
governing the constructive interference of the Fabry-Perot resonances is still valid
but should be replaced (to take care of the two different propagating modes) by:

[kx,r(ky) + kx,l(ky)]B + 2ϕ(ky) = 2πm (7.4)

with m an integer, kx,r and kx,l the momentum of the propagating mode with energy
flow to the right and to the left, respectively, 2ϕ the phase change at the interfaces
and B the cavity width. Using the effective index obtained in Figure 7.1 with Equa-
tion 7.4, we fit the constructive interference zone, showing a good correspondence
with the exact calculation. The inset of Figure 7.2 shows the fitted value of the
reflection phase change at the interfaces. This phase has a minor contribution on
the constructive interference regime, but has to be taken into account to have a
perfect fit.
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Figure 7.2: Angular dispersion of the reflectance for a cavity width B = 34.75 nm.
Red dashed curve is the constructive interference regime obtained with Equation
7.4 with m = 4. Inset shows the fitted angular dispersion of the reflection phase ϕ.

We remark immediately in Figure 7.2 that angular incidence has a deep impact
not only on the peak position, but also on the shape and amplitude of the Fano
resonances. This is also clearly seen in Figure 7.3 with the reflectance spectra of
the cavity for various incident ky momenta. Increasing the ky momentum leads to a
diminution of the amplitude of the Fano resonances as shown by the blue, red and
yellow curves in Figure 7.3. At ky = 1.025 × 107m−1, the situation is completely
different with the Fano reflectance reaching again 100%, but with opposite Fano pa-
rameter q (see Equation 3.15) with respect to the situation at ky = 0 (the reflectance
goes from 100 to 0% instead of 0 to 100%) and a much sharper resonance.

This evolution in the amplitude and asymmetry of the Fano resonances is ex-
plained by the different nature of the slowly varying background. As mentioned
before, there is no pure evanescent mode that fulfills momentum conservation (Equa-
tions 7.1 and 7.2) as it was the case at normal incidence (ky = 0). However, there are
complex solutions (k′x, k

′
y) to the exact dispersion relation (Equation 7.3) that fulfill

the transverse momentum conservation. Again, there is an anisotropic behaviour of
these complex modes, with the mode with exponential decrease of the field from left
to right equal to the opposite of the complex conjugate of the mode with exponential
decrease from right to left, or:

nc,r = −n∗c,l (7.5)

with nc,r and nc,l the complex mode refractive index with exponential decrease from
left to right and right to left, respectively. Figure 7.4 shows the angular dispersion
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Figure 7.3: Reflectance spectra for various ky momenta ranging from 0 to
1.35 × 107 m−1, for a cavity width B = 34.75 nm.

of these two complex modes.

(a) Re(nc,r) (b) Re(nc,l) (c) Im(nc,r)=Im(nc,l)

Figure 7.4: Angular dispersion of the real and imaginary part of the effective refrac-
tive index in x direction of the complex mode for an asymmetric tilted cavity with
tilting angle θ = 55◦: (a) real part of the refractive index of the complex mode with
exponential decrease from left to right. (b) Real part of the refractive index of the
complex mode with exponential decrease from right to left. (c) Imaginary part of
both complex modes.

A clear difference caused by this new type of background is observed for instance
in reflectance spectra with variation of the cavity size (Figure 7.5). The width
dispersion of the point with extremely sharp Fano resonances (bright spot in Figure
7.2, ky = 1.025× 107m−1 and λ0 = 695.5 nm) shows that only the resonances with
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even order undergo complete resonance from 0 to 100% (Figure 7.5a). Odd order
resonances mainly follow the background. Note that we had already discussed the
effect of the order of the resonance on the sharpness of the peaks for the graphene
multilayer under normal incidence. In the non-normal incidence case, the order has
an effect not only on the linewidth of the peaks but also on their amplitude.

Another example of the different physical effect of the complex mode background
is given in Figure 7.5b, where the reflectance just follows the background without
complete 0 to 100% variation as before, for any size of the cavity (for ky = 8.5 ×
106m−1 and λ0 = 697 nm). The latter means that the coupling to the continuum
background is very weak, and so the Fano parameter q → ±∞.
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(a) ky = 1.025× 107m−1 and λ0 = 695.5 nm
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(b) ky = 8.5× 106m−1 and λ0 = 697 nm

Figure 7.5: Influence of the cavity width on the exact reflectance of a cavity with
tilting angle θ = 55◦. (a) For ky = 1.025× 107m−1 and λ0 = 695.5 nm and (b) for
ky = 8.5 × 106m−1 and λ0 = 697 nm. Red arrows show the distance between two
successive resonances, red values correspond to the measured distance, while green
values correspond to the theoretical distance.

Note that we limit ourselves to a small range of wavelength and momentum. The
underlying reason of this restriction is that for larger momenta, we exit the single
mode cavity regime (meaning only one propagating mode in a given direction) and
the analysis becomes more complicated. Figure 7.6 shows just for curiosity what
the reflectance map of wider multimodal cavity (B = 121.7 nm) looks like for larger
wavelength and momentum range.

In the next section, we take advantage of the peculiar angular behaviour to
control the strong coupling between these asymmetric resonances and the absorption
line of an exciton.

7.2 Fano-exciton strong coupling

We now introduce an excitonic absorption line in the tilted cavity. The situation is
similar to Chapter 6, we infiltrate the dielectric compound of the AHM cavity with
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Figure 7.6: Angular dispersion of the reflectance for a cavity width B = 121.7 nm.
Above around ky = 2× 107 m−1, the cavity becomes multimodal.

two-level dyes, leading to a dielectric permittivy simlar to Equation 6.4:

εTiO2 = 7.29 + gaL(ωa, γa) (7.6)

with L(ωj, γj) = − 1
π

2ωj

(ω2−ω2
j −γ2j )+2iγjω

the normalized second-order Lorentzian line-

shape function, ga = 1014 the oscillator coupling strength, γa = 0.001ωp the linewidth
(with ωp = 1.26 × 1016 rad/s the plasma frequency of silver) and ωa the peak fre-
quency of the excitonic line.

We divide this section in three parts. The first part describes the interaction
between the excitonic line and different types of Fano resonances at normal incidence.
The second part examines the influence of the background on the Rabi splitting, and
the apparition of absorption-enduced transparency in the non-normal incidence case
(described in the previous section). The last part takes care of the asymmetry in
the y direction that appears due to the loss.

7.2.1 Normal incidence

At normal incidence, there are three different limiting cases of Fano resonances (see
Chapter 5). The first case is when the cavity is so small that the resonance peak
is just a peak of reflectance (dashed blue curve in Figure 7.7a), the second case
is the typical asymmetric Fano resonance (dashed blue curve in Figure 7.7b), and
the third case is when the cavity is so large that the background vanishes and the
resonance is almost entirely a Fabry-Perot resonance (reflectance dip, dashed blue
curve in Figure 7.7c). In all cases, an absorption line centered around a wavelength
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of 700 nm (which is the resonant wavelength of the cavity) is used, so that there is
no detuning between the Fano resonance and the excitonic line.
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(c) B = 121.7 nm

Figure 7.7: Reflectance and absorbance spectra of various dye-infiltrated cavities.
(a) For B = 2.8 nm. (b) For B = 34.75 nm. (c) For B = 121.7 nm. In the three
figures, the blue dashed curve is the reflectance of the cavity without excitonic line,
orange and yellow solid curves are the absorbance and reflectance of the infiltrated
cavity, respectively. Dashed purple curve is the imaginary part of the permittivity
of the infiltrated dielectric Im(εTiO2), scale on the right hand side.

In the first case (small cavity width B = 2.8 nm), we see in Figure 7.7a that two
distinct peaks of reflectance appear (yellow curve, with loss) instead of one (blue
curve, without loss) with the introduction of the absorption line (purple curve). This
is however not yet the strong coupling regime, as we can see via the absorbance curve
(orange curve) that the coupling is not strong enough to have two distinct peaks. In
other words, the Rabi splitting is smaller than the linewidth of the two absorbance
peaks, which is a weak coupling signature as discussed in Chapters 3 and 6. The
two peaks of reflectance correspond to the single peak of the lossless structure with
a large absorption at the central frequency, which cause a dip.

However, the situation is different when the excitonic line interacts with a typical
asymmetric Fano resonance (cavity width B = 34.75 nm), see Figure 7.7b. For
the reflectance (yellow curve), three distinct asymmetric Fano resonances appear,
but none of them have complete transmission or reflection. The absorbance peak
around λ0 = 700 nm (orange curve) is caused by uncoupled light due to a shift of the
Fano resonance linked to the introduction of loss. Indeed, infiltration of excitons
modifies the permittivity of the dielectric, causing a small detuning between the
Fano resonance and the excitonic line of absorption. In this case, we are clearly in
the strong coupling regime since the absorbance peaks (orange curve) are distinct,
separated by a Rabi energy of about 80 meV.

The last case is the quasi-pure Fabry-Perot resonance (large cavity width B =
121.7 nm), which has similar features than the previous case, but it presents instead
three reflectance dips and not three asymmetrical Fano resonances. Moreover, the
central peak caused by the detuning is here more pronounced, wich is intuitively
obvious since the cavity is larger.
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7.2.2 Angular incidence

As demonstrated in Section 7.1, introducing a momentum in the y direction creates
various types of Fano resonance due to a different interference between the Fabry-
Perot resonances and the complex evanescent background because of anisotropy. In
this section we examine the impact of this Fano type change on the strong coupling
regime of the cavity.

We use the same geometry as for Figure 7.2: θ = 55◦, B = 34.75 nm. We
examine the interaction of the Fano resonance with the excitonic line in two regimes.
The first regime is when no detuning between the two oscillators occurs at normal
incidence (λ0 = 700 nm and ky = 0, Figure 7.8a), and the second regime is when
there is no detuning with the bright spot in Figure 7.2 (λ0 = 695.5 nm and ky =
1.025× 107m−1). At this spot we thus have interaction with a Fano resonance with
opposite Fano parameter (Figure 7.8b).

(a) Exciton centered on λ0 = 700 nm (b) Exciton centered on λ0 = 695.5 nm

Figure 7.8: Angular dispersion of the cavity absorbance and strong coupling of
the Fano resonance with the excitonic line centered on (a) λ0 = 700 nm. (b)
λ0 = 695.5 nm. Red dashed curve is the Fano angular dispersion without absorp-
tion, green dashed curve is the excitonic line and magenta arrow shows the Rabi
splitting where there is no detuning between the two oscillators.

First of all, one immediately notices that strong coupling is reached in both cases,
since there are two distinctly separated peaks of absorbance in Figure 7.8. Note that
there is also a part of the exciton that does not couple in both figures. At normal
incidence, the Rabi splitting is about 80 meV while at the bright spot of Figure
7.2, the Rabi splitting is slightly enhanced to 90 meV. This difference is mainly
due to the sharpening of the Fano resonance caused by the complex background, as
discussed in Section 7.1.

The main difference between the two situations is however not related to the Rabi
splitting, but concerning the transparency zones that appears at the ky momentum
for which there is small detuning (at the heads of the magenta arrow in Figure
7.8b). Indeed, we expected a maximum of absorbance around ky = 1.025×107m−1 in
Figure 7.8b since it is the momentum for which the detuning is about zero (similarly
to the maximum of absorbance appearing at the zero-detuning zone around ky = 0
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in Figure7.8a). Except for the uncoupled excitonic line at λ0 = 695.5 nm, the
absorption of the coupled modes is very weak at this momentum (ky = 1.025 ×
107m−1 ), and the transmission becomes very high compared to the case without
absorption. The reason of this comes simply from the refractive indices of the
propagating modes in the cavity. Introducing absorption in the cavity not only
leads to absorption, but also on a slight change of the refractive index. For instance,
at ky = 1.025 × 107m−1 and λ0 = 695.5 nm, the real part of the refractive index
of the propagating mode with energy flow from left to right changes from 31.41 to
32.11, while in the other direction from 32.9 to 33.3460. The mean refractive index of
the cavity is thus increased by the introduction of loss and the Fano resonance shifts
thus slightly to higher wavelength to ensure the constructive interference condition
of Equation 7.4.

Because the bright spot in Figure 7.2 was surrounded by zones where the back-
ground was inefficient and the resonances were broad and small in amplitude, the
crossing between the Fano resonance and the excitonic line occurs then at this inef-
ficient zone due to the shift of the refractive index. The coupling with the excitonic
line is thus very weak at this point and the absorption is large only at the peak
frequency of the exciton.

7.2.3 Asymmetry in y direction

In this section we discuss the effect of the direction of the transverse ky momentum
on the strong coupling (so incidence going up or down along y, respectively). Since
the structure we study is not symmetric in the y direction, the scattering properties
of the cavity depend on the direction of the momentum ky in the presence of loss.
Without loss, the scattering properties are the same for positive and negative ky,
with the only variation that the mode with energy flow from left to right becomes
the mode with energy flow from right to left, and inversely. From reciprocity [134]
reflectance is always the same for positive or negative ky momenta. Indeed, coupling
from the input of port 1 (s+

1 ) and the output of port 2 (s−2 ) is the same as the
coupling from the input of port 2 (s+

2 ) and the output of port 1 (s−1 ) in Figure
7.9, which illustrates our situation. Since there are no losses, transmittance is also
the same for both positive (from port 1 to port 3) and negative ky (from port 2 to
port 4) excitation because of unitarity (no reciprocity however between these two
transmittances).

In presence of losses, however, reciprocity ensures that the reflectance is the same
for positive or negative ky momenta, but not for transmittance, the difference arising
from the absorbance. This effect is demonstrated clearly in Figure 7.10 for a cavity
with an excitonic line of absorption centered at λ0 = 695.5 nm and a cavity width
B = 34.75 nm. As stated before, the reflectance for positive ky (dark blue curve) is
exactly the same than the one for negative ky (red dashed curve). The asymmetry
effect is however significant for the transmittance (yellow (+) and purple (-) curves)
and absorbance (green (+) and light green (-) curves).

Even if the asymmetry has a very weak effect on the Rabi splitting due to the
strong coupling between the two oscillators (the absorbance peaks are around 680
nm, 700 nm and 712 nm for green and light blue curves in Figure 7.10), we can
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Figure 7.9: Schematic of an optical resonator system coupled with multiple ports
similar to our cavity design. Arrows illustrate the incoming and outgoing waves.
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Figure 7.10: Scattering spectrum of the infiltrated cavity for ky = ±1.025×107m−1.
Dark blue and red dashed curves correspond to the reflectance, yellow and purple
curves to the transmittance, green and light blue curves to the absorbance for the
positive and negative transverse momentum ky, respectively.

see that absorbance is different for the negative transverse momentum for each
peak. Note that this phenomenon is not related to the precise ky we use for the
simulation, it applies for all ky, see Figure 7.11. The angular dispersion is the
same in both directions, because the four modes in play (two propagating and two
complex modes) are the same and thus lead to the same constructive interference
conditions. The only change stems from the coupling of light with these modes and
this influences the field profile in the cavity, with a higher absorbance typically for
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the negative ky momenta (absorbance can however be slightly higher for positive ky
momenta around the transparency zone, as seen in Figure 7.10). Since the modes
excited in the cavity are the same for the two directions, the previous discussion in
Section 7.2.2 on the transparency zone still holds and explains the apparition of the
transparency zone also for negative ky (no coupling between the two oscillators) at
the same magnitude of ky.

Figure 7.11: Asymmetric absorbance map of the infiltrated cavity with width
B = 34.75 nm with respect to the direction of the transverse momentum ky.

7.3 Conclusion

This chapter analyzed the angular dispersion of the Fano resonances introduced in
Chapter 5. The interference between fast oscillating resonances and a slowly varying
background still holds for non-normal incidence. We highlighted that the presence of
a non-zero transverse momentum leads to anisotropy in the direction of propagation,
with the mode flowing from left to right being different from the mode flowing in
the other direction. Moreover, we have provided evidence that the nature of the
background differs, since it originates from two different complex modes (one being
the opposite and complex conjugate of the other) and not from a purely evanescent
mode. This leads to interesting physical phenomena like an order-dependance of
the Fabry-Perot resonances (asymmetrical 0-to-100% resonances, or an inefficiency
of the background), and quasi-pure Fabry-Perot resonances.
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We then combine these specificities to study their interaction with an excitonic
absorption line, which was not reported yet to the best of our knowledge. We
demonstrated that the Fano parameter has an influence on the Rabi splitting, and
can even have a deep impact such as slowing down the exchange of energy between
the two oscillators, and driving them out of the strong coupling regime. Furthermore,
we highlighted the generation of absorption-assisted transparency zones, and an
asymmetry in the coupling between negative and positive transverse momenta.

To conclude, one should note that an exact homogenization theory, not available
to this day for these metamaterials, is required to have a complete understanding
of the phenomena appearing in this chapter. Indeed, homogenization is useful to
describe the Fresnel coefficients, the coupling mechanisms at the interfaces, and the
energy transport of the propagating and complex modes.



102 7 • Angular incidence and strong coupling in tilted cavities



8
Conclusion and outlook

Throughout this work we studied and exploited the rich properties of hyperbolic
metamaterials in various fundamental structures and configurations. The high-
momentum waves and extremely large photonic density of states, together with
the ease of fabrication, are of crucial importance for a myriad of photonic applica-
tions, such as the hyperlens and spontaneous emission engineering. In the following
we propose a concise summary of this work and discuss further opportunities.

We started in Chapter 4 with a fundamental study of the dispersive behaviour
of atypical hyperbolic metamaterials, modeling a two-dimensional array of square or
rectangular silver nanorods in a TiO2 matrix. We explored four different geometrical
regimes, in connection with four different mode symmetries of the plasmonic bands:
small square nanorods (nanorod size much smaller than the x and y periods), large
square nanorods (nanorod size on the order of the period), medium square nanorods
(intermediate size), and finally, the rectangular nanorod regime (with broken sym-
metry between x and y). For the small nanorods the metallic corners (that are the
most elementary structures in this type of design) couple to their nearest neighbors
through the metal-dielectric interfaces along the same nanorod. For this reason,
the dispersion relation of the plasmonic bands of the two-dimensional array of small
nanorods can be seen as the interaction between all single nanorods, as could have
been intuitively guessed. The situation is different for the large nanorod case, where
the metallic corners are connected mainly with the corners of the adjacent nanorods,
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through the dielectric medium. The dispersion relation of the metamaterials is no
longer interpreted as a collective interaction of single nanorods, but as a collective
coupling between all the four-corner structures of the array. Furthermore, changing
the coupling between the elementary excitations also influences the modal symmetry
of the modes at the significant points of the Brillouin zone. This change was also
demonstrated for the medium size and rectangular nanorod studies, where we high-
lighted the influence of the frequency regime on the relevant elementary excitation.

Next, in Chapter 5, we explored the engineering of Fano resonances with a specific
design based on the typical hyperbolic multilayer. The structure consists of a cavity
surrounded by two identical HMMs, the cavity being this same HMM, but with
the optical axis tilted. In this way, exciting the fundamental propagating mode at
normal incidence (ky = 0) of the surrounding HMM leads to the excititation of a
propagating mode with extremely large effective index in the cavity, together with
an evanescent mode. We have shown that the round-trips of the propagating mode
in the cavity generates sharp Fabry-Perot resonances, even for extremely compact
cavities as small as 5 nm in the visible regime, while a slow increase of the reflection
is observed due to the evanescent mode. The interference of these two distinct
processes leads to the generation of highly asymmetric Fano resonances with extreme
variations of the scattering behaviour of the cavity, as the reflectance goes from 0
to 100% by changing the wavelength or cavity width over only a few nanometers.
This extreme sensitivity could be very useful in the specific domain of sensing for
example. This mechanism is fairly general, and also works in other regimes such as
the terahertz range, which we prove using graphene-based multilayers. In particular,
we shown cavities as small as 0.5 µm, with a wavelength in free-space of 100 µm,
together with an extreme tuning of the scattering properties with the graphene
doping level. A variation of only a few percent of electron-volt changes completely
the position and finesse of these Fano resonances. Finally, we discussed that ohmic
losses have a deep impact on the robustness of the Fano resonances, as many are
cancelled out without a careful preliminary study of the ideal geometric parameters
of the asymmetric cavity.

In Chapter 6 we further address this loss issue, using dispersive four-level dyes
to overcome the ohmic loss in hyperbolic multilayers. We started from the theory
of passive HMMs to properly design our structure, so that pumping of the dyes
and population inversion could be possible, without requiring gratings or other in-
coupling systems to couple with the high-momentum waves. Rather, by smartly
adjusting the intersection point between the two plasmonic bands, we numerically
demonstrated that pumping of the dyes is possible inside the light cone, which makes
our structure easier to fabricate. We developed a semi-classical model to describe
the interaction of excitonic lines with the HMM modes. An important parameter is
the coupling strength of the excitonic line with light. Therefore we explored two dis-
tinct regimes, one regime where the coupling constant is weak (the weak coupling or
perturbative regime), and one where the coupling constant is large (the strong cou-
pling strength regime). In the weak coupling regime both absorption and emission
lines exert a similar weak perturbation of the mode. In the strong coupling strength
regime, however, absorption and emission lines have completely distinct behaviours.
At the absorption line the interaction leads to a coherent exchance of energy, and to
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a Rabi splitting of the hyperbolic modes into two new polaritons. Our model allows
to analytically determine the Rabi energy of the coupling, which is usually not pos-
sible with typical models found in the literature. On the other hand, the emission
line exerts a different distorsion of the plasmonic mode as we observed a ‘fork-like’
feature, similar to what is observed in PT -symmetric systems. These results were
in very good agreement with exact calculations using the transfer-matrix method.
Surprisingly, even if our active multilayer is not properly PT -symmetric, we proved
both analytically and numerically that exceptional points exist in an infinite stack at
the intersection between the plasmonic band edges and the gain-loss compensation
boundaries.

Chapter 7 combines the two previous chapters and studies the interaction of
Fano resonances with excitonic absorption lines, which has never been done to the
best of our knowledge. Since strong coupling is typically demonstrated through the
angular dispersive behaviour of the polaritons, we started with the transverse mo-
mentum dispersion of the Fano resonances in the tilted cavities. From an analytical
examination of the dispersion relation of the HMMs, together with the conservation
of the transverse momentum at the interfaces of the tilted cavity, we demonstrate
(for non-normal incidence) an anisotropy of the excited propagating modes depen-
dent on their Poynting vector directions. The slowly varying background, generated
at normal incidence by a purely evanescent mode, is replaced by a background of
two complex modes, that is also linked to the cavity anisotropy. The varying na-
ture of the underlying processes leads to a control, through the Fano parameter,
of the shape and amplitude of the resonances, in particular through the generation
of extremely sharp peaks, with opposite asymmetry to the one obtained at normal
incidence. We then examined the interaction of an excitonic absorption line with
various Fano resonances, and demonstrated the influence of the Fano parameter on
the strong coupling regime and the Rabi splitting. Moreover, we discussed the gen-
eration of an absorption-induced transparency zone for certain transverse momenta
and anisotropic absorbances of the cavity.

As we have seen throughout this thesis, the scope of applications of HMMs is
very wide, and is mainly limited by the ohmic losses of metals, like for many other
plasmonic devices. Indeed, the optical properties of gold and silver are not suitable
anymore for the extreme confinement of the electromagnetic fields towards which
photonics is moving. But that is not the only problem of these noble metals, as they
are also hardly tunable, expensive, and not CMOS-compatible, in addition to having
bad mechanical properties. Graphene sheets (explored in Chapter 5) are an alter-
native to the typical metals, but they have the disadvantage to support plasmon
polaritons only in the terahertz regime, and they are hard to integrate in multi-
layer configurations. New plasmonic platforms are thus actively explored nowadays,
for example by the Boltasseva group (Purdue University) [135–137]. Alternatives to
silver and gold are for instance dilute metals (metals with reduced carrier concentra-
tion and thus loss), transparent conducting oxides like ITO or heavily-doped ZnO,
two-dimensional semiconductors such as MoS2, and metal nitrides like titanium ni-
tride (TiN). Unfortunately, to this day the optical properties of such materials are
either not satisfactory, or their fabrication and deposition are not mastered or too
expensive. Another direction of development for HMMs, from the point-of-view of
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integration in smart devices, is the scaling of their period down to the nanometer
range. However, this leads naturally into the quantum domain with unprecedented
phenomena. Scaling down the metallic layers also decreases the mean-free path of
the carriers, and thus inceases the losses. Again, this will not be possible until
new plasmonic alternatives are available. For these reasons, when low-loss plas-
monic materials are discovered and produced at a large scale, the field of hyperbolic
metamaterials should experience a new golden age.
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A
Exciton coupling in 1D periodic system

A.1 Field amplitude equation

The wave equation for the electric field reads

1

c2
∂2
t E = −∇×∇× E− µ0∂

2
t P (A.1)

For TM polarised waves in a one dimensional system H = (0, Hy, 0) and E =
(Ex, 0, Ez) Eq. (A.1) then becomes

1

c2
∂2
t E = ∂2

zE− ∂x∂zE− µ0∂
2
t P, (A.2)

where P = P[E] captures the dynamic polarization response of all dispersive ma-
terials, e.g. the metal and the gain layers. For a periodic system of metal and
dielectric layers we split the polarization into two parts P[E] = Θ(m)(z)P(m)[E] +
Θ(g)(z)P(g)[E] with geometry factors Θ(g/m)(z) that are 1 inside the respective layer
and 0 otherwise. Let us assume that uj(z, t) = ûj(z)e−iΩjt are solutions of the pas-
sive system, i.e. for P(g) = 0 . The normal modes uj form a complete basis and
solve

−
Ω2
j

c2
uj = ∂2

zuj − ∂x∂zuj − µ0Θ(m)(z)∂2
t P

(m)[uj] (A.3)
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Next we consider the system with gain. With the introduction of gain the (cold
cavity) system becomes pertubed. We can still expand the electric field in terms of
the unperturbed eigenmodes, i.e.,

E(t) =
∑
j

Êj(t)uj(z, t) (A.4)

where Êj(t) are now time-dependent amplitudes that are slowly varying in time. We
insert the ansatz for the electric field into Eq. (A.2). Assuming that the polarization
responses are linear and isotropic we obtain,

∑
j

2i
Ωi

c2
uj∂tÊj(t) ≈ µ0

∑
j

Ω2
jΘ

(g)(z)ujP
(g)[Êj(t)e

−iΩjt] (A.5)

For the derivation of this equation we made use of Eq. (A.3) for the passive structure
and the slowly-varying envelope approximation,

∂2
t (Êj(t)uj(z, t)) = −Ω2

juj(z, t)Êj(t)− 2iΩjuj(z, t)∂tÊj(t) + uj(z, t)∂
2
t Êj(t)

≈ −Ω2
juj(z, t)Êj(t)− 2iΩjuj(z, t)∂tÊj(t)

(A.6)

and approximated the time-derivative of the polarization by ∂2
t P

(g)[Ej(t)e
−iΩjt] ≈

−Ω2
jP

(g)[Ej(t)e
−iΩjt]. In a last step we project Eq. (A.5) onto the normal modes vi

associated with the adjoint (left-handed) eigenvalue problem. Using 〈vi,uj〉 = δij
yields

2i
Ωi

c2
e−iΩit∂tÊi(t) ≈ µ0

∑
j

ω2
jΓijP

(g)[Êj(t)e
−iΩjt] (A.7)

where

Γij = 〈vi,Θ(g)(z)uj〉 (A.8)

is the confinement factor. Generally, the gain medium will couple the various modes
due to the spatial rectification. If the perturbation induced by the gain medium is
sufficiently small, however, we can assume that Γij ≈ 0 for i 6= j. In this case Eq.
(A.7) reduces to

e−iΩit∂tÊi(t) ≈ −
iΩi

2ε0

ΓiP
(g)[Êi(t)e

−iΩit] (A.9)

where Γi = Γii. We rewrite this equation in terms of the fast amplitudes Ei =
Êie

−iΩit and define Pi = P (g)[Ei] for convenience. This gives the final result

∂tEi = −iΩiEi −
iΩi

2ε0

ΓiPi (A.10)
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A.2 Maxwell-Bloch equations

The Maxwell-Bloch equation for the polarization of a two-level system is

∂tρ12 = −iΩ12ρ12 − ig(ρ22 − ρ11) (A.11)

where ρij are the elements of the density matrix of the two-level system, and ρ21 =
ρ∗12. When including dephasing the transition frequency Ω12 becomes complex, i.e.
Ω12 = ω12 − iγ12 where γ12 is the dephasing rate. The Rabi frequency g = µ12 ·
E/~ depends on µ12, the dipole matrix element. An equation for the (complex)
macroscopic polarization is obtained from Eq. (A.11) by taking the volume average
P = Nµ12ρ12,

∂tP = −Ω12P− i
µ12(µ12 · E)

~
(N2 −N1) (A.12)

with N , N1 = Nρ11 and N2 = Nρ22 the density of two-level systems, the density of
atoms in the ground state and the density of atoms in the excited states, respectively.

Considering isotropicaly oriented dipole, we can rewrite Eq. (A.12) as

∂tP = −iΩ12P + iσ12E (A.13)

with

σ12 = −µ2
12(N2 −N1)

3~
(A.14)

the cross-section of the transition. Assuming harmonic dependency of time (∼ e−iωt)
and with some algebraic manipulations, we obtain

P = ε0χ(ω)E = ε0
πσ12

ε0

[
− 1

π

1

(ω − ω12) + iγ12

]
E = ε0fL(ω)E (A.15)

introducing the susceptibility χ(ω), the coupling strength f = πσ/ε0 of the oscilla-
tor and L(ω) the complex Lorentzian of transition line. The corresponding causal
response function produces the second order Lorentzian line-shape function

L(ω) = L(ω) + L∗(−ω), (A.16)

which has the explicit form

L(ω) = − 1

π

2ω12

(ω2 − ω2
12 − γ2

12) + 2iγ12 ∗ ω
(A.17)

A.3 Vacuum Rabi Splitting

To understand the interaction of an excitonic line with an optical mode, we combine
Eqs (A.10) and (A.13) to obtain the system of coupled equations

∂t

(
E

P/ε0

)
= −iΩ±

(
E

P/ε0

)
=

(
−iΩm iAm
iK12 −iΩ12

)(
E

P/ε0

)
, (A.18)

where Ωm is the complex frequency of the optical mode, Am = ΩmΓ/2 and K12 =
σ12/ε0. The new complex eigenfrequencies Ω± of the coupled system are

Ω± =
1

2
(Ωm + Ω12)± 1

2

√
4K12Am + (Ωm − Ω12)2. (A.19)
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