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Introduction

It is well known that many interesting integrable systems, such as self-dual Yang-Mills
(SDYM) [1] or self-dual gravity (SDGRA) [2], can be described as (anti)-holomorphic
structures on twistor space. One of the advantages of formulating physics in terms of twistor
variables is that we can sometimes have a more natural and geometrical interpretation than
studying the same physics on spacetime. For instance, supersymmetric SDYM and SDGRA
can be formulated as Chern-Simons theories on super twistor space [3–5]. Since Chern-
Simons theories are topological, SDYM and SDGRA must be quasi-topological (almost
free) in spacetime. Indeed, the only non-vanishing amplitudes for both SDYM and SDGRA
are the three-point amplitudes (with complex momenta) and the one-loop amplitudes of
all-plus helicity [2, 6]. Conventional theories such as (super) Yang-Mills theory can also
be constructed from twistor space [4, 7]. In addition, the long-sought twistor action for
general relativity formulated in terms of Plebanski action has been discovered recently [8].

The connection between twistor space and spacetime is known as twistor correspon-
dence. Let us demonstrate it by the following double fibration:

PS

PT M4

←→π1 ←

→

π2
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Here, PT is the projective twistor space, and M4 is the four-dimensional flat spacetime.
The space PS is the corresponding space between PT and M4. To get spacetime dual of
a given system in PT, one first uses the pullback π−1

1 to map data on PT to PS and then
performs the projection π2 (which in most cases is trivial). The map from twistor space to
spacetime is known as the Penrose transform. Although it is a well-established operation,
it does not always guarantee a covariant expression in spacetime even if we start with a
covariant action on twistor space, see [5] for the case of SDGRA.

In this paper, we consider the inverse map, i.e. the map that lifts a system from
spacetime to twistor space (through PS), which we refer to as the inverse Penrose transform.
One of the advantages of this approach is that we can start with a covariant action (if
available) that has all the desired properties of a field theory in spacetime. Hence, the
outcome from the opposite direction, i.e. from twistor space to spacetime, is guaranteed to
be covariant. To study the inverse map, we first revisit the cases of self-dual Yang-Mills [1]
and Yang-Mills [4]. Then, we study the higher-spin extension of (self-dual) Yang-Mills [9].
It is important to note that while the covariant action for SDYM has been known for a long
time, the covariant action for SDGRA [10, 11] and the higher-spin extensions of SDYM
and SDGRA with the correct degrees of freedom have only been obtained recently, see [9].
It resolves a general belief that one can only consistently write down higher spin theories
in flat spacetime in the light-cone gauge. A common feature of these theories is that they
have only cubic interactions in flat spacetime with two fields of the same-sign helicities,
and another with opposite helicity plays the role of a Lagrangian multiplier.

The higher-spin extension of SDYM (HS-SDYM) considered in this paper is also known
as one-derivative chiral higher spin theory [12] that is a closed subset of chiral higher spin
gravity (HSGRA) [13–16]. The chiral HSGRA theory is UV-finite at one-loop [17, 18]. And,
we expect it to be one-loop exact. Due to various No-go theorems in flat [19, 20] and AdS
space [21], see [22] for a review, it has been challenging to come up with viable interacting
theories of massless higher spin. In one way or another, the (holographic) S-matrix turns
out to be trivial/simple, which indicates that:

1. Higher spin symmetry (an infinite-dimensional symmetry) can constrain interactions
such that they cancel each other out in the physical amplitudes.

2. Higher spin theories with local interactions must be either topological [23–30] (with no
propagating degrees of freedom) or quasi-topological, meaning they have propagating
degrees of freedom and non-trivial vertices but appear almost free; or higher-spin
extensions of Weyl gravity [31–33].

We showed that the action of HS-SDYM has a similar Chalmers-Siegel form in the light-
cone gauge [9]. It is not surprising since there is a close relationship between the chiral
HSGRA and SDYM [15–18]. Moreover, we show that the twistor action counterpart of
HS-SDYM is a generalization of BF -type action. It strongly indicates that HS-SDYM
must be a quasi-topological field theory. We expect that the chiral HSGRA should also
be quasi-topological. One of the purposes of this paper is to construct a twistor action
for HS-SDYM (the ‘simplest’ interacting higher spin theory) and then try to understand
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whether twistor theory can provide a natural way to obtain a covariant action for the
chiral HSGRA.1 By adding a small perturbation to the HS-SDYM action, we acquire a
new theory that describes the higher-spin extension of Yang-Mills, and we call it HS-YM
for short. Therefore, one may expect to discover another class of HSGRA by deforming
the chiral theories similarly to what we do to SDYM and SDGRA. Hence, the search for
a covariant description of the chiral HSGRA (and its truncations) becomes very attractive
as we may finally understand if we can have a higher spin theory with local higher-point
vertices. Yet, if the answer is negative, it will teach us more about the No-go theorems in
flat space.

The paper is organized as follows. In section 1, we first review twistor geometry and
the Penrose transform in preparation for the later sections. Moving to section 2, we warm
up by scrutinizing the inverse Penrose transform for SDYM. Then, we study the twistor
construction of the full Yang-Mills. Although most of the material in section 2 is standard
in twistor theory, the inverse map from spacetime to twistor space for interacting theories
is what we want to explore with the hope that it can bring new insight when constructing
twistor actions of more complicated cases. In section 3, we show how one can construct the
twistor actions for free scalar and higher-spin fields. These fields are indispensable in the
spectrum of generic higher spin theories. Section 4 is devoted to the twistor constructions
of HS-SDYM and HS-YM. We conclude with a discussion in section 5.

1 Preliminaries

The twistor space T is defined to be an open subset of C4 with coordinates ZA = (λα, µα
′),

where µ and λ are spinors that carry opposite chirality. Here, the Greek indices α, β = 0, 1
and similarly α′, β′ = 0′, 1′. In general, one prefers to work with the projective version of
the twistor space (a subspace of the complex projective space CP3), denoted PT, in which
ZA 6= 0. Then, PT = CP3\CP1 for λα 6= 0.2 On the other hand, our four dimensional
spacetime is chosen to be real Minkowski space with Euclidean signature, i.e. M4 = R4.
The twistor correspondence, which relates points in PT with lines in M4 (or inversely lines
in PT with points in M4), reads

µα
′ = xαα

′
λα . (1.1)

This algebraic relation is known as the incidence relation and can be presented in terms of
a double fibration of the projective spinor bundle over M4 and PT:

PS

PT M4

←→π1 ←

→

π2 (1.2)

The coordinates on PS are (λα, xαβ
′) where λα ∈ CP1 (the Riemann sphere). The map

π1 : PS→ PT is the projection (λα, xββ
′) 7→ (λα, µβ

′ = xββ
′
λβ), where the incident relation

1The construction of conformal HSGRA using twistorial techniques can be found in [34, 35].
2In other words, we remove the projective line where µα

′
6= 0 and λα = 0 from CP3.
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is imposed, while π2 : PS → M4 is the trivial projection (λβ , xαα
′) 7→ xαα

′ . In Euclidean
signature, we have the following conjugation of Weyl spinors [36]

λα = (λ0, λ1) 7→ λ̂α = (−λ1, λ0) , µα
′ = (µ0′

, µ1′) 7→ µ̂α
′ = (−µ1′ , µ0′) (1.3)

Notice that ˆ̂
λ = −λ (similarly for µ). Now we can introduce a dual twistor Ẑ of Z such

that ẐA = (λ̂α, µ̂α
′). Having a pair of twistors Z and Ẑ, the inverse of (1.1) reads (see

appendix A for our conventions)

xαα
′ = µα

′
λ̂α − µ̂α′

λα

〈λ̂λ〉
. (1.4)

Therefore, we can identify the twistor space PT with PS ∼= M4×CP1 ∼M4×S2 since each
point in PT corresponds to a unique point in M4 through the incident relation (1.1). The
complex structure on PT is given by the (anti-holomorphic) Dolbeault operator

∂̄ := dẐA
∂

∂ẐA
= dµ̂α

′ ∂

∂µ̂α′ + dλ̂α
∂

∂λ̂α
, (1.5)

such that ∂̄ : Ωp,q(PT) 7→ Ωp,q+1(PT). Clearly, ∂̄2 = 0. In addition, we also have the
(holomorphic) Woodhouse operator

∂̂ = dẐA
∂

∂ZA
, (1.6)

that obeys ∂̂2 = 0 and ∂̄∂̂ + ∂̂∂̄ = 0. More details can be found in [4, 37–39].
To perform the inverse Penrose transform, one can do the following.3 We start with

a spacetime action on M4 and map it to the corresponding space PS. In most cases, this
is a trivial insertion of an integral over the fibre CP1. Then, upon imposing the incident
relations, i.e. the π1 projection, we obtain a twistor action counterpart of the action in M4.
The inverse Penrose transform was previously applied in [36, 40] at the level of equations
of motion. We will, however, work with the inverse Penrose transform at the level of the
action. Meaning, we will try to import spacetime actions into twistor space. Note that
since PS ∼= PT in Euclidean signature, it gives us more flexibility to work with the inverse
Penrose transform.

The Penrose transform. To understanding the inverse Penrose transform, it is helpful
to review the concept of the Penrose transform first. One of the goals of twistor theory is to
establish the correspondence between field equations in M4 and holomorphic structures on
PT. For massless fields of any spin in 4d Minkowski, we can represent them as cohomology
classes on twistor space via the Penrose transform [36, 40, 41]. In the case of the spin-1
field, the field strength reads

Fµν 7→ Fαα′ββ′ = εαβFα′β′ + εα′β′Fαβ (1.7)

3The algorithm is the same for supersymmetric cases.

– 4 –
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where Fαβ and Fα′β′ are referred to as the self-dual and anti-self-dual parts of the field
strength. The Maxwell equations are then reduced to a single (conformally invariant)
equation

∂αα′Fαβ = 0 (1.8)

under this decomposition of the field strength. The above equation (1.8) describes massless
spin-1 field with, say, negative helicity. The opposite helicity is represented by a gauge
potential Aα,α′ [36, 40, 41] that obeys

∂αα′Aα,α
′ = 0 . (1.9)

The above equation is invariant under the gauge transformation δAα,α′ = ∂αα
′
ξ. Here, we

use the convention that indices that are symmetrized are denoted by the same Greek letters,
e.g. the term λαξα denotes 1

2
(
λα1ξα2 +λα2ξα1

)
. We will also denote a fully symmetric rank-

m tensor by Tα(m) = Tα1...αm . The spacetime action for free spin-1 field takes a simple
form

S =
∫
d4xψαα∂

α
α′Aα,α

′
, (1.10)

where we have changed Fαα to ψαα to differ from the notation of the usual field strength.
Now, let us turn our focus to twistor space and consider the following action

S =
∫
PT
D3Z B ∧ ∂̄A , (1.11)

where D3Z is the canonical holomorphic measure on CP3 of weight 4 in λ [3]:

D3Z = εACBCZ
AdZB ∧ dZC ∧ dZD = 〈λdλ〉 ∧ [dµ ∧ dµ] . (1.12)

Here, A is a (0, 1)-form connection and B ,which is also a (0, 1)-form, plays the role of a
Lagrange multiplier. The action (1.11) is invariant under A → A + ∂̄ξ and B → B + ∂̄χ.
The pullback π−1

1 tells us that we should forget about the incident relations and express
everything in terms of λ and x. The measure (1.12) becomes

D3Z = λαλβ〈λdλ〉 ∧ dxαα
′ ∧ dxβα′ . (1.13)

The integrand in (1.11) is a (3, 3)-form on PT and we need it to have homogeneity 0 in λ so
that (1.11) is a well-defined integral. To do so, let us recall that a massless field of helicity
h in M4 can be represented by a cohomology class, say ω, of Dolbeault cohomology group
H0,1(PT,O(2h− 2)) on twistor space. This result can be expressed as

{massless field on M4 of helicity h} ∼= ω ∈ H0,1(PT,O(2h− 2)) , (1.14)

where
H0,1(PT,O(n)) := {ω ∈ Ω0,1(PT)(n)|∂̄ω = 0}

{ω|ω = ∂̄β}
. (1.15)

Here, Ω0,1(PT) is the space of (0, 1)-forms on PT of weight n, i.e. f(tZ) = tnf(Z). The
usual convention is that a field of negative-helicity has only, say, unprimed indices while a
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field of positive-helicity has only primed indices. The field equations for free massless fields
read

∂αα
′
ψα(2h) = 0 , ∂αα

′
ψ̃α′(2h) = 0 . (1.16)

Asymptotic states formulated in this way turn out to be extremely useful in computing
scattering amplitudes, see e.g. [42]. However, it is hard to cook up a Lagrangian with objects
of different indices. As shown, the action (1.10) is only writable with a gauge potential
Aα,α

′ which is an object with both primed and unprimed indices. We will need to use one
more result in twistor theory. It is proven in [40, 43, 44] that a gauge potential Φα(n),α′

that describes a free field of positive helicity and obeys ∂αα′Φα(n),α′ = 0 is represented by
A ∈ H0,1(PT,O(n− 1)). Another way to phrase this result is

{Φα(n),α′ ∈M4 | ∂αα′Φα(n),α′ = 0} ∼= A ∈ H0,1(PT,O(n− 1)) . (1.17)

The equation for Φα(n),α′ is invariant under δΦα(n),α′ = ∂αα
′
ξα(n−1) since ∂αα′∂αα

′ ∼
εαα� = 0. It is clear that from (1.14) and (1.17) that the field B should have weight
−4 while the gauge potential A should have weight 0. On PS, it is convenient to work with
non-holomorphic coordinates (x, λ) where the (0, 1)-vector fields are spanned by

∂̄0 = −〈λ̂λ〉λα
∂

∂λ̂α
, ∂̄α′ = −λα ∂

∂xαα′ . (1.18)

Their dual (0, 1)-forms are

ē0 = 〈λ̂dλ̂〉
〈λ̂λ〉2

, ēα
′ = λ̂αdx

αα′

〈λ̂λ〉
. (1.19)

It is easy to check that ∂̄ = ē0∂̄0 + ēα
′
∂̄α′ . Varying the action (1.11) w.r.t. the B field and

expressing A = ēα
′Aα′ + ē0A0 we obtain the following equation:

0 =
(
∂̄0Aα′ − ∂̄α′A0

)
ē0 ∧ ēα′ + ∂̄α′Aβ′ ēα

′ ∧ ēβ′
. (1.20)

Since ∂̄α′A0 ē
0 ∧ ēα′ = ∂̄(A0ē

0), we can safely remove A0 by a gauge transformation.
A different perspective to understand why A0 can be set to zero is to use Woodhouse
gauge [36] defined with the help of the adjoint differential operator of ∂̄, say ∂̄∗. By
definition, ∂̄∗ : Ωp,q(PT) 7→ Ωp,q−1(PT). Due to gauge redundancy, we can restrict

∂̄∗A0|CP1 = 0 , (1.21)

which implies that A0 ∈ Ω0,1(CP1). Therefore ∂̄A0 = 0 since dimCP1 = 1. Then, A0 is
harmonic. According to the Hodge theorem, A0|CP1 ∈ H0,1(CP1). However, this cohomol-
ogy group is empty for some specific sheaves O [36, 40], in particular

H0,1(CP1,O(n)) = 0 , for n ≥ −1 . (1.22)

Thus, A0 = 0 is a natural gauge condition. The action (1.11) can be written as

S =
∫
D3Z ∧D3Z̄

(
Bα′ ∂̄0Aα

′ − B0∂̄α′Aα′)
, (1.23)

– 6 –
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where
D3Z̄ = ē0 ∧ [ēα′ ∧ ēα′ ] , (1.24)

and we have expressed B = ēα
′Bα′ + ē0B0. By comparing B with its spacetime dual ψαα

we see that

B0ē
0 = 3〈λ̂dλ̂〉

〈λ̂λ〉4
ψααλ̂

αλ̂α , (1.25)

where the prefactor is chosen for convenience. Since Bα′ enters the above action as a
Lagrangian multiplier, we get the following constraint ∂̄0Aα′ = 0. This means that Aα′

should be holomorphic in λ. From (1.17), we get Aα′ = λαAα,α′ . Eventually, we find
that [4, 5, 42]

S = −
∫
M4
d4x

∫
CP1

〈λdλ〉 ∧ 〈λ̂dλ̂〉
〈λ̂λ〉2

3ψαα
λ̂αλ̂αλβλβ

〈λ̂λ〉2
∂βα′A

β,α′
. (1.26)

The above integrand is of weight zero in both λ and λ̂, and hence it is a well-defined integral.
Moreover, the integral over CP1 in (1.26) is a subcase of the following integral [4, 36]

∫
CP1

〈λdλ〉 ∧ 〈λ̂dλ̂〉
〈λ̂λ〉2+m

Sα(m)T
β(n) λ̂α . . . λ̂α︸ ︷︷ ︸

m times

λβ . . . λβ︸ ︷︷ ︸
n times

δm,n = − 2πi
m+ 1Sα(m)T

α(m) . (1.27)

Notice that

K = 〈λdλ〉 ∧ 〈λ̂dλ̂〉
〈λ̂λ〉2

(1.28)

is nothing but the top form on CP1. The easiest way to compute the above integral is to
plug in local coordinates of CP1, see appendix B. Using (1.27), we see that the spacetime
action counterpart of (1.11) is exactly (1.10) up to some prefactor that we can ignore.

Deformation of the complex structure and SDYM. The simplest type of in-
teraction from the free action (1.11) is generated by deforming the complex structure
∂̄ → D̄ = ∂̄ +A with A being the matrix-valued (0, 1)-form connection on PT. The oper-
ator D̄ is called a covariant almost complex structure, and the twistor action (1.11) after
the deformation reads [7]

S =
∫
D3Z Tr

[
B ∧

(
∂̄A+A ∧A

)]
. (1.29)

This action is invariant under

δA = ∂̄ξ + [A, ξ] , δB = D̄χ+ [B, ξ] , (1.30)

for smooth sections ξ ∈ O, and χ ∈ O(−4). One can show that this results in the Chalmers-
Siegel action for SDYM [1] in spacetime by applying the Penrose transform described
above [4, 7, 42]. We simply quote the final result

S =
∫
d4xTr

[
ψαα∂

α
α′Aα,α

′]+
∫
d4xTr

(
ψαα[Aα,α′ , A

α,α′ ]
)
. (1.31)

– 7 –
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This action is invariant under the usual Yang-Mills transformations

δAα,α
′ = ∂αα

′
ξ + [Aα,α′

, ξ] , δψαα = [ψαα, ξ] . (1.32)

The equation of motion for Aα,α′ reads

Fαα = ∂αα′Aα,α
′ + [Aα,α′ , A

α,α′ ] = 0 . (1.33)

Light-cone projection. Although computations in the light-cone gauge are not aesthet-
ically pleasing at first sight, it turns out to be very useful. Indeed, the light-cone approach
opens a direct pathway to work with physical degrees of freedom (avoiding all the gauge
redundancy when working with massless fields). For the case of SDYM, following [1], one
can impose A0,0′ = 0 and solve for other components of Aα,α′ from (1.33). As a result, the
two non-vanishing components of Aα,α′ are:4

A1,0′ ≡ Φ+1 , A1,1′ ≡ Ξ+1 = ∂̄

∂+ Φ+1 , (1.34)

where Φ is the physical component of Aα,α′ while Ξ is an auxiliary field. Then, the equation
F 11 = 0 results in (it is important to remember that Φ are matrix-valued fields)

− 1
2�Φ+1 + ∂+Φ+1∂̄Φ+1 − ∂̄Φ+1∂

+Φ+1 = 0 . (1.35)

Inside the field ψαα, the physical component is ψ00 = ∂+Φ−1. Hence, we recover the
Chalmers-Siegel action [1] in the light-cone gauge:

S = 1
2

∫
d4xTr[Φ−1�Φ+1]−

∫
d4xTr

[
Φ−1(∂̄Φ+1∂

+Φ+1 − ∂+Φ+1∂̄Φ+1)
]
. (1.36)

Having one spatial derivative, i.e. the ∂̄, in the interaction, the SDYM model lies inside the
class of one-derivative chiral theories that is shown to be integrable in [12].5 In momentum
space, the above action reads

S = −1
2

∫
d4pTr[Φ−1Φ+1]p2 +

∫
d4pPTr[Φ−1Φ+1Φ+1] , (1.37)

where p := (β, p−, p, p̄) and Pij := p̄iβj − p̄jβi for pi being the momenta of the field Φi.
For more on the light-cone gauge approach, see [12–15].

4See our conventions in appendix A.
5We note that not only the class of one-derivative theories but all chiral theories can be written down in

a form that mimics Chalmers-Siegel action in the light-cone gauge. One can further rewrite the equations
of motion of the chiral theories as 2d sigma model systems and show that they are integrable because there
is an infinite-dimensional symmetry associated with many conserved non-local currents, see more details
in [12].

– 8 –
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2 Twistor actions from the inverse Penrose transform

After reviewing all the required elements to construct the map between the twistor space
and spacetime, we can now present the inverse Penrose transform. The input is a covariant
action on spacetime that can be written as self-dual part plus non-self-dual part with (1.14)
and (1.17) being the main criteria to construct the dual twistor action. We examine the
well-known cases of SDYM and the full Yang-Mills in this section. The first step is to insert
the integral over the top-form of CP1 to lift spacetime actions to the corresponding space
PS. Then, one can project data from PS to PT via the projection π1 as shown in (1.2).

2.1 Twistor construction for SDYM

The shorthand for the SDYM (1.31) is

S =
∫
d4xTr

(
ψααF

αα) . (2.1)

Putting back the integration measure K on CP1, we can write

d4x
〈λdλ〉 ∧ 〈λ̂dλ̂〉
〈λ̂λ〉2

= D3Z ∧D3Z̄ . (2.2)

From (1.14), we know that ψαα should be expressed as a (0, 1)-form of weight −4 on the
twistor space, while from (1.17), Fαα should become a curvature (0, 2)-form of weight 0.
Using (1.27), the corresponding action of (2.1) in twistor space reads (we once again ignore
the constant prefactor)

S = −
∫
d4x

∫
CP1
〈λdλ〉Tr

[
3〈λ̂dλ̂〉
〈λ̂λ〉4

ψββλ̂
βλ̂β Fααλαλα

]
. (2.3)

By imposing the incident relations and using the definition (1.18), we get

S =
∫
PT
D3Z Tr

(
B ∧ F

)
, (2.4)

where B is a (0, 1)-form of weight −4 in λ and F is a curvature (0, 2)-form of weight 0:

B = 3〈λ̂dλ̂〉
〈λ̂λ〉4

ψααλ̂
αλ̂α = B0ē

0 , (2.5a)

F = −λαλαFαα[ēγ′ ∧ ēγ′ ] =
(
∂̄α′Aβ′ + [Aα′ ,Aβ′ ]

)
ēα

′ ∧ ēβ′
. (2.5b)

Notice that we only recovered half of the original twistor action for SDYM using the
inverse map up to this point since the twistor fields are in the Woodhouse gauge. The
action (2.4) is invariant under the gauge transformations (1.30), and therefore we can
recover the missing components Bα′ of the Lagrangian multiplier fields, and A0 of the
(0, 1)-form gauge potential on twistor space. We conclude that the twistor action of SDYM
is the action (2.4). In addition, using the inverse Penrose transform, one can also show
that the twistor action for N = 4 SDYM [1, 45] is dual to the Chern-Simons action on the
super twistor space CP3|4 [3, 4].
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2.2 Twistor construction for Yang-Mills

To get the full Yang-Mills theory, one can add a deformation to the SDYM action as a
perturbation around the self-dual sector [7]

S =
∫
d4xTr[ψααFαα]− g

2

∫
d4xTr[ψααψαα] , (2.6)

where g is a coupling. One can show that this action is equivalent to Yang-Mills theory.
Indeed, by varying (2.6) with respect to ψαα one obtains Fαα = gψαα. Hence,

S = 1
2g

∫
d4xTr[FααFαα] . (2.7)

The above action depends only on the self-dual field strength of the gauge field and is
equivalent to the Yang-Mills action. Next, recall that the pullback of ψ is a (0, 1)-form
on the twistor space PT. However, since ψs (inside the ψ2 term) should have the same
form-degree with the B field after being lifted to the twistor space, we can consider a
new space that is the fiber-wise product of PT with itself over M with fiber CP1 × CP1,
i.e. PT ×M PT = M4 × CP1 × CP1. The coordinates in this space are (Z1, Z2) such that
π2(Z1) = π2(Z2) = xαα

′ to maintain locality in spacetime.6 In terms of components, these
coordinates read

Z1 = (λ1α, µ
α′
1 = xαα

′
λ1α) , Z2 = (λ2α, µ

α′
2 = xαα

′
λ2α) . (2.8)

Let us consider a pair of twistors Ẑ1,2 that are defined with respect to the fiber-wise product
×M and Euclidean signature conjugation operation ‘̂’ in (1.3):

Ẑ1 = (λ̂1α, µ̂
α′
1 = xαα

′
λ̂1α) , Ẑ2 = (λ̂2α, µ̂

α′
2 = xαα

′
λ̂2α) . (2.9)

The twistor dual of g
∫
Tr[ψ2] is obtained by inserting integrals over CP1 with K1 and K2

(recall that K is the top-form on CP1 defined in (1.28)) being the measures

− g

2

∫
D3Z1 ∧D3Z2 Tr

[
B1B2

]
, (2.10)

where
Bi = 3〈λ̂idλ̂i〉

ψααλ̂
α
i λ̂

α
i

〈λ̂iλi〉4
. (2.11)

Observe that (2.10) is a two-point integral on twistor space where Bi are cohomology classes
of H0,1(PT,O(−4)) as before. The twistor action of Yang-Mills theory is therefore

S =
∫
D3Z Tr[BF ]− g

2

∫
D3Z1 ∧D3Z2 Tr[B1B2] . (2.12)

Up to this point, we have restricted ourselves in the Woodhouse gauge because it is conve-
nient to perform the (inverse) Penrose transform. However, one can switch fromWoodhouse

6This is a special feature of the twistor space. Since it plays the role of an auxiliary space, it is harmless
to have non-local interactions on twistor space. One just needs to make sure that the interactions in
spacetime are local after the Penrose transform.
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gauge to axial gauge [46] to study scattering amplitudes from twistor space, see [42, 47]
for the cases of (supersymmetric) Yang-Mills theory. We expect that the twistor construc-
tion via the inverse Penrose transform should work for more general cases. In particular,
whenever we can decompose a one-derivative spacetime action into a self-dual part and a
non-self-dual part, we should be able to lift the spacetime action to twistor space. The
correspondence twistor space for the non-self-dual part of the action is X = M4× (CP1)⊗n

where n is the number of fields with non-positive helicities in each vertex, see [4] for the
example of N = 4 SYM.

3 Twistor actions of free scalar field and free higher-spin fields

In this section, we first show how one can construct a twistor action for the scalar field.
Then, we show how to generalize the twistor action of a free spin-1 field to higher-spin
fields by considering generalized connections and generalized Lagrangian multiplier twistor
fields on twistor space.

3.1 The scalar field

Having the scalar field in the spectrum is essential for generic higher spin theories to be
consistent in spacetime. For that reason, let us start this subsection by constructing the
twistor action of a free scalar field. Recall that the free action for a scalar field is −1

2(∂φ)2.
Let us introduce an auxiliary field ϑ, and write the free action for a scalar field as∫

d4x

(
φ∂αα′ϑ α′

α + ϑαα′ϑ α′
α

2

)
. (3.1)

It is easy to check that this action is equivalent to the free scalar action after integrating
out the auxiliary field ϑ. Observes that (3.1) is a one-derivative action, and hence feasible
to be lifted to twistor space by the inverse Penrose transform. The dual twistor action
of (3.1) reads

−
∫
D3Z ∧D3Z̄

(
φ∂̄α′ ϑ̃α

′ − 1
2 ϑ̃

α′
λαϑ

α
α′

)
, (3.2)

where ϑ̃α′ = 1
〈λ̂λ〉

λ̂αϑ α′
α . Using the basis (1.18), we can write the above as

−
∫
D3Z ∧D3Z̄

(
φ∂̄α′ ϑ̃α

′ + 1
2 ϑ̃α

′ ∂̄0ϑ̃
α′
)
. (3.3)

The action (3.3) can be further reduced to∫
D3Z ϕ∂̄ϕ , (3.4)

where
ϕ = φē0 + ϑ̃α′ ēα

′
. (3.5)

Therefore, ϕ ∈ H0,1(PT,O(−2)), which follows from (1.14). We note that the above twistor
construction of the scalar field does not require supersymmetry. A nice feature of (3.4) is
that it contains only one derivative instead of two like in spacetime.
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3.2 Free higher spin fields

Moving to free higher spin fields, there is a simple action that satisfies both (1.14)
and (1.17), and is a straightforward generalization of (1.10). It reads

S =
∫
d4xψα(2s)∂

α
α′Φα(2s−1),α′

. (3.6)

The above action is invariant under δΦα(2s−1),α′ = ∂αα
′
ξα(2s−2). One can go back to the

usual second order action by considering

S =
∫
d4xψα(2s)∂

α
α′Φα(2s−1),α′ − 1

2

∫
d4xψα(2s)ψ

α(2s) ∼
∫
d4x

(
∂αα′Φα(2s−1),α′)2

. (3.7)

The EOM resulting from the above action is gauge invariant and describes both helicities.
Note that (3.6) is valid for any spin, including half-integer ones. It is the advantage of
using spinorial indices instead of Lorentz ones. The above formulation is in contrast to
the usual expression of free higher spin fields in terms of Fronsdal fields which is quadratic
in derivatives for free bosonic fields and linear in derivatives for free fermionic fields. We
will employ the first order action (3.6) because it is easier to work with when we consider
interactions between higher-spin fields.

In addition, as discussed in [9], fields that are written in terms of pure unprimed indices
or have only one primed indices are said to live in maximally unbalanced representations of
the Lorentz group S(m,n) in 4d. It turns out that this description of higher-spin fields is
more useful than the usual formulation using Fronsdal fields.7 Indeed, one can write down
Lorentz covariant actions that are invariant off-shell for HS-SDYM, self-dual gravity, and
its higher spin extensions [9, 10] using the above representation. Moreover, higher spin
fields described by maximally unbalanced representations can live on not only maximally
symmetric backgrounds such as (A)dS but also on more general backgrounds that are self-
dual. Here, by self-dual backgrounds, we mean all backgrounds whose half of the Weyl
tensor vanishes. The twistor action for a free spin-s field reads∫

D3Z B∂̄ω , (3.8)

where

ω = ωα′ ēα
′ + ω0ē

0 = λα · · ·λα︸ ︷︷ ︸
2s−1 times

Φα(2s−1),α′ ēα
′ + ωs0ē

0 , (3.9a)

B = B0ē
0 + Bα′ ēα

′ = (2s+ 1) λ̂α · · · λ̂α︸ ︷︷ ︸
2s times

ψα(2s)
〈λ̂dλ̂〉
〈λ̂λ〉2s+2

+ Bsα′ ēα
′
. (3.9b)

We will refer ω as generalized connection and B as generalized Lagrangian multiplier twistor
field. The free twistor action for a free spin-s field (3.8) is invariant under

δω = ∂̄ξ , δB = ∂̄χ , (3.10)

for smooth sections ξ ∈ O(2s− 2), and χ ∈ O(−2s− 2). We once again note that to go to
spacetime action (3.6) from (3.8), it is most convenient to use Woodhouse gauge.

7One of the main motivations to use the above expression is that higher-spin theories written in terms
of Fronsdal fields contain non-local vertices starting from the quartic [48]. This results in a severe No-Go
obstruction for the existence of higher-spin theories with interactions, see e.g. [12, 48–53].
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4 Twistor constructions for HS-SDYM and HS-YM

In this section, we construct the twistor action of HS-SDYM [9] via the inverse Penrose
transform. By adding a small perturbation to HS-SDYM, we obtain a higher-spin extension
action for Yang-Mills which we denote HS-YM for short. The dual twistor action of HS-
SDYM has a similar form to BF -action. Therefore, from the twistor point of view, HS-
SDYM should be integrable and quasi-topological in spacetime.

4.1 Twistor action of HS-SDYM

The action for HS-SDYM [9] (or one-derivative chiral higher-spin theory) reads

S =
∑
s

∫
Tr[ψα(2s)∂

α
α′Φα(2s−1),α′ ] +

∑
m+n=2s

Tr
(
ψα(m+n)[Φ

α(m),
α′ ,Φα(n),α′ ]

)
. (4.1)

This action is invariant under the higher-spin extension of Yang-Mills gauge transformation

δΦα(2s−1),α′ = ∂αα
′
ξα(2s−2) + [Φ, ξ]α(2s−1),α′

, δψα(2s) = [ψ, ξ]α(2s) . (4.2)

The light-cone action for HS-SDYM is closely related to the Chalmers-Siegel action

S = −1
2
∑
s≥1

∫
d4pTr[Φ−sΦ+s]p2 +

∑
s1,s2

∫
d4p as1,s2PTr

[
Φ−(s1+s2−1)Φ+s1Φ+s2

]
. (4.3)

Twistor action. For the case of HS-SDYM, higher-spin symmetry, i.e. the interactions
between higher-spin fields, is encoded by the sum over the unprimed indices in (4.1). This
information can be realized by considering the following twistor fields

ω ≡ ēα′
ωα′ + ē0ω0 =

∑
s

(
ωsα′ ēα

′ + ωs0ē
0) =

∑
s

λα · · ·λα︸ ︷︷ ︸
2s−1 times

Φα(2s−1),α′ ēα
′ +

∑
s

ωs0ē
0 , (4.4)

and

B ≡ ē0B0 + ēα′Bα′ =
∑
s

(
Bs0ē0 +Bsα′ ēα

′) =
∑
s

(2s+1) λ̂α · · · λ̂α︸ ︷︷ ︸
2s times

ψα(2s)
〈λ̂dλ̂〉
〈λ̂λ〉2s+2

+
∑
s

Bsα′ ēα
′
.

(4.5)
The dual twistor action of (4.1) is therefore

S =
∫
D3Z Tr[B(∂̄ω + ω ∧ ω)] . (4.6)

One can easily check that the action (4.6) reduces to (4.1) after the Penrose transform in
the Woodhouse gauge. On twistor space, when interactions between higher-spin fields are
taken into account, the generalized connection (4.4) becomes cohomology class of

ω ∈
⊕
s

H0,1(PT,O(2s− 2)) = H0,1(PT,
⊕
s

O(2s− 2)) . (4.7)

Similarly, the generalized Lagrangian multiplier field B are now cohomology class of

B ∈
⊕
s

H0,1(PT,O(−2s− 2)) = H0,1(PT,
⊕
s

O(−2s− 2)) . (4.8)
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Uniqueness. Now, let us prove that the above action is unique. Similar to the case of
the twistor action for SDYM, consider the following deformation of the complex structure
∂̄ on twistor space:

D̄ = ∂̄ + ω , (4.9)

where ω = ēα
′
ωα′ + ē0ω0 =

∑
s

(
ωsα′ ēα

′ + ωs0ē
0) on PT ∼= PS. Using the basis (1.18)

and (1.19), one can decompose D̄ into

D̄ ≡ ē0D̄0 + ēα
′
D̄α′ = ē0(∂̄0 + ω0

)
+ ēα

′(
∂̄α′ + ωα′

)
. (4.10)

The integrability condition F = D̄2 = 0 reads

F = D̄ω = ∂̄ω + ω ∧ ω =
(
∂̄0ωα′ − D̄α′ω0

)
ē0 ∧ ēα′ + D̄α′ωβ′ ēα

′ ∧ ēβ′ = 0 , (4.11)

where D̄α′• = ∂̄α′ + [ωα′ , •]. Note that D̄α′ω0 ē
0 ∧ ēα′ = D̄(ω0ē

0) and therefore could be re-
moved by the generalized gauge transformation ω → ω+D̄ξ for some smooth sections ξ (see
below). Therefore, we can always restrict ourselves to the Woodhouse gauge, where we set
ω0 to zero, starting from (4.11). In terms of components, the integrability condition (4.11)
is equivalent to

0 =
∑
s

∂̄0ω
s
α′ , (4.12a)

0 =
∑
s

∂̄α′ωsβ′ +
∑

m+n=s
[ωmα′ , ωnβ′ ] , (4.12b)

The first equation in (4.12) tells us that ωsα′ should be holomorphic in λ. In addition,
treating (1.17) as the constraint on positive-helicity fields, then

ωsα′ = λα · · ·λα︸ ︷︷ ︸
2s−1 times

Φα(2s−1),α′ , (4.13)

as expected. Therefore, we interpret that ω ∈ H0,1(PT,
⊕

sO(2s − 2)). From this, the
second equation in (4.12) gives

0 = εα′β′
∑
s

λα · · ·λα︸ ︷︷ ︸
2s times

(
∂αγ′Φ γ′

α(2s−1), +
∑

m+n=2s
[Φα(m),γ′ ,Φ γ′

α(n), ]
)

= εα′β′
∑
s

λα · · ·λα︸ ︷︷ ︸
2s times

Fα(2s) .
(4.14)

The above equation can only be satisfied if Fα(2s) = 0. Notice, that Fα(2s) is the same with
the equation of motion for Φ that can be derived from the spacetime action (4.1). Hence,
we have shown that the generalized covariant almost complex structure D̄ defined in (4.9)
obeying F = 0 leads to HS-SDYM in spacetime. By introducing a Lagrangian multiplier
field B ∈ Ω0,1(PT), one can write down a twistor action for the system (4.11) as (4.6). The
equation for the generalized Lagrangian multiplier field B reads

D̄B = (∂̄ + ω)B = 0 . (4.15)
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The above equation is invariant under δB → B + D̄χ. Therefore, we can understand B as
cohomology classes on PT. By virtue of (1.14), (1.27) and (4.14), we conclude that B ∈
H0,1(PT,

⊕
sO(−2s− 2)). Combining all of the above, we see that the twistor action (4.6)

is invariant under

δω = ∂̄ξ + [ω, ξ] , δB = [B, ξ] + ∂̄χ+ [ω, χ] , (4.16)

for generalized smooth sections ξ ∈
⊕

sO(2s− 2), and χ ∈
⊕

sO(−2s− 2). Note that the
weight of [ω, ξ] should match with the weight of δω for the generalized gauge transformation
to work. Finally, let us give a brief comment on the above result. At the linearize level,
the equations of ω and B reduces to ∂̄ω = 0 and ∂̄B = 0. Being invariant under the gauge
transformation (3.10), we can interpret ω and B as defining elements in the ∂̄-cohomology
groups H0,1(PT,O(2s−2)) and H0,1(PT,O(−2s−2)), respectively. The situation becomes
different when we consider interactions between higher-spin fields in spacetime. On twistor
space, higher-spin symmetry can be represented by the cohomology classes (4.7) and (4.8)
which obey the generalized gauge symmetry (4.16).

UV finiteness. The action of HS-SDYM has a form similar to the BF action. We
know that the BF action is topological and is one-loop exact on twistor space because the
interaction is of BAA type (the wedge product is implicit here). These properties of the
BF action should descend to spacetime through the Penrose transform. Hence, besides
being integrable, HS-SDYM should also be quasi-topological, i.e. almost free, and one-loop
exact. Indeed, one can show that the tree-level amplitudes for HS-SDYM vanish and the
one-loop result is closely related to the results of [1, 6, 18].

4.2 HS-YM and its twistor action

Similar to the case of Yang-Mills theory, we can try to perturb the action of HS-SDYM by
adding a ψ2 term to see whether we can obtain an action that is a higher-spin extension
of the Yang-Mills one. Let us consider the following action

S =
∑
m

∫
d4xTr[ψα(2m)F

α(2m)]−
∑
m

gm
2

∫
Tr[ψα(2m)ψ

α(2m)] . (4.17)

As in the case of Yang-Mills, one can solve for ψ in terms of F and plug it back in. Then,
the action for the higher-spin extension of Yang-Mills reads

S =
∑
m

1
2gm

∫
d4xTr[Fα(2m)F

α(2m)] . (4.18)

It is easy to see that this action is gauge invariant under the higher-spin extension of a
Yang-Mills gauge transformation (4.2).8 Similarly to the case of Yang-Mills theory, the
twistor action of HS-YM reads

S =
∫
D3Z Tr[B(∂̄ω + ω ∧ ω)]− gm

2

∫
D3Z1 ∧D3Z2 Tr[B1B2] , (4.19)

8A detailed investigation of the action (4.18) will be presented in a companion paper.
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where B and ω are defined in (4.4) and (4.5). We note that all theories with at most one
spatial derivative (in the light-cone gauge) in the interaction terms and expanded around
their self-dual sectors should be writable in this way. It would be interesting to apply this
perturbation technique to the HS-SDGRA and the (parent) chiral HSGRA to see whether
we can achieve parity-invariant theories from their self-dual sectors.

5 Discussion

In this paper, we presented the inverse Penrose transform on flat spacetime for various
known examples and some new examples of HS-(SD)YM. The most important takeaway
from this paper is that the inverse Penrose transform can help us gain insight into the
twistor construction of theories in spacetime. Due to the twistor correspondence, most
(if not all) properties of the twistor actions will descend to spacetime via the Penrose
transform. We have shown that all self-dual theories considered in this paper are dual to
(generalized) BF theory on twistor space. Therefore, they are integrable from the twistor
perspective.

The results of the inverse mapping can be summarized as follows. Consider a spacetime
action of the one-derivative type in the main text that lives on flat spacetime. Then, the
inverse map exists if we can decompose the spacetime action into a self-dual sector plus
a sector that contains non-positive-helicity fields. It would be interesting to test this idea
for other theories. One of the purposes of studying this inverse mapping is to guess (or
construct) the mechanism on twistor space that can generate higher derivative interactions
in spacetime.

As a remark, in this paper, we write down fields in the maximally unbalanced repre-
sentations of the Lorentz group. This approach turns out to be more natural, compared to
the formulations that employ Lorentz indices, towards the goal of classifying all possible
vertices [54, 55] and writing down a consistent off-shell action with higher-spin interactions,
see for examples [9, 15]. In addition, theories formulated in the maximally unbalanced rep-
resentations are closely related to what is known as the spinor-helicity formalism that is
used extensively in computing scattering amplitudes due to its efficiency. Therefore, having
a covariant action written in terms of spinorial indices to start with maybe beneficial since
one can employ amplitudes techniques to investigate the theory. It is indeed the case for
HS-SDYM and HS-SDGRA [9]. Since we can write down Lorentz covariant descriptions
for these two examples, some of the puzzles in higher spin have been resolved.

It would be compelling to construct (or at least guess) the twistor action for the
SDGRA and its higher-spin extension [9] using the inverse Penrose transform. Originally,
the SDGRA action in [10] was derived from what is called the bτ -action on twistor space [5]:

S[b, τ ] =
∫
PS
b ∧ τ ∧ dτ ∧ dτ . (5.1)

Even though the SDGRA in flat space contains only cubic interactions, its twistor origin
is quartic in the fields. Hence, it is hard to immediately predict whether SDGRA is
integrable from the twistor perspective. The higher-spin extension of SDGRA also admits
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a very similar form of the SDGRA action in spacetime. Therefore, with the help of the
inverse map, we should be able to obtain the dual twistor actions that contain only cubic
interactions for these two theories. It would naturally give a geometrical explanation of
why SDGRA and its higher-spin extension are integrable.

The full Yang-Mills is obtained by perturbing around its self-dual sector. The strategy
of adding extra terms to the self-dual sector is used in gravity as well. Indeed, by adding an
infinite number of terms to the Lagrangian of SDGRA, one recovers GR [10]. We applied
this technique to obtain HS-YM from HS-SDYM. It would be interesting to see whether
we can discover a large class of parity-invariant higher spin theories with propagating d.o.f
in this way. It is then compelling to check whether parity-invariant higher spin theories
obtained by deforming the self-dual ones make sense by performing the analysis in the
light-cone gauge similar to [15].

There are several proposals for twistor deformations that result in higher-derivative
interactions, e.g. deformation of the connection [34, 35], deformation using the Poisson
bracket or the star product [5], etc. We hope that with the help of twistor theory, one can
gain enough intuition to finally write down a covariant action for the chiral HSGRA. More-
over, it would be interesting to find a general approach for deformations on twistor space
such that we can have a covariant action in spacetime with higher-derivative interactions.
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A Conventions

In the body of the paper, we work with four-dimensional flat space with Euclidean signature
equipped with a metric

ds2 = dx2
0 + dx2

1 + dx2
2 + dx2

3 = 2dx+dx− + 2dzdz̄ , (A.1)

where
x± = x3 ± ix0

√
2

and z = x2 − ix1
√

2
, z̄ = x2 + ix1

√
2

. (A.2)

Using Pauli matrices, any vector xµ = (x0, x1, x2, x3) can be written as a 2 by 2 matrix

xαα
′ = 1√

2

(
x0 + ix3 −ix1 + x2

−ix1 − x2 x3 − ix3

)
=
(
x+ z

−z̄ x−

)
. (A.3)
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Here, α, β = 0, 1 and α′, β′ = 0′, 1′. Obviously, xαα′
xαα′ = 2(x+x−+zz̄) = x2

0+x2
1+x2

2+x2
3 .

One raises and lowers spinorial indices with SL(2,R)-invariant tensors εαβ (or εα′β′) where

ε01 = 1 and εαβ = −εβα . (A.4)

Their inverses are defined by εαγεβγ = δ β
α . One can raise and lower indices as xα = xβε

αβ

and xα = xβεβα. Moreover, we can introduce the following inner products on the space of
(un)primed indices for later convenience:

〈xy〉 = xαyα = xαyβεβα , [xy] = xα
′
yα′ = xα

′
yβ

′
εβ′α′ . (A.5)

B Crash course on twistor geometry

More on twistor space. When twistor geometry was introduced in 1967 by Penrose [56],
it provided an alternative way to work with physical processes in an auxiliary space called
the twistor space. Consider a 3-dimensional complex projective space, denoted CP3, with
homogeneous coordinates

ZA = (Z1, Z2, Z3, Z4) , Zi 6= 0 , t ZA ∼ ZA with ∀t ∈ C∗ . (B.1)

The projective twistor space PT is defined to be an open subset of CP3 with coordinates

ZA = (λα, µα
′) .

It is well-known that CP3 can be covered by two patches U± [37]:

U+ =
{(

λ+
α , µ

α′
+ = µα

′

λ0

) ∣∣∣∣∣ λ0 6= 0 , λ+
α ∈ U+

}
, (B.2)

U− =
{(

λ−α , µ
α′
− = µα

′

λ1

) ∣∣∣∣∣ λ1 6= 0 , λ−α ∈ U−

}
, (B.3)

where λα = (λ0, λ1) are homogeneous coordinates of CP1. Bases on the hat operator
in (1.3), the canonical choice for the coordinates on the fibres are

λ+
α =

(
λ+
−1

)
and λ−α =

(
1
−λ−

)
. (B.4)

Here, λ± are coordinates of U± ⊂ CP1 = U+ ∪ U−. In these patches the incident rela-
tions (1.1) become

µα
′
± = xαα

′
λ±α . (B.5)

By introducing a dual twistor ẐA = (λ̂α, µ̂α
′) in the same patches, namely ẐA± = (λ̂±α , µ̂α

′
± ),

one can show that

xαα
′ =

µα
′
± λ̂

α
± − µ̂α

′
± λ

α
±

〈λ̂±λ±〉
, (B.6)

where
λ̂α+ =

(
1
λ̄+

)
and λ̂α− =

(
λ̄−
1

)
(B.7)

– 18 –
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The top-form K in these patches becomes

K = dλ±dλ̄±

(1 + λ±λ̄±)2 . (B.8)

To demonstrate how the integral over the fibers works, let us consider the patch U+ ⊂ CP1.
One can make the following change of variables λ+ = reiθ and λ̄+ = re−iθ where r ∈ R+.
Then,

K = −2i rdrdθ

(1 + r2)2 (B.9)

which is in accordance with the fact that CP1 is diffeomorphic to S2. An important
observation to prove (1.27) is that the angle integral over θ cancels all components that
are θ-dependent. Hence, (1.27) implies the following integral

− 4πi
∫

rdr

(1 + r2)m+2Sα(m)T
α(n)δm,n = − 2πi

m+ 1Sα(m)T
α(m) . (B.10)

Complex structure. On PT, an almost complex structure J is defined to be a linear
map J : T (PT)→ T (PT) on the tangent bundle T (PT) of PT where J2 = −id. Therefore,
T (PT) can be decomposed (as in usual complex geometry) into eigenspaces of J that are
associated with ±i eigenvalues. Then, a (1, 0)-vector is defined to be a vector that has
eigenvalue +i, while a (0, 1)-vector is a vector that has eigenvalue −i. Therefore, the
tangent bundle T (PT) can be decomposed into

T (PT) = T1,0(PT)⊕ T0,1(PT) . (B.11)

We can define

∂ = dZA
∂

∂ZA
and ∂̄ = dZ̄A

∂

∂Z̄A
= dẐA

∂

∂ẐA
(B.12)

to split T (PT) into T1,0(PT) and T0,1(PT). Note that we take ∂̄ as our definition of complex
structure on PT. A complex structure is said to be integrable if ∂̄2 = 0.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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