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Abstract

We solve in the negative two open problems, related to the linear and topological structure
of the set of recurrent vectors, asked by Sophie Grivaux, Alfred Peris and the first author of this
paper. Firstly, we show that there exist recurrent operators whose set of recurrent vectors is not
dense lineable; and secondly, we construct operators which are reiteratively recurrent and cyclic,
but whose set of reiteratively recurrent vectors is meager.

1 Introduction

Given a continuous linear operator T : X — X on a separable infinite-dimensional Banach space X,
a vector x € X is called hypercyclic for T if its orbit,

Or(z) :={T"z ; n > 0},

is a dense set in X; and T is said to be a hypercyclic operator whenever it admits a hypercyclic vector.
In Linear Dynamics this property has been investigated in many different directions, one of them being
to study the structure of the set HC(T'), that is, the set of hypercyclic vectors for T'. For instance:
it is well-known (due to Birkhoff) that the set HC(T) is always a dense Gs-set for any hypercyclic
operator T (see [17, Theorem 2.19]); and we also know (due to Herrero and Bourdon) that such a set
is always dense lineable, that is, every hypercyclic operator T" admits a dense vector subspace that
consists (except for the zero-vector) entirely of hypercyclic vectors (see [17, Theorem 2.55]).

Another property that has appeared in the last years in the context of Linear Dynamics, and the
one in which we are interested here, is that of recurrence: a vector z € X is called recurrent for T if
it belongs to the closure of its forward orbit, that is, if

x € Op(Tz) ={T"x ; n>1}.

This definition is equivalent, in our “Banach space setting’, to any of the following two facts:

— there exists an increasing sequence of positive integers (ng)xen such that Tz — z as k — oo;

— for every neighbourhood U of z there exists a positive integer n > 1 such that 7"z € U.

Moreover, an operator T is said to be a recurrent operator if the set of recurrent vectors for 1", which
will be denoted by Rec(T'), is a dense set in X. Recurrence has a very long history in the context of
non-linear dynamical systems (see [11] and [12]), while the start of its study in Linear Dynamics can
just be dated back to 2014 when the work of Costakis, Manoussos and Parissis [10] was published.
This paper was later followed by the very recent works [6], [7, 8, 9] and [14, 15, 19, 20] among others,
and the “nowelty” of this property in the linear setting justifies, somehow, the many open problems
that there exist right now in linear recurrence.
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About the structure of the set of recurrent vectors many things are known by now: when T is
recurrent then the set Rec(T') is always a dense Gs-set by [10, Proposition 2.1] and a lineable set,
i.e. every recurrent operator T' admits an infinite-dimensional vector subspace that consists entirely
of recurrent vectors (see [15, Section 5]). Also the spaceability of such a set has been studied and,
even though hypercyclicity is a much stronger notion than recurrence, the following curious result was
proved in [19]: a weakly-mizing operator acting on a Banach space admits a closed infinite-dimensional
subspace of recurrent vectors if and only if it admits a closed infinite-dimensional subspace that consists
(except for the zero-vector) of hypercyclic vectors. In this paper we will focus on the dense lineability
property for the set Rec(T"), but the reader interested in the notions of lineability and spaceability in
a more general context can refer to the book [1].

Given an operator T : X — X we say that the set of recurrent vectors Rec(T) is dense lineable
if it contains a dense vector subspace. This notion has been studied by Grivaux, Peris and the first
author of this paper, and it was established in [15] that a sufficient condition for Rec(T") to be dense
lineable is that of quasi-rigidity: an operator T is called quasi-rigid if the N-fold direct sum operator
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acting as (z1, 22, ...,xn) — (Tx1,Txo,...,Txy), is again a recurrent operator for every N € N. It is
also shown in [15, Section 3] that there exist recurrent operators which are not quasi-rigid, but for the
examples constructed there every vector is recurrent, so that they trivially have a dense lineable set
of recurrent vectors. One can thus wonder if (just the notion of) recurrence is enough to imply the
mentioned dense lineability, as it was asked in [15, Section 6], and as it is the case for hypercyclicity.
This is the first open problem that we solve here in the negative (see Section 2 below):

Question 1.1 ([15]). Let T': X — X be a recurrent operator. Is the set Rec(7) dense lineable?

In order to state the second problem that we are about to solve, let us introduce a strengthened
notion of recurrence called reiterative recurrence, which appeared in the context of Linear Dynamics
for the first time in the recent 2022 paper [0]: a vector x € X is called reiteratively recurrent for T if
the return set from x to any neighbourhood U of z, that is, the set

Np(z,U):={n>1; T"z € U},
has positive upper Banach density, which means that
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We will denote by RRec(T') the set of reiteratively recurrent vectors for T, which is said to be a
reiteratively recurrent operator whenever RRec(T') is a dense set. This notion presents a nice relation:
an operator is reiteratively recurrent and hypercyclic if and only if it is reiteratively hypercyclic, which
is a strong version of hypercyclicity introduced in [1] and deeply studied in [5] and [6]. Note also that

RRec(T) C Rec(T) (2)

since a vector x belongs to Rec(T) if and only if the return set Np(z,U) is non-empty for every
neighbourhood U of . Moreover, the usual formula to compute the upper Banach density for a set of
positive integers J C N is written with a superior limit, that is,

= JnN 1 N
Bd(J) := limsup (max#( m+1,m+ D),
N—o0 m20 N
but the limit is known to exist (see for instance [13]), so that we can use the formula stated in (1).



In view of the inclusion (2) and since Rec(T') is always a dense Gs-set, it is natural to ask if RRec(T")
is also co-meager for every reiteratively recurrent operator. It was proved in [0, Theorem 2.1] that
this is the case whenever T is also hypercyclic:

— [6, Theorem 2.1]: If T is reiteratively recurrent and hypercyclic, then RRec(T) is co-meager.

However, it was also shown in [0, Example 2.4] that there exist operators T' for which the set RRec(T')
can be dense and meager at the same time. By [0, Theorem 2.1] it is clear that the mentioned examples
are non-hypercyclic, but it can be checked that they are even non-cyclic. The next question, which
we also solve here in the negative (see Section 3 below), was then posed in [15, Problem 5.14]:

Question 1.2 ([15]). Let T': X — X be reiteratively recurrent and cyclic. Is RRec(T") co-meager?

We solve Questions 1.1 and 1.2 in the next sections by constructing counterexamples in every
separable infinite-dimensional Banach space. In order to construct such examples we will use the
notion of biorthogonal sequence (see Subsection 1.1 below).

The paper is organized as follows: in Section 2 we present a modification for the construction
of “recurrent but not quasi-rigid operators’ shown in [15], to exhibit recurrent operators whose set of
recurrent vectors is not dense lineable in every separable infinite-dimensional Banach space. This solves
Question 1.1 in the negative. In Section 3 we construct reiteratively recurrent and cyclic operators
whose set of reiteratively recurrent vectors is meager, which solves Question 1.2 in the negative.

We refer the reader to the textbooks [3] and [17] for any unexplained notion in Linear Dynamics.

1.1 Notation for a general separable infinite-dimensional Banach space

We will denote by K the field of either real or complex numbers R or C, given any (real or complex)
separable infinite-dimensional Banach space X, we will denote by X™ its topological dual space, and
given any pair (z,z*) € X x X* we will denote by (z*,z) := 2*(z) the standard dual evaluation.

In the next sections our operators will be built using a bounded biorthogonal sequence. In fact,
by a classical result proved in [22], given any separable infinite-dimensional Banach space X we can
consider a sequence (e, e;)ren C X x X* with the following properties:

e span{e; ; k € N} is dense in X;
o (ef,e;j) =0y, where 6 ; =0if k # j and 1 if k = j;

*

o for each k € N we have that [lex|| = 1 and K := supcy ||e;]|* < oo, where || - ||* is the dual norm.

We will repeatedly use the fact that given any x € X

|{er,x)| < K||z|| for each k € N. (3)

We will always write cop := span{e; ; k& € N}. Note that for any vector x € cypp we have the
following equalities

da
x = Z(ez,@ek = Z(ez,@ek for some d, € N.
keN k=1

Note also that, in general, the first equality is false for arbitrary vectors unless the sequence (ex)ken
is a Schauder basis of the Banach space X.



2 Dense but not dense lineable sets of recurrent vectors

This section is devoted to show the following result, which solves Question 1.1:

Theorem 2.1. Let X be any separable infinite-dimensional Banach space. There exists a recurrent
operator T : X — X whose set of recurrent vectors Rec(T') is not dense lineable.

We first assume that X is a complex space and we modify the construction given in [15, Section 3],
which was originally based on [2]. Fix any complex separable infinite-dimensional Banach space X
and let (eg, e;)reny C X X X* be a biorthogonal sequence with the properties stated in Subsection 1.1.
Grivaux, Peris and the first author of this paper consider in [15] an operator T' given by

1
Tx := Rz + —(wy, Px)ey
> o,
depending on an operator R, a sequence of integers (mg)ren, & projection P and a sequence of
functionals (wj)r>3 with bounded norm. Our main modification is letting (wj)r>3 to be unbounded.

2.1 Constructing the operator T’

As in [15] we let P : X — span{ey, ea} be the projection of X onto the span of e; and e given by
Pz := (e],x)e1 + (e5,x)ex  for every x € X.

Note that || P|| < 2K so that P is continuous. Set E* := span{e], €5}, endowed with the dual norm ||-||*
of the dual space X*, and denote by Sg- := {w* € E* ; ||lw*||* = 1} the sphere of the 2-dimensional
space E*. In [15] the authors consider for (wj)r>3 a dense sequence in Sg+, which exists since Sg- is
a compact metrizable space, but this choice results in all vectors becoming recurrent for 7. Since we
want the set of recurrent vectors Rec(T") not to be dense lineable, we select here the functionals wj, in
such a way to get non-recurrent vectors. To this end, we first consider a dense sequence (wy)x>3 in
Sg+ and a vector z € span{ey, ez} such that

(wr,z) #0 for all k> 3. (4)

Such a vector z exists since the family {w; ; k > 3} is countable. Given a partition (A;,),>3 of the
set {k € N; k> 3} with #A4,, = co for all n > 3, we then set

1
* ~ %
wy = ———w, foreach k € A,.
[(ws, 2)[ " "
In this way, we have that
1
|wi|* > el and [(wy,z)| =1 for every k > 3. (5)
z

We now consider a sequence (my)reny € NN of positive integers with the following properties:

(a) myg | mgyq for each k > 1;

(b) my = 1 = ™My;

and starting from k = 3, the sequence (my),>3 grows fast enough to satisfy:
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These properties are comparable to the properties required in [15]. The only difference relies on
the last condition where we need to take into account the norm of wj. The rest of the construction is
similar: for each x € copp = span{ey ; k € N} we set

Rz := Z Ai(€r, T)ek,
keN

where \j, := exp(2mi——) for each k € N. By (3) we have for every = € ¢y that
mg

1Rz || < |Re — |l + llz] < > 1A — 1] [{ef, 2)| + lal] < <KZ Ak — 1] + 1) ]

keN keN
and using that | exp(if) — 1| < |6| for every 6 € R we have that

Z|)\k—1|§27rzmi<oo,
k

keN keN

since (5) together with condition (c) on the sequence (1my)ren show that the series ), mik is indeed
convergent. Then, by the density of ¢gp in the space X, the previous inequality also implies that the
map R : coop — oo extends to a bounded operator on X still denoted by R. Finally, assumption (c)
on the sequence (my)ren and the fact that ||P|| < 2K imply that

1 N wr||* - || Px wi|I*
k>3 kTl k>3 k-l k>3 R
so we can define the operator T on X by setting
1
Tz := Rx + Z (w, Px)er,  for every z € X. (6)
mE—1
k>3

It follows that the n-th power of T can be computed exactly as in [15, Fact 3.3.1]:
Fact 2.1.1 ([15, Fact 3.3.1]). For every x € X and n > 1 we have that

A
m

k7 *
Tz = R"x + Z “(wy, Px)ey,
s M1

— i An—1
where A = 2?201 N, = v for each k > 3.

We will also need the following properties regarding the numbers Ay ,:

Fact 2.1.2 ([15, Fact 3.3.2]). Let n > 1. Then:

(i) [Men| < n forallk > 3;
(i) Agm, =0 whenever n >k > 3;

(il) |Akn| > 2n > =L whenever k = min{j > 3 ; 2n < mj}.

Let us now check that T' is a recurrent operator but that Rec(7') is not dense lineable.



2.2 Recurrence properties of T’
Proposition 2.2. The operator T : X — X 1is recurrent.

Proof. Since {w}, ; n > 3} is dense in Sg-, the union of the kernels J,,» Ker(wy,) is dense in the
2-dimensional space span{ej, ez}. Then the set

Xo:=(x€cy; Pre U Ker(wy,)
n>3
is dense in X since Xy is dense in cgp, which is dense in X. We claim that Xo C Rec(7T'). Indeed,
given any r = z;(e,’:,, x) € Xo pick n > 3 such that (w};, Px) = 0 and let (k;) en be the increasing
sequence of integers such that (k; 4+ 1);en forms the set A,,. By Fact 2.1.1 we have that

Tm’“jx—x:(R kix — —|—Z
k>3

= (wg, Px)e,

)\k mk
mEg—1

and we will show that this is a 0-convergent sequence as j — co. We start by noticing that, by
condition (a) on the sequence (my)ren, we have the equality

da
R™iz = Z)\ (e, x)er = Z(ei,x)ek =z as soon as k; > d. (7)
k=1
Thus, using that A, = 0 for k; > k by (ii) of Fact 2.1.2, the equality (wj, Px) = 0 for every k € Ay,
J
and the fact that k; + 1 € A,,, we deduce that

Ak,
HTm’*jac - xH = Z s (wr,, Px)ey, as soon as k; > d. (8)
ko1 Rl

Moreover, by (i) of Fact 2.1.2 we have that [\, | < my, for every k € N, and using also the technical
J
condition (c) on the sequence (my)ren we finally get (as soon as kj > d;) that

|)\k, | * || *
™z -] < 3 g el < 2K le [ me, - 3T 1)
k1 Rl skl k=1 ITee
J J

which implies that € Rec(T"). The density of X, shows that T' is recurrent. O

Proposition 2.3. The set Rec(T') is not dense lineable.

Proof. Let z be the vector considered in (4). We start by showing that P~!({z}) N Rec(T) = 0.
Indeed, let € P~1({z}), n > 1 and jj,, := min{j > 3 ; 2n < m;}. Note that by (iii) of Fact 2.1.2
’ ]nn’>mjn 1' (9)
Then
n 1 mn
[T~ > |}, T ) by (3),
= i( R"m—x>+m<w* z) by Fact 2.1.1
- K ] ’ mjn—l In? Yy e
1 /1 .
> % %—’ MRx—:v)‘ by (5) and (9).



Since cqg is dense in X and e}k-n is continuous we will have, by definition of R on ¢, that

(ejn, Rz —x) = (A, — 1)<ej-n,a:).

Moreover, (e*

7 x) tends to 0 as j, tends to infinity because ¢y is dense in X. We deduce that

1
liminf |[T"z — x| > —,
n—o0

Kr
and we conclude that = ¢ Rec(T'). Finally, if Rec(T) contained a dense subspace we would have the
equality P(Rec(T')) = span{ej,e2}. This contradicts the fact that z ¢ P(Rec(T)). O

The complex version of Theorem 2.1 is now proved, but the construction can be easily adapted to
the real case using the same arguments as in [2, Section 3.2]. It follows that every (real or complex)
separable infinite-dimensional Banach space supports a recurrent operator whose set of recurrent
vectors is not dense lineable, and Question 1.1 is now solved.

Remark 2.4. The operators constructed in this section fulfill a stronger recurrence notion than the
usual one, namely AP-recurrence:

— A vector x € X is called AP-recurrent for an operator T : X — X if for every neighbourhood U of
x the return set Np(x,U) = {n > 1; T"x € U} contains arbitrarily long arithmetic progressions;
and T is called an AP-recurrent operator if its set of AP-recurrent vectors, APRec(T), is dense.

In [#] it is shown that the inclusions RRec(T') C APRec(T") C Rec(T') hold for every operator T' acting
on a Banach space X. Moreover, it is also shown that the set APRec(T") is dense in X if and only if
T is topologically multiply recurrent (see [$, Proposition 2.2]).

For the operators T' constructed in this section, the set Xy considered in Proposition 2.2 is easily
checked to be included in APRec(T") thanks to condition (c) on the sequence (mg)ren. Let us quickly
argue this fact: fix e > 0 and any length L € N, pick any = = %;1(6}2,33)% € Xo\{0} and n > 3
such that (wy,, Px) = 0, and let (k;) en be the increasing sequence of integers such that (k; 4 1);en
forms the set A,. Using condition (c) we can choose j € N fulfilling that k; > d, and

e - Z [[wiell” < €
ki me_1  2K|z||L’
k>kj+1

Thus, for each 1 < ¢ < L we have that R™ig =g just as in (7), and arguing as in (8) we get that

Ak tmy, . w*|I*
HTe'mij - x” = Z ™ (wy, Pr)eg|| < 2K|z||€ | my; - Z Jrwl” <e
i mg—1 mrg—1
>kj+1 ki>kj+1

This means that the return set Np(z,U) from x to U := {y € X ; ||z —y|| < €} contains an arithmetic
progression of length L, namely {¢-my, ; 1 < ¢ < L}. The arbitrariness of ¢ and L implies that
Xo C APRec(T') and we have even proved the following result, stronger than Theorem 2.1:

— Every (real or complex) separable infinite-dimensional Banach space X supports an AP-recurrent
operator T : X — X for which the set of recurrent vectors Rec(T), and thus also the set of
AP-recurrent vectors AP Rec(T), are not dense lineable.

To link to the next section note that, by [18, Lemma 4.8], the set APRec(T) is always a Gs-set
and hence a co-meager set when T is AP-recurrent. This is however not always the case for the set
of reiteratively recurrent vectors RRec(T') even if T is cyclic as we show below.



3 Dense but not co-meager sets of reiteratively recurrent vectors

In this section we prove the following result, which solves Question 1.2:

Theorem 3.1. Let X be any separable infinite-dimensional Banach space. There exists a reiteratively
recurrent cyclic operator T : X — X whose set of reiteratively recurrent vectors RRec(T') is meager.

Recall that a vector x € X is called cyclic for an operator T : X — X on a (real or complex)
Banach space X if for every non-empty open subset U C X there exists a (real or complex) polynomial
p such that p(T)z € U; and that T is called a cyclic operator if it admits a cyclic vector.

Remark 3.2. The following is a well-known sufficient condition for T": X — X to be cyclic:

— For every pair of non-empty open subsets U,V C X there exists a (real or complex) polynomial p
such that p(T)(U) NV # 0.

Indeed, if this holds and we select a countable base (U, )nen of non-empty open sets for X, then

N U o0 )

n€N p polynomial

is clearly a dense Gg-set of cyclic vectors for T'.

3.1 The family of operators T},

In order to prove Theorem 3.1 we will use the operators Ty, := Dy + B,,, where Dy is a diagonal
operator with weights A = (A\g)ren just as the operator R of Section 2, and where B,, is the usual
unilateral backward shift with weights w = (wg)ren. These operators have been considered in the
recent work [16, Chapter 4], acting on the complex spaces co(N) and ¢P(N), with the objective of
distinguishing the notion of ergodicity from that of ergodicity in the Gaussian sense.

Restricted to the vector subspace coo = {ey, ; k € N} the operator Ty ,, can be seen as the following
infinite matrix

)\1 w1 0 0
0 )\2 w2 0
_ 10 0 As ws . * * *
Taw = tcoo —> oo, ({€f, @) ey — ()\k<6k,x> +wk<ek+1,x))k€N ,

0 0 0 M\

and T} ,, extends to a continuous operator on co(N) and ¢P(N) as soon as A = (Ag)ren and w = (wWk)keN
are bounded sequences. Since we want to prove the result for a general Banach space we will have to
require stronger conditions on the previous sequences in order to guarantee continuity. Indeed, the
sequence A = (A\;)ken Will have to converge very fast to 1 while w = (wk)gen will have to converge
very fast to 0. See Subsection 3.2 for the precise selection of these sequences.

Moreover, and since our objective is constructing a reiteratively recurrent and cyclic operator, we
will need some sufficient conditions to guarantee that an operator of the form T}, satisfies these
dynamical properties. In Lemma 3.4 below we will prove a much more general fact regarding the
so-called upper-triangular operators. Let us start by fixing our setting:



Definition 3.3. Let X be a separable infinite-dimensional Banach space X, consider a biorthogonal
sequence (e, € )ren C X X X* with the properties stated in Subsection 1.1 and let T': X — X be a
continuous linear operator. We say that T" is an upper-triangular operator with respect to (ey, €} )ren
if the restriction

T ¢q0 : C00 — €00,

of the operator T' to the vector subspace coo = span{ey ; k € N}, can be written as an upper-triangular

infinite matrix, that is
A1

Teyy = A3
00 (0) "

The sequence A = (A )reny € KY will be called the diagonal of T.

Lemma 3.4. Let X be any separable infinite-dimensional Banach space and consider a biorthogonal
sequence (ey, e} )xen C X X X* with the properties stated in Subsection 1.1. Suppose thatT : X — X
is an upper-triangular operator with respect to (ex, e} )ken, denote by X = (A\p)ken € KN the diagonal
of the operator T and assume that A\, # N\ for every k #1 € N. Then:

(a) The vector subspace span (Uyey Ker(T — A1) is dense in X.

(b) The set of cyclic vectors for T is co-meager in X .

Proof. For each N € N set Xy :=span{e, ; 1 <k < N}, which is a T-invariant subspace isomorphic
to KV by the upper-triangular condition, and consider the restriction T := T'|x, : Xy — Xn. It
is then enough to check that the following statements hold:

(a’) We have the equality Xy = span (UlngN Ker(Ty — )\kl)) for all N € N.
(b’) The operator Ty has a dense set of cyclic vectors in Xy for all N € N.

In fact, if (a’) holds then statement (a) follows since |y X is dense in X. Moreover, and since
XN C Xnyq for all N € N, we know that given two non-empty open subsets U,V C X we can
find N € N such that Uy := U N Xy and Vy := V N Xy are non-empty open subsets of Xy.
Hence, if statement (b’) holds there exists a vector x € Uy C U and a polynomial p such that
p(T)x = p(Ty)x € Vy C V, so that p(T)(U)NV # 0 and (b) follows from Remark 3.2.

Let us now check (a’) and (b’): for any fixed N € N we have that

A1
0 Ao ()
Ty = 0 0 A3
0O 0 0 0 XMy
and since all the A, are assumed to be different we deduce that o,(Tn) = {A\r ; 1 <k < N} and the
matrix Ty is similar to the diagonal matrix Dy = Diag(A1, A2, ..., An), l.e. Ty = LDyL™! for some

invertible operator L : KV —s K. Starting with (a’), it is clear that e, € Ker(Dy — A1) for each
index 1 < k < N, so that

Xy = span (Ulgng Ker(Dy — )\kI)) )



It is then immediate to check that Lep € Ker(Tn — A\iI), and since L is invertible we deduce that
the set {Ley ; 1 < k < N} is an algebraic basis of Xy, which finally shows (a’). Regarding (b’), we
claim that every vector x € Xy with (ez, x)y # 0 for all 1 <k < N is cyclic for Dy: if such a vector
x was not cyclic there would be a non-zero polynomial p of degree less or equal to N — 1 fulfilling
that 0 = p(Dn)z = Zévzlp()\k)(e,’g,@ek, which would imply that p(Ax) = 0 for every 1 < k < N,
contradicting the maximum number of roots that p can have. Thus, Dy has a dense set of cyclic
vectors in Xy and (b’) follows since the map L has dense range and the L-image of every cyclic vector
for the matrix Dy is cyclic for the matrix Ty . ]

Remark 3.5. Suppose now that X is a complex space and T := {2z € C; |z] = 1}. If A = (M\g)gen
and w = (wy)ken are sequences of complex numbers fulfilling that the operator T ., : coo — oo
extends continuously to X, it follows from the previous result that:

— A sufficient condition for the operator T ., to be reiteratively recurrent and cyclic is that the sequence
of complex numbers X = (A )ren belongs to TN and A\, # N for all k #1 € N.

Cyclicity follows directly from statement (b) of Lemma 3.4. For reiterative recurrence recall that
x € X \ {0} is called a unimodular eigenvector for T provided that Tz = Az for some A € T, so that if

E(T) :={x e X\ {0}; Tz = Az for some X € T},

and if A = (A\g)ren € TV, we then have that span(€(T)) is dense in X by statement (a) of Lemma 3.4.

Finally, it is well-known that span(£(7")) C RRec(T); see for instance [6] or [14]. In addition, if we
choose each A\ to be a root of unity, then span (U pen Ker (T — A I )) is even formed by periodic vectors
for T'; see [17, Proposition 2.33]. This will be the case in our example.

3.2 Choosing A = (A\;)keny and w = (W) ken

We are finally ready to prove Theorem 3.1 and we start by the complex case as we did in Section 2:
fix any complex separable infinite-dimensional Banach space X and let (eg,e;)ren C X x X* be
a biorthogonal sequence with the properties stated in Subsection 1.1. We are going to construct a
reiteratively recurrent and cyclic operator T ,, for which the set RRec(Ty ) is meager. Recall that
by the already mentioned result [, Theorem 2.1] such an operator cannot be hypercyclic, and in fact,
we will get the non-hypercyclicity by considering some wy = 0.

We start by fixing w: for each j € N consider the one-dimensional rank operator
(e2j-1 ®€§j) X — X,z (e, v)eg1

choose any summable sequence v = (vj)jen € ¢}(N) with |vj| > 0 for every j € N, and consider a
sequence w = (wy)reny € CN fulfilling that

v

0 < funja] < — UL
! le2j—1 ® €3]]

and woj =0

for each j > 1. Thus the linear map (Z]EN waj—1 - (e2j-1 ® egj)) : coo — €po, which coincides with
the backward shift B,, on cyg, extends continuously to the whole space X as a compact operator still
denoted by B, since

Bl = ||> wajo1 - (e2j-1@eb)) || <D lwajoa| - lezj—1 @ e5;]] < [lv]la-
JEN JEN
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We now fix A: by using a trivial recursive process one can construct a strictly increasing sequence
of positive integers (m;) en € NN fulfilling the properties

(a) mj > j for every j € N;

(b) lim

j=o0 mjlwaj 1]

1 2
Agj—1:=exp | 2mi - —5 and Agj = exp | 2mi- —5
ms m;

for each j € N. Note that the diagonal linear map

0.

Let now

*
Dy :copo—>cop, T+ Z)\k<ek,x>ek ,
keN

extends to the whole space X (still denoted by Dy) just as it happened for R in Section 2 since

1Dzl < 1Daz — || + |zl < Y 1A = 1 - [{ef, 2)] + [ll] < (KZ Ak — 1] + 1) ]
keN keN

for every x € cpo, and using again that |exp(if) — 1| < |0] for every 6 € R we have that

Z]Ak—l\g&rz#<oo

kEN jeEN I
by condition (a) on the sequence (m;);en.

We can finally consider the operator T o, := Dx + B, : X — X, which is continuous and also
upper-triangular with respect to (e, €} )ren. Since (m;) en is strictly increasing and m; > 1 we clearly
have that Ax # \; for every k # [ € N so that Lemma 3.4, and in particular Remark 3.5, ensures that
the operator Ty, is reiteratively recurrent and cyclic for these A = (Ag)reny and w = (wi)ren. The
form of our operator is the following

Ay
A (0)
Az

o 4

where for each j > 1 we are denoting by A; the 2 x 2 matrix

exp (27Ti . n;) W25—1
A= ’ (10)

0 exp <27ri . 732>
J

so that T ., can be expressed as a direct sum of 2-dimensional cyclic operators T o, = P i>1 Aj. Our
objective is now proving that the set RRec(T ) is meager (see Proposition 3.7 below), and we do it
by using the dynamical properties of the matrices A; (see Lemma 3.6 below).
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Indeed, given three complex values pi1, po,w € C with p; # pe and w # 0, then for the 2 x 2 matrix

H1 W
A:
(0 ua)

it is easily checked, inductively, that the n-th power of A for each n € N has the form

an— (M le Zi’“ ,
0 iy

This formula allows us to proof the following technical fact, which is the key to complete our objective:

Lemma 3.6. For each positive integer j > 1 and each n € N of the formn = £ - m? + k with £ >0

and m; <k < m? — my, we have that the coordinate (1,2) of the matriz A} = (A;)" has modulus

|51 — Al 2mj|waj—1]
‘ ]( )‘ |)\2j—1_)\2j| ’ 2j 1’_ T

Proof. Given j > 2 and any n € N we have that
exp (2mni- 25 ) — 1 sin | %
g G ML ) I
— = > —=-[sin| —
exp <2m > -1 sin (”) T M
m; m;

where we have used that |sin(f)| < |0 for every 6 € R. If now we let n = ¢ - m? + k with £ > 0 and
mj <k < m]z/2, then

@) g -,

9

lwaj1l (g1 — Agyl

. [ ™ . [ Tk 2 2
sin| — ||=sin| —5 ||>2—75>—,
m; m3 m: T omy
by using that sin(#) > 26 for each 6 € [0, Z], so that
2
m; | . [ 7n 2mj|wai—1]
|A}(1,2)] > 7] - s <m2> Jwaj1] > %, (11)
j

for each n = ¢ - mJQ- +k with £ > 0 and m; < k < mJQ/Q Since the sinus function is symmetric with
respect to the line z = § we deduce that (11) also holds whenever m3/2 <k< mJQ- —m;. O

Proposition 3.7. The set RRec(T ) is meager.

Proof. 1t is enough to show that there exists a co-meager set G C X such that G N RRec(Th o) = 0.
The proof is an adaptation of the argument used in [0, Example 2.4]. Let

G = {x € X 5 |(e3;,a)] >

mg IUJ?J* |

for infinitely many j € N }

By condition (b) on the sequence (m;) en and using that cqo is dense in X, this set G can be written
as the intersection of countably many dense open subsets

¢= N U {oex: el > m)

NeNj>N

which shows that G is a dense Gg-set, and hence co-meager.
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Fix a vector z € G, let ¢ = 3% and consider the neighbourhood U = {y € X ; [y —z|| < &}
of © where K := supycy |le;|*. Note that since cgg is dense in X there is some kg € N such that
|(ef,x)| < € for every k > ko. Thus, by definition of K, we have that if y € U then |(e},y)| < 2¢ for
every k > ko. Moreover, since z € (G, there exists an infinite set J C N such that

1

2j—1>ky and es, x| > ——
-1k e > oo

for each j € J.

Now, for each j > 1 and n € N, the density of ¢gp in X shows that

(€51, I x) = A7(1,2) - (€35, @) + A3;_ - (€31, 7).
Thus, if j € Jandnzﬂ-m?Jrkfor some £ > 0 and m; gkgm?—mj we have that

2
|<e§j—17T£w$>‘ > ‘A;l(172)| ' |<€§j,.§l}>} - ‘(6%_1,1‘” > ——e=2

by Lemma 3.6, and hence T3 v ¢ U. We deduce that # (N, ,(z,U) N [E m ,(+2)-m [) < 4m;
for any £ > 0, which easily 1mphes that

#(NTAM(IE,U) [m+ 1, m+m; ]) < 4m;

for every integer m > 0. We can now compute the limit

#(NTAW($7U)m[m+17m+m?D dmy
: < lim — =0,
J3j—00 ™}

Bd(Np, , (x,U)) = lim

J3j—00

max )
m>0 mj

so z ¢ RRec(Th ). This shows that the set of reiteratively recurrent vectors for T, is meager. [J

The complex version of Theorem 3.1 is now proved, but the construction can be easily adapted
to the real case by using a conjugacy argument that we include in the following lines: if X is any real
separable infinite-dimensional Banach space, and we again let (eg, e} )ren be a biorthogonal sequence
with the properties stated in Subsection 1.1, we can consider the linear map

By

T = .. 1 Coo — Coo

cos (27r . n%) —sin (27r : w%) Re(wzj—1) —Im(wa;—1)
sin (277 : 7#) cos (271' : "12> Im(wa;—1) Re(waj—1)
B; = ! ! . (12)
0 0 oS <27r . % —sin (27r . 752>
i i
0 0 sin (27% % cos (27r . n32>
i i

If the sequence of non-zero complex numbers (wo;_1);jen decreases fast enough, and if (m;) jen satisfies
condition (a) from Subsection 3.2, then the map 7" extends continuously to an operator acting on X,
still denoted by T. We can then show that 7" is reiteratively recurrent, that if m; > 2 then T is cyclic,
and that if also condition (b) from Subsection 3.2 is satisfied then RRec(T') is a meager set.
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Indeed, if following Lemma 3.4 we set X := span{er ; 1 < k < N} for each N € N, then for every
positive integer j € N we can define the homeomorphism

v * 44 * L% 2j
G5 X — Xoj, (e, )y — (€51, @) +ilesg, ),

where 5(\2; := Xo; +iX2o; denotes the standard complexification of the real finite-dimensional Banach
subspace Xo; = span{ey ; 1 <k <25} C X (see [21]), and it is trivial to check that

¢j 0 Taj = Txwpjo @)
for every j € N, where

Bl Al
B, (0) Ay (0)
T4j = Bs : X4j — X4j, T)\’ng = As : X2j — X2j7

(0) e (0) -
B Aj

and where each A; is the matrix described in (10). The previous relations and equalities show that
each homeomorphism ¢; is a conjugacy of dynamical systems (see [17, Definition 1.5]) between the
finite-dimensional systems T}; and T ., 2; for each j € N. We claim that:

— The equality X4; = RRec(Ty;) holds for every j € N: by (da’) in the proof of Lemma 3.4 we
know that -
XQj = RRec(T)\ng),

for every 7 € N, and a standard conjugacy argument completes the statement (see [15, Lemma 4.14]).

— If my > 2 then every T}; has a dense set of cyclic vectors: using again that T}, is dynamically
conjugated to T ., 2;, and hence it is also dynamically conjugated to the diagonal matrix

ng = Diag()\l, -'~7)\2j) : ‘322; — ‘3(\2;’

it is enough to show that Dy; admits a dense set of vectors that are cyclic with respect to the
polynomials with real coefficients. We know that the subset of vectors for which every component
is a non-zero complex value is dense in Xs;, and we can show that these vectors are cyclic with
respect to the real polynomials. Indeed, suppose that given such a vector x there was a non-zero
polynomial p with real coefficients and of degree less or equal to 45 — 1 such that p(Dgj)x = 0. We
would then have that p(A;) = 0 for every 1 < k < 2j5. However, since p has real coefficients, then
also the conjugate value of every \; is a root of p. Therefore, since all the \;, and )y are different
because we assumed m; > 2, this contradicts the maximum number of roots that p can have.

Reasoning as in Lemma 3.4 we obtain that the whole real-linear operator T : X — X is reiteratively
recurrent and cyclic. To show that RRec(7") is a meager set one can consider in X the dense Gs-set

G = {$ € X ; [(ex)| > —L__ for infinitely many j € N}

mjlwaj—1]

and then check that G N RRec(T) = @ by using Lemma 3.6 as in Proposition 3.7. Note that this
reasoning follows from the key fact that the matrices A; as described in (10) are finite-dimensional
systems dynamically conjugated to the matrices B; as described in (12).

We conclude that every (real or complex) separable infinite-dimensional Banach space supports a
reiteratively recurrent and cyclic operator whose set of reiteratively recurrent vectors is meager, and
we have finally completely solved Question 1.2.
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4 Final comments and open problems

In Section 2 we have exhibited the existence of recurrent operators whose set of recurrent vectors is not
dense lineable in every separable infinite-dimensional Banach space. As we comment in Remark 2.4 the
same examples are valid for the slightly stronger notion of AP-recurrence. However, the general dense
lineability property for other notions such as reiterative, U-frequent, frequent or uniform recurrence,
is still unknown. Let us introduce these properties and comment on the respective problems:

Definition 4.1 ([6]). Let T': X — X be a continuous linear operator acting on a Banach space X.
A vector z € X is called

— uniformly recurrent for T if for any neighbourhood U of = the return set
Nr(z,U)={n>1; T"x € U}

has bounded gaps, that is, there exists my € N such that Np(x,U) N [n,n+ my] # 0 for all n € N.
The set of such vectors is denoted by URec(T') and T is called a uniformly recurrent operator if such
a set is dense in X.

— frequently recurrent for T if for any neighbourhood U of z the return set N (x,U), defined as before,
has positive lower density, that is,

dens(N7(z,U)) = liminf #(Nr(z,U)N[1,N])

0.
N—oo N -

The set of such vectors is denoted by FRec(T') and T is called a frequently recurrent operator if such
a set is dense in X.

— U-frequently recurrent for T if for any neighbourhood U of x the return set Np(z,U), defined as
before, has positive upper density, that is,

dens(Np(z,U)) = lim sup #(Nr(z,U) N [L, N])

> 0.
N—o0 N

The set of such vectors is denoted by UFRec(T") and T is called a U-frequently recurrent operator if
such a set is dense in X.

As we were mentioning before, the following are open problems:

Problems 4.2. Let T': X — X be a continuous linear operator acting on a Banach space X:

A) If T is reiteratively recurrent, is RRec(7") dense lineable?

(A)
(B) If T is U-frequently recurrent, is UFRec(T") dense lineable?
(C) If T is frequently recurrent, is FRec(7") dense lineable?

(D)

D) If T is uniformly recurrent, is URec(T") dense lineable?

In [6] it is shown that URec(T") C FRec(T) C UFRec(T') C RRec(T) C APRec(T") C Rec(T') for
every operator T, so one may wonder if the examples exhibited in Section 2 can solve negatively these
questions. However, if RRec(7') is a dense set then T is quasi-rigid and hence Rec(T") is dense lineable
by [15, Proposition 6.2], so that a similar construction/argument to that used here does not apply.
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About the strongest recurrence notion between those introduced, namely uniform recurrence, we
know that when the underlying space X is Hilbert then the set URec(T") is dense lineable as soon as T’
is uniformly recurrent. This follows from the inclusion span(E(T")) C URec(T'), which holds for every
operator T', together with the fact that

span(€(T")) = URec(T) whenever X is a Hilbert space; see [141, Theorem 1.9].

However, it is not known if the equality span(E(T)) = URec(T) is true for an arbitrary operator T
acting on general Banach space X, so for the moment we can not conclude if URec(7T') is always dense
lineable outside the Hilbertian setting.
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