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Abstract. We investigate a generalization of weighted shifts where each
weight wk is replaced by an operator Tk going from a Banach space Xk to
another one Xk−1. We then look if the obtained shift operator B(Tk)

defined
on the ℓp-sum (or the c0-sum) of the spaces Xk is hypercyclic, weakly mixing,
mixing, chaotic or frequently hypercyclic. We also compare the dynamical
properties of T and of the corresponding shift operator BT . Finally, we in-
terpret some classical criteria in Linear Dynamics in terms of the dynamical
properties of a shift operator.

1. Introduction

An important family of operators in Linear Dynamics is given by the family of
weighted shifts on ℓp (1 ≤ p < ∞) or on c0. These operators can help to get some
interesting examples and counterexamples but can also help to better understand
some dynamical properties through their characterizations for the weighted shifts.

In this paper, we will focus on the five most important notions in linear dynamics:
hypercyclicity, weak mixing, mixing, chaos (in the sense of Devaney) and frequent
hypercyclicity. All these properties are completely characterized in terms of weights
for the weighted shifts on ℓp or on c0 (see [4], [11], [15], [28]).

These five notions are defined as follows:

Definition 1.1. Let X be a Banach space and T ∈ L(X).

(1) T is hypercyclic if there exists x ∈ X such that Orb(x, T ) := {Tnx : n ≥ 0}
is dense in X.

(2) T is weakly mixing if T ⊕ T is hypercyclic on X ⊕X.
(3) T is mixing if for every non-empty open sets U , V in X, the set NT (U, V ) :=

{n ≥ 0 : TnU ∩ V ̸= ∅} is cofinite.
(4) T is chaotic (in the sense of Devaney) if T is hypercyclic and T possesses a

dense set of periodic points.
(5) T is frequently hypercyclic if there exists x ∈ X such that for every non-

empty open set U in X, the set NT (x, U) := {n ≥ 0 : Tnx ∈ U} has a
positive lower density.

More information on these notions can be found in the two books [5, 19]. In
general, we have the following implications between these five notions and no other
implication is true (see [25, Section 4] for more details).
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Figure 1. Links between different notions in Linear Dynamics

However, if we restrict ourselves to the study of weighted shifts on ℓp or on c0,
more implications are true. For instance, a hypercyclic weighted shift is always
weakly mixing and a chaotic weighted shift is always frequently hypercyclic and
mixing. In fact, on ℓp, a weighted shift Bw is chaotic if and only if it is frequently
hypercyclic, and on c0, a weighted shift Bw is chaotic if and only if it is mix-
ing. These links are depicted in the following figures and we know that no other
implication is true (see [3], [4], [11], [15], [28]).
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(a) Links for weighted shifts on ℓp
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(b) Links for weighted shifts on c0

In view of the importance of weighted shifts in linear dynamics, several general-
izations of these operators have already been introduced and investigated such as
weighted pseudoshifts [15] or more recently weighted shifts on trees (see [16], [20],
[24]). In this paper we consider a version of weighted shifts defined on an infinite
product of Banach spaces where the weights are replaced by operators.

To be able to deal simultaneously with unilateral and bilateral shifts, we will
denote by J the set N (resp. Z) and by J∗ the set N\{1} (resp. Z).

Definition 1.2. Let (Xk)k∈J be a sequence of sets. Given a sequence of maps
Tk : Xk → Xk−1 with k ∈ J∗, we define B(Tk)k∈J∗ on

∏
k∈J Xk by

B(Tk)k∈J∗ (xi)i∈J = (Tk+1xk+1)k∈J .

If we have Tk = T and Xk = X for all k ∈ J , we will use the notation BT for the
map B(Tk)k∈J∗ .
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In this paper, we will focus on the case where each Tk is an operator, each space
Xk is a Banach space and the map B(Tk)k∈J∗ gives us an operator on ℓp((Xk)k, J)
or on c0((Xk)k, J). We recall that

ℓp((Xk)k, J) = {(xk)k∈J ∈
∏
k∈J

Xk :
∑
k∈J

∥xk∥p < ∞}

and
c0((Xk)k, J) = {(xk)k∈J ∈

∏
k∈J

Xk : lim
|k|→∞

∥xk∥ = 0}.

Moreover, if each Xk is equal to X, we will use the notations ℓp(X, J) and c0(X, J).

Notice that we get back the usual weighted shifts by considering Xk = K and
Tk = wkId where Id is the identity operator. We can also get the weighted shifts
on trees by considering for Xk the ℓp-space (or the c0-space) supported by the k-th
generation. This idea to replace weights by operators has been considered simulta-
neously and independently by Carvalho, Darji and Varandas [10]. In this one, they
consider the additional assumption that each operator Tk is an invertible operator
on some Banach space X and investigate other dynamical properties : the shadow-
ing property and the generalized hypercbolicity.

The main goal of this paper consists in providing some answers to the following
natural questions :

Question 1. How can we characterize that an operator B(Tk) is hypercyclic, weakly
mixing, mixing, chaotic or frequently hypercyclic in terms of the sequence (Tk)?

Question 2. Do the links depicted in Figures (A) and (B) for the weighted shifts
Bw can be extended to the operators B(Tk) on ℓp((Xk)k, J) and c0((Xk)k, J)?

Question 3. Which dynamical properties an operator T can inherit from BT ?
Which dynamical properties the operator BT can inherit from T? Is there a quasi-
conjugacy between T and BT ?

The answers at these questions are a mix of expected results and surprises.

For instance, in section 2, we show as expected that B(Tk)k∈J∗ is hypercyclic on
ℓp((Xk)k, J) or on c0((Xk)k, J) if and only if B(Tk)k∈J∗ is weakly mixing, like in
Figures (A) and (B). However there are important differences between the unilateral
case (J = N) and the bilateral case (J = Z). In the unilateral case, we show that
if T is hypercyclic on X then BT is hypercyclic on ℓp(X,N) and on c0(X,N).
Notice that BT can be hypercyclic on ℓp(X,N) or on c0(X,N) even if T is not
hypercyclic on X; it suffices to consider T = 2Id and X = K. On the other hand,
in the bilateral case, we have the nice following equivalence : BT is hypercyclic
on ℓp(X,Z) or c0(X,Z) if and only if T is weakly mixing on X. However, since
there exist hypercyclic operators that are not weakly mixing (see [27]), we deduce
that in the bilateral case, it is possible that T is hypercyclic on X but BT is not
hypercyclic on ℓp(X,Z) or on c0(X,Z)!

In section 3, we characterize when B(Tk) is mixing and we deduce that in the
bilateral case, T is mixing if and only if BT is mixing on ℓp(X,Z) or on c0(X,Z).
In view of the previous results, one can wonder if in the bilateral case, T is quasi-
conjugate to BT . By investigating the chaos, we will remark that the answer
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depends on p. Indeed, T is not quasi-conjugate to BT on ℓp(X,Z) for p > 1 or on
c0(X,Z) but T is always quasi-conjugate to BT on ℓ1(X,Z). We also show that if
B(Tk)k∈J∗ is chaotic on ℓp((Xk)k, J) (resp. c0((Xk)k, J)) then B(Tk)k∈J∗ is mixing
and frequently hypercyclic. However, unlike the case of weighted shifts, there exists
a mixing operator BT on c0(X,N) such that BT is not chaotic, and there exists a
frequently hypercyclic operator BT on ℓp(X,N) such that BT is not chaotic. We can
therefore show that the relations between the five investigated dynamical properties
for the family of operators (B(Tk)) are as depicted below and no other implication
is true.

Chaotic

Frequently hypercyclic

Mixing

Weakly mixing

Hypercyclic

Links for B(Tk) on ℓp((Xk)k, J)

Mixing

Chaotic

Frequently hypercyclic

Weakly mixing

Hypercyclic

Links for B(Tk) on c0((Xk)k, J)

In section 4, we interpret some classical hypercyclicity criteria on T in terms of
BT . More precisely, we remark that some version of the Kitai Criterion is equiv-
alent to require that BT is chaotic on c0(X,Z) and some version of the Frequent
Hypercyclicity Criterion is equivalent to require that BT is chaotic on ℓ1(X,Z). We
then investigate in depth the link between different versions of these criteria and
the dynamical properties of BT .

2. Hypercyclicity and weakly mixing

We recall that we will denote by J the set N (resp. Z) and by J∗ the set N\{1}
(resp. Z). Let (Xk, ∥ · ∥k)k∈J be Banach spaces and Tk ∈ L(Xk, Xk−1), k ∈ J∗.
We will also let

Tn,n = I ∈ L(Xn, Xn) and Tk,n = Tk+1 ◦ · · · ◦ Tn ∈ L(Xn, Xk) for k < n.

We will finally denote by Bk(x, r) the open ball in Xk centered at x with radius
r and by B(x, r) the open ball in the considered product space ℓp((Xk)k, J) or
c0((Xk)k, J). The shift B(Tk) (as defined in Definition 1.2) will give us an operator
on ℓp((Xk)k, J) or c0((Xk)k, J) as soon as supk∈J∗ ∥Tk∥ < ∞:

Proposition 2.1. The following assertions are equivalent:
(1) B(Tk) maps ℓp((Xk)k, J) (resp. c0((Xk)k, J)) in itself;
(2) supk∈J∗ ∥Tk∥ < ∞;
(3) B(Tk) is a continuous operator on ℓp((Xk)k, J) (resp. c0((Xk)k, J)).
Moreover, we have ∥B(Tk)∥ = supk∈J∗ ∥Tk∥.
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Proof. We perform the proof for ℓp((Xk)k, J) (the case of c0((Xk)k, J) being simi-
lar).

If supk∈J∗ ∥Tk∥ = K < ∞, then for any x ∈ ℓp((Xk)k, J), we have

∥B(Tk)x∥
p =

∑
k∈J∗

∥Tkxk∥pk−1 ≤
∑
k∈J∗

∥Tk∥p∥xk∥pk ≤ Kp∥x∥p.

The map B(Tk) is thus continuous and ∥B(Tk)∥ ≤ supk∈J∗ ∥Tk∥.
On the other hand, if B(Tk) is a continuous operator on ℓp((Xk)k, J) then for

any k ∈ J∗, we have

∥Tk∥ = sup
xk∈Xk,
∥xk∥k≤1

∥Tkxk∥k−1 ≤ sup
x∈ℓp((Xk)k,J),

∥x∥≤1

∥B(Tk)x∥ = ∥B(Tk)∥,

since ∥(0, . . . , 0, xk, 0, . . . )∥ = ∥xk∥k. The assertion (2) is thus equivalent to (3) and

∥B(Tk)∥ = sup
k≥1

∥Tk∥.

We also remark that each coordinate map Pn : ℓp((Xk)k, J) → Xn defined by
Pn((xk)k∈J) = xn is continuous. Therefore, if B(Tk) maps ℓp((Xk)k, J) in itself, we
deduce that B(Tk) is continuous by using the closed graph theorem. Finally, since
it is obvious that (3) implies (1), we get the desired result. □

It is well-known that if a hypercyclic operator T possesses a dense set of vectors
whose orbits tend to 0 then T is weakly mixing (see [14]). We can therefore deduce
that in the unilateral case, every hypercyclic operator B(Tk) on ℓp((Xk)k,N) or
c0((Xk)k,N) is actually weakly mixing. To this end, we first investigate in terms of
(Tk)k∈N\{1} when B(Tk) is hypercyclic (or equivalently weakly mixing).

Proposition 2.2. Let B(Tk) be an operator on ℓp((Xk)k,N) (resp. c0((Xk)k,N)).
The following assertions are equivalent:
(1) B(Tk) is hypercyclic;
(2) B(Tk) is weakly mixing;
(3) For every N ≥ 1, for every (Uj)1≤j≤N , where each set Uj is a non-empty open

subsets of Xj, there exists n ≥ 1 such that for every 1 ≤ j ≤ N

Tj,j+nBj+n(0, 1) ∩ Uj ̸= ∅.

Proof. We already know that B(Tk) is weakly mixing if and only if B(Tk) is hyper-
cyclic.
Assume now that B(Tk) is hypercyclic. Let N ≥ 1, and (Uj)1≤j≤N where each set
Uj is a non-empty open subset of Xj . We can consider ε > 0 and x such that for
every 1 ≤ j ≤ N , Bj(xj , ε) ⊂ Uj and xj = 0, for j > N . Let y be a hypercyclic
vector for B(Tk) with ∥y∥ < 1. We pick n ≥ 1 such that

∥Bn
(Tk)

y − x∥ < ε.

If 1 ≤ j ≤ N , we deduce that yj+n ∈ Bj+n(0, 1) and that

Tj,j+nyj+n ∈ Bj(xj , ε) ⊂ Uj .

In other words, the assertion (3) is satisfied.

On the other hand, assume that for every N ≥ 1 and every (Uj)1≤j≤N where Uj

is a non-empty open subset in Xj , there exists n ≥ 1 such that for every 1 ≤ j ≤ N ,

Tj,j+nBj+n(0, 1) ∩ Uj ̸= ∅.
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Since B(Tk)k has a dense generalized kernel, we can deduce that B(Tk)k is topologi-
cally transitive and thus hypercyclic (and even weakly mixing), if we show that for
every ε > 0, every x ∈ c00((Xk)k,N) (the space of finitely supported sequences),
there exists n ≥ 1 such that

Bn
(Tk)

(B(0, ε)) ∩B(x, ε) ̸= ∅.

Let ε > 0 and x ∈ c00((Xk)k,N). We consider N ≥ 1, such that if j > N then
xj = 0, and the open sets (Uj)1≤j≤N given by Uj = Bj(

N
ε xj , 1). We deduce from

our assumption that there exists n ≥ 1 such that for every 1 ≤ j ≤ N ,

Tj,j+nBj+n(0, 1) ∩ Uj ̸= ∅.
For every 1 ≤ j ≤ N , there thus exists x′

j+n ∈ Xj+n such that ∥x′
j+n∥j+n < 1 and

Tj,j+nx
′
j+n ∈ Uj . If we complete by letting x′

j = 0 for j ≤ n or j > n + N , we
deduce that ε

N x′ ∈ B(0, ε) and

Bn
(Tk)

(
ε

N
x′) ∈ B(x, ε).

We can thus conclude the proof. □

In the case of an operator BT , it is natural to investigate the link between the
dynamical properties of T and BT . The third condition in Proposition 2.2 can be
simplified as follows in this case.

Corollary 2.3. Let BT be an operator on ℓp(X,N) or c0(X,N). The following
assertions are equivalent:
(1) BT is hypercyclic;
(2) BT is weakly mixing;
(3) for any N ≥ 0, any family (Uj)1≤j≤N of non-empty open sets in X,

NT (BX(0, 1), U1) ∩ · · · ∩NT (BX(0, 1), UN ) ̸= ∅.

In particular, if T is weakly mixing, then BT is hypercyclic. Since there exist
hypercyclic operators which are not weakly mixing, we can wonder if under the
assumption that T is hypercyclic then BT is hypercyclic (and hence weakly mixing).

Proposition 2.4. If T is hypercyclic on X, then BT is hypercyclic on ℓp(X,N)
and c0(X,N).

Proof. Let N ≥ 1 and a family (Uj)1≤j≤N of non-empty open sets in X. By
topological transitivity of T , setting U ′

N = UN , we may find, for each 2 ≤ j ≤
N , an integer mj ∈ N and a non-empty open subset U ′

j−1 ⊂ Uj−1 such that
TmjU ′

j−1 ⊂ U ′
j . By continuity of T , we may also choose a neighbourhood W of 0

such that T iW ⊂ BX(0, 1), for each 0 ≤ i ≤ m2+· · ·+mN . Again using topological
transitivity, we pick m1 ∈ N such that Tm1W ∩ U ′

1 ̸= ∅. Therefore, there is x ∈ W
such that Tm1x ∈ U ′

1. This implies that Tm1+···+mix ∈ U ′
i for each 1 ≤ i ≤ N .

Since, for i ≥ 2, Tm2+···+mix ∈ B(0, 1), we conclude that

m1 ∈ NT (BX(0, 1), U1) ∩ · · · ∩NT (BX(0, 1), UN )

which gives that BT is hypercyclic by Corollary 2.3. □

Notice that BT can be hypercyclic on ℓp(X,N) or c0(X,N) even if T is not
hypercyclic. A simple example is given by T = 2Id on K. In particular, there
exists some operator T such that T is not quasi-conjugate to BT on ℓp(X,N)



DYNAMICS OF WEIGHTED SHIFTS ON ℓp-SUMS AND c0-SUMS 7

or c0(X,N). However, in some cases, the operator T can be quasi-conjugate to BT

on ℓp(X,N) or c0(X,N). This is the subject of the following result.

Proposition 2.5. Let T = B(Tk) be an operator on X = ℓp((Xk)k,N) (resp.
c0((Xk)k,N))). The operator T is quasi-conjugate to BT on ℓp(X,N) (resp. c0(X,N)).

Proof. Let Y = ℓp(X,N) or c0(X,N). It suffices to consider the continuous map
ϕ : Y → X given by

ϕ : ((x1,1, x1,2, . . . ), (x2,1, x2,2, . . . ), . . . ) 7→ (x1,1, x2,2, . . . ).

It is not difficult to check that ϕ is a linear surjective contraction, which satisfies
that ϕ ◦BT = T ◦ ϕ. □

Remark 2.6. Notice that for every operator B(Tk)k∈Z defined on ℓp((Xk)k,Z) (resp.
c0((Xk)k,Z))), the restriction B(Tk)k∈N on ℓp((Xk)k,N) (resp. c0((Xk)k,N))) is
always quasi-conjugate to B(Tk)k∈Z on ℓp((Xk)k,Z) (resp. c0((Xk)k,Z))).

In particular, if T is a weighted shift on X = ℓp(N) (resp. c0(N)) or a weighted
shift on trees then T is quasi-conjugate to BT on ℓp(X, J) (resp. c0(X, J)). We
will use several times this fact to establish different counterexamples.

As we will see below, there will be several differences between the unilateral
case and the bilateral case. We can already notice that there is no operator T on
K such that BT is hypercyclic on ℓp(K,Z) or c0(K,Z). Let’s start by adapting
Proposition 2.2 to the bilateral case.

Proposition 2.7. On c0((Xk)k,Z) and ℓp((Xk)k,Z) with 1 ≤ p < ∞, the following
assertions are equivalent:

(1) B(Tk) is hypercyclic;
(2) B(Tk) is weakly mixing;
(3) for every N ≥ 1, for every (Uj)−N≤j≤N , (Vj)−N≤j≤N where the sets Uj

and Vj are non-empty open subsets in Xj, there exists n such that for every
−N ≤ j ≤ N ,

Tj−n,jUj ∩Bj−n(0, 1) ̸= ∅ and Tj,j+nBj+n(0, 1) ∩ Vj ̸= ∅.
Proof. Assume that B(Tk) is hypercyclic. Let N ≥ 1, (Uj)−N≤j≤N and (Vj)−N≤j≤N

where Uj and Vj are non-empty open subsets in Xj . We can consider 0 < ε < 1
and x, y such that for every −N ≤ j ≤ N , Bj(xj , ε) ⊂ Uj , Bj(yj , ε) ⊂ Vj , and
xj = yj = 0 for |j| > N . Let z be a hypercyclic vector for B(Tk) with ∥z − x∥ < ε.
We pick n > 2N such that

∥Bn
(Tk)

z − y∥ < ε.

If −N ≤ j ≤ N , we deduce that zj ∈ Bj(xj , ε) ⊂ Uj and that

Tj−n,jzj ∈ Bj−n(0, ε) ⊂ Bj−n(0, 1).

Similarly, we get that if −N ≤ j ≤ N , zj+n ∈ Bj+n(0, ε) ⊂ Bj+n(0, 1) and that

Tj,j+nzj+n ∈ Bj(yj , ε) ⊂ Vj .

We have thus shown that (1) =⇒ (3).

On the other hand, assume that for every N ≥ 1, for every (Uj)−N≤j≤N ,
(Vj)−N≤j≤N where Uj and Vj are non-empty open subsets in Xj , there exists n
such that for every −N ≤ j ≤ N ,

Tj−n,jUj ∩Bj−n(0, 1) ̸= ∅ and Tj,j+nBj+n(0, 1) ∩ Vj ̸= ∅.
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In order to deduce that B(Tk
is weakly mixing, it is enough to show that for every

ε > 0, every x, y ∈ c00((Xk)k,Z), there exists n such that

Bn
(Tk)

(B(x, ε)) ∩B(0, ε) ̸= ∅ and Bn
(Tk)

(B(0, ε)) ∩B(y, ε) ̸= ∅ (see [8], [22]).

Let ε > 0 and x, y ∈ c00((Xk)k,Z). We consider N such that if |j| > N then
xj = yj = 0. Let (Uj)−N≤j≤N and (Vj)−N≤j≤N be given by Uj = B( (2N+1)

ε xj , 1)

and Vj = B( (2N+1)
ε yj , 1). We deduce from our assumption that there exists n such

that for every −N ≤ j ≤ N ,

Tj−n,jUj ∩Bj−n(0, 1) ̸= ∅ and Tj,j+nBj+n(0, 1) ∩ Vj ̸= ∅.

For every −N ≤ j ≤ N , there thus exist x′
j ∈ Uj such that ∥Tj−n,nx

′
j∥j−n < 1 and

y′j+n ∈ Xj+n such that ∥y′j+n∥j+n < 1 and Tj,j+ny
′
j+n ∈ Vj . If we let x′

j = 0 if
|j| > N and y′j+n = 0 if |j| > N , we deduce that ε

2N+1x
′ ∈ B(x, ε) and that

Bn
(Tk)k

(
ε

2N + 1
x′) ∈ B(0, ε)

and we also deduce that ε
2N+1y

′ ∈ B(0, ε) and

Bn
(Tk)k

(
ε

2N + 1
y′) ∈ B(y, ε).

Since every weakly mixing operator is hypercyclic, we get the desired equivalences
□

If we consider the operator BT on c0(X,Z) and ℓp(X,Z), we then get the fol-
lowing characterization.

Corollary 2.8. On c0(X,Z) and ℓp(X,Z) with 1 ≤ p < ∞, the following assertions
are equivalent:

(1) BT is hypercyclic;
(2) BT is weakly mixing;
(3) T is weakly mixing on X.

Proof. Since Tk = T for any k, Condition (3) in Proposition 2.7 can be replaced
by:
for every N ≥ 1, every (Uj)−N≤j≤N , (Vj)−N≤j≤N where Uj and Vj are non-empty
open subsets in X, there exists n such that for every −N ≤ j ≤ N ,

TnUj ∩BX(0, 1) ̸= ∅ and TnBX(0, 1) ∩ Vj ̸= ∅.

By linearity, we can replace BX(0, 1) by any open ball centered at 0 and thus by
any neighbourhood of 0. Condition (3) is therefore equivalent to require that every
direct sum T ⊕ · · · ⊕ T is weakly mixing (see [8], [22]). Moreover, every direct sum
T ⊕ · · · ⊕ T is weakly mixing if and only if T is weakly mixing ([12]). □

We notice that unlike the unilateral case, there exists a hypercyclic operator T
on X such that BT is not hypercyclic on c0(X,Z) (resp. ℓp(X,Z)). It suffices to
consider for T a hypercyclic operator which is not weakly mixing ([27]). Therefore
we can deduce that BT is not quasi-conjugate to T on ℓp(X,Z) or c0(X,Z).
On the other hand, while a bilateral weighted shift Bw on c0(K,Z) or ℓp(K,Z) can
never be hypercyclic if w is constant, the operator B(Tk) can be hypercyclic under
the condition that Tk = T for every k. However, it is only possible if T is weakly
mixing on X and thus if X is infinite-dimensional.
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3. Mixing, Chaos and Frequent hypercyclicity

In this section, we investigate three strong dynamical properties that imply hy-
percyclicity : mixing, chaos and frequent hypercyclicity. This study will allow us to
prove that for the operator BT , we do not have in general the equivalence between
chaos and frequent hypercyclicity on ℓp(X, J) and we do not have the equivalence
between chaos and mixing on c0(X, J).

3.1. Mixing. We start by characterizing when B(Tk) is mixing in terms of the
sequence (Tk). We give below the proof for the bilateral case. The characteriza-
tion in the unilateral case can easily be obtained by adapting the following proof.
Moreover, in view of the characterization obtained in Proposition 2.7, the following
characterization is not surprising.

Proposition 3.1. On ℓp((Xk)k,Z) with 1 ≤ p < ∞ and c0((Xk)k,Z), the following
assertions are equivalent:

(1) B(Tk) is mixing;
(2) for every j ∈ Z, for every non-empty open subsets Uj, Vj of Xj, there exists

n0 such that for every n ≥ n0

Tj−n,jUj ∩Bj−n(0, 1) ̸= ∅ and Tj,j+nBj+n(0, 1) ∩ Vj ̸= ∅.

Proof. We first show that (1) ⇒ (2). Let j ∈ Z and some non-empty open subsets
Uj and Vj of Xj . Since the projection Pj onto the j-th coordinate is bounded and
since B(Tk) is mixing, there exists n0 such that for every n ≥ n0,

Bn
(Tk)

(P−1
j (Uj)) ∩B(0, 1) ̸= ∅ and P−1

j (Vj) ∩Bn
(Tk)

(B(0, 1)) ̸= ∅.

Since Pl(B(0, 1)) ⊂ Bl(0, 1) for any l ∈ Z, we get (2).

We now show that (2) ⇒ (1). The operator B(Tk) is mixing if and only if all
the sets NB(Tk)

(U,W ) and NB(Tk)
(W,V ) are cofinite when U and V are non-empty

open subsets of ℓp((Xk)k,Z) (resp. c0((Xk)k,Z)) and W is a neighbourhood of
zero ([18]). By the homogeneity of the norm, it is enough to show that the sets
NB(Tk)

(U,B(0, 1)) and NB(Tk)
(B(0, 1), V ) are cofinite.

Let U and V be non-empty open subsets of ℓp((Xk)k,Z) (resp. c0((Xk)k,Z)).
We consider N ≥ 1, x ∈ U and y ∈ V such that xj = yj = 0 for |j| > N . We then
select for all −N ≤ j ≤ N , Uj and Vj open subsets of Xj such that

x ∈ · · ·×{0}×
N∏

j=−N

Uj×{0}×· · · ⊂ U and y ∈ · · ·×{0}×
N∏

j=−N

Vj×{0}×· · · ⊂ V.

By (2), there exists n0 such that for each n ≥ n0 and each |j| ≤ N , we can find
wj ∈ (2N + 1)Uj and zj+n ∈ Bj+n(0, 1) such that Tj−n,jwj ∈ Bj−n(0, 1) and
Tj,j+nzj ∈ (2N + 1)Vj . Then we have that

w = (. . . , 0, 0,
w−N

2N + 1
, . . . ,

wN

2N + 1
, 0, 0, . . . ) ∈ U

and for every n ≥ n0, Bn
(Tk)

w ∈ B(0, 1). Similarly,

z = (. . . , 0, 0,
z−N+n

2N + 1
, . . . ,

zn+N

2N + 1
, 0, 0, . . . ) ∈ B(0, 1)

and for every n ≥ n0, Bn
(Tk)

z ∈ V which concludes the proof. □
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In particular, if each operator Tk is equal to T , Condition (2) in Proposi-
tion 3.1 is equivalent to require that for every non-empty open set U in X, the
sets NT (B(0, 1), U) and NT (U,B(0, 1)) are cofinite. Since this is equivalent to re-
quire that T is mixing (see [18]), we deduce that in the bilateral case, BT is mixing
if and only if T is mixing.

Corollary 3.2. On c0(X,Z) and ℓp(X,Z) with 1 ≤ p < ∞, the following assertions
are equivalent:

(1) BT is mixing;
(2) T is mixing on X.

In the unilateral case, we can benefit from the dense generalized kernel and adapt
the proof of Proposition 3.1 to get the following statement.

Proposition 3.3. Assume that B(Tk) is an operator on ℓp((Xk)k,N) (resp. on
c0((Xk)k,N)). The following assertions are equivalent:
(1) B(Tk) is mixing;
(2) for every j ∈ N, every non-empty open subset Uj of Xj, there exists n0 such

that for every n ≥ n0,

Tj,j+n(Bj+n(0, 1)) ∩ Uj ̸= ∅.

We immediately get the following characterization for BT .

Corollary 3.4. On c0(X,Z) and ℓp(X,Z) with 1 ≤ p < ∞, the following assertions
are equivalent:
(1) BT is mixing;
(2) for any non-empty open set U in X,

NT (BX(0, 1), U) is cofinite.

In particular, if T is mixing on X then BT is mixing on ℓp(X,N) and on c0(X,N).

Notice that BT can be mixing even if T is not hypercyclic. It suffices to consider
again T = 2Id on K.

3.2. Chaos. In view of all the above results, we cannot yet deduce if in general,
BT is quasi-conjugate to T in the unilateral context, and if in general, T is quasi-
conjugate to BT in the bilateral one. The study of chaos will provide us with an
answer to these two questions.

Proposition 3.5. The operator B(Tk) is chaotic on ℓp((Xk)k, J) with 1 ≤ p < ∞
(resp. on c0((Xk)k, J)) if and only if for every k ∈ J , there exists a set Dk in Xk

such that span(Dk) is dense in Xk and such that for every xk ∈ Dk, there exists
(xn)n≥k+1 such that Tnxn = xn−1 for any n ≥ k + 1 and such that

• if J = N,

(0, · · · , 0, xk, xk+1, · · · ) ∈ ℓp((Xk)k,N) (resp. c0((Xk)k,N)),

• if J = Z,

(· · · , Tk−2,kxk, Tk−1,kxk, xk, xk+1, · · · ) ∈ ℓp((Xk)k,Z) (resp. c0((Xk)k,Z)).

Moreover, if B(Tk) is chaotic on ℓp((Xk)k, J) (resp. c0((Xk)k, J)) then B(Tk) is
mixing on ℓp((Xk)k, J) (resp. c0((Xk)k, J)).
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Proof. We perform the proof in the bilateral case. Let us assume that B(Tk) is
chaotic. Let i ∈ Z and Ui be a non-empty open subset of Xi. By density of the
periodic points, there exists a periodic point (xj)j∈Z for B(Tk) such that xi ∈ Ui.
Let d be the period of (xj)j∈Z for B(Tk). We consider the sequence (yj)j∈Z defined
by

yj =

{
xj , if j ∈ i+ dZ,
0, otherwise.

The sequence (yj)j∈Z is thus also a periodic point with period d for B(Tk) and by
letting

(zj)j∈Z := (I +B(Tk) + · · ·+Bd−1
(Tk)

)((yj)j∈Z),

we get a fixed point for B(Tk) with zi = xi ∈ Ui. We then get the first implication.

On the other hand, we first observe that we may assume that Dk is dense for
every k (since the validity of the assumptions for Dk implies their validity for
span(Dk)). Now, let Ui be a non-empty open set of Xi and xi ∈ Di ∩ Ui. There
exists a sequence (xn)n≥i+1 such that Tnxn = xn−1 for any n ≥ i+1 and such that

y := (· · · , Ti−2,ixi, Ti−1,ixi, xi, xi+1, · · · ) ∈ ℓp((Xk)k,Z)) (resp. c0((Xk)k,Z)).

For every d ≥ 1, the sequence y(d) defined by

y
(d)
j =

{
yj , if j ∈ i+ dZ,
0, otherwise

is a periodic point for B(Tk) of period d and (y(d))d tends to the sequence (. . . , 0, xi, 0, . . . )
as d → ∞ in ℓp((Xk)k,Z)) (resp. in c0((Xk)k,Z)). Since the finitely supported se-
quences are dense in ℓp((Xk)k,Z)) (resp. in c0((Xk)k,Z)) and the set of periodic
points form a linear subspace, we may conclude that B(Tk) has a dense set of pe-
riodic points. Finally, we observe that if Ui is a non-empty open subset of Xi, we
have by considering a fixed point x for B(Tk) with xi ∈ Ui that there exists n0 such
that for every n ≥ n0,

Ti,i+nBi+n(0, 1) ∩ Ui ̸= ∅.
In the same way, if Vi is a non-empty open subset of Xi, we have by considering a
fixed point x for B(Tk) with xi ∈ Vi that there exists n0 such that for every n ≥ n0,

Ti−n,iVi ∩Bi−n(0, 1) ̸= ∅.
Hence B(Tk) is hypercyclic and even mixing by Proposition 3.1. □

Corollary 3.6. The operator BT is chaotic on ℓp(X, J) with 1 ≤ p < ∞ (resp. on
c0(X, J)) if and only if there exists a set D in X such that span(D) is dense in X
and such that for every x1 ∈ D, there exists (xn)n≥2 such that Tnxn = xn−1 for
any n ≥ 2 and such that

• if J = N,

(x1, x2, · · · ) ∈ ℓp(X,N) (resp. c0(X,N)),
• if J = Z,

(· · · , T 2x1, Tx1, x1, x2, · · · ) ∈ ℓp(X,Z) (resp. c0(X,Z)).

We remark that unlike the properties of hypercyclicity, weak mixing and mixing,
chaos cannot always be transferred from T to BT on c0(X,N) or ℓp(X,N).
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Proposition 3.7. There exists an operator T on a Hilbert space X such that T is
chaotic but the only periodic point of BT in ℓp(X, J) for any 1 ≤ p < ∞ or c0(X,J)
is zero. In particular, T is chaotic on X but BT is not chaotic on ℓp(X, J) for any
1 ≤ p < ∞ nor on c0(X,J).

Proof. We know thanks to Badea and Grivaux [1, Corollary 4.7] that there exists
a chaotic operator Sδ on a Hilbert space X such that supk ∥S

nk

δ ∥ < ∞ for an
increasing sequence (nk). It implies that for any d ≥ 1, supk ∥S

nkd
δ ∥ < ∞. If we

now assume that x is a periodic point for BSδ
of period d then for any k, n ∈ N, we

get
∥xn∥ = ∥Snkd

δ xn+nkd∥ ≤ ∥Snkd
δ ∥∥xn+nkd∥ −−−−→

k→∞
0

and thus x = 0. □

In particular, the above proposition implies that for some operator T , the oper-
ator BT is not quasi-conjugate to T on ℓp(X,N) or c0(X,N). Obviously, by
considering T = 2Id on K, we also have an example of operator T such that BT is
chaotic on ℓp(X,N) or c0(X,N) but T is not. One can wonder if when we consider
the bilateral case, under the condition that BT is chaotic, we can deduce that T is
chaotic. We will see that the answer will depend on the value of p.

Proposition 3.8. There exist a Banach space X and an operator T on X such
that BT is chaotic on ℓp(X,Z) for any 1 < p < ∞ and on c0(X,Z) but T is not
chaotic on X.

Proof. Let X = ℓ1(K,Z) and T the bilateral weighted shift Bw with wn = 2 if
n ≥ −1 and wn = n+1

n otherwise. We then have that for every n ≥ 2

w−n · · ·w−2 = 1/n.

The operator T is therefore not chaotic on X since the series
∑∞

n=2 |w−n · · ·w−2|
is divergent. However, we can deduce from Corollary 3.6 that BT is chaotic on
ℓp(X,Z) for any 1 < p < ∞ and on c0(X,Z). Indeed, if we consider D = c00(K,Z)
and x1 ∈ D then we can let xn = Fn−1

v x1 for every n ≥ 2 where Fv is the forward
shift associated to the weights vn = 1/wn+1 so that BwFv = Id. It follows that

(· · · , B2
wx1, Bwx1, x1, x2, · · · ) ∈ ℓp(X,Z) for every p > 1

since for n sufficiently big, ∥xn+1∥ = ∥xn∥/2 and ∥Bn
wx1∥ ≤ C ∥x1∥

n for some con-
stant C > 0. □

We deduce from the previous result that in general, T is not quasi-conjugate
to BT on ℓp(X,Z) for 1 < p < ∞ or on c0(X,Z). However, the situation is
surprisingly different on ℓ1(X,Z).

Proposition 3.9. Every operator T on X is quasi-conjugate to BT on ℓ1(X,Z).

Proof. Let Y = ℓ1(X,Z). It suffices to consider the continuous map ϕ : Y → X
given by

ϕ : (xn)n∈Z 7→
∑
n∈Z

xn.

Since (xn)n∈Z ∈ ℓ1(X,Z), the series
∑

n∈Z xn is well-defined and the map ϕ is
actually a linear surjective contraction, which satisfies that ϕ ◦BT = T ◦ ϕ. □
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We have seen that if B(Tk) is chaotic then B(Tk) is mixing. For the usual unilateral
weighted backward shifts acting on c0(K, J), the converse is also true. We end up
this section by showing that this equivalence is not true for BT on c0(X, J). Notice
that on ℓp(X, J) with 1 ≤ p < ∞, we can easily get such an example by considering
T = Bw the unilateral weighted shift with wn = (n+1

n )
1
p on X = ℓp(K,N). Indeed,

since T is mixing, BT is mixing on ℓp(X, J) (Corollary 3.4) but since T is not
chaotic, BT cannot be chaotic on ℓp(X, J) by Proposition 2.5 and Remark 2.6. Our
approach for c0(X,N) is similar except that we will not find such a counter-example
by considering unilateral weighted shifts on c0(K,N). However we will find such a
counterexample in the family of weighted shifts on directed trees. Such an example
can already be found in [17, Example 9.10 (b)] under additional assumptions such
as never having infinitely many children. We give here another example relying on
the contrary on this possibility of trees to have infinitely many branches from a
vertex. Moreover, this example will also be used in the proof of Theorem 4.3.

Proposition 3.10. There exists a rooted directed tree (V,E) and a weighted shift
on c0(V ) that is mixing but not chaotic. Consequently, there exists a Banach space
X and an operator T on X such that BT is mixing on c0(X, J) but not chaotic on
c0(X,J).

Proof. We first explain the construction of the tree that we will consider. We
start by denoting the root e

(1)
1 . We then add a finite branch of each size from

the root that we will denote e
(1,n1)
j for 1 ≤ j ≤ n1. In other words, we have

Chi(e(1)1 ) = {e(1,n1)
1 : n1 ≥ 1} and for each 1 ≤ j < n1, Chi(e(1,n1)

j ) = {e(1,n1)
j+1 }. We

continue by adding from each vertex e
(1,n1)
n1 a finite branch of each size that we will

denote e
(1,n1,n2)
j for 1 ≤ j ≤ n2. At the end, for each (1, n1, . . . , nk) ∈ N , where

N = {(n0, n1, . . . , nk) : n0 = 1, k ≥ 0, ni ∈ N for any 1 ≤ i ≤ k},
we get

Chi(e(1,n1,...,nk)
nk

) = {e(1,n1,...,nk,nk+1)
1 : nk+1 ≥ 1}

and for all 1 ≤ j < nk,

Chi(e(1,n1,...,nk)
j ) = {e(1,n1,...,nk)

j+1 }.

Given (1, n1, . . . , nk) ∈ N , we consider an integer N (1,n1,...,nk) ≥ 1 such that for
any k, n,

N (1,n1,...,nk,n) = N (1,n1,...,nk,1) + n− 1 and N (1,n1,...,nk,1) ≥ 2nk.

We can now define our weighted shift T on c0(V ) as follows:

• Te
(1)
1 = 0,

• Te
(1,n1,...,nk)
j = 4e

(1,n1,...,nk)
j−1 if 2 ≤ j ≤ nk,

• Te
(n0,n1,...,nk)
1 = 2−N(n0,n1,...,nk)

e
(n0,n1,...,nk−1)
nk−1 where n0 = 1 and k ≥ 1.

We remark that T is bounded since for any k ≥ 1
∞∑

nk=1

2−N(1,n1,...,nk)

≤ 1.

We first prove that T is mixing. Let U1, U2 be two non-empty open sets in c0(V ).
We consider x ∈ U1∩c00(V ) and y ∈ U2∩c00(V ). Since our directed tree has a root,
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it is clear that there exists N0 such that for any n ≥ N0, Tnx = 0. On the other
hand, it is possible to find for each n a vector Sny such that TnSny = y and Sny
tends to 0 when n tends to infinity. This can be easily done by relying on a different
branch for each n. Indeed, if y =

∑
(n0,n1,...,nk)∈F

∑nk

j=1 y(n0,n1,...,nk),je
(n0,n1,...,nk)
j

for some finite set F ⊂ N then by letting

Sny =
∑

(n0,n1,...,nk)∈F

nk−n∑
j=1

y(n0,n1,...,nk),j

4n
e
(n0,n1,...,nk)
j+n

+

nk∑
j=max{1,nk−n+1}

2N
(n0,n1,...,nk,n)

4n−1
y(n0,n1,...,nk),je

(n0,n1,...,nk,n)
j+n−nk

 ,

we can compute that for any n, TnSny = y and Sny tends to 0 when n tends to
infinity since for any (n0, n1, . . . , nk) ∈ F , we have

2N
(n0,n1,...,nk,n)

4n−1
=

2N
(n0,n1,...,nk,1)+n−1

4n−1
→ 0.

By considering x + Sny, we now deduce that there exists N1 such that for any
n ≥ N1, TnU1 ∩ U2 ̸= ∅.

Let’s show that T is not chaotic. We first remark that T can be seen as an
operator B(Tk) defined on c0((Xk)k,N) where Xk is the c0-space supported by the
elements in Chik−1(e

(1)
1 ) and Tk is the restriction of T on Xk. It follows from

Proposition 3.5 that if T is chaotic then T possesses a fixed point x such that the
coordinate x

(1)
1 has an absolute value bigger than 1. Assuming that such a vector x

exists, we show that for any (n0, . . . , nk) ∈ N , if |x(n0,...,nk)
1 | ≥ 1 then there exists

n ≥ 1 such that |x(n0,...,nk,n)
1 | ≥ 1. This will contradict the fact that x ∈ c0(V ). If x

is a fixed point for T then for any (n0, . . . , nk) ∈ N , x(n0,...,nk)
nk = 4−nk+1x

(n0,...,nk)
1

and since

x(n0,...,nk)
nk

=

∞∑
n=1

T (x
(n0,...,nk,n)
1 e

(n0,...,nk,n)
1 ),

there exists n ≥ 1 such that

∥T (x(n0,...,nk,n)
1 e

(n0,...,nk,n)
1 )∥ ≥ 2−n4−nk+1|x(n0,...,nk)

1 |.

Therefore, if |x(n0,...,nk)
1 | ≥ 1, we conclude that there exists n ≥ 1 such that

|x(n0,...,nk,n)
1 | ≥ 2N

(n0,...,nk,n)

2−n4−nk+1|x(n0,...,nk)
1 |

≥ 2N
(n0,...,nk,1)−2nk ≥ 1

by our assumption on N (n0,...,nk,1).
The first part of our statement is thus proved and for the second part, it suffices

to use Corollary 3.4 (or Corollary 3.2) and Proposition 2.5 (or Remark 2.6) to
conclude that BT is mixing but not chaotic on c0(c0(V ), J). □

3.3. Frequent hypercyclicity. For the usual weighted shifts, we can use the char-
acterization obtained for chaos in terms of weights to show that all chaotic weighted
shifts are frequently hypercyclic. This is done by using the following criterion [9].
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Theorem 3.11. Let X be a separable Banach space and T ∈ L(X). Suppose that
there are a dense subset X0 of X and mappings Sn : X0 → X such that for all
x ∈ X0, the following assertions hold:

(1)
∑k

n=0 T
kSk−nx converges unconditionally in X, uniformly in k,

(2)
∑∞

n=0 T
kSk+nx converges unconditionally in X, uniformly in k,

(3)
∑∞

n=0 Snx converges unconditionally in X,
(4) TnSnx → x,

then T is frequently hypercyclic.

This link between chaos and frequent hypercyclicity for weighted shifts can be
extended to the operators (B(Tk)).

Proposition 3.12. On ℓp((Xk)k, J) with 1 ≤ p < ∞ or on c0((Xk)k, J), if B(Tk)

is chaotic then B(Tk) is frequently hypercyclic.

Proof. We perform the proof for J = Z. Let Y = ℓp((Xk)k, J) with 1 ≤ p < ∞
or Y = c0((Xk)k, J). We show that if B(Tk) is chaotic then we can apply Theorem
3.11. By Proposition 3.5 and its proof, for each k ∈ Z, there exists a dense subset
Dk of Xk satisfying that for every xk ∈ Dk, there exists (xn)n≥k+1 such that
Tnxn = xn−1 for any n ≥ k + 1 and such that

(· · · , Tk−2,kxk, Tk−1,kxk, xk, xk+1, · · · ) ∈ Y.

Let X0 := c00((Dk)k,Z). For each n ≥ 0, for each xi ∈ Di, we set

Sn((. . . , 0, 0, xi︸︷︷︸
i−position

, 0, 0 . . . )) = (. . . , 0, 0, xi+n︸︷︷︸
(i+n)−position

, 0, 0, . . . )

where xi+n is chosen as above. We then extend Sn in a natural way to the finitely
supported sequences in X0. It is immediate that Bn

(Tk)
Snx = x for every x ∈ X0.

Moreover, for each xi ∈ Di, we have
∞∑

n=1

Sn((. . . , 0, 0, xi︸︷︷︸
i−position

, 0, 0 . . . )) = (. . . , 0, 0, 0, xi+1, xi+2, . . . ) ∈ Y,

and we deduce that
∑∞

n=0 Snx converges unconditionally in Y for all x ∈ X0.
Finally, for each xi ∈ Di and l ∈ N, we have
l∑

n=0

Bl
(Tk)

Sl−n((. . . , 0, 0, xi︸︷︷︸
i−position

, 0, 0 . . . )) = (· · · , 0, Ti−l,ixi, . . . , Ti−1,ixi, xi, 0, · · · )

and
∞∑

n=0

Bl
(Tk)

Sl+n((. . . , 0, 0, xi︸︷︷︸
i−position

, 0, 0 . . . )) = (. . . , 0, xi, xi+1, xi+2, . . . ).

From the fact that (· · · , Tk−2,kxk, Tk−1,kxk, xk, xk+1, · · · ) ∈ Y , we may conclude
that the series above converge unconditionally in Y , uniformly in l and hence that
B(Tk) is frequently hypercyclic. □

Bayart and Ruzsa showed in [4] the impressive result that on ℓp(K, J), a weighted
shift Bw is chaotic if and only if Bw is frequently hypercyclic. We can wonder if
this equivalence is still true in the context of the operators B(Tk) on ℓp((Xk)k, J)
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with 1 ≤ p < ∞. The approach of Bayart and Ruzsa allows us to get the following
result.

Theorem 3.13. If B(Tk) is frequently hypercyclic on ℓp((Xk)k, J) with 1 ≤ p < ∞
then for any k ∈ J , any non-empty open set Uk ⊂ Xk,∑

n≥1

inf{∥z∥pk+n : z ∈ T−1
k,k+nUk} < ∞

and if J = Z, we also have∑
n≥1

inf{∥z∥pk−n : z ∈ Tk−n,kUk} < ∞.

Proof. We again perform the proof for J = Z. Assume that B(Tk) is frequently
hypercyclic and that x ∈ ℓp((Xk)k,Z) is a frequently hypercyclic vector for B(Tk).
Let k ∈ Z and Uk ⊂ Xk be a non-empty open set. Let yk ∈ Uk\{0} and ε > 0 be
such that ∥yk∥k ≥ 2ε and Bk(yk, ε) ⊂ Uk. Let

A = {n ≥ 0 : ∥Bn
(Tk)

x− (. . . , 0, 0, yk︸︷︷︸
k−position

, 0, 0 . . . )∥p < ε}.

It follows that dens(A) > 0. If n ∈ A, we have

εp ≥
∑
m<n

∥Tk+m−n,k+mxk+m∥pk+m−n +
∑
m>n

∥Tk+m−n,k+mxk+m∥pk+m−n

≥
∑

m<n,m∈A

∥Tk+m−n,k+mxk+m∥pk+m−n +
∑

m>n,m∈A

∥Tk+m−n,k+mxk+m∥pk+m−n

while∑
m<n,m∈A

∥Tk+m−n,k+mxk+m∥pk+m−n =
∑

m<n,m∈A

∥Tk+m−n,kTk,k+mxk+m∥pk+m−n

≥
∑

m<n,m∈A

inf
z∈Bk(yk,ε)

∥Tk+m−n,kz∥pk+m−n

and∑
m>n,m∈A

∥Tk+m−n,k+mxk+m∥pk+m−n ≥
∑

m>n,m∈A

inf{∥z∥pk+m−n : Tk,k+m−nz ∈ Bk(yk, ε)}.

Let αn = inf{∥z∥pk+n : Tk,k+nz ∈ Bk(yk, ε)} if n ≥ 0 and αn = infz∈Bk(yk,ε) ∥Tk+n,kz∥pk+n

if n ≤ 0. We remark that α0 = infz∈Bk(yk,ε) ∥z∥
p
k in both cases and that for every

n ≥ 1, we have

{z ∈ Xk+n−1 : Tk,k+n−1z ∈ Bk(yk, ε)} ⊃ {Tk+n−1,k+nz ∈ Xk+n−1 : Tk,k+nz ∈ Bk(yk, ε)}

and thus

αn = inf{∥z∥pk+n : Tk,k+nz ∈ Bk(yk, ε)}
≥ ∥Tk+n−1,k+n∥−p inf{∥Tk+n−1,k+nz∥pk+n : Tk,k+nz ∈ Bk(yk, ε)}
≥ ∥B(Tk)∥

−p inf{∥z∥pk+n−1 : Tk,k+n−1z ∈ Bk(yk, ε)} = ∥B(Tk)∥
−pαn−1.
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Moreover, for every n ≤ 0, we have

αn = inf
z∈Bk(yk,ε)

∥Tk+n,kz∥pk+n

≥ ∥Tk+n−1,k+n∥−p inf
z∈Bk(yk,ε)

∥Tk+n−1,kz∥pk+n−1

≥ ∥B(Tk)∥
−pαn−1.

Let βn =
∑

m∈A αm−n. We get that

βn =
∑

m<n,m∈A

inf
z∈Bk(yk,ε)

∥Tk+m−n,kz∥pk+m−n + α0

+
∑

m>n,m∈A

inf{∥z∥pk+m−n : Tk,k+m−nz ∈ Bk(yk, ε)} ≤ εp + α0

In other words, the sequence (βn) is bounded and it follows from Corollary 9 in [4]
that

∑
n∈Z αn is convergent, i.e.∑

n>0

inf{∥z∥pk+n : Tk,k+nz ∈ Bk(yk, ε)} < ∞ and
∑
n>0

inf
z∈Bk(yk,ε)

∥Tk−n,kz∥p < ∞.

Finally, since Bk(yk, ε) ⊂ Uk, we get the desired result. □

This result allows us to deduce that the frequent hypercyclicity of B(Tk) on
ℓp((Xk)k, J) implies that B(Tk) is mixing.

Corollary 3.14. If B(Tk) is frequently hypercyclic on ℓp((Xk)k, J) with 1 ≤ p < ∞
then B(Tk) is mixing on ℓp((Xk)k, J).

Proof. The result follows from Theorem 3.13 and Proposition 3.1 (or Proposi-
tion 3.3). It suffices to remark that for every n ≥ 1 and every Uj ⊂ Xj non-empty
open set,

Tj,j+nBj+n(0, 1) ∩ Uj ̸= ∅ ⇔ inf{∥z∥pj+n : z ∈ T−1
j,j+nUj} < 1

and that

Tj−n,jUj ∩Bj−n(0, 1) ̸= ∅ ⇔ inf{∥z∥pj−n : z ∈ Tj−n,jUj} < 1.

□

Notice that this implication is not true in general on c0((Xk)k, J) since even on
c0(K,N) we can find a frequently hypercyclic weighted shift that is not mixing ([3]).
If we want to extend the result of Bayart and Ruzsa for weighted shifts on ℓp, it will
be nice if the convergences obtained in Theorem 3.13 imply chaos. However, this
will not be the case because these conditions are too weak. In fact, these conditions
are not even equivalent to frequent hypercyclicity in the case of BT .

Proposition 3.15. Let 1 ≤ p < ∞. There exist a rooted directed tree V and a
weighted shift T on X = ℓp(V ) (resp. on X = c0(V )) such that for any non-empty
open set U ⊂ X,∑

n≥1

inf{∥z∥X : z ∈ T−nU} < ∞ and
∑
n≥1

inf{∥z∥X : z ∈ TnU} < ∞.

but BT is not frequently hypercyclic on ℓp(X, J) (resp. on c0(X, J)).
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Proof. Let N = {(n0, n1, . . . , nk) : n0 = 1, k ≥ 0 and nj ∈ N for any 1 ≤ j ≤ k}
and a family (l(1,n1,...,nk))(1,n1,...,nk)∈N ⊂ N. We consider the rooted directed tree
V where e

(1)
1 is the root and where for each (1, n1, . . . , nk) ∈ N ,

Chi(e(1,n1,...,nk)

l(1,n1,...,nk)) = {e(1,n1,...,nk,nk+1)
1 : nk+1 ≥ 1}

and for all 1 ≤ j < l(1,n1,...,nk),

Chi(e(1,n1,...,nk)
j ) = {e(1,n1,...,nk)

j+1 }.

This tree is similar to the tree considered in the proof of Proposition 3.10 excepted
that the length of the segment (e

(1,n1,...,nk)
j )1≤j≤l(1,n1,...,nk) is now given by the pa-

rameter l(1,n1,...,nk).

Let X = ℓp(V ) (resp. c0(V )), a(1) = 1 and l(1) = 1. Given (1, n1, . . . , nk) ∈ N
with k ≥ 1, we consider

a(1,n1,...,nk) = (n1 + · · ·+ nk + 2(l(1,n1,...,nk−1) − a(1,n1,...,nk−1)) + 3)2,

N (1,n1,...,nk) = nk + 2(l(1,n1,...,nk−1) − a(1,n1,...,nk−1)) + 1

and finally

l(1,n1,...,nk) = a(1,n1,...,nk+1) +N (1,n1,...,nk+1) + nk + 1

so that for any (1, n1, . . . , nk) ∈ N

(3.1)
⋃
n≥1

[a(1,n1...,nk,n) +N (1,n1,...,nk,n) + n, l(1,n1,...,nk,n)]

= [a(1,n1...,nk,1) +N (1,n1,...,nk,1) + 1,∞[.

We can now consider the weighted shift T on X given by

• Te
(1)
1 = 0

• Te
(n0,...,nk)
1 = 2−N(n0,...,nk)

e
(n0,...,nk−1)

l(n0,...,nk−1) where n0 = 1 and k ≥ 1,

• Te
(1,n1,...,nk)
j = e

(1,n1,...,nk)
j−1 if 1 < j ≤ a(1,n1,...,nk) and k ≥ 1,

• Te
(1,n1,...,nk)
j = 4e

(1,n1,...,nk)
j−1 if a(1,n1,...,nk) < j ≤ l(1,n1,...,nk) and k ≥ 1.

We already remark that for every non-empty open set U ⊂ X, inf{∥z∥X : z ∈ TnU}
is ultimately equal to 0 since finitely supported sequences are dense in X and have
an orbit eventually equal to 0. We now show that for every non-empty open set
U ⊂ X, ∑

m≥1

inf{∥z∥X : z ∈ T−mU} < ∞.

As in the proof of Proposition 3.10, the idea will be to select a convenient branch
depending on the considered iterate. Let U be a non-empty open set in X. Since
the finitely supported sequences are dense, we can find a finite set F ⊂ N and

x =
∑

(n0,n1,...,nk)∈F

l(n0,n1,...,nk)∑
j=1

x
(n0,n1,...,nk)
j e

(n0,n1,...,nk)
j ∈ U
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so that for every m ≥ 1,

inf{∥z∥X : z ∈ T−mU}

≤
∑

(n0,n1,...,nk)∈F

l(n0,n1,...,nk)∑
j=1

|x(n0,n1,...,nk)
j | inf{∥z∥X : z ∈ T−m{e(n0,n1,...,nk)

j }}.

Since F is finite, it is then enough to show that for any (n0, n1, . . . , nk) ∈ N and
any 1 ≤ j ≤ l(n0,n1,...,nk),∑

m≥1

inf{∥z∥X : z ∈ T−m{e(n0,n1,...,nk)
j }} < ∞.

Let (n0, n1, . . . , nk) ∈ N and 1 ≤ j ≤ l(n0,n1,...,nk). Let m ≥ l(n0,n1,...,nk) − j +
a(n0,n1,...,nk,1) + 1 +N (n0,...,nk,1). By (3.1), there exists n ≥ 1 such that

l(n0,n1,...,nk)−j+a(n0,n1,...,nk,n)+n+N (n0,...,nk,n) ≤ m ≤ l(n0,n1,...,nk)−j+l(n0,n1,...,nk,n).

We then let

z =
2N

(n0,...,nk,n)

4l
(n0,n1,...,nk)−max{a(n0,n1,...,nk),j}4j+m−l(n0,n1,...,nk)−a(n0,n1,...,nk,n)

e
(n0,n1,...,nk,n)

j+m−l(n0,n1,...,nk)

so that

Tmz = e
(n0,n1,...,nk)
j and ∥z∥ ≤ 2N

(n0,...,nk,n)

4j+m−l(n0,n1,...,nk)−a(n0,n1,...,nk,n)
.

We deduce that for any n ≥ 1

l(n0,n1,...,nk)−j+l(n0,n1,...,nk,n)∑
m=l(n0,n1,...,nk)−j+a(n0,n1,...,nk,n)+n+N(n0,...,nk,n)

inf{∥z∥X : z ∈ T−m{e(n0,n1,...,nk)
j }}

≤
l(n0,n1,...,nk)−j+l(n0,n1,...,nk,n)∑

m=l(n0,n1,...,nk)−j+a(n0,n1,...,nk,n)+n+N(n0,...,nk,n)

2N
(n0,...,nk,n)

4j+m−l(n0,n1,...,nk)−a(n0,n1,...,nk,n)

≤ 2N
(n0,...,nk,n)

4n+N(n0,...,nk,n)−1
≤ 1

4n−1
.

By (3.1), it follows that∑
m≥1

inf{∥z∥X : z ∈ T−m{e(n0,n1,...,nk)
j }} < ∞.

It remains to show that BT is not frequently hypercyclic on ℓp(X, J) (resp. on
c0(X,J)). The strategy consists in showing that if x is hypercyclic for BT then
the norm ∥Bn

Tx∥ is too often bigger than 1 by relying on the fact that the ratio
a(1,n1,...,nk)

l(1,n1,...,nk) is tending to 1 when n1 + · · · + nk tends to infinity. Let y = (yj)j∈J

given by y1 = 2e
(1)
1 and yj = 0 for any j ∈ J\{1}. If x = (xj)j∈J ∈ ℓp(X, J) (resp.

on c0(X, J)) with ∥x∥ < 1 satisfies

∥Bn
Tx− y∥ < 1

then we have ∥Tnxn+1− 2e
(1)
1 ∥ < 1. It follows that there exists (1, n1, . . . , nk) ∈ N

such that
∥Tnx

(1,n1,··· ,nk)
n+1,j e

(1,n1,··· ,nk)
j ∥ ≥ 2−n1−···−nk−k
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and n = l(1,n1) + · · · + l(1,n1,··· ,nk−1) + j with 1 ≤ j ≤ l(1,n1,··· ,nk). Since for any
l ≥ 1

N (n0,n1,...,nl) = nl + 2(l(n0,n1,...,nl−1) − a(n0,n1,...,nl−1)) + 1,

we can compute that

∥Tne
(1,n1,··· ,nk)
j ∥ =

4(l
(1,n1)−a(1,n1))+···+(l(1,n1,··· ,nk−1)−a(1,n1,··· ,nk−1))+max(j−a(1,n1,...,nk),0)

2N
(1,n1)+···+N(1,n1,...,nk)

=
4max(j−a(1,n1,...,nk),0)

2n1+···+nk+k
.

Therefore, since |x(1,n1,··· ,nk)
n+1,j | < 1 and ∥Tnx

(1,n1,··· ,nk)
n+1,j e

(1,n1,··· ,nk)
j ∥ ≥ 2−n1−···−nk−k,

we deduce that j > a(1,n1,··· ,nk) and that

|x(1,n1,··· ,nk)
n+1,j | ≥ 4−(j−a(1,n1,...,nk)).

It follows that for any j − a(1,n1,...,nk) ≤ m < j, we have

∥Tmx
(1,n1,··· ,nk)
n+1,j e

(1,n1,··· ,nk)
j ∥ ≥ 1

and thus ∥Bm
T x∥ ≥ 1. Since j ≤ l(1,n1,··· ,nk), we get

|{m ≤ l(1,n1,··· ,nk) : ∥Bm
T x∥ ≥ 1}|

l(1,n1,··· ,nk)
≥ a(1,n1,...,nk)

l(1,n1,...,nk)
.

By definition of our parameters and if we let C(n0,...,nk−1) = l(n0,...,nk−1)−a(n0,...,nk−1),
we have
a(1,n1,...,nk)

l(1,n1,...,nk)
=

a(1,n1,...,nk)

a(1,n1,...,nk+1) + 2nk + 2C(n0,...,nk−1) + 3

=
(n1 + · · ·+ nk + 2C(n0,...,nk−1) + 3)2

(n1 + · · ·+ nk + 1 + 2C(n0,...,nk−1) + 3)2 + 2nk + 2C(n0,...,nk−1) + 3

and thus

1 ≤ l(1,n1,...,nk)

a(1,n1,...,nk)

=
(n1 + · · ·+ nk + 1 + 2C(n0,...,nk−1) + 3)2

(n1 + · · ·+ nk + 2C(n0,...,nk−1) + 3)2
+

2nk + 2C(n0,...,nk−1) + 3

(n1 + · · ·+ nk + 2C(n0,...,nk−1) + 3)2

≤ (n1 + · · ·+ nk + 1)2

(n1 + · · ·+ nk)2
+

2

n1 + · · ·+ nk
.

Let ε > 0 and x a hypercyclic vector for BT with ∥x∥ < 1. Then there exist
infinitely many n such that ∥Bn

Tx−y∥ < 1
2 and thus infinitely many (1, n1, · · · , nk)

such that
|{m ≤ l(1,n1,··· ,nk) : ∥Bm

T x∥ ≥ 1}|
l(1,n1,··· ,nk)

≥ a(1,n1,...,nk)

l(1,n1,...,nk)
.

In particular, among these ones, there exists (1, n1, · · · , nk) such that n1 + · · ·+nk

is arbitrarily big and thus such that

|{m ≤ l(1,n1,··· ,nk) : ∥Bm
T x∥ ≥ 1}|

l(1,n1,··· ,nk)
≥ 1− ε.

This implies that dens{m ≥ 1 : ∥Bm
T x∥ < 1} = 0 and that x is not frequently

hypercyclic for BT . Therefore we can conclude that BT is not frequently hyper-
cyclic. □



DYNAMICS OF WEIGHTED SHIFTS ON ℓp-SUMS AND c0-SUMS 21

Remark 3.16. We can also deduce from the previous proposition that there exist a
Banach space X and an operator T on X such that BT is mixing but not frequently
hypercyclic on c0(X, J).

We can now wonder if the proof of Bayart-Ruzsa for weighted shifts on ℓp(K, J)
does not work in our context because the conditions obtained in Theorem 3.13 are
too weak or because frequent hypercyclicity itself is too weak to imply chaos. We
show that we have no hope to extend the equivalence between frequent hypercyclic-
ity and chaos to the operators BT on ℓp(X, J).

Proposition 3.17. Let 1 ≤ p < ∞. There exist a rooted directed tree V and
a weighted shift T on X = ℓ1(V ) such that BT is frequently hypercyclic but not
chaotic on ℓp(X, J).

Proof. As in the proof of Proposition 3.15, we consider N = {(n0, n1, . . . , nk) :
n0 = 1, k ≥ 0 and nj ∈ N for any 1 ≤ j ≤ k}. We let l(1,n1,...,nk) = nk + 2 for any
(1, n1, . . . , nk) ∈ N and consider the rooted directed tree V where e

(1)
1 is the root

and where for each (1, n1, . . . , nk) ∈ N ,

Chi(e(1,n1,...,nk)

l(1,n1,...,nk)) = {e(1,n1,...,nk,nk+1)
1 : nk+1 ≥ 1}

and for all 1 ≤ j < l(1,n1,...,nk),

Chi(e(1,n1,...,nk)
j ) = {e(1,n1,...,nk)

j+1 }.

Let N (1,n1,...,nk) = 2l(1,n1,...,nk) + nk for any (1, n1, . . . , nk) ∈ N . We consider
the weighted shift T on X = ℓ1(V ) given by

• Te
(1)
1 = 0,

• Te
(n0,...,nk)
1 = 4e

(n0,...,nk−1)

l(n0,...,nk−1) when n0 = 1 and k ≥ 1,

• Te
(1,n1,...,nk)
j = 4e

(1,n1,...,nk)
j−1 if 1 < j < l(1,n1,...,nk),

• Te
(1,n1,...,nk)

l(1,n1,...,nk) = 2−N(1,n1,...,nk)

e
(1,n1,...,nk)

l(1,n1,...,nk)−1
.

We notice that our choice of N (1,n1,...,nk) implies that the product of weights along
the segment (e

(1,n1,...,nk)
j )1≤j≤l(1,n1,...,nk) is smaller than 1. We will use this fact to

prove that BT has no fixed point (excepted 0).

We first show that BT is frequently hypercyclic on ℓp(X, J) by using Theo-
rem 3.11. Let X0 = c00(c00(V ), J). Let m ∈ J , (1, n1, . . . , nk) ∈ N and 1 ≤ j ≤
l(1,n1,...,nk). It suffices to show that Theorem 3.11 is satisfied for any x ∈ X0 given
by xm = e

(1,n1,...,nk)
j and xm′ = 0 if m′ ̸= m. To this end, we let S0x = x, and for

any n ≥ 1, Snx = y with ym′+n = 0 if m′ ̸= m and

ym+n =


4−ne

(1,n1,...,nk)
j+n if j + n < l(1,n1,...,nk)

4−(n−1)2N
(1,n1,...,nk)

e
(1,n1,...,nk)
j+n if j + n = l(1,n1,...,nk)

4−(n−1)2N
(1,n1,...,nk)

e
(1,n1,...,nk,j+n−l(1,n1,...,nk))

j+n−l(1,n1,...,nk) if j + n > l(1,n1,...,nk)

which is well-defined since for any m ≥ 1, m < l(1,n1,...,nk,m). We remark that in
the third case, our choice of the branch depends on n and that for every n, we
have Bn

TSnx = x. We can therefore deduce that the operator BT is frequently
hypercyclic since
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(1)
∑K

n=0 B
K
T SK−nx =

∑K
n=0 B

n
Tx converges uniformly in K becauseBn

Tx = 0

for all n ≥ j + l(1,...,nk−1) + · · ·+ l(1);
(2)

∑∞
n=0 B

K
T SK+nx converges unconditionally in ℓp(X, J) uniformly in K be-

cause for all n > l(1,n1,...,nk) − j, ∥BKSK+nx∥ = 2N
(1,n1,...,nk)

4−(n−1);
(3)

∑∞
n=0 Snx converges unconditionally because

∞∑
n=1

∥Snx∥ ≤
∞∑

n=0

4−(n−1)2N
(1,n1,...,nk)

< ∞;

We now show that BT is not chaotic on ℓp(X,J). Assume that BT is chaotic.
By Proposition 3.5, there then exists a fixed point x ∈ ℓp(X, J) for BT such that
|x(1)

l(1),l(1)
| ≥ 1. We show that for any (1, n1, . . . , nk−1) ∈ N if |x(1,n1,...,nk−1)

n,l(1,n1,...,nk−1) | ≥ 1,

where n = l(1) + · · ·+ l(1,n1,...,nk−1), then there exists nk such that

|x(1,n1,...,nk)

n+l(1,n1,...,nk),l(1,n1,...,nk) | ≥ 1.

This will be a contradiction with x ∈ ℓp(X, J). Indeed, if x is a fixed point for BT

satisfying |x(1,n1,...,nk−1)

n,l(1,n1,...,nk−1) | ≥ 1, there exists nk ≥ 1 such that

∥T (x(1,n1,...,nk)
n+1,1 e

(1,n1,...,nk)
1 )∥ ≥ 2−nk

and thus such that 4|x(1,n1,...,nk)
n+1,1 | ≥ 2−nk . Since x is a fixed point, we then also

have

|x(1,n1,...,nk)

n+l(1,n1,...,nk),l(1,n1,...,nk) | ≥ 4−l(1,n1,...,nk)+22N
(1,n1,...,nk)

2−nk−2.

Therefore, since N (1,n1,...,nk) = 2l(1,n1,...,nk)+nk, we get |x(1,n1,...,nk)

n+l(1,n1,...,nk),l(1,n1,...,nk) | ≥
1. By induction, we deduce that x will have infinitely many coordinates with a norm
bigger than 1. Contradiction. □

Remark 3.18. Let us mention that the weighted shift T on the rooted tree V of
the previous proposition, satisfies that it is frequently hypercyclic but not chaotic
on ℓ1(V ). Indeed, the fact that T is frequently hypercyclic follows immediately
from Proposition 3.17 (for p = 1) and Proposition 3.9. The argument that T is not
chaotic is similar to the proof that BT is not chaotic.

We conclude from all the previous results that we have the following implications
between the five investigated dynamical properties for the operators (B(Tk)) and
that no other implication is true on ℓp((Xk)k, J) or on c0((Xk)k, J) (even if we
restrict ourselves to the operators BT ) as mentioned in the introduction.
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Chaotic

Frequently hypercyclic

Mixing

Weakly mixing

Hypercyclic

Links for B(Tk) on ℓp((Xk)k, J)

Mixing

Chaotic

Frequently hypercyclic

Weakly mixing

Hypercyclic

Links for B(Tk) on c0((Xk)k, J)

4. Kitai Criterion and Frequent Hypercyclicity Criterion

In Linear dynamics, an important way to deduce some dynamical properties for
an operator consists in showing that the operator possesses a dense set of orbits
tending to 0 (more or less rapidly) and a dense set of vectors with "backward"
orbit tending to 0 (more or less rapidly). Two important examples of such criteria
are the Kitai Criterion and the Frequent Hypercyclicity Criterion. We show in this
section how these criteria are related to the dynamical behavior of BT .

4.1. Kitai Criterion. The criterion given by Kitai is the following (see [21]).

Theorem 4.1 (Kitai Criterion). If there are dense subsets X0, Y0 in X and a map
S : Y0 → Y0 such that

(1) Tnx → 0 for each x ∈ X0,
(2) Sny → 0 for each y ∈ Y0,
(3) TSy = y for each y ∈ Y0,

then T is mixing.

However, it is well-known that we can replace the map S and its iterates by a
sequence of maps (Sn) (see [7]). In doing so, we get the Hypercyclicity Criterion
along the whole sequence (n).

Theorem 4.2 (Hypercyclicity Criterion along (n)). If there are dense subsets
X0, Y0 in X and maps Sn : Y0 → X such that

(1) Tnx → 0 for each x ∈ X0,
(2) Sny → 0 for each y ∈ Y0,
(3) TnSny → y for each y ∈ Y0,

then T is mixing.

These criteria do not characterize mixing operators. Indeed, it was shown by
Grivaux in [14], that there exists a mixing operator T such that for any non-zero
vector x, Tnx does not tend to 0. We investigate the links between the dynamical
properties of BT and these two criteria (with the additional assumption that X0 =
Y0 or not).

Theorem 4.3. Let X be a separable Banach space and T ∈ L(X). Given the
following assertions :
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(1) BT is chaotic on c0(X,Z),
(2) T satisfies the Kitai Criterion with X0 = Y0,
(3) T satisfies the Kitai Criterion,
(4) T satisfies the Hypercyclicity Criterion along (n) with X0 = Y0,
(5) T satisfies the Hypercyclicity Criterion along (n),
(6) T is mixing,
(7) BT is mixing on c0(X,Z),

then
(1) ⇔ (2) ⇒ (3) ⇒ (4) ⇔ (5) ⇒ (6) ⇔ (7).

and the other implications are false in general.

Proof.
(1) ⇒ (2). If we denote by Fix(BT ) the set of fixed points for BT , it follows from
Proposition 3.5 that there exists a sequence (zn)n∈N ⊂ Fix(BT )\{0} such that
{zn,m ∈ X : n ∈ N,m ∈ Z} is dense in X. We let ϕ : N × Z → N × Z be given by
ϕ(n,m) = (n,m) if zn,m = 0 and by ϕ(n,m) = (k, j) if zn,m ̸= 0 so that zn,m = zk,j ,
that for any k′ < k, any j′ ∈ Z, zn,m ̸= zk′,j′ and that for any j′ > j, zn,m ̸= zk,j′ .
The map ϕ is well-defined because each sequence zn ∈ c0(X,Z). Then it suffices to
consider X0 = Y0 = {zn,m ∈ X : n ∈ N,m ∈ Z}, S(0) = 0 and if ϕ(n,m) = (k, j)
and zn,m ̸= 0 to let Szn,m = zk,j+1.
(2) ⇒ (1). It suffices to remark that for every k ∈ Z, for every xk ∈ X0, we have

(· · · , T 2xk, Txk, xk, Sxk, S
2xk · · · ) ∈ c0(X,Z).

We can then conclude by applying Proposition 3.5.
(2) ⇒ (3) Obvious.
(3) ⇒ (5) Obvious.
(4) ⇒ (5) Obvious.
(5) ⇒ (6) Theorem 4.2.
(6) ⇔ (7) Corollary 3.2.
(5) ⇒ (4) Since (5) ⇒ (6), we know that T is mixing. Therefore, it is enough to show
that if T is mixing, there are always maps Sn : X → X such that for each y ∈ X,
Sny → 0 and TnSny → y. Let y ∈ X. Since T is mixing, there exists an increasing
sequence (Nn)n≥1 such that for any k ≥ Nn, T k(BX(0, 2−n))∩BX(y, 2−n) ̸= ∅. We
can therefore let for any k ≤ N1, Sky = 0 and for any Nn ≤ k < Nn+1, Sky = yk
with yk ∈ BX(0, 2−n) and T kyk ∈ B(y, 2−n) so that Sky → 0 and T kSky → y.
Since (5) gives us also a dense set X0 in X such that Tnx → 0 for each x ∈ X0, we
get (4).

To complete the proof, we still need to remark that there exists an operator
satisfying (6) but not (5), that there exists an operator satisfying (4) but not (3)
and that there exists an operator satisfying (3) but not (2).

An example of operator satisfying (6) but not (5) was given by Grivaux [14]. She
showed that there exists a mixing operator T on X such that for every x ∈ X\{0},
Tnx does not tend to 0. In particular, T does not satisfy (5).

An example of an operator satisfying (4) but not (3) is given by the weighted
shift T on c0(V ) considered in the proof of Proposition 3.10. Indeed, we showed in
this proof that for any y ∈ X0 = Y0 = c00(V ), Tny tends to 0 because V is a rooted
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tree and that there exist maps Sn : Y0 → Y0 such that TnSny = y and Sny tends to
0. In other words, T satisfies the Hypercyclicity Criterion along (n) with X0 = Y0.
However, T does not satisfy the Kitai Criterion because we know that if T satisfied
this criterion then for every y ∈ Y0, we would get a fixed point (y, Sy, S2y, S3y, . . . )
for BT on c0(X,N). It would then follow from Corollary 3.6 that BT is chaotic on
c0(X,N) and we proved in Proposition 3.10 that BT is not chaotic on c0(X,N).

It will be more difficult to get an operator satisfying (3) but not (2). To this end,
we are going to define an operator that can be seen as a "weighted shift on graph".
Let X = ℓ1(V ) where V consists of a family (en)n≥1 and a family (e

(n,k)
j )n,k,j≥1.

We consider the operator T given by

Ten+1 = 2en for any n ≥ 1 and Te1 =

∞∑
n=1

2−ne
(n,1)
1

and
Te

(n,k)
j+1 = wn,k,j+1e

(n,k)
j for any j ≥ 1 and Te

(n,k)
1 = 2e

(n,k+1)
1

where wn,k,j = 4 for any k > n+ 1 and any j ≥ 2 and where for 1 ≤ k ≤ n+ 1

wn,k,j =


4 if 2 ≤ j ≤ n+ k + 1

1
(n+1)4n+k2n−k+1 if j = n+ k + 2

2 if j > n+ k + 2

.

We remark that T is well-defined and continuous on ℓ1(V ). We first show that
T satisfies the Kitai Criterion. To this end, we let Y0 = c00(V ) and the linear map
S be given for any n, k, j ≥ 1 by

Sen =
1

2
en+1 and Se

(n,k)
j =

1

wn,k,j+1
e
(n,k)
j+1 .

It is easy to check that for all y ∈ Y0, we have TSy = y and Sny → 0. In order
to get the desired dense set X0 such that Tnx tends to 0 for any x ∈ X0, we show
that T has a dense generalized kernel so that we can consider X0 =

⋃
m≥1 ker(T

m).
Let n, k, j ≥ 1. For any K > max{k, n+ 1}, the vector

yK = e
(n,k)
j − 2K−k

∏j
i=2 wn,k,i∏j+K−k

i=2 wn,K,i

e
(n,K)
j+K−k

belongs to the generalized kernel of T since

T j+K−k−1yK =

(
j∏

i=2

wn,k,i

)
TK−ke

(n,k)
1 − 2K−k

(
j∏

i=2

wn,k,i

)
e
(n,K)
1 = 0.

Moreover, we have that (yK)K tends to e
(n,k)
j as K tends to ∞ since for K > n+1,∏j+K−k

i=2 wn,K,i = 4j+K−k−1. In a similar way, for any K ≥ n, the vector

zK = en − 2n+K−2
∞∑

m=1

2−m∏n+K
i=2 wm,K,i

e
(m,K)
n+K

belongs to the generalized kernel since

Tn+K−1zK = 2n−1
∞∑

m=1

2−mTK−1e
(m,1)
1 − 2n+K−2

∞∑
m=1

2−me
(m,K)
1 = 0.
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We remark that if 1 ≤ m < K−1 then
∏n+K

i=2 wm,K,i = 4n+K−1 because K > m+1

and if m ≥ K−1 then
∏n+K

i=2 wm,K,i = 4n+K−1 because n+K ≤ 2K ≤ m+K+1.
Therefore, the sequence (zK)K tends to en as K tends to ∞ and we deduce that T
has a dense generalized kernel and thus satisfies the Kitai Criterion.

We have still to prove that T does not satisfy the Kitai Criterion with X0 = Y0.
We will actually show that for any increasing sequence (nl), T does not admit a
dense set X0 in X and a map S : X0 → X0 such that

(1) Tnlx → 0 for each x ∈ X0,
(2) Snly → 0 for each y ∈ X0,
(3) TSy = y for each y ∈ X0.

Assume that these conditions are satisfied for an increasing sequence (nl) and a
dense set X0. Then, there exists x ∈ X0 such that ∥x − e1∥ < 1

4 and L ≥ 1 such
that for every l ≥ L, ∥Tnlx∥ < 1

2 . Let l ≥ L and y = Tnlx. For any n ≥ 1, we then
have |y(n,nl)

1 | < 1
2 and

y
(n,nl)
1 =

2nl−1

2n
x1 +

nl∑
k=1

2nl−k

(
k+1∏
i=2

wn,k,i

)
x
(n,k)
k+1 .

In particular, by considering n = nl − 1 and since |x1| > 3
4 , we deduce that

nl∑
k=1

2nl−k

(
k+1∏
i=2

wnl−1,k,i

)
|x(nl−1,k)

k+1 | ≥ 1/4.

Thus, there exists 1 ≤ kl ≤ nl such that

2nl−kl

(
kl+1∏
i=2

wnl−1,kl,i

)
|x(nl−1,kl)

kl+1 | ≥ 1

4nl
.

However, since TS = Id on X0, it then follows that

∥Snlx∥ ≥ 1∏kl+nl+1
i=kl+2 wnl−1,kl,i

|x(nl−1,kl)
kl+1 | ≥ 1∏kl+nl+1

i=2 wnl−1,kl,i

1

4nl2nl−kl
=

1

4
.

We conclude that Snlx does not tend to 0. Contradiction. □

This last counterexample allows us to answer an open question posed in [19] and
related to the Gethner-Shapiro Criterion (see [13]). We recall that this criterion is
the following.

Theorem 4.4 (Gethner-Shapiro Criterion along (nk)). If there are dense subsets
X0, Y0 in X and a map S : Y0 → Y0 such that

(1) Tnkx → 0 for each x ∈ X0,
(2) Snky → 0 for each y ∈ Y0,
(3) TSy = y for each y ∈ Y0,

then T is weakly mixing.

It is known that the following assertions are equivalent (see [7] and [26]):
• there exists (nk) such that T satisfies the Gethner-Shapiro Criterion along
(nk),

• there exists (nk) such that T satisfies the Hypercyclicity Criterion along
(nk) with X0 = Y0,
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• there exists (nk) such that T satisfies the Hypercyclicity Criterion along
(nk),

However, it was not known if when an operator satisfies the Gethner-Shapiro
Criterion along some sequence, this operator has to satisfy the Gethner-Shapiro Cri-
terion along some sequence with the additional assumption that X0 = Y0. Thanks
to the proof of Theorem 4.3, we can now answer this question in the negative.

Theorem 4.5. There exist an infinite-dimensional separable Banach space X and
T ∈ L(X) such that T satisfies the Gethner-Shapiro Criterion along (n) but for all
increasing sequences (mk), T does not satisfy the Gethner-Shapiro Criterion along
(mk) with X0 = Y0.

4.2. Frequent Hypercyclicity Criterion. The first version of the Frequent Hy-
percyclicity Criterion was given by Bayart and Grivaux in [2] and was stated as
follows.

Theorem 4.6 (Frequent Hypercyclicity Criterion). Let X be a Banach space and
T ∈ L(X). Suppose that there are a dense subset X0 of X and a map S : X0 → X0

such that for all x ∈ X0, the following assertions hold:
(1)

∑∞
n=1 ∥Tnx∥ < ∞,

(2)
∑∞

n=1 ∥Snx∥ < ∞,
(3) TSx = x,

then T is frequently hypercyclic.

However, this criterion is too strong to characterize frequent hypercyclicty. In
particular, the frequent hypercyclicity criterion also implies that T is chaotic and
mixing. Another criterion allowing to get frequent hypercyclicity was given in [6,
Theorem 3]. This second criterion can be stated for any notion of A-hypercyclicity
and thus for the notion of frequent hypercyclicity by considering A = D where D
is the family of sets with positive lower density.

Theorem 4.7 (D-Hypercyclicity Criterion). Let X be a separable Banach space
and T ∈ L(X). If there exist a dense subset Y0 ⊂ X, Sn : Y0 → X, n ≥ 0, and
disjoint sets Ak ∈ D, k ≥ 1, such that for each y ∈ Y0,

(1)
∑

n∈Ak
∥Sny∥ converges uniformly in k ≥ 1,

(2) for any k0 ≥ 1, any ε > 0, there exists k ≥ k0 such that for any n ∈
⋃

l≥1 Al,
we have ∑

i∈Ak\{n}

∥TnSiy∥ ≤ ε,

and such that for any δ > 0, there exists l0 ≥ 1 such that for any n ∈⋃
l≥l0

Al, we have ∑
i∈Ak\{n}

∥TnSiy∥ ≤ δ,

(3) supn∈Ak
∥TnSny − y∥ → 0 as k → ∞,

then T is frequently hypercyclic.

This criterion will have the advantage of characterizing when BT is frequently
hypercyclic on ℓ1(X,Z).

Theorem 4.8. Let X be a separable Banach space and T ∈ L(X). Given the
following assertions :
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(1) BT is chaotic on ℓ1(X,Z),
(2) T satisfies the Frequent Hypercyclicity Criterion,
(3) T satisfies the D-Hypercyclicity Criterion,
(4) BT is frequently hypercyclic on ℓ1(X,Z),
(5) T is frequently hypercyclic on X,

then
(1) ⇔ (2) ⇒ (3) ⇔ (4) ⇒ (5).

and the other implications are false in general.

Proof. We proceed as in the proof of Theorem 4.3 to show that (1) ⇔ (2).
(1) ⇒ (2). Let Fix(BT ) be the set of fixed points for BT . We know by Proposi-
tion 3.5 that there exists a sequence (zn)n∈N ⊂ Fix(BT )\{0} such that {zn,m ∈ X :
n ∈ N,m ∈ Z} is dense in X. We let ϕ : N×Z → N×Z be given by ϕ(n,m) = (n,m)
if zn,m = 0 and by ϕ(n,m) = (k, j) if zn,m ̸= 0 so that zn,m = zk,j , that for any
k′ < k, any j′ ∈ Z, zn,m ̸= zk′,j′ and that for any j′ > j, zn,m ̸= zk,j′ . The
map ϕ is well-defined because each sequence zn ∈ ℓ1(X,Z). We may conclude by
considering X0 = Y0 = {zn,m ∈ X : n ∈ N,m ∈ Z}, S(0) = 0 and Szn,m = zk,j+1

when zn,m ̸= 0 and ϕ(n,m) = (k, j).
(2) ⇒ (1). It suffices to remark that for every k ∈ Z, for every xk ∈ X0, we have

(· · · , T 2xk, Txk, xk, Sxk, S
2xk · · · ) ∈ ℓ1(X,Z).

We can then conclude by applying Proposition 3.5.
(1) ⇒ (4) Proposition 3.12.
(3) ⇒ (4) It suffices to remark that if T satisfies the D-Hypercyclicity Criterion for
a dense set Y0 in X, a sequence of maps Sn : Y0 → X and a sequence of sets (Ak)
of positive lower density then BT also satisfies the D-Hypercyclicity Criterion with
Y ′
0 = c00(Y0,Z), S′

n(y) = z where zk+n = Sn(yk) for all k ∈ Z and the same family
(Ak).
(3) ⇒ (5) Theorem 4.7.
(4) ⇒ (3) Let x be a frequently hypercyclic vector for BT , let (Ck)k≥1 be an
increasing sequence tending to infinity and (εk)k≥1 a decreasing sequence tending
to 0. We consider Bk = NBT

(x,B(Ckx, εk))\{0}. Each set Bk is thus a set of
positive lower density. We also consider an increasing sequence of integers (Nl)l≥1

such that

(4.1) Cl

∑
i/∈[−Nl,Nl]

∥xi∥X ≤ 1

l
.

Thanks to [23, Lemma 2.2], we know that we can find a family (Ak) such that
Ak ⊂ Bk, Ak has positive lower density and for any n ∈ Ak, any m ∈ Aj , if n ̸= m
then

(4.2) |n−m| > Nk +Nj .

Let y ∈ X. We let z ∈ ℓ1(X,Z) be given by z0 = y and zk = 0 for all k ̸= 0.
Since x is hypercyclic for BT , there exists an increasing sequence (Mj)j≥1 with
M1 = 0 such that ∥BMj

T x − z∥ ≤ ∥x−z∥
j and a non-decreasing sequence (jk)k≥1

tending to ∞ such that

Mjk ≤ Nk and
∥BMjk

T ∥
Ck

→ 0.
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We then let for any n ∈ Ak

Sny =
1

Ck
TMjkxMjk

+n

so that

∥TnSny − y∥X = ∥ 1

Ck
TMjk

+nxMjk
+n − y∥X

≤ ∥ 1

Ck
B

Mjk
+n

T x− z∥

≤ ∥ 1

Ck
B

Mjk
+n

T x−B
Mjk

T x∥+ ∥BMjk

T x− z∥

≤
∥BMjk

T ∥
Ck

∥Bn
Tx− Ckx∥+

∥x− z∥
jk

≤
∥BMjk

T ∥εk
Ck

+
∥x− z∥

jk
→ 0.

Moreover, we have∑
n∈Ak

∥Sny∥X =
1

Ck

∑
n∈Ak

∥TMjkxMjk
+n∥X ≤ 1

Ck
∥BMjk

T x∥ ≤
∥BMjk

T ∥
Ck

∥x∥.

Since ∥B
Mjk
T ∥
Ck

tends to 0, we deduce that
∑

n∈Ak
∥Sny∥X converges uniformly in

k ≥ 1. Finally, if n ∈ Al, we have∑
i∈Ak\{n}

∥TnSiy∥X =
∑

i∈Ak\{n}

1

Ck
∥TMjk

+nxMjk
+i∥X

≤
∥BMjk

T ∥
Ck

∑
i∈Ak\{n}

∥TnxMjk
+i∥X

≤
∥BMjk

T ∥
Ck

∑
i/∈[−Nl,Nl]

∥Tnxn+i∥X (by (4.2) and Mjk ≤ Nk)

≤
∥BMjk

T ∥
Ck

 ∑
i/∈[−Nl,Nl]

∥Tnxn+i − Clxi∥X + Cl

∑
i/∈[−Nl,Nl]

∥xi∥X


≤

∥BMjk

T ∥
Ck

(
∥Bn

Tx− Clx∥+
1

l

)
(by (4.1))

≤
∥BMjk

T ∥
Ck

(
εl +

1

l

)
.

Since ∥B
Mjk
T ∥
Ck

and
(
εl +

1
l

)
tend to 0, we get the desired inequalities.

To conclude, we know that (4) does not imply (1) thanks to Proposition 3.17
and that (5) does not imply (4) by considering a frequently hypercyclic operator T
that is not mixing so that BT is not mixing on ℓ1(X,Z) by Corollary 3.2 and thus
not frequently hypercyclic on ℓ1(X,Z) by Corollary 3.14. □



30 Q. MENET AND D. PAPATHANASIOU

References

[1] C. Badea and S. Grivaux, Unimodular eigenvalues, uniformly distributed sequences and linear
dynamics, Adv. Math. 211 (2007), no. 2, 766–793.

[2] F. Bayart and S. Grivaux, Frequently hypercyclic operators, Trans. Amer. Math. Soc. 358
(2006), 5083–5117.

[3] F. Bayart and S. Grivaux, Invariant Gaussian measures for operators on Banach spaces and
linear dynamics, Proc. London Math. Soc. (3) 94 (2007), 181–210.

[4] F. Bayart and I. Z. Ruzsa, Difference sets and frequently hypercyclic weighted shifts, Ergodic
Theory Dynam. Systems 35 (2015), 691–709.

[5] F. Bayart and É. Matheron, Dynamics of linear operators. Cambridge Tracts in Mathematics
179, Cambridge University Press (2009).

[6] J. Bès, Q. Menet, A. Peris, and Y. Puig, Recurrence properties of hypercyclic operators,
Math. Ann. 366 (2016), 545–572.

[7] J. Bès and A. Peris, Hereditarily hypercyclic operators, J. Funct. Anal. 167 (1999), 94–112.
[8] L. Bernal-González, K.-G. Grosse-Erdmann, The hypercyclicity criterion for sequences of

operators, Studia Math. 157 (2003), 17–32
[9] A. Bonilla and K.-G. Grosse Erdmann, Frequently hypercyclic operators and vectors, Ergodic

Theory Dynam. Systems 27 (2007), 383–404. Erratum: Ergodic Theory Dynam. Systems 29
(2009), 1993–1994.

[10] M. Carvahlo, U.B. Darji and P. Varandas, Shift operators and their classification,
arXiv:2407.20890v1 (preprint).

[11] G. Costakis and M. Sambarino, Topologically mixing hypercyclic operators, Proc. Amer.
Math. Soc. 132 (2) (2004), 385–389

[12] H. Furstenberg, Disjointness in ergodic theory, minimal sets, and a problem in diophantine
approximation, Math. Systems Theory 1, (1967) 1–49.

[13] R.M. Gethner and J.H. Shapiro, Universal vectors for operators on spaces of holomorphic
functions, Proc. Amer. Math. Soc. 100 (1987), 281–288.

[14] S. Grivaux, Hypercyclic operators, mixing operators, and the bounded steps problem, J. Op-
erator Theory, 54 (1) (2005), 147-–168.

[15] K.-G. Grosse-Erdmann, Hypercyclic and chaotic weighted shifts, Studia Math. 139 (2000),
47–68.

[16] K.-G. Grosse-Erdmann and D. Papathanasiou, Dynamics of weighted shifts on directed trees,
Indiana Univ. Math. J. 72 (2023), 263–299.

[17] K.-G. Grosse-Erdmann and D. Papathanasiou, Chaotic weighted shifts on directed trees,
arXiv:2303.03980v2 (preprint).

[18] K.-G. Grosse-Erdmann, and A. Peris, Weakly mixing operators on topological vector spaces,
RACSAM 104 (2010), 413–426.

[19] K.-G. Grosse-Erdmann and A. Peris Manguillot, Linear chaos, Springer, London 2011.
[20] Z. J. Jabłoński, I. B. Jung, and J. Stochel, Weighted shifts on directed trees, Mem. Amer.

Math. Soc. 216 (2012), no. 1017.
[21] C. Kitai, Invariant closed sets for linear operators, Thesis, University of Toronto, Toronto,

1982.
[22] F. León-Saavedra, Notes about the hypercyclicity criterion, Math. Slovaca 53 (2003), 313–319.
[23] Ö. Martin, Q. Menet and Y. Puig, Disjoint frequently hypercyclic pseudo-shifts, J. Funct.

Anal. 283 (1) (2022), 109474.
[24] R. A. Martínez-Avendaño, Hypercyclicity of shifts on weighted Lp spaces of directed trees, J.

Math. Anal. Appl. 446 (2017), 823–842.
[25] Q. Menet, Linear chaos and frequent hypercyclicity. Trans. Amer. Math. Soc.369 (2017),

4977–4994.
[26] A. Peris, Hypercyclicity criteria and the Mittag-Leffler theorem, Bull. Soc. Roy. Sci. Liège 70

(2001), 365–371.
[27] M. D. L. Rosa, C. J. Read. A hypercyclic operator whose direct sum is not hypercyclic, J.

Operator Theory, 61(2), (2009), 369–380.
[28] H. N. Salas, Hypercyclic weighted shifts, Trans. Amer. Math. Soc. 347 (1995), 993–1004.



DYNAMICS OF WEIGHTED SHIFTS ON ℓp-SUMS AND c0-SUMS 31

(Q. Menet) Service de Probabilité et Statistique, Département de Mathématique,
Université de Mons, Place du Parc 20, 7000 Mons, Belgium

Email address: quentin.menet@umons.ac.be

(D. Papathanasiou) Sabanci University Tuzla Campus, Orta Mahalle, Üniversite
Cadesi No:27 Tuzla, 34956 Istanbul, Turkey

Email address: d.papathanasiou@sabanciuniv.edu


