DYNAMICS OF WEIGHTED SHIFTS ON /-SUMS AND ¢,-SUMS

QUENTIN MENET AND DIMITRIS PAPATHANASIOU

ABsTrRACT. We investigate a generalization of weighted shifts where each
weight wy is replaced by an operator T} going from a Banach space X to
another one Xj_1. We then look if the obtained shift operator By, ) defined
on the ¢P-sum (or the cp-sum) of the spaces X is hypercyclic, weakly mixing,
mixing, chaotic or frequently hypercyclic. We also compare the dynamical
properties of T' and of the corresponding shift operator Br. Finally, we in-
terpret some classical criteria in Linear Dynamics in terms of the dynamical
properties of a shift operator.

1. INTRODUCTION

An important family of operators in Linear Dynamics is given by the family of
weighted shifts on 7 (1 < p < c0) or on ¢g. These operators can help to get some
interesting examples and counterexamples but can also help to better understand
some dynamical properties through their characterizations for the weighted shifts.

In this paper, we will focus on the five most important notions in linear dynamics:
hypercyclicity, weak mixing, mixing, chaos (in the sense of Devaney) and frequent
hypercyclicity. All these properties are completely characterized in terms of weights
for the weighted shifts on ¢P or on ¢y (see [4], [11], [15], [28]).

These five notions are defined as follows:

Definition 1.1. Let X be a Banach space and T € L(X).

(1) T is hypercyclic if there exists € X such that Orb(z,T) := {T"x : n > 0}
is dense in X.

(2) T is weakly mixing if T @ T is hypercyclic on X & X.

(3) T is mixing if for every non-empty open sets U, V in X, the set Np(U,V) :=
{n>0:T"UNV # 0} is cofinite.

(4) T is chaotic (in the sense of Devaney) if T' is hypercyclic and T possesses a
dense set of periodic points.

(5) T is frequently hypercyclic if there exists © € X such that for every non-
empty open set U in X, the set Nr(x,U) := {n > 0: Tz € U} has a
positive lower density.

More information on these notions can be found in the two books [5, 19]. In
general, we have the following implications between these five notions and no other
implication is true (see [25, Section 4] for more details).
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FIGURE 1. Links between different notions in Linear Dynamics

However, if we restrict ourselves to the study of weighted shifts on ¢P or on ¢y,
more implications are true. For instance, a hypercyclic weighted shift is always
weakly mixing and a chaotic weighted shift is always frequently hypercyclic and
mixing. In fact, on /P, a weighted shift B,, is chaotic if and only if it is frequently
hypercyclic, and on ¢y, a weighted shift B, is chaotic if and only if it is mix-
ing. These links are depicted in the following figures and we know that no other
implication is true (see [3], [4], [11], [15], [28]).
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(A) Links for weighted shifts on ¢? (B) Links for weighted shifts on ¢g

In view of the importance of weighted shifts in linear dynamics, several general-
izations of these operators have already been introduced and investigated such as
weighted pseudoshifts [15] or more recently weighted shifts on trees (see [16], [20],
[24]). In this paper we consider a version of weighted shifts defined on an infinite
product of Banach spaces where the weights are replaced by operators.

To be able to deal simultaneously with unilateral and bilateral shifts, we will
denote by J the set N (resp. Z) and by J* the set N\{1} (resp. Z).

Definition 1.2. Let (Xy)res be a sequence of sets. Given a sequence of maps
Te : X — X1 with k € J*, we define B(Tk)kEJ* on HkEJ X by
Bryye - (®i)ics = (T 1%41) ke

If we have T, =T and X = X for all k£ € J, we will use the notation Br for the
map B(Tk)keJ* :



DYNAMICS OF WEIGHTED SHIFTS ON ¢P-SUMS AND ¢p-SUMS 3

In this paper, we will focus on the case where each T}, is an operator, each space
X}, is a Banach space and the map Br,) gives us an operator on /P ((Xg)g, J)
or on ¢o((Xk)k, J). We recall that

C((Xi)esJ) = {(@i)res € [T X s Y llaw]l? < oo}

keJ keJ

keJ*

and
co((Xi)k, J) = {(@a)res € [ Xx: lim |zx| =0}
hed |k|—o00
Moreover, if each X}, is equal to X, we will use the notations ¢#(X, J) and ¢o(X, J).

Notice that we get back the usual weighted shifts by considering X, = K and
T = wild where Id is the identity operator. We can also get the weighted shifts
on trees by considering for Xy the ¢P-space (or the co-space) supported by the k-th
generation. This idea to replace weights by operators has been considered simulta-
neously and independently by Carvalho, Darji and Varandas [10]. In this one, they
consider the additional assumption that each operator T} is an invertible operator
on some Banach space X and investigate other dynamical properties : the shadow-
ing property and the generalized hypercbolicity.

The main goal of this paper consists in providing some answers to the following
natural questions :

Question 1. How can we characterize that an operator B(r, ) is hypercyclic, weakly
mixing, mizing, chaotic or frequently hypercyclic in terms of the sequence (Ty)?

Question 2. Do the links depicted in Figures (A) and (B) for the weighted shifts
By, can be extended to the operators B,y on P((Xy)k,J) and co((Xi)k,J)?

Question 3. Which dynamical properties an operator T can inherit from Br?
Which dynamical properties the operator Br can inherit from T ? Is there a quasi-
conjugacy between T and Br?

The answers at these questions are a mix of expected results and surprises.

For instance, in section 2, we show as expected that B(r,),_,. is hypercyclic on
P((Xg)k,J) or on co((X)k,J) if and only if B(r,),_,. is weakly mixing, like in
Figures (A) and (B). However there are important differences between the unilateral
case (J = N) and the bilateral case (J = Z). In the unilateral case, we show that
if T is hypercyclic on X then Byp is hypercyclic on (P(X,N) and on ¢o(X,N).
Notice that Br can be hypercyclic on 2(X,N) or on ¢o(X,N) even if T is not
hypercyclic on X; it suffices to consider T' = 2Id and X = K. On the other hand,
in the bilateral case, we have the nice following equivalence : Br is hypercyclic
on P(X,Z) or cy(X,Z) if and only if T is weakly mixing on X. However, since
there exist hypercyclic operators that are not weakly mixing (see [27]), we deduce
that in the bilateral case, it is possible that T is hypercyclic on X but Br is not
hypercyclic on ¢?(X,Z) or on co(X,Z)!

In section 3, we characterize when B(r,) is mixing and we deduce that in the
bilateral case, T' is mixing if and only if By is mixing on ¢?(X,Z) or on ¢o(X,Z).
In view of the previous results, one can wonder if in the bilateral case, T is quasi-
conjugate to Bpr. By investigating the chaos, we will remark that the answer
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depends on p. Indeed, T is not quasi-conjugate to By on ¢P(X,Z) for p > 1 or on
co(X,Z) but T is always quasi-conjugate to By on £}(X,Z). We also show that if
B(1,),c,- 18 chaotic on P((Xy)x,J) (resp. co((Xg)x,J)) then Bp,), . is mixing
and frequently hypercyclic. However, unlike the case of weighted shifts, there exists
a mixing operator By on ¢g(X,N) such that Br is not chaotic, and there exists a
frequently hypercyclic operator By on (X, N) such that By is not chaotic. We can
therefore show that the relations between the five investigated dynamical properties
for the family of operators (B(r,)) are as depicted below and no other implication
is true.

Chaotic

v

Frequently hypercyclic Chaotic

| N

Mixing Frequently hypercyclic Mixing

} ~

Weakly mixing Weakly mixing

} )

Hypercyclic Hypercyclic

Links for B, on £ ((Xx)x,J) Links for B, on co((X&)x,J)

In section 4, we interpret some classical hypercyclicity criteria on 7" in terms of
Br. More precisely, we remark that some version of the Kitai Criterion is equiv-
alent to require that Br is chaotic on ¢y(X,Z) and some version of the Frequent
Hypercyclicity Criterion is equivalent to require that Br is chaotic on £*(X,Z). We
then investigate in depth the link between different versions of these criteria and
the dynamical properties of Brp.

2. HYPERCYCLICITY AND WEAKLY MIXING

We recall that we will denote by J the set N (resp. Z) and by J* the set N\{1}
(resp. Z). Let (Xk,| - ||x)res be Banach spaces and Ty, € L(Xy, Xk-1), k € J*.
We will also let

Twn=1¢€L(X,,X,) and Ty, =Tky10---0T, € L(X,,Xs) fork<mn.

We will finally denote by By(z,r) the open ball in X}, centered at x with radius
r and by B(z,r) the open ball in the considered product space ¢P((Xy)g,J) or
co((Xk)r,J). The shift B(r,) (as defined in Definition 1.2) will give us an operator
on P ((Xi)k,J) or co((Xw)k,J) as soon as supye s+ [|Tx| < oco:

Proposition 2.1. The following assertions are equivalent:

(1) Ber,y maps LP((Xy)r, J) (resp. co((Xi)x,J)) in itself;

(2) suppes« |T]|| < oo

(3) Br,) is a continuous operator on P((Xy)k,J) (resp. co((Xe)k,J)).

Moreover, we have ||B(r,)|| = supge s |T%|-
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Proof. We perform the proof for ¢7((Xy)g,J) (the case of ¢o((X)g, J) being simi-
lar).
If supyc -+ || Tk|| = K < oo, then for any x € ¢P((Xy)x, J), we have

1Bol” = Y ITewxllf—y < Y ITullPllaxll} < K[,
keJ* keJ*

The map B(r,) is thus continuous and || B, || < supge - | Tk
On the other hand, if B(g,) is a continuous operator on P((Xg)g,J) then for
any k € J*, we have

ITell = sup |Thwkle—1 < sup Byl = By,
@) €Xy, €l (X )k, J),
|kl <1 llzfl<1
since ||(0,...,0,2,0,...)|| = ||zk||x- The assertion (2) is thus equivalent to (3) and

Bzl = sup || Tk ||-
k>1

We also remark that each coordinate map P, : P((Xg)g,J) — X,, defined by
P, ((zx)kes) = op is continuous. Therefore, if By, )y maps £P((X )k, J) in itself, we
deduce that B(r,) is continuous by using the closed graph theorem. Finally, since
it is obvious that (3) implies (1), we get the desired result. O

It is well-known that if a hypercyclic operator T possesses a dense set of vectors
whose orbits tend to 0 then 7' is weakly mixing (see [14]). We can therefore deduce
that in the unilateral case, every hypercyclic operator Bp,) on (P((Xy)x,N) or
co((Xk)k, N) is actually weakly mixing. To this end, we first investigate in terms of
(Tk)wem\ {1y When B(q,) is hypercyclic (or equivalently weakly mixing).
Proposition 2.2. Let B(g,) be an operator on fP((Xy)r,N) (resp. co((Xk)r,N)).
The following assertions are equivalent:

(1) B(r,) is hypercyclic;
(2) B(r,) is weakly mizing;
(3) For every N > 1, for every (U;)i1<j<n, where each set U; is a non-empty open
subsets of X, there exvists n > 1 such that for every 1 < j < N
T} j+nBj4n(0,1) N U; # 0.
Proof. We already know that B(r,) is weakly mixing if and only if B, is hyper-
cyclic.
Assume now that B(r,) is hypercyclic. Let N > 1, and (Uj)1<j<n where each set
U; is a non-empty open subset of X;. We can consider € > 0 and z such that for
every 1 < j < N, Bj(zj,e) C U; and z; = 0, for j > N. Let y be a hypercyclic
vector for Bp,y with |ly|| < 1. We pick n > 1 such that
I1Biryy — 2l <e.

If 1 <j <N, we deduce that y;i, € Bj;1,(0,1) and that

Tjj+nYj+n € Bj(x;,€) C Uj.

In other words, the assertion (3) is satisfied.

On the other hand, assume that for every N > 1 and every (U;)i1<;j<ny where U;
is a non-empty open subset in X, there exists n > 1 such that for every 1 < j < N,

Tj 4nBjin(0,1) N U; # 0.
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Since B(r,), has a dense generalized kernel, we can deduce that B(r,), is topologi-
cally transitive and thus hypercyclic (and even weakly mixing), if we show that for
every € > 0, every = € coo((Xk)k, N) (the space of finitely supported sequences),
there exists n > 1 such that

B, (B(0,2)) N Bz,e) # 0.

Let € > 0 and = € coo((Xk)k,N). We consider N > 1, such that if j > N then
xzj = 0, and the open sets (U;)i1<j<n given by U; = Bj(ng, 1). We deduce from
our assumption that there exists n > 1 such that for every 1 < j < N,

TjjnBjin(0,1) N U; # 0.

For every 1 < j < N, there thus exists 2, € X, such that [z}, [lj+n <1 and

T} j+nt)in € Uj. If we complete by letting 2 = 0 for j <nor j > n+ N, we
deduce that 2’ € B(0,¢) and
n €
B(Tk)(ﬁx,) S B(CC,E).
We can thus conclude the proof. (Il

In the case of an operator Br, it is natural to investigate the link between the
dynamical properties of T" and B7. The third condition in Proposition 2.2 can be
simplified as follows in this case.

Corollary 2.3. Let By be an operator on (P(X,N) or ¢o(X,N). The following
assertions are equivalent:

(1) Br is hypercyclic;

(2) Br is weakly mizing;

(3) for any N >0, any family (U;)1<j<n of non-empty open sets in X,

Nr(Bx(0,1),U1) N -1 Np(Bx (0,1), Un) # 0.

In particular, if T is weakly mixing, then Bp is hypercyclic. Since there exist
hypercyclic operators which are not weakly mixing, we can wonder if under the
assumption that T is hypercyclic then By is hypercyclic (and hence weakly mixing).

Proposition 2.4. If T is hypercyclic on X, then By is hypercyclic on ¢P(X,N)
and co(X,N).

Proof. Let N > 1 and a family (U;)1<j<ny of non-empty open sets in X. By
topological transitivity of T', setting Uy = Uy, we may find, for each 2 < j <
N, an integer m; € N and a non-empty open subset Uj’-f1 C Uj;_1 such that
Tmi UJ’;l - UJ’». By continuity of T', we may also choose a neighbourhood W of 0
such that T'W C Bx(0,1), for each 0 < i < mo+---+my. Again using topological
transitivity, we pick m; € N such that T™ W N U] # (. Therefore, there is z € W
such that 7™z € Uj. This implies that 7™+ +™iy € U/ for each 1 < i < N.
Since, for i > 2, T™2T*T™ig ¢ B(0,1), we conclude that

my € Np(Bx(0,1),U1)N---N Np(Bx(0,1),Uxn)
which gives that Byp is hypercyclic by Corollary 2.3. O

Notice that Br can be hypercyclic on ¢?(X,N) or ¢o(X,N) even if T is not
hypercyclic. A simple example is given by T' = 2Id on K. In particular, there
exists some operator T such that T' is not quasi-conjugate to By on ¢?(X,N)
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or ¢o(X,N). However, in some cases, the operator T' can be quasi-conjugate to Br
on /P(X,N) or ¢o(X,N). This is the subject of the following result.

Proposition 2.5. Let T = Bp,) be an operator on X = (P((Xp)r,N) (resp.
co((Xk)k,N))). The operator T is quasi-conjugate to By on £P(X,N) (resp. co(X,N)).

Proof. Let Y = ¢?(X,N) or ¢o(X,N). It suffices to consider the continuous map
¢:Y — X given by
¢ ((T1,1,21,2,- ) (T2,1, 22,0 ), ) = (T1,1, 22,2, ).

It is not difficult to check that ¢ is a linear surjective contraction, which satisfies
that ¢ o By =T o ¢. O

Remark 2.6. Notice that for every operator B(r,), ., defined on P((Xy)x,Z) (resp.
co((Xk)r,Z))), the restriction B(p,), ., on P((Xp)x, N) (resp. co((X)x,N))) is
always quasi-conjugate to B(p,),., on P((Xy)x,Z) (vesp. co((Xi)r,Z))).

In particular, if T is a weighted shift on X = ¢(N) (resp. ¢o(N)) or a weighted
shift on trees then T is quasi-conjugate to Br on (X, J) (resp. co(X,J)). We
will use several times this fact to establish different counterexamples.

As we will see below, there will be several differences between the unilateral
case and the bilateral case. We can already notice that there is no operator T' on
K such that Br is hypercyclic on P(K,Z) or c¢o(K,Z). Let’s start by adapting
Proposition 2.2 to the bilateral case.

Proposition 2.7. On co((Xk)k, Z) and P ((Xk)k, Z) with 1 < p < oo, the following
assertions are equivalent:
(1) Bep,) is hypercyclic;
(2) Br,) is weakly miving;
(8) for every N > 1, for every (U;)—n<j<n, (Vj)=n<j<n where the sets U,
and V; are non-empty open subsets in X, there exists n such that for every
-N S ] S N;
Tj—n,jUj N Bj_n(O, 1) 7é @ and Tj,j—i—nBj—i-n(O) 1) N ij 7é @
Proof. Assume that Br,) is hypercyclic. Let N > 1, (U;) -n<j<n and (V}) _n<j<n
where U; and V; are non-empty open subsets in X;. We can consider 0 < ¢ < 1
and z,y such that for every —N < j < N, Bj(xj,¢) C U, Bj(yj,e) C V;, and
xj =y; =0 for |j| > N. Let z be a hypercyclic vector for B(p,) with ||z —z| <e.
We pick n > 2N such that
1Bz — oll < =
If -N < j <N, we deduce that z; € Bj(z;,¢) C U; and that
Tj,n,ij S Bj,n(075) C Bj,n(O, 1)
Similarly, we get that if —N < j < N, z;4p, € Bj4n(0,€) C Bj4(0,1) and that
Tjj4nZjtn € Bj(y;,e) C Vj.
We have thus shown that (1) = (3).

On the other hand, assume that for every N > 1, for every (U;)_n<j<n,
(Vi)—~n<j<n where U; and V; are non-empty open subsets in X, there exists n
such that for every —N < j < N,

Tj_n,jUj N Bj_n(O, 1) 7& (Z) and Tj1j+nBj+n(0, 1) N V} 7é @
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In order to deduce that B(r, is weakly mixing, it is enough to show that for every
e >0, every z,y € coo((Xg)k,Z), there exists n such that

(1) (B(z,€)) N B(0,¢) #0 and By, (B(0,¢)) N B(y,e) #0  (see [8], [22]).

Let ¢ > 0 and =,y € coo((Xg)r,Z). We consider N such that if [j| > N then
xz; =y; = 0. Let (Uj)—n<j<n and (V;)_n<;j<n be given by U; = B(@xj, 1)
and V; = B (%yj, 1). We deduce from our assumption that there exists n such
that for every —N < j < N,

ijn,jUj N ijn(o, 1) 75 (Z) and Tj’j+nBj+n(0, 1) N V} 7’5 (Z)

For every —N < j < N, there thus exist x; € Uj such that ||Tj_nnx;||J_n <1 and
Yjin € Xjpn such that [y, llj4n < 1 and T} j1ny)y, € V. If we let 2 = 0 if

|j| > N and y;,, = 0if [j| > N, we deduce that 55777" € B(z,¢) and that

n 3
B(Tk)k (mx/) S B(O, E)

and we also deduce that 5375y’ € B(0,¢) and

n 6
B(Tk)k(my/) € B(y,¢).

Since every weakly mixing operator is hypercyclic, we get the desired equivalences
O

If we consider the operator By on ¢o(X,Z) and (P(X,Z), we then get the fol-
lowing characterization.

Corollary 2.8. Oncy(X,Z) and ¢?(X,Z) with 1 < p < oo, the following assertions
are equivalent:

(1) Br is hypercyclic;

(2) Br is weakly mizing;

(8) T is weakly mizing on X.

Proof. Since Ty, = T for any k, Condition (3) in Proposition 2.7 can be replaced
by:

for every N > 1, every (U;)-n<j<n, (Vj)-n<j<n where U; and V; are non-empty
open subsets in X, there exists n such that for every —N < j < N,

T"U; N Bx(0,1) #0 and T"Bx(0,1)NV; # 0.

By linearity, we can replace Bx (0,1) by any open ball centered at 0 and thus by
any neighbourhood of 0. Condition (3) is therefore equivalent to require that every
direct sum T'@ - - - @ T' is weakly mixing (see [8], [22]). Moreover, every direct sum
T®---@®T is weakly mixing if and only if T is weakly mixing ([12]). d

We notice that unlike the unilateral case, there exists a hypercyclic operator T’
on X such that Bp is not hypercyclic on ¢y(X,Z) (resp. ¢P(X,Z)). It suffices to
consider for T a hypercyclic operator which is not weakly mixing ([27]). Therefore
we can deduce that Br is not quasi-conjugate to T on (?(X,Z) or c¢o(X,Z).
On the other hand, while a bilateral weighted shift B,, on ¢y(K, Z) or ¢?(K,Z) can
never be hypercyclic if w is constant, the operator B(r,) can be hypercyclic under
the condition that T} = T for every k. However, it is only possible if T' is weakly
mixing on X and thus if X is infinite-dimensional.
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3. MIXING, CHAOS AND FREQUENT HYPERCYCLICITY

In this section, we investigate three strong dynamical properties that imply hy-
percyclicity : mixing, chaos and frequent hypercyclicity. This study will allow us to
prove that for the operator By, we do not have in general the equivalence between
chaos and frequent hypercyclicity on (X, .J) and we do not have the equivalence
between chaos and mixing on ¢ (X, J).

3.1. Mixing. We start by characterizing when B(r,) is mixing in terms of the
sequence (Ty). We give below the proof for the bilateral case. The characteriza-
tion in the unilateral case can easily be obtained by adapting the following proof.
Moreover, in view of the characterization obtained in Proposition 2.7, the following
characterization is not surprising.

Proposition 3.1. On P((Xy)k, Z) with 1 < p < 0o and co((Xk)k, Z), the following
assertions are equivalent:
(1) Br,) is mizing;
(2) for every j € Z, for every non-empty open subsets U;, V; of X, there exists
ng such that for every n > ng

Tj—’n,jUj N Bj_n(O, 1) # @ and Tj,j—i—nBj—i-n(O) 1) N ‘/J # @

Proof. We first show that (1) = (2). Let j € Z and some non-empty open subsets
U; and V; of X;. Since the projection P; onto the j-th coordinate is bounded and
since B(r,) is mixing, there exists ng such that for every n > no,

Bl (PUU) N BO,1) £ 0 and PY(V;) A Bl (B(0,1)) £ 0.
Since P;(B(0,1)) C By(0,1) for any [ € Z, we get (2).

We now show that (2) = (1). The operator B(r,) is mixing if and only if all
the sets Np,, , (U, W) and Np, (W, V) are cofinite when U and V' are non-empty
open subsets of ¢P((Xy)g,Z) (resp. co((Xk)k,Z)) and W is a neighbourhood of
zero ([18]). By the homogeneity of the norm, it is enough to show that the sets
Np,,(U,B(0,1)) and Np,, ,(B(0,1),V) are cofinite.

Let U and V' be non-empty open subsets of ¢((Xy)k,Z) (resp. co((Xk)k,Z)).
We consider N > 1, z € U and y € V such that z; = y; = 0 for |j| > N. We then
select for all =V < j < N, U; and V; open subsets of X; such that

N N
z € - x{0}x H Uijx{0}x---CUandye---x{0}x H Vix{0}x---CV.
j=—N j=—N
By (2), there exists ng such that for each n > ng and each |j| < N, we can find
w; € (2N + 1)U; and 21, € Bji,(0,1) such that T;_, jw; € B;j_,(0,1) and
T j+nzj € (2N +1)V;. Then we have that
W_N wN
=(...,0,0 0,0,... U
w ( ) k) ) 2N + 17 ) 2N + 17 ) ) ) e

and for every n > ny, B(”Tk)w € B(0,1). Similarly,

Z_N+n Zn4+N
= (... B(0,1
z ( ’O,O,QN—I—I’ 72N+1a0707 )6 (Oa )

and for every n > ny, B(”Tk)z € V which concludes the proof. (]
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In particular, if each operator Ty is equal to T, Condition (2) in Proposi-
tion 3.1 is equivalent to require that for every non-empty open set U in X, the
sets Np(B(0,1),U) and Np(U, B(0,1)) are cofinite. Since this is equivalent to re-
quire that T is mixing (see [18]), we deduce that in the bilateral case, Br is mixing
if and only if 7" is mixing.

Corollary 3.2. Oncy(X,Z) and ¢?(X,Z) with 1 < p < oo, the following assertions
are equivalent:
(1) Br is mizing;
(2) T is mizing on X.
In the unilateral case, we can benefit from the dense generalized kernel and adapt
the proof of Proposition 3.1 to get the following statement.

Proposition 3.3. Assume that B(r,) is an operator on (P((Xp)x,N) (resp. on

co((Xk)k,N)). The following assertions are equivalent:

(1) Bp,) is mizing;

(2) for every j € N, every non-empty open subset U; of X;, there exists ng such
that for every n > ng,

Tj j+n(Bj4n(0,1)) NU; # 0.
We immediately get the following characterization for By .
Corollary 3.4. Oncy(X,Z) and ¢?(X,7) with 1 < p < oo, the following assertions
are equivalent:
(1) Br is mizing;
(2) for any non-empty open set U in X,
Nr(Bx(0,1),U) s cofinite.
In particular, if T is mizing on X then Br is mizing on ¢P(X,N) and on co(X,N).

Notice that By can be mixing even if T" is not hypercyclic. It suffices to consider
again T = 21d on K.

3.2. Chaos. In view of all the above results, we cannot yet deduce if in general,
Br is quasi-conjugate to T' in the unilateral context, and if in general, T is quasi-
conjugate to Br in the bilateral one. The study of chaos will provide us with an
answer to these two questions.

Proposition 3.5. The operator B(r,) is chaotic on £P((Xy)r,J) with 1 <p < oo
(resp. on co((Xk)k,J)) if and only if for every k € J, there exists a set Dy in Xy,
such that span(Dy) is dense in Xy and such that for every xy € Dy, there exists
(Tn)n>kt1 such that Tpx, = xp—1 for any n >k + 1 and such that

« if J=N,
(0,-+-,0, 2k, Try1,- ) € P((Xg)k, N) (resp. co((Xk)k, N)),
«ifi=12,
(s Dok, Tim1 5Tk Tho, Thg1, - -+ ) € LP((Xi)k, Z) (resp. co((Xk )k, Z)).

)
Moreover, if B(r,) is chaotic on €°((Xy)r,J) (resp. co((Xw)w,J)) then B(r,) is
mizing on P((Xk)k,J) (resp. co((Xi)k,J))-



DYNAMICS OF WEIGHTED SHIFTS ON ¢P-SUMS AND ¢p-SUMS 11

Proof. We perform the proof in the bilateral case. Let us assume that B(r,) is
chaotic. Let i € Z and U; be a non-empty open subset of X;. By density of the
periodic points, there exists a periodic point (x;);ecz for B(r,) such that z; € U;.
Let d be the period of (x;);ez for Bip,). We consider the sequence (y;);ez defined
by

R if jE’i-i-dZ,
Yi 0, otherwise.

The sequence (y;);ez is thus also a periodic point with period d for B(p,) and by
letting

(z3)jez = (I + Bz, + -~ + B{p ) ) (ys)jez),
we get a fixed point for Bz, ) with z; = x; € U;. We then get the first implication.

On the other hand, we first observe that we may assume that Dy is dense for
every k (since the validity of the assumptions for Dy implies their validity for
span(Dy)). Now, let U; be a non-empty open set of X; and x; € D; N U;. There
exists a sequence (&, )n>;+1 such that T),x,, = x,_1 for any n > ¢+ 1 and such that

Y= (T2, Ti1i%i, 2, Tigr, ) € (X )k, Z)) (vesp. co((Xk),Z))-
For every d > 1, the sequence y(? defined by

J 0, otherwise

is a periodic point for B(r, ) of period d and (y(9) 4 tends to the sequence (..., 0,z;,0,...
as d — oo in P((Xy)k,Z)) (resp. in co((Xg)k,Z)). Since the finitely supported se-
quences are dense in P ((Xy)g,Z)) (resp. in co((Xk)k,Z)) and the set of periodic
points form a linear subspace, we may conclude that B(r,) has a dense set of pe-
riodic points. Finally, we observe that if U; is a non-empty open subset of X;, we
have by considering a fixed point x for B(r,) with z; € U; that there exists ng such
that for every n > ng,
/I’i,iJrnBiJrn(O7 1) N Ui 7& @

In the same way, if V; is a non-empty open subset of X;, we have by considering a
fixed point z for B(g,) with x; € V; that there exists ng such that for every n > no,

TiniViN Bi_n(0,1) # 0.
Hence B(r,) is hypercyclic and even mixing by Proposition 3.1. (]

Corollary 3.6. The operator Br is chaotic on ¢P(X,J) with 1 < p < oo (resp. on
co(X,J)) if and only if there exists a set D in X such that span(D) is dense in X
and such that for every 1 € D, there exists (z,,)n>2 such that T,,x, = x,_1 for
any n > 2 and such that

e if J=N,
(z1,22, ) € P(X,N) (resp. co(X,N)),
. ifJ=17,
(-, T%xy, Tx1, 1,20, ) € LP(X,Z) (resp. co(X,Z)).

We remark that unlike the properties of hypercyclicity, weak mixing and mixing,
chaos cannot always be transferred from T to By on ¢o(X,N) or (X, N).
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Proposition 3.7. There exists an operator T on a Hilbert space X such that T is
chaotic but the only periodic point of By in tP(X,J) for any 1 < p < 0o or ¢o(X, J)
is zero. In particular, T is chaotic on X but B is not chaotic on ¢P(X,J) for any
1 <p < oo noronco(X,J).

Proof. We know thanks to Badea and Grivaux [1, Corollary 4.7] that there exists
a chaotic operator Ss on a Hilbert space X such that sup, [|S§*|| < oo for an
increasing sequence (ny). It implies that for any d > 1, sup, ||S(?’€d|\ < oo. If we
now assume that x is a periodic point for Bg, of period d then for any k,n € N, we
get

d d
lznll = 155" @ntneall < 155 M@ntnyall =0
—00
and thus z = 0. O

In particular, the above proposition implies that for some operator T', the oper-
ator Br is not quasi-conjugate to T on /(X ,N) or ¢o(X,N). Obviously, by
considering T' = 2Id on K, we also have an example of operator 1" such that By is
chaotic on ¢?(X,N) or ¢o(X,N) but T is not. One can wonder if when we consider
the bilateral case, under the condition that Bt is chaotic, we can deduce that T is
chaotic. We will see that the answer will depend on the value of p.

Proposition 3.8. There exist a Banach space X and an operator T on X such
that By is chaotic on P(X,Z) for any 1 < p < oo and on co(X,Z) but T is not
chaotic on X.

Proof. Let X = ((K,Z) and T the bilateral weighted shift B,, with w, = 2 if
n > —1 and w, = %L otherwise. We then have that for every n > 2

— n
Wy W_g = 1/n.

The operator 7" is therefore not chaotic on X since the series Y oo, [w_p, -+ w_o|

is divergent. However, we can deduce from Corollary 3.6 that Bp is chaotic on

¢P(X,Z) for any 1 < p < oo and on ¢o(X,Z). Indeed, if we consider D = cyo(K, Z)

and z1 € D then we can let z,, = Fﬁ_lml for every n > 2 where F, is the forward

shift associated to the weights v, = 1/wp41 so that B, F, = Id. It follows that

(---,B22y, Byxy, 21,9, --) € £P(X,7Z) for every p > 1

since for n sufficiently big, ||xn+1]] = ||znl|/2 and || Bz < CH%H for some con-
stant C' > 0. O

We deduce from the previous result that in general, T' is not quasi-conjugate
to Br on ?(X,7Z) for 1 < p < oo or on ¢y(X,Z). However, the situation is
surprisingly different on ¢1 (X, Z).

Proposition 3.9. Every operator T on X is quasi-conjugate to By on (*(X,Z).
Proof. Let Y = (1(X,Z). Tt suffices to consider the continuous map ¢ : ¥ — X
given by
¢ : (zn)nEZ — Z T
ne”z

Since (#y)nez € ¢*(X,Z), the series > .,y is well-defined and the map ¢ is
actually a linear surjective contraction, which satisfies that ¢ o By = T o ¢. ([
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We have seen that if B(r, ) is chaotic then B(r, ) is mixing. For the usual unilateral
weighted backward shifts acting on ¢o(K, J), the converse is also true. We end up
this section by showing that this equivalence is not true for By on ¢o(X, J). Notice
that on (P (X, J) with 1 < p < oo, we can easily get such an example by considering
T = B,, the unilateral weighted shift with w,, = (”TH)% on X = ¢?(K,N). Indeed,
since T is mixing, By is mixing on ¢?(X,J) (Corollary 3.4) but since T is not
chaotic, By cannot be chaotic on (X, J) by Proposition 2.5 and Remark 2.6. Our
approach for ¢o(X, N) is similar except that we will not find such a counter-example
by considering unilateral weighted shifts on ¢(K, N). However we will find such a
counterexample in the family of weighted shifts on directed trees. Such an example
can already be found in [17, Example 9.10 (b)] under additional assumptions such
as never having infinitely many children. We give here another example relying on
the contrary on this possibility of trees to have infinitely many branches from a
vertex. Moreover, this example will also be used in the proof of Theorem 4.3.

Proposition 3.10. There exists a rooted directed tree (V, E) and a weighted shift
on ¢o(V) that is mizing but not chaotic. Consequently, there exists a Banach space

X and an operator T on X such that Br is mizing on co(X, J) but not chaotic on
C()(X, J) .

Proof. We first explain the construction of the tree that we will consider. We

start by denoting the root egl). We then add a finite branch of each size from

the root that we will denote elgl’nl) for 1 < 5 < n;. In other words, we have
Chi(e(ll)) = {egl’nl) :np > 1} and for each 1 < j < nq, Chi(egl’"l)) = {eﬁ?l)}. We
continue by adding from each vertex e;ﬂ’”l) a finite branch of each size that we will
§1’7ll’"2) for 1 < j < ny. At the end, for each (1,n1,...,n;) € N, where
N ={(no,n1,...,nk) :no=1, k>0, n; € Nfor any 1 <i <k},

denote e

we get
Chi(e%ll;nl"”’nk)) _ {egl,nhm,nk,nlﬁ-l) CMppyr > 1}

and for all 1 < j < ng,

Chi(ef" ™) = el ).

Given (1,n1,...,n;) € N, we consider an integer N@n1mk) > 1 guch that for
any k,n,
NOrenen) — NyLnoned) o 1 apd Nnonel) > o
We can now define our weighted shift 7' on ¢o(V') as follows:
o Tel =0,
. Tegl’"l"“’"k) = 46&?“"’"“ if 2 <j <mny,
. Tegno’nl"”’n"') — 9N n’c)e(no’"l"“’"’*‘*l) where ng = 1 and k > 1.

MNEg—1

We remark that T is bounded since for any k£ > 1

nkzl

We first prove that T is mixing. Let Uy, Uy be two non-empty open sets in ¢ (V).
We consider z € Uy Nego(V) and y € UsNege(V). Since our directed tree has a root,
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it is clear that there exists Ny such that for any n > Ny, Tz = 0. On the other
hand, it is possible to find for each n a vector S,y such that T"S,y = y and S,y

tends to 0 when n tends to infinity. This can be easily done by relying on a different
branch for cach n. Indeed, if Y = Y,y nyer 7t Yoy

for some finite set F C N then by letting

neg—n

y(n N1,..nk),7  (no,mi,...,nk)
s X[ s g

(no,n1,...,nK)EF j=1

NnE 2N("0’"1’”""k’")
(no,m1,...,n5,n)

+ > ot Yot ) i€y :
j=max{l,n—n+1}

we can compute that for any n, T"S,y = y and S,y tends to 0 when n tends to

infinity since for any (ng,n1,...,n,) € F, we have
2N(n0,n1 ..... np.n) 2N(n0,n1 ..... neD) fp1
gn—1 = gn—1 — 0.

By considering = + S,y, we now deduce that there exists N; such that for any
n Z Nl, TnU1 OUQ 7é @

Let’s show that T is not chaotic. We first remark that 7' can be seen as an
operator B(r,) defined on co((X%)x,N) where X} is the co-space supported by the

elements in Chikil(egl)) and T} is the restriction of T on Xj. It follows from
Proposition 3.5 that if T" is chaotic then T possesses a fixed point x such that the

coordinate xgl) has an absolute value bigger than 1. Assuming that such a vector x

exists, we show that for any (ng,...,ng) € N, if |3:(1n°"’“)| > 1 then there exists
n > 1 such that |x§"°""’"’“’n)| > 1. This will contradict the fact that z € ¢o(V). If z

is a fixed point for T then for any (ng,...,nx) € N, a:;’}f"k) = 4_"’6“335”0"”’”’“)
and since

x(no,“.,nk) _ Z T(xgno,...,nk,n)egno,,..,nk,n))7

Nk
n=1

there exists n > 1 such that

HT(xgﬂo,uwnkm)egnow-ﬂk,”)) H Z 27n47nk+1 |1,g7l07~-,7lk) |

Therefore, if [{""™)| > 1, we conclude that there exists n > 1 such that

by our assumption on N (0:-mk:1)

The first part of our statement is thus proved and for the second part, it suffices
to use Corollary 3.4 (or Corollary 3.2) and Proposition 2.5 (or Remark 2.6) to
conclude that By is mixing but not chaotic on cy(co(V), J). O

3.3. Frequent hypercyclicity. For the usual weighted shifts, we can use the char-
acterization obtained for chaos in terms of weights to show that all chaotic weighted
shifts are frequently hypercyclic. This is done by using the following criterion [9].
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Theorem 3.11. Let X be a separable Banach space and T € L(X). Suppose that
there are a dense subset Xy of X and mappings S, : Xg — X such that for all
x € Xg, the following assertions hold:

(1) Zﬁ:o T*S), _,x converges unconditionally in X, uniformly in k,

(2) ZZOZO T*Skinx converges unconditionally in X, uniformly in k,

(3) 307 o Sna converges unconditionally in X,

(4) T"Spx — x,

then T is frequently hypercyclic.

This link between chaos and frequent hypercyclicity for weighted shifts can be
extended to the operators (B(r,)).

Proposition 3.12. On (P((Xy)g,J) with 1 < p < oo or on co((Xk)r,J), if Br,)
is chaotic then Bty is frequently hypercyclic.

Proof. We perform the proof for J = Z. Let Y = P((Xy)g,J) with 1 < p < oo
or Y = co((Xg)k,J). We show that if B(r,) is chaotic then we can apply Theorem
3.11. By Proposition 3.5 and its proof, for each k € 7Z, there exists a dense subset
Dy of X, satisfying that for every z, € Dy, there exists (2,)n>k+1 such that
T,x, = xp_q for any n > k + 1 and such that

(- The2k%ky The1 kT Thy Tpg1,- -+ ) € Y.
Let Xo := coo((Dg)k, Z). For each n > 0, for each z; € D;, we set
Sn((...,0,0, zi ,0,0...))=(..,0,0, 2isn ,0,0,...)
i—position (i+n)—position
where x;4, is chosen as above. We then extend S, in a natural way to the finitely

supported sequences in Xj. It is immediate that B?Tk)Snx = z for every x € Xj.
Moreover, for each x; € D;, we have

ZSn((,0,0, xT; ,0,0...)):(...,O,O,O,zi+1,zi+2,...)GY,

n=1 . .
1—position

and we deduce that Y > S,z converges unconditionally in Y for all 2 € Xj.
Finally, for each x; € D; and [ € N, we have

~—

i—position

!
ZBéTk)Sl—n((---,(),Q i 50,0...))=(-,0,Tipiwis..., Tim1i4,24,0,- )
n=0

and

oo

ZBéTk)Sl‘f‘n((""O’O? ZT; 7070"')):('"707$i7$i+1)$i+27"')-

n=0 i—position
From the fact that (-, Th—2x%k, Th—1,k%k, Tk, Tht1, - ) € Y, we may conclude
that the series above converge unconditionally in Y, uniformly in [ and hence that
B(r,) is frequently hypercyclic. |

Bayart and Ruzsa showed in [4] the impressive result that on /7 (K, .J), a weighted
shift B,, is chaotic if and only if B,, is frequently hypercyclic. We can wonder if
this equivalence is still true in the context of the operators B, ) on £7((Xy), J)
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with 1 < p < co. The approach of Bayart and Ruzsa allows us to get the following
result.

Theorem 3.13. If By, is frequently hypercyclic on £,((Xy)x,J) with 1 < p < oo
then for any k € J, any non-empty open set Uy C X,

Zinf{HszJrn 2 €Ty nUn} <00
n>1

and if J =7, we also have

Zinf{”z”i_n 02 € Tj—n k Uk} < o00.

n>1

Proof. We again perform the proof for J = Z. Assume that B(g,) is frequently
hypercyclic and that = € £,((Xy)r,Z) is a frequently hypercyclic vector for B(z,).
Let k € Z and Uy, C X}, be a non-empty open set. Let yi € Up\{0} and € > 0 be
such that ||yx|x > 2¢ and By (yk,e) C Ug. Let

A={n>0:|Bipryz—(...,0,0, yx ,0,0...)[ <e}
—~

k—position

It follows that dens(A) > 0. If n € A, we have

el > Z ‘|Tk+m—n,k+mzk+m||£+m—n + Z ||Tk+m—n,k+m$k+m”Z+m—n

m<n —
> Z [ [ Z [ S | .
m<n,meA =
while
Z | Thtm—n ket mTrtmlysm—n = Z | Tt —n kDo bt mTrtmllym—n
m<n,meA =
= Z inf Tor P
_m<n mGAZEBk(yk,E) H k+m—n.k ||k+m—n
and
Y M TmonptmTrrmli i = Y {2l Thktmonz € Br(yr,€)}-
m>n,meA =

Let o, = inf{||z\|z+n : Th knz € Bi(yr,€)} if n > 0and o, = inf,c g, (y, o) ||Tk+n,szZ+n
if n < 0. We remark that ag = inf.cp, (4, ||2]l} in both cases and that for every
n > 1, we have

{z € Xitn-1: T htn-12 € Bu(yr,€)} D {Thtn-1k+n? € Xktn-1: Tk k+n? € Be(Yr, )}
and thus
Qp = inf{||2||ll;+n : Ty ktn? € Bi(yk,€)}
> [ Then—1ktnll P Thgn—1,k1n2ll3 gy * Thikinz € Be(yr,€)}
> 1B I it 2011+ Tiin 17 € Belyir )} = | Benyll Pan 1.
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Moreover, for every n < 0, we have

= inf T, P
Qp zEBlkI%yk,E) || k+n,k2Hk+n
Z HTk+n71,k+n||_p inf ) HT/C*FN*L]CZHi{»nfl

2€ Bk (yk e
> | Bzl Pan—1.

Let Bn =2 ,,c4 ®m—n- We get that

Bn = Z inf Thommnizllt. 4+«
n m<nm€AZ€Bk(y’“’€) H +m—n, ||k+m n 0
+ > inf{lllf e Tekrm—nz € Bilyr, )} < e + ag
m>n,meA

In other words, the sequence (/3,,) is bounded and it follows from Corollary 9 in [4]

that > ., o is convergent, i.e.

> inf{l|z)},, : Tokin? € Bilyr,e)} <oo and Y inf [Tz’ < oc.
2E€B (yk,€)

n>0 >0

Finally, since By (yx,e) C U, we get the desired result. O

This result allows us to deduce that the frequent hypercyclicity of B(r,) on
Lp((Xk)k,J) implies that B(p,) is mixing.

Corollary 3.14. If B(r,) is frequently hypercyclic on £,((Xg)k,J) with 1 < p < oo
then Bp,y is mizing on £,((Xg)k, J)-

Proof. The result follows from Theorem 3.13 and Proposition 3.1 (or Proposi-
tion 3.3). It suffices to remark that for every n > 1 and every U; C X; non-empty
open set,

TjjnBitn0,1)NU; #0 & nf{|2llf,, : 2 € Tj},,U;} < 1
and that

Tj—n,jUj n Bj—n(07 1) 7é 0 < 1Hf{||2||§7n tzE Tj_anUj} <1
(Il

Notice that this implication is not true in general on co((Xx)k, J) since even on
co(K, N) we can find a frequently hypercyclic weighted shift that is not mixing ([3]).
If we want to extend the result of Bayart and Ruzsa for weighted shifts on ¢P, it will
be nice if the convergences obtained in Theorem 3.13 imply chaos. However, this
will not be the case because these conditions are too weak. In fact, these conditions
are not even equivalent to frequent hypercyclicity in the case of Br.

Proposition 3.15. Let 1 < p < oco. There exist a rooted directed tree V and a
weighted shift T on X = P(V) (resp. on X = co(V)) such that for any non-empty
open set U C X,

Zinf{||z||xzz€T_"U}<oo and Zinf{Hz|\X:z€T”U}<oo.

n>1 n>1

but Br is not frequently hypercyclic on ¢?(X,J) (resp. on co(X,J)).
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Proof. Let N' = {(ng,n1,...,n,) :ng =1, k> 0 and n; € N for any 1 < j <k}
and a family (1(171- nk))(ljnh__,nk)e‘/\/' C N. We consider the rooted directed tree

V where egl) is the root and where for each (1,n1,...,n;) € N,

s (Lmaeong)y o (Lna,eone, i) |
Chl(el(l,nl ,,,,, nk)) - {61 M1 Z ]-}

and for all 1 < j < [(Lnaenw)

Chi(ef! ™)) = {efly ).

This tree is similar to the tree considered in the proof of Proposition 3.10 excepted
that the length of the segment (egl’"l""’"’“))lgjglu,nl ..... ) is now given by the pa-

rameter {(1:715-mk)

Let X = (V) (resp. ¢o(V)), a) =1 and IV) = 1. Given (1,n1,...,1n4) € N
with & > 1, we consider

a(bnisome) — (ny+---+np+ 2<l(17n17~--7nk—1) _ a(lﬂll,--anfl)) 4 3)2’

N(l,n1 ..... nk) = ny 4 2(1(1,77,1 ..... nk—l) _ a(l,nl ..... nk—l)) 4 1
and finally

l(l,nl,‘..,nk) — a(l,nl,.“,nk+1) +N(1,n1,m,nk+1) Jr’flk + 1
so that for any (1,n1,...,n%) €N

(31) U [a(l,nl...,nk,n) + N(l,nl,‘..,nk,n) +n, l(l,nl,...,nk,n)]
n>1

— [a(17n1~~7nk,1) + NG, ng,1) +1,00[.

We can now consider the weighted shift 7" on X given by
T egl) =0

N0 ) (Roy.. e
Tegn0 k) g N (o e((r;o i 1)) where ng =1 and k > 1,
105 omp—1

o Tellmim) = gbinmi) i 1 < j < q(bmaem) and k > 1,

° Te(_17n1,~~7nk) — 4€§ETI""’nk) if a(l,nl,...,nk) <j< [Lnasone) and k > 1.

[ ]
[\

We already remark that for every non-empty open set U C X, inf{||z||x : z € T"U}
is ultimately equal to 0 since finitely supported sequences are dense in X and have
an orbit eventually equal to 0. We now show that for every non-empty open set
UcCX,

Z inf{||z|]|x : 2 € T""U} < 0.
m>1

As in the proof of Proposition 3.10, the idea will be to select a convenient branch
depending on the considered iterate. Let U be a non-empty open set in X. Since
the finitely supported sequences are dense, we can find a finite set 7 C A and

_ (no,n1,.-,n1) _(1n0,11,--,1k)
= > > €j ev

(no,m1,...y ng)EF j=1
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so that for every m > 1,

inf{||z||x : 2 € T""U}
l(no,nl ..... n)

< Z Z |$§n07n1"”7nk)|inf{HZHX .- Tﬁm{eén(]’nl""’nk)}}'

(no,n1,...,np)€F  j=1

Since F is finite, it is then enough to show that for any (ng,n1,...,nx) € N and
any 1 < j < [(non1,mk)

Z inf{||z||x : z € T_m{e§n°’"1""’"k)}} < 00.

m>1
Let (ng,n1,...,ng) € Noand 1 < j < [momme) Lot m > nomome) — j 4
aMonined) 4 4 N(osonesl) | By (3.1), there exists n > 1 such that
l(TLo:nl,4..,nk)_j+a(n07’rL17.4477Lk»n)+n+N(n07---,nk,TL) <m< l(”"’nl""’nk)—j_|_l("07"1,-~7nk,n).
We then let

N(mos-- ng,mn)
= 2 (no,m1,...,nk,m)
4l(n0,n1 ,,,,, nk)_max{a(no,nl ..... 7Lk)7j}4j+m_l(ﬂ0,7l1 ..... nk)_a(no,nl ..... T M) j+mfl(n01n1 vvvvv ny)

so that

2N(n,0,...,nk,n)

_ (nomayem)
Tz = €; 0" F and ||Z|| < 4j+m_l(n0,n1,,_.,nk)_a(no,nl,...,nk,n)'

We deduce that for any n > 1

1(70m1se ) g (nosm s mgn)

2 inf{ 2l x : 2 € T {eom

2N(n0,...,nk,n)

< >
= AJFm—1(0 k) —q(no g )

2N(n0 ..... np,n) 1

< .
— 4n+N("0=---v"k=")_1 — 4n—1

By (3.1), it follows that
ST inf{|lz]x c 2 € T e < oo,

m>1

It remains to show that By is not frequently hypercyclic on (X, J) (resp. on
co(X,J)). The strategy consists in showing that if = is hypercyclic for By then
the norm || BFz| is too often bigger than 1 by relying on the fact that the ratio

% is tending to 1 when n; 4 --- + ny tends to infinity. Let y = (y;);ecs
given by y; = Qegl) and y; = 0 for any j € J\{1}. If x = (z;)es € {p(X, J) (resp.
on ¢o(X, J)) with ||z|| < 1 satisfies

|Brz —yll <1

then we have ||T"2,411 — 2e§1)|| < 1. Tt follows that there exists (1,n1,...,nx) €N
such that

||Tn$(1+’q1’-m ;nk)e(lwnlx"' k) H > 9—mi——ng—k
n 5] J -
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and n = (b)) oo ((bname1) g with 1 < § < 1(Bmamk) - Sinee for any
l1>1
N (rosnis.mi) n; + 2(1(”07"1’---1"”—1) _ a(n07n11-~~7nl—1)) +1

we can compute that

)

4(l(1'"1>7(1(1’”1))+-~+(l(1’"1"" Me—1) _q(bn1 P e—1)) p max (j—a(b 1 mE) 0)

(L, me) )
”Tnej H - 2N(1,n1)+.“+N(1,n1 ,,,,, ng)

4max(j_a(1,n1 ,,,,, 7‘7@‘)70)

Qnit-tng+k

3 (1,n1,- ,m) n,(Lni, o ne) (Lng,,ng) —n1—-—np—k
Therefore, since |z, 7'} | <land ||T"z, 7' e; | >2 )

we deduce that j > a(1m1 ) and that

gm0 5 gmGmaia),
It follows that for any j — a("1") < m < j, we have

Hmegll_ﬁy“ 7"k)e‘§17'"«17“' M) H >1

and thus || B[ > 1. Since j < 1(hm0m%) | we get
[{m < 1(brvme) o || Bive|| > 1} - a(bLnisn)

{(Lna, mk) = (Lny,ng)

By definition of our parameters and if we let C'(0-7-1) = [(n0:mk—1) _g(n0,-m—1)
we have
q(Tnsm) a (L)
(0]~ (Lt D) o 2py + 2C (o omi1) 43
(N1 + - 4 ng + 20M0mi-1) 4 3)2
(n1+ -+ ng + 142000 me=1) 4 3)2 4 9y, 4 2C (M0 me—1) 43

and thus
1Ama,.n)
1= a(limi,...mk)
n4--+np+1+ 20 (M0 mE—1) 4 3)2 2y + 2C (nos-nk—1) 4 3
= +
(nl +ooidng + 20 (0. me—1) 4 3)2 (nl + g+ 20 (05 me—1) 4 3)2
<(n1+"'+nk+1)2 2

(ny+ - +ny)? ny 4y
Let ¢ > 0 and = a hypercyclic vector for By with ||| < 1. Then there exist

infinitely many n such that || Bz —y|| < 3 and thus infinitely many (1,71, , ny)
such that
[ < 10mm) 5 B > 1)) altmomn)
(Lm0 m) = [(Lna,eng)
In particular, among these ones, there exists (1,n1,- - ,ng) such that ny +-- -+ ng

is arbitrarily big and thus such that
[fm < iGmm) | Bpal = 13

[T )

—&.

This implies that dens{m > 1 : ||Bfz| < 1} = 0 and that = is not frequently
hypercyclic for Br. Therefore we can conclude that Br is not frequently hyper-
cyclic. [
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Remark 3.16. We can also deduce from the previous proposition that there exist a
Banach space X and an operator T on X such that Br is mixing but not frequently
hypercyclic on ¢o(X, J).

We can now wonder if the proof of Bayart-Ruzsa for weighted shifts on ¢?(K, J)
does not work in our context because the conditions obtained in Theorem 3.13 are
too weak or because frequent hypercyclicity itself is too weak to imply chaos. We
show that we have no hope to extend the equivalence between frequent hypercyclic-
ity and chaos to the operators Br on ¢P(X, J).

Proposition 3.17. Let 1 < p < oco. There exist a rooted directed tree V and
a weighted shift T on X = (1(V) such that Br is frequently hypercyclic but not
chaotic on ¢P(X,J).

Proof. As in the proof of Proposition 3.15, we consider N' = {(ng,n1,...,ng) :
no=1, k>0and n; € Nforany 1 <j <k}. We let [Ln1nk) =y 49 for any
(1,n1,...,nx) € N and consider the rooted directed tree V' where egl) is the root
and where for each (1,n1,...,n5) € N,

s (Lng,...,ng) (L,na,emp,mpy1) |
Chl(elum,l,...,nk)) ={e Pngy1 > 1}

and for all 1 < j < [(Lnamk)

. 1,n1,....,n 1,ny,....,nk
Chi(ell ™)y = felmmy,
Let N(Lntvone) — 9](Lnasonk) 4oy for any (1,n4,...,n%) € N. We consider
the weighted shift 7' on X = ¢1(V) given by

Tegl) =0,

Tegno"”’"’“) = 461(::1) """"" 22:11)) when ng =1 and k> 1,

° Te;l’nl’m’nk) — 4621;7111"“’7”6) ifl1<j< l(l,'rn,...,nk)7

(1,m1,.0m) o= N@OnLong) (Ling,...,ng)
T 1(Ling,...s nE) 2 1(Ling,..., ng)_1°

We notice that our choice of N(1m1:7%) implies that the product of weights along
the segment (egl’nl""’n’“))1<j<l(1,n1 ,,,,, ) is smaller than 1. We will use this fact to
prove that Br has no fixed point (excepted 0).

We first show that Br is frequently hypercyclic on ¢?(X,J) by using Theo-
rem 3.11. Let Xo = coo(coo(V),J). Let m € J, (1,ny,...,n,) e Nand 1 < j <
1(Lromk) Tt suffices to show that Theorem 3.11 is satisfied for any = € X, given
by ., = egl’nl"”’nk) and x,,,r = 0 if m’ # m. To this end, we let Soz = z, and for

any n > 1, S,z = y with y, 4 = 0 if m’ #£ m and

4—ne§_1+”21,...,nk) if j+n< ((Lng,.ng)
Ymin = 47(n71)2N(1’"1"”‘"k)651217--4771” lfj +n= l(l,nl;n.,nk)

A= (n=1)gNEmme) (Lngeng jn—l 71 mk))

if 5 (1,n1,...,mk)
jJr’n*l(l’nl ,,,,, nE) lfj + n > l

which is well-defined since for any m > 1, m < [(Lnasnem) - We remark that in
the third case, our choice of the branch depends on n and that for every n, we
have B1:.Sp,z = x. We can therefore deduce that the operator Br is frequently
hypercyclic since
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(1) Zi(:o BESk_,x = Zf:o Blla converges uniformly in K becauseBjz = 0
forall n > j + [Lsme—1) 4oy l(l);

(2) 3o, BE Sk inx converges unconditionally in ¢7(X, J) uniformly in K be-
cause for all n > [(Lmieme) — j | BE Sy, a|| = 2N " y=(n=1),

(3) o2y Spx converges unconditionally because

We now show that By is not chaotic on ¢P(X,J). Assume that By is chaotic.
By Proposition 3.5, there then exists a fixed point « € ¢?(X, J) for Br such that

\xl((ll)) ;| = 1. We show that for any (1,n1,...,n5-1) € N if |x(1’n1""’n’“‘1) >1,

g (Lntsong_ | Z
)

where n = () 4 ... 4 ((Ln1mk—1) then there exists ng such that

(1,n17...,nk) | > 1

|$n+l<1,n1 ,,,,, np) J(Lnang)

This will be a contradiction with z € ¢7(X, J). Indeed, if z is a fixed point for By
satisfying \x(l’m"”’n’“‘l) | > 1, there exists nj > 1 such that

Tty e )| = 2

and thus such that 4|x£ll+q11n")\ > 27™ . Since x is a fixed point, we then also

have

(1m0, m) Zpnmg) po N oo
| n_,’_l(l,nl,...,nk)7l(l,n1‘...,'n,k)| >4 2 2 .

Therefore, since N(L1mk) = 91(Lnasnk) 4y e get |xil+7(11nlnk)nk)l(1nlnk)| >
1. By induction, we deduce that x will have infinitely many coordinates with a norm

bigger than 1. Contradiction. g

Remark 3.18. Let us mention that the weighted shift T on the rooted tree V of
the previous proposition, satisfies that it is frequently hypercyclic but not chaotic
on ¢}(V). Indeed, the fact that T is frequently hypercyclic follows immediately
from Proposition 3.17 (for p = 1) and Proposition 3.9. The argument that 7" is not
chaotic is similar to the proof that By is not chaotic.

We conclude from all the previous results that we have the following implications
between the five investigated dynamical properties for the operators (B(r,)) and
that no other implication is true on ¢?((Xy)k,J) or on co((Xg)k,J) (even if we
restrict ourselves to the operators Br) as mentioned in the introduction.
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Chaotic

v

Frequently hypercyclic Chaotic

| N

Mixing Frequently hypercyclic Mixing

} ~

Weakly mixing Weakly mixing

} !

Hypercyclic Hypercyclic

Links for B(r, on £ (X&), J) Links for B, on co((X&)x,J)

4. KiTtal CRITERION AND FREQUENT HYPERCYCLICITY CRITERION

In Linear dynamics, an important way to deduce some dynamical properties for
an operator consists in showing that the operator possesses a dense set of orbits
tending to 0 (more or less rapidly) and a dense set of vectors with "backward"
orbit tending to 0 (more or less rapidly). Two important examples of such criteria
are the Kitai Criterion and the Frequent Hypercyclicity Criterion. We show in this
section how these criteria are related to the dynamical behavior of Br.

4.1. Kitai Criterion. The criterion given by Kitai is the following (see [21]).

Theorem 4.1 (Kitai Criterion). If there are dense subsets Xo, Yy in X and a map
S Yy — Yy such that

(1) T"xz — 0 for each x € Xy,
(2) Sy — 0 for each y € Yy,
(8) TSy =1y for each y € Yo,

then T is mizing.

However, it is well-known that we can replace the map S and its iterates by a
sequence of maps (S,) (see [7]). In doing so, we get the Hypercyclicity Criterion
along the whole sequence (n).

Theorem 4.2 (Hypercyclicity Criterion along (n)). If there are dense subsets
Xo,Yy in X and maps S, : Yo = X such that

(1) T"x — 0 for each x € Xy,

(2) Sny — 0 for each y € Yy,

(8) TS,y — y for each y € Yy,
then T is mizing.

These criteria do not characterize mixing operators. Indeed, it was shown by
Grivaux in [14], that there exists a mixing operator T such that for any non-zero
vector x, T"x does not tend to 0. We investigate the links between the dynamical
properties of By and these two criteria (with the additional assumption that Xy =
Yy or not).

Theorem 4.3. Let X be a separable Banach space and T € L(X). Given the
following assertions :
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(1) Br is chaotic on co(X,Z),
(2) T satisfies the Kitai Criterion with Xo = Y,
(3) T satisfies the Kitai Criterion,
(4) T satisfies the Hypercyclicity Criterion along (n) with Xy = Yy,
(5) T satisfies the Hypercyclicity Criterion along (n),
(6) T is mixing,
(7) Br is mizing on co(X,Z),
then
e 2)=0B8)=M4<(B)=(6)< (7.

and the other implications are false in general.

Proof.

(1) = (2). If we denote by Fix(Br) the set of fixed points for By, it follows from
Proposition 3.5 that there exists a sequence (z,)neny C Fix(Br)\{0} such that
{#znm € X :n € N,m € Z} is dense in X. We let ¢ : N x Z — N X Z be given by
¢(n,m) = (n,m) if z, », = 0 and by ¢(n, m) = (k, j) if 2, # 0so that 2, = 255,
that for any k' < k, any j' € Z, 2, m # 21 j» and that for any j' > j, zp m # 2k
The map ¢ is well-defined because each sequence z,, € c¢o(X,Z). Then it suffices to
consider Xg =Yy = {zp,m € X : n € N,m € Z}, S(0) = 0 and if ¢(n,m) = (k,J)
and 2z, 7# 0 to let Sz, m = 2k j41-

(2) = (1). It suffices to remark that for every k € Z, for every ) € Xy, we have

(- .- ,TQ.Z‘]C,T(E]C,LC]C,S(E]C,SZ{E;C . ) S C()(X, Z)

We can then conclude by applying Proposition 3.5.
2) = (3) Obvious.

= (5) Obvious.

) Obvious.

) Theorem 4.2.
) Corollary 3.2.

) Since (5) = (6), we know that T is mixing. Therefore, it is enough to show
hat if T is mixing, there are always maps 5, : X — X such that for each y € X,
S™y — 0and T™S,y — y. Let y € X. Since T is mixing, there exists an increasing
sequence (N,,),>1 such that for any k > N,,, T*(Bx(0,27"))NBx (y,2™") # 0. We
can therefore let for any k£ < Ni, Spy = 0 and for any N,, < k < Nyt1, Sky = Yk
with y, € Bx(0,27") and T*y;, € B(y,2™") so that Sgy — 0 and T*S,y — y.
Since (5) gives us also a dense set Xy in X such that T"x — 0 for each z € X, we
get (4).

(

(3
(4
(5
(6
(5
t

To complete the proof, we still need to remark that there exists an operator
satisfying (6) but not (5), that there exists an operator satisfying (4) but not (3)
and that there exists an operator satisfying (3) but not (2).

An example of operator satisfying (6) but not (5) was given by Grivaux [14]. She
showed that there exists a mixing operator T on X such that for every z € X\ {0},
T™z does not tend to 0. In particular, T' does not satisfy (5).

An example of an operator satisfying (4) but not (3) is given by the weighted
shift T on ¢g(V') considered in the proof of Proposition 3.10. Indeed, we showed in
this proof that for any y € Xo = Yy = coo(V), T™y tends to 0 because V is a rooted
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tree and that there exist maps S, : Yy — Y{ such that TS,y = y and S,y tends to
0. In other words, T satisfies the Hypercyclicity Criterion along (n) with X = Yj.
However, T does not satisfy the Kitai Criterion because we know that if T" satisfied
this criterion then for every y € Yy, we would get a fixed point (y, Sy, Sy, S%y,...)
for Br on ¢p(X,N). It would then follow from Corollary 3.6 that By is chaotic on
¢o(X,N) and we proved in Proposition 3.10 that By is not chaotic on ¢o(X,N).

It will be more difficult to get an operator satisfying (3) but not (2). To this end,
we are going to define an operator that can be seen as a "weighted shift on graph".
Let X = ¢%(V) where V consists of a family (e,),>1 and a family (e; (n, ))n,k,j21~
We consider the operator T' given by

o0

Teni1 =2e, foranyn>1and Te = Z 27’”65’”71)
n=1
and
Tegﬁ_l) = wn,k,j+1e§"’k) for any j > 1 and Te(n k) = 2¢ (n k1)

where w,, 1, ; =4 for any £ > n + 1 and any j > 2 and where for 1 <k <n+1

4 if2<j<n+k+1
Wn,k,j = Gﬁ@%@ﬁﬁ ifj=n+k+2
2 ifj>n+k+2

We remark that T is well-defined and continuous on ¢1(V). We first show that
T satisfies the Kitai Criterion. To this end, we let Y5 = cgo(V') and the linear map
S be given for any n,k,j > 1 by

1 o(noh)

1
Se, = —e,+1  and Segn’k) = €41

2 Wn, k,j+1

It is easy to check that for all y € Yy, we have TSy = y and S™y — 0. In order

to get the desired dense set X such that 7"z tends to 0 for any x € X, we show

that 7" has a dense generalized kernel so that we can consider X = J,,,~ ker(7™).
Let n,k,7 > 1. For any K > max{k,n + 1}, the vector B

J
— oWk _ gK—k [Iis wnk,i oK)
Y =64 T ko J+K—k

,’L

belongs to the generalized kernel of T since

J J
Tj+K—k—1yK _ <H wm”) TK—kegn,k) _ oKk (H wn;“> egn,K) =0.
i=2

=2

Moreover, we have that (yx ) tends to e(" ®)

H_H—K k

as K tends to oo since for K > n+1,

Wn, K,i = 47+KE=k=1 Tp a similar way, for any K > n, the vector

2n+K 2 § (m[[{()
n+K n+
— i—2 Wm,K i

belongs to the generalized kernel since

prAK=l,, — gn-1 Z 27mTK716§m71) _ontK-2 Z Q’megm’K) —0.

m=1 m=1
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We remark that if 1 < m < K 1 then Hl 5 W i, = 4" K1 because K > m+1
and if m > K — 1 then HZ 5 Wi = 4" K" because n+ K < 2K <m+ K +1.
Therefore, the sequence (zx )k tends to e, as K tends to oo and we deduce that T
has a dense generalized kernel and thus satisfies the Kitai Criterion.

We have still to prove that T' does not satisfy the Kitai Criterion with Xy = Y.
We will actually show that for any increasing sequence (n;), 7' does not admit a
dense set X in X and a map S : Xy — X such that

(1) T™ax — 0 for each x € Xy,
(2) S™y — 0 for each y € Xy,
(3) TSy =y for each y € Xj.

Assume that these conditions are satisfied for an increasing sequence (n;) and a
dense set Xy. Then, there exists z € Xy such that ||z — e1]| < i and L > 1 such
that for every | > L, [|[T™z| < 3. Let I > L and y = T™z. For any n > 1, we then

have |y(” "’)\ < 1and

k+1
=2t St (T ) okt

In particular, by considering n = n; — 1 and since |z1] > 17 we deduce that

k+1
n n k
ZQ’ k(me 1kz)x,(€+lll )|>1/4

k=1
Thus, there exists 1 < k; < n; such that

ki +1 ) 1
— lkil
o~k H Wp,—1.k.0 | |T —
- ni yRLT | kl+1 |— 4TL
=

However, since T'S = Id on X, it then follows that

1 (-1 ko) 1 1 1
L e p— e P— L
Hzlzjf:l-:-; Wny—1,kyi ’ Hz:ngr Wny—1,ky i dn2m—h 4

We conclude that S™x does not tend to 0. Contradiction. O

This last counterexample allows us to answer an open question posed in [19] and
related to the Gethner-Shapiro Criterion (see [13]). We recall that this criterion is
the following.

Theorem 4.4 (Gethner-Shapiro Criterion along (ng)). If there are dense subsets
X0,Yy in X and a map S : Yy — Yy such that

(1) T x — 0 for each x € Xy,
(2) 8™y — 0 for each y € Yo,
(8) TSy =y for each y € Yy,

then T is weakly mizing.

It is known that the following assertions are equivalent (see [7] and [26]):

e there exists (ny) such that T satisfies the Gethner-Shapiro Criterion along

(),

e there exists (ng) such that T satisfies the Hypercyclicity Criterion along
(nk) with X() = Y(),
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e there exists (ng) such that T satisfies the Hypercyclicity Criterion along
(nk)a
However, it was not known if when an operator satisfies the Gethner-Shapiro
Criterion along some sequence, this operator has to satisfy the Gethner-Shapiro Cri-
terion along some sequence with the additional assumption that Xy = Y. Thanks
to the proof of Theorem 4.3, we can now answer this question in the negative.

Theorem 4.5. There exist an infinite-dimensional separable Banach space X and
T € L(X) such that T satisfies the Gethner-Shapiro Criterion along (n) but for all
increasing sequences (my), T does not satisfy the Gethner-Shapiro Criterion along
(my) with Xy =Y.

4.2. Frequent Hypercyclicity Criterion. The first version of the Frequent Hy-
percyclicity Criterion was given by Bayart and Grivaux in [2] and was stated as
follows.

Theorem 4.6 (Frequent Hypercyclicity Criterion). Let X be a Banach space and
T € L(X). Suppose that there are a dense subset Xo of X and a map S : Xg — Xo
such that for all x € Xy, the following assertions hold:

(1) Yoo 1T 2| < oo,

(2) 3oy 157 < oo,

(8) TSz =z,
then T is frequently hypercyclic.

However, this criterion is too strong to characterize frequent hypercyclicty. In
particular, the frequent hypercyclicity criterion also implies that T is chaotic and
mixing. Another criterion allowing to get frequent hypercyclicity was given in [6,
Theorem 3]. This second criterion can be stated for any notion of A-hypercyclicity
and thus for the notion of frequent hypercyclicity by considering A = D where D
is the family of sets with positive lower density.

Theorem 4.7 (D-Hypercyclicity Criterion). Let X be a separable Banach space
and T € L(X). If there exist a dense subset Yo C X, S, : Yo — X, n >0, and
disjoint sets A € D, k > 1, such that for each y € Yy,

(1) X e, I1Snyll converges uniformly in k > 1,
(2) for any ko > 1, anye > 0, there exists k > ko such that for anyn € ;> A,

we have
> TSyl <e,

i€AL\{n}
and such that for any 6 > 0, there exists ly > 1 such that for any n €
Ulzlo Ay, we have

> ISl <6,
i€Ar\{n}
(3) suppea, IT"Sny — yll = 0 as k — oo,
then T is frequently hypercyclic.

This criterion will have the advantage of characterizing when Br is frequently
hypercyclic on (X, Z).

Theorem 4.8. Let X be a separable Banach space and T € L(X). Given the
following assertions :
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(1) Br is chaotic on (*(X,7),

(2) T satisfies the Frequent Hypercyclicity Criterion,

(8) T satisfies the D-Hypercyclicity Criterion,

(4) Br is frequently hypercyclic on (*(X,Z),

(5) T is frequently hypercyclic on X,
then

(1) < (2) = (3) = (4) = (5).

and the other implications are false in general.

Proof. We proceed as in the proof of Theorem 4.3 to show that (1) < (2).

(1) = (2). Let Fix(Br) be the set of fixed points for By. We know by Proposi-
tion 3.5 that there exists a sequence (2, )nen C Fix(Br)\{0} such that {z, ., € X :
n € Nym € Z} isdense in X. We let ¢ : NxZ — NxZ be given by ¢(n,m) = (n,m)
if 2, m = 0 and by ¢(n,m) = (k,j) if 2z, # 0 so that z, ,, = 2k, that for any
K < k, any j' € Z, zpm # 21,y and that for any j' > j, z,m # 2zi,. The
map ¢ is well-defined because each sequence z, € ¢1(X,Z). We may conclude by
considering Xo =Yy = {zpm € X :n € Nym € Z}, S(0) = 0 and Sz ;m = 25,541
when z, ,, # 0 and ¢(n,m) = (k, j).

(2) = (1). It suffices to remark that for every k € Z, for every ) € Xy, we have

(-+, T?xy, Ty, vi, Szi, SPay -+ ) € (1(X, 7).

We can then conclude by applying Proposition 3.5.

(1) = (4) Proposition 3.12.

(3) = (4) It suffices to remark that if T" satisfies the D-Hypercyclicity Criterion for
a dense set Yj in X, a sequence of maps S, : Yo — X and a sequence of sets (Ay)
of positive lower density then B also satisfies the D-Hypercyclicity Criterion with
Yy = co0(Yo,Z2), S, (y) = z where zj4, = Sy (yx) for all k € Z and the same family
(Ar).

(3) = (5) Theorem 4.7.

(4) = (3) Let x be a frequently hypercyclic vector for By, let (Cy)r>1 be an
increasing sequence tending to infinity and (ex)r>1 a decreasing sequence tending
to 0. We consider By, = Npg, (z, B(Cyz,e1))\{0}. Each set By is thus a set of
positive lower density. We also consider an increasing sequence of integers (N;);>1
such that

1
(4.1) G Y lelx<g
i¢ [Ny, Ny

Thanks to [23, Lemma 2.2|, we know that we can find a family (Aj) such that
Ay C By, Ay has positive lower density and for any n € A, any m € A;, if n #m
then

(4.2) |n —m| > Ny + Nj.

Let y € X. We let z € £*(X,Z) be given by 29 = y and 2, = 0 for all k # 0.
Since z is hypercyclic for By, there exists an increasing sequence (M;),>1 with
M; = 0 such that HBTZYIJQU —z] < ”17;2" and a non-decreasing sequence (jx)k>1
tending to oo such that '

1B |
Mj, <N, and —L— 0.
Ck
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We then let for any n € Ay

1 ,
Sny = FTMJk TM;, +n

k
so that
1 .
17" Sny = yllx = I T @, 0 = yllx
<l B e -l
< g By = By ol + 1By
B Mi T—z
TN
By -
B e el
Ch Jk
Moreover, we have
M;
1 M ||B ”‘||
D ISayllx = & Z T 2gy 4l x < o l1Bp ™ all < 1]
neAy nGAk k
Since 1Bz 1l il tends to 0, we deduce that >, [lSnyllx converges uniformly in

k>1. Flnally, if n € A;, we have

Z 177 Siyllx = Z a||TN[jk+n$Mjk+i||x

i€ A {n) ie A {n)
M.
| By || n
< D T w4l x
€A \{n}
1B | .
kig-NLN
1Bz | .
ST > AT g - Cillx +C Y willx
B \igl-Ne) ig[~ Ny, V]
M.
By 1
< 7” v | Btz — Chzx|| + = (by (4.1))
Cy, l
M.
1B | 1
<2z 1 =),
< Cr e+ ]

1\/Ijk
Since % and (51 + %) tend to 0, we get the desired inequalities.

To conclude, we know that (4) does not imply (1) thanks to Proposition 3.17
and that (5) does not imply (4) by considering a frequently hypercyclic operator T
that is not mixing so that By is not mixing on ¢!(X,Z) by Corollary 3.2 and thus
not frequently hypercyclic on ¢1(X,Z) by Corollary 3.14. O
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